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Abstract
The Knu th -Bend ix  comple t i on  p rocedure  can  be  u sed  to  t r ans fo rm an  equa t iona l
sys t em in to  a conve rgen t  r ewr i t e  sy s t em.  Th i s  a l l ows  to  p rove  equa t iona l  and
induc t ive  t heo rems .  The  ma in  d raw back  of t h i s  t e chn ique  i s  t ha t  i n  many  ca se s
the  comple t i on  d ive rges  and  so  p roduces  an  i n f in i t e  r ewr i t e  sy s t em.  We  d i scus s
a me thod  to  embed  the  g iven  spec i f i ca t i on  i n to  a b igge r  one  such  tha t  t he
ex tended  spec i f i ca t i on  a l l ows  a f i n i t e  "pa rame te r i zed"  desc r ip t i on  of an  infinite
r ewr i t e  sy s t em of t he  base  spec i f i ca t i on .  Examples  show tha t  i n  many  ca se s
the  Knu th -Bend ix  comple t i on  i n  t he  ex t ended  spec i f i ca t i on  s tops  w i th  a f i n i t e
r ewr i t e  sy s t em though  i t  d ive rges  i n  t he  base  spec i f i ca t i on .  Th i s  i ndeed  a l l ows
to  p rove  equa t iona l  and  induc t ive  theorems  in  t he  base  spec i f i ca t ion .





1 .  In t roduc t ion

Term rewr i t i ng  sys t ems  cons t i t u t e  an  impor t an t  t oo l  t o  compu te  and  r ea son  1n
sys t ems  de f ined  by  equa t ions .  G iven  a s e t  E of equa t ions ,  t he  va l id i ty  problem
fo r  E i s  t o  dec ide  fo r  any  two g iven  t e rms  5, t whe the r  o r  no t  t he  equa t ion
s t f o l l ows  f rom the  equa t ions  i n  E. We  wr i t e  5 =E t i n  t h i s  ca se  and  ca l l
5 t an  equa t iona l  t heo rem of E.  The r ewr i t e  app roach  to  dec ide  t h i s  p rob l em
is  t o  t r ans fo rm E by  the  Knu th -Bend ix  comple t i on  p rocedure  i n to  a conve rgen t
r ewr i t i ng  sys t em R such  tha t  =E = =R. Then  R de f ines  fo r  eve ry  t e rm t a un ique
norma l  fo rm N! and  we  have  - s  =E t iff six 2 t i .  The  majo r  d r aw  back  of t h i s
app roach  i s  t ha t  no  f i n i t e  conve rgen t  t e rm  r ewr i t i ng  sys t em R fo r  E may  ex i s t .
So the  "p rep roces s ing"  of E i n to  R wi l l  no t  s top .

Anothe r  app l i ca t i on  i s  t o  p rove  i nduc t ive  t heo rems .  I t  i s  we l l -known  tha t
s =E t i i i  3 = t ho lds  i n  a l l  mode l s  of E. Fo r  abs t r ac t  da t a  t ypes  one  i s  u sua l ly
i n t e r e s t ed  i n  t he  i n i t i a l  model  £5[E] of E. We  have s = t i n  ISIE] iff so =E to for
eve ry  g round  subs t i t u t i on  0.  We  ca l l  s = t an  i nduc t ive  t heo rem in  t h i s  ca se .
Given  a conve rgen t  r ewr i t i ng  sys t em R fo r  E one  can  t ry  t o  compu te  R0  fo r
E u {s  = t}. Then s = t i s  an  i nduc t ive  t heo rem iff for eve ry  ru l e  1 —> r in  R0
the  t e rm l i s  i nduc t ive ly  r educ ib l e  by  R [JKo] .  Aga in .  if R0  i s  in f in i te  then  this
approach  f a i l s .

The re  a r e  va r ious  p roposa l s  of how to  c i r cumven t  d ive rgence  of t he  Knuth—
Bend ix  comple t i on  p rocedure ,  s ee  [Her ]  fo r  sugges t i ons .  Bu t  i n  gene ra l ,
d ive rgence  i s  one  of t he  mos t  impor t an t  p rob l ems  when  us ing  r ewr i t i ng  and
comple t ion  t ech iques .  I n  [K i r ]  i t  i s  p roposed  to  desc r ibe  an  i n f in i t e  s e t  of
r ewr i t e  ru l e s  by  a f i n i t e  s e t  of me ta  ru l e s  con ta in ing  pa rame te r s  t o  desc r ibe  t he
in f in i t e  s e t  of ru l e s .  The  p rob lem i s  how to  dea l  w i th  such  a pa rame te r i zed
system, e.g. how to  t es t  confluence. In [Kir] a rather complicated framework
us ing  o rde r - so r t ed  r ewr i t i ng  i s  deve loped .  Unde r  some  s t rong  r e s t r i c t i ons
comple t i on  of pa rame te r i zed  r ewr i t e  sy s t ems  seems  poss ib l e .

In  t h i s  pape r  we  d i s cus s  a r a the r  s imp le  app roach  to  dea l  w i th  s t ruc tu re s
de f ined  by  in f in i t e  r ewr i t e  sy s t ems .  I t  i s  we l l  known  tha t  s t ruc tu re s  a l l owing
on ly  compl i ca t ed  sys t ems  of de f in ing  equa t ions  may  be  embedded  in to  s t ruc tu re s
wi th  a r a the r  s imp le  de f in ing  equa t iona l  sy s t em.  As  a consequence ,  p rob l ems
i n  t he  base  s t ruc tu re  can  be  sh i f t ed  i n to  t he  ex t ended  s t ruc tu re  and  so  may
become  eas i e r  t o  so lve .  I n  gene ra l  one  has  t o  know a lgeb ra i c  p rope r t i e s  of t he
base  s t ruc tu re  t o  f i nd  an  app rop r i a t e  ex t ens ion .  Bu t  when  dea l ing  w i th  t he
comple t i on  p roces s  i n  many  ca se s  an  inf in i te  s e t  of ru l e s  he  d i r ec t ed  equat ions]
i s  gene ra t ed  t ha t  ha s  some  r egu la r i t i e s  and  a l l ows  f i n i t e  de sc r ip t i ons  w i th
na tu ra l  number s  a s  pa rame te r s .  So  i t  s eems  r ea sonab le  t o  ex t end  the  base
s t ruc tu re  one  i s  i n t e r e s t ed  i n  by  a copy  NAT of na tu ra l  number s .  I n  t he
ex tended  s t ruc tu re  t he  "pa rame te r s "  a r e  o rd ina ry  va r i ab les ,  so  t he  wel l
deve loped  r ewr i t i ng  t echn iques  can  be  u sed  to  r ea son  in  t he  ex t ended  s t ruc tu re
and  hence  i n  t he  base  s t ruc tu re ,  t oo ,  s ee  [TJa ] .

