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ABsTrRACT. We prove that any perturbation of the symplectic part of the
derivative of a Poisson diffeomorphism can be realized as the derivative of a
C'-close Poisson diffeomorphism. We also show that a similar property holds
for the Poincaré map of a Hamiltonian on a Poisson manifold. These results are
the conservative counterparts of the Franks lemma, a perturbation tool used
in several contexts most notably in the theory of smooth dynamical systems.

1. Introduction. The well-known Franks lemma [11, Lemma 1.1] states that any
perturbation of the derivative of a diffeomorphism at a finite set can be realized as
the derivative of a nearby diffeomorphism in the C! topology. This perturbative
result has been crucially used to produce dynamical results out of related properties
for linear systems. Many different dynamical behaviors can then be proved to hold
in dense or even residual sets of diffeomorphisms. In the case of flows similar
perturbation techniques are contained in [18] for C? vector fields and in [7] for C*.

Based on the usefulness of the Franks lemma, it is natural to ask if it still holds
by restricting its focus to certain subgroups of diffeomorphisms. In the volume-
preserving context Bonatti, Diaz and Pujals [6, Proposition 7.4] proved a version
of the Franks lemma for diffeomorphisms and Bessa and Rocha [4, Lemma 3.2
for flows. In the symplectic case some authors have stated and used it (see e.g. |2,
Lemma 12], [13, Lemma 5.1] and [24]), but up to our knowledge no proof is available
in the literature. We remark that the Franks lemma is no longer valid in the C?-
topology [23].

In this paper we present a complete proof of the symplectic version, as a particular
case of a slightly more general setting concerning Poisson diffeomorphisms. More
specifically, we show that a perturbation of the symplectic part of the derivative
of a Poisson diffeomorphism at a point p can be realized as the derivative of a
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nearby Poisson diffeomorphism which differs from the original map only at a small
neighborhood of p.

We also show the similar result for general Hamiltonians in Poisson manifolds
as a simple application of the ideas used for symplectomorphisms (this simplifies
considerably the methods described in the manuscript [26]). In fact, we show that
a linear perturbation of the derivative of the Poincaré map is realizable as the
derivative of the Poincaré map of a nearby Hamiltonian. When considering geodesic
flows see [9] for surfaces and [8] for a higher dimensional manifold (see also [25]).

The fact that every Poisson diffeomorphism has to preserve the symplectic fo-
liation of a Poisson manifold is an obstruction to state a general Franks lemma
for Poisson maps. However, the type of perturbation we study here includes time
one maps of Hamiltonian flows on Poisson manifolds. The Hamiltonian dynamical
systems on Poisson manifolds, sometimes referred as generalized Hamiltonian sys-
tems, arise naturally in problems of celestial mechanics, mean field theory, ecology
populations, among many others (cf. e.g. [5, 17, 22] and references therein).

1.1. Organization of the paper. In section 2 we provide basic definitions on
Poisson manifolds and state our main results, Theorems 2.1 and 2.2, on Poisson
diffeomorphisms and the Poincaré map of Hamiltonians, respectively. Section 3
contains the key technical lemma regarding the Hamiltonian function that we will
use to achieve perturbations for the special case of rotations. The linear symplectic
geometry techniques to reduce a general case to rotations will be provided in the
last part of section 3. We will prove Theorem 2.1 in section 4. At the beginning
of section 5 we will show Theorem 2.2, first in a simpler case and later, through a
Poisson flowbox theorem (Theorem 5.4), for the general setting.

2. Statement of results. A Poisson manifold is a pair (M, 7) where M is a smooth
manifold without boundary and 7 a Poisson structure on M. Recall that a Poisson
structure is a smooth bivector field 7 with the property that [r, 7] = 0, where [, -]
is the Schouten bracket (cf. e.g. [14, 21]). The bivector field = provides a vector
bundle map fi,: T*M — TM. The image of this map is an integrable singular
distribution which integrates to a symplectic foliation, i.e. a foliation whose leaves
have a symplectic structure induced by the Poisson structure. The rank of Poisson
structure at p € M is half of the dimension of the symplectic leaf passing through
p.

Notice that a Poisson structure can be also defined as a Lie bracket {-,-} on
C®(M) x C*(M) satisfying the Leibniz identity

{v,0n} = {1, o}n + o{, 0}, Y, ¢,m € C(M).

The two above descriptions are related by 7 (diy, d¢) = {v, ¢}.
The set Pois’ (M) of Poisson diffeomorphisms consists of C'-diffeomorphisms
f+ M — M satisfying f.m = 7, where

fem(&m) = 7(f*E, ), §&meT M.

For the Poisson bracket description, f is Poisson iff {¢) o f,¢ o f} = {3, ¢} o f for
every ¢, ¢ € C°(M).

