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Abstract. We study polygonal billiards with reflection laws contracting the angle of
reflection towards the normal. It is shown that if a polygon does not have parallel sides
facing each other, then the corresponding billiard map has finitely many ergodic Sinai—
Ruelle-Bowen measures whose basins cover a set of full Lebesgue measure.

1. Introduction

The study of the asymptotic behaviour of billiards is an important subject in the theory of
dynamical systems. Billiards exhibit a rich variety of statistical properties depending on
the table geometry and the reflection law considered.

In this work, we are interested in polygonal tables. The billiard map of a polygonal
billiard with the standard reflection law (the angle of reflection equals the angle of
incidence) is conservative and non-chaotic: it preserves a measure that is absolutely
continuous with respect to the Lebesgue measure and all its Lyapunov exponents are equal
to zero.

A completely different dynamic arises when the reflection law is contracting [14], that
is, when the angle of reflection measured from the normal is a contraction of the angle of
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incidence. In this case, the billiard is a dissipative system: its map no longer preserves an
absolutely continuous measure and may have attractors [1, 2, 8]. Indeed, if there are no
period two orbits, then the billiard map has a uniformly hyperbolic attractor [9]. Notice
that period two orbits correspond to collisions perpendicular to a pair of parallel sides of
the billiard table. These orbits are parabolic and their union forms an attractor.

Contracting reflection laws appear in the study of the propagation of seismic waves [18]
and are of interest for the design of bouncing robots [12].

For billiards in generic convex polygons with a strong contracting reflection law,
we have recently proved the existence of countably many ergodic Sinai—Ruelle—-Bowen
measures (SRB), each one supported on a uniformly hyperbolic attractor [9]. This result
is significantly extended in the current paper by enlarging the class of allowed polygons
to include non-convex polygons and, more importantly, by removing any restriction on
the contraction factor of the reflection law (cf. [8-11]). In addition, we establish that the
basins of the ergodic SRB measures cover a set of full Lebesgue measure. The full result
is the following theorem.

THEOREM 1.1. For every polygon without parallel sides facing each other and every
contracting reflection law, the corresponding billiard map has a hyperbolic attractor
supporting finitely many ergodic SRB measures whose basins cover a set of full Lebesgue
measure. Every ergodic SRB measure admits a decomposition into finitely many Bernoulli
components, each component having exponential decay of correlations for Holder
observables. Every SRB measure of the billiard map is a convex combination of the ergodic
SRB measures. Finally, the set of periodic points is dense in the attractor.

Besides its specific interest, the previous result may prove useful in studying polygonal
billiards with the standard reflection law because they lie at the boundary of the class of
billiards considered in this paper.

A long standing conjecture of Palis [15] states there exists a dense set of dynamical
systems such that each of them have finitely many attractors with ergodic SRB measures
whose basins of attraction cover a set with full Lebesgue measure. Since polygons without
parallel sides facing each other are dense in the space of all polygons, Theorem 1.1 verifies
this conjecture for polygonal billiards with contracting reflection laws.

Polygonal billiards are piecewise smooth systems: they have discontinuities
corresponding to trajectories reaching a corner of the table. Discontinuities may obstruct
hyperbolicity in the sense that they may prevent the system from having local invariant
manifolds or, at least, local invariant manifolds of uniform size. The local fractioning
of the unstable manifolds produced by the discontinuities is measured by the branching
number of the singular sets (see §3).

In order to prove Theorem 1.1, we first control the growth of the branching number,
which is key to guaranteeing that the expansion along the unstable direction prevails over
the fractioning of local unstable manifolds caused by the discontinuities. This allows
us to extend the results of [9]. Then we apply a general theory of Pesin [16] and
Sataev [17] for hyperbolic piecewise smooth maps to prove the existence of finitely many
ergodic SRB measures. To get the exponential decay of correlations, we use results of

https://doi.org/10.1017/etds.2016.119 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2016.119

2064 G. Del Magno et al

Chernov et al [4-7]. Finally, we adapt the ideas contained in [3, Proposition 4.2] to prove
that almost every point is in the basin of some SRB measure.

The rest of the paper is organized as follows. In §2, we introduce the billiard maps and
other basic definitions. The growth of the branching number is studied in §3. In §4, we
establish the existence of finitely many ergodic SRB measures. Finally, in §5, we show
that the basins of these measures cover the entire phase space up to a set of zero Lebesgue
measure.

2. Billiard map
Let P be a polygonal domain (open and connected set) of R? with d-sides and perimeter
equal to one. The billiard in P with the specular reflection law is the flow on the unit
tangent bundle of P generated by the motion of a free point-particle in P with specular
reflection at dP: that is, the angle of reflection equals the angle of incidence. The
corresponding billiard map & p is the first return map on M, the set of unit vectors attached
to d P and pointing inside P.

Each element of x € M can be identified with a pair (s, ), where s is the arc-length
parameter of d P of the base point of x and 6 is the angle formed by x with the positively
oriented tangent to d P at s. Accordingly, we can write

M=S"x[-7/2,7/2].

The domain of ® p does not coincide with the entire M. To specify it, we first introduce
the sets V and S. Let 0=s] <--- <s5 <1 be the values of the arc-length parameter
corresponding to the vertices of P. The set V is given by

V=A_s1,...,8q} x (—7/2, /2),

whereas the set S is the subset of M consisting of elements whose forward trajectory hits
a vertex of P at the first collision with d P. Define

N=VUS and NT=NUOIM.

Both sets N and N consist of finitely many smooth curves [9, Proposition 2.1].

The map ®p is defined on M \ NT and is a piecewise smooth map with singular set
N7 in the sense of Definition 4.1. Observe that ® p(x) is the unit vector corresponding
to the first collision of the trajectory of x € M \ N with 8 P. For a detailed definition of
® p, we refer the reader to [9] for a polygonal table and to [S] for more general tables.

A reflection law is a function f:(—n/2, 7/2) — (—n /2, 7/2). For example, the
specular reflection law corresponds to the identity function f(6) =6. Let Ry : M — M
be the map Ry (s, 6) = (s, f(0)). The billiard map for the polygon P with reflection law
fisthemap ®;p: M\ N — M given by

Drp=Rysodp.

This map is just the first return map on M of the billiard flow in the polygon P with
refection law f (see Figure 1). We call ® 7, p the billiard map of P with reflection law f.
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FIGURE 1. Billiard flow with a contracting reflection law in a polygon without parallel sides facing each other.

If f is differentiable, then so is ® ¢ p. In this case, the explicit expression for the
derivative of ® ¢ p can be easily computed (for the derivative of ® p, see [5]) to be

cosB t(s,0)
D@ p(s,0)=— | cosby cosby |, 2.1)
0 f'n
where (51, 0;) = ®p(s, 0) and (s1, 61) = @ p(s,0), and t(s, 6) denotes the Euclidean

distance in R? between the points of 3 P with coordinates s and s;.
Given a differentiable reflection law f, we define

Mfy= sup |fOI

0e(—m/2,7/2)

A differentiable reflection law is called contracting if A(f) < 1. The simplest example of
a contracting reflection law is f(0) =06 withO <o < 1[1, 2, 8, 14].