. . . ] -





In  t h i s  pape r  we  study wha t  i s  needed  to  make  th i s  app roach  work .  We  po in t
ou t  t he  p rob lems  and  g ive  su f f i c i en t cond i t i ons  unde r  which  one  can  ove rcome
these  p rob lems .  The  r e sea rch  was  mo t iva t ed  by  — bu t  i s  no t  r e s t r i c t ed  t o  - t he
ex t ens ion  of a s t ruc tu re  by  a copy  of NAT to  ge t  a f i n i t e  conve rgen t  r ewr i t i ng
sys t em as  s e t  of de f in ing  equa t ions .  We  wi l l  no t  s t udy  the  p rob lem how to  ge t
t he  ex t ens ion  au toma t i ca l l y  f rom the  comple t i on  p roces s .  The re  a r e  some
proposa l s  t o  l e a rn  by  induc t ive  i n f e r ence  gene ra l i za t i ons  of s equences  of t e rms
and  th i s  can  be  u sed  to  f i nd  an  ex t ens ion  of t he  base  s t ruc tu re  i n  wh ich  a l l
de f in ing  equa t ions  of t he  base  s t ruc tu re  a r e  va l i d ,  s ee  [TJa ] .  [Lan ] .  I n  [BKR]
gene ra l—s ta t e -mach ines  a r e  u sed  to  desc r ibe  i n f in i t e  r ewr i t e  sy s t ems  p roduced
by  the  comple t i on  p rocedure  fo r  s t r i ng  r ewr i t i ng .

We as sume  the  r eade r  t o  be  famil iar  w i th  r ewr i t i ng  and  comple t i on  t echn iques
as  developed in  [KBe] and  [Hue]. For a survey see  [AMa]. We use the  standard
no ta t i ons  a s  i n  [Hue ] .  If R i s  a r ewr i t e  sy s t em then  =>R deno te s  t he  r ewr i t e
r e l a t i on  i nduced  by  R.  We  ca l l  R conve rgen t  if =>R i s  con f luen t  and  we l l -
founded .  We wi l l  need rewriting modulo  a congruence  de f ined  by  a s e t  A of
equa t ions  and  deno te  by  =>R/A t he  r e l a t i on  =A o =>R o =A. We  say  R /A  is  a
conve rgen t  r ewr i t e  sy s t em fo r  t he  equa t iona l  sy s t em E [o r  R i s  conve rgen t
modu lo  A]  iff [ i]  R /A  i s  t e rmina t ing ,  i.e. t he re  i s  no  in f in i t e  s equence
to =>R/ t1 =>R/A... and  [ii] ‚fl/‚(A is  Church-RossAer modulo A, Le. s =RUA t
implies s =A t for some terms s, t with s £R/A s and t été/A ? and [iii] E
i s  equ iva l en t  t o  R u A,  i .e .  s =E t i i i  5 =RUA t .  Fo r  comple t i on  p rocedure s  t ha t
t ry to  transform E in to  R,A see [PSt]. [JKi] ,  [BDe]. Here one can also find
o the r  r ewr i t i ng  r e l a t i ons  =>0 w i th  =>R C =>o c =>R/A fo r  cond i t i on  [ i i ]  wh ich
have  some  p rac t i ca l  advan tages .

We deno te  by  E t he  i den t i t y  of te rms .  by  Th[E] t he  s e t  of equa t iona l  theorems
and by  ITh[E] t he  s e t  of inductive theorems of E. The paper is organized as
fo l l ows .  We  s t a r t  i n  s ec t i on  2 wi th  a mo t iva t i ng  example .  I n  s ec t i ons  3 and  4
t he  embedd ing  s t r a t egy  i s  p r e sen t ed  and  app l i ca t i ons  t o  p rove  equa t iona l  and
induc t ive  t heo rems  a r e  d i s cus sed .  In  s ec t i on  5 we show how to  t e s t  t he
cond i t i ons  wh ich  a r e  neces sa ry  fo r  t he  app roach  to  work  and  g ive  i n
sec t i on  6 some examples  t o  show the  power  of t he  me thod .





2 .  An  e x a m p l e

As  a mot iva t ing  example  fo r  ou r  app roach  l e t  u s  cons ide r  t he  spec i f i ca t i on  NAT
of t he  na tu ra l  number s  w i th  t he  god-function. see  e .g .  [He r ] .

g[x.Y]
g[x.V]

x g[x+V.Y]

y g lx .y+x}
x ' g[x‚0]
S[x+v l  g[0.y]

E:  x+0
x+s{y]

One may  t r ans fo rm th i s  equa t iona l  sy s t em in to  a r ewr i t e  sy s t em Ro by
or i en t ing  t he  equa t ions  f rom l e f t  t o  r i gh t .  Unfo r tuna t e ly  R°  i s  no t  con f luen t ,  so
i t  c anno t  be  u sed  to  compu te  t he  gcd  of two  number s  i and  j. No t i ce  t ha t
g[si[o], s3[o]] is  irreducible in  R0. We would like to  have a convergent rewrite
sys tem R for E, th i s  would  a l l ow  to  compute g[si[o]. sj[o]] and  to  prove
equa t iona l  t heo rems  of E. Fu r the rmore ,  we  wou ld  l i ke  t o  p rove  i nduc t ive
t heorems  of E, e.g.  g[x ,x]  = x.  '

Comple t ion  of E us ing  the  o rde r ing  RPO [ see  [Der ] ]  w i th  p recedence  + > 3
re su l t s  i n  fou r  i n f in i t e  s equences  of ru l e s

gisnbc]. sn IOJ ]  —> g[x‚sn[01]
g lsnEOJ.  sn ly l l  —> Q[Sn[0].Y]
g[sn[x+y]. sn ly l l  —> Q[X.Sn[Y]]
Q[Sn[X]. sn lwxn  —-> g[S“[X].y]

I t  i s  na tu ra l  t o  l ook  fo r  an  embedd ing  tha t  con ta in s  a copy  of t he  na tu ra l
numbers  and  to  express  sn [x ]  by  S[n.x]  where S i s  a new func t ion  symbol .  To
do  so we  spec i fy  t he  copy  of na tura l  numbers  by  t he  opera to r s  _1_ and  ; and  the
equa t ions  '

[AC] u1v=v1u  [u1v ]_+_w=u; [v :_w]

Now we  de f ine  t he  new ope ra to r  S by

[S] SIX] = SILX]
S[u‚S[v‚x]] = S[u1v,x]

If we  s t a r t  the  comple t ion  p rocedure  w i th  E2 cons i s t ing  of E and  [S] and  [AC]
t hen  t he  comple t i on  p roces s  aga in  d ive rges .  Bu t  f rom the  s e t  of ru l e s  be ing
p roduced  one  can  s ee  t ha t  t he  fo l l owing  equa t ion  i s  mi s s ing .

