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1. Introduction

Let N ={0,1,2,...,}. When s,k € N\ {0} with k£ > 2, let R, ;(n) denote the number
of representations of the positive integer n as the sum of at most s k' powers of positive
integers. In 1920s, Hardy and Littlewood (see [16-18]) obtained an asymptotic formula
for Ry 1 (n). More precisely, they proved that when s > (k —2)2*~1 4+ 5 then

Ron(n) = %Gs,k(nw/“ +o(n®/k1y, (1.1)

where T'(z) = [, y" te ¥dy, and &, k(n) is the singular series which satisfies 1 <
GS;.x(n) < 1. Hardy and Littlewood introduced the notation G(k) for the least integer s
such that Ry x(n) > 0 for all sufficiently large n. Thus their result implies that

G(k) < (k—2)2F1 45,

Various improvements on the upper bounds for G(k) were achieved by Davenport [6,7],
Vinogradov [36], Vaughan [33,34], etc. For large k, Wooley [37, Corollary 1.2.1] obtained
the best known upper bound

G(k) < k(logk + loglogk + O(1)).
It is important to the success of the asymptotic relation in (1.1) that the singular series

satisfies G (n) > 1. Also, when s > max{k + 1, 4}, one can decompose S, ;(n) as a
product of the local densities at all finite primes as follows

Ssi(n) = H (hliigo s k(P p; n))
P

with
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No(hipin) = p"0=9 - cardfx (mod p") [ 2§ + - + a¥ = n (mod p)}.

where x = (x1,...,25). Let T';1 (k) be the least integer s with the property that, for every
prime p, there is a positive number Cj ,(p) such that whenever h is sufficiently large in
terms of s, k and p, one has

As.k,d(hsp;n) > Cs (p)  for all n.

Hardy and Littlewood (see [19,20]) showed that &, j(n) > 1 whenever s > max{I';(k),
k41, 4}. For k > 2, they showed that T'y(k) = 4k when k is a power of 2 and that
I'1 (k) < 2k otherwise.

One can consider a more refined question for R, j(n). Let G(k) denote the least integer
s for which the asymptotic formula (1.1) holds for n sufficiently large. The aforementioned
work of Hardy and Littlewood naturally implies that G(k) < (k — 2)2¥~! 4 5. Various
improvements for G(k) were obtained by Vinogradov [35], Hua [21], Boklan [4], Vaughan
[31,32], Wooley [38], etc. In 1995, Ford proved in [13] that

G(k) < (14 0(1))k?logk.

Due to the recent progress on the efficient congruencing method introduced by Wooley
[14,39-44] and the decoupling method developed by Bourgain, Demeter and Guth [5], the
main conjecture of Vinogradov’s mean value theorem has been proved. As a consequence
of their results, one can largely sharpen the upper bounds for é(k) In particular, Wooley
proved in [44, Corollary 14.7] that

Gk) <k?—k+2|V2k+2]—1.

Let d € N with d > 2. It is natural to ask the d-dimensional Waring’s problem. In
order to state our question more precisely, we now introduce some notation. Write

-1
/\/l:{(il,...,id)ENd|i1+...+id=k} and gzcard(M)z(kal ).(1.2)

For positive integers P and n; (i € M), denote by Rj ,q(n; P) the number of solutions
of the system of equations
gyt el = e M) (1.3)

with x;; € {1,2,...,P}. For simplicity, a monomial of the shape x’f wzid will be
abbreviated by x!. For a semiring S and n € N\ {0}, write

S(M;n)z{(xi1+--~+xil) ‘XjESd(lgjgn)} (1.4)

iem

and
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SM) = | S(M;n). (1.5)

n=1

For every prime p, let Z,, denote the ring of p-adic integers. Let

D=()(N°NZy(M)). (1.6)

P

We note that forn € N¢ ifn ¢ D, i.e., n ¢ Z,(M) for some prime p, then R, j, q(n; P) =
0 for any positive integer P. Hence it suffices to consider only n € D. From a heuristic
argument of multidimensional variant of the circle method, in the system (1.3), whenever
the number of variables sd is greater than the sum of degrees ko, a conjectural asymptotic
estimate of R j 4(n; P) takes the following shape

R .a(0; P) = Jo p.a(n; P)Gg i a(n)P3I=ke 4 o(psd=key, (1.7)

where J; ,q(n; P) and &, i q(n) are the related (normalized) singular integral and sin-
gular series. To ensure that the first term in (1.7) dominates, one needs Js x,q4(n; P) > 1
and G, 1 ¢(n) > 1, where the implicit constants are independent of n and P. For a prime
p, h € N\ {0}, and n = (ni)iem € Z,(M), define

Aeskalhspim) = @ -card{x (mod p") | <+ !, = mi (modp") (i € M)}. (18)

The fabric of the circle method also suggests that for s > ckp with ¢ a positive constant
depending at most on d, the singular series should satisfy

Gs.k,a(n) = H (hli_)ngo s k,d (R p; n)) >1 forallneD. (1.9)
P

Assuming additionally that for every n € D and every prime p, the system (1.3) has
a nonsingular p-adic solution, Parsell [26] conjectured that the singular series would
satisfy (1.9) (for more details, see [26, Section 9]). In this paper, we will prove Parsell’s
conjecture. We will also establish the existence of the nonsingular local solutions required
in this conjecture. For a semiring S, let v(S; M) be the least integer £ such that

S(M) =85(M; L) (1.10)
if such ¢ exists.

Theorem 1.1. Let k,d € N with k,d > 2. Define M and ¢ as in (1.2). Fiz a prime p.
Then the following hold.

(1) Let v(Z,; M) be defined by (1.10). Then y(Z,; M) < 4ko.

(2) Whenever s > ~(Zp; M) + o, for every n € Z,(M), the system (1.3) has a
non-singular p-adic solution.
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(3) Whenever s > y(Zp; M) + 0 and h is sufficiently large in terms of s, k,d and p,
there is a constant Cs 1, q(p) > 0, such that

Askd(h;pin) > Cs pa(p)  for allm € Z,(M).

We remark here that the upper bound in Theorem 1.1(1) is independent of p and the
lower bound in Theorem 1.1(3) is independent of n. Such properties are essential for
us to obtain the following uniform lower bound for the singular series & j, 4(n) in (1.9)
free of any assumption on the nonsingular local solubility of the system (1.3). In other
words, we obtain a result that is stronger than Parsell’s conjecture. Our bound on s is
also near-optimal.

Theorem 1.2. Let k,d € N with k,d > 2. Define M and o as in (1.2). Suppose that
s > 4ko + o. For n € D with D defined by (1.6), one has

1« H (hlim s k(B p; n)) <1,
— 00
P

where the implicit constants depend at most on s,k and d, but independent of the choice
for n.

As in the standard argument as in [26, Section 8], the lower bound for singular integral
holds on assuming the local solubility at co as follows.

Definition 1.1. Let s € N \ {0}. Fix real numbers y; (i € M) with the property that the
system

ety =m (€M)

has a non-singular solution with 0 < n;; < 1. Let n = (n;) € N2 and P € N. If there
exist § = 0(s, k, ) > 0 and an absolute constant o > 0 such that

|niP7k - ,U,i| <opP™¢ (i € M)
Then we say that the tuple n is rescaled to p by (P, d, ).

For the special case d = 2, we have M = {(i,k —i)|0 < ¢ < k} andso o = k + 1.
Arkhipov and Karatsuba [1] first investigated this case. Suppose that s > ck®logk,
where ¢ is an absolute constant and fix real numbers g, . .., 1 with the property as in
Definition 1.1. The result [1, Theorem 1] of Arkhipov and Karatsuba states that there
exist positive numbers Py = Py(s, k, ) and § = (s, k, p) such that, whenever P > Py
and n is rescaled to p by (P,d,«) with « = 0.5, the asymptotic relation (1.7) holds,
where Js 52(n;P) > 1 and &, 1 2(n) > 0. Since they fail to show S, 2(n) > 1, one
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cannot obtain the correct magnitude of Ry 2(n; P) from their result. This obstacle is
surmounted by Theorem 1.2. In particular, we see that when d = 2, the system (1.3)
satisfies the Hasse principle. In addition, when dealing with other variants of the circle
method for multidimensional Waring’s problem, we can provide via Theorem 1.2 the
corresponding uniform estimates for singular series. For example, Theorem 1.2 allows us
to improve Parsell’s result in [26, Theorem 4] by removing the nonsingular local solubility
assumption for the singular series.

Theorem 1.3. Suppose that s > %kQ logk + %kz loglog k + O(k?) and fiz real numbers
10y - - -5 b with the property as in Definition 1.1. There exist positive numbers Py =
Py(s,k, ) and 6 = (s, k, p) such that, whenever P > Py and n € D is rescaled to p by
(P, 4, ) with o =0, one has

Rs,k,?(n; P) > PQS*k(kﬂ*l).
In particular, when d = 2, the system (1.3) satisfies the Hasse principle.

It is the first time that the asymptotic estimates and Hasse principle for the
2-dimensional Waring’s problem can be established without any nonsingular local solu-
bility assumption. For the higher dimensional cases, one can obtain a major arc estimate
by combining Theorem 1.2 with the standard arguments in [26]. The minor arc estimate
can be delivered through the work in [27] or [28]. Thus one can establish the asymptotic
estimates and the Hasse principle for Ry 4(n; P) as desired.

Let A = F,[t] be the ring of polynomials over the finite field F, of ¢ elements whose
characteristic is denoted by char(F,). Let Ao, = F,[1/t] be the ring of formal power
series in 1/t over F,. We now consider a multidimensional analogue of Waring’s problem
in A. For fixed k,d € N with k,d > 2, define M and p as in (1.2). For P € N, write

Ip ={x € A| degz < P}.

For m = (mi>i€/\/t with m; € A (i € M) and P € N, let Ry s q(m; P) denote the

number of solutions of the system
4+ xl=m (ieM)

with x; € I& (1 < j < s). Let A(M) be defined as in (1.5). Note that for every
x € Ip, t' Pz € A,. Since each i = (i1,...,iq) € M satisfies i1 + --- + ig = k,
whenever z1,...,2q € Ip, we have tF(1-P)xi = (t=Px)i - (1 Prg)ie € A (M).
Therefore if R, s .q(m; P) > 0, then t*0-P)m € A (M). We will show in Section 7
(see Corollary 7.1) that whenever char(F,) 1 k, for every m € A¢, there exists N such
that t*(=N)m € A, (M). Thus, for m € A, define

T(m) = min{N € N |#*3=Nm ¢ A (M)} (1.11)
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It will turn out that whenever char(IF;) { &, one has
0<T(m)—min{N € N|k(N —1) >degm; ie M)} <C,

where C' = C(q, k,d) > 0 is a constant, independent of m. Note that if P > T'(m), then
tF=P)m € A, (M), and vice versa. Thus it suffices to consider R, s q(m;P) with
P > T(m). For the infinite place co, m € A2 and P > T'(m), define

Ag.s.k.d(P;00;m) = ¢gPle=sd) -card{x € If;,d‘ deg (x‘l o xi - ms)
<(k—=1)P (ieM)}.
Let P denote the set of all monic irreducibles in A. For every w € P, let A,, denote the

completion of A at the place w and let A,,(M) be defined as in (1.5). For h € N \ {0},
w e P and m € A, (M), define

)‘ILS,k,d(h; w;m) = (qug w)h(g—sd)

= m; (modw”) (i€ M)}.

