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Abstract

If a real-analytic flow on the multidimensional torus close enough to linear has a unique rotation vector
which satisfies an arithmetical condition ), then it is analytically conjugate to linear. We show this by
proving that the orbit under renormalization of a constant }-vector field attracts all nearby orbits with the
same rotation vector.
© 2008 Elsevier Inc. All rights reserved.

1. Introduction

We are interested in the study of real-analytic flows ¢’ on the torus T¢ = R9/Z4, d > 2,
that are topologically conjugate to a linear flow, i.e. A~! 0 ¢’ o h(x) =x + @t mod 1, t > 0, for
some homeomorphism 4 of T¢ and @ € R?. Our aim, as part of a program, is to find sufficient
conditions for which the conjugacy 4 is guaranteed to be real-analytic.

The general case d > 2 differs significantly from the lower dimension situation d = 2 where
there is an invariant of motion, the asymptotic direction of the flow, whose slope is called rotation
number. The classical Denjoy’s theorem [7] asserts that for sufficiently smooth flows, irrational
rotation numbers describe completely topological conjugacy classes. This cannot be generalized
to higher dimensions due to the large variety of possible dynamical behaviours; often there is
more than one asymptotic direction (rotation vectors). In this paper we look at analytic flows
with a unique rotation vector for all orbits, showing that these have similar properties to the ones
of d =2, at least for ‘typical’ rotation vectors.

The two-dimensional theory was further developed by Arnol’d [1], Herman [9] and Yoc-
coz [23] in the 1960s, 1970s and 1980s, respectively. Mainly working on the discrete-time
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counterpart, circle diffeomorphisms as return maps to flow transversals, they showed that the
conjugacy classes correspond to higher regularity (see also [10,11]). However, this will depend
on the arithmetical properties of the rotation number due to their crucial role in solving small di-
visor problems. In particular, in the 1990s Yoccoz proved that for analytic diffeomorphisms close
to a rotation, the conjugacy is analytic if the rotation number is of Brjuno type [24]; and this arith-
metical condition is optimal. Moreover, the closeness to rotation hypothesis can be dropped if
restricting to Yoccoz’s H set of rotation numbers [25]. Again, this condition is optimal.

The above cited results can be seen as proofs of differential rigidity within topological con-
jugacy classes of smooth systems. This has been observed to be a property common to different
problems as in e.g. [4-6,14], while renormalization being the tool often used. However, in those
works the renormalizations are based on the continued fraction expansion of irrational numbers.
Here we are able to work on higher dimensions by making use of the multidimensional continued
fractions algorithm introduced in [13] (see also [12,17,18]). This roughly corresponds to a flow
on the homogeneous space SL(d, Z) \ SL(d, R) that, following Lagarias ideas [19], provides a
strongly convergent continued fractions expansion for all vectors (see Section 2 below).

Given w € R? — {0}, define the linear torus flow

R:TY T x> x+e modl, (1.1)
with # > 0. The main result in this paper is the following.

Theorem 1.1. Let @ € Y C R%. If a C® flow on T? has a unique rotation vector  and it is
C®-close enough to linear, then it is C*®-conjugate to R,

Since the rotation vector is invariant under homeomorphisms (see Section 3), this result yields
an immediate consequence:

Corollary 1.2. Let @ € Y C R?. If a C® flow on T¢ is CO-conjugate to R! and it is C*-close
enough to linear, then the conjugacy is in fact C®.

Therefore, the topological and analytic conjugacy classes of R’ are locally the same for w € Y
and coincide with the set of close-to-linear flows with a rotation vector w. Note that by allowing
time-reparametrizations and recalling that R} | = R ). # 0, we obtain larger conjugacy classes.

In Proposition 2.6 we will see that the set ) contains all Diophantine vectors, having full
Lebesgue measure. In dimension two ) corresponds to the set of vectors whose slope is a Brjuno
number.

We highlight the fact that no condition such as volume-preservation is required for the main
theorem to hold. It is known [8,9,22] that volume-preserving C“-flows with a Diophantine rota-
tion vector  and close to R’ are C”-conjugated to R.. That is a consequence of the existence of
a parameter A which makes a vector field X 4+ A (not necessarily divergence free) conjugated to
a translation, where X is close to @ (see also [13]). With R(ﬁ, ergodic, if the volume is preserved
and the rotation vector is , then A has to vanish (Proposition 2.6.1 [9, p. 180]).

We believe that further extensions of Theorem 1.1, namely for C”-vector fields, should be
accessible by the present method. Two open and outstanding problems are the corresponding
global result and the determination of an optimal condition on @ for which the theorem holds.

The proof of Theorem 1.1 is a consequence of the convergence under renormalization of
vector fields in some small ball around w. The renormalization operator is basically a coordinate
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change and time rescaling related to the continued fractions of @ (cf. [13,16]). Convergence is
guaranteed if the rotation vector @ € ). The fact that we have a unique rotation vector permits us
to control the distance between w and the constant Fourier mode of the perturbed vector fields.
Our scheme therefore contracts a ball in its domain towards the orbit under renormalization of
the constant vector field @. The differentiable conjugacy then follows.