[SI] x+S[u .v ]  = Slu .x+y]

Note tha t  th i s  equation generalizes x+s[y] = s[x+y] to x+sn[y] = sn[x+y] which
fo r  eve ry  n E IN i s  an  equa t iona l  t heo rem of E and  so  i s  va l i d .  If we  add  the
equa t ion  [SI]  t hen  t he  comple t i on  p rocedure  stops succes s fu l ly  w i th





R: x+0 —> x s[x]  —> S[_1_‚x]
x+S[u‚y] —> S[u‚x+y] S[u‚S[v‚x]] —> S[u1v,x]
n .0 ]  % x glx+-Y.v]  —> Q[X-Y]
g[0 .v ]  -> Y g[x.y+x} + g[x.Y]
g[S[u.x+y]‚ S[u‚y ] ]  —> g[x‚S[u.y]]
g[S[u.x}. S[u .0 ] ]  -> n .S[u .0]]
g[S[u.x}. Slu .v+x}]  —> g[S[u.X].Y]
g[S[u .0 ] ] .  S [u .y ] ]  —> Q[S[U.0].Y]
g[S[u_tv‚x}. S[u.0]] + g[S[V.x}. S[V.0]]

glslu.0]]. S[u1V.x} l—> g[S[u‚0]. S[V.X]]
; is AC

Using th i s  f i n i t e  r ewr i t e  sy s t em R we  can  p rove  t he  i nduc t ive  t heo rem
g[x,x] = x of E by  the  me thod  "proof by  cons i s t ency" ,  s ee  [ JKo] :  We  complete
R o {g[x‚x] : x} and  ge t  a s  r e su l t  t he  system R and  the  ru l e  g[x‚x] —> x. Since
g[x,x] i s  i nduc t ive ly  r educ ib le  by  R we  have  proved tha t  g [x ,x]  = x i s  indeed
an  induc t ive  t heo rem of E.  -

We a re  going t o  make  the se  i deas  p rec i s e  i n  t he  r e s t  of t he  pape r .





3 .  The  e m b e d d i n g  s t r a t egy

Assume  we  have  two  spec i f i ca t i ons  spec1  and  spec2  such t ha t  spec1 i s  a
subspec i f i ca t ion  of spec2  [for de f in i t i ons  s ee  be low] .  In  t h i s  sec t ion  we  s tudy
how to  u se  spec2  to  compu te  and  p rove  equa t iona l  t heo rems  in  spec ] .  This
wi l l  need  a ca re fu l  de f in i t i on  of wha t  i t  means  t ha t  spec2  i s  a cons i s t en t
en r i chmen t  of spec1 .  No te  t ha t  by  t he  t heo rem of B i rkho f f  s = t i s  an  equa t iona l
theo rem of spec1  i i i  5 = t ho lds  i n  a l l  mode l s  of spec l .  We  wi l l  u se  equa t iona l
r ea son ing  in  spec2  bu t  do  no t  cons ide r  a l l  mode l s  of specz .  Th i s  a l l ows  to  add
"va l id  equa t ions" ,  and  in  many  app l i ca t ions  these  add i t i ona l  va l id  equat ions
he lp  t o  ge t  a f i n i t e  conve rgen t  r ewr i t e  sy s t em in  spec2  to  r ea son  in  t he  g iven
base  spec i f i ca t i on  spec ] .

A specificggon spec  = [E,F;E] cons i s t s  of a s i gna tu re  s ig  = [2,F] and  a s e t  E of
def in ing  equa t ions .  He re  2 i s  a se t  of so r t s  and  F ' i s  a s e t  of ope ra to r s ,  each
operator f with a fixed ar i ty  t[f]: sl....‚sn -—> s where  si, s € 22. For each sort s
we as sume  to  have  a denumerab le  s e t  Vs  of va r i ab l e s  such  tha t  V:3 n Vs, = @
fo r  s * s ' .  Then  V i s  t he  un ion  of a l l  Vs  and  Te rm[F‚V]  i s  t he  s e t  of t e rms  ove r
the  s e t  F of ope ra to r s  and  the  s e t  V of va r i ab l e s .

If spec1 = [21,F13E1] and spec2 = [22.F2;E2] = [Z1 u 20, F1 u F0; E1 u E0] then
spec1  i s  a subspec i f ica t ion  of specz .  Le t  V1 be  the  se t  of va r i ab les  of sor ts
s E 21 and  V0  the  s e t  of va r i ab l e s  of so r t s  s E EO. Then t he  e l emen t s  of Vo a re .
ca l l ed  pa rame te r s .  An  o rde r -p re se rv ing  subs t i t u t i on  4): Vo  -—> Term[F0.@] i s
called a Emmete r  substi tution. A term t E Term[F1 u F0, V1] in the  extended
spec i f i ca t ion  spec2  i s  r eachab le  if the re  i s  a t e rm t '  E Term[F1,V1] i n  t he  base
spec i f i ca t ion  spec1  such  tha t  t '  =E2 t .  We  say  t i s  r eachab le  f rom t '  i n  t h i s  case.

We ca l l  spec2  a cons i s t en t  en r i chmen t  of spec1  if t he  fo l l owing  ho lds :

If t1 = t 2  i s  i n  EO, 4; i s  a pa rame te r  subs t i t u t i on  and  ¢ [ t i ]  i s  r eachab le  f rom
t ;  for i = 1.2, then  ti =E1 t'2.

In o the r  words ,  spec2  i s  a cons i s t en t  en r i chmen t  of spec1  if t he  equa t ions  in
E0 do  no t  in t roduce  new equa l i t i e s  among the  te rms in  t he  base  speci f ica t ion
specr

In  ou r  god -example  of t he  p rev ious  s ec t i on  we  have  spec1  = [{NAT}. {0 , s ,~~ ,g l5  E1]
wi th  E1 cons i s t i ng  o f  t he  s ix  equa t ions  i n  E .  To ge t  spec2  we  add  the  so r t
NAT+ and  the  opera to r s  i n  F0  = {1,_+_,S} wi th  ‘I:[S] = NAT“  NAT ——> NAT. [Notice
t ha t  we  a r e  dea l ing  w i th  many  so r t ed  s igna tu re s  so  t ha t  NAT and  NAT+ a re
comple te ly  d i f f e ren t  sorts] .  Final ly ,  we  add  the  s e t  E of de f in ing  equa t ions
cons i s t ing  of the  equa t ions  [AC] and  [S]. I t  i s  easy  to  s ee  tha t  [1] every  t e rm
t E Term[F1 u FO, V1] i s  r eachab le  and  [2] spec2  i s  a cons i s t en t  en r i chmen t  of
specl. For [2] see  section 5.