-card{x (mod w")| x} + -+ + x}

In this paper, we also aim to establish the following asymptotic formula for Ry s 1,q4(m; P)
via a variant of the circle method in function fields.

Theorem 1.4. Let k,d € N with k,d > 2. Define M and o as in (1.2). Suppose that
p = char(F,) 1 k and that s > 20k +29+1 where ¥ = (kji'd) - ([k/g+d). Then form € A°
with P > T'(m) defined by (1.11), there exists a positive number Py = Py(q, s, k,d) such
that whenever m € A, (M) for every w € P and P > Py, one has

sd—ok

Rq,s,k,d(m; P) S Cq,s,k,d(m; P) (qP) + O((qP)sd—glc—é),

where

Cq,s,k,d(m; P) = Aq,s,k,d(P; o3 m) H (hh—>nolo /\q,s,k,d(h; w; m))
weP

satisfying 1 < Cy s 1,a(m; P) < 1. Here the implicit constants and § depend at most on
q, 8,k and d, but independent of m and P.

Due to our recent work on polynomial analogue of multidimensional Vinogradov’s
mean values (see [23, Theorem 1.1]), the minor arc contribution can be treated similarly
as in [23, Section 6]. In this paper we will focus on the major arc contribution with an
emphasis on the estimates for singular series and singular integral. The main difficulty in
this work is to show the validity of the corresponding uniform local density hypothesis for
Ag,s,k,d(P;00;m) and Ay s k,q(h; w; m). For the asymptotic estimates in the 1-dimensional
Waring’s problem in function fields, we refer the interested readers to [22], [24] and [45].
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For every @ € P U {oo}, let A, denote the completion of A at w. Instead of only
considering the uniform local density hypothesis over every A, we will indeed study
the hypothesis over a more general algebraic setting. Let K be a complete field with
respect to the norm | - | associated to a discrete non-archimedean valuation. Let O =
{z € K| |z| <1}, 7 a primitive element, and F = O/(r).

Definition 1.2 (Uniform Local Density Hypothesis over Q). For k,d € N with k,d > 2,
let M and ¢ be defined by (1.2). For (f;)ieam € O(M) and h € N \ {0}, define

As od(hym; f) = (card(F))h(g_Sd) -card{x (modwh) ’ xil + -+ Xis
=fi (mod7") (ie M)}.

If there exists a nonnegative integer u* = u*(s, k,d, ) such that whenever h > u*, one
has

Ao ka(h;m;§) > (card(F))* @5 for all f € O(M),

then we say that the system of polynomials x} + --- +x. (i € M) satisfies the uniform
local density hypothesis over O.

For the case of O = Z,, this definition is consistent with Theorem 1.1(3) on taking
Cs.i,a(p) = p* (=59 for some nonnegative integer u* = u*(s, k,d, p). In what follows,
for a semiring S and k,n € N\ {0}, write

S(kin) = {ah+ - +al|z; € SQA<j<n)} (1.12)
and
S(k) = G S(k;n). (1.13)

Theorem 1.5. Let k,d € N with k,d > 2. Define M and o as in (1.2). Let O be a
complete discrete valuation ring with the finite residue field F' and define F (k) by (1.13).
Let v(O; M) be defined by (1.10). Suppose that char(F') { k.

(1) One has

Y(O; M) < (k+1)o.

Further, when F # F(k), one has k > 3 and a better upper bound:

, (72/13)k(0 — d/2), ifk>T,
NOM) < {2\/k T1(o—d/2), if3<k<G6.
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(2) If s > v(O; M) + o, then the system of polynomials x} + --- +x\ (i € M) satisfies
the uniform local density hypothesis over O.

It is natural to consider local obstructions; i.e., the elements in 02 \ O(M). We also
give the following sufficient condition to ensure that no local obstruction exists.

Theorem 1.6. Let k,d € N with k,d > 2. Define M and g as in (1.2). Let O be a complete
discrete valuation ring with the finite residue field F' and define F(k) by (1.13). Suppose
that char(F) { k and card(F) > (k — 1)2. Then one has F = F(k) and O(M) = O¢.

We now go back to the polynomial ring A. On taking O to be A, the completion of A
at the place w € PU{oo}, the following corollary is a direct consequence of Theorem 1.5.

Corollary 1.1. Let k,d € N with k,d > 2. Define M and o as in (1.2). Suppose that
char(F,) t k. Then the following hold.

(1) For each w € P U {0}, one has y(Ag; M) < (k+1)p.

(2) For each w € P U {oo}, if s > y(Ag; M) + o, then the system of polynomials
xi +---+x1 (i€ M) satisfies the uniform local density hypothesis over A,.

Since the residue field of A, with w € P is A/(w) of cardinality ¢4°8* it follows from
Theorem 1.6 that when char(F,) { k and ¢°8 % > (k — 1)?, we have

A C Aqgu = Aw(M)-

Let Py = {w € P|qgi®™ < (k — 1)2}. Hence whenever m € A2 N A, (M) for every
w € Py, the asymptotic formula in Theorem 1.4 implies Ry s x q¢(m; P) — 0o as P — oo.
We thus establish the Hasse principle for multidimensional Waring’s system in function
fields.

Theorem 1.7. Let k,d € N with k,d > 2. Define M and o as in (1.2). Suppose that p =
char(F,) t k and that s > 20k+29+1 where 9 = (*54) — (W/PT)  Let m € A2NA, (M)
for every w € Py. Then the system of equations xi +- - +x\ = m; (i € M) has infinitely
many solutions in A.

By applying Corollary 1.1 within another variant of the circle method introduced in
[24], we will improve the lower bound for s in Theorem 1.7 in our future work. Let A(M)
be defined by (1.5). The above theorem implies that

AM) = N (AQ N Aw(M)).

weEPo

In order to consider the solutions counted by Ry s .q4(m; P) with the box I as small as
possible, a multidimensional analogue of restricted Waring’s problem in function fields
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concerns Rg s r,d(m) = Ry s 1,a(m; T (m)) for m € A(M). Thus we can derive an asymp-
totic formula for R, sk q(m) from Theorem 1.4.

Theorem 1.8 (Restricted multidimensional Waring’s problem). Let k,d € N with k,d > 2.
Define M and ¢ as in (1.2). Suppose that p = char(F,) t k and that s > 20k + 29 + 1
where 9 = (kzd) - ([k/l(}]+d). Then for m € A(M) with T = T(m) defined by (1.11),
there exists a positive number Py = Py(q, s, k,d) such that whenever T > Py, one has

Rq,s,k,d(m) = Cq,s,k,d(m) (qT)Sd_Qk + O((qT)Sd_Qk_6)7

where 1 < Cy 5 1,a(m) < 1. Here the implicit constants and & depend at most on q, s, k
and d, but independent of m.

For the 1-dimensional restricted Waring’s problem, Liu and Wooley [24] chose the
least box I} by using the notion of exceptional polynomials. We will show in Section 7
that the 1-dimensional analogue of (1.11) delivers the same least box as the former (see
Proposition 7.4).

We then end this section by applying Theorem 1.3 and Theorem 1.6 to obtain the
Hasse principle for the two-dimensional analogue of the classical Waring’s problem. This
result can be also extended to higher dimensions.

Corollary 1.2. Suppose that s > %kQ log k + ?kZ loglog k + O(k?) and fiz real numbers
KOs - - -5 b with the property as in Definition 1.1. Let n = (ni)iem € N2 N Zy(M) for
every prime p with p|k orp < (k—1)2. Then there exist positive numbers Py = Py(s, k, p)
and 6 = §(s,k, ) such that, whenever P > Py and n is rescaled to p by (P,d, ) with
a =0, the system of equations xi + -+ +x. =n; (i € M) has a solution in N.

In Section 2, we aim to prove Theorem 1.1 and Theorem 1.2. In Sections 3-6, we de-
velop several results to establish Theorem 1.5, and we prove Theorem 1.6 in Section 7. In
Sections 8-9, we apply Corollary 1.1 to investigate the uniform lower bounds for singular
series and singular integral required in a multidimensional analogue of restricted War-
ing’s problem in function fields. We then establish the asymptotic formula Theorem 1.4
in Section 10. Finally, in Section 11, we will return to Theorem 1.5 and discuss some
special cases to improve our result.

To conclude this section, we describe briefly the main difficulties in establishing The-
orem 1.1 and Theorem 5.1 as well as our new ideas to overcome them. For a ring O,
to solve a system of equations such as (1.3), the standard way is to start with a given
n € O(M), and then find solutions for the corresponding equations. However, instead of
a single n, we consider the set O(M) of all possible n which are soluble. It turns out that
O(M) is an O(k)-module (see Lemma 3.1). Moreover, if O is a discrete valuation ring,
we prove the unexpected property that O(k) is a local ring (see Theorem 5.1). Then by
applying some module theory, we obtain a near-optimal upper bound of the number of
generators of O(M) over O(k). This allows us to establish the asymptotic estimates and
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Hasse principle for the 2-dimensional Waring’s problem without any nonsingular local
solubility assumption. The same results hold for d-dimensional Waring’s problem. We
also intend to use this technique to study similar problems for more general systems.
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2. Proofs of Theorem 1.1 and Theorem 1.2

In what follows, for each prime p, let Z,, denote the ring of p-adic integers and write
| - |, for the usual p-adic norm, normalized with |p|, = p~'. Let M and p be defined as
n (1.2) and let Z,(M) be defined as in (1.5). For s € N \ {0}, write

®i(x) =%+ +x; (€M)

and let &, = ((bs)i)ieM. For a prime p, h € N \ {0} and n = (ni)iem € Z,(M), define
As,k,a(hip;m) as in (1.8).

Definition 2.1. Let n,r € N with 1 < n < r. Let ¢ = (¢i)1<i<n With each ¢; €
Zplwy, ... ] (1 <i < n). Fora=(ay,...,a,) € Z,, denote by [A(¢;a)| the maximal
value of the determinants of all n X n submatrices of the Jacobian matrix (dy;/ 8l‘j)n><r
when taking z1 = a1,..., 2, = a,. If |A(p;a)|, # 0, we write |A(p;a)|, = p~? for some
v =1v(p;a;Z,) € N, and say that the pair (¢;a) has a nonsingular p-adic weight of v.
For any S C Z,,, we further define

A3 5)], = max {|A(p)], |a € 57}
Lemma 2.1. Let n = (n)iem € Zp(M). Suppose that the system
Psi(x)=n; (ieM)

has a solution a € Zf,d with |A(®g;a)|, = p~*°, where vy = vo(Ps;a;Z,) € N. Then
whenever h > 2vg + 1, one has

Aoia(h; p;m) > pZrotDie=sd),

Proof. It follows from the standard Hensel-type arguments (for example, see [26, Lemma
9.9]). D

We observe that the above lower bound for s ¢(h;p; n) depends on the nonsingular
weight vy of the pair (®s;a) and thus on n. To obtain a uniform lower bound for all
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As,k,a(h; p;n), when n runs over Z,(M), we need to find a nonsingular weight of vy which
is independent of n.

