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Abstract

We consider polygonal billiards with collisions contracting the reflection angle towards the
normal to the boundary of the table. In previous work, we proved that such billiards have a
finite number of ergodic SRB measures supported on hyperbolic generalized attractors. Here
we study the relation of these measures with the ergodic absolutely continuous invariant
probabilities (acips) of the slap map, the 1-dimensional map obtained from the billiard map
when the angle of reflection is set equal to zero. We prove that if a convex polygon satisfies
a generic condition called (*), and the reflection law has a Lipschitz constant sufficiently
small, then there exists a one-to-one correspondence between the ergodic SRB measures of
the billiard map and the ergodic acips of the corresponding slap map, and moreover that the
number of Bernoulli components of each ergodic SRB measure equals the number of the
exact components of the corresponding ergodic acip. The case of billiards in regular polygons
and triangles is studied in detail.
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1 Introduction

The dynamics of billiards has been studied in great detail when the reflection law is the
specular one: the angle of reflection equals the angle of incidence. For an account on the
subject, we refer the reader to [17]. In a series of recent works, we studied polygonal billiards
with a reflection law, i.e., a function f describing the dependence of the angle of reflection
from the angle of incidence—both measured with respect to the normal of the billiard table—
thatis not the identity function as for the specular reflection law, but a strict contraction having
the zero angle as its fixed point.

The dynamics of polygonal billiards with contracting reflection laws differ significantly
from that of polygonal billiards with specular reflection law: whereas the latter are non-
hyperbolic systems, the former generically have uniformly hyperbolic attractors supporting
a finite number of ergodic Sinai—-Ruelle-Bowen measures (SRB measures for short) [5,6,8].
Some billiards in non-polygonal tables with non-specular reflection laws were studied in
[1,2,12].

When the function f is identically equal to 0O, i.e., when the angle of reflection 6 is
identically equal to zero, the billiard map is no longer injective and its image is a 1-dimensional
set. The restriction of the billiard map to this subset is a piecewise affine map of the circle
called slap map [12]. The precise form of the slap map depends only on the polygonal
table. If a polygon does not have parallel sides (in fact, a weaker condition introduced later
on suffices), then the corresponding slap map is uniformly expanding, and admits a finite
number of ergodic absolutely continuous invariant probabilities (acips for short) [7].

Given a polygon P and a contracting reflection law f, we denote by @  p the map of the
billiard in P with reflection law f, and by ¥ p the slap map of P. Precise definitions will
be given in Sect. 2. The Lipschitz constant A( f) measures how close ® ; p is to ®g p (here
f = 0), but the image of ®¢ p is 1-dimensional, and the restriction of @ p to its image is
essentially equal to ¥ p. In this paper, we address the natural question ‘what is the relation
between the properties of ® ¢ o and ¥ p when A(f) is small and the polygon Q is close to
P? . In particular, we study the relation between the ergodic SRB measures of ® ¢ o and the
ergodic acips of Vp.

The results presented in this paper are formulated for convex polygons only. Analogous
results can be obtained for some classes of non-convex polygons, but their proofs are much
more involved than the proofs for convex polygons.

Two polygons are similar if one polygon can be transformed into the other one by a
similarity transformation of the Euclidean plane preserving the orientation (see [6, Sect. 5]).
The dynamics of billiards in similar polygons is the same. Similarity is an equivalence relation
on the space of polygons with n sides. We denote by P, the quotient of such a space by the
relation of similarity. In [6, Proposition 5.1], we proved that P, is diffeomorphic to an open
semialgebraic subset of P! x (P2)"~3 x P! with P! and P? being the real projective line and
real projective plane, respectively, and that P, is a manifold of dimension 2n — 4. Hence, the
metric and the measure of P! x (P2)"~3 x P! induce a metric d and a measure m on the set
P

Let g be a non-acute vertex of P. Denote by ¢+ # g and g_ # ¢ the intersection points
of 9 P with the two lines passing through ¢ each orthogonal to one of the sides of P meeting
at g. The sequence O4(q) := {qo = g+, q1, - ..} is defined recursively as follows: for each
i > 0if g; is a vertex of P, then g;+1 = g;, otherwise set g;+1 to be the intersection point
not equal to g; of @ P with the line passing through ¢; and orthogonal to d P at g;. Define the
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Fig. 1 Polygons that do not satisfy Condition (¥): a an orthogonal orbit ending at a vertex. b An orthogonal
orbit that is eventually periodic

sequence O_(q) similarly by setting go = g—. We call O_(g) and O (q) the orthogonal
orbits of q.

Definition 1.1 A convex polygon P satisfies Condition (*) if for every non-acute vertex g
of P, each set O_(g) and O, (q) does not contain any vertex of P and is not eventually
periodic.

Figure 1 shows examples of polygons that do not satisfy Condition (¥).

If a convex polygon P satisfies Condition (¥), then all polygons similar to P satisfy the
condition as well. We denote by P the subset of P, formed by the equivalence classes
satisfying Condition (*).

Let E(1/p) be the set of the ergodic acips of ¥p, and let E(P ¢ o) be the set of the ergodic
SRB measures of ® ¢ . The main result of the paper is the following theorem.

Theorem 1.2 Given P € P}, there exists 8 > 0 such that if f is a contracting reflection law
f that is a C? embedding with A(f) < & and Q € P, withd(Q, P) < 8, then there exists a
bijection O g: E(Yp) = E(Pr ). Moreover,

(1) the supports of the measures in E(® ¢ o) are pairwise disjoint,

(2) the cardinality of E(® s o) is less than or equal to n,

(3) for every v € E(Yp), the number of Bernoulli components of © ¢ o(v) equals the
number of exact components of v,

(4) the union of the basins of the measures in E(® ¢ o) is a set of full volume in the domain

of @y p.

Condition (*) plays a major role in our analysis, and so it is important to know whether the
set of polygons satisfying Condition (*) is large in the topological and measure theoretical
sense. In Proposition 2.3, we prove that P is a full measure residual subset of P,,. Theorem 1.2
and Proposition 2.3 yield immediately that the set of polygons for which the conclusion of
Theorem 1.2 holds is generic and has full measure in P,,.

The strategy of the proof of Theorem 1.2 is as follows. First, we prove that for every
P € P¥, there exist pairwise disjoint sets Wy, ..., Wy with k equal to the cardinality of
E(Yp) that are trapping sets for all maps @ r o sufficiently close to ¥ p. Then, given one of
suchmaps @ r o, we construct the bijection ® ¢ o by establishing two facts: (1) the support of
each measure i1 € E(Pf o) is contained in some trapping set W;, and (2) each W; contains
exactly the support of some measure u € E(P s o). The proof of Theorem 1.2 exploits
properties of the periodic points of ¥ p that carry over to periodic points of maps @ ¢
sufficiently close to ¥ p. Another interesting ingredient of the proof is a novel criterion for
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the ergodicity of an SRB measure of @  o. This criterion can be easily generalized to general
hyperbolic map with singularities. In fact, we believe that our proof of Theorem 1.2 can be
adapted to cover a rather general class of two-dimensional hyperbolic maps with singularities
close in a proper sense to piecewise expanding 1-dimensional maps.

Finally, when P is a convex regular polygon or a triangle, using Theorem 1.2, Propo-
sition 2.3 and results from [7], we are able to compute the exact number of ergodic SRB
measures and the Bernoulli components of maps @ ¢ o sufficiently close to ¥/ p (see Sect. 6).

The paper is organized as follows. In Sect. 2, we define the objects studied in this paper:
the billiard map for a polygonal billiard with a contracting reflection law and the related slap
map. Moreover, we prove that Condition (*¥) is a generic property in the space of polygons. In
Sect. 3, we give a sufficient condition for the existence of hyperbolic attractors of a billiard
map, and recall the basic notions of Pesin’s Theory specialized to our billiards. We also
recall a general result on the existence and the spectral decomposition of absolute invariant
probabilities of piecewise expanding maps, which applies to the slap maps considered in
this paper. The preliminary results necessary to prove Theorem 1.2 are presented in Sect. 4,
whereas the final part of its proof is contained in Sect. 5. In Sect. 6, we apply Theorem 1.2
and Proposition 2.3 to billiards in convex regular polygons and triangles.

2 Billiards and Slap Maps

A billiard in a polygon P is a mechanical system formed by a point-particle moving with
uniform motion inside P and bouncing off the boundary d P according to a given rule, which
is a function called reflection law whose argument and value are, respectively, the angle of
incidence and the angle of reflection of the particle at the collision point. In the usual definition
of a billiard, the reflection law is the specular one prescribing the equality between the angle
of reflection and the angle of incidence. In this paper, we consider reflection laws that are
strict contractions with small (in a sense that will be explained later) Lipschitz constant.

2.1 Polygonal Billiards

Let P be a convex polygon with n sides and perimeter equal to 1. We choose a positively
oriented parametrization of d P by arc length sothat 0 =59 <51 < --- < 5,1 < s, = 1l are
the values of the arc length parameter corresponding to the vertices of P. The values s = 0
and 1 correspond to the same vertex of P. In the following, we identify the points of 9 P
with their arc length parameter s (with the additional proviso that s = 0 and s = 1 denote
the same point). In other words, we identify d P with the circle §' of perimeter 1. Denote by
Vp = {s0, ..., sy—1} the set of the vertices of P.

Let M = S' x (—=m/2, m/2). We denote by dg: the standard distance on S', and by dy
the Euclidean distance of the cylinder M. Also, we denote by Vol the volume generated
by dy on M, and by || - || the Euclidean norm of R2. Finally, we denote by s and 7y the
projections defined by ms(s, #) = s and wg(s,0) = 6 for (s,0) € M. Acurve ' C M is
called a horizontal segment if w9 (I") = const.

Let Mp = U?;ol (si, si+1) X (—m/2,7/2) C M. We associate to each element (s, ) €
M p the unit vector v of R? with base point s making an angle 6 with the inner normal to d P
at 5. Such a normal is not defined at the vertices of P, which is the reason for not including the
set Ul'.l;(} {si} x (—m /2, w/2) in Mp. Each pair (s, &) € Mp specifies the state of the particle
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immediately after a collision with d P: the collision point is given by s and the velocity is
given by the unit vector v.