A regular Poisson manifold is a Poisson manifold with constant rank. We now
restrict our attention to regular Poisson manifolds (M, n) with rank d > 1 and
dimension 2d 4+ n, n > 0. By the splitting theorem, the Poisson version of the
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Darboux theorem (see e.g. [14]), for every p € M there exists a chart (U, ) with
©(p) = 0, such that . m = 7, where

d
0 0
o= ; Ox; " 0Yi

is the canonical Poisson structure. Here, (x1,..,24,¥1,...,Yd, 71, .., 2n) stands for
the coordinates of R2? x R”. We will always use local coordinates (U, ) at p and
(U',¢") at f(p) given by the splitting theorem. In these coordinates the derivative
of f e Poisl(M) at p, Dpf = Do(¢' o fop™1), belongs to the Poisson linear group
given by

Pn(2d +n,R) = {B € GL(2d +n): BJBT =]},

(3. ()

and the d x d identity matrix I. Note that the elements of Pn(2d 4+ n,R) are of the

form
A a I a
(5 5)-( 5)

where A € Sp(2d, R) is a symplectic matrix, i.e. A € GL(2d,R) such that ATJA = J,
a is any 2d x n real matrix, b € GL(n,R) and

with

A, = <6‘ ?) € Pu(2d + n, R). (2.1)
For f € Pois'(M), e > 0 and D C M, define B.(f, D) to be the set of maps
g € Pois' (M) such that g is e-close to f in the C'~-Whitney topology and g = f on
D.
In the next theorem we show that any small enough perturbation A, D, f of the
derivative of f at p can be realized as the derivative of some g € B.(f, D).

Theorem 2.1. Let ¢ > 0, f € Pois'(M) and p € M. Then, there is § > 0 such
that for every neighborhood V' of p,

{AzDyf: A€ Sp(2d,R), |[A—1I[| <6} C {Dpg: g € B-(f, D)}
where D = (M \ V) U {p}.
We now focus on the Hamiltonian flow case. Consider (M, 7) to be a regular Pois-
son manifold with rank d+ 1 and dimension 2(d+ 1) +n, and H € C?(M) a Hamil-

tonian function. The map fi,: T*M — TM associates a Hamiltonian H: M — R
to a Hamiltonian vector field by

XH = Ij'fr(dH)a

which generates the Hamiltonian flow ¢% in M. Let p € M with Xg(p) # 0
and £ be the energy surface passing through p, i.e. the connected component of
H=Y({H(p)}) containing p. Take S to be the symplectic leaf passing through p.
Around p the set £N .S is a 2d + 1 dimensional submanifold of M. A transversal 3
to the flow at p in £N S is a 2d-dimensional smooth submanifold verifying

T,(ENS)=T,LdRXy(p),

where RX g (p) denotes the direction of the vector field at p. Note that ¥ is a
symplectic submanifold of S.
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Now, take p' = % (p) for some T' > 0, a transversal ¥’ to the flow at p’ and
some neighborhood U C M of p. The Poincaré map of H at p is defined to be the
Cl-symplectomorphism Pg: X NU — Pg(XNU) C X' given by

Py(z) = @;{(m) (r) and 7(z)=min{t > 0: ¢y(z) € X'}

Notice that U is assumed to be sufficiently small such that, by the implicit function
theorem, 7 is C! and 7(U) is bounded.
The linear Poincaré map of H at p is the derivative of the Poincaré map at p,

D, Py: T,% — T, ¥,

which can be seen as an element of Sp(2d,R) using local coordinates.
For H € C*(M), e > 0 and D C M, consider the set B.(H, D) of the functions
H' € C*(M) e-close to H in the C?-Whitney topology and Xz = Xy on D.
Since we want to realize perturbations by Hamiltonians inside B.(H,T") for an
orbit segment I of ¢!, we fix the transversals ¥ and ¥’ taken at p and p’ both in
I.

Theorem 2.2. Let e >0, H € C?>(M) with an orbit segment I' starting at p € M.
Then, there is 6 > 0 such that for every tubular neighborhood W of T,

{AD,Py: A€ Sp(2d,R), |A—I|| < 6} C {D,Py: H' € B.(H,D)}
where D = (M \W)UT.