Standing assumptions on f: we assume throughout the paper that f satisfies the
following conditions.
(1) fisa C? embedding from [—7/2, /2] to [—7/2, 7/2].
(2)  f is contracting.
3 fO)=0.
4)  f'(0)>0for6 e (—n/2, n/2).

Since f’ > 0, all the entries of D® y, p have the same sign. This simple fact will play
an important role in the arguments presented in the next section.

3. Growth of the branching number
To simplify our notation, from now on we shall write ® instead of ® ;s p. For n > 1, define
Nf=NTue!(NHu...ud (N

and
SF=SUud ! (SHU-.- U (S).

The set N, contains all the points of M where the map ®" is not defined. Since N =V U §
and ®~1(dM) = @, it follows that

Nf=VUaMuUS/.
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FIGURE 2. Sectors Ay, A, and A3 sharing the same vertex x € N,f.

As a direct consequence of the definition of S,

Ste=STud™(S;) fork>0.

n

Hence N, \ N;f = S, \ S C 7" (S) and
(N \NDH TS (3.1

Definition 3.1. A sector of order n with vertex x € N, is a connected component A of
U \ N,} with U C M being an open ball centred at a point x € N, such that the closure of
U intersects only smooth components of N, meeting at x (see Figure 2).

The smooth curves forming the boundary of A and meeting at x are called the boundary
curves of A. A sector A’ C A of order greater than n with vertex x is called a sub-sector
of A.

From the definition above, it follows that ®" : A — ®"(A) is a C? diffeomorphism for
every sector A of order n. In particular, the first nth iterates of points of A visit the same
sequence of sides of P. Moreover, if I is a boundary curve of A such that I' & dM, then
either ' C V or d>k_1(F) C SfL for some 1 <k <n. In other words, all the trajectories
starting at points of a boundary curve not contained in d M either emerge from the same
vertex or hit the same vertex at the kth collision with 9 P.

Definition 3.2. AC'curvet — y(t) = (s(t), 0(1)) € M is called increasing if s’ (£)0' (t) >
0 for every ¢, and it is called strictly increasing if s'(t)0'(¢) > O for every t. A decreasing
curve and a strictly decreasing curve are defined similarly by requiring that s'()0’(r) <0
for every ¢ and s'(¢)6’(¢) < O for every ¢, respectively. A curve ¢ — y(t) = (s(), 0(¢)) €
M is called horizontal if there exists a constant ¢ such that 6(¢) = ¢ for every ¢.

Remark 3.3. The set V U S, consists of finitely many strictly decreasing C 2 curves [11,
Proposition 2.3].

LEMMA 3.4. S N M =0 forn € N,

Proof. 1t can be easily checked that the case n = 1 holds true. Hence, in the rest of the
proof, we can limit ourselves to consider the case when n > 2 and S, is replaced by
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R, =S\ S1+. We argue by contradiction and suppose that R, N dM # @ for some n €
N. Let x € R, N dM. There are precisely two sectors of order n with vertex x that have
a boundary curve lying on dM. Denote the one on the right-hand side of x by A. One
boundary curve of A is contained in d M, whereas the other is contained in R,,.

Now, choose a point y in the interior of the boundary curve y of A that is not contained
in d M in such a way that the vertical segment y; with one endpoint in y and the other one
on d M is contained in the closure of A. Denote by y» be the sub-curve of y with endpoints
x and y, and denote by z the endpoint of the segment y; belonging to d M.

From the definition of S,J[ , it follows that yz’ := ®(y») is contained in a smooth
component of S;“ for some 1 <k < n. Since the smooth components of S, are strictly
decreasing curves by Remark 3.3, so is y,. The map & is C? differentiable on A, and so
y =@y isa C? curve. Since yj is vertical and the entries of D® have the same sign
(see (2.1)), it follows that yl’ is strictly increasing.

Since y € y1 N y», it follows that ®(y) € y{ N y,. Moreover, since y| and y, are strictly
monotone, both limits limy, 5y, ®(w) and limy, 5, ®(w) exist. It is easy to see that
these limits coincide because x, z € M = S! x {—m/2, m/2}. In conclusion, the curves
y; and y; intersect at both their endpoints. However, this is impossible because one curve
is strictly increasing and the other is strictly decreasing. O

Definition 3.5. A sector A of order n is called regular if ®"|5 admits an extension W :
A — WA (A) thatis a C? diffeomorphism, where A is the closure of A.

LEMMA 3.6. Suppose that A is a regular sector of order n. If T is a boundary curve of A
that is not contained in 9M, then WA (T) is a C? increasing curve.

Proof. Define F(s,0)=(s, f(—0)) for (s,0)eM and let N~ =F({\V U S;L).
Remark 3.3 combined with f’ > 0 implies that N~ consists of strictly increasing C?2
curves.

Let I" be as in the statement of the lemma. By the remark after Definition 3.1, either
rcvor dDi(l") C SfL for some 0 <i <n — 1. Then it is not difficult to see that there
exists 0 < k <n — 1 such that WA (I") C ®%(N ™). Since N~ consists of strictly increasing
C? curves, to obtain the wanted conclusion it is enough to observe that if y is a strictly
increasing curve such that y N Nl.+ =), then ®'(y) is strictly increasing curve as well.
This is so, because all the entries of the matrix of D®' have the same sign (see (2.1)). O

Definition 3.7. Let A be a sector with vertex x. A curve y : [a, b] — M is called A-curve
if y(a) =xand y(¢t) € A fort € (a, b].

In the next lemma, we give a necessary condition for a regular sector A to contain
singular A-curves. By definition, if A is a sector of order n, then AN S;F =@. Hence,
if there exists a A-curve y contained in S;' Tk for some k > 0, then we must have y C

+ +
Spw \ Sy

LEMMA 3.8. Suppose that A is a regular sector of order n. If there exists a A-curve
contained in S: Tk for some k > 0, then there exists also a horizontal A-curve.
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Proof. First of all, we observe that if x is the vertex of A, then x ¢ 0M by Lemma 3.4.
Now, let y be the A-curve contained in S;r L Theny C S: 0\ S;F, and so (3.1) implies
that WA (y) C S;r. Hence @'} (y) is a strictly decreasing curve passing through Wa (x).
Next, the region Wx(A) is bounded by the curves I'y and I';, which are the images
under W of the boundary curves of A, passing through W (x), and are increasing by
Lemma 3.6.