If a t e rm  t E Term[F1 u F0 ,  V1 u Vo]  con ta in s  pa rame te r s  x E Vo,  t hen  t
descr ibes  a l l  t he  te rms Mt]  E Term[F1 u F0, V1] wi th  q» a parameter  subs t i tu t ion .
So an  equa t ion  t1. = t2  desc r ibes  a l l  the  equa t ions  ¢[t1] = ¢[t2]. This a l lows  in
many  s i t ua t i on  t he  f i n i t e  de sc r ip t i on  of an  i n f in i t e  s e t  of spec l - equa t ions  i n
specz.
To make  th i s  p rec i se  we de f ine  an  equa t ion  t1 = t 2  wi th  t1,t2 E Term[F1 u F0,
V1 u Vo]  to  be  valid wi th  respect to spec2 and  spec1 if ¢[t1] =E2 ¢[t2] for each
parameter subst i tu t ion 4: such that  ¢[t1] or ¢[t2] i s  reachable. This gives
immedia te ly

Fact 3.1: If spec2  i s  a cons i s t en t  en r i chmen t  of spec1  and  each  equa t ion  i n  E i s
valid with respect to spec2 and specl, then spec:3 = [22,F2; E2 u E] is a
cons i s t en t  en r i chmen t  of spec1 .  I

Coming  back t o  our  god-example ,  we have  x + sn [y ]  =E sn[x+y] for a l l  n 2 1,
so

x + S[u,y] = S[u‚x+y]
i s  va l i d  wi th  r e spec t  t o  spec2  and  spec ] .

Now assume  spec2  i s  a cons i s t en t  en r i chmen t  of spec?  We  may  run  the
comple t ion  p rocedure  wi th  i npu t  E2  and  an  app r0p r i a t e  r educ t ion  o rde r ing ,
t he reby  r ega rd ing  bo th  t he  "va r i ab le s"  i n  spec1  and  the  "pa ramete r s”  i n  spec2

. a s  va r i ab l e s .  Then  new equa t ions  a r e  p roduced  by  equa t iona l  r ea son ing .  These
equa t ions  a r e  au toma t i ca l l y  va l i d ,  so  a l l  spec i f i ca t i ons  p roduced  by  the
comple t ion  procedure  a r e  cons i s t en t  en r i chmen t s  by  Fac t  3.1. I n  many  cases
one  needs  r ewr i t i ng  and  comple t ion  modu lo  a s e t  A of uno r i en t ab l e  equa t ions .
This  g ives

Fact 3.2: Assume  spec2  = [22 ,F2;E2]  i s  a cons i s t en t  en r i chmen t  of spec1  and  E
i s  a s e t  of equa t ions  t ha t  a r e  va l i d  w i th  r e spec t  t o  spec2  and  spec l .  If
comple t ion  of E2  u E r e su l t s  i n  R u A such t ha t  R i s  conve rgen t  modulo
A t hen  spec3  = [22 ,F2;  R u A]  i s  a cons i s t en t  en r i chmen t  of spec i .  .

Now suppose our  approach was success fu l .  i.e. we  have  found  for spec1 a
cons i s t en t  en r i chmen t  spec2  wi th  a f i n i t e  conve rgen t  r ewr i t e  sy s t em as  s e t  of
de f in ing  equa t ions .  Then  we can  dec ide  E l - equa l i t y  by  t he  nex t  t heo rem

Theorem 3.3:
If spec2 = [22,F2; R u A] is a consistent enrichment  of spec1 = [21.F1,E1]
and  R i s  convergen t  modu lo  A then  s =E1 t iff @ =A ? where Q and
deno te  R /A-norma l  fo rms  of s and  t .  .





4 .  P r o v i n g  i nduc t ive  t heo rems

The  me thod  desc r ibed  in  s ec t i on  3 can  ea s i l y  be  mod i f i ed  t o  p rove  i nduc t ive
theorems. To do  so  we  use  the  approach of Jouannaud and Kounalis [JKo]: Ii R
i s  a r ewr i t e  sy s t em fo r  E and  Ro  i s  a conve rgen t  r ewr i t e  sy s t em fo r  R u E0  such
tha t  R C R0 and  every l e f t -hand  s ide  1 of a r u l e  1 —> r i n  Ro i s  i nduc t ive ly
reducible by  R then E0 C ITh[E]. Here t he  condition R C R0 can be dropped.
t hen  R needs  on ly  be  t e rmina t ing ,  i t  w i l l  au toma t i ca l l y  be  g round-con f luen t .

Theorem 4.1:
Assume spec1  = [21,F1;E1] i s  g iven  and  spec2  = [221 u 20, F1 u F0; R2 u A]
i s  a cons i s t en t  en r i chmen t  of spec1  such  tha t  R2 /A  i s  t e rmina t ing .  Assume
a l so  t ha t  E i s  a s e t  of equa t ions  i n  spec l .  If R /A  i s  a conve rgen t  r ewr i t e
sys tem for R2u  A u E such tha t  for each ru le  l —> r i n  R t he  t e rm  l is
inductively reducible by R2/A, then  R u A C ITh[R2 u A] and  E C ITh[E1].

Proof: a ]  To prove R u A C ITh[R2 u A] we have  to  show t1 =R2UA t2  whenever
t =RUA t 2  and  t r t 2  a r e  g round  terms. If t =RUA t 2  t hen  t1 and  t2  have  a common
R/A- normal form t. Let t. Emm ’t‘. such that ’t‘i is R2/A-irreducible. i = 1,2.
Then  €1=RUA t and  t i  én /A  t'. =A t for some  t.' s i nce  R /A  i s  con f luen t  modu lo
A and  t i s  R /A  i r r educ ib l e .  If i i s  d i f f e r en t  f rom t.' t hen  t i s  r edu  c ib l e  by  some
ru l e  l—> r i n  R.  S ince  l i s  i nduc t ive ly  r educ ib l e  by  R2  /1A th i s  imp l i e s  t ha t  t
i s  r educ ib l e  by  R /A .  Bu t  t .  was  a R2  /A-  no rma l  fo rm and  so  i r r educ ib l e  i n
R2  /A .  Th i s  g ives  t1  =A t =A t2  and  so  t2 =R2UA t 2
b]  To p rove  E C ITh[EI] weAhave t o  show o[s] =E1 02h] for eve ry  equa t ion  5 = t in
E and  every ground subs t i t u t i on  0. We  have o[s] =RuA o[t] s ince  R i s  a rewr i te
system modulo A for R2 u A u E. This and  a]  give o[s] =R2UA o[t] and since
spec2  i s  a cons i s t en t  en r i chmen t  of spec1  we have  c[s] =E1 c[t]. -