3. Preliminaries.

3.1. Definitions. Consider the ¢!-norm on R? which induces the matrix norm
|{a: ;]| = max; 3, |a; ;|. The C'-norm given for any ¢ € C*(R4,R?) by

o
where [|¢||co = sup,era D, |@i(x)| is the uniform norm.
Given 1 < k < d, consider the embedding 7 : SL(2,R) — Pn(2d + n,R) given
by mp(M) = [evi j]7%4_, where a;; =1, i & {k,d + k},

( ak,k ak},dJrk} ) 7M
- )

Qd+k k. Cd+k,d+k

dp

6xj

leller = mae{ ol max

and «;; = 0 for the remaining cases. Notice that m,(I) = I. We can easily
check that 7 is a homomorphism 7 (M1 Mas) = mp(M7) T (Mz) and || (M)]] <
maxc{L, | M|}

Define

Roty(2d,R) = | J m(SO(2,R))
1<k<d
as the set of the symplectic matrices that rotate only in two conjugate directions.
Recall the form of the one-parameter group of rotations SO(2,R) = {R,: a € R},

where .
R, = (c.os o —sin a) .
sina  cosa
Consider also the embedding
®: Sp(2d,R) — Pn(2d + 2 + n,R), (3.1)
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for which ®(M) = [y ;]2%2T™ is given by a;; = 1,0 € {1,d+2,2d+3,...,2d+n},

i,j=1
@22 s A2 d+1 a2 d+3 s A2 2d+2
Qd+1,2 --- Qd4ld+l Qd4l,d43 --- Qdyl2d+2 | M
0432 ... Ody3.d41  Ody3.d+s .- Od43,2d42 ’
A2d4+2,2 .. Q2442 d+1  A2d42,d+3  ---  2d42,2d42

and «a; ; = 0 for the remaining cases. We can easily check that it is also a homo-
morphism ®(M;My) = &(M;) ®(Ms) and ||®(M)| < max{l, |[M][}.
Finally, choose a bump function ¢ € C*°(R) satisfying

() = { ) H - 1/ ! (3)

0<{(r)<1, [£=1and ||f|[c> bounded by a universal constant (we fix this value
in the following).

3.2. Hamiltonian perturbation. For » > 0 define B, C R?*" to be the Eu-
clidean open ball centered at the origin with radius r. We write || - || for the
Euclidean norm.

Given a € R and 1 < i < d, consider the C* function K;: R?¥+" — R,

where

1 1
p= §H(x,y72)||§ and p; = 5(%? + 7).

We will also be using the following notations:
Ui = (p)pi + Lp)
Oy =l(p)pi, J#i.
Lemma 3.1.
1. ¢ = mi(Riao, 12w (Riaw, ),

2. || Killc2 < c|a| for some constant ¢ > 0.

Proof. The Hamiltonian vector field X, (2,4, 2) = JVK;(z,y, z) is given by

(xzvyz) = aﬁi(_yia‘ri)a
(5,9;) = o (—y;,25), J#i
Z, =0, k=1,...,n.

It is easy to check that %p = %pi = 0. This in turn means that ¢; and ¥; are
constants of motion as well. So, the Hamiltonian flow is as stated in the first claim
since it is made of two-dimensional rotations between the symplectic conjugated
coordinates.

Now, it is simple to check that

[Killor = max{[|Kil[co, [[VKil oo} < [af[[£]cr-
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The second order derivatives are the following:

0’K;
R o[l (p)pi + 20 (p)]wiys
82Ki / 1" 2 / 2
Gz = el (P)pi+ Up) + ¥ (p)piw” + 26 (p)w]
0°K;
S — A (P + £ (p)Jwu
0’K;
5z = Al () + " (p)’]ps
0%’K;
auav = aé”(p)piuva

where w stands for x; or y;, u and v replace x;, y; or z;, with j # 4 and u # v. So,
for some constant ¢ > 0,
ID*K||co < clal.
O
Remark 3.2. It is simple to check that K; = 0 and ¢f% = id on R?**"\ By.
Moreover, for r < 1/4 we have
SDEIQ = 7Ti(Rm)

which keeps B, invariant.
3.3. Symplectic linear algebra. Denote the canonical basis of R™ by {e1, ..., €, }-

Lemma 3.3. Let L = diag(Ay,...,\m) € GL(m,R) with distinct eigenvalues and
1 <i<m. Then, any A € GL(m,R) close enough to L has a distinct eigenvalue
i close to A\; with a unique associated eigenvector v; close to e; such that ||v;|| = 1.

Proof. Without loss of generality, set i = 1. Define F': GL(m, R) xRxR™ — RxR™
given by

F(A,v,q) = (det(A —vI), (A= vD)q+ (gf + - +qm — 1)e1)
Notice that F'(L, \1,e1) = 0 and

Mia(—M) 00 0
-1 2 0 . 0
det Dy, o) F(L; A1, e1) = 0 0 A—XA ... 0 20,
O O O ce. >\7n - )\1
The implicit function theorem now proves the lemma. 0

Consider the canonical symplectic form wg = Zle dx; N\ dy;. A basis

{U17"'7vdaw1a"'7wd}
of R?? is symplectic if wo(v;,w;) = &;;, where d;; is the Kronecker delta, and
w(vi,v5) = w(w;,w;) =0, forall 4,5 =1,...,d.
Lemma 3.4. Let L = diag(\1,..., A, \[ 5.+ -, /\(;1) € Sp(2d,R) with distinct ei-
genvalues. Then, for any A € Sp(2d,R) close enough to L there is S € Sp(2d,R)
close to the identity such that

A= Sdiag(j\l,...,S\d,xfla-n’x;l)s_l
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with distinct eigenvalues close to the respective eigenvalues of L.