Lemma 2.2. For k € N\ {0}, let v = v(k) = 4k and let Z,(k;v) be defined by (1.12).
Then the following hold.

(1) Zp = Zy(k;v).

(2) Zp(M) is a submodule of the Z,-module Z.3.

Proof. (1) Since Z,(k;v) = {z¥ + -+ + 2% |21,...,2, € Z,}, it suffices to show that
Z, C Zy(k;v). Let a € Z,. Let p™ be the highest power of p dividing k. Take

T+1, p>2,
/U:
T+2, p=2.

By [8, Lemmas 5.5-5.6], whenever h > v, the congruence
ehpab . 42k =0 (modph)

is soluble with z1,...,z, not all divisible by p. Take h = 2v. Then there exist
ai,ag, ... a, € {1,...,p"} with (a1, p) = 1 such that

a¥ +as+--+ad"=a (modph).
Let f(z) = ¥ + a5 + -+ + a% — a. Then |f(a1)], < p™" = p~2*. Also, |f'(a1)], =

a = = p~ 7. Since 2v > 27, we have |f(a1)|, < |f'(a1)|>. By Hensel’s Lemma
ka1, = |k|, 7. Since 2v > 2 h p» < |f'(a1)|2. By Hensel’s L
[15, Lemma 5.9], there exists b € Z,, such that f(b) = 0, namely,

VWrab+ +ad=a

Therefore a € {z§ + -+ 2k |21,...,2, € Z,}.

(2) In view of the definition of Z,(M), it is closed under addition of the Z,-module
Zg. Let ay,...,aq,¢ € Zy. By Part (1), ¢ can be decomposed as a sum of v k-th powers
z* with x € Z,. Since i1 + - -+ +iq = k for every i = (i1,...,iq) € M, we have

xk(alf -~aiﬁ) = (za)" - (zag) (i€ M).

It follows that Z,(M) is closed under scalar multiplication by the elements in Z,. This
completes the proof of the lemma. O

For ¢ = card(M), let ¥ = (\Ili)ieM with U3 = x} + -+ + x}, for each i € M. Write
up = u,(¥; Z,) for the nonnegative integer defined by

[A(Y; Zp)lp =0~ (2.1)



W. Kuo et al. / Advances in Mathematics 353 (2019) 1-66 13

For every n € N\ {0}, let Z,(M;n) be defined by (1.4).

Proposition 2.1. Suppose that Z,(M) = Z,(M; L) for some positive integer £. Suppose
also that s > € + . Let u, be defined as in (2.1). Let n = (ni)iem € Zp(M). Then the
following hold.
(1) The system

Psi(z) =n; (1€ M)
has a solution a* € Z;d with
|A(®s;a%)]p, = p .
(2) Whenever h > 2u, + 1, one has
As k(i pim) > pPertle=sd for glln € 7,,(M).

In other words, the system of polynomials ®, = (<I>S7i) satisfies the uniform local

ieM
density hypothesis over Z,,.

Proof. Let (nj)iem € Zy(M). Take &y,...,a, € Z such that
|A(E; )|, = [A(Y;Zy)|p =p .
Write 7; = n; — (] + -+ +a}) for each i € M. Since (n;)iem € Zp(M) and Z,(M)
Z

is a module over Z,, then n; = n; + (=1)(a@} + --- + a}) p(M). Then there exist
ai,...,ay € Zg such that

ni=al+---+ay (ieM).
Therefore

ni=al 4+ a4+

=al+---+a,+aj+---+a) (ieM).
Take s > ¢ + . Then the system

P,i(z)=n; (ieM)

has a solution a* € Z;d with
|A<(I)s§a*>|p > ‘A((Ps?gﬂp >p i

By application of Lemma 2.1 for all A > 2u, 4+ 1, we have
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As.ia(h; p;m) > pRurtDie=sd),
Since u,, is independent of n, this completes the proof of the proposition. O
It remains to find a positive integer ¢ such that Z,(M) = Z,(M; ).
Lemma 2.3. For k € N\ {0}, let v = v(k) = 4k. Let Q, = (ai)ieM EXS Zg}. Suppose
that there exists a finite subset B C Q, such that the Z,-module Z,(M) can be generated

by B over Z,. Let £ = v - card(B). Then Z,(M) = Z,(M;¥).

Proof. Write s = card(B) and B = { Diem | by € Z ;1 <j < 3} Let (ny)iem €
Z,(M). Then there exist c1,...,¢, € Zy, such that

n; = chb;- (ieM).
j=1

By Lemma 2.2, every c; can be decomposed as a sum of v kth powers in Z,. More

specifically, there exist ¢;1,...,¢;,, € Z, such that
» »
ZCJ =D (k4 b= ((ijlbj)‘ +ot (Cj,ubj)'> (ieM),
j=1 j=1

where the last equality holds because i1 + - -+ +iq = k for every i = (i1,...,iq) € M.
Therefore

i ( ¢j1bj) + (Cj,l/bj)i) (ieM).

This completes the proof of the lemma. O

Proposition 2.2. Suppose that R is a local ring with the maximal ideal m and that M is a
finitely generated R-module. Then the elements x1,...,T, € M generate the R-module
M if and only if x1 + mM, ..., xmym +mM span the vector space M/mM over R/m.

Proof. This is [2, Proposition 2.8]. O
Proposition 2.3. Let ¢ = 4kp. Then Z,(M) = Z,(M; ).

Proof. We first notice that Z, is a complete discrete valuation ring, and thus a local ring
and a principal ideal domain. Since Z§ is a free Z,-module of rank p, the submodule
Z,(M) has a generating set of cardinality not exceeding p. Let s, denote the dimension
of the vector space Z,(M)/pZ,(M) over F,,. Then s, < g. Let
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Q= {(a");cpl2 € Z3}

Since 35, < o and the vector space Zy,(M)/(pZ,(M)) can be generated by Q, +
(pZp(M)) over Z,/pZ,, there exist o elements in €, + (pZ,(M)) which generate
Z,(M)/(pZy(M)). By Proposition 2.2, there exist o elements in €2, forming a gen-
erating set of the Z,-module Z,(M). Then the proposition follows from Lemma 2.3
immediately. O

On combining Proposition 2.3 with Proposition 2.1, we deduce the following theorem
immediately.

Theorem 2.1. Let v(Zp; M) be defined by (1.10). Let u, be defined as in (2.1). Suppose
that s > v(Zp; M) + o. Then the following hold.
(1) One has

V(Zp; M) < 4kp.
(2) Let n = (n3)iem € Z,(M). The system
D,i(z) =n; (ie M)
has a solution a* € Z;d with
|A(®g;a")[, = p .
(8) Whenever h > 2u, + 1, one has
As,ka(hypymn) > pPurthe=sd)  for gl n € 7,,(M).

In other words, the system of polynomials ®, = (@S,i) satisfies the uniform local

iemM
density hypothesis over Z,,.

We remark that the proof of Theorem 2.1 can be applied to any nonempty subset of
M. For convenience of future reference, we state the result in the following theorem. Let
M be a nonempty set of M, g = card(M), o, = ((I)Si)ieﬂ and ¥ = (llli)ieﬂ with
U =xi+- + xiZ) for each i € M. Write @, = @,(®;Z,) for the nonnegative integer
defined by

AT Z,)|, = p ™.

Theorem 2.2. Define v(Z,; M) to be the least integer ¢ for which

Z,(M) = {(x§+~~+xz)ieﬂlxj ez’ (1§j§£)}.
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Suppose s > v(Zp;ﬂ) + 0. Then the following hold.
(1) One has

NZy; M) < 4k3.
(2) Let n = (ni)iem € Zp(M). The system
Oyi(z)=m; (i€ M)
has a solution b € Z;d with
A(@g;b)], = p ™.
(8) Whenever h > 24, + 1, one has
As k,d(h;p;n) > piptle=sd)  for il € ZP(MV).

In other words, the system of polynomials o, = (<I>S7i) satisfies the uniform local

iemM
density hypothesis over Z,,.

Theorem 1.1 follows from Theorem 2.1 immediately. We are now in a position to prove
Theorem 1.2.

Proof of Theorem 1.2. For a prime p, and n € D, we may deduce from the work of
Parsell [27] that whenever s > ok + k + 1, we have

H (hlin;o s e,d (P p; n)) <1 forallneD.
On recalling Theorem 2.1, for s > 4kp + o, we have
hli_g.lo s k,d(h;p;n) > p(Q“PH)(Q*Sd) for all n € D.
On combining this with the arguments in [26, Section 9], we have

1< H (hlim As k(s p; Il)) <1 forallneD,
— 00
p

where the implicit constants are independent of the choice for n. O
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3. Uniform local density hypothesis over complete discrete valuation rings

To consider the multidimensional analogue of Waring’s problem in number fields or
function fields, it is also necessary to ask whether the corresponding local densities have a
uniform lower bound. In this section, we aim to extend the strategy in Section 2 to more
general complete discrete valuation rings. It will allows our result to cover both finite
places and infinite place of function fields. Let K be a complete field with respect to the
norm | - | associated to a discrete non-archimedean valuation. Let O = {z € K| |z| < 1},
7 a primitive element, n = 7O and F = O/n, where F is a finite field. Let M and g be
defined as in (1.2). Let O(M) and O(k) be defined as in (1.5) and (1.13) respectively.
We see from Lemma 2.2 that Z, = Z, (k). However, it might happen that O # O(k). In
this case, O(M) is not necessarily a module over O. We therefore have to replace O by
O(k) as in (1.13) and study the properties of O(k). First of all, O(k) is a ring.

Lemma 3.1. Let O(k) be defined by (1.13). Then O(k) is subring of O with —1 € O(k).
In addition, O(M) is a module over O(k).

Proof. Since O(k) is closed under addition and multiplication of O, it suffices to show
that —1 € O(k). To see this, we divide into two cases.

When char(Q) > 0, Let p; = char(F) and so —1 = (p; — 1)(1¥) € O(k).

When char(O) = 0, then O can be viewed as an extension form some Z, and so
—1 € O(k) by Lemma 2.2.