In Section 2 we review the multidimensional continued fractions scheme introduced in [13],
and define the class of Y-vectors. In Sections 3 and 4 we present the renormalization building
blocks, which will be put together in Section 5 in order to determine sufficient conditions for
the existence of infinitely renormalizable vector fields. In Section 7 we construct the analytic
conjugacy for vector fields which are attracted under renormalization to the orbit of the constant
system. The proof of Theorem 1.1 is concluded in Section 8.

For the following we set the notations N = {1, 2, ...} for the positive integers and Ng = NU {0}
for the non-negative integers. Moreover, A < B stands for the existence of a constant C > 0 such
that A < CB.

2. Multidimensional continued fractions

In this section we present the multidimensional continued fractions algorithm introduced
in [13] following ideas of Dani [3], Lagarias [19] and Kleinbock and Margulis [15]. In addi-
tion, we define the class of vectors ) from the properties of the continued fractions expansion in
an appropriate way to be used later by the renormalization scheme.
2.1. Flow on homogeneous space

Denote by G = SL(d, R), I' = SL(d, Z) and take a fundamental domain F C G of the ho-
mogeneous space I"\ G (the space of d-dimensional non-degenerate unimodular lattices). On F
consider the flow:

" F—-F, M~ P@)ME', 2.1

where

E"=diag(e™,...,e7", e(d_l)t) eG

and P(¢) is the unique family in I" that keeps @’ M in F for every t > 0.
For the remaining of this paper we fix @ = (¢, 1) € RY. We are then interested in the orbit

under @’ of the matrix
1
Mw=<0 ‘;‘) (2.2)

2.2. Growth of the flow
Let the function 8 : I" \ G — R measuring the shortest vector in the lattice M be

S(M)y= inf |TkM
kez4—{0}

) (2.3)
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where || - || stands for the £1-norm (in the following we will make use of the corresponding matrix
norm taken as the usual operator norm). Notice that § (' M) = §(My,E").

Proposition 2.1. (See [13].) There exist C1, Cy > 0 such that for all t >0

|&' M| < W and (@' My) "] < % 2.4)
2.3. Stopping times
Consider a sequence of times, called stopping times,
th=0<f<h<---— +00 (2.5)
such that the matrices P(¢) in (2.1) satisfy
Py := P(ty) # P(ta-1) (2.6)

with n € N. We also set Py = P(f9) = I. The sequence of matrices P, € SL(d, Z) are the rational
approximates of w, called the multidimensional continued fractions expansion. In addition we
define the transfer matrices
T,=P,P ", neN, and Ty=I. 2.7)
The flow of M, taken at the time sequence is thus the sequence of matrices

M, =®"M,=P,M,E"™. (2.8)

Using some properties of the flow, the above can be decomposed (see [13]) into

I o, A, 0
M":(o 1)(% yn> 29)

with y,, being the dth component of the vector e~V P, .
Define w,, = (a;, 1), wg = w and, forn € N,

0
O =y, 'My 0 =tn P =y Thwn—1, (2.10)
1
where
ho= Le@ D gng g, = 1 (2.11)
Vn An—1

We remark that when d = 2, there exists a sequence of stopping times (called Hermitte critical
times) that gives an accelerated version of the standard continued fractions of a number « [19].
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2.4. Resonance widths
We call resonance widths to the terms of any decreasing sequence o : Ng — RT,
2.5. Resonance cone
Given resonance widths o : Ny — R, define the resonant cones to be
={keZ |k-w,| <oulkl]}. (2.12)
In addition, let

Trlk
A, = sup w. (2.13)
ker—oy Ikl

Proposition 2.2. There is ¢ > 0 such that for any n € Ny

opeddinet 41
S(Mp)4=18(Mpy1)

A, < cedt+1

(2.14)

where 8t 41 = th+1 — ty.

Proof. Take SJ- to be the hyperspace orthogonal to w,. By (2.7) and (2.8), T), = M,, E~%" M, j]

and TT_Jrl = TM (EO+1 T M, So, for & € S, (2.9) gives
T -1 oSt T py—1 TAE\ St T =1 T py
n+1'§ n+1 0 =¢€ n+1 ”s’

where & € RY~! comprises the first d — 1 components of &.
Now, write k € I, — {0} as k = k1 + k, where

k= k- o ®, and kyeSi.
@y - Wy
Hence,
[y 3 IS ey 31 I e 51
<ou| T kN e [ TML T Ml
< (o EXt | et ) [T | ¢ 1K (2.15)

which can be estimated using Proposition 2.1. O
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2.6. Class of Diophantine vectors

A vector @ € R? is Diophantine with exponent 8 > 0 if there is a constant C > 0 such that

C
|- k| > 7”k”d—l+ﬂ'

It is a well-known fact that the sets DC(B) of Diophantine vectors with exponent 8 > 0 are
of full Lebesgue measure [2]. On the other hand, the set DC(0) has zero Lebesgue measure.
A vector is said to be Diophantine if it belongs to DC = | =0 DC(B). The next proposition
gives us a complete characterization of Diophantine vectors in terms of the behaviour of the flow
@' of M, (the sufficient part appeared already in [13]).