Le t  u s  l ook  a t  an  example  t o  show how Theorem 2 i s  u sed .  Assume

E1: O+y= Yy
SIX] + = X + SIY]

and  we  wan t  t o  p rove  t ha t  x + O = x i s  an  i nduc t ive  t heo rem of Er  The
comple t ion  p rocedure  w i th  i npu t  E and  the  equa t ion  x + O = x d ive rges  and
gene ra t e s  t he  ru l e s  x + sn[0] ——> sn[x]. So we use  a s  ex t ens ion  the  ru l e s

SIX] —> SILX]
S[u,S[v,x]] % S[u_+_v‚ x ]
1 i s  AC

The  comple t i on  w i th  E1 and  the se  equa t ions  a s  i npu t  p roduces  t he  conve rgen t
rewr i t e  sys t em modu lo  [AC]





R2: 0 + y -—> y S[1‚x] + y —> x + S[1,y]
Süd —> SlLX]  ' S[1_+u. x} + Y—> Slu .x}  + SIM]

; i s  AC S[u‚S[v‚x].] —> S['Ll_'_"_V‚ x]

Now add ing  x + O = x t o  R2  and  s t a r t i ng  t he  comple t i on  p rocedure  again
produce  t he  ru l e s

x + S[11 . . . 11 ,  O]—> S[11 . . . 11 ,  x]

So  we  add  a s  i nduc t ive  hypo thes i s  t he  equa t ion

x + S[u,0] ——> S[u‚x]

and  the  comple t i on  p rocedure  p roduces

R : R2 and  x + 0 —> x
x- + S[u,O-] -—> -S[u,x]

Since both lef t-hand s ides  x + O and  x + S[u‚0] are  inductively reducible by
R/AC we have  p roved  x + O = x is' i n  ITh[E].





5 .  P r o v i n g  "cons i s t en t  en r i chmen t . "

In  t h i s  s ec t i on  we  s tudy  how to  dea l  wi th  t he  cond i t i ons  t ha t  a r e  necessa ry  for
t he  embedd ing  s t r a t egy  to  work .

The  f i r s t  prob lem i s  how to  p rove  t ha t  spec2  i s  a cons i s t en t  en r i chmen t  of
spec1.  This  p rob lem i s  i n  gene ra l  undec idab le .  bu t  t he re  a r e  suf f ic ien t  condit ions
fo r  t h i s  p rope r ty .  Le t  E2  = E1 u Eo  where  Eo  1s

S[1,x] = s lx ]  S[u,S[v,x]] = S[u1v‚x]
1 i s  AC

EO:

Not i ce  t ha t  we  have  o r i en t ed  t he  f i r s t  equa t ion  f rom r igh t  t o  l e f t  t o  ge t  a f i n i t e
conve rgen t  r ewr i t e  sy s t em fo r  E2.  To p rove  t ha t  spec2  i s  a cons i s t en t
en r i chmen t  of spec1  i t  i s  t emp t ing  to  u se  t he  me thod  of Jouannaud  and
Kounalis [JKo]. This would require to orient t he  first equation from left to
r i gh t .  Bu t  now the  comple t i on  p roces s  fo r  E2  = E() u E1 wi l l  d ive rge  i n  ou r
applicat ions and  so the  method of [JKo]  will not work.

We wi l l  u se  t he  S -equa t ions  o f  E0  a lone ,  o r i en t  t hen  f rom l e f t  t o  r i gh t ,  r un  t he
completion procedure modulo [AC] to  ge t  a "parameter-ground confluent"
r ewr i t e  sy s t em R fo r  E0  and  so  p rove  t ha t  spec2  i s  a cons i s t en t  en r i chmen t  of
spec1  wi thou t  chang ing  E1.

To do  so  we  use  t he  app roach  of [BDP]  fo r  un fa i l i ng  comple t i on .  A r educ t ion
o rde r ing  i s  a g round  r educ t ion  o rde r ing  tha t  c an  be  ex t ended  to  a r educ t ion
o rde r ing  wh ich  i s  t o t a l  an  g round  t e rms .  Many  of t he  s t anda rd  o rde r ings  a r e
i ndeed  g round  r educ t ion  o rde r ings .  An  o rde r ing  > i s  A-compa t ib l e  if s > t .
s =A s '  and  t =A t '  imp ly  s '  > t ' .

The_ nex t  r e su l t  g ives  su f f i c i en t  cond i t ions  t o  guaran tee  t ha t  spec2  is  a
cons i s t en t  en r i chmen t  of spec1 .  These  cond i t i ons  do  no t  depend  on  spec1 .  This
l e ads  t o  "un i fo rm cons i s t en t  ex t ens ions" .

Theorem 5.1:
Le t  spec1 = [211,F1;E1], and  spec2  = [222,F2i R u A u E1] be  g iven  with
22 = 21 u 20, F2 = F1 u FO. Assume
[1] There  i s  an  A-compa t ib l e  g round  r educ t ion  o rde r ing  > wi th  1 > r for

a l l  1 _; r i n  R .
[2] R i s  con f luen t  modu lo  A on  the  parameter—free specz—terms.
[3]  If I —> r i s  i n  R and  u = v i s  i n  A then  1, u and  v a r e  F1-free and  not

va r i ab l e s .
Then  spec2  i s  a cons i s t en t  ex t ens ion  of spec1 .

Proof: Le t  E2 = R u A u E1 and  a s sume  t1 and  t2  a r e  spec1-  t e rms  wi th  t11=E2  tz.
We have  to  p rove  t11=E1 t  2L .e t  t .  deno te  t he  t e rm  r e su l t i ng  f rom t i  Eby r ep l ac ing
the  va r i ab l e s  X]. by  new cons t an t s  cj We  have  t11=Ei t 2  iff t1 =E i t  2fo r  i =1,2.