Thus O(k) is a subring of O and O(M) is a module over O(k). O

Definition 3.1. Let n,r € N with 1 < n < r. Let ¢ = (¢i)i<i<n with each ¢; €
Olz1,...,zr] (1 <i<n). For a = (ay,...,a,) € O, denote by |A(¢p;a)| the maximal

value of the determinants of all n X n submatrices of the Jacobian matrix (dy;/ 6xj)nXT

when taking x; = a1,...,2, = a,. If |A(p;a)] # 0, we may write |A(p;a)| = |r|* for
some integer v = v(yp; a; 0), and say that the pair (¢;a) has a nonsingular weight of v.
For any S C O", we further define
1A(g: 9)] = max {|A(w;a)||a € 5},
For s € N\ {0}, write
Poix)=xt+--+xi (ieM)

and let ®; = (q)sﬁi)ie/vl‘ For h € N\ {0} and § = (fi)iem € O(M), define A q(h;7; f)
as in Definition 1.2.

Lemma 3.2. Let (fi)iepm € O(M). Suppose that the system

Pi(x) =Hi (ieM)

)
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has a solution a € O with |A(®g;a)| = |7|"°, where vg = vo(Ps;a;0) € N. Then
whenever h > 2vg + 1, one has

s e,d(hs s f) > (card(F))(Q”OH)("_Sd).

Proof. It follows from the standard Hensel-type arguments (for example, see [26, Lemma
9.9])). O

We then establish the existence of the nonsingular solution required in Lemma 3.2.

Lemma 3.3. Let ¢ = (¥;)1<i<n with each ¢; € Ozy,...,x,] (1 < i < n). Let A(rp;x)
be the Jacobian of 1. suppose that a = (aq,...,a,) € O™ satisfies

[vi(@)] < [Awsa)[* (1<) <n).
Then there exists a unique b = (by,...,b,) € O™ such that
Pij(b)=0 (1<j<n) and fbi —ai| < ‘A(w;a)‘ (I1<i<n).
Proof. This is [15, Proposition 5.20]. O

Lemma 3.4. Let & € O\{0} (i € M). For everyi € M, we let ¢;(z) denote the polynomial
D, i(x)—& withx = (X1,...,%Xs) replaced by z = (21, ..., 2sqa). Let @ = (¢i)iem. Suppose
that n € O*¢ satisfies that

6i(n)| < |A(im)|]* (i€ M).

Then there exists 7 € O*¢ such that

¢i(n) =0 (ieM) and |A(g;n)| > |A(P;n)l.

Proof. Suppose that ‘A(d); n)| = |mw|*. Thus at the point 1 there exist columns iy, ..., 1,
in the Jacobian matrix of (¢;)icpm forming a submatrix whose determinant has value
|7[*. We then regard ¢;(z) as a polynomial in o variables z;,, ..., z;, after substituting
z; = n; for i ¢ {i1,...,i,}. By applying Lemma 3.3, we obtain 7;,,...,7;, € O such that

¢i(n) =0 (1€ M)
and

i =nj (mod 7)) (j =i1,...,4,).

Therefore
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A(di iy, 1,) = A5y - 10i,) (mod 77T,
On setting 17; = n; for j & {i1,...,4,}, we find that |[A(¢;n)| > |A(¢;n)|. O

In what follows, for every i € M, let W;(z) denote the polynomial x! + --- + xig

with (z1,...,240) = (T11,-- -, Td1s- -+, T1g, - - - s Tdp). Write ¥ = (\Iji)ieM' For every n €
N\ {0}, let O(M;n) be defined by (1.4). By viewing O(M) as a module over O(k), we
deduce the following criterion from standard arguments as in Proposition 2.1.
Proposition 3.1. Suppose that there exists a positive integer £ such that

O(M) = O(M; ). (3.1)
Suppose also that |A(P;O)| #0. Let ug € N and rg € N such that

|A(T; 0)| = |7|*° and 719 > 2ug+ 1. (3.2)

Then the following hold.
(1) Suppose that (f;)iem € O2 and (gi)iem € O(M) satisfy that

fi=g (mod7n™) (ieM).
Whenever s > £ + o, the system
O.i(z)=f (HeM)
has a solution a* € O with
|A(®s;a7)| = |m[*.

(2) Whenever s > £+ o, the system of polynomials ®, = (fbsi)
local density hypothesis over O.

Y satisfies the uniform

Proof. (1) Take aj,...,a, € O such that
|A(T;a)| = [A(Y; O0)| = [x]"™.

Write f; = f; — (&l +-- -4al) for each i € M. Since —1 € O(k) and f; = g; (mod ™) (i €
M) where (g;)iepm € O(M), then there exist aj,...,a, € O% such that
fi=fi+(-D@E +-+a)=Y al (modx™) (ieM).

Jj=1

By the assumption, there exist 8,11, ...,8,4+¢ € O¢ such that
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n
doal=al,, +---+a,, (ieM).

Therefore

Fi=al 4+ Ayt

=aj+---4a,+a,, +--+ay,, (modn™) (i€ M).

Since ro > 2up + 1 and s > £ + p and hence there exist a,11,...,a5 € 0% such that

fi=aj+---+a,+a,+---+a, (modx™) (i€ M).
Thus

|@si(8) — Fil < |7 <[x[*™ (i€ M)

and

|A(®s;a)] > [A(P;@)] = []™.
We can deduce from Lemma 3.4 that the system
O.i(z)=f;i (ieM)

has a solution a* € O*¢ with

|A(®s;a%)| = |A(Rg; @) = w0,
(2) In combination of Lemma 3.2 with Part (1), for all h > 2ug + 1, we have

sy w3 ) = (card(F))Brotlemsd),

Since ug is independent of §, this completes the proof of the proposition. O

By carrying out similar argument in Lemma 2.3, we may obtain the following criterion
for seeking the positive integer ¢ required in Proposition 3.1.

Proposition 3.2. Suppose that there exists a positive integer 8* such that O(k) = O(k; 0*)
with O(k; 0*) defined by (1.12). Let Q = {(ai)ieM |a € O%}. Suppose also that there exist
w* elements in Q which form a generating set of the O(k)-module O(M). Let £* = 6*p*.
Then

O(M) = O(M; ).
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Let v(O; M) be defined by (1.10). Then
Y(O; M) < 0%

In order to find 6* and p*, we need to extract more algebraic properties of O, O(k)

and O(M).

Definition 3.2. Let S be a semiring. For k,n € N\ {0}, let S(k;n) and S(k) be defined by
(1.12) and (1.13) respectively. Let v(S; k) be the least integer u for which S(k) = S(k;u)
if such w exists.

Thus the positive integer 6* in Proposition 3.2 exists if and only if v(O; k) < 6*. To
this end, our idea is motivated by the following facts.

Lemma 3.5. For k € N with k > 2, one has
(1) F(k) is a subfield of F.
(2) v(F;k) < k.

Proof. (1) and (2) are [30, Lemma 1] and [30, Theorem 1] respectively. O

By applying Hensel-type arguments as in [29, Lemma 1], we can extend the result
about Waring’s problem in the finite field F' to the complete valuation ring O.

Proposition 3.3. Suppose that char(F) {1 k. Consider the surjective homomorphism fo
from O to O/n=F. The following hold.
(1) One has

O(k) = fo' (F(k)).

(2) 7(0:3k) < y(F3k) + 1.
(3) O(k) is a local ring with the mazimal ideal n. In addition,

(4) Suppose that O(M) is a finitely generated module over O(k). Let u be the mini-
mal number of generators of O(M). Then p is equal to the positive integer p* defined
in Proposition 3.2. More precisely, there exist y elements in £ which form a minimal
generating set of the O(k)-module O(M). In addition,

Y(O; M) < 4(O; k).

Proof. When the characteristic of O is 0, Parts (1) and (2) have been proved in [29,
Lemma 1] (use v(F, k) in place of k). The same proof technique can apply to the case
when the characteristic of O is positive. It remains to show Part (3) and Part (4).
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(3) Tt follows from Part (1) that n = f,*(0) and thus an ideal of O(k). Moreover, we
have

Therefore Lemma 3.5(1) implies that n is a maximal ideal of O(k). Let € n. Then
1+ z is a unit in O and so there exists y € O such that (1 + z)y = 1. We then get
y=1-—ay € 1+n Since 1 +n = (1 +n)k € F(k), we deduce from Part (1) that
y € O(k). Therefore, 1 + x is a unit in O(k). By [2, Proposition 1.6], we conclude that
O(k) is a local ring with the maximal ideal n.

(4) Note that O(M)/(nO(M)) is a vector space over F(k). By Proposition 2.2, i is
equal to the dimension of the vector space O(M)/(nO(M)). Let

Q= {(aYiem|a € 0%},

Thus there exist p elements in Q + (nO(M)) which form a basis of O(M)/(nO(M)).
By Proposition 2.2, there exist y elements in €2 forming a minimal generating set of the
O(k)-module O(M). O

On combining Lemma 3.5(2) with Proposition 3.3(2), we have
Y(O;k) <k +1.

In Section 4, we aim to refine this upper bound when F # F(k). In Section 5, we will
show that O(M) is a finitely generated module over O(k) and estimate the minimal
number of generators of O(M) via the Noetherian module theory. In Section 6, to prove
Theorem 1.5, it remains to show that |[A(¥; O)| # 0 as required in Proposition 3.1.

4. Refinements over finite fields

In this section, let K, O, m and F be defined as in Section 3. Let p; = char(F). We
focus on the case when F' # F (k). For convenience, since p; = char(F'), we may consider
F' as a finite extension of [F,,, and define

k=[F:F(k)], o=I[F(k):Fp], 7=[F:Fp,] (4.1)

and

Pl

L{IGN'Z<T, |7, and pl_Hk}. (4.2)

Our work stems from the following fact.

Proposition 4.1. Let k € N with k > 2. One has k = 1 if and only if L = (.
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Proof. This is [3, Theorem G]. O

Our goal is to improve the upper bound for v(F; k) from k to O(k'/?/k) when x > 1.
In this case, the above proposition implies that £ # ().

Theorem 4.1. Let k € N with k > 2. Define k,0,7 and L as in (4.1) and (4.2). Suppose
that k > 1. Forl € L, let F; denote the subfield of F with [F; : Fp,] =1, and let

k= k(pt = 1)/(p] - 1).

Then the following hold.
(1) For everyl € L, one has F(k) = Fi(k;) and v(F; k) = ~v(Fi; k).
(2) One has o =min{l|l € L} and F, = F(k) = F,(ks).

(3) One has
Y(F;k) <k, =k/(1+p]+--- _i_pllf(ﬁfl))
and
k <log,s k+1.
(4) One has

card(F) < min{(k% - 1)2 ‘ le E}.

Proof. (1) Consider the norm map Ng,p, of the extension of finite fields F/F;. For

every x € F, N/, (z) = g®PI=D/(h=1) = gk/ki Thys for every = € F, we have 2 =

(zF/F)ke € Fy(ky). Hence F(k) C Fi(k;). Also, since the norm map is surjective, we have
F;(k;) C F(k). Therefore,
F(k) = Fi(k).
For any z4,...,2, € F, since
ol = (@) ()"
it follows from the surjectiveness of the norm map that
V(5 k) =~ (F; k).

(2) Since £ > 1, we have o = 7/k < 7. Let ag be a generator of F*. Then af € F(k).
Since cardF'(k) = pJ and card(F') = p], we have
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k(p7—1) _
ag =1
and thus

pT | ((0F — k).