Proposition 2.3. Let B > 0. Then, w € DC(B) iff there is C' > 0 such that
§(P'My) > C'e™, t>0,
with 0 = 8/(d + B).

Proof. Notice first that T kMg, E' = (e 'k, e@~D! (k - w)), where k = (k, kg) € Z¢ — {0}. Now,
we have that

C < Iglé%”TkaE’ | < max{e= """ k||, e |k . @] ). (2.16)
Let

tzt(k)z{ Hlog il ikl > 1k - @,
0, k]l < Ik - w].

Using this 7 in (2.16), the second case trivially means that |k -@| > C' > C k||~ “@=14A) for some
constant C > 0. For the first case,

C/ < ||k||(d—l+9)/d|k . w|l—(d—l+9)/d.

So, |k -@| > C'||k||4" P and w is Diophantine with exponent .
The converse is proved in [13, Lemma 2.3]. O

Proposition 2.4. (See [13].) Ifw € DC(B), B = 0, there are constants cy, c2, ¢3, ¢4, €5, C6, €7 > 0
such that, for any stopping-time sequence t : Ny — R,

Myl < crexp[(d — DO1,], (2.17)
1M1l < caexp(Oty), (2.18)
I Pall < c3exp[(dO + 1 —0)t,], (2.19)
1Pyl < caexp[(d — 1+ 0)ty], (2.20)

[
Tl < csexp[(1 — 0)8t, + do1, ], (2.21)
[

IT, Ml < coexpl(d — (1 — 0)8t, + dot,], (2.22)
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and

2
€7 GXP[—9<1d_ g~ (d— 1))%} < lynl < crexp[(d — D], (2.23)

where 8§t, =t, —t,—1 and 0 = B/(d + B).

The above estimates were already proved in [13], and are a direct consequence of Proposi-
tion 2.3 applied to Proposition 2.1.

Proposition 2.5. If @ € DC(B), B = 0, then there is ¢ > 0 such that for any n € Ny,

An < Cef(179)5tn+1+detn (o_nedﬁanr] 4 l) (224)
Proof. It follows immediately by applying Proposition 2.3 to Proposition 2.2. O
2.7. Class of Y-vectors

In this paper we will be dealing with a class of vectors which satisfies some arithmetical
properties more general than the Diophantine ones (cf. Section 2.6).

A vector @ € R? belongs to )V if there exist sequences of resonance widths o : Ny — R* and
of stopping times ¢ : Ng — R such that

Onll@n+1l
ZA0~--Anlog(|nn+1|||Tn+1||w <00 (2.25)
n>0 n+1
and
lim 2%, | P, |1 7ol - 1T 1% = 0. (2.26)

n—-+o00o

The conditions above should be seen as lower and upper bounds on o,,. It follows immediately
that @y € ) for any fixed N € N, using shifted sequences oy, and ty,.

The class of Y-vectors contains the full probability set of Diophantine vectors as it is proved
below.

Proposition 2.6. DC C ).

Proof. Let 0 < & < 1 — 6, the stopping-time sequence given recursively by £, = el =0=5)
n €N, to =0, and the sequences of resonance widths given by o, = e 4%+1 for n large enough.

For w € DC(B), B > 0, using Propositions 2.4 and 2.5, the terms in the series in (2.25) can
be bounded from above by

Cnfn+2e_(l _9)[n+l +d6 Z?:O 1 ,

for some constant C > 0. By our choice of the stopping times, the above can be estimated from
above by C’e(!=0=8)mn1=(1=0=E0t41 with ¢’ > 0 and 0 < & < £. Therefore, the series in (2.25)
converges.



J. Lopes Dias / J. Differential Equations 245 (2008) 468—489 475

On the other hand, the expression in the limit of (2.26) can be bounded by

221 o= dBty 1 +(d-+1—0)1,+20d Yo 1

which goes to zero as n — +o00 by our present choice of stopping times.
This completes the proof thatw € Y. 0O

Remark 2.7. If we restrict to d = 2 it is natural to use the standard continued fractions expansion.
In this case it can be shown that Y corresponds to the Brjuno vectors, i.e. vectors whose slope is
a Brjuno number (see [21]).

3. Rotation vectors

We define the rotation vector of a flow ¢’ at each x € T to be the asymptotic direction of the
corresponding orbit of the lift @’ (x) to the universal cover:

t _
Rot(¢)(x) = lim w 3.1)

if the limit exists.