Summarizing, WA (A) is bounded by the increasing curves I'y and I'; and contains a
strictly decreasing curve W (y). Moreover, all these curves pass through Wa (x). It is now
easy to see that W (A) must contain a horizontal curve x passing through Wa (x). Since
horizontal curves are mapped by \Ilzl into horizontal curves, we conclude that \Ile (x)is
a horizontal A-curve. O

Since sectors are bounded by strictly decreasing curves, among the sectors of a given
order with a given vertex, there are only two whose closure contains horizontal curves
passing through the vertex.

Definition 3.9. Let b, be the maximum number of distinct regular sectors of order n with
the same vertex. We call b, the branching number of order n.

THEOREM 3.10. b, < (2n — 1)by forn > 1.

Proof. To prove the corollary, we show that b, — b, <2b; for n > 1, which implies
the wanted conclusion. This is achieved by estimating the maximum number of regular
sectors of order n containing components of S;l" 1 Passing through their vertices, and the
maximum number of such components.

Consider a regular sector A of order n with vertex x. Let a be the maximum number
of A-curves contained in S;Zr]. Since A is of order n, these curves are indeed contained
in Sn++l \ S;7. By (3.1), their image under W, consists of an equal number of curves
contained in SlJr and meeting at W (x). Hence a < by. If a > 0, then Lemma 3.8 implies
that there exist horizontal A-curves. Since there are only two sectors of order n with vertex
x having this property, we conclude that b,, 1 — b,, < 2b;. O

Definition 3.11. A non-regular sector is called primary if it is not a sub-sector of a non-
regular sector.

Remark 3.12. Ttis not difficult to see that if A is a non-regular sector of order n with vertex
x, then either x € 9M or there exists 0 < k < n such that ®* is a C2 diffeomorphism on
the closure of A, and ®*(x) is a tangential singularity. Moreover, every sub-sector of A is
non-regular as well. If A is primary, then k =n — 1.

4. Existence of SRB measures

In this section, we prove our main result. It relies on results of Pesin and Sataev on the
existence and properties of SRB measures for general hyperbolic piecewise smooth maps.
For the convenience of the reader, we first state the results with the necessary definitions.

4.1. Hyperbolic piecewise smooth maps. Let M be a smooth manifold with
Riemannian metric p. The Lebesgue measure of M generated by p is denoted by v.
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Let U/ be a connected open subset of M with compact closure. Finally, let A be a subset
of U closed in the relative topology of Uf.

Definition 4.1. A map F :U \ N — M is called a piecewise smooth map if F is a C?
diffeomorphism from ¢ \ A onto its image F (U \ ). The set N := N U 9 M is called
the singular set of F.

Let V™ = 3(F(M \ N)).
Definition 4.2. Let U™ ={x eU : F"(x) ¢ N+ ¥n > 0} be the set of all elements of M
with infinite positive semi-orbit. Define
D= F'Uh.
n>0
The set A = D is called the generalized attractor of F.
Condition Al. There exist positive constants A and a such that for everyx eU \ N,
ID*F)l < Ap(e, N7 and [ D*F~H(F )l < Apx, N4

A cone in Ty M, x € U with an axial linear subspace P C Ty M and angle « > 0 is the
set given by
Colx, P)={veTyM:Z(v, P) <a}.

Condition A2. The map F is uniformly hyperbolic. Namely, there exist two constants
¢ >0, A > 1 and cones

C’(x) = Cos(x)(x, PP(x)) and C"(x) = Cou(x)(x, P*(x))

with axial subspaces P*(x), P*(x) and positive angles o (x), & (x) for x € U \ N'T such

that:

(1) TiU=P"x)® P*(x);

(2) dim P*(x) and dim P®(x) are constant;

(3) the angle between C*(x) and C*(x) is uniformly bounded away from zero;

(4) DFx)(C*(x)) C C*(F(x)) and DF Y Fx))(C*(F(x))) C C5(x) for x eU \
N7 and

(5) if xeUt and neN, then |DF'(x)v||>cA*|v|| for veC%x), and
I DFH(F"(x))v| = cA*||v| for v e C*(x).

Definition 4.3. We say that a piecewise smooth map F is hyperbolic or that A is a
hyperbolic attractor if F satisfies Conditions A1 and A2.

Following [16], for every € > 0 and every [ € N, we define
15:, —xeUT: p(F (). NT) > 17 e™ i > 0},
D ={xeA:p(F @), N7)=1""e™™ ¥n >0},
DhH=DhHnA
and

pf=|JDf. D’=D;nD;.

el € € €
>1
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Roughly speaking, the sets D:l (respectively, D_;) consists of points in D whose
forward (respectively, backward) orbit does not get too close to the singular set. These
sets are compact.

The local stable manifold W} (x) through a point x € UT is the set of all y € Y such
that F"(x) and F"(y) belong to the same connected component of M \ N’ for every
n>0and p(F"(x), F'(y)) — 0 as n — +oco. The local unstable manifold W}’ (x) at
x € D is defined similarly by replacing F with F~!.

Local stable and unstable manifolds exist at each point of Dg for sufficiently small €.

PROPOSITION 4.4. If F is a hyperbolic piecewise smooth map, then there exists €y > 0
such that for all 0 < € < €g, W;; (x) (respectively, W' (x))isa C ! embedded submanifold

loc
of uniform size &; > 0 for every l € N and for every x € D:l (respectively, x € D_,).

Proof. This is [16, Proposition 4] for points in D:l (respectively, D). In order to obtain
the same result for points in 75:1 it is enough to observe that the local stable manifold
Wi .(x) depends only on the forward orbit of x. O

Definition 4.5. Let F be a hyperbolic piecewise smooth map. An invariant Borel
probability measure w1 on the attractor A is calledt SRB if ,u(Dg) =1 with € > 0, as in
Proposition 4.4, and if the conditional measures of & on the local unstable manifolds are
absolutely continuous.

Definition 4.6. Given an invariant Borel probability © on M, its basin B(w) is the set of
points x € U™ such that

1 n—1 ‘
1 _ J _
lim ;w(f (x))—/wdu

n——+00
for any continuous function ¢ : M — R. We say that u is a physical measure if B(u) has
positive v-measure.
PROPOSITION 4.7. [16, Theorem 3] Every ergodic SRB measure is a physical measure.

Let Nt C M be the e-neighbourhood of N'* for € > 0. The Lebesgue measure of a
submanifold W C M is denoted by viy. A smooth submanifold W C M is called a u-
manifold if the dimension of W is equal to the dimension of the unstable subspaces of F
and the tangent space of W at x is contained in C*(x) for every x € W.

Condition H. There exist constants C > 0,a € (0, 1), 8 > 0 and €y > 0 such that for every
u-manifold W, every n > 1 and every € € (0, €p),

vw (W N FYND)) < CeP(a” + vw (W)).