Therefore o € L. By Part (1), F, = F(k) = Fy(k,). In addition, for every [ € L, we
have

F, = F(k) = Fi(k) C F)

and thus

Therefore
oc=min{l|l € L}.
(3) By Part (2) and Lemma 3.5, we have
V(I k) =1(Foi ko) < ko
Since 7 = ko, we have
ko = k(P = 1) /(0] = 1) = k/ (A +p] + - +p] "),
Note that
ko <E/(L4+p7" 7).
Thus
k <log,s k+1.
(4) Let I € L. Then there exists n € N with n > 2 such that 7 = In. Thus

ko pi—1 I(n—1) !
r_hT 1.
il el R

Then we have

Therefore
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k k) ity 1 Kook it
card(F)zp;:k—l(pll—1)+1=k—l((p§( Dy —1)+1§k—l((k—l—1) ~1)+1,

Since n > 2, we have

2 2
card(F) < (— - 1) .
ki
This completes the proof of the theorem. O
We now discuss further improvement on y(F'; k).
Lemma 4.1. Suppose that F is of cardinality p]. Let k* = ged(k,p] — 1). Then
V(Fsk) < k.
Proof. Suppose that a is a generator of the cyclic group F*. Then the order of a is
p] — 1. Since k* = ged(k, p] — 1), then k* = ged(k*,p] — 1). Thus a* and a*" have the
same order so that they generate the same subgroup. Therefore F'(k) = F(k*). It then
follows from Lemma 3.5 that
v(F k) <E*. O
We then begin to consider the case when k = [F : F(k)] > 1.
Proposition 4.2. Suppose that k = [F' : F(k)] = 2. Then k > 3 and
Y(F; k) < (k+1)Y? - 1.
Proof. We deduce from Theorem 4.1 that
V(Esk) =v(Foi ko),

where k, = k/(1+p]), and F, = F (k) = F,(k,) with [F, : F),] = 0. Thus k > 14+p7 > 3.
Let k. = ged(ky,p] — 1). We then obtain from Lemma 4.1 that

Y(F, k) = y(Fy, ko) < k..
In view of the definition of k., we obtain
ke <k, and k. <p{-1.
Thus

Eo(ke +2) < Eko(p] +1) =k,
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and so
(ke +1)? <k +1.
This completes the proof of the proposition. O
Proposition 4.3. Suppose that k = [F : F(k)] > 3. Then k > 7. In addition, one has
Y(F;k) < /(18/13)k/x.
Proof. We first observe from Theorem 4.1(3) that

k (e
=L Y,

Since p; > 2, 0 > 1 and k > 3, we have k > Tk,. By Theorem 4.1(1) and (2), we have
Y(EF k) = v(Foi ko),

where F, = F(k) with card(F(k)) = p{. Let k, = ged(ko,p —1). We then deduce from
Lemma 4.1 that

Y(F k) = v(Fy, ko) < k.
In view of the definition of k., we obtain
ki <k, and k., <pJ—1.

Thus

. pf — )k pf — 1)k
ki S ka(pl - 1) = ( ! ) o(k—1) = ( 1a'l<a _)1 :
L+pf+-+p] P1
For 2 € N \ {0}, define

2

ful@) = CESLESE

Let M, = sup { f.(x)|z € N\ {0}}. Then

Y(F; k) <ke < (fﬁ(p‘l’ — 1)k)1/2 < M,}/Qk‘l/Q.

For k = 3, we have

2

fs() = 3 + 322 + 3z
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and thus M3 = 2/13. Therefore, when x = 3, we find

v(Fik) < \/2/—13k1/2 - \/mkl/Q/ﬁj_

For k > 4, we now claim that M, < (28 —1)"". Since (z+1)"—1 = (F)a"+ (" )z 1+
s (52?4 (5)2? + (§)x, we have

f’jx) _ (x+;l” -1 <z>xn—2 NI <§>m+ <;> + (T)x_l.

For k > 4 and x > 1, because (Hfl)x“_Q + ('f)x_l > (Kfl)x—i— ('f)x_l > ( ® ) + (“), we
then find

f,jx) S (Z)+(,:1)+...+(;)+(;>+® .

Therefore

and so

1/2 k2
Fik) <k, < (Mk < ——.
For x > 4, define g(z) = /(2 — 1)'/2. Since sup, >4 g(w) < 4//15, for Kk > 4, we have

/2 K <
ko (28 —1)1/2 =

Y(F;k) < 4/V1B)E? /K.

This completes the proof of the proposition. O

Corollary 4.1. Suppose that char(F') {1 k. Let k = [F : F(k)]. Then the following hold.
(1) If k = 1, then

Y(O;k) <k +1.
(2) If k =2, then k > 3 and
v(O0; k) < VEk+ 1.

(3) If k > 3, then k> 7 and

1(O; k) < /(18/13)k/k + 1 < \/(72/13)k /.
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Proof. On recalling Proposition 3.3(2), we have
v(O; k) <~(F; k) + 1.

Part (1) and Part (2) then follow from Lemma 3.5(2) and Proposition 4.2 respectively.
To deduce Part (3) from Proposition 4.3, it suffices to notice that

1 <~y(F;k) < /(18/13)k/k

and 2,/18/13 = /72/13. This completes the proof of the corollary. O

5. Multidimensional Waring’s problem over complete discrete valuation rings

Let K, O, m and F be defined as in Section 3. Throughout this section, we always
assume that char(F') { k. It is a natural observation from Proposition 3.3(3) that O(k) =
O if and only if F/(k) = F. When O(k) # O, since O(k) is a subring of O, one can regard
O as an O(k)-module, and ask the minimal number of generators of O over O(k). In
particular, to investigate the minimal number of generators of O(M) over O(k), it is
also necessary to seek similar Noetherian properties about O™ for n € N with n > 1.

We now introduce some notations and concepts in the theory of Noetherian modules.

Definition 5.1. Let R be a ring and M be an R-module. Given a submodule N of M, let
#(N) = pr(N) to be the minimal number of generators of N as an R-module. Define

o(M) =vr(M) := sup{u(N)|N C M, a submodule}.
For the special case M = R, submodules are ideals. Then
o(R) :=sup{u(I)|I C R, an ideal}.
We are interested in the bound for v(M). In general, v(M) is not a finite number.

Definition 5.2. Let R be a ring and M be an R-module. We say that M is Noetherian if
every R-submodule of M is finitely generated. In particular, if M = R, R is a Noetherian
ring.

Our first goal in this section is to show that the O(k)-module O is Noetherian
and v(O) = [F : F(k)]. To this end, we now summarize some basic facts about the
O(k)-module O.

Lemma 5.1. Let & = [F : F(k)]. One has O/n = F as vector spaces over F (k). For
b1,...,bs € O, the following are equivalent.
(1) by +mn,...,bs +1n span O/n.
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(2) by +n,...,bs +1n form a basis of O/n.

(3) by +n,...,bs +n € O/n are linearly independent over O(k)/n. Namely, given
1y ..., ¢y € O(k), whenever c1by + -+ + cxb €n, then c1,... ¢ €1

(4) by,...,bs form a generating set of the O(k)-module O.

Proof. First off, note that (1)&(2)<(3) and (4)=(1) are elementary facts in linear
algebra and the module theory. (1)=(4) is a direct consequence of Proposition 2.2. This
completes the proof. O

Remark. For ay,...,a, € O, if a; +n,...,a, + nspan O/n, then r > k. Thus
1(0) = k.
Lemma 5.2. Let M be an O(k)-module. Then nM is an O-module.

Proof. Since the multiplication of O on nM satisfies the axioms of modules, it is enough
to show that nM is closed under the multiplication of ©. From the fact that n is an ideal
of O,

O-(uM)= (0 -n)M =nM.
Thus nM is closed under the multiplication of O and nM is an O-module. O

It is worth a remark that nM is also an O(k)-submodule of M. In addition, M/nM
is a module over O(k)/n and thus a vector space over F(k).

Lemma 5.3. Let I C O be an O(k)-module. Then there exists | € N with I > 1 such that

=1 gnd nl=n!

ICn
with the convention n® = O.

Proof. By the previous lemma, nl is an O-module and therefore an ideal of O. Since O
is a discrete valuation ring with the maximal ideal n, there exists [ € N such that

nl=n=0- 7\

For all a € I, there exists a; € O such that

It implies that a = a7 - 7'~ € O -7t~ =nl71; fe,,
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This completes the proof. 0O

Proposition 5.1. Let I C O be an O(k)-submodule of O. Let k1 be the dimension of the
vector space I/(nl) over O(k)/n. Then

w(l) =kr < k.
Proof. From Lemma 5.3, there exists [ € N with [ > 1 such that

-1

ICn and nl =nl.

Thus I/n' is a subspace of n!~1/n!. Note that n'~!/n! is isomorphic to O/n as vector
spaces over O(k)/n. We thus have

k1 < K.

We now choose a subset {b1,...,b,, } of O such that {bym!~t +nl ... b, 7"t +nl}isa
basis of I/n!. We claim that {b;7!=1 ... b, 7!71} is a generating set of I as a module
over O(k). We then have

u(I) < K.
Given a € I, there exist ¢1,...,c,, € O(k) such that

K1

a+n= Z cibml_l +nl.
i=1

Then there exists a € n such that
K1
a= Z cibimt ™ 4+ ant L.

i=1

Since @ € n, we then have @ € O(k). In addition, since by7!~! ¢ n!, then b; ¢ n and so
by is a unit in O. Thus

a = (aby )by

where ab; ' € n. Therefore
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K1
a= E eibimt ™t 4 antt

i=1

= chb oty )b17T
:(cl+5b - (bl —i—ch b7r

It remains to show that p(I) > k. Suppose that aj,...,a, € I generate I as an
O(k)-module. Then a; +nl,...,a, + n span the vector space I/(nl) over O(k)/n. Thus
r >k and so p(I) > ky. This completes the proof. O

Theorem 5.1. Let k = [F : F(k)]. The O(k)-module O is Noetherian and
v(0) =k
In particular, O(k) is a Noetherian ring.

Proof. Let I C O be an O(k)-submodule of O. It follows from Proposition 5.1 that

u(I) <k
Thus

v(0) <k
Since v(0) > u(O) = k, we have

0(0) =k

This completes the proof. 0O

The goal of the remainder of this section is to extend the previous Noetherian prop-
erties to O". More precisely, we aim to prove that

0(O™) = kn.

Noetherian modules enjoy many nice properties under various operations of modules.
However, we need the quantitative version of those properties.

Lemma 5.4. Let M be an R-module. Suppose that L and N are submodules of M with
u((L+ N)/N) < oo and p(LNN) < o0o. Then

u(L+N)/N) < u(L) < (L + N)/N) + p(LAN).
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In particular, suppose further that N C L. Then
m(L/N) < p(L) < p(L/N) + p(N).