Given a particle in the state (s, 0) € Mp, we define gp (s, 0) to be the point of collision
of the particle with d P, and tp (s, 0) to be Euclidean distance in R? between the points of
d P corresponding to s and gp (s, ). Let Yp = {so, ..., Sp—1} X (—7/2,7/2), and let Np =
gljl (Yp). The standard billiard map for the polygon P is the map ®p: Mp \ Np — Mp
whose image ®p (s, 6) € Mp corresponds to the state of the particle right after the collision
at gp(s, 0) when the reflection law is the specular one. We denote by 4 p (s, 8) the angle of
the particle after the collision. Hence, ®p (s, 0) = (gp(s, 0), hp(s, 0)). It is not difficult to
see that @ p is piecewise analytic. For a detailed definition of the map ® p, we refer the reader
to [4].

2.2 Contracting Reflection Laws

A reflection law is a function
fi(=n/2,/2) > (—7/2,7/2).

For instance, the specular reflection law corresponds to the identity function f(0) = 6. Given
a reflection law f, denote by Ry: Mp — Mp the map Ry (s, 0) = (s, f(0)). The billiard
map for the polygon P with reflection law f is the transformation ® ¢ p: Mp \ Np — Mp
defined by

(Df,p = RfOCDp = (gp(s,@),fohp(s,e)).

Note that ® ¢ p is injective if and only if f is, and that @y pisa C k k > 0 diffeomorphism
onto its image of if and only if f is.
The differential d, @y p is given by [6, Sect. 2.5]

cos 6 tp(s,0)
di®rp=—| cos(hp(s,0)) cos(hp(s,0)) |- (2.1
0 f'(hp(s,0))

Definition 2.1 A reflection law f is called contracting if f is of class C', £(0) = 0 and
A(f) = sup{|f'(O)]: 0 € (—7/2,7/2)} < L.

The simplest example of a contracting reflection law is f(6) = 06 with 0 < o < 1. This
law was considered in several papers [1,2,5,12].

We denote by R the set of all contracting reflection laws. It is easy to verify that R is a
Banach space with the norm A( f). We denote by R¥, k > 1 the set all contracting reflection
laws that are C* diffeomorphisms onto their images. The reflection law f = 0 is denoted by
0.

In order to apply Pesin’s theory to ® s p: Mp \ Np — Mp and to establish the existence
of stable and unstable local manifolds, ® s p has tobe a C 2 diffeomorphism onto its image
@7 p(Mp \ Np), which is the case if f € R?.

2.3 Slap Maps and Condition (*)
When f = 0, the billiard trajectories in P are all orthogonal to d P after every collision.

Thus, the image of the map ®_p is a subset of the segment S' x {0}. If f € R and A(f)
is sufficiently small, then @ s p can be considered as a small perturbation of ®¢ p. Indeed,
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the two maps have the same domain Mp \ Np, and from the definition of ® s p and the
expression of d, ® ¢ p, it follows that ® ¢ p and ®g p are A(f)-close in the C 1 topology.

‘We now introduce a 1-dimensional map related to @, p. First, let Ip = U,n;ol (si, si41) C
S! and define Fp: Ip — S! by Fp(s) = gp(s,0) forall s € Ip. The map Fp is related to
Dy, p, since ngp(s, 0) = (Fj(s),0) forall (s,0) € Mp\Np andalln € N. Moreover, Fp is
affine and strictly decreasing on each connected component of /p. For this reason, Fp admits
a unique extension to the whole S ! that is left! continuous at each point so, 1, ..., Sp—1. We
denote such an extension by ¥p: S' — S!, and call it the slap map of P.

The singular set of a piecewise expanding map is the set of point where the map does not
have continuous second derivatives. It is not difficult to see that ¥ p is analytic at s; if and
only if s; is a vertex with an acute internal angle. In fact, in that case, ¥ p (s;) = s;. It follows
that the singular set Sp of ¥ p is the set of all non-acute vertices of P.

Condition (*) introduced in Definition 1.1 can be equivalently formulated in terms of the
slap map ¥ p as follows: a polygon P € P, satisfies Condition (*) if for every s € Sp, the
forward orbits of

Yp(sh) = IEHYL Yp(t) and Yp(s™) = IEIE{ Yp(t)

do not contain elements of Sp or periodic points of ¥ p.

Remark 2.2 In [9, Sect. 3], we introduced a condition for general piecewise expanding maps
of the interval called Condition (*) as well. When specialized to slap maps, that condition
becomes Condition (*) as written above.

Proposition 2.3 The set P is a full measure residual subset of P,.

Proof We give only the main ideas of the proof. The reader can find the details in the proof
of [6, Proposition 5.3] which is very similar to this proof.

Let P € Py, and define £; to be the line supporting the jth side of P. The k-itinerary
of an orbit of the slap map ¥p is a k-tuple i := (iy, ..., ix) with iy, ..., iy being the labels
of the sides of P visited by the first k elements of the orbit. All orbits of ¥p with a given
k-itinerary i are solutions of the equation y = F;(u, x), where x +— F;(u, x) is an affine
map, x is a linear coordinate on ¢;, y is the coordinate of the corresponding endpoint in ¢;, ,
and u € P! x (P?)"~3 x P! is the coordinate of the polygon P. Systems of two equations
of the form F;(u,0) = c and F;(u, F;(u,0)) = F;(u, 0) in the unknown u determine the
sets of all polygons for which the trajectory of a vertex with coordinate O ends up at another
vertex with coordinate ¢ or at a pre-periodic point of the slap map of P (see [6, Proposition
5.3] for more details). These sets are closed algebraic sets of codimension 1. Therefore, the
complement of P is a countable union of algebraic sets of codimension 2 determined by
the two equations above. O

3 Hyperbolic Polygonal Billiards
3.1 Hyperbolic Attractors

Let P a polygon. For every f € R with f # 0, define

Kpp=[6.00empiiol<inZ].

I we might have as well chosen the extension to be right continuous.
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For the special case f = 0, define Ko p = Ufz_ol (si, Si+1) %X {0}, and conventionally choose
the boundary of Ko _p to be the empty set, that is, d Ko, p = @. Since f is a contraction, the
set K ¢ p is forward invariant

®r p(Kgp\Np) CKyp.

From now on, we will focus our attention to the restriction of ® s p to Ky p \ Np, which by
abuse of notation we still denote by @ ¢ p.

Not every every element of K s p \ Np can be iterated indefinitely due to the set Np. The
set of all elements of K s p \ Np with positive semi-orbit is

K}“’P ={(s.0) € Ky p: Dy p(s,0) ¢ Np Vn = 0}.

Then the maximal forward invariant set of ® ¢ p is

Dypi=() % p (K p).

n>0

Note that if f € R!, then Dy p is also the maximal invariant set of ® 7 p, meaning that
@ '.(Dy p) = Dy p. Following [14], we call

Afp = nyp
the attractor of ® 7 p, and
N;P == (NpNKysp)UdKy p

the singular set of ®¢ p.

In [6,12], it was proved that for every f € R! and every polygon P, the set Dy p hasa
weak form of hyperbolicity called dominated splitting. In this paper, we are interested in the
case when Dy p is a hyperbolic set, that is, when the tangent space of Ky p at each point
x € Dy p splitsinto complementary invariant subspaces E°(x) and E*(x) that are uniformly
contracted and expanded by the differential of ® / p.

Definition 3.1 The attractor A ¢ p is called hyperbolic if Dy p is a hyperbolic set.

Definition 3.2 A polygon P has parallel sides facing each other? if there exist parallel sides
Ly and L, of P and points g1 and g contained in the interior of L and L», respectively,
such that the segment joining ¢; and ¢, is contained in P, intersects only the sides L and
L, of P, and is perpendicular to both L and L.

The following proposition was proved in [6, Proposition 3.2 and Corollary 3.4].

Proposition 3.3 Suppose that f € R'. Then A ¢ p is hyperbolic if and only if P does not
have parallel sides facing each other. Moreover, if A p is hyperbolic, then the unstable
direction E" coincides with the horizontal direction 6 = const. at every point of Dy p.

Remark 3.4 Note that the horizontal direction is always invariant even if D p is not hyper-
bolic. This peculiar property is a consequence of the fact that the angle formed by two
trajectories bouncing off the same side of the polygon does not change after the collision no
matter how the reflection law f € R is chosen.

2 This notion is not exactly equal to the one given in [6]. According to this definition arbitrarily small
perturbations of a polygon without parallel sides facing each other may have parallel sides facing each other.
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The next lemma concerns Condition (¥) and the property of a polygon of having parallel
sides facing each other.

Lemma3.5 If P € P, then there exists § > 0 such that if Q € P, and d(Q, P) < §, then
Q does not have vertices with internal right angle and parallel sides facing each other.

Proof 1t is not difficult to see that Condition (*) implies that no vertex of P can have right
internal angle, and that no segment contained in P with endpoints on two sides of P can be
orthogonal to both of them. This last fact implies that P cannot have parallel sides facing
each others. The same conclusions hold for every polygon Q € P, sufficiently close to P in
the metric d. O

3.2 Pesin Theory and SRB Measures

In this subsection, we recall basic results on the existence of local stable and unstable mani-
folds for the billiard map ® s p and the definition of SRB measure. We assume f € R2.
Let

N7p= {x €K:3yeNj,andy, € Kpp\Nf,
such that y, — y and @ p(y,) — x}.

The set N , can be thought of as “singular set” for the inverse map & P Next, for every
€ > 0 and everyl € N, define

—€n
D;FPGZ_{XEAmeKfP dM(<I>fp(x)N ) ¢ VnZO},

e—EVl
Diper= {x €Dysp:dy (<D/?"’P(x), N;’P> > 7 Vn > ()} ,

0 o +
Dipei=DyspeiNDrpers

and

0 - +
f P — UDf P.el’ Df,P,e = Df,P,e n Df,P,e‘
>1

The sets D?c Pl play the role of the regular sets in the Pesin theory for smooth maps [13].

Definition 3.6 Theattractor A ¢, p is called regular if there exists €g > 0 such that DO FiPe #0
forevery 0 < € < €.