Roughly speaking, this condition states that the relative measure of points in a u-
manifold ending up in a small neighbourhood of A/t is of the same order as the size
of the neighbourhood. To the best of our knowledge, Condition H was first introduced
in [6] (see also [5]).

+ These measures are called Gibbs u-measures in [16].
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Theorem 4.8 below contains the main results of Pesin and Sataev concerning SRB
measures for hyperbolic piecewise smooth maps. It states that if such a map F satisfies
Condition H, then F admits SRB measures, each of them being a convex combination
of finitely many ergodic SRB measures [17, Theorems 5.12 and 5.15]. Moreover, every
ergodic SRB measure decomposes into finitely many Bernoulli components cyclically
permuted by F [16, Theorem 4], and the periodic orbits of F are dense in the attractor
A [16, Theorem 11].

THEOREM 4.8. Let F be a hyperbolic piecewise smooth map satisfying Condition H.

There exist finitely many ergodic SRB measures |11, .. ., [l concentrated on pairwise

disjoint subsets £y, . . ., Ey of the attractor A such that:

(1) for every SRB measure [, there exist o1, ..., oy >0 with Z;":l o; = 1 such that
n= Zl’." o Uiy

(2) for each i=1,...,m, there exist disjoint subsets M; 1, ..., My, with ki € N
suchthat & = U];IZI ./\/l,',j (mod 0), F(M; ;) = /\/li,j+1for 1<j<kiy FM;x,) =
M, 1 and the system (Fki |Mi.j’ Wi, j) with [; j being the normalized restriction of
wi to M; ; is Bernoulli; and

(3) the set of periodic points of F is dense in A.

The system (F’ ki | M ;> i j) is called a Bernoulli component of F.

We observe that Pesin obtained a weaker result than Conclusion (1) of Theorem 4.8. He
proved the existence of SRB measures and that each SRB measure is a convex combination
of countably many ergodic SRB measures.

Condition H does not appear in the works of Pesin and Sataev. However, this condition
is equivalent to Conditions H3 and H4 assumed by Sataev. Pesin assumed similar but
weaker conditions. Conditions H3 and H4 of Sataev are the following.

Condition H3. There exist positive constants B, ', €1 such that
V(F N < Be? forn>1ande e (0, €).

A smooth submanifold W C M is a u-manifold if the dimension of W is equal to the
one of the unstable subspaces of F and the tangent space of W is contained in C*(x) for
every x € W.

Condition H4. There exist positive constants 8’ and €; such that, for every u-manifold
W, there exist an integer m = m(W) and a constant B = B(W) > 0 such that, for every
0<e<er:

(1) vw(WNF N < el vy (W) for n > m; and

2) vw(WNF N < BeP vy (W) forn > 1.

For completeness, we provide the proof of the equivalence between Condition H and
Conditions H3 and H4.

LEMMA 4.9. Condition H is equivalent to Conditions H3 and H4.

Proof. The fact that H3 and H4 imply H is trivial. We prove the other direction of the
equivalence. Since a € (0, 1) and vy (W) has a uniform upper bound in W, there exists
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a constant B such that C(a" + viy(W)) < B for every n > 1 and every u-manifold W.
From H, it follows that if 8/ = 8 and €| = €y, then
v (W N F"(N)) < BeP
for every n > 1 and every u-manifold W. Condition H3 follows from the previous
inequality by covering U with a smooth family of u-manifolds and using Fubini’s
Theorem. Condition H4 follows directly from H by taking
B'e(0.p), e =minfeo, 20)"/¥P)

and

s = D |
where | x| is the integer part of x. Indeed, if € < €] and n > m(W), then

v (W N FND) < CeP @ + v (W)
<2CP v (W) < € vy (W).

log vy (W)
log a ’

Moreover, for every n > 1,
vw (W NF N < CeP(a + vw(W)) < CeP(a +vw (W)
<2CeP BOW)vy (W) < € BOW) vy (W). O

4.2. SRB measures for polygonal billiards. ~Recall that ® ¢, p denotes the billiard map
for the polygon P with a contracting reflection law f satisfying the conditions introduced
at the end of §2. As before, we will simply write ® for ® , p when no confusion can arise.
Also, recall that Nt =V USUIM and N~ = 3(P(M \ NT)).

The sets M, N, N*, D, Déi, A, ... are the analogue for the billiard map ® of the sets
M, N, N*, D, Df, A, ... fora general piecewise smooth map F. We also observe that,
for @, the analogue of I/ is the set M \ dM.

We say that a polygon P has no parallel sides facing each other if the endpoints of
every straight segment contained inside P and joining orthogonally two sides of P are
vertices of P. Notice that P has no parallel sides facing each other if and only if ® has no
periodic orbits of period two. The reflection law f does not play any role in the previous
claim because we assumed that f(0) = 0.

PROPOSITION 4.10. The map ®yp is piecewise smooth satisfying Condition Al.
Moreover, ® s, p satisfies Condition A2 if and only if P does not have parallel sides facing
each other.

Proof. The first part is a direct consequence of the fact that the standard billiard map
satisfies Condition Al (see [13, Theorem 7.2]) and that a reflection law f together
with its inverse has bounded second derivatives. The second claim follows from [9,
Corollary 3.4]. O

Remark 4.11. 1t is easy to see that the horizontal direction (0 = constant) is always
preserved by D® s p. If &y p is uniformly hyperbolic, then the horizontal direction is
indeed the expanding direction of @ f, p [9, Corollary 3.4].

We can now state the first part of our main result.
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THEOREM 4.12. If P does not have parallel sides facing each other, then the conclusions
of Theorem 4.8 hold for ®yp for every contracting reflection law f. Moreover,
each Bernoulli component of ®y p has exponential decay of correlations for Holder
observables.

The proof of this theorem is given in §4.4.

4.3. Growth lemma. We introduce a new condition called n-step expansion and prove
that it implies Condition H. Results of this type are called growth lemmas (for instance,
see [5, §5]). We adopt this terminology. The n-step expansion condition was introduced
in [6]. Rather than giving the most general formulation of this condition, we formulate it
only for the billiard map ®.

Definition 4.13. A horizontal open segment contained in M \ dM is called an h-curve.

Definition 4.14. We say that ® satisfies the n-step expansion condition if there exists n € N
such that

B(®) :=liminf sup Z L (4.1)
60 ’ '
7O reH®) e )
where H.(6) is the set of h-curves of length less than or equal to §, o (I" \ N,T ) is the set of
connected components of I' \ N, and a, (y) is the least expansion coefficient of D®" |1 g
on y: thatis,

an(y) :;glf; ||Dx¢>n|(1,0)”~

Given an h-curve y, we denote by £, the Lebesgue of y. We will drop the index y in
£, when no confusion can arise about which curve y the measure £ refers to.
Recall that N denotes the e-neighbourhood of NT.