Proof. Let z1,...,2, € L with m = p((L + N)/N) such that 1 + N,...,zm + N
generate (L + N)/N, and let y1,...,y € LN N with | = u(L N N) generate L N N. For
any x € L, we have

r=rz1+ -+ rpZy,  (mod N)
for some r; € R, so x — > r;x; € LN N. Therefore

xr — ZTZIL'7 = ZSjyj

with s; € R,sox =Y rjz;+Y s;y;. It proves that L is generated by 1, ..., Tm, Y1, -, Y,
and

u(L) < m+1=pu((L+N)/N) + (LA N).

Note that the reduction of the generators of L modulo N will generate (L + N)/N as
an R-module. Thus, we have

u((L+N)/N) < (D).
It completes the proof. O

Proposition 5.2. Let M be an R-module and N be a submodule. Then M is Noetherian
if and only if N and M/N are Noetherian. Moreover,

o(M) <o(M/N)+o(N).

Proof. If M is Noetherian, in view of definition, NV is Noetherian. In addition, every
submodule of M /N has the form L/N where L is a submodule of M with N C L C M.
It follows from Lemma 5.4 that

u(L/N) < u(L) < oo.

Thus M/N is Noetherian.

For another direction, let L be a submodule of M. Then the image of L in M/N
is (L 4+ N)/N. Since N and M/N are Noetherian, we have pu((L + N)/N) < oo and
u(L N N) < co. Then Lemma 5.4 implies that

n(L) < p((L+N)/N) +p(LNN) < .
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Thus M is Noetherian and satisfies
o(M) <o(M/N)+o(N).
It completes the proof. O
As a corollary of the previous proposition, we have

Corollary 5.1. Let M and N be Noetherian R-modules. Then their direct sum M @& N is
a Noetherian R-module and

o(M @ N) <v(M)+o(N). (5.1)
Proof. Take the submodule M & 0 of M & N and consider the exact sequence
0O-M=EZMe0—>MdN—->(MeN)/(Me0) =N —0.
By applying Proposition 5.2, we have
o(M & N) <v(M)+0o(N). O
Remark. It might happen that
o(M & N) <o(M)+o(N).

For example, when we take R =Z, M =Z/(3), and N = Z/(5), then M & N = Z/(15).
Since 0(M) = 0v(N) = o(M & N) = 1, we have

o(M & N) <o(M)+o(N).
However, in the special case when R is a local ring, the equality in (5.1) always holds.

Proposition 5.3. Suppose that R is a local ring with the mazimal ideal m. Let M and N
be Noetherian R-modules. Then their direct sum M @ N is a Noetherian R-module and

o(M @ N) =0(M) + v(N).
In particular, for n € N withn > 1,
o(M™) =n-o(M).
Proof. By Corollary 5.1, it suffices to show that

o(M®N) >0o(M)+0o(N).
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If o(M) = oo or v(N) = oo, inequality trivially holds. We now assume that v(M) < oo
and v(N) < oo. Choose M’ ® N’, where M’ C M and N’ C N with u(M') = v(M) and
u(N'") = o(N). Proposition 2.2 implies that

w(M') = dimR/m(M//mM/)v u(N') = dimR/m(N//mN/)a
and

p(M' & N') = dimp m (M’ & N')/(m(M’ & N'))).

Since (M’ @ N')/(m(M’ @ N')) is isomorphic to (M’/mM’) & (N'/mN') as R/m vector
spaces, we have

(M’ & N') = p(M') + p(N') = (M) + v(N).
Therefore,
o(M®N) >v(M)+0o(N).
This completes the proof. 0O

By Proposition 3.3(3), O(k) is a local ring. On combining Theorem 5.1 with Propo-
sition 5.3, we deduce the following result.

Theorem 5.2. Let n € N with n > 1. One has
o(O") = kn.

In view of the definition of 0(O"), “every” O(k)-submodule of O™, as an O(k)-module,
can be generated by kn elements.

Since O is a Noetherian O(k)-module, O¢ is Noetherian. Thus, the O(k)-submodule
O(M) of 02 is also Noetherian.

Proposition 5.4. Let k = [F : F(k)]. Then
p(O(M)) < k(o —d+r'd).

Proof. Let i € M, define
o034) = U{Xi+"'+XL|X1,~~,Xn c 0%
n=1

<d, let kj = (kji)i<i<a € M be the index in M such that

Given an integer j, 1 < j
= O(k). There is a natural projection fyx such that

kj,j = k‘ Then O(k_])
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d
fie: OM) = 3 O(k;) = O(k)!

j=1

By restricting to k; coordinates, the kernel of fi, ker fy, is a submodule of Z o).
iEM,i;ékj
1<j<d

We claim that fyx is surjective. Since the image of fx, imagefy, is an O(k)-module,
by symmetry, it is enough to show that (1,0,0,...,0) € O(k)? is contained in image fi.
Now just choose x1 € O with 211 = 1,212 =+ =214 = 0. Then

(xlfl’,..,xlfd) = (1,0,0,...,0).

Thus the claim is true.
We then deduce from Lemma 5.4 that

p(O(M)) < p(ker fi)+p(imagefi) = p(ker fi)+1(O(k)?) < 0(0° %) +d = k(o—d)+d. O
Theorem 5.3. One has

Y(O; M) < (k+1)o.
In particular, when F # F(k), one has k > 3 and

(72/13)k(0 — d/2), ifk>T,

NOM) < {2\/1@ Tio—d/2), if3<k<6.

Proof. Let k = [F : F(k)]. In combination of Proposition 5.4 with Proposition 3.3(4),
we get

1(O; M) < 4(0;k)r(e — d + k™ 1d).
When « = 1, we obtain from Corollary 4.1(1) that
YO M) < (k+1)o.
When k = 2, Corollary 4.1(2) implies that & > 3 and
Y(Osk)k <2k +1
and so
Y(O; M) < 2vVEk + 1(0 — d/2).

When k > 3, Corollary 4.1(3) implies that k& > 7 and
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Y(O;k)k < /(72/13)k,

and hence

Y(O; M) < /(72/13)k(0 — d/2).

Since 2v/k + 1 < /(72/13)k for all k > 7, on combining the above estimates, the theorem
follows. O

6. Proof of Theorem 1.5

Let K, O, m and F be defined as in Section 3. Let M and g be defined as in (1.2).
In what follows, for every i € M, let ¥;(z) denote the polynomial x} + --- + xig with
(21,5 2dp) = (T11,- -, Td1s- -+, T1gy- .-, Ldp). Write ¥ = (\Iji)ieM' Let |A(T; O)| be
defined as in Proposition 3.1. In order to prove Theorem 1.5, based on Proposition 3.1(2),
Proposition 3.3 and Theorem 5.3, it remains to show the existence of nonsingularity

A(;0)] £ 0.

By contrapositive law, our approach starts with the singularity of the system the pair
W over the residue field F', via Dedekind’s Lemma.

Lemma 6.1 (Dedekind’s Lemma). Let G be a group and L a field. Let 11, . .., T, be distinct
group homomorphisms from G to L*. Then the T; are linearly independent over L; that
is, if Y, ¢iTi(g) = 0 for all g € G, where the ¢; € L, then all ¢; = 0.

Proof. This is [25, Lemma 2.12]. O

Consider the group (F*)?. For every n = (ni,...,nq) € Z¢, define a mapping 7,
from (F*)4 to F* as follows:

Ta(a1,...,aq) =ai*---a,? =a".
Then 7, is a group homomorphism.
Lemma 6.2. Let n = (ny,...,nq),m = (mq,...,mq) € N Suppose that n, # m, for

some v with 1 <v <d. If Ty = Tm, then
card(F™) < |n, — my|.

Proof. Without loss of generality, we may assume that n; > m;. For every a =
(a,1,...,1) with a € F*, since 7, = Tm, we have
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that is,

Thus every element in F'* is a root of the polynomial 2™~ = 1, and hence
card(F*) < nj —my.
This completes the proof of the lemma. O

For every n > 1, write

; oxt ox!
Jac((x )iEM,lSlSd7 Zy, ... ,Zn) - ((8$l)i€M,1§l§d(Z1)7 HERR) (al’l >i€M,1Sl§d(Zn)) :

For ¢ = (¢i)iem € F2\ {0} and 1 <1 < d, let

vi(c,x) = Z cipxiz;

ieM

Lemma 6.3. Suppose char(F) 1 k. Let ¢ = (¢i)iem € F2\ {0}. There exists v € N with
1 <wv < d such that p,(c,x) is a nonzero polynomial in F[x].

Proof. Let p; = char(F). Define
My = {i eM |p1 1’21} and M; = {1 eM }p1|i1,...,p1|il_1,p1 'i'Zl} (2 << d)
Since p; { k, then M is a disjoint union of My, ..., My. Also, define M] = {ie M;|¢ #

0} (1 <1< d). Since the ¢; are not all zero, there must exist some ! such that M is
nonempty. Let v = min{l|1 <1 < d, M| # 0}. For each i € M,, since p; { i, and

ox'/0x, =i, x'x; !, we have
oxt :
. —1
E ci% = E citpX'z,  #0
ieM, Y ieMm,

in F[x]. By the minimality of v, for any i € M; with | < v, ¢; = 0 and so

ieM;
I<v

in F[x]. For [ > v, i € M, implies that pli, and hence 9x!/dx, = 0. Thus



38 W. Kuo et al. / Advances in Mathematics 353 (2019) 1-66

anx anx

ieM ieM:, Lo

This completes the proof of the lemma. O
Lemma 6.4. Suppose that char(F) 1k and |A(®;0)| < 1. Then card(F) < k.

Proof. We first claim that when |A(¥;O0)| < 1, for every n > p and every choice of
Z1,...,2, € F? one has

rkJac((xi)ieM;zl, e ,zn) <.
To see this, suppose that there exist zq,...,z, € F¢ with n > o such that
1rkJac((xi)i€j\,l;z17 o ,zn) =o.
Thus there exist p tuples, say z1, ..., z,, such that
rkJac((xi)ieM; Z1y.e ey zg) = o.
This means that
A 0)| =[xl = 1

contradicting that |A(P;O0)| < 1.

We now divide into two cases.

Case 1: Suppose that card(F?) > o. Take n = card(F?) and list the elements in F'?
as ay,...,a,. We then have

rkJac((xi)ieM; ar,...,a,) <o
Thus there exist ¢; € F (i € M), not all zero, such that for all 1 <! <dand 1 <j <mn,

chax (a;) = 0. (6.1)

iemM

By Lemma 6.3, there exists v € N with 1 < v < d such that

<p'u C, X Z Cl 335
iemM v

is a nonzero polynomial in F[x]. By (6.1), for all a € F¢, we have

wy(c,a) =0.
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Write

d

N =G, ovie =1, ia) [ (in, i, i) € M, char(F) £}

=1

It then follows from Lemma 6.1 that the group homomorphisms 7,, where n runs over
N, are not distinct. For every n € NV, in view of the definition, we have |n| = k — 1. By
Lemma 6.2, we can conclude that

card(F*) <k —1.