Remark 3.1. If the rotation vector exists at x for a flow ¢ generated by a vector field X on T¢
(i.e. %q&t = X o ¢"), it is the time average of the vector field along the orbit:

'
Rot(¢)(x) :tl_iglO ;/X 0@’ (x)ds. (3.2)
0

When the rotation vector exists for all x € T¢, the rotation set of ¢ is
Rot(¢) = {Rot(¢)(x): x € T?}. (3.3)
Throughout this text we denote by Homeo(M) and Diff" (M), r € N U {00, w}, the set of
homeomorphisms and C” -diffeomorphisms on M. Moreover, we add a subscript 0 to distinguish
the case of isotopic to the identity maps. Finally, Vect” (M) stands for the set of C"-vector fields
on M.
Lemma 3.2. Let h € Homeoy(T¢), A # 0 and T € GL(d, Z). If Rot(¢) # @, then
Rot(h ' ogoh)=Rot(¢) and Rot(T'o¢* oT)=ArT 'Rot(¢). (3.4)
Proof. Writing h~! =1d 4+¢ with ¢ a Z¢-periodic function, we get

Rot(h ™! og oh)) = lim %[q)’ oh(x)+ o' oh(x) —h(x)+h(x)—x]. (3.5

The fact that ¢ is bounded and that there is a rotation vector for all points in T¢, yields Rot(h ! o
¢ o h)(x) =Rot(¢)(h(x)). Thus the first assertion.
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The second claim follows from
Rot(T ™' 0 ¢™ o T)(x) = lim l(T_l o ®* o Tx — x)
t—o00 t

= lim i)\T*I(dﬁM oTx —Tx)

t—o00 A\t

=AT 'Rot(¢)(Tx). O (3.6)

Proposition 3.3. Let ¢' be the flow generated by X € Vect®(T¢) and o € R?. If Rot¢ = {w},
then

IEX — ol <d||X —EX||co, (3.7

where EX = fT,, X dm and m denotes the Lebesgue measure on T¢.

Proof. We first show that for each 1 <i < d there is y® € T such that X;(y?)) = @;. (We
represent the ith coordinate of vectors by the subscript i.) This follows from the fact that
Rot¢p(x) —@ =0.1e. forany x € T and 1 <i <d,

t

. 1
lim —/[Xio¢5(x)—wi]ds=0.

t—+4o0 t
0

The continuous function ¥ (x, t) = X; o ¢’ (x) — w; on T4 x Rt has m = min Y and M = max
because X is continuous on a compact set. So, for any (x, t) we have m < % fé Y(x,s)ds <M.
Taking the limit, m < 0 < M and we can find a zero of ¥, hence of X; — w;.

Now, using the above points y(i ),

d d
IEX —wll= ) [EX; — ;| =Z!Xi(y(i)) —EX;|
i=1 i=1
d
me;,lx|Xi(x)—EXi|<d||X—EX||C0- O

1

Remark 3.4. We will be interested in vector fields generating flows that possess the same rotation
vector for all orbits. Hence, for a vector field X we will write Rot X to mean the unique rotation
vector associated to the flow generated by X.

4. Preliminaries

4.1. Definitions

The transformation of X € Vect(M) on a manifold M by ¢ € Diff(M) is given by the pull-
back of X under :

VX =Dy) 'Xovy.
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As TTY ~ T4 x RY, we identify the set of vector fields on Vect(Td ) with the set of functions
C (T4, R?), that can be regarded as Z4-periodic maps of R by lifting to the universal cover. We
will make use of the analyticity to extend to the complex domain, so we will deal with complex
analytic functions.

4.2. Space of vector fields

Let p > 0 and the domain
d. P
Dpz{xeC C | Imx|| <—}, 4.1)
2

for the norm |lu| =", |u;| on cA.
Take complex analytic functions f: D, — C? that are Z?-periodic and on the form of the
Fourier series

fa) =Y fre®mikx (4.2)

kezd

with fx € C?. The Banach spaces A, and .A;, are the subspaces of such functions with the
respective finite norms

Il =D Ifelle”™ and |1, =" (1427 |kl)ll ficlle” TV, (4.3)

kezd kezd

Consider also the norm || f||co = max, e || f (x) |
Some of the properties of the above spaces are of easy verification. For instance, given any
/. g € A, we have:

o If@I<ISfllco < ISl <NfI, where x € Dy,
o [[fllp—s <IIfll, with0 <8 < p,
e IDfll, <87l fllp+s with p,8 > 0 (Cauchy’s estimate).

Write the constant Fourier mode of f € A, through the projection

Ef:/fdm:foe(cd. (4.4)
Td
We will only be interested in the above vector fields which are fixed-point-free, i.e. f(x) #0
forall x € D,.
4.3. Far from resonance modes

Given o > 0, we call far from resonance modes with respect to v € R? to the Fourier modes
with indices in

I; =lkez |v-k| > o|kl|}. (4.5)
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The resonant modes are the ones in I;- = Z¢ — I which correspond to the resonant cones
defined in (2.12). We also have the projections I and I over the spaces of vector fields by
restricting the modes to 17 and I, respectively. The identity operator is [ =1} + I .