Proof. Applying Lemma 3.3 for every ¢ = 1,...,d one gets a small neighborhood of
L in which a matrix A has pairs of eigenvalues and normalized eigenvectors

(5\1,1}1), ey (;\d,vd)

close to (A1,e1),...,(Aa,eq), respectively. The fact that A is symplectic implies
that the other pairs of eigenvalues/normalized eigenvectors are

ATt w), . (A wa),

again close to (\] ', eq11), .- -, ()\;1, ead), respectively. The eigenvalues can be made
distinct as long as A is sufficiently close to L. Thus, A is diagonalizable by a matrix
S. It remains to show that S is symplectic.

Notice that for any pair of eigenvectors v, v’ associated to the eigenvalues A, X’
we have

AN wo(v,v") = wo(Av, Av') = wo(v,v").
Hence, if AN # 1 then wy(v,v’) = (v, Jv’) = 0. Since all the eigenvalues are distinct,
wo(vi,vj) = wo(wi, wj) =0

and wo(v;,w;) = 0 for ¢ # j. By the non-degeneracy of wy we conclude that
wo(vi,w;) 0 foralli=1,...,d.

Since v; and w; are close to e; and e;, respectively, the scalar wo(v;, w;) is close
to one. Dividing the eigenvectors v; by wo(v;, w;) gives us a symplectic basis of
eigenvectors close to the canonical one. This matrix forms the columns of S~! which
is therefore close to the identity. From S = I —S(S™1—1) we get ||S|| < (1—[|S~1—
I]))~t, which then implies ||S—I|| = [|[S(S™'=1I)|| < (1—||S~t=1I|)~||IS~t~1|. O

The following result is the symplectic version of [6, Lemma 7.5].

Lemma 3.5. There exist €,c > 0 such that any A € Sp(2d,R) with |A —I|| < €
can be written as A = Ay ... Asq, where A; = PlRiPi_1 with R; € Rotg(2d,R),
|R; — I|| < ¢|A—1||'/?, P; € Sp(2d,R) and ||PE| < c.

Proof. Our goal is first to write the matrix A as a product of diagonal and diago-

nalizable matrices. Then we will show that diagonal matrices can be written as the

product of symplectic rotations in Rota(2d, R) up to symplectic linear conjugacy.
Write A = L B, where B = L' A and

Ly = diag(M1, ..., Aa, AT, - A, Y) € Sp(2d, R)

with distinct eigenvalues and |\; — 1| < [|[A—1I||. If ||A—I|| is sufficiently small then
by Lemma 3.4 we have B = PLyP~! where Ly = diag(X1, ..., Aa, A] L, .. .,5\;1) €
Sp(2d,R) and P is a symplectic matrix close to the identity. The eigenvalues verify
|Ai — 1] < ¢1||A — I|| with a constant ¢; > 0.

Any invertible diagonal matrix L = diag(ni,..., 04,17 ", ,77;1) € Sp(2d,R)
can be written as the product of d diagonal symplectic matrices each being essen-

tially two-dimensional:
d

L =[] mi(diag(xi, ;1)) (3.4)
i=1
This means that we can reduce our setting to two dimensions to deal with such
decompositions for L; and L as given above (corresponding to a total of 2d diagonal
matrices).
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Consider D = (m ngl) € Sp(2,R) = SL(2,R), where |n; — 1| < max{1,c; }||A —

0
I]|, and Ry € SO(2,R) the rotation matrix by an angle 6 € [0, ] with
(m —1)°
——— <1—cosf <|n —1]. 3.5
b < 1= eost < i~ 1] 35)

Writing D = RpR_¢D and recalling that w(D) = m(Rp) mi(R_gD), it remains
to show that Re_lD is conjugated to a rotation. Indeed, if
2
i+
in which our € satisfies because of first inequality in (3.5), then the characteristic
polynomial of

|cosf| <

—1 ..
1~ __ ( micos® m; sind
Ry D = <—m sin ;! cos&) ’

7] is chosen such that

has complex roots (cos& £ isin&), where £ € [0,
. -1
cos€ = W—Tm cos .

A simple calculation shows that RG_ID = PiRgPi_l, where

P 1 < n; *sin @ 0 >
! (0" sin Osin &) cos& —m;cosf siné

The matrix P; has determinant 1, so 7 (P;) is symplectic. Notice that (n; ' sin6
sin&)1/2, (ni_l sin#), sin¢ and (cos& — n; cosf) go to zero with equal rates when

0<fd<é—0.