If A 7 p is hyperbolic and regular, then the Pesin theory for maps with singularities [10]
guarantees the existence of an € > 0 such that a local stable manifold W} (x) exists for all
X € D}' Pl and a local unstable manifold Wl'f)c(x) exists for all x € D]T,P’GJ (see [14,
Proposition 4]). The local manifolds W} .(x) and W} .(x) are C% (Ckif f € R k > 2)
embedded submanifolds whose tangent subspaces at x are equal to the stable subspace E* (x)
and the unstable subspace E"(x), respectively. The size of these manifolds depends on the
constants € and /, and they form two transversal invariant laminations. Finally, we observe
that for the billiard map ® ¢ p, the local unstable manifolds are horizontal segments.

Definition 3.7 Suppose that A 7, p is hyperbolic and regular. Let € > 0 be such that W} (x)
exists for all x € D}r Pl and Wy (x) exists for all x € D;’P.E ;- An invariant Borel
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probability measure p on A ¢ p is called SRB if ,u(D% P. o) = 1,and the conditional measures
of 1 on the local unstable manifolds of ® ¢ p are absolutely continuous with respect to the
Riemannian volume on the local unstable manifolds.

The precise meaning of ‘the conditional measures of 1 on the local unstable manifolds of
® ¢, p are absolutely continuous with respect to the Riemannian volume on the local unstable
manifolds’ in the previous definition requires a technical explanation that can be found in
[14]. We remark that what we call here an SRB measure is essentially what is called an
invariant Gibbs u-measure in [14].

3.3 Expanding Slap Maps

If P does not have parallel sides facing each other, then {p is a piecewise expanding map.
This means that there exists ¢ > 1 such that |[/,,| > ¢. By a well-known result of Lasota
and Yorke [11], piecewise expanding maps have absolutely continuous invariant probability
measures (for short acips). The theory of piecewise expanding maps applied to slap maps
gives the following.

Theorem 3.8 If P is polygon without parallel sides facing each other, then there exist subsets
Al, ..., Ax ofS] and ergodic acips vy, . .., vk of ¥p with bounded variation densities such
that

() S'=A,U---U Ag and A; NA; =Wforalli # j;

2) w;l(A,-) = A;, vi(A;)) = 1 and Ypla, is ergodic with respect to v; for every i =
1,...,k;

(3) foreachi =1, ..., k, there exist disjoint subsets Al.], R A;” such that for all i, j,
(@ Aj=AlU---UAT;
(b) each A{ is Y -invariant,
(c) W;i |A j with the normalized restriction of v; to A{ is exact,
(d) supp v; consists of finitely many pairwise disjoint intervals;
(e) every open subset of supp v; contains two periodic points of ¥ p whose periods

have great common divisor equal to n;. In particular, the periodic points of ¥ p
are dense in supp v;;

(4) the union of the basins of v1, . .., v has full Lebesgue measure in S'.

Proof Even if the results cited in the references below are proved for maps of the interval
[0, 1], they continue to hold for maps of the unit circle. The existence of a finite number
of ergodic acips of ¥p and Parts (1), (2) and (3a)-(3d) follow from the general theory
of piecewise expanding maps [3, Theorems 7.2.3 and 8.2.2]. Part (3e) is proved in [9,
Theorem 3.14 and Proposition 3.15]. For a proof of Part (4), see [18, Corollary 3.14]. O

We call the sets Ay, ..., A the ergodic components of Yp, and we call the sets
A} e, A:” the exact components of A;.

4 Preliminary Results

This section contains preliminaries results needed to prove Theorem 1.2.
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4.1 Trapping Regions

Let P € P,. By Theorem 3.8, the support of an ergodic acip v of ¥ p consists of finitely
many pairwise disjoint closed intervals. In [9, Sect. 3.1], we obtained a characterization of
the boundary points of supp v. When P satisfies Condition (*), such a characterization can
be formulated as follows.

Proposition 4.1 Suppose that P € P}, and let v be an ergodic acip of yp. If s € dsuppv,
then there exist an orbit segment {so, ..., S}, k > 2 of ¥p and 0 < j < k such that

(1) sp € Sp Nint(suppv),

(2) eithers; = W'(sg)for everyl <i <k, ors; = wi(s()_)for every 1l <i <k,
(3) s; € dsuppv forevery0 <i <k,

(4) sx € int(suppv),

(5) s =s5;.

We call {so, ..., sk} a boundary segment of supp v.

Remark 4.2 1t is not difficult to see that Proposition 4.1 and Condition (*) imply that supp v;
and supp v, are disjoint for any pair vy, vo of distinct ergodic acips of ¥ p.

In the next proposition, given P € P, and an ergodic acip v of 1/ p, we construct a trapping
region arbitrarily close to supp v common to all slap maps o with Q sufficiently close to
P. A similar conclusion was obtained for more general piecewise expanding maps in [9,
Lemma 4.3].

Let ¢ > 0, and denote by (supp v), the ¢-neighborhood of supp v.

Proposition 4.3 Suppose that P € P;, and let vy, ..., vy be the ergodic acips of the slap
map Yp. For every ¢ > 0, there exist § > 0, t > 0 and pairwise disjoint closed sets
Up,..., U, 0fS1 such that if d(Q, P) < §, then for every 1 <i < m,

(1) suppv; C int(U;) C (supp vi)¢,

(2) U; is a union of finitely many pairwise disjoint closed intervals whose endpoints are
not vertices of P,

3) YoW;) Cint(U;) and dgi1 (Yo (U;), dU;) > t.

Proof We construct the sets Uy, .. ., U, inductively. We start with the set U . Its construction
is also inductive, and requires / steps, i.e., as many steps as the number of distinct boundary
segments y1, ..., y; of supp v;. At the kth step, we enlarge supp v; by enlarging the intervals
forming supp v; whose endpoints lie on the kth boundary segment.

Set Ag = supp vi. Suppose that A1 with 1 < k <[is given, and let y = {s0, ..., sn,}
be the kth boundary segment of v;. Once again, we construct Ax inductively. Set By =
Ak—1. Suppose that B;_1 with 1 <i < Ny is given. If sy, _; € int(B;_1)—which happens
when there exists X’ < k such that y, and yi shares the same point sy, —;+1—then we set
B; = B;_1 . Otherwise, if sy,_; is the right endpoint of an interval of B;_1, then choose
INg—i € (SN —i> SN,—i + §) satisfying

) [snp—is tv—i 1N Sp =1,

() [syp—irtn—i]NBi—1 =1,
(iil) [sn,—i, IN—i]1 N (suppva U --- Usuppvy,) =0,
(iv) vp([Sng—i» tn—i]) Cint(B;—1).
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Instead, if sy, —; is the left endpoint of an interval of B;_1, then choose ty,—; € (Sny,—i —
¢, sn,—i) satisfying conditions analogous to (i)—(iv). Such a ty, _; exists, because sy, —; ¢ Sp,
Yp(Sn,—i) € int(B;_1), and the supports of the acips of 1/ p are pairwise disjoint. Next, define

B; = Bi_1 U [sn,—i, tn,—i]. The previous procedure gives the sets By, ..., By,_1. finally,
define Ay = By, —1. Once all the sets Ay, ..., A; have been computed, define U; = A;.
An almost identical construction produces the sets Us, ..., Uy,. Assume that U;_; with

2 < j < mis given, and construct U; by following the same procedure used for U; with the
obvious modifications and with Condition (iii) above replaced by

[si, 1N (U1 U-+-UUj—1 Usuppvjp U Usuppy,) = 0.

It is easy to see that the sets Uy, . . ., Uy, obtained this way have the wanted properties for the
map ¥ p. In fact, besides ¥ p (U;) C int(U;) for every 1 < i < m, a bit more can be derived
from the construction above. Namely, we obtain that there is T > 0 such that

dei(YpU;),0U;) > 2t forevery 1 <i <m. 4.1)

Next, we want to extend the previous conclusion to every map o with d(Q, P) suffi-
ciently small. To this end, note that if d(Q, P) is sufficiently small, then there is a natural
bijective correspondence between the vertices of Q and P. So for d(Q, P) sufficiently small
case, denote by s¢ the vertex of Q corresponding to the vertex s of P. Then, for every vertex
s of P, we have sg — s as d(Q, P) — 0. Moreover by Condition (*) and the fact that no
vertex of P can have an internal angle equal to 77 /2 (see Lemma 3.5), it follows that for every
vertex s of P,

Yo(sy) — Yp(s™) asd(Q, P) — 0. (4.2)

By construction of U; and properties (4.1) and (4.2), it is not difficult to see that o (U;) C
int(U;) and dg1 (o (U;), dU;) > 7 forevery 1 <i < m provided thatd(Q, P) is sufficiently
small. O

Recallthat ® ¢ o: Ky 9o\ No — K o.Next, we show that if a polygon Q is sufficiently
close to P € Py, and f is a reflection law sufficiently close to 0, then the map ® ¢ o has a
trapping region close to U:‘n:1 U; x {0} with Uy, ..., Uy, being as in Proposition4.3.

Proposition 4.4 Suppose that P € P;. Given ¢ > 0, let § > 0, t© > 0 and the sets
Ui, ..., U, be as in Proposition 4.3. There exist 0 < 8 < 8 and pairwise disjoint sets
Wi, ..., Wy, of M defined by

Wi = U; x (—%A(f),%k(f)), i=1,...,m

such that if \(f) < & and d(Q, P) < &', then @5 o(W; \ No) C int(W;) for every
1<i<m.

Proof Given ¢ > 0,let§ > 0, T > 0 and the sets Uy, ..., U, be as in Proposition 4.3.
Define W; as in the statement of the proposition. Clearly, the sets Wy, ..., W, are disjoint
because so are Uy, ..., U, and satisfy Condition (1). Note that as U;, the set W; depends
on the measure v;.

Since | fohg| < wA(f)/2,Condition (2) is a consequence of the following property: there
exists 0 < 8’ < & such that if A(f) < 8" and d(Q, P) < &', then go(W; \ Ng) C int(U;).
This property, by Part (3) of Proposition 4.3, follows immediately from

lgo(s,0) —Yo() <1, (s5,0) € Wi\ Npg.
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Let (s,6) € W; \ Ng. Using the Mean Value Theorem, we obtain

180 (s, 6) —¥o(s) =1go(s,0) —go(s, 0)]
< sup |8080(s, 0)]10].
—nA(f)/2<0<mA(f)/2
Now, dggo (s, 0) = —tg(s,0)/cos(hg(s,0)) by (2.1),tp < 1 because the perimeter of Q is
equal to 1, and by Lemma 3.5, if A(f) and d(Q, P) are sufficiently small, then | (-, 0)] is
uniformly bounded away from /2 on K r o \ Ng, i.e., there is a constant A > 0 depending
only on P such that cosohp > Aon K¢ o \ Ng. Therefore,

0
I80(5.0) — Yo(s)| < 'Af' <. 6.6 € Wi\ N,

provided that A( ) and d(Q, P) are sufficiently small. By taking a smaller A( f) if necessary,
we obtain 7/(2A)A(f) < 7. Hence, there exists 0 < & < § such that if A(f) < &’ and
d(Q, P) < &, then

s 0o ®r o(Wi\ Ng) =go(W;\ Ng) Cint(U;).