THEOREM 4.15. (Growth lemma) If ® satisfies the n-step expansion condition, then there
exist B(®) <a < 1, eg > 0 and C > 0 such that, for any h-curve I', r > 0 and 0 < ¢ < &y,

LN (N)) <Ce(d +€IN)). 4.2)

Proof. Since ®(M \ N) C (—A(f)m/2, A(f)r/2) and L(f) < 1, there exists a small &g
such that ep-neighbourhood of 3 M does not intersect ® (M \ N ). Therefore, it is enough
to prove (4.2) with N replaced by N..

Choose 6 > 0 in such a way that

= sup Z

PERO) ) crym\Ni)

1
a1 (y)

<1

Notice that ¢!/* > ¢ > B(®). We call an h-curve long if its length is larger than or equal
to §; otherwise we call it short.

Let N(;“ = () and consider an h-curve I'. By Remark 3.3, the set ' N N;r consists of
qp elements for every p > 0. Hence ®7(I" \ N;‘) is a union of pairwise disjoint h-curves:

that is,
qp

QP \N) =T
i=1

Clearly, g, < gp+1,and go = 1 because I'g,;; =T.
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Writer =mn+u>0form>0and 0 <u <n — 1. Let W = ®". Let I ; be the set of
indices i € {1, ..., gun} such that:
(1) Wy, ) C Tpg; and
(2) W=(I'jyn.i) is contained in a short h-curve for 1 <s <m — k — 1.

Denote by L the set of pairs of indices (k, /) with ke {l,...,m}andl €{1, ..., qin}
such that I'y, ; is a long h-curve. The sets {I; ;} e are disjoint and together with I
form a partition of {1, . .., gun}. Then we can estimate £(I' N @~ (N,)) as

LN O™ (No)) = £(C N W (D7(Ne)))
qln
=Y LW (i N DT(Ne)))
i=1

<o)+ Y LVTR(ARD),
(k,heLl

where
A= W (T 0 OTHN)).

i€l
Since the restriction of W~ to I, ; is affine,
LR U(Ag)
CVFKThn)  €Tkn1)

Since I'y,.; is long for (k, I) € L, it follows that, for any » > 0 and any 0 < ¢ < &,

—r 1 —k
(NN <EAo) +5 Y, LAY Thn )
(k,heL
We now estimate £(Ay ;). Lett =m — k. Giveni € Iy, letis € {1, ..., gun—s+s)n} be
the index defined by \If_’“([‘m,,,,-) C Dn—t45yn,i, for 1 <s <t. Also, let a(s, is) be the
least expansion of W along the curve W~! (T n—t+s)n,i;) for 1 <5 <t. Thus

CARD) < D LY (Tpni N OT(N)))
i€l
E(an,i N CI)_“(NS))
= Z a(l,iy)---a(t, i)

iely,

The uniform transversality between N and the horizontal direction implies that there
exists a constant C’ > 0 independent of ", » and i’ such that

LT,y NNy <Ce.

Let d > 0 be the maximum number of intersection points of N with h-curves. Also,
let b > 0 be the least expansion of ® along the horizontal direction. Note that b is not
necessarily greater than one and that 4 and b depend only on ®. Then each I';,,,; contains
at most (d 4 1)* curves ®~“(I", ;). This, together the previous estimate, implies that

d+ 1"
uc/e.

Z(an,i nNo* (Ns)) =< it
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Define 11 = {i1 si€lxgyand Iy = {(is—1, is) ;i € Iy} for 1 <s <t. Then

1
Za(l 11) cealt, i) Z Z Z a(l, j1)---a(, ji)

i€l Neh (i, 12)612 (=1, €l

1 1
_Z m Z a2, jp) 2  jo’

. = a
J1 611 J2)ED Ur=1,J0)€l;

Since the curve 'y —s45—1)n, j,_; 2 vl (I'gn—t+s)n, j;) is short, (4.1) implies that

> L ¢ 2<s<t

a(s,
Ur=1.J0)€l; ( ]S)

The same argument does not necessarily apply to Y 1/a(1, j1) because the curve

NS
Tint 2 U (Tgn_r+1yn, j;) may be long. However,

1 d+1
Do
a(l, j1) b

J1E€l
Hence
1 d+1 _,
> — < ¢
P a(l,iy)---a(t, i) b
and so .
C [d+1\"
A <C'ec™*, "= ?<%>

The above estimate implies that

YGkn

Z gk Z U (T ).

LT NO"(Ny)) =C”

Since .
kn
D AW ) = e(\v—k (U rkn,z)) <),
! =1
C"el(")
LT NO T (N)) <C"el™ + ———
( (Ne)) = Ceg” + 50—
< cregtrim=1 4 CEUD)
B 5(1-0)
which implies the wanted conclusion. O

4.4. Proof of Theorem 4.12. In this subsection, we prove the n-step expansion for the
billiard map and Theorem 4.12.

Since we assume that the polygon P does not have parallel sides facing each other, the
map @ is uniformly hyperbolic, by Proposition 4.10.

Define the least expansion rate of D®”" along the unstable direction by

Ay = inf ||Dy®"((1,0).
XeM™+
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Also define
() = 80 cos(zk(f)) 4.3)
cosB1(x) — 2
and
o (x) = | D ®"|(1,0) | = & (x) - - - (D" (x)). 4.4

LEMMA 4.16. Suppose that A is a primary non-regular sector of order n with vertex
x ¢ AM. If A is a sub-sector of A of order m > n, or if A" = A and m = n, then

lim o, (y) = +o0.
A'5y—>x

Proof. By Remark 3.12, the map ®"~! is a C? diffeomorphism on the closure of A and
®"~(x) is a tangential singularity. Thus 6, (DK (x)) = +7/2, and so a(®"~1(y)) = +oo
as A 5> y — x. The claim now follows from (4.3), (4.4) and A’ C A. O

PROPOSITION 4.17. The map ® has n-step expansion for every sufficiently large n.
Proof. Given a sector A of order < n with vertex x, let
Ae ={y € A(x) : dist(y, x) < €}

for € > 0. Denote by C. the union of all A, with A being a primary non-regular sector of
order < n with vertex not belonging to d M.
For a fixed I" € H(6),

1 1 1
) R D i Do

yemy(T\N;") v’ "

where >, and }_ . denote the sum over the components of T"\ N,} intersecting the
complement of C. and contained in C¢, respectively. From the definition of by, it follows
that there are at most b, connected components of I' \ N,/ contained in the complement
of C¢ provided that § is sufficiently small.