Case 2: Suppose that card(F?) < p. On recalling that

C(k+d—-1\  (k+d—1)---(k+1)
Q‘( d—1 >_ d—1) ’

we get

Q k—l—l k—i—j

Jj=2

Note that kj —k—j+1=(k—1)(j — 1), when j > 2, since k > 2, we have
kj—k—j+1>1

and so kj > k + j. Thus

x
IS8
5
)

Hence
card(F) < /4 < k.
On combining the two cases, we have
card(F) < k.
This completes the proof of the lemma. O

Lemma 6.5. Suppose that |A(¥;O)| = 0. Then for any complete discrete valuation ring
O with the same characteristic as O, one has

AW 0)| =
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Proof. Recall that for a = (ay,...,a,) € 0%, we define |A(¥;a)| to be the maximal
value of the determinants of all o X ¢ submatrices of the Jacobian matrix of the system
W at the point a. Also, recall that

|A(¥;0)| = max {|A(¥;a)||a € oey.

Suppose that |A(¥;0)| = 0. Then |[A(P;a)| = 0 for all a € 0%. Note that ev-
ery element of the Jacobian matrix of the system ¥ takes the form of BX} [Ox;; =

Uttt with iy 4+ 4dg = k, 1 < j < g and 1 < 1 < d. Thus the deter-
minant of every o x ¢ submatrix is a homogeneous polynomial in x1,...,x,. Therefore
|A(®;a)| =0 for all a € K9. Since K is an infinite field, the determinant of every o x o

submatrix must be the zero polynomial in K[x1,...,X,]. We now consider two cases

ilSC

according to the characteristic of O.

Case 1: Suppose that char(Q) = p;. Since the elements in the Jacobian matrix of the
system W lie in F), [x1,. . .,X,], we may regard the determinant of every g x g submatrix
as the zero polynomial in Fp, [x1,. . .,X,] and so in O[x, ... ,x,] where O is any complete
discrete valuation ring of characteristic p;. Thus

|A(®; 0)| = 0.

Case 2: Suppose that char(O) = 0. Then the elements in the Jacobian matrix of the

system ¥ lie in Z[xq,...,%X,]. Thus we may regard the determinant of every g x g
submatrix as the zero polynomial in Z[x1,...,X,] and so in O[x1,...,X,] with charOQ =
0. Hence

|A(®;0)| = 0.

On combining the two cases, the lemma follows. 0O
We are now prepared to prove the existence of nonsingular weight.
Proposition 6.1. Let k,d € N with k,d > 2. Suppose that char(F) t k. Then one has
|A(T;0)| # 0.

Proof. Suppose that |A(¥;0)| = 0. By Lemma 6.5, for any complete discrete valuation
ring O with the same characteristic as O, we have

|A(E; O)| = 0.

When char(O) = p; with char(F) f k, we may choose O with residue field F satisfying
that char(F) = p; and cardF > k. This contradicts Lemma 6.4.
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When char(O) = 0, we may take O = Zy with p > k. Since the residue field is Fp,
Lemma 6.4 implies that

p<k,
a contradiction again. We then finish the proof of this proposition. O
We are now in a position to prove Theorem 1.5.

Proof of Theorem 1.5. On combining Proposition 3.1 with Theorem 5.3 and Proposi-
tion 6.1, the result follows immediately. O

7. Local obstructions

Let K, O, m and F be defined as in Section 3. The uniform local density hypothesis
works only for elements in O(M). We will refer to the elements in 02\ O(M) as local
obstructions. In this section, we aim to show that no local obstruction exists, except for
the case when O has small residue field F'. In what follows, we define F'(M) as in (1.5).

Proposition 7.1. Suppose that char(F) 1 k. Let ug € N and ro € N be defined as in (3.2).
The following hold.

(1) Let § = (fi)iem € O2. Then § € O(M) if and only if there exists g = (gi)iem €
O(M) such that

fi=g (modn™) (ieM).
(2) Suppose that ug = 0. Then O(M) = O2 if and only if F(M) = Fe.

Proof. (1) follows from Proposition 3.1(1) immediately. By putting uo = 0 and taking
ro = 1, (2) holds as a special case of (1). O

Lemma 7.1. Let ¢; € F for each i € M. Suppose that ) ; cal =0 for alla € F. If
card(F) > k, then ¢; =0 for alli € M.

Proof. Suppose that the ¢; (i € M) are not all zero. Let Ny = M and N; = {i € M|iy =
0,...,5; =0} for 1 <1 <d—1. Let ¢(x) = ZieMCiXi for 0 <1 <d-—1. We now claim
that for each | with 0 <1 < d — 2, if ¢;(a) = 0 for all a € F? and the ¢; (i € N}) are
not all zero, then ¢;1;(a) = 0 for all a € F¢ and the ¢; (i € Nj;1) are not all zero. By
repeatedly applying this claim, we have ¢4 1(a) = 0 for alla € F¢ and the ¢; (i € Ny_1)
are not all zero. Since Ny_; = {i € M|i; =0,...,iq-1 = 0} = {(0,...,0,k)}, we have
wa—1(a) =, 0k)al-a_jak =0 for all ay,...,aq € F and ¢, o) # 0. This gives
a contradiction.
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It remains to show the claim. For all a € F?, since ¢;(a) = 0 we have

prii(a) =gi(a) —pila) =— Y aa

iIEN\Ni41
For each i = (i1,...,1q) € N1 \ Niy1, we have iy = --- = 4; = 0 and 4;4; > 0. For all
a=(ay,...,aq) € F?, since
_ 0 0 42 ia _ 0 0, 142 i
oir1(at, ..., aq) = Z ciay - ap )y o agt = Z G0 07a) s - af,
iGNL+1 i€M+1
it follows that
0 o .
oir1(a, ... aq) = @141(0,...,0,a142,...,aq) = — Z 0" - ~0”+1(1H_+22 ~eayt = 0.
iEN \Ni41

Assume that the ¢; (i € A1) are all zero. Then the coefficients ¢; (i € M, \ N41) are
not all zero. On viewing —;11(x) as a linear combination of the group homomorphisms
x! (i€ M\ Ny1) from (F*)? to F*, it follows from Lemma 6.1 that there exist distinct
i,j € N7\ M1 such that a! = al for all a € (F*)?. By Lemma 6.2, we have

card(F) < ligg1 — Jipa| <k — 1,
contradicting that card(F') > k. This completes the proof of the lemma. O

Proposition 7.2. Suppose that card(F') > k. Then F(M) = F? if and only if F(k) = F.

Proof. Suppose that F(M) = F?. Let a € F and (a;)iem € F@ where

a, ifi=(k,0,...,0),
ajy =
0, otherwise.

Since F¢ = F(M), there exist a; = (a;j1,...,aj4) € F? (1 < j <n) such that
n . .
a; = Za;h ayy (i€ M).
j=1
When i = (k,0,...,0), we get
a= Zaﬁl € F(k).
j=1

Thus F C F(k). In combination with F(k) C F, we have F(k) = F.
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Conversely, suppose that F(k) = F. Let A be the matrix over F formed by the vectors
Q1 = {(al" -+ aj)iem|a1,...,aq € F}. Assume that rk A < p. Then there exist ¢; € F,
not all zero, such that for all a € F%, one has

Z ciai = 0,

iemMm

contradicting Lemma 7.1. Thus rk A = g and so we can find a basis of the vector space
Fe from the set ;. Since Q; C F (M), F(M) contains a basis of F'¢. Recall that F'(M)
is a vector space over F'(k). When F(k) = F, we have F(M) = F°. This completes the
proof of the proposition. O

Lemma 7.2. Suppose that char(F) { k. Let up € N be defined as in (3.2). Suppose that
ug > 0. Then card(F) < k.

Proof. If uy > 0, then |[A(¥;0)| = |x|* < 1. The result follows from Lemma 6.4
immediately. 0O

Proposition 7.3. Suppose that char(F) t k and card(F) > k. Then O(M) = O? if and
only if F(k) =F.

Proof. Tt follows from Lemma 7.2 that ug = 0. Thus Proposition 7.1(3) implies that
O(M) = 02 if and only if F(M) = F?. We then conclude from Proposition 7.2 that
OM)=0¢2ifand only if F(k)=F. O

If card(F) > k and O(M) # 02, then F(k) # F. Next, we aim to discuss the size of
the residue field F' in this case.

Lemma 7.3. Suppose that F(k) # F. Then card(F) < (k —1)2.
Proof. This follows from Theorem 4.1(4) immediately. O

We are now in a position to prove Theorem 1.6.

Proof of Theorem 1.6. When k > 3 and card(F) > (k — 1), by Lemma 7.3, we have
F(k) = F. Since (k — 1) > k for all k£ > 3, it thus follows from Proposition 7.3
that O(M) = 0°. When k = 2, it follows from Corollary 4.1 that F'(k) = F. Since
char(F) { k, we have card(F') > char(F) > 3 > k. By applying Proposition 7.3 again, we
get O(M) = O¢2. This completes the proof of the theorem. O

We now end this section by applying Proposition 7.1 to show the existence of P defined
in (1.11).
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Corollary 7.1. Let m = (mi)iem € A2 and Ty = C+min{N € N | k(N —1) > degm; (i €
M)} where C =1+ 2ug(¥; Aw,). Suppose that char(F,) { k. Then t*A=To)m € A o (M).
In addition, define T =T(m) as in (1.11). Then T < Ty and

T > min{N € N|k(N — 1) > degm; (i € M)}.
Proof. In view of definitions of Ty and C, for each i € M, we have

ord (tk(l_TO)mi) = k(1 —Ty) + ordm; < —kC,
and so

tFA=To) ;=0 (mod (¢71)%).
It thus follows from Proposition 7.1 that t*('=7T0)m € A, (M). For each i € M, we have
E(T —1) > degm; (ie M).

Therefore

T>min{N e N|k(N —1) >degm; ie M)}. O

Remark. This relation actually is consistent with the 1-dimensional case considered in
[24]. More precisely, for m € A, let ¢(m) denote the leading coefficient of m. We say that
m is exceptional if k| degm and ¢(m) ¢ F,(k). Let R = Ry(m) + 1 where

(m) = [(degm)/k],  if m is not exceptional,
(degm)/k + 1, if m is exceptional.

The following proposition implies that
R=min{N € N [t*0~NMm e A (k)}.

Proposition 7.4. Let m € A and N € N. Suppose that char(F,) { k. Then the following
are equivalent.

(1) tFO=Nim € Ao (k).

(2) t*A=Nm € Ay, and t*O~N)m (mod t=1) € Fy (k).

(3) When m is not exceptional, N > [(degm)/k]+1; otherwise, N > [(degm)/k]+2.

Proof. (1)<(2) It follows from Proposition 3.3(1) when O = Ao, = F,[1/t] and 7 = ¢~*
with residue field F' = IF,.

(2)<(3) First off, note that t*1=Mm ¢ A, if and only if k(1 — N) 4 degm < 0,
namely,
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N > [(degm)/k] + 1.