4.4. Uniformization

We call uniformization of a vector field to the action of a diffeomorphism that produces a new
vector field with only resonant modes.
Given p, &, v > 0, denote by V, the open ball in A

' ., centred at v % 0 with radius &.

p+v
Theorem 4.1. (See [13,20].) Let 0 < ||v|| and
o . |v o
&= —min{ —, . 4.6)
42 4 72||v||

There exists a 1-parameter smooth family of maps ;: Ve — .A:O and Uy : Ve — TT A, ® (1 —
HIZ AL given by Uy (X) = 4 (X)* X such that

p+v
CUX)=1-nl X, tel0,1], 4.7
and
Js 0 — 1), < 2],
|e6 () = v, <G =DIX — vl 4.8)
Moreover, if X is real-analytic, 3;(X )(RM) c R,
Let the translation R, on C¢ for each z € C? be
R;:x—>x+2z2. “4.9)

Lemma 4.2. In the conditions of Theorem 4.1, if x € RY and X € Ve, then

(X oRy) =R otly(X) o Ry (4.10)

X
onD,.
Proof. Notice that R, (D,) = D,. If U; = 4l;(X) is a solution of the homotopy equation (4.7)

on D,, then f], = Rx_1 o U (X) o Ry solves the same equation for X=Xo Ry,ie. ;X o U, =
(I1-0I7X,onD,. O
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4.5. Rescaling

The fundamental step of the renormalization is a linear transformation of the domain of defini-
tion of our vector fields. This is done by a change of basis using the multidimensional continued
fractions matrices 7}, € SL(d, Z) of a vector @ € R?. The normalizing scalars 7, in (2.11) are
used for a linear time rescaling.

Consider X € A,. We are interested in the following coordinate and time linear changes:

Ln:x|—>Tn*1x, t = nut. “4.11)

(Negative time rescaling means inverting the direction of time.) These determine a new vector
field as the image of the map

X Ly(X)=n,LiX =0, T,X o T, L.
Thus the following relation holds:

LR} =R} LY, zeC’ (4.12)

Thz™n>

Recall the definition of A, given by (2.13) for some choice of ;. Notice that, according
to (2.12), If = Iain the far from resonance modes with respect to w,,, and we write I[,jlE = an.

Lemma 4.3. [f § > 0 and

/ Pn—1
Py < —— — 34, (4.13)
" Anf]

then Ly, given by L, restricted to (]I,J{_1 -E)A,, _, into (I— E)A;, is bounded with

~ 2
1L, < InnIIITnH(l + T)' (4.14)

Proof. Let f € (It | —E)A,, . Then,

||f0Ln||/p;1 < Z (1 g ”TTn—lk”)”fk”e(ﬂ;,—é-i-S)HTT{lkH' (4.15)
kel —{0}

n—1"
By using the relation Ee_‘sg < 87! with & >0, and (2.13), we get

, 2
) ||fk||eA"—l<pn+5>"‘“<<1+7”)||f||pn1' (4.16)

It -0

n—1

21
/
||f0Ln||pr/’ < (1 +?>

Finally, £, £}, <1nalITlllf 0 Lull,, . O
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4.6. Analyticity strip cut-off

Consider the operator 7 : A, — A, obtained by restricting X € A, to the domain D,. When
restricted to non-constant modes, its norm can be estimated as follows.

Lemma 4.4. If0 < ¢ < e~ then |Z[I —E)|| < ¢~ .
The proof is immediate.

5. Renormalization

5.1. Renormalization operator

We are only interested in vectors @ € RY that satisfy @ -k # 0 for any k € Z¢ — {0}. Associated
to 0,1 (specifying the cones Ifﬁ 1) and ¢, (the size of the analyticity strip width cut-off in 4.6,
related to the domain we are considering), the nth step renormalization operator is defined to be
Tn o L, oU,_1, where U,,_ is the full elimination of the modes in I._, asin Theorem 4.1 with
v = @, (for t = 1). Vector fields in the domain of the renormalization operator for some pair
(0n—1, ¢n) are said to be renormalizable.

We denote the iteration of the renormalizations up to the step n by

Rp=Ty0L,oly,_10R,—1 with Ry =1d,
which is defined on A;. We highlight the fact that each R, is specified by a given set of pairs
{(0k—1, Px)}1<kgn- A vector field inside the domain of R, for all n, is called infinitely renor-

malizable. Notice that R, (wo + v) = w,, for every v € C? and any choice of a sequence pair

(o’l;po)l.lowing the previous sections, the map R, is analytic on its domain. Also, in case a vector
field X is real-analytic, the same is true for R, (X).
5.2. Coordinate changes
Assuming that X is in the domain of R,,, denote by X,, = R, (X) so that
Xp=hn(Uoo Ty - Uy o T, (X) and X = X, (5.1
where U, (X) = U,,(X,,). Thus,
Py Xy = dnWy—1(X)" -+ Wo(X)*(X) (5.2)
with the isotopic to the identity diffeomorphisms
Wo(X) =P oU,(X) o P,. (5.3)
If X is real-analytic, then W, (X Y(RY) ¢ R4, since this property holds for U, (X). We also have