Since @ is hyperbolic, there exist ¢ > 0 and A > 1 such that A, > cA" forevery n € N.
As b, grows linearly in n (by Theorem 3.10), we can find ng € N such that A, > b, for
every n > ng. Choose n > ng, which will be kept fixed throughout the rest of the proof.
Now, N, consists of finitely many curves that either are disjoint or intersect pairwise at
finitely many points (see the proof of [11, Proposition 2.3]). Thus, there exists d(¢) — 0
as € — 0 such that any two distinct components of C¢ N N, either have a distance greater
than d(e€) or meet at a point that is not a tangential singularity. In view of the choice of n
and the fact that a, (y) > A,, there exists 0 < n < 1 such that

oL by, 4.5)
y an(y/) Ay

provided that § < d(e).
From Lemma 4.16, a,(y"”) — +00 as € — 0 for every y”. Thus, by choosing ¢
sufficiently small, we can make sure that

1 Ul
n 4.6
;%sz (4-0)
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Combining (4.5) and (4.6), which do not depend on I,
1
RERIS
— a,(y) 2

for every sufficiently small § and for every I' € H(8). This implies (4.1) and completes the
proof. O

Proof of Theorem 4.12. First of all, we observe that, for 7 = ®, Theorem 4.8 remains
valid if Condition H is satisfied only by h-curves, since the local unstable manifolds of
® are h-curves (see [11, Proposition 2.7]). By Proposition 4.10, the map & satisfies
Conditions Al and A2. By Proposition 4.17 and Theorem 4.15, Condition H holds for &
and A-curves. Hence Theorem 4.8 applies to .

We now prove the second claim of the theorem. Consider a Bernoulli component
(Pki IM;» i j) of @ and let W = ki |m; ;- By Proposition 4.17, the n-step expansion
condition holds true for W for some n > k;. It follows from [4, Proposition 10.1] (see
also [6, Theorem 10]) that it is enough to establish the exponential decay of correlations
for (", u;, ;). To do that, we apply a theorem of Chernov and Zhang [7, Theorem 1] to
W This theorem has five hypotheses H.1-H.5. It is not difficult to see that H.1 and H2
follow from our Conditions A2 and Al, respectively. The finiteness of the number of
smooth components of N+ and N~ follows from Remark 3.3 and the first part of the proof
of Lemma 3.6. Hypothesis H.3 is satisfied if we take as the W"-invariant class of smooth
u-curves the set of all h-curves. Indeed, this class satisfies the three conditions of H.3:
(i) the curvature of the h-curves is clearly uniformly bounded; (ii) the restriction of DW”"
along h-curves has uniform distortion bounds because the restriction of W” to an h-curve
is a piecewise affine map; and (iii) by Lemma 5.7 (see also [16, Proposition 10]), the
stable holonomy is absolutely continuous. Since (¥, w;, ;) is Bernoulli, hypothesis H.4 is
trivially satisfied. Thus, using [7, Theorem 1], we conclude that (W', u; ;) has exponential
decay of correlations for Holder observables. The same is true for (W, w; ;) by [4,
Proposition 10.1]. O

5. Basins of the ergodic SRB measures
Recall that ® = ® ¢ p denotes the billiard map for the polygon P with contracting
reflection law f. The aim of this section is to prove the following theorem.

THEOREM 5.1. Let P be a polygon without parallel sides facing each other. Then the
union of the basins of the ergodic SRB measures of © has full Lebesgue measure.

Let us briefly sketch the strategy to prove this theorem, which is based on [3, Proposition
4.2].

5.1. Outline of the strategy. ~ We take any horizontal line segment y (i.e., parallel to the
unstable direction) and prove in Lemma 5.9 that a positive fraction of its points are in the
basin of attraction of some ergodic SRB measure pg. For this purpose, we consider the
accumulation points of the Birkhoff averages (1/n) Z?;(l) Y Leb,,, which start from the
Lebesgue measure Leb, on the horizontal curve y. Ergodic components of these limit
points are SRB measures (Lemmas 5.6 and 5.8).
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Now let A be the complement of the union of the basins of attraction of SRB measures
and assume, by contradiction, that Leb(A) > 0. By Fubini’s Theorem, there exists
a horizontal curve y such that Leb, (A) > 0. Take any full density point x € y N A.
Then, for every SRB measure g, the density of y N B(up) at x is zero. On the other
hand, picking an ergodic SRB measure (o such that Leb, (B(ug)) > 0, there are sub-
arcs y, C y accumulating on x such that the iterates " (y,) C B(up) converge to some
non-trivial segment y,, of unstable manifold in the attractor associated to pg. Since
the iterates ®"(y,) accumulate on Y., the stable manifolds of points in y, intersect
transversally ®"(y,). Thus, using the holonomy along stable manifolds and bounded
distortion of the unstable dynamics, we obtain by pull-back a positive fraction n > 0 such
that Leb,,, (B(uo)) > n > 0 for all large n. This contradicts the fact that y N B(uo) has
zero density at x.

For smooth systems, as in [3], the previous sketch proof can be easily implemented. In
our setting, because basins of attraction are in general not open, and also because the sizes
of local stable and unstable manifolds are not uniform, the sketch proof above requires
elaboration. Three key ingredients for this purpose are Lemma 5.4, showing that most of
the connected components of the iterates " (y) of a horizontal curve y have lengths above
any small specified threshold, Lemma 5.5, saying that on any horizontal curve almost every
point is forward regular in the sense of Pesin, and Lemma 5.7, showing that the holonomy
along stable manifolds is Lipschitz when we fix the order / € N of Pesin’s sets (controlling
the size of stable manifolds).

Finally, we note that, in our setting, the unstable distortion is always zero because the
corresponding dynamic is affine. Compared with [3], this simplifies our analysis slightly.

5.2. Preparatory lemmas. Choose € > 0 so that Proposition 4.4 and Theorem 4.15
hold. From now on, to simplify our notation, we will drop the index € from the symbols
D, D, DY,

el” Zel?

Definition 5.2. Given a C! simple open curve y in M and a point x € y, we say that y
has size § around x if the length of the connected components of y \ {x} is greater than or
equal to §.

Definition 5.3. Given an h-curve y, a point x € y and n € N, let R, (x) be the connected
component of ®"(y) containing ®” (x). Define

y(n,8)={yey: Rﬁ(y) has size § around ®" (y)}.

Let ¢g >0 and 0 <a <1 be as in Condition H and let ¢ >0 and A > 1 be as in
Condition A2.

LEMMA 5.4. There exists C = 5(@) > 0 such that, for every h-curve y, there exists no =
no(y) such that if n > ng and 0 < § < ceg, then

ey \y(n, 8) < Ce(y)s.