I t  i s  e a sy  t o  s ee  t ha t  > i s  a l so  a ground  r educ t ion  ordering on  the  s igna tu re
sig",2 r e su l t i ng  f rom s ig2  = [2252]  by  adding t he  new cons t an t s  0 .  So we  may
run  t he  un fa i l i ng  Knu th -Bend ix  comple t i on  p rocedure  of [BDP]  w i th  i npu t  E1
and  reduc t ion  o rde r ing  >. Le t  [E°°‚R°°] be  t he  r e su l t  and  l e t  R = R‘” u RDo where
RÜo i s  t he  s e t  of o r i en t ab l e  s ig ' z—ins t ances  of equa t ions  i n  E”. Then  R i s  g round
conf luen t  on  t he  g round  S ig i - t e rms .  S ince  by  cond i t i on  [3] t he re  a r e  no  cri t ical
pa i r s  be tween  R and  R or  be tween  R and  A ,  t he  sys t em R u R i s  ground
confluent modulo A on the  sig'z—terms. Since t1=E2 [2 this  implies the  existence
of some term t w i th  131 9:) t ~<—’—L {2 where  => is  =>[Rufi ] /A°  Since "Ei are F1-free
t he re  is.  by  cond i t i on  [3], no  R—rule or  A—equation u sed  in  t h i s  der iva t ion .  This
shows f1=*=>ä t fi<$ t2 , so E1=E1 52 and so t1 =E1 t2. I

Given  spec1  and  spec2  wi th  E2  = E1 u Eo-  we do  no t  add re s s  i n  de t a i l  t he
prob lem how to  t r ans fo rm E0 in to  R u A such t ha t  R i s  con f luen t  modulo  A on
t he  pa rame te r - f r ee  t e rms .  The  s imp le s t  way  i s  t o  run  t he  comple t i on  p rocedure
modu lo  A wi th  i npu t  E.  Th i s  may  r e su l t  i n  a r ewr i t e  sy s t em R such  tha t  no t
eve ry  l e f t—hand  s ide  o f  a r u l e  i s  -F1—free. He re  t echn iques  t o  f i nd  a g round
confluent sys tem may help  [see [Fri], [Göb], [Kue]].

To see  how Theorem 5.1 i s  app l i ed  a s sume  we  have  spec2  = (21 u 20, F1 u F0,
E1 u EO) wi th  F0  = {3.1.1} and

E0: S[1,x] = s [x]
__ Slu .S [u .v} ]  = S[u_+_v.x}.]

“ 1 V = V : u  [Uiv}:w=u_+_[v;w]

as  above .  We  use  t he  po lynomia l  o rde r ing  [Der ]  w i th  i n t e rp re t a t i on  @ of t he
opera to r s

GIS] [mm] = [n + rn]2 9L1.) = 1
F:)[1] [n .m]  = n + m
®[f] [n1,...,nk] = n1  + n2  + + nk  +1  for a l l  f E F1

Runn ing  the  comple t i on  p rocedure  modu lo  [AC]  wi th  i npu t  Eo  gives t he  r ewr i t e
sys t em '

R' [1] S[1,x] -—> s [x ]  [2]  S[1+u,x] —> s[S[u,x]]
[3] S[u‚S[v‚x]] -> S[u;v.x]  [4 ]  S[u,s[x]] —> s[S[u‚x]]

Because of rule [4] the  Theorem 5.1 does not apply. But if R consits of the
ru l e s  [1] - [3]. t hen  R i s  con f luen t  modu lo  A on  the  parameter—free specz—terms
s ince  eve ry  such  a specz - t e rm,  wh ich  i s  no t  a spec l - t e rm,  i s  R /A- reduc ib l e .  So
Theorem 5.1 app l i e s  and  spec2  i s  a cons i s t en t  en r i chmen t  of spec l .

No t i ce  t ha t  t h i s  a rgumen t  works  a l so  if we  have  F0  = {51....,Sn,1,;} and  the
equa t ions  of E0  wi th  S r ep l aced  by  S i  , i = l,..‚n.
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Now we  add re s s  ano the r  p rob lem we  have  t o  so lve  fo r  our  me thod  to  work:
Given  a cons i s t en t  en r i chmen t  spec2  of spec1  and  an  equa t ion  _t1 = t 2  of specz .
I s  t1 = t 2  va l i d  w i th  r e spec t  t o  spec2  and  spec1  ? In  ou r  app l i ca t i ons  i t  i s  ve ry
o f t en  t he  case t ha t  a pa rame te r - f r ee  specz - t e rm t i s  Ez—equal  t o  a t  mos t  one
spec l - t e rm s .  Th i s  l e ads  t o  t he  fo l l owing  l emma  wh ich  i s  d i r ec t l y  a consequence
of t he  de f in i t i on  of a va l i d  equa t ion .

Lemma 5.3:
Let  spec2  = [21 u 220, F1 u F0; E1 u Eo]  be  a cons i s t en t  en r i chmen t  of
spec1 = [21,F1;E1]. The equa t ion  t1 = t 2  i s  va l i d  w i th  r e spec t  t o  spec2  and
spec1  if f o r  eve ry  pa rame te r  subs t i t u t i on  q; t he re  a r e  spec l—te rms  s l ,  52
such tha t  Lp[t1] =E1q  s1 =E1 52 =E1q ¢[t2]. -

As an  example ,  l e t  E1 con ta in  t he  equa t ions

Slp lxn  = x pl-SIXJI = x

and  E0  i s

EO: s[x] = S[1‚x] S[u‚S[v‚x]] = S[u3_v‚ x]
plX] = PILX] P[u ‚P IV .X] ]  = P[u:v .  x}

1 i s  AC

Then the  fo l l owing  equa t ions  a r e  va l i d

P[u,S[v‚x]] = S[v‚P[u‚x]]
S[u‚P[u‚x]] = x
S[u_t_v‚P[v‚x]] = S[u‚x]
S[u,P[u;v.x]]  = P[v,x]

Using  the se  equa t ions  one  can  p rove  [ a long  the  l i ne s  i n  s ec t i on  4 ]  t ha t
x + O = x i s  an  i nduc t ive  t heo rem of

El: 0 + y y Slp lXH

SIX] + V x + Sly ]  p[S[X]]
pix] + y— x + ply]

II

II N

II

>:
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6 .  Examples

a] As  a s t a r t ing  example we  use

Ef a [b [a [x} ] ]  = b[a [b [x} ] ]

This  i s  an  example  of Kapur  and  Narend ran .  They  show in  [KNa]  t ha t  ove r  t he
s igna tu re  using F1 = {a ,b}  no  f i n i t e  conve rgen t  R fo r  E1 ex i s t s .  We  p ropose  two
ex tens ions  t o  ge t  a conve rgen t  R for so lv ing  E j -equa l i ty .  Le t  u s  wr i t e  aba[x]
for a[b[a[x]]].
The  f i r s t  ex t ens ion  i s  an  i n t e l l i gen t  one ,  i t  u se s  a new func t ion  symbo l  0 and
t he  ex t ens ion

aba [x ]  = bab[x]
c[x] = ab[x]

EZ:

Clea r ly ,  t he  r e su l t s  of s ec t i on  5 prove  tha t  spec2  i s  a cons i s t en t  en r i chmen t  of
spec l .  He re  we  have  no  pa rame te r s .  Comple t ion  of E2 gives