4.2 Hyperbolicity

Definition 4.5 Given Q € P,, f € R and m € N, denote by a(CD’J'}’Q) and ﬂ(CI)’}ZyQ) the

infimum and the supremum of ||d dD’}? 0 (1,07, respectively, over the subset of K r ¢ where
CD’}’ 0 is differentiable.

The next lemma says that the horizontal direction is uniformly expanding for ® s o when-
ever P € P}, f € Rand Q € P, with A(f) and d(Q, P) sufficiently small. We emphasize
that f and ® y p may not be invertible for f € R.

Lemma4.6 Let P € P;. Then there exist § > 0and 1 < oy < o such that

(D) if f e RV and d(Q, P) < 8, then Ay o is hyperbolic;
Q) if f e RwithA(f) <S§andd(Q, P) < §, then

ag < a(®r o) < B(Pr o) < Bo.

Proof Part (1). By Lemma 3.5, every Q sufficiently close to P has no parallel sides facing
each other. For such a Q, Proposition 3.3 guarantees that the attractor A f ¢ is hyperbolic
forevery f € R!.

Part (2). Let f € R, and let Q € P,. By (2.1), we have

1
woro(’)

for every x = (s5,60) € Ky o\ N;Q. Denote by u(x) the unit vector of R? parallel to
the side L(x) of Q containing s and having the same orientation of L(x) (induced by the
parametrization of d P). Also, denote by 0 < wg(x) < 27 the smallest angle of the coun-
terclockwise rotation of R? mapping u(x) to u(® s o(x)). A simple computation shows that
ho(s,0) =m — wgo(x) — 6. Hence

‘ cosf

af o(x) = - cos(ho(s. 6))

1
—coswp(x) + tan B sinwg(x)

aro(x) = (4.3)
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Now, let 0 = P € P;. Since P satisfies Condition (*), P does not have sides parallel
facing each other and adjacent sides that are perpendicular (see Lemma 3.5). It is still possible
for P to have parallel sides, but two consecutive collisions x and ® ¢ p(x) at parallel sides
never occur. It follows that if A(f) is sufficiently small, then the angle wp (x) must satisfy
the property: there exist 7 > 0 depending only on P and 69 > O such thatif L(f) < &, then
forallx € K¢ p \N;P,

a)P(x)E(%-Ft,JT—I)U(T[-f—'E,%T[—'E). “4.4)

Recall that if x € Ky p, then 6] < 7wA(f)/2 for f # 0, and & = O for f = 0. This
together (4.4) and (4.3) implies that there exists 0 < §; < dp and 1 < g < Bp such that if
A(f) < 81, then

ag <afp(x) <pPo forallx € Kgp \N;P. 4.5)

By Lemma 3.5, every Q sufficiently close to P does not have parallel sides facing each
other and adjacent sides that are perpendicular. From this, it is not difficult to see that there
must exist 0 < § < §; such that (4.4) with the same 7, and therefore (4.5) with the same
ap and Bo continue to hold for every O € P, with d(Q, P) < § and every f € R with
A(f) < 8. This implies the wanted conclusion. O

For every s € Vg and every r > 0, define
I(s,r)=(s—r,s)U(s,s+r)C S,
and

Ho(r)= | J IGs.r) x (=r,r) C M.
SEVQ

The first conclusion of the next proposition is an obvious consequence of Lemma 4. 6
The second conclusion says, roughly speaking, that for every m € N, the map dD’]’Z
differentiable on a sufficiently small neighborhood of the ‘vertices’ of the polygon pr0v1ded
that P satisfies (*) and ® o is sufficiently close to ®¢ p. From this, it follows that when
a sufficiently short curve y in K ¢ is iterated forward m times, it cannot be cut more than
once by the singular setof ® ¢ ¢.

Proposition 4.7 Let P € P;. For every & > 1, there exist § > 0, m € Nandr > 0 such
that if f € Rwith A(f) <8 andd(Q, P) < §, then

) a< oc(CD’}‘,Q) < ,B(CD’]’!,Q) < By’ with Bo be as in Lemma 4.6,
2) <b’;”Q|HQ(r) is differentiable.
Proof Let P € Py

n’

and let @ > 1. By Lemma 4.6, there exist m € N and §p > 0 such that
& <o <@ ) <@ ) < By

forall f € R with A(f) < 8o and all Q € P, with d(Q, P) < &o. The value of m will be
kept fixed throughout the rest of the proof.

Recall that Yp = Vp x (—m/2, w/2). Since P satisfies Condition (¥), if s € Sp (i.e., s
is a singular point of v p), then the forward orbits of ¥ p(s™) and 1 p(s~) do not visit any
vertex of P. Also, recall that each vertex of P in Vp \ Sp is a fixed point of p. Hence,
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there exists ro > 0 such that dg1 (Vp, 1//;',(1(s, rg))) > OforallO <i <mandalls € Vp.
Equivalently, in terms of the map ®¢ p,

du(Yp, 4 p(I(s, 7o) x {0}) > 0

forall 0 < i < m and all s € Vp. It is not difficult to see that the conclusion remains
valid for every Q sufficiently close to P. More precisely, there is 0 < §; < ¢ such that if
d(Q, P) < é1, then

dy (Yo, ) o(I(s,70) x {0)) >0 YO<i<m VseVp. (4.6)

Now, arguing as in the proof of Proposition 4.4, one can show that there is 0 < r < r¢
such that (4.6) holds even when I (s, r9) x {0} is replaced by I (s, r) x {—r, r}, and that there
is0 < § < 81 such thatif f € R with A(f) < § and d(Q, P) < 8, then

du (Yo, ' ,(I(s,r) x (=r,r))) > 0

forall0 <i < mandalls € Vp. By taking a sufficiently small §, one can even guarantee
that

@ ((s,r) x (=r,r)) C S x (=r.7)

forall0 <i < mandall s € Vp. What we have just proved can be reformulated in terms
of the set Hg (r) as follows. There exist r > 0 and § > O such that if f € R with A(f) < 6
and d(Q, P) < 6, then

dy (Yo, @ o(Ho(r)) >0 and @ ,(Ho(r)) C S x (=r,7)

for every 0 < i < m. The first inequality implies that CD’}’ 0 is differentiable on Hg (7).
Indeed, suppose that the claim was not true. Then there would exist 0 < i < m such that
ol ,Q(HQ(r)) N NfQ # ¥ implying dy (Yo, @ ,Q(HQ(r))) = 0, which is impossible. O

Givena C'-curve I' C K f,0- denote by |I'| the length of I" induced by the metric dy.

Lemma4.8 Let P € P;. Then there exist 8§ > 0 and n > 0 such thatif f € R, Q € P, with
AMf) < 8andd(Q, P) < §, and T is a horizontal segment, then there exist a segment y C I'
and k € N with the property that le} Q(y) is a horizontal segment with |d>l} Q(y)| > .

Proof Choose® @ = 3,andletm > 0,r > 0 and § > 0 be as in Proposition 4.7. Let f € R
with L(f) < 8, and let Q € P, withd(Q, P) < §.

Let I be a horizontal segment in K7 o. Define recursively a sequence of horizontal
segments {I';} as follows: let I'g = I', and let I"; . be any interval of maximal length of

(F ) for every j > 0. We claim that |I"j| > r for some j > 0. It is easily seen that the
conclus10n of the lemma with = r and k = mj is a direct consequence of our claim.

To prove the claim, we study separately the two alternatives: (1) & Q(F ) consists of
more than two horizontal segments for some j > 0, and (2) <I>’)'} Q(F j) consists of one or
two horizontal segments for every j. If alternative 1 occurs, then there exist 1 <i < m and
asegment IV C CD o)) with both endpoints on Yo. By Proposition 4.7,

' C @ o (Ho(r) C S' x (=r,1),

3 This choice is arbitrary, every a > 2 will do.
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and so the intersection "N H (r) contains a segment I'” of length r. Since dJ’;‘_Q’ is continuous
on Hyp(r) and a(®f ) > 1,

ITjil = @ 5] > r.

If alternative 2 occurs, then we clearly have [I"; 1| > |I"j|&/2, and so

a\’/
ITj| > ol 5) =

for some j > 0. Hence, in both cases, there exists j > 0 such that |I";| > r. This completes
the proof. O

4.3 Existence of SRB Measures

Recall that Vol denotes the volume generated by the Riemannian metric dy; on M. Given a
Cl-curve I' C Ky, ¢, denote by Volr the normalized volume on I' induced by the metric
dyy. Finally, denote by N}“ o (r) the neighborhood of NJJ! o in Ky o of radius r > 0.

Proposition 4.9 If P € Py, then there exists § > 0 such that if f € R2 with M(f) < 8 and
d(Q, P) < §, then the following properties hold:
(A) there are positive constants C = C(f, Q) and ro = ro(f, Q) such that
Vol(® " (N} o () < Cr ¥n=1 YO <r <ro,

(B) there is r1 = ri(f, Q) > 0 such that for every horizontal segment T, there exists
B = B(f, O,T) > 0 for which

Vol (I' N dJA;,"Q(N;Q(r))) <Br Vn>1 Y0<r<ry.

Proof In [8, Lemma 4.9 and Theorem 4.15], we demonstrated that properties (A) and (B)
are consequences of the m-step expansion condition (c.f. [4, Inequality (5.38)]): there exists
m € N such that

1
amn(y)

liminf sup <1, “@.7)

=0t
'eH(r) y€Sm(T)

where H(7) is the set of horizontal segments I' C Ky o with |[I'| < 7, §,(I") is the
set of maximal subsegments y of I' such that d>’;Z Q|V is differentiable, and a,,(y) =

infyey |ldy d)(”;’ o1, 0)7|l. Accordingly, to prove the proposition, it suffices to show that the
m-step expansion condition holds for a proper m € N.