W, I*tX)=1Id.
Finally, by Proposition 3.2, Rot R, (X) = A, P, Rot X.
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5.3. Infinitely renormalizable vector fields

We want to find sufficient conditions on sequences of pairs (o, ¢) in order to obtain infinitely
renormalizable vector fields.
For any o : Ny — R™ satisfying 0, < ||@,||, we choose ¢: N — (1, co) given by

¢n==nmx{1,2ui+-DHEnH82]}. (5.4)

n

Here ¢, is as in (4.6) for the nth step. Then, for any p > 0, we associate the sequence of analyt-
icity strip widths

— B, (w,
_Phwo) (5.5)
Ag-Ay_q
where
n—1
B, (w,0) = ZAO A log(eB“L”/A"(/ﬁiH) >0 (5.6)
i=0

and v and § are the constants given in Theorem 4.1 and Lemma 4.3, respectively, taken to be the
same for all . In case p, < 0 the renormalization procedure stops at step n. Recall that each A,
also depends on o, as in (2.13). Finally, define the function

Bw,o)= lim B,(w,0) (5.7)
n—+o0

whenever the limit exists (enough being bounded from above).
Theorem 5.1. [f X € A/, is real-analytic and

e RotX =w,

o [T-E)XI, <eo/(d+1),

o p>B(w,o0),
then X is infinitely renormalizable and

X0 —@nll),, <&n, neN. (5.8)

Remark 5.2. Our choice (5.4) of ¢ is the “smallest” that we have achieved here so that X is
infinitely renormalizable.

Proof of Theorem 5.1. Firstly we remark that by Proposition 3.3,
I1X —@l, < IX —EX[, + |EX — ol

<@+ D|a-Bx|,
£0. (3.9)

A
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So, we can consider the bound on || X — ||}, instead of [|(I — E)X||’,.
Notice that if

X, — @ (5.10)

””:o,, <é&n

(meaning that at each step X,, is in the domain of Uf,), then X, is renormalizable and X, 1| =
R, (X). Being true for any n € N, then X is infinitely renormalizable. The inequality (5.10) can
be estimated using Proposition 3.3 and Lemmas 4.4 and 4.3 by

X = @all},, = |Za Lalhs—1 (Xn—1) = @n ],
<A =BT Lally—1 Xn-D) [, + [EL2(Xn—1) — @4 |
<@+ D|Z,A-B) Ly X0,

IE l

<d+1D)— ||(11 E)Up—1 (Xn— (5.11)

where § = A,—1(py + log ¢, + 9).
We now proceed by induction. Assuming that (5.8) holds for n — 1 and substituting the value

Of ¢I’la

2)1£,
1Xn = @all), <(d+1) ¢” 1Xn—1 — @n1llyr < n, (5.12)

n
where £’ =6 +v=p,_;. O
5.4. Width of resonance cones

In the following sections we assume that the conditions of Theorem 5.1 are satisfied. In par-
ticular, we will be interested in those vectors @ for which we can find o as given in the lemma
below so that B(w@, o) converges and is less than p.

Let

1
20 Toll -~ I Tl

R, =

Lemma 5.3. If 0 : Ng — R satisfies 0, < ||@, || and

P 1
lim Oull Py | —0, (5.13)
n—>+00 Ry (Ry—1 — Rp)ll@y |
then there is N € N such that, forn > N,
Pn 42|1P e, < Ry—1— Ry (5.14)

n <X
I Pull” On 27
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and

-1 —1

1P e _ 12 e _ 515
n—>+o0 Ry(Ry,—1 — Ry)oy n—+00 [Anl

Proof. For the first estimate in (5.14) it is sufficient to check that inf; o > 0. Indeed we
get the bound for N large enough such that 2=V < infy pr. Now, as B, < B (notice the
simplification of notation) we have that p — B, > p — B > 0. Hence we only need to
check that sup, Ag--- A,—1 < oo. This follows from Zn>0 Ao+ Ap—1 <8 1B < 00, so that
limn%+oo Ao Ap—1=0.

From (5.13) for any choice of « > 0 we can find N € N so that forn > N,

« (Ry—1 — Rp)llwnl
(1l
Therefore, the second estimate in (5.14) follows using the definition of ¢,, i.e. &, < anz /@]l

This also proves the first limit in (5.15).
Finally, notice that (2.10) yields

—1 —1 —1
ol "E <P @l ™ < N0 - I Tl @l l@n ]l
So,
1P e 1P o?
< 7
|2on Ry llwnl|

We then obtain the second limit in (5.15) from (5.13). O
Remark 5.4. It is simple to check that ||g o P, |[r, < llgllp,-
6. Class of vectors

Theorem 6.1. If w € ), then there exists 0 :Ng — R in the conditions of Lemma 5.3 such that
B(w, o) < oo.