R2: ab[x] —> c[x] bcb[x] —> c2[x]
ca[x] -—> bc[x] c2b[x] —> ac2

The second extension uses the  general method to finitely describe all an[x]
and  bn [x ] .  S t a r t i ng  t he  comple t i on  p rocedure  w i th  E1 t he  fo l l owing  ru l e s  a r e
produced

aba[x] —-> bab[x]
abn+1ab[x] -> babzan [x ]  n 2 l

The first rule g ives  aban[x] =E1 bnab[x] for all  n 2 0. So we  use the  extension
desc r ibed  by

EO: a[x] = A[_1_‚x] A[u‚A‚[v‚x]] = A[u;_v‚x]
b[x] = B[1‚x] B[u,B[v‚x]] = B[u;v‚x]

1 i s  AC

and  add  the  va l i d  equa t ions

A[1 .B[11U.A[1 .B[1‚X]] ] ] ]  = Bl1.A[.1_.B[1+1.A[u.X]]]]
A[_1_.B[1.A[u‚x}]]  = B[u .A[1 .B[1 .x} ] ]

To enhence  r eadab i l i t y  we  wr i t e  A“[x]  i n s t ead  of A[u,x]. Wi th  t h i s  notation.
t he  l a s t  equa t ion  becomes  AIBIAu[x] : BuA1B1[x].
Now comple t i on  l eads  t o  t he  f i n i t e  conve rgen t  sy s t em

- 12 . . .





R: a[x] —> A1[x] A“A"[x] -—> A“*V[x]
b[x] —-> Bl[x] B“B"[x] + Bu*"[x]
; i s  AC
A1BIAU[x] —> BuA131[x]
A1*V31Au[x] -—> AVBuA1Bl[x]
A1131*“A1131[x] —> BIAIBMAUM
A1B1+uAiBl+W[x]  _) BIA151+1AUBW[X]

A1+VB1+UAIBI [X]  __) AVB1A1B1+1Au[x ]

A1+VBI+UA1B1+W[X]  _) AVB1A1B1+1AUBW[X]

b] The second example  is

E1: h ing [x ]  = fng[x] n 2 1
fgmklx ]  = gmkEX] m 2 1

Here  we  s t a r t  w i th  two  in f in i t e  s equences  of equa t ions .  We  use  ou r  genera l
me thod  and ge t  " " '

fix]  F[1‚x] F[u,F[v‚x]] = F[u;v‚x]
g[X] GILX] Glu .GIV.x} ]  = Gluivx]

h [F [u .g [x} ] ]  = Flu .g [X] ]

f [G[U.k [x} ] ]  = G[u.k[x}]

E2:

Now comple t i on  s t eps  w i th  t he  r e l evan t  ru l e s

hFuc1[x] -—> FuG1[x]
Flcumx] —> G“k[x]
h[G1k[x] -—> G1k[x]
F1*“G"k[x] —> F“G"k[x]
hFUG1*V[x] -—> F“G1*"[x]
hG1*Vk[x] + G1*"k[x]

c]  The th i rd  example  t aken  f rom Hermann  [Her ] ,  Example  3.15. i s  a r t i f i c i a l  bu t
t echn ica l l y  more  complex .  S t a r t i ng  comple t i on  w i th

El: d[x+[x-y]] = y '
n]  W = g[x+f [x .v ] ]

or i en t s  t he  two  equa t ions  f rom l e f t  t o  r i gh t  and  p roduces  t he  i n f in i t e  s e t  of
ru l e s

d[g[x+f[x.g[x}-y]]] —> Y
d lgz lx  + f [x . f [g [x} .92 [x}  - Y]]] —> y
d[93 [x  + _fEX.f[g[x}.f[92[x}.93[x} -y]]]] —> y

Using F[g‚x‚y] IE f[x.f[g[x],.. . ,f[gn‘1[x],gn[xl-y]...]] , G[_n.x] IE gn[x] we ge t
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E2: E1 and
f [X .g [x} -y ]  = F[1.x.Y]
Fl l zu .x .v l  = f IX .F [u .g [x} .Y] ]

six} = GLLX]
G[u,G[v,x]]  = G[u;v‚x]
d[G[u.x+F[u.x.Y]]] = Y

The comle t ion  p rocedure  w i th  i npu t  E2 o r i en t s  a l l  t he  equa t ions  f rom l e f t  t o
r igh t  and  s tops  succes s fu l ly  a f t e r  gene ra t i ng  t he  fo l l owing  th r ee  ru l e s

f IGV[XJ .G1*" [x} -y ]  —> FIEGVIXJJ]
G1*V[x]+y —> GlGV[x]+f[GV[x]‚y]
f[G"[XI.F“[G“"[x}‚y]] + F" ’“ [G" [x} .v l

d]  As  a l a s t  example  we  show how to  p rove  i nduc t ive  t heo rems  on  B inomi
numbers  b[i,j]. We use the  specification spec1 given by

El :  O+y = y
SIXJW = Slxwl

b[o‚o] = o
b[0.5[Y]] = 0
b lS lXLOI  = SIG]

b[s[x}.5[y]] = b tx .3 [v l l  + b ix .v ]

„ and  wan t  t o  p rove  tha t  E C ITh[E1] for

E: b[x,x]  = s [0]  b[x,s[x]] = 0

Sta r t i ng  t he  comple t ion  p roces s  w i th  i npu t  E1 u E i t  d ive rges  and  p roduces  the
t e rms  sn[x] .  So  we use  the  ex t ens ion  descr ibed  by

EO: s[x] = S[1,x]
S[u,S[v‚x]] = S[u;v ,x]
1 i s  AC

Aga in ,  t he  comple t ion  p roces s  w i th  i npu t  E1 u Eo  u E d ive rges  now p roduc ing
b[x,S[1;...1lr‚x]] = 0. So we add  a s  inductive hypotheses the  equation

b[x,S[u,x]] = 0

Now the  comple t i on  p rocedure  s tops  w i th

- 14 . .