Proof. Let y be an h-curve. If x € ¥ \ y(n, §), then either x € N,/ or d(®" (x), IP"(y \
N;F)) <$8. Let BC d®"(y \ N,/) be the image under ®" of the endpoints of y that do
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not belong to N,. Notice that this set consists of at most two points and the elements of
d®"(y \ N,J) \ B are discontinuities of ®~". Let Bs denote the §-neighbourhood of B.
Since the horizontal direction coincides with the unstable direction and || D®"|g« | > cA”,

n—1
y\v(.8) C [ J N @ (NG i) ))U (y N @7 (Bs)).
i=0
Using (4.2),
n—1 .
Ly \y(n,8) =Y Uy NS (N ) + Ly N ST (By)
i=0
n—1
Ccs 25
S 26
<— %((aw +Ar) +
1=
- Cs (1 —(ar)" n 1 —)J’g( ) + 28
S\ T—ax 1= )T o
- Cs (A" —a" +A‘” — 1£( "
T c 1 —ak 1—A v Can
2C
= —4Ly)é
C
for all n such that the expression in parentheses in the penultimate inequality is smaller
than 2€(y). O

Let b+ = UIEN Dl—‘r
LEMMA 5.5. For any h-curve y, £(y) =€(y N D).
Proof. Since Dl+ is increasing in [, £(y \ ﬁ?‘) — L(y \ 13+) as [ — 400. Now

o0
y\D cJyne "t ).
n=0

If  is sufficiently large, then, by (4.2),

Ly \DH <Y Ly N (N}, )

n=0

C & C 1+L(y)
< = 2 : —€ng n Y < . > 0. 0
o n—()e @+t = / l—e"€¢ >4

Given an h-curve y, we call a y-limit measure any weak-* accumulation point of the

averages
n—1

1 )
. J
Myn i= - E . dy Leb,,,
]:
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where Leb,, denotes the normalized Lebesgue measure of y: that is, given any Borel set
ACM,
LynA

(y)

The next is the key result on the existence of SRB measures proved in [16]. We recall
part of the proof, for the convenience of the reader.

Leb, (A) =

LEMMA 5.6. If y is an h-curve, then any y-limit measure | is invariant and satisfies
w(D°) = 1. In addition, if y N\ D~ # @, then i is an SRB measure.

Proof. Consider the function ¢ : M \ Nt — R,
@(x) :=dist(x, NT),

where the distance between x and N T is measured along the horizontal line through x.
Since ¢ is bounded from above, for any probability measure v, the integral [ log ¢ dv is
well defined in [—o00, +00). Notice also that, for all sub-intervals I of some fixed compact
interval containing the origin, |, ; log |x| dx = —£(1). Hence, by a change of coordinates,

/ . log dist(®/ (x), NT) dx > —£(y N/ (N1))
yN®~J(N¢

and, by (4.2), there exists a constant C > 0 such that

f log ¢ dﬂy,n = f log ¢ dﬂy,n + / log ¢ d/‘Ly,n
N& M\NZ&

€ €

n—1

1 3 Ce(@ +ey)
n

75 log(1/¢€)

J=0

€
> —Ce — m - log(l/e) > —0Q.

Because this lower bound is uniform in n, the function log ¢ is w-integrable, with
[loggdu>—Ce —log(l/€). Similarly, log ¢ o ®* is p-integrable for every k € Z.
Hence u(®(N 1)) =0.

To prove that u is invariant, it is enough to see that, for any continuous function ¥ :
M — R,

/xﬁd,u:/l//oq)du. (5.1)

If Y = 0 on ®(N™T), then the composition 1 o ® is also continuous on M and hence

lim /wofbduy’nk:/wofbdu.

k—+400

On the other hand, a standard calculation gives

‘/wduy,n—/wowum

Passing to the limit, we get (5.1).

2
< — ¥ llco-
n
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In general, given any continuous function v : M — R, because j1(®(N ™)) =0, we can
approximate v by continuous functions v vanishing on ® (N ™) and, taking the limit, we
obtain the invariance relation (5.1) for . This proves that y is invariant.

By Lemma 5.5, Leb,, (D) = 1. Hence, because (D) < DT, ,u,y,,,(ﬁ"’) =1 for all
n > 1. Thus, taking the limit, u(D1) = 1.

We are now left to prove that w(D~) = 1. From Birkhoff’s ergodic theorem, for u-
almost every x € M, lim,,_, 1o, (1/n) log ¢(®~"x) = 0. This implies that there exists [ €
N such that ¢(®"x) > [~!e "¢ for all n € N. Hence

dist(®~ " Dx, N7) > dist(®"x, Nt) = p(®""x) > [l

which proves that x € D, for some / € N. Thus u(D™) = 1. The last claim follows from
the proof of existence of SRB measures in [16, Theorem 1]. O

In the next lemma, we prove that the stable holonomy is Lipschitz continuous (c.f. [16,
Proposition 10]).

LEMMA 5.7. Given [ € N, there are constants § >0 and C > 0 such that if T' and T’
are h-curves whose distance is less than §, x;, x € ' N DlJr with |x; — x2| < 8 and xlf =
"N W/ (x;), then

Proof. The proof consists of a few steps.

(a) First, the slope of local stable manifolds is uniformly bounded away from zero. This
follows easily from the expression for tangent space to the stable manifold in the proof of
[9, Proposition 3.1].

(b) Let I';,(x1) denote the ®" pre-image of the connected component of ®"(I") that
contains ®"(x1). Let I'; (x1) be the corresponding component of I'" with respect to x|.
Denoting o, = (®" |1, (x,))’ and «), = (@"Ir (xi))/’ respectively,

(o7}
/

log < CS.

a}’l
Notice that o, (sg, 6g) = ]_[?;(1) 0(0;), where p(0) :=cos f(6)/ cos 6 and, for each i >
1, (s, 6;) is the image of (s;_1, f(6;—1)) by the specular billiard.
Given another point (s, 6)) € W} _(so, 6p), denote by 6/ the analogous angles for
(s4» 0)- Since log p () is Lispchitz and |9‘;. — 0| decay geometrically with j,

n—1

< llog p(6;) —log p(6))]

‘1 ay (S0, 6o)
O —
Jj=0

an (S(/)v 9(/))

n—1
<> Cloi —6i] 5 Clbo — 6 = Cs.
j=0
(c) Write x1 , = ®"(x1), x2,, = D" (x2), and consider the first n > 1 such that x; ,, and
X2, do not belong to the same branch domain of ®. Because x; € Dl+, and these two
points are separated by a singular curve, |x;, — x2,,| < 21~ 'e™"¢. Writing xp, =®"(x])
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and xéﬁn = ®"(x}), we have |xy , — x{’n| = 1/a, (x1) < [~ 'e™"€. Hence, combining this
information with (a),
X1 0 = %20
|xl,n - x2,n| a
(d) By parts (b) and (c) and the mean value theorem,
x| — x5 _

/ /
7] |xl,n - x2,n|

|xl,n _xz,nl

lx1 —x2| oy
X}, — x5,

Secs L,n 2,n §Cec‘3.
|x1,n_x2,n|

By Proposition 4.4, for every [ € N, there exists §; > 0 such that any point x €
ﬁf’ (respectively, x € D;") has a local stable (respectively, unstable) curve of size
8 around x, denoted by W;(x) (respectively, W/'(x)). For any set A C DY, define
Wi (A) =Ucea W/ ().