That is, P; is close to (19) so |[P*|| is bounded from above by some constant c.
The conjugating matrices P, are of the form P;P where P is the close to identity
symplectic matrix given by Lemma (3.4), so Py, € Sp(2d,R) and ||PE| < c.

Notice that (1; +n;')/2 > 1 for every 1; > 0,50 1 —cosé < 1 —cos < |n; — 1|.
Finally, there is constant ¢’ such that for any k =1,...,d,

me(Re) — Il =1 — cos€ + /1 + cos€y/1 — cos€ < |\ — 112,
€

O

4. Proof of Theorem 2.1. We want to construct a perturbation g of f around
p € M which realizes a matrix A, D, f close to D,f. We choose

g=¢ tohopof,
where (U, ¢) is a local chart (from the splitting theorem) at f(p) with ¢(f(p)) =0,
and h is a Poisson diffeomorphism of R2¢+™ that fixes the origin. Therefore, Doh =
C DpgDpf~tC~1 with C = D,y Poisson.
Let
Ar =C(ArDpf)Dpf 1 C =T+ C(Ar — 1) O

By Lemma 3.5 we write A= Aq ... Ayg with A, = PkRakPk*l. We want to use
Lemma 3.1 for each k by constructing Kj as in (3.3) for oy corresponding to a
rotation in the coordinates i(k) and d 4 i(k). This guarantees the existence of a
Poisson map hy = (Pg)r © ‘P}(k o (Py),; ! fixing the origin and satisfying Dohy, =

(Ag)x. So, the choice h = hy o - - 0 hyg implies that Doh = A,
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Furthermore,

4d
h—id=> (hy—id) o hgp1 00 hag,
k=1
4d
Dh—1=> (Dhx—1I)ohpy 00 hga.
k=1

Notice that, by the integral formula ¢} —id = fg Xk o ¢S ds,
lek —idllco < [|K]|or.
Take T such that ||Dok — I||co = maxs ||D¢; — I||co. Then, from Db — I =
[y DXk 0 ¢ (D@ — I)ds + [} DX o gy ds, one gets
1D —Illco < [DXklloo || Dok — Illco + 1D Xk || co

and

[K]lc2
1—[|K|c2
We obtain the following estimates from Lemmas 3.1 and 3.5,

C1 |
A —id| e <Z||hk—1d||cl <Z il < c36'/?

— colag| —

1Dl — Illeo <

as long as ¢ is small enough. Notice that |ax| < c4||Ra, — I]| for some constant
¢4 > 0 whenever |ay| is close to zero.

Finally,
lg = flleo = (@™ oh =9 owo fle
<D™ o llh —id][co
and
IDg = Dfllco = [|(Pg (Df)~" = I)Df|lc,
< 1D ol Dgllco | Dfllcoll DR — I co.
Hence,

lg = fller = max{llg = fllco,[[Dg — Dfllco}
< max {1, | Dg|lco | Df[lco} [| D™ | col|h — i n.

This is less than ¢ as long as § is small enough.

5. Hamiltonian flows in Poisson manifolds. Consider R??*2+" equipped with
the Poisson structure my. The Hamiltonian

Ho(xayvz):yl, xeRd+1;y€Rd+l7Z€Rn,
corresponds to the constant vector field X, = (1,0,...,0) and the flow
(,03{0 = id+tXH0.

Therefore, it has the orbit segment I'y = [0, 1] x {0} corresponding to the orbit of
the origin.

Fix the transversals X9 = {1 = 0,y1 =0,z =0} and £, = {z1 = 1,41 = 0,2z =
0} at the edges of I'yg. The Poincaré map Py, : Yo — X is Py, = id+ (1,0,...,0).
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Given r > 0 define
Ve ={(z,y,2) € R2H2H". 0 <oy <1, || <, ||(&, 9, 2)|| <7}
Here and in the following we use the notations & = (z2,...,24+1) and § = (ya2,. ..,
Ya+1)-
Proposition 5.1. For any € > 0 there is § > 0 such that
{A € Sp(2d,R): ||[A—1I| <} C{DpPy € Sp(2d,R): H € B.(Hy, D)},
where D = (R24+2+1\ B,) UT for any open ball B, centered at the origin with
radius ¢ > 0.

5.1. Proclf of Proposition 5.1. Given a € R and 1 < ¢ < d. Consider the C*
function H: R2d+2+n R

H(z,y,2) = (221 — D)l(y1) Ki(2,7, 2), (5.1)

where ¢ is the bump function defined at (3.2). We write the function K; as K;
in (3.3) rotating the coordinates i and d + i.