Let P € P}, and denote by L the length of the shortest side (or sides) of P. Choose @ > 2,
and let 8, m, r and By be the positive constants as in Proposition 4.7. Consider f € R? with
A(f) < dand Q € P, withd(Q, P) < §. If necessary, take a smaller § so that the length
of the shortest side (or sides) of Q is less than 3L /2. Choose § = ﬂam - min{r, [}, and let
I' e H(z).

IfNF NP (I) = Pforevery 0 < i < m,then @', |, is differentiable, and @', ,(I")
consists of a single segment. Thus S, (I") = {T'}, @,,(T") > & and

1
sup =
PeM() , com(r) am(y)

1
< -
2

Qi —
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Now, suppose that N;FQ N <I>‘ r o) # () forsome 0 <i < m,andlet0 < j < m be the

smallest i with such a property. It follows that CDJ 7o) consists of several disjoint horizontals

segments whose total length is less than L mH < L, because g’ is the supremum of the

expansion along the horizontal direction. Since Q is convex, and the length of its shortest side

islessthan3L/2, <I>'} 0 (I') must consist exactly of two horizontal segments, both having one

endpoint in Y. The length of each segment is less than r /30 m Hence, both segments

are contained in Hy(r). By Proposition 4.7, ' .0 | Ho(r) is differentiable and o (®"} 7, Q) > .
So 7, (I') consists of two segments, and a,, (y) > & > 2 for every y € m,, (I'). Therefore,

1 2
sup =—-<1
PeH(®) , dom(r) am(y) @
The previous estimates imply the desired property,
1 2
liminf sup — <1
a

0% ren(® , i) am(y)

[m}

Remark 4.10 Property (A)is a version adapted to billiards of a condition introduced by Sataev
[15] for general maps with singularities, which in turn is a stronger version of Condition H4
in [14]. Condition H4 is key in proving the existence of SRB measures for hyperbolic maps
with singularities.

We now establish the existence of SRB measures for the map ® ¢ .

Theorem 4.11 Suppose that P € P;. Then there exists § > 0 such that for every [ € R?
with A(f) < & and every Q € P, withd(Q, P) < 8, the attractor A = Ay o is hyperbolic
and regular, and there exist countably many ergodic SRB measures (i1, (12, ...0f ® = Oy o
and countably many Borel subsets Eo, E1, Ea, ... of A such that

(D) A=U;_gEiand E;NE; =@ foralli # j;

(2) E; C D, ®(E;) = E;, ni(E;) = 1 and ®|g, is ergodic with respect to ju; for every
i>1;

(3) foreveryi > 1, there exist k; € N disjoint subsets Bl.l, o, Bl.ki such that

@ E =Uj, B;
) ®B/)=B""forj=1,....k — 1, and ®(B") = B!

(c) @k B with the normalized restriction of i to Bi/ is a Bernoulli automorphism;
i

(4) If w is an SRB measure of ®, then there exist ay, oz, ... with ) ;_, o; = 1 such that
W= i

(5) if x € D_ and v is a probability measure on M supported on W;! (x) absolutely
continuous with respect to the Riemannian volume on W;, (x) and with density « (x, -)
(see [14, Proposition 61), then every weak-* limit point of py = n=" ZZ;& d>f‘kv is an
SRB measure of ®;

(6) the set of periodic points of ® is dense in A;

(7) foreveryi > 1, there exist C > 0, o > 0 and ro > 0 such that j; (N;’Q(i’)) <Cr®
forevery 0 < r < ro.
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Proof The theorem follows from results by Pesin on the existence and properties of SRB
measures for general hyperbolic piecewise smooth maps. More precisely, conclusions (1)—(4)
follow from [14, Theorem 4], conclusion (5) follows from [14, Theorem 1], conclusion (6)
follows from [14, Theorem 11], and conclusion (7) follows from [14, Proposition 12]. See also
[15], where Sataev obtained results that are stronger than those of Pesin (but under stronger
hypotheses). To justify our claim, we show that the map ® s o satisfies the hypothesis of
Pesin’s paper, i.e., the conditions called H1-H4 and the condition that A 7 ¢ is hyperbolic.
The map @ ¢ ¢ satisfies conditions H1 and H2, because so does the billiard map ® p with
the specular reflection law (see [10, Theorem 7.2]), and f and f ~! have bounded second
derivates since f € R>. Since P € P, Lemma 4.6 and Proposition 4.9 implies, respectively,
the hyperbolicity of A r ¢ and Properties (A) and (B) for every f € R! and every Q € P,
sufficiently close to P. Finally, Property (A) implies H3 (the regularity of A7 o) by [14,
Proposition 3], and (B) implies H4. O

Wecallthesets E1, .. ., Ej, the ergodic components of ®, and we call the sets Bi1 R Bfi
the Bernoulli components of E;.

Remark 4.12 Under the extra hypothesis that f/(0) > 0 forevery 6 € (—w/2, 7/2), the pre-
vious theorem follows from a general result on polygonal billiards with contracting reflection
laws [8, Theorem 4.12]. Theorem 4.11 shows that the condition f/(9) > 0 can be dropped
when A(f) is sufficiently small.

4.4 Continuation of Periodic Points

Throughout this section, P and Q are assumed to be polygons in P, without parallel sides
facing each other, and f is assumed to be a reflection law in R. Note that for such an f,
the map ® 7 ¢ is not necessarily invertible. Since P does not have parallel sides facing each
other, ¥ p is piecewise expanding.

Denote by B(x, r) the open ball of S' x (—/2, 77/2) centered at x of radius r > 0. Given
x € D}’, 0.e» Ve call the two curves contained in W} (x) having as endpoints x and a point
of dW,.(x) the components of W} (x). In the next theorem, we prove that each periodic

point of ¥ p admits a continuation to a hyperbolic periodic point of the billiard map ® ¢ ¢
provided that A(f) and d(Q, P) are sufficiently small.

Theorem 4.13 Let s be a periodic point of Yp of period m € N whose orbit does not visit
Vp. Then there exist positive constants 8, r and £ such that if .\(f) < é and d(Q, P) < §,
then

(1) @ o has exactly one hyperbolic periodic point x ¢ o of period m in B((s, 0), r) con-
verging to (s, 0) as A(f) +d(Q, P) — O,

(2) the slope of E°(xr @) is smaller than —1/(2tp (s, 0)),

(3) if y is a component of Wfoc(x_f,Q)), then |y| > L.

Note that x := (s, 0) is a hyperbolic periodic point of ®¢ p of period m.
Definition 4.14 We call x ¢ ¢ the continuation of s [or of x = (s, 0)].
To prove Theorem 4.13, we need Lemma 4.15. Let d; be the C!-distance between maps.

Lemma4.15 Let s € S', and suppose that there exists m € N such that 1//5'D (s) ¢ Vp for
every 0 < i <m — 1. There are §9 > 0 and ro > 0 such that if .(f) < 8o, d(P, Q) < 8o
and x = (s, 0), then the restrictions <I>ng | B(x,rg) and Q?,Q | B(x,rg) are both differentiable.
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Proof By the hypothesis on s, there exists ro > 0 such that the restriction @ p|p(x,r) is
differentiable. This implies that the components of the map &' o and the entries of the matrix
d, " o are continuous in the variables f and Q at f = 0 and Q = P. Hence, there exists
8o > Osuch thatif A(f) < dp and d(Q, P) < dy, then CID’}’Q|B(X7,0) is differentiable as well.

O

Remark 4.16 By Lemma4.15, @' | B(x,r,) can be thought as a perturbation of ®f' p|(x,r)
and Theorem 4.13 is a corollary of a general theorem on the persistence of hyperbolic periodic
points of smooth maps (without singularities) under small perturbations [19, Theorem 2.6].
However, to be able to apply this theorem to our maps with singularities, we need the following
observation. The map @K p|B(x,ry) 15 an endomorphism, whereas [19, Theorem 2.6] assumes
that the unperturbed map is a C! diffeomorphism. Nevertheless, it continues to hold when
the unperturbed map is just a C! endomorphism, because even if [19, Lemma 2.5]—the key
step in the proof of Theorem 2.6—is formulated for hyperbolic linear isomorphisms, it is
actually valid for hyperbolic linear endomorphisms (see also [20, Sect. 2.1]).

Proof of Theorem 4.13 Since the orbit of s does not visit Vp, the ®g p-orbit of x = (s, 0) is
defined, and x = (s, 0) is a fixed point of <I>6’f p- Moreover, since P does not have parallel
sides facing each other, x is a hyperbolic periodic point. We can then apply Lemma 4.15 to
d>6’f pand x. Letrg > 0 and §o > O be as in the lemma. Next, we apply [19, Theorem 2.6] to
q)gL,P|B(x,ro) and its perturbation CD’]’ZyQ|B(X,r0) with A(f) < 8o and d(Q, P) < 8p. So there
exist 0 < 8§ < §p and 0 < r < rg such that if L(f) < § and d(Q, P) < §, then <I>f |B(x.r)
has a unique fixed point x s ¢ with the property that x s 9 — x asA(f)+d(Q, P) — 0 Since
Q does not have sides facing each other, the map @ ¢ is uniformly hyperbolic, implying
that x ¢ ¢ is hyperbolic. This proves conclusion (1) of the theorem.

Now, consider the fixed point x of @ ,. Note that the (2, 2)-entry of d, ®g p is equal to
0, since f = 0 in this case. Then, using (2.1), one can easily show that the slope of the stable
direction of x is equal to —1/7p (x). Since the entries of the matrix dx f are continuous
functions of (f, Q) at f = 0 and Q = P, so is the slope of the stable direction of x ¢ g.
Thus, by further shrinking §, we obtain conclusion (2) of the theorem with the lower bound
for the slope equal to —1/(2¢p (x)).