Proof. We need to estimate 5(w, o). We start by noticing that

2
L M1 T @y 2n .
En+1 Ont1

En

Oni1 < M1l Tgr

From (2.26) we have o satisfying (5.13). So,

Onll@nt1ll
B(w,0) K Z Ap--- Ay 10g<|nn+1 g1l no_—l+>

n>0 n+1

converges whenever @ € ) asin (2.25). O
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7. Analytic conjugacy
7.1. Cl-conjugacy

Starting from a vector field satisfying Rot X = @, we first use Theorem 5.1 to show that there
is a smooth conjugacy. Let A C A;) be the subset of all infinitely renormalizable real-analytic
vector fields that verify the conditions of Theorem 5.1 while (5.13) holds. Moreover, we fix
N e Nasin Lemma 5.3.

We use the notation Diff;er for a set of isotopic to the identity Z?-periodic C”-diffeomor-

phisms, i.e. identify Diff"_ (R?) with Diff/,(T%).
per 0

Lemma 7.1. Foralln > N, W, : A — Diff®, (Dg

per Dg, ) is analytic satisfying

n’

42
[Wa 00 =1d] , < =[P [1Xn — @l (7.1)
n

/
Pn’

Proof. For any X € A, by (4.8) and the first inequality in (5.14),

42
W00 ~1d] = 257 000 =10 P, < 211X, =
n

Now, for x € Dg,,

[tm W, ) ()| < [Tm (W, (X)(x) — x)| + Tm x|
< ||[Wa(X) —1d| , + Ry/27 < Ry1/27,

where we have used the second inequality in (5.14). Hence W,(X): Dg, — Dg,_,. From the
properties of Ll,, W,,: A — Diff;’er(DRn, Dg, ) is analytic. O

For n > m > 0 consider the analytic map Hy, , : A — Diff?. (Dg C?) defined by

per

Hyn(X) =Wy (X)o--- 0 Wy (X). (1.2)

In particular, by the above lemma, H,, ,(X):Dg, — Dg whenever m > N.

m—1

Lemma 7.2. For X € Aandn >m > N,

Ry—1
” Hm,n(X) - Hm,n—l (X) ”R,, < (Rn—l—;?n)ffn ] )
2421\ Py 1| Xn—wn I,
e
[ Hnn(X) = 1d] , <42 = —1X; = @il (7.3)

i=m

Proof. Foreach k =m, ..., n — 1, consider the transformations
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Gi(z, X) = (Wi (X) —1Id) o (Id+Gy41(z, X)) + Grs1(2, X),
Gu(z, X) =z(W,(X) —1d),

with (z, X) e {z € C: |z] < 1 +d,} x A, where

d = Ry—1— Ry Op -1
n — _—
2r 420 Py 11X — @l

485

is positive by the second inequality in (5.14). If the image of Dg, under Id +Gy1(z, X) is inside

the domain of Wy (X), or simply
| Grr1z X) |, < (Re — Ru) /2,
then Gy is well defined as an analytic map into Diffj,.(Dg,, C%), and
[Ge. 30, < W00 =1d] 4, + [ Gua . 0]
An inductive scheme shows that

[Gntz, X) |, = 2l Wa(X) —1d]|
< (Rp—1 — Ry) /27,

n—1

|Gz X) |, < DI WiX) =1d] , + [Gulz. X) |,
i=k
< (Ri—1 — Rp)/2m,

using Lemmas 7.1 and 5.3.

It is easy to check that G, (1, X) = Hy, »(X) —Id and G, (0, X) = Hyp n—1(X) — Id

ticular, from (7.4) and Lemma 7.1
n
g < D WiX) —1d]l,
i=m

n —1
2P|
> X —will),
oj

| Hmn(X) — 1d

o= 16130

N

i=m
Finally, by Cauchy’s formula

| Honon(X) = Hion 1 (X)|| g, = |G (1, X) = G (0, X) | .

L § Gen,
2 -1

‘ R
lz|=14d, /2 "

2
<z Gn(e. %), <
dy |z|=slli£1n/2” mlz )| Ro wdy

Rm—l

(7.4)

. In par-

(7.5)
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Lemma 7.3. There exists an analytic map H : A — Diff(l) (T?) such that

H(X)= lim Ho(X). (7.6)

Proof. Consider Cger(Rd, C?) to be the Banach space of the Z?-periodic C' functions between
R? and C¢ with norm

I/ ller = max max | D £ (x)]|. (71.7)

Let m > N. Since the domains Dg, are shrinking, consider the restrictions of W,(X) and
Hy n(X) to R?. So, for any X € A, Cauchy’s estimate and Lemma 7.2 holds that

[ Hnn () = Hinn 1 O] 1 Smax sup | D*[Hyn (X)(x) = Hypn 1 O] |

<1 X€Dg, 2

1
< Cig [ Hinon OO = Hpn1 (X |, (7.8)
n

goes to zero by (7.3) and the first bound in (5.15), where C; > O is a constant. Thus, Hy, »(X)
converges to H,,(X) in Cl (R4, CY). Similarly, there is a constant C> > 0 such that || H,,, (X) —

per
Id]c < Cza,;l ||Pnjl X — @ ”/pm' For m large enough we can use the first limit in (5.15) to
show that || H,,,(X) —Id||~1 < 1. Hence, H,,(X) is a diffeomorphism isotopic to the identity.