Lemma 5.2. Let H = Hy + H. Then,
1. Xy = Xg, on (R2+2+7\ V1) UT,,
2. 4f0<r<1/4, Py: V., N%y — X is given by Py = m;(Ra),
3. ||H — Hollc2 < cl|a| for some constant ¢ > 0.
Proof. For (x,y) € V. with r < 1/4, the Hamiltonian equations of motion (&, y, 2) =
Xy(x,y,2) = IVH(z,y, 2) are
;=1

1= —al (22 = 1)(F + ;)

i) — o2z — 1) o
Ui i

and £; = ¢; = 2, = 0for j #4iand k = 1,..,n. It is easy to check that %(w?—i—y?) =
0. So, on this domain, the Hamiltonian flow (x(t),y(t)) = ¢, (x,y) is

x1(t) =z +t

(2 +y7)

1 t) =Y — « [€(2$1+2t—1)—€(2$1 —1)] B

(
() = o ()

where 0(t,z1) = « fot £(2x1 4+ 25 — 1)ds, while in the remaining coordinates the flow
is constant.

For (z,y,2z) € V. N we have y1 = 0, so |y1(t)] < r?la] < rif r < |a|7!
and ¢4 (V. NXg) C V,, and for (0,%,0,7,0) € V. NXo we have ¢4 (0,%,0,9,0) =
(1,%4,0,Ja,0), where (Z4, o) = mi(Ra)(Z,9). In particular, ¢ (0) = (¢,0) implies
that I'g is an orbit segment of H with transversals ¥y and X{, at the edges. There-
fore, whenever (z,y,z) € V. N we have o} (x,y,2) € £). So, Py: V., Ny — X}
just acts on the coordinates i and d + @ by rotating an angle (1,0) = « i.e.
Py (z,9) = mi(Ra)(2,9).

Finally, we need to estimate the C%-norm of the perturbation. It is simple to
check that

|H — Holler = max{| H — Holleo, [ Xt — Xay oo} < rlal [€ler. (5.2)

<
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Writing p = ||(#,9, 2)[|*/2 and p;

(? + y?)/2, the second order derivatives are
the following;:

0?’H

Gaz = 4t 2z = Diy)E(p)pi
1
0’0
dx1 0y 2al' (221 = 1)l (y1)l(p)ps
0*H , /
dr,0w 200" (2z1 — 1)(y1) [ (p)pi + L(p)]w
0*d
?H
a7 = Qe =D )lp)p
1
?H
ayaw = 1@ = DI (ppi + Up)hw
02H
Dy10u = al(2x1 — D)0 (11)¥ (p)piu
and
O*H
Saay, — 2L = DI (oo + 20 (),
O*H / § . / 2
T al(2x1 — D)) [ (p)pi + L(p) + £ (p)piw™ + 2¢'(p)w?]
0*H
5o = al(2u1 = Dy [l (p)pi + Up)|wu
0*H
Sz = od2o = Dl [Up) + ' (p)u®]pi
0’H

Suge — 4Rz = Dey1)t (p)piuv,

where w stands for x; or y;, u and v replace x;, y; or z; with j # % and u # v. So,
for some constant ¢ > 0,

|ID*(H — Ho)lco < clal €], (5-3)
in which together with (5.2) yields part (3) of the lemma. O

Consider a finite set of matrices Ay = PkRkPgl € Sp(2d,R), k=1,..., N, with
Py € Sp(2d,R), Ry = mi(x)(Ra,), o € R and 1 < i(k) < d. We write H;(,) for the
Hamiltonian in (5.1) for a function K;z).

Lemma 5.3. There is 0 <1 < 1 such that

N
H = HO + NZHz(k) o (I)(Pk) OTk,
k=1

where Ty (z,y) = (Nxy — k + 1,29,...,Z4,Y1,...,Y4) and @ is defined at (3.1),
verifies

1. XH:XHO on (R2d+2+n\V1)UF0,
2. PHZVYTQEQ—)Eé)} Py =ANn--- Ay,
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3. ||H — Hollc2= < e¢N? maxg—1,  n{(max{1, ||Py||*})|axl|}, for some constant
c>0.

Proof. For each k=1,...,N +1 let

k—1
Ek:{(xvy’0)6R2d+2+n:x1: N aylzo}-

If k—1< Nzy < kwith1 <k <N, then H= Hy+ NH;y o ®(Py) o Ty So,

using Lemma 5.2 and taking r sufficiently small, the Poincaré map of H between

the transversals to I'g given by Pp: ¥ — Xpy1 is Pg = Ag. Recall that for any

f € CP(R?*¥217) we have that ¢f,p = P~! o % o P where P is a linear map.
The Poincaré map for the transversals at the edges of Ty, Py : Yo — XYn11 = X,

is the composition of the above maps. That is, Py = Ay --- A1 on V, N Xy.
Finally, the norm can be estimated also by using Lemma 5.2,

|~ Holle < cllfl=N? max {(ma{1, | Pell*Dlol},
for some constant ¢ > 0. O

Considering Lemmas 3.5, 5.2 and 5.3, in order to complete the proof of Propo-
sition 5.1 it remains to show that H can be taken equal to Hy outside any ball of
radius ¢ > 0. Define the g-open ball B, C R2?+2+" around the origin. Consider the

Hamiltonian H = oH o) with ¢(z,y) = (¢~ 'z, 0~ 'y). Then Xz = Xp ot implies

that gp% = gp%g. So, up to a time change, the dynamics are the same.