Now, we assume that A(f) < 6 and d(Q, P) < 4. Since xy o is a periodic point, the
distance of its orbit from the singular set N ;“ 0 is bounded away from zero uniformly in f

and Q (chosen as above). This implies that xr o € Dt F.0.€ ; for some [ € N uniformly in
(f, Q). By Pesin’s theory, there exists £ > 0 such that the length of each component of
W .(x) is greater than or equal to £ for every x € Df, 0.l This implies conclusion (3) of
the theorem. O

4.5 A Criterion for Ergodicity

Throughout of this section, we will assume implicitly that P is a polygon without parallel
sides facing each other and that f € R2. Hence, A f,p is hyperbolic by Proposition 3.3. In
particular, every periodic point of ® ¢ p is hyperbolic.

The next lemma plays a crucial role in the proof of Theorem 4.22. It tells us about
the points contained in a given horizontal segment where local stable manifolds exist (c.f.
[15, Proposition 3.4] and [14, Lemma 1]). The lemma is a consequence of Property (B) in
Proposition 4.9.

Lemma 4.17 Let " be a horizontal segment. For every 0 < t < 1, there exists I+ € N such
that Vol (I"' N D l) >1—rtforalll > 1.
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Proof Note thatif x € "\ Df Pl then dM(CD_'}’c’P(x), N}”P) < I te" for some n > 0.
Thus,

00
A D}_,P,e,l c U rn (Dj_‘,nP (N;P(lflefen)) .

n=0

By Property (B) of Proposition 4.9, we obtain

Volp (C\ D p . ) < ZVolr (r no;" (N;P(lflefen))>

gi e _ B
[ = (l—eE)'

Hence,

B

VO]]“(FmePEl)—1—V01[‘(F\Dfpel)Zl—m,

which yields the wanted conclusion. O

Denote by C(A f,p) be set of all continuous functions on the attractor A r p. For every
@ e C(Ay p),let

n——+o00

, 1 n—1
et (x) = lim - ,;)w (CI>]}’P(X)>

be the forward Birkhoff average of ¢. Also, let 1, i2, . . . be the ergodic SRB measures of
&y p,andlet Eq, E, ... be the corresponding sets as in Theorem 4.11.

Definition 4.18 For every i, define

wi(e) =/A§0(x)dui(x) Vo € C(Ay,p),
and
Ri={x€Ei: 9" (x)=pi(p) Vo € C(Ay p)}.

Since the sets E;’s are @ p-invariant and pairwise disjoint, so are the sets R;’s. More-
over, the separability of C(A ¢ p) and the Birkhoff Ergodic Theorem imply that u; (R;) =
ni(E;) = 1foreveryi.

Definition 4.19 For every i, define A; to be the setof all x € D, Fipe for which there exists
an open disk Vy in W} (x) containing x such that Voly, (Vy N R;) = 1.

Remark 4.20 By the property of the conditional measures of an SRB measure, it follows that
i (A;) = 1 (see the definition of a u-measure and the paragraph before [ 14, Proposition 9]).

The next results play a central role in the proofs of Theorem 1.2, permitting to characterize

the sets E;’s and the number of their Bernoulli components using the periodic points of the
map @ s p. We observe that our Theorem 4.22 is similar to [16, Theorem 5.1].
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Proposition 4.21 Let x € A;, and suppose that there are a periodic point xo of ® 7 p and
an integer n > 0 such that

Wi (x0) N @5 (Vi) # 0,
where Vy is as in the definition of A;. Then there exists an open disk W of xo in W}, (xo)
and a set W' C W N R; such that Voly (W) = 1.
Proof Let p be the period of xo. By hypothesis, there exists y € W} (xo)N <I>’}’ p(Vx). Define

Yk = QI}‘?P(y) for every k > 0. Clearly, yx € W} (x0) and limg .00 Y& = Xo.
Since the attractor A ¢ p is hyperbolic, there exists kg > 0 such that

k
Wit () 0 @5 (Vi) = Wik (y) forall k > ko.

Let k > ko. We have V; := d)?ff,ﬁkp ) (W} .(y)) C Vy. Moreover, since the probability

measure (CID?;/(" )« (Voly,) is equivalent to Vol W () and the set R; is ®-invariant, we have

Vol () (Wige () N Ri) = 1.

The periodic point xg is hyperbolic, and so xp € D; p.e; forsome/_ € N. It follows
that there is k| > kg such that '

Y €D} p oy forallk >ki. 4.8)

Hence, the size of W}/ (yx) is uniformly bounded from below by some positive constant
depending on € and /_. Since DJT p.co isclosed, by [14, Propositions 1 and 4], the sequence

of curves W;i (yx) converges in the C!-topology to an open disk W C W} .(xo) containing
X0-
By Lemma 4.17, for every 0 < § < 1, there exists /; > 0 such that

Voly (W N D p ;) =1-8.
This together with (4.8) implies that there exist an open disk Wi C W containing xo and an
integer k» > ki such that

Vol (Wi N D} p ;) = 1-35/2,
and
Wipe () N Wio(3i,) # 9 forallw e Wi N DY p .
Let

Wy = {w ewin D}_,P,E,l_,_: Wi (w) N WE (yk,) N R # @} )

Itis a well known fact thatif ¢ € C(A), w € D;P& and ¢ (w) exists, then ¢ (z) = ¢ (w)
for every z € W} .(x). Therefore, if w € W, then W} (w) N R; # ¥, and so et (w) =
wi(p) for every ¢ € C(A s p). By the absolute continuity of the stable foliation (see [14,
Proposition 10]),
Vol (W2) = Volw (W1 N DY p ;.
We have proved that for every 0 < § < 1, there is a subset Wo = W»(8) C W such that
Volw (W2) > 1—68/2,and ¢ |w, = u;(p) forevery ¢ € C(Ar p). We obtain immediately
the existence of a set W' C W such that Vol (W) = 1 and ¢ |y = u;(p) for every
p € C(Ay p). o

)>1-35/2.
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Theorem4.22 Let x1 € A; and xo € Aj, and suppose that there are a periodic point x
of ®y p and two integers ny > 0 and ny > 0 such that W}, (xo) N dD'}-l’P(Vxl) # ) and
Wi . (x0) N @'}2 p(Vx,) # O, where Vi, and Vy, are the sets corresponding to x| and x as

in the definition of R;. Theni = j.

Proof Both x; and x, satisfy the hypotheses of Proposition 4.21. Thus, there exist two
open disks Wi and W, of xo, and two sets W{ C Wi N R; and W; C W, N R; such that
Voly, (W]) = Voly, (W) = 1. It follows that R; N R; # (. Hence R; = Rj,ie.,i =j. O

We now prove a proposition that allows us to estimate the number of Bernoulli components
of an ergodic SRB measure.

Let £ = p; be one of the ergodic SRB measures of ® = @ p, and let E = E; be
the corresponding ergodic component. Suppose that © has n Bernoulli components. Then, it
follows from Theorem 4.11 that there exist an integer n > 0 and a probability measure '
such that ®" endowed with i’ is a Bernoulli automorphism, and j is the arithmetic average
of w', e, ..., @’l_lpf. Define the sets R’ and A’ for the measure u' and the map ®"
exactly as the sets R; and A; for the measure w; and the map & in Definitions 4.18 and 4.19.
Remark 4.20 applies to A" and u’ as well, and so u'(A’) = 1. Also, given x € A’, let V, be
the open disk in W}/ .(x) containing x as in Definition 4.19.

Proposition 4.23 Let x € A', and suppose that there exist an integer j > 0 and a periodic
point xqo of © of period p such that

Wi, (x0) N @7 (V) # 0.
Then n is a divisor of p.

Proof By Proposition 4.21, there exists a neighborhood W C W (xo) of xo and a set
W’ c W N R with Vol (W) = 1. Since xq is periodic and W' C W} (xo), we have
d~P(W’) C W'. Moreover, Voly (®~?(W’)) > 0 because the measure @’ Voly is equiva-
lent to Volg-p(y). This yields W/ N ®@~7(W’) # @. Since W C R’, the set W’ is contained
in a Bernoulli component of . Hence, n must be a divisor of p. O

5 Proof of Theorem 1.2

In this section, we prove Theorems 5.11, 5.14 and 5.15 and Corollary 5.12, which all together
form Theorem 1.2. Throughout this section, we assume that P € P;. Recall that E(yp) and
E(dy, o) denote the set of ergodic acips of ¥ p and the set of the ergodic SRB measures of
® ¢ o, respectively.

5.1 The Set F(v)

Consider v € E(Yp). Let n > 0 be as in Lemma 4.8. From Part (3) of Theorem 3.8 and
Condition (*), it follows that there exists a finite subset 7 (v) of int(supp v) with the following
properties:
(1) F(v) consists of periodic points of ¥ p whose orbits do not visit any vertex of P,
(2) F(v)is n/6-dense in supp v,
(3) for every s € F(v), there exists z € (s — 1/9, s +n/9) N F(v) with z # s such that
the great common divisor of the periods of s and z equals the number of the exact
components of v.
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Givens € Standr > 0,let B(s,r) = (s — r, s + r) be the open interval of S! centered
at s of radius r.

Lemma 5.1 Forany pairsy, so € F(v), there exist an openinterval I C B(sy, n/3)Nsupp v,
integers k,m > 0 and so € F(v) such that

(1) W™y is differentiable [so Y (I) and ¥ (I) are intervals),
(2) ¥X(I) C B(s2,1/3) Nsuppv,

3) YD) > n,

(4) B(so,n/3) C y5™ (1) < suppv.

Proof Let B; = B(s;, n/3) fori =1, 2. From s; € int(supp v), it follows that B; Nsupp v is
an interval, and so v(B;) > 0. Since v is ergodic, there exist s € B; N supp v and an integer
k > 0 such that wf, (s) € Bj. The set of points whose forward orbit meets a vertex of P
has zero v-measure. Then, we can assume without loss of generality that w}; (s) ¢ Vp for
every 0 < i < k. Thus, there exists a subinterval /1 of B; Nsupp v with s € int(/;) such that
wf, (Iy) is differentiable. In particular, 1//1’,‘) (Iy) is a subinterval of B, N supp v.

By Lemma 4.8, there are an integer m > 0 and an open interval J C 1//fi (I1) such that
Y|y is differentiable, and ¥ (J) is an interval contained in supp v with [y (J)| > n.