R: s[x] —> Sl[x] SuS"[x] —> S“—"-"[x]
' 0+y —> y SI[x]+y —> S‘[x+y]

b[o‚o] —> o swlx lw  —> 31ISVIx1+yl

b[o,sl[x]] —-> o b[o‚sl*"[x]] —> o
b[S‘[x],O] —> sl[x] b[s1*V[x],o] —> s1[o]
b l$ ‘ [X ] .S ‘ [ y ] ]  -> bIX.51[Y]]+b[><.Y]

b[81*"[x].S‘[v]] -> bISVIXI .S ’ [v ]+bISV[x} .V1

b[S ‘ IX ] .S ‘ * " [y ] ]  —> bIX.S‘*"[y]]+b[x.S"[y]]
b[S"’“[x}.S‘*"[y]] -> bIS“IXJ.S“"[y]]+b[S“[x}.S"[Y]]

b[x ,x]  —-> S1[O]
b[x‚S“[x]] —> o
b[$"[X].Su-”-‘-’[x}] -> 0
_+_ i s  AC

Le t  R2  deno te  t he  r ewr i t e  sy s t em R wi th  t he  l a s t  t h r ee  ru l e s  e l imina t ed .  Then
t he  spec i f i ca t i on  desc r ibed  by  R2 i s  a cons i s t en t  en r i chmen t  of t ha t  descr ibed
by  El. The l e f t  hand s ides  of the  laSt th ree  ru les  a r e  Rz /AC-reduc ib le ,  so
t he se  l a s t  t h r ee  [d i r ec t ed ]  equa t ions  a r e  i nduc t ive  t heo rems  o f  E1. Th i s  p roves
E c ITh[E1].
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[BDe]

[BDP]

[BKR]

[Der ]

[F r i ]

[Gb‘b]

[Her ]

[Hue ]

[ JKi ]

[ JKo]

[KNa]

[KBe]

[K i r ]

[Kue ]

[Lan ]

[PS t ]

Re fe rences

Avenhaus ,  J . .  Mad lene r .  K . :  Te rm rewr i t i ng  and  equa t iona l  r ea son ing .

to  appea r  i n  R .B .  Bane r j i :  Fo rma l  t e chn iques  i n  Ar t i f i c i a l  I n t e l l i gence :  A

source  book Elsev i e r ,  Ams te rdam,  1989

Bachmai r .  L . :  P roo f  by  cons i s t ency  in  equa t iona l  t heo r i e s ,  3 rd .  L ICS

[1988] .  pp .  228 -233
Bachmai r .  L . ,  De r showi t z ,  N . :

congruence .  TCS 67  [1989] ,  pp .  173—201
Bachmai r ,  L . ,  De r showi t z ,  N . ,  P l a i s t ed .  D . :  Comple t ion  w i thou t  Fa i lu r e .

Co l l .

[1987] ,  Academic  P re s s ,  NY 1989
Benn inghofen .  B . .  Kemmer i ch ,  S}, R ich t e r ,

LNCS 277 ,  Spr inge r ,  Be r l i n  [1987]
Dershowi t z .  N . :  Te rmina t ion .  J .  Symb .  Comp.  3 [1987] .  pp .  69—116

Comple t ion  fo r  r ewr i t i ng  modu lo  a

on  the  Reso lu t ion  o f  Equa t ions  i n  A lgeb ra i c  S t ruc tu re s .  Aus t in

M.M. :  Sys t ems  o f  Reduc t ions .

F r ibou rg ,  L . :  A s t rong  r e s t r i c t i on  o f  t he  i nduc t ive  comple t i on  p rocedure ,

13 th  ICALP [1986], LNCS 226,  pp .  105—115.
Göbe l .

t erm r ewr i t i ng  sys t ems ,  D i s se r t a t i on ,  U .  Ka i se r s l au t e rn  [Germany]  1987 ,

pa r t i a l l y  i n  Ground  Conf luence ,  2nd  RTA [1987] ,  LNCS 256 ,  pp .  156—167.

R. :  A comple t i on  p rocedure  fo r  gene ra t i ng  g round  con f luen t

Vademecum o f  d ive rgen t  t e rm  r ewr i t i ng  sys t ems .Hermann .  M. :

Resea rch  Repor t  88 -R—082 .  Cen t r e  de  Reche rche  en  In fo rma t ique  de
Nancy .  1988

Hue t .  G . :  Conf luen t  r educ t ions :  Abs t r ac t  p rope r t i e s  and  app l i ca t i ons  t o
t e rm  r ewr i t i ng  sys t ems ,  J .  ACM 27  [1980] .  pp .  797 -821 .
Jouannaud .  J .P . .  K i r chne r .  H . :  Comple t ion  o f  a s e t  o f  ru l e s  modu lo  a s e t

of  equa t ions .  S IAM J .  Comp.  15  [1986] .  pp .  1155-1194
Jouannaud ,  J .P . .  Kouna l i s ,  E . :  Au toma t i c  p roo f s  by  i nduc t ion  i n  t heo r i e s
wi thou t  cons t ruc to r s ,  I n f .  and  Comp.  82  [1989] ,  pp .  1—33

D. .  Na rend ran .  P . :  A f i n i t e  Thue  sys t em wi th  dec idab le  word

Theore t .

Kapur .

p rob lem and  wi thou t  f i n i t e  canon ica l

Comput .  Sc i .  35  [1985] ,  pp .  337—344.
Knuth .  D .E . ,  Bend ix .  P .B . :  S imp le  word  p rob lems  in  un ive r sa l  a lgeb ra s .

equ iva l en t  sy s t em.

Compu ta t i ona l  p rob l ems  in  abs t r ac t  a lgeb ra  [ ed . ] :  J .  Leech ,  Pe rgamon
Pres s  [1970] .  pp .  263 -297 .
Kirchne r .  H . :  Schema t i za t i on  o f  i n f in i t e  s e t s  o f  r ewr i t e  ru l e s  gene ra t ed
by  d ive rgen t  comple t i on  p roces se s ,  TCS  67  [1989] .  pp .  303 -332
Kuch l in ,  W. :  Induc t ive  comple t i on  by  g round  p roo f  t r ans fo rma t ion .  Co l l .
on  t he  Reso lu t ion  o f  Equa t ions  i n  A lgeb ra i c  S t ruc tu re s .  Aus t in  1987 .
Academic  P re s s .  NY [1989]

Lange ,  S t . :  Towards  a s e t  o f  i n f e r ence  ru l e s  fo r  so lv ing  d ive rgence  i n
Knuth -Bend ix  comple t i on ,  i n  K .P .  J an tke  [ ed . ] :  Ana log ica l  and  induct ive
in fe r ence .  LNCS 397  [1989] ,  pp .  304 -316
Pe te r son ,  G .E . .  S t i cke l .  M.E . :

equa t iona l  t heo r i e s ,  J .  ACM 28  [1981],  pp .  233—264
Comple t e  s e t s  o f  r educ t ion  fo r  some





[TJa ]  Thomas ,  M. .  Jantke .  K .P . :  Induc t ive  in ference  for  so lv ing  divergence

in  Knuth—Bendix  comple t ion .  in  KP.  Jan tke  [ ed . ] :  Ana log lca l  and

induc t ive  in ference ,  LNCS 397  [1989] ,  pp .  288—303