LEMMA 5.8. Let y be an h-curve such that y N\ D™ # Q. If i is a y-limit measure, then
there exists an ergodic component (. of u such that Leb,, (B (i) > 0.

Proof. By Lemma 5.6, v is an SRB measure of ®. According to Theorem 4.12, we
may decompose p into a finite number of ergodic components w;, i =1, ..., r such
that u is a convex combination of the ergodic measures p;: that is, u =7, oju;. If
B :=J;_, B(ii), then

w(B)=1. (5.2)

Given! <!’ in N, define

QY = DY : Leb DONB)>1-2
L= X € ] - € W[“(x)( l/m )> _E ,

where § = §(I) is smaller than 8, as in Lemma 5.7, and to be determined later. Notice
that /,L(DO N B) =1 due to Lemma 5.6 and (5.2). By the properties of the SRB measures
(see [16, Proposition 9]), we know that for p-almost every z € DO there exists [ € N such
thatz € Dl0 and Leleu(x)(DO N B) = 1. This implies that, for some [’ > [, Leleu(x)(DlQ N

B) > 1 —§/10. Therefore

<l

Let B(x, §) be the open ball of size § around x € M. For every x € Q? ;> denote by
I1; /() the union of all ~-curves of size §/10 centred at y € W} (x) N B(x, §).
The set
U= U I (x)

0
xGQ“,
is open and contains Q? ;- Choose I < I’ sufficiently large such that

M(Q?l,) > 19—0.
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Since p is a y-limit and U; i is open,
lim inf 10,0 (Ur0) = p(Upp) = w()) > 15
Hence, for infinitely many n € N,
Leb, (" (Up)) > 15- (5.3)

Notice that §(/) — 0 as / — oo. According to Lemma 5.4, for any sufficiently large / € N,
there exists ng € N such that, for every n > ny,

Leb, (y (n, 8())) > 5.
This lower bound together with (5.3) implies that there exist / </’ and n € N such that
Leb, (y (n, 8(1)) N &~ "(Upp)) > 3.

Therefore, ®"(y) € I1; ;/(x) for some x € Q?l, and y € y(n, §).

Recall that R)’ﬁ (y) is the h-curve of size § around ®"(y). Hence, we can find z € y
such that ®"(z) € W (x) and an h-curve contained in R;}(y) of size %6 around ®" (7).
Moreover, since x € Qg > WE know that,

Lebwlu(x)(DlQ NB)>1-— 18—0.
This means that W, (W} (x) N D?, N B) has no ‘vertical gaps’ having size larger than
8/10. The local stable manifolds of points in D?, vary continuously. Thus, by choosing
a sufficiently small §(/) and using the absolute continuity of the stable holonomy, we can
make sure that R)", (y) intersects W (W' (x) N DIQ N B) on a set of positive £-measure.
Notice that if z€ BN D?, then Wj(z) C B. Hence LebR;(y)(B) > 0. This implies
that Leb,, (B(u;)) > 0 for some i =1, ..., r because the restriction of ®™" to R)’f (y) is
affine. O

LEMMA 5.9. If y is an h-curve, then there exists an ergodic SRB measure |1, such that
Leb,, (B(uc)) > 0.

Proof. In order to apply Lemma 5.8, we produce a sub-limit I' of iterates of y such that
rND~ #40.

Let ¢ be a y-limit measure. By Lemma 5.6, we can take / € N such that ,LL(DIO) > %.
By Lemma 5.4, there exists § > 0, which we assume to be much smaller than the size of
the local stable curves of points in D?, such that, for all large n,

Leby, (y (n, §)) > 15.

Denote by A¢ (respectively, A1) the restriction of the measure Leb, to y(n,d)
(respectively, y \ y(n, 8)) so that Leb,, = Ag + A. Setting ug’n =(1/n) Z;f;(l) @I 1o and

,u)l,’n = (1/n) Z;’;é Cbikl, we also have u, , = M)(Z,n + /L)l,’n. Hence there exists weak-x
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sublimits wq of ug’n and u; of u},,n, respectively, such that © = po + ©1. By construction,
o has total mass > 9/10 while w1 has total mass <1/10.

Given a set yp C M, let us say that z € M is a yp-limit point if there exists a sequence of
points x; € yo and a sequence of times ny — +00 such that z = limg_, 1 oo W (x). With
this terminology, any point z € supp(u) is a y-limit point and any point z € supp(uo)
is a y(n, §)-limit point. Notice that p(supp(ro)) > pno(supp(eo)) = 9/10. Therefore
m(supp(uo) N Dlo) > 4/5. Hence, if z € supp(uo) N DlO and I is an h-curve I' C W/ (2)
of size § around z, then I' is accumulated by forward iterates y,, of y with £(y,) > 4.

Applying Lemma 5.8 to I', Lebr (B(1t¢)) > 0 for some ergodic SRB measure p., which
is an ergodic component of a I'-limit measure.

Since I' is accumulated by forward iterates y, of y with £(y,) >, the Lipschitz
continuity of the stable holonomy (see Lemma 5.7) implies that Leb,, (B(i.)) > 0, and
so Leb,, (B(u.)) > 0 because the restriction of ®~" along y;, is affine. O

5.3. Proof of Theorem 5.1. Let u1, ..., 1, be the ergodic SRB measures of . Define
B=B(u))U---UB(u,) and A=M)\ B.

Assume that Leb(A) > 0. We will derive a contradiction from this assumption.

By Fubini’s Theorem, there is an h-curve y such that £(y N A) > 0. By Lemma 5.4,
for some small § > 0 and some ng € N, £(y (n, §) N A) > 0 for all n > ny.

Take a Lebesgue density point x € y(n, §) N A and consider a strictly increasing
sequence {n;} such that the sequence of h-curves {R;" (x)} converges to some h-curve
I' of length > §. Notice that the space of all h-curves with £(I") > § endowed with the
Hausdorff distance is compact.

By Lemma 5.9, Lebr (B) > 0. Hence, Lemma 5.5 gives an / € N such that

n:=¢C NDNB)>0.

Since the local stable curves of points of I' N ﬁfr N B have uniform size §;, they must
intersect R;" (x) for all sufficiently large i. The Lipschitz continuity of the stable holonomy
(see Lemma 5.7) implies that

URY () N B) = J(RY (x)).

Consider the curve y’ := @~ " (R)'fi (x)). Since the restriction of ®" to y’ is affine, we
conclude that
(' N B) = 2.

However, x is a density point of A N y, and so the proportion

¢y’ NB)
ey

can be made arbitrarily small by choosing a sufficiently small s-curve y’ around x. This
fact contradicts the previous conclusion.
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