We conclude that there exists an open interval I C I; with w’;, (I) = J such that Wffm ;s

differentiable, ¥%™ (I) C By N suppv, y5™ (1) C suppv and [¢5™ ()| > 7. Finally,
since F(v) is n/6-dense in supp v, there exists so € F(v) such that B(so, n/3) C w/,‘fm I).
O

Lemma 5.2 There exists 81 > 0 such that for any sy, sy € F(v), there are integers m1, mp >
0 and so € F(v) for which if A\(f) < 61, d(Q, P) < &1 and 'y and Ty are horizontal
segments satisfying B(s;, n/3) C ws (I';) fori =1, 2, then

Blso.n/3) C 7y (®]1p M), i =12

Proof For any pair of points s1,sp € F(v), denote by I(sy, s2), so(s1, s2), m(s1, s2) and
k(s1, s2) the interval, the point of F(v) and the two positive integers as in Lemma 5.1. Also,
define

mi(s1,52) = m(sy, 52) + k(s1,52) and ma(sy, s2) = k(s1, 52).

Since F(v) is finite, m| and m, are bounded functions on F(v) x F(v). For this reason, the
assumption on I'1 and I'; and Lemma 5.1, we can find a §; > 0 such that if A(f) < §; and
d(Q, P) < &, then for any pair s1, s € F(v), the sets @’}?}g"”)(rl) and CD'}’fg"sZ)(Fz)
will be so close to the intervals /' "2 (1 (s, 52)) and /2> 12 (1 (s, 52)) that

B (so(s1.52),n/3) € 7y (@507 ) . i=1,2,

5.2 The Set F¢ o(v)

Given s € F(v), denote by &(s), x(s) = 2tp(s,0) and £(s) the constants in Theo-
rem 4.13. Define § = minge £ 6(s), K = minger ) k(s) and = minge £y £(s). If
A(f) < min{8, 8§} and d(Q, P) < min{8;, 8}, then by Theorem 4.13 there exists a continu-
ation xr g = (s7,0, 0y, ¢) for every (s, 0) with s € F(v).
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Lemma5.3 Thereis0 < 8 < min{8;, 8} such that ifA(f) < 8randd(Q, P) < 82, then for
every s € F(v), the local stable manifold W;, (xr o) of the continuation of (s, 0) intersects

both lines 0 = —A(f)m/2 and 6 = A(f)m/2 at points with s-coordinate contained in the
interval (s — 21/9, s + 2n/9).

Proof Suppose that A(f) < min{8;,8} and d(Q, P) < min{8;,8}. A straightfor-
ward computation—which we omit—shows that if we also require A(f) < min
{E/(nvl +i2), n/(9m)}, then for every s € F(v), the local stable manifold of the con-
tinuation x 7 o of (s, 0) intersects both lines & = —A(f)7/2 and 6 = A(f)mx/2 at points with
s-coordinate contained in (s7,g0 — /9, 57,0 + 1n/9). The existence of 0 < §, < min{8y, &}
with the wanted property follows from the fact that xy o — (s,0) as A(f) +d(P, Q) — 0.

[m}

For A(f) < 82 and d(Q, P) < &7, define
FroWw)={xr0eMg:seFw}.

Fix 0 < ¢ < n/6. Propositions 4.3 and 4.4 imply that there exists 0 < §3 < & such that if
A(f) < 83 and d(Q, P) < 83, then there are trapping regions U (v) and W (v) for ¥p and
® ¢, o, respectively. Finally, note that 7 (v) is n/3-dense in U (v) because of our choice of ¢.

5.3 TheSetG

Let B C S' be the union of the basins of the ergodic acips of ¥ p. For every s € S! and
r > 0, define

Y(s,r)=(—r,s+r) X (—ar/2,7r/2).

Lemma 5.4 There exist a n/2-dense finite set G C Bin S' and 84 > 0 such that if .(f) < 84
andd(Q, P) < 84, then foreverys € G, there are an ergodic acip v € E(\p) and an integer
k = 0 for which & ,(£(s, 84)) C int(W (D).

Proof Let S be the set of all s € B such that w} (s) is a vertex of P for somei > 0. S is at
most countable, and B has full Lebesgue measure by Part (4) of Theorem 3.8. Hence, B\ S
has full Lebesgue measure as well, and so it contains a finite set G that is n/2-dense in S'.

Let s € G. Then, there exists b € E(Yp) such that s € B(V). Since supp v C int(U (V))
(see Proposition 4.4), Urysohn’s Lemma guarantees the existence of a continuous function
¢: I — [0, 1] such that ¢ is identically equal to 1 on supp v and is identically equal to 0 on
the closure of the complement of S ! \ U (). Since s € B(V),

k—1

1
lim > ¢Wrs) = /S $()di(s) = 1.
i=0

k—+00

Hence, there exists £k > 0 such that w/;, (s) € int(U(V)). Since s ¢ S, it follows that
wj}, (s) ¢ Vp for every i, and so

ok (s, 0) = (wjf,(s),o).

This and the fact that U (V) x {0} = W (D) imply QIS,P(S’ 0) € int(W(®)).
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Finally, note that the map (f, Q, x) <I> Q(x) is continuous at (0, P, (s, 0)). Thus,
there exits §4 > 0 such that

O H(Z(s,84)) C int(W ()
provided that A(f) < 84 and d(Q, P) < 4. ]

5.4 Ergodic SRB Measures

The constant 63 introduced at the end of Sect. 5.2 depends on the ergodic acip v. To emphasize
such a dependence, we write §3(v). Let 83 be the minimum of §3(v) over all v € E(Yp).

Let 6 be as in Theorem 4.11, and choose 0 < §5 < min{§, 53, 84}. By Theorem 4.11, for
every f € R? with A(f) < 85 and every Q € P, withd(Q, P) < 85, the map ® s o admits
ergodic SRB measures. In the rest of this subsection, we will implicitly assume that f € R>
with L(f) < 85 and that Q € P, withd(Q, P) < Js.

Definition 5.5 For every v € £y p, define
Hy o(v) ={n € &Py 0): u(supppu N W(v)) =1}.

Given u € Hy o(v), denote by R(1) and A(y) the sets corresponding to ju as in Defini-
tions 4.18 and 4.19, respectively. By Remark 4.20, 1 (A(p) N W(v)) = 1.

Lemma5.6 Let u € Hy o(v). If x € A(u) N W(v), then there exist j > 0 and s € F(v)

such that B(s,n/3) C ns(d>},Q(Vx)), where V, C W[ (x) is the set associated to x as in
Definition 4.19.

Prqof Since V is a horizontal segment, Lemma 4.8 implies that there exists j > O such that
CD} Q(Vx) contains a horizontal segment I with |I"| > n. Since F(v) is n/6-dense in U (v),

and 3 (W (v)) = U (v), there is s € F(v) such that B(s, n/3) C ny(I") C ns(CIJj];,Q(Vx)). O
Lemma5.7 #Hy o(v) < 1.

Proof Let iy, ptn, € Hy o(v). Fori = 1,2, pick x; € A(up;) N W(v). Such an x; exists,
because (; (A(p,;) N W(v)) = 1. By Lemma 5.6, there exist ji, j» > 0 and 51, 52 € F(v)
such that

B(si,n/3) C 7, (@j’;‘yQ(vxi)) fori = 1,2. (5.1)

Hence, there exist two horizontal segments 'y C CD? (Vy) and T’ C P Q(sz) whose
images under 7y contain the intervals B(sy, n/3) and B(sz n/3), respectlvely

By applying Lemma 5.2 to I'; and I'2, we can conclude that there exist two integers
my,mp > 0and sy € F(v) such that foreachi = 1, 2,

B(so.n/3) € m (S5 (Vi) (5:2)

Let xo € Fy o(v) be the periodic point of ® ¢ ¢ corresponding to so. By Lemma 5.3,
WISO . (x0) intersects both lines 6§ = +A(f)m/2 at points with s-coordinate contained in

B(so, n/3). Since each my ( Jitmi (VX,)) is contained in the strip |6] < A(f)m/2, it follows
that W8 (xg)N <I>§i+m’ (Vy) # @ for eachi = 1, 2. We can now apply Theorem 4.22 to i,

loc
and [t,,, and conclude that ny = ny, i.e., Wy, = Wn,- O
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Lemma5.8 #Hy o(v) = 1.

Proof By Lemma 5.7, it is enough to prove that Hy o(v) # . Let x € Fy o(v). Since
x is a hyperbolic periodic point, we have x € D 1.0 . Parts (5) of Theorem 4.11 applied
to x implies that ® s o has an SRB measure fi. Slnce Fr.o(w) C W(v), it follows from
Proposition 4.4 that supp /& is contained in the closure of W (v). By the ergodic decomposition
of fi [see Part (4) of Theorem 4.11], there exists u € E(P ¢ o) such that

supppu C supp it C W(v) = U(v) x [—*A(f) )»(f)]

Now, by Part (7) of Theorem 4.11, fi(suppp N 3K o) = 0. Since K7 o C S! x
{—=7A(f)/2, wA(f)/2}, we have pu(supp u N W(v)) = 1. We conclude that u € Hy o (v). O

Lemmas 5.7 and 5.8 allow us to define ©® s g : E(Yp) — E(Pf ) by Of o(v) = p with
u € Hy o(v). Next, we prove that ® ¢ o is a bijection.

Lemma5.9 Oy ¢ is one-to-one.

Proof Suppose that there exist two distinct measures vy, v, € E(¢¥p) such that u =
Or oWw1) = O o(v2). Then w(W(vy) N W(12)) = 1, contradicting W (vi) N W(v2) = ¢
(see Proposition 4.4). O

Lemma5.10 Oy o is onto.

Proof We prove that given u € E(®r ), there exists v € E(Yp) such that u € Hy o(v),
i.e., u(suppu N W) = 1.

Pickx € A(n),andlet V, be the open disk of W,’fm (x) asin Definition4.19. By Lemma 4.8,
there exists an integer i > 0 such that d>"f’Q(Vx) contains a horizontal segment I'; with
Ty > n.

Let G be the n/2-dense set in S! as in Lemma 5.4. Since T'; is contained in S! x
(= x(f)/2, 71 (f)/2), we have I'1 N X (s, §5) # @ for some s € G. By Lemma 5.4, there
exist an integer k > 0, a measure v € E(Yp) and a horizontal segment I'; C I'; N X (s, 85)
such that I'" := CD’}V Q(I‘z) is a horizontal segment contained in W (v).