5.2. Poisson Flowbox coordinates. For a manifold M and a submanifold N, we
will denote the annihilator of TN inside T*M by

TN® ={¢e€T*M: £(v) =0,v € TN}.

Let (M, 7) be a Poisson manifold. For a given H € C*(M) we define the corre-
sponding Hamiltonian vector field as

Xy ={ H}=nr(,dH).

In particular, if M = R2%*" with coordinates (y1, ..., Y24+ ) and the standard Pois-

son structure
d
0 0
o = A R
; 0y O0Ydyi

then Ho(y) = ya+1 yields Xp, = %.
The following result is the version of a straightening theorem in the Poisson
context, (cf. [1, 3] for the symplectic case).

Theorem 5.4 (Poisson flowbox coordinates). Let (M24+" 1) be a C*-Poisson man-
ifold, a Hamiltonian H € C*(M,R), s > 2 or s = oo, and x € M such that the rank
of m is constant in a neighborhood of x. If Xy (x) # 0, there exist a neighborhood
U C M of x and a local C*~1-Poisson diffeomorphism g: (U, ) — (R?*¥+" my) such
that H = Hgog on U.

Proof. Fix e = H(z). Since Xg(xz) # 0 one can find a local coordinate chart
(U, (q1, .-, q2a4n)) centered at z, such that Xy = -2-. In the neighborhood U we

oq1°
have:
_ _ _Oa _
{H,q1} = n(dH,dq) = Xu(q1) = o0 1
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We will denote ¢; by G and the neighborhood U will be allowed to remain as small
as needed. For small enough U one can define the transversal ¥ at point « by

Y=G"10)nU

which is a C* regular connected submanifold of dimension 2d + n — 1. Notice that
{H,G} =1holds in U.

Locally there is a C* regular (2d + n — 2)-dimensional hypersurface of H~!(e)
where H and G are both constant: 3, = ¥ N H!(e). Notice that for m € %,

TnXe ={v €Ty : dH(v)(m) = dG(v)(m) = 0},
since dH(Xg)(m) = —dG(Xpg)(m) = 1, we have Xg(m), Xg(m) ¢ T, X, and
ToM =T,% ®RXy ®RXg.

Also,
oM =T),%. ®RdH(m) ®RdG(m).
Consider the pointwise linear map 7#: T*M — TM given by

§(m) = m(m)(&(m), ).
Since the rank of 7 is constant in the neighborhood around x where X, is defined,
showing that

HTE) N T, = {0} (5.4)
implies that ¥, is a Poisson-Dirac submanifold of M (cf. [10, §8]). Poisson-Dirac
submanifolds have a canonically induced Poisson structure. In the language of Pois-
son brackets one can compute the induced Poisson structure 7. on the submanifold
Y. as follows:

T (dFy, dFy) = {F1, Fo}e i= {1, Fa}ls,,

where F; € C°°(M) are extensions of F; € C°°(%,) such that dFi| ¢ (pney = 0,
1=1,2.

Lets check that (5.4) holds for ¥.. Notice that by elementary linear algebra 732
is two dimensional. Furthermore, H and G are constant on ., i.e. dH,dG € T3¢.
Moreover, dH and dG are independent in U so TY? = RdH @ RdG. The definition
of a Hamiltonian vector field gives us

m(dH) = Xy and 7%(dG) = X¢.

It is now clear that (5.4) holds.
The corollary of Weinstein’s splitting theorem for constant rank Poisson struc-

tures [14, Theorem 1.26] assures us the existence of a local diffeomorphism h: ¥, —
R24+7=2 guch that

0
Mati

d
0
/ /!
heme =7y where ) = ; i A (5.5)
The next step is to extend the above Poisson coordinates from ¥, to U. For this
purpose we use the parametrization by the flows ¢%; and ¢}, generated by Xy and
X¢, respectively.
Consider the function Go ¢y : U x R = R, (m,t) — ¢t (m). As Go @Y (z) =0
and
d