The convergence of H,, , is uniform in A so H,, is an analytic map. The fact that, for real-
analytic X, H,, (X) takes real values for real arguments, follows from the same property for each
W, (X).

Take now the analytic map

H=Wy---W,,_10H,y.

It follows from the above that for every real-analytic X € A, H(X) € Diff(l) (’IFd). O
Theorem 7.4. For every real-analytic X € A, H(X)*(X) = @ on R?.
Proof. From (5.2) we have

Hon(X)*(X) —0 =1, P(Xy) —@ =1, PY(X, — @)

Since |4, 1 P (X — @n)llco < A, 1P X0 — @nl),, — O by the second limit in (5.15) and
Ho, — H as n — 400, we complete the proof. O

7.2. From C' to C®-conjugacy

Because of the analyticity dependence of the conjugacy map H with respect to the vector
field X, we will show that the conjugacy can be extended analytically to a complex strip.

Lemma 7.5. If X € A and x € RY, then

H(XoRy)=R:'oH(X)oRy. (7.9)

X
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Proof. The relations (4.10) and (4.12) yield that U, (X o Ry) =U,(X) o Ry and L,,(X o Ry) =
L,(X) o R7, . This implies immediately that

Ru(X 0 Ry) = Rp(X) o Rp,x. (7.10)

Next, from a simple adaptation of (4.10) and the formula Rp,; = P, R, P,~! for z € C4, we get

Wu(X o Ry) = P, otly, (LyRu—1(X 0 Ry)) 0 P,

n

=R;' o W, (X) o Ry. (7.11)
Thus, Hy , (X o Ry) = R;l o Hp ,(X) o Ry. The convergence of Hp , implies (7.9). O
Theorem 7.6. For every real-analytic X € A, H(X) € Diff{j (T%).

Proof. Take r such that p > r > B(w,0). For each X € A and z € D, with n =p —r > 0,
XoR;eA and || X o R; — @[, < || X — @||,. So, we define the set of infinitely renormalizable
vector fields A, C A, and can use the previous results to show the existence of the conjugacy
H(X o Ry).

We now need to analytically extend the conjugacy H (X) to a complex neighbourhood of R?.
Let F(z) =2+ H(XoR;)(0). Themaps z +—> X o Rz, X — H(X) and C;er(Rd, C? > g g(0)
are analytic, thus F' is also analytic on D; and F' —Id is Z4-periodic. It remains to show that F
is an analytic extension of H (X). From (7.9), for any x € R4, we have

F(x)=x+R;' o H(X) o Ry (0)
=x+HX)(x)—x
=HX)(x). O (7.12)

8. Small analyticity strip

The above results (viz. Theorems 5.1 and 7.6) can be generalized for a small analyticity ra-
dius p. Thus, through Theorem 6.1, we conclude the proof of Theorem 1.1.

Theorem 8.1. Letw € V. If X € A, r > 0, Rot X = and X is sufficiently close to constant, then
there is an analytic diffeomorphism  such that X = y*X is in the conditions of Theorem 5.1,

thus infinitely renormalizable.

Proof. First, we observe that X € A/, for some p < r because ||X||/’O <A +27/(r — p)DIX|y
Moreover, by Proposition 3.3,

/
IX —oll, <@+ D]A-B)X].
By considering a sufficiently large N we want to apply Theorem 5.1 to

X = LyUy—1 - L1Us(X)
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in .A’p vo with [T —E)X ||;) small enough. (Notice that we are not including any operator Z, thus
no need for ¢.) Under a suitable choice of resonance width and stopping-time sequences up to
step N, we recover the large strip case since

o= Ao AV + /A
Ao -An—1 :

o (8.1)

The numerator above can be made larger than some positive constant for any choice of a finite N.
It remains to check that py > B(wy, 0'), now for o, = o1, given by Theorem 6.1. As

_ (B-By@.0)

B(wy, 0"
Ao An_1

8.2)

we compare (8.2) with (8.1) by noticing that By — B as N — 400. So, for N sufficiently large
(but finite), (8.2) can be made less than py. O

Theorem 8.2. Let w € V. If v € Vect®(T?) generates a flow with rotation vector @ and v is
sufficiently close to constant, then there exists h € Difff (T?) such that

h*(v) = w. (8.3)

Proof. The lift to R? of v is assumed to have an analytic extension in D,. Theorem 8.1 then gives
v € A, and, as long as v is close enough to constant, we have v € A. Then, by Theorems 7.6
and 7.4, the analytic diffeomorphism 2 = H (v) mod 1 verifies (8.3). O
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