Combining the previous conclusions, we obtain that there is a horizontal segment I'y C V
such that T = d>k+’ (T'g) € W(v). Now, recall that Voly, (Vy N R(u)) = 1, and that R(u) is
® ¢ p-invariant. Slnce the push-forward of Volr, by d>k+’ is equivalent to Volyv, it follows
that Vol (I N R(w)) = 1. But I € W(v), and so R(u) N W) # 0.

We claim that w(R () N W(v)) = 1. Indeed, let A = R(u) \ W(v), and suppose that
1(A) > 0. Let z € A be a u-point of density of A. Since Ky o \ W(v) is open, there are
a compact neighborhood C of z and an open neighborhood O of z such that C C O C
K¢ o \ W(v). By Urysohn’s Lemma, there is a continuous ¢: Ky o — [0, 1] such that
¢lc = 1 and Sk, pn0 =0.Letx € R(u) N W(v). Using the function ¢ as in the proof of
Lemma 5.4, one can show that q;} Q(x) € O forsome j € N.Inparticular, <I>] (x) ¢ W().
However, that is impossible, since W (v) is ® ¢ o-forward invariant by Proposmon 4.4, and
S0 <I>§7Q(x) € W(v). Therefore, u(A) = 0, whic is equivalent to w(R(n) N W(v)) = 1.
Since w(R(u) Nsupp u) = 1, we conclude that p(supp u N W(v)) = 1. O

The previous propositions prove the following.

Theorem 5.11 Let P € P}. There is 85 > 0 such that if \(f) < 85 and d(Q, P) < 85, then
there exists a bijection @y o: E(Yp) — E(Pf o). Moreover, for every v € E(Yp), the
support of © y o (v) is contained in the closure of the trapping set W (v).

@ Springer



11 Page 26 of 29 G. Del Magno et al.

The next corollary is a direct consequence of Theorem 5.11 and the fact that the number
of ergodic acips of ¥ p is bounded from above by the cardinality of the singular set Sp, which
is not larger than n, the number of sides of P.

Corollary 5.12 Under the hypotheses of Theorem 5.11, the ergodic SRB measures of ® s ¢
enjoy the following properties: their number equals the number of the ergodic acips of ¥ p,
which is bounded from above by n, and their supports are pairwise disjoint.

5.5 Bernoulli Components

We prove that for every v € £(1/p), the number of Bernoulli components of ® ¢ (v) equals
the number of exact components of v.

Proposition 5.13 Under the hypotheses of Theorem 5.11, if v € E(Yp), then the number of
Bernoulli components of ® ¢ o (v) is a multiple of the number of exact components of v.

Proof Let v be an ergodic acip of ¥ = ¥ p, and suppose that v has m exact components.

Accordingly, ¥ has m exact invariant measures vy, ..., v, whose arithmetic average is
equal to v and such that ¥, (v;) = vj4q foreachi = 1,...,m — 1, and ¥,v, = v;. Of
course, Vi, ..., vy are ergodic acips of ¥". In fact, they are the only ergodic acips of "

with support contained in supp v.

The map ™" is piecewise expanding, and satisfies Condition (*), since so does . Hence,
Proposition 4.1 and Remark 4.2 apply to the measures vy, ..., v,, and so their supports are
pairwise disjoint, and consist of finitely many closed intervals. Since supp v = (_J{~; supp v;,
the trapping set U (v) of ¥ in Proposition 4.3 can be written as U (v) = U:"zl U;, where U;
is the subset of U (v) containing supp v;. Since v, permutes cyclically vy, ..., vy, we have
Y (U;) C Ujqq foreachi =1,...,m — 1, and ¥ (Uy,) C U;.

In view of the last conclusion, the trapping set W (v) of & = & ¢ in Proposition 4.4
can be written as W(v) = U;”Il Wi, where W; = U; x (—xA(f)/2, nA(f)/2). Moreover,

from the properties of Uy, ..., Uy, it follows that ®(W;) C W;yy foreachi = 1,...,m,
and ®(W,,) C Wi.
Suppose that u = © ¢ ¢ (v) has n Bernoulli components By, ..., B,.Forevery 1l <i <n

and every 1 < j < m, define B; ; = B; N W;. We claim that for each i, there exists k
such that (4(B; k) = w(B;). The proof of the claim is as follows. Since ®"(W;) C W; for
every j and ®"(B;) = B; for every i, each B; ; is ®""-forward invariant. Moreover, since
Wi, ..., W, are pairwise disjoint, so are B; 1, ..., B ». But the normalization of y to B; is
mixing for ", and so B; 1, ..., Bj n are ®""-forward invariant and pairwise disjoint only
if there exists k such that w(B; x) = w(B;).

Now, consider the set B; ; such that (B, x) = w(B;). By the invariance of u, we have
w(®*(Bix)) = u(B;), and so w(Bjx N ®*(B;ix)) = w(B;) > 0. Thus, there exists a
nonempty set B C B, ; such that ®"(B) € B; y C W;. Since Wi N OH(Wy) = ¢ for all
1 <i<m-—1,and ®"(W;) C W, we can conclude that n» must be a multiple of m. O

Theorem 5.14 Under the hypotheses of Theorem 5.11, for every v € E(Yp), the number of
Bernoulli components of © ¢ o (v) equals the number of exact components of v.

Proof Let v € E(yp), and suppose that v has m exact components. Let E be the ergodic
component of ® ¢ o corresponding to u = © ¢, ¢ (v). The measure 1 is the arithmetic average
of n Bernoulli invariant measures of ®' = <I>’;, 0 |£. Let 1/ be one of these measures. Next,
define the sets R’ and A’ for the measure and the map " exactly as the sets R; and A;
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have been defined for the measure u; and the map & in Definitions 4.18 and 4.19. Finally,
given x € A/, let V, be the open disk in W} .(x) containing x as in Definition 4.19.

Remark 4.20 applies to A" and i/, and so u'(A’) = 1.Letx € A’NW(v). By Lemma 5.6,
there exist an integer j > 0 and 5; € F(v) such that B(s1, n/3) C mg(®"/(Vy)), and by
property (3) of the definition of F(v), there is so € F N B(s1, n/9) with 52 # s1 such that
the great common divisor of sy and s is m.

Let x; and x be the points in Fy o(v) corresponding to s; and s;. Lemma 5.3
guarantees that for each i = 1,2, Wlsoc(xi) intersects both lines 6 = —mA(f)/2 and
6 = mA(f)/2atpoints x;” and xl.+ with s-coordinate contained in B(s;, 21/9). This together
with s € B(s1, n/9) implies that 75 (x;”) and 7 (x;r) are both contained in B(sy, n/3), and
SO W[i)c(xi) intersects ®'/ (V,). By Proposition 4.23, n is a divisor of m. On the other hand,
by Proposition 5.13, n is a multiple of n. We conclude that n = m. O

5.6 Basins of the Ergodic SRB Measures

In [8, Theorem 5.1], we proved that for every polygon Q without parallel sides facing each
other and for every reflection law f € R? satisfying the additional condition £’ > 0, the
ergodic SRB measures of @y ¢ have the property that the union of their basins is a subset
of Mg of full Vol-measure. The extra hypothesis f’ > 0 was required to make sure that the
billiard map admits SRB measures, and it can be safely replaced by the weaker condition
f € R?, once we know that ® 7,0 does admit ergodic SRB measures. Accordingly, from [8,
Theorem 5.1], we obtain the following.

Theorem 5.15 Under the hypotheses of Theorem 5.11, the union of the basins of the ergodic
SRB measures of ® 7 ¢ is a subset of Mg of full Vol-measure.

6 Billiards in Regular Polygons and Triangles

In this section, we apply Theorem 1.2 and Proposition 2.3 to billiards in convex regular
polygons with an odd number of sides and to billiards in triangles. The case of the billiard in
an equilateral triangle was first studied in [2].

Lemma 6.1 Each convex regular polygon with an odd number n of sides satisfies Condi-
tion (*).

Proof Let P be a convex regular polygon with an odd number 7 of sides. Using the symmetry
of P, we showed in [6, Sect. 6.2] that the map ¢,,: [0, 1[— [0, 1[ defined by

1 1
Pn(x) = _m (X — 5) (mod 1)

n

is a factor of ¥ p, and that ¢,, enjoys the following property: the forward orbit of x = 0 does
not contain any periodic points and the discontinuity point x = 1/2 of ¢,. In view of this, it
is not difficult to see that vy p satisfies Condition (*). ]

Corollary 6.2 Let P be a convex regular polygon with an odd number n > 3 of sides. There
exists 8§ > O such that if f € R2 with Mf) < §and Q € P, withd(Q, P) < §, then the
following hold:

(1) ifn =3, then @ o has a unique ergodic SRB measure, and this measure has a single
Bernoulli component,
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(2) ifn =5, then ® g has a unique ergodic SRB measure, and this measure has two
Bernoulli components;

(3) ifn =7, then ® ¢ ¢ has exactly n ergodic SRB measures. All these measures have 2mm)
Bernoulli components, where m(n) is the integer part of —log,(—log, cos(w/n)).

Proof By [7, Theorem 1.1], the slap map v/ p has a unique ergodic acip if n = 3 or 5, and
exactly n ergodic acips if n > 7. Moreover, every acip has 2" exact components, where
m(n) is the integer part of — log,(—log, cos(xr/n)). In particular, m(3) = 0 and m(5) = 1.
The conclusion of the corollary now follows from Theorem 1.2 and Lemma 6.1. O

Next, we consider billiards in triangles.

Corollary 6.3 There exists a residual and full measure subset X3 of the set of triangles P3
with the following property: for any P € X3, there is 8§ > 0 such that if f € R> with
M[f) < band Q € P withd(Q, P) < &, then the billiard map ® y o has a unique ergodic
SRB measure. This measure is Bernoulli if P is acute, and has an even number of Bernoulli
components, otherwise.

Proof The corollary follows from Theorem 1.2 and Proposition 2.3 and the ergodic properties
of slap maps of triangles [7, Theorem 1.2]. O

Corollary 6.4 Let P be an acute triangle. If . € R* and A(f) is sufficiently small, then drp
has a unique ergodic SRB measure, and this measure has a single Bernoulli component.

Proof By [7, Theorem 1.2], the slap map of any acute triangle has a unique ergodic acip,
which is also exact. Since acute triangles trivially satisfy Condition (*), the wanted conclusion
follows from Theorem 1.2. O
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