G 0 0l ()i=o = AG(Xi)(x) = {G, H} = =1 £0,
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by the implicit function theorem we know that for U small enough, there exists a
unique 7 € C*~1(U,R) such that G o qb;{(m) =0, ie. ¢;{(m) € ¥ for each m € U.
Moreover, ¢k, preserves the level set of G and

d
SH o 6 = {H,G} = 1.
Thus, H o ¢4,(m) = H(m) + t and in particular H o ¢& "™ (m) = e. Hence,
qﬁg_H(m)(m) € H=1(e) for each m € U.
So, we define g: U — R?4+™ given by
g(m) = (=7(m), hy 0 6" 0 6™ (), H(m),

e—H(m) T(m) e—H(m) 7(m) (56)
hao b 1™ 0 7™ (m), s 0 65 1™ 0 65 ™ ()

where h = (hy,hg, h3) as in (5.5), h;: ¥, — R4 i = 1,2, and hy: ¥ — R".
Clearly, Hy o g = H. The proof will be complete as soon as we show that g is a
C*~1! Poisson diffeomorphism.

It follows that g is C*~! with inverse g~1: g(U) — U,

9 (y) = of 0T o hTHg), (5.7)
where § = (Y2, .., Yds Yd+2, -, Y2d+n)- 10 addition, for y € g(U),
9- ' Xy (y) = 0 0 9™ o h ()
=Xgo (ﬁ% o (ﬁgé;d“_e o h_l(g) (5.8)
=Xuog '(y).

Equivalently, g.Xg = Hp,. Furthermore, notice that the map F' — Xp from
C*(M) to the set of C*~! vector fields X571 (M) is a Poisson map, i.e.

{F1, B} = X(p pyy = Xru XR), i P € CF(M),

cf. [14, Proposition 1.4]. In U, we have {H,G} = 1 thus [Xg, Hg] = X(n,gy = 0.
This means that ¢ o gbté = 'g o ¢'*. Using this fact and

— a (Yd+1—€ 1 — ~

N 1ayd+1 (y) = d% " 0 gt o hH(D)
= Xgo ¢l ol o h™ () (5.9)
=Xgog !(y),

which is a similar calculation as in (5.8), we obtain g.(Xqg) = IR
Notice that on X, we have

(g%dy1)(Xu) = dy1(9:Xn) = dy1(XHO) =1

* 0
(9"dy1)(Xe) = dyi(9.-Xe) = dyi(5-—) =0

Yd+1
(¢%dy1)(v) = dy1(g«v) = dyi(hv) =0, veT,X..

On the other hand,

— dG(m) (Xi) = —{G, H}(m) = 1,
—dG(m)(Xg) = —{G,G}(m) =0,
—dG(m)(v) =0, v € T,
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by elementary linear algebra. Then, ¢g*dy;(m) = —dG(m) for each m € T.X.
Similarly, g*dyaq41(m) = dH(m). We also have g*dy;(m) = h*dy;(m) € T}, 2. for
every j ¢ {1,d + 1}. Furthermore, taking in addition k ¢ {1,d + 1},
(g«m)(dy;, dyr) = (ha)m(dy;, dyr) = 7o(dy;, dyk),

(g«m)(dy1, dyatr) = (9" dys, 9" dyas1) = 7(—=dG,dH) = —{G, H} = 1,
(g"m)(dyy, dy;) = m(=dG, g"(dy;)) = Xa(g"(dy;)) =0,
(9"m)(dya+1, dy;) = w(dH, g"(dy;)) = —Xn (g (dy;)) = 0.
Therefore, g.(m) has to be the canonical Poisson structure o, i.e. g.m = mp on .

The inverse of g in (5.7) shows that every point in U can be reached by the
flows ¢¢ and ¢p, consecutively. Fix a point m € X, and t1,t2 € R such that
m' = ¢'2 0t (m) € U. We will restrict to a small neighborhood around m in which

'}3 o ¢8 does not take us outside U. Now,

GloR™ "2 (m')) = G(6 0 63" (m)) = G(¢7,(m)) = 0,
where we used the fact that Xy and X commute and G is constant along orbits
of X¢. Thus,

7(m') = 7(m) — ta. (5.10)
Furthermore,
H(¢; 0 ¢¢(m)) = H(¢g(m)) = H(m) + 1y (5.11)
using the fact that {H, G} = 1. By the definition of g, (5.10) and (5.11), we get
g(m') = g(¢7 © ¢ (m)) = g(m) + (£2,0,...,0,£1,0,...,0). (5.12)

Notice that the flow of a Hamiltonian vector field, for any fixed time, is a Poisson
map, so both ¢'}§,¢2 are Poisson maps in (M, 7). In addition, translations in
(R24+7 714) are Poisson. Finally, (5.12) together with g.m = 7o on ¥ completes the
proof. 0

5.3. Proof of Theorem 2.2. By Theorem 5.4 we can locally reduce the problem
to the case of Proposition 5.1.
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