It suffices to show that when N > [(degm)/k] + 1, t*0=Mm (modt~1) ¢ F,(k) if and
only if m is exceptional and N = [(degm)/k] + 1. Recall that ¢(m) denotes the leading
coefficient of m. We then have

0, N = [(degm)/k] + 2,
=M (modt~1) = { 0, N = [(degm)/k] + 1,k 1 degm,
c¢(m), N =[(degm)/k]+ 1,k | degm.

Thus t*=Nm (modt~1!) ¢ F,(k) if and only if m and N satisfy the following three
conditions simultaneously: c¢(m) ¢ F,(k), N = [(degm)/k] + 1 and k | degm. On
recalling that m is defined to be exceptional when c¢(m) ¢ F,(k) and k | degm, we
can conclude that t*3=Nm (modt~') ¢ F,(k) if and only if m is exceptional and
N = [(degm)/k] + 1. This completes the proof of the proposition. O

8. Local densities at finite places and singular series

We begin with introducing a standard additive character for function fields, used
throughout Sections 8, 9 and 10. First off, write K = F,(¢) be the field of fractions of
A and let Ko, = F,((1/t)) be the completion of K at co. We may write each o € K
as a = Y., a;t" for some v € Z and a; = a;(a) € F, (i < v), where a_; is often
referred to as the residue of a, denoted by resa. If a, # 0, we define orda = v and
write (o) = ¢°*9“. We adopt the convention that ord 0 = —oo. Let p = char(F,) and let
tr : F; — F, denote the familiar trace map. There is a non-trivial additive character
eq : F, — C* defined by taking e,(a) = e>™"(@)/? for each a € F,. This character
induces a map e : Koo — C* by defining e(a) = e4(res a) for each element o € K. Let
M and g be defined as in (1.2). Let s € N \ {0}. For & = ()iem, ¥ = (¥i)iem, and

x = (X1,...,Xs) where x; = (2j1,...,;4q), write
Glasxiv) = 3 sl 4 +x0 — 1) 5.1)
iemM

In this section, we assume that char(F,) 1 k. In addition, for X € R, let X = qX. For
each w € P, let A,, denote the completion of A at the place w and define A, (M) by
(1.5). For he N, w € P and m € A, (M), recall that

Ag.skd(hyw;m) = (w)re=sd . card{x (mod g)| x} + - +x} = m; (mod g) (i€ M)}.
To prove that when h goes to oo, the limit of Ay s q(h;w;m) exists, we start with

the following congruences and rational exponential sums. For monic ¢ € A and m =
(mi)iem € A2, let
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M (g;m) = card{x (mod g)| x} 4+ x! =m; (modg) (1€ M)} (8.2)

For simplicity, given a = (aj)iem € A2 and g € A, denote by (a, g) the monic greatest
common divisor of g and all the a;. For monic g € A and m € A, define

S(g;m DD (axm)). (8.3)

a (mod g) x (mod g)
(a,9)=

Therefore, for h € N, w € P and m € A2N A, (M), we have
Ag,s.k,d(h;w;m) = (w)Me=sD . AL (w"; m). (8.4)
To continue, some preliminaries are now required.

Lemma 8.1. The exponential function e : Koo — C* has the following properties.
(1) e is a continuous function.

(2) ela+p) = e(a)e(p).
(3) e(x) =1, zfxeA
(4)

1 za 1, ifg|a,
Ep “(5)= {0 if g f
a(mod g) » WLg1TT.

(5) For monic g € A and m € A2, one has

> S(gi;m) = (9)°**M(g; m).

91lg .
gimonic

(6) For monic g € A and m € A2, for any small positive number € > 0, one has
S(gim) < (g)eT e,
Proof. The first four items are part of [22, Lemma 1]. It remains to show that last two

parts.
(5) Let g be a monic polynomial in A. For every i € M, by Part (4), we have

(o)1 Z e(ai(xi1+-~-+xis—mi)>:{1, if xi +---+xi =m;(modyg),
)

g 0, otherwise.
a; (mod g ’

On recalling (8.1) and (8.2), it then follows from Part (2) that
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M(g;m) = Z H<g>—1 Z e<ai(xil+"'+xis—mi))

x (mod g) iEM a; (mod g) g
_ G(a;x;m
e Y o e,
x (mod g)
a (mod g)

From Parts (2) and (3), we then have

Mgm=o7 S Y Y o T

g1lg a(mod g) x (mod g)
g1 monic (a g) g1

SOt o)

gilg b (modg/g1) x (mod g/g1) 9/91
gy monic (b,g/g1)=1

= (g)~* . M
—)e S (et Y Z)( )

gilg b (mod g1) x (mod g1
g1 monic (b7q1) 1
sd— s G(b;x;m)
e Y e Y Y o Smm),
ailg b (mod g) x (mod g1) !
g1 monic (b’gl):l

In view of (8.3), we thus find

> S(g1;m) = (9)° "M (g; m).

g1lg
gimonic

(6) Let a = (ai)iem € A% and g € A\ {0}. If char(F,) { k£ and (a,g) = 1, it then
follows from [47, Corollary 1.1] that

Z 6<1 Z aizi> < (g)d-1/@R)+e

z (mod g) g ieM
where z € A? runs through all congruence classes modulo g. We then note that

g AC)-| g )| g B

x (mod g x (mod g) z (mod g)

S

When (a, g) = 1, we have

S o Somm) | s

x (mod g)
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On recalling that S(g; m) is defined by (8.3), we then find
|S(g;m)| < (g)¢7 2.
This completes the proof of the lemma. O

Proposition 8.1. Let w € P and m € A2 N A, (M). Suppose that s > 2k(p + 1) + 1.
Define

x(w;m) = Xg s ka(w;m) = lHm Ay a(h;w;m).
h— o0

Then the following hold.
(1) The limit x(w; m) exists and

x(w;m) = i S(w"; m).
h=0
(2) One has
Ix(w;m) — 1] < (w)e 3 Te,
(3) There exists a constant ¢ = ¢(s, k,d;w) such that

X(w;m) > (w)e=>D.

Proof. For h € N, on recalling (8.4) and taking g = w", it follows from Lemma 8.1(5)
that

h
Aguesa(hiwim) = (e M(wh;m) = 37 S(w';m).
=0

Thus
X(w;m) =Y " S(w";m).
h=0

On taking g = w", when s > 2k(o + 1) + 1, by Lemma 8.1(6), we get
S(w";m) <« (W)~ (heN).

We therefore obtain the absolute convergence of the series

x(w;m) =" S(w";m)
h=0
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and

(wim) = 1] < Y [S(w"sm)| < (w)e™ s+,
h=1

Since s > 2k(o+ 1) +1 > (k + 2)p, it follows from Corollary 1.1 that there exists a
constant ¢ = ¢(s, k, d; w) such that

X(w;m) = lim A ;5 q(h;w;m) > <w>c(9_8d).
h— o0 ’
This completes the proof of the proposition. O

In the remainder of this section, we aim to transform the infinite product of local
densities at finite places to singular series.

Lemma 8.2. Fiz m € A?. Then the function S(g;m) is multiplicative with respect to g.

Proof. Suppose that g1 and g, are monic polynomials in A with (g1, g2) = 1. Thus

S(g1g2;m) = (gr1g2) > Y > e(G(a;X;m))

192
a (mod g192) x (mod g1g2) 919
(a,9192)=1

As b; runs through A¢(modg;) with (b;,g;) =1 (¢ = 1,2), by the Chinese Remainder
Theorem, (ggbl + glbg) runs through

{a(modg1g2)| (a,g192) = 1}.

Therefore,

S(g1g2;m) = (g1 g2) > Z Z Z 6<G(92b1 +91b2;X;m)>.

152
by (mod g1) bz (mod g2) x (mod g1 92) 919
(b1,91)=1 (b2,92)=1

Note that
G(g2b1 +gi1bo;x;m) = G(gob1;x;m) +G(g1b2; x; m) = goG(by;x; m) + 91 G(ba; x; m).
We then have

e(G(g2b1 +glb2;x;m)) B e(G(b1;x; m))@(G(bg;X;m))

9192 B g1 g2

As y,z run through A*¥(modg;) (i = 1,2) respectively, by the Chinese Remainder
Theorem, (ggy + glz) runs through A*?(mod g1g2). Since
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g1 g1

6(G(b1;gzy +glz;m)> _ 6<G(b1§g2}’§ m))

and

6(G(bz;gzy + 912; m)) _ G(G(bz;glz; m))

g2 g2

it follows that

5(9192§m)

_ s o GPrigay;m) (G(byigizsm)
S $ 8 (dm), (chugem)

1 2
by (mod g1) bz (mod g2) y (mod g1 g g
(b1,91)=1 (b2,92)=1 z(mod g2)

In view of the hypothesis that (g1, g2) = 1, we find

S(g1g2;m) = (g1g2) " Y €<M> > e(M>

y (mod g1) 9 z (mod g2) 92
by (mod g1) bs (mod g2)
(b1,91)=1 (b2,92)=1

Thus

S(g192; m) = S(g1;m)S(g2; m).
This completes the proof of the lemma. O

Proposition 8.2. Suppose that s > 2k(p+ 1) + 1. Whenever m € A2 N A, (M) for every
w € P, one has

wam 2597

weP g monic

both of which converge absolutely.

Proof. It follows from Proposition 8.1 that

D Ix(wim) — 1] < 3w < 1.

weP weP

We then obtain that the infinite product H X (w; m) converges absolutely. In combina-

weP
tion of the absolute convergence with Proposition 8.1 and Lemma 8.2, we find

Hx(w;m)ZH(1+5(wm)+5(mw ) > S(gim

weP weP g monic
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This completes the proof of the proposition. O

We now introduce the singular series to be

G(m) 6qskd Z Sga

g monic

Also for Q € N with @ > 0, we define

6(m; Q) =G4 s.k,d(M; Q) = Z S(g;m
(9)<Q

g monic

Next, we establish the upper and lower bounds of the singular series.

Proposition 8.3. Suppose that s > 2k(p+ 1) + 1
(1) Whenever m € A2, one has

|&m)| < > |S(gim)| < 1.

g monic

In addition, for any € with 0 < e < 1/(2k), one has

6(m) —6m; Q)| < > [S(gim)| < QIFemTe,

(9)>Q

g monic

(2) Whenever m € A2 N A, (M) for every w € P, one has

&m) =[] (hllrgo Aq,s,k,d(h;w;m)) > 1.
weP

Proof. (1) On recalling Lemma 8.1(6), we have
|S(g;m)| < (g)e 7,
which implies that

Q

S Q
mQ SZ Z {<<th+/1@ 5% T€) :};)thJrQi%Jre).

ordg -h h=0

Note that if s > 2k(0+1)+1, we obtain 1+ 0 — 57 +€ < 0 for any € with 0 < e < 1/(2k).

It follows that

Sm)| < Y |S(gm)| <> e ETd <1

g monic h=0

51
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and

6m) - 6m; Q)| < Y |S(gim)| < Qe
(9)>Q

g monic

(2) By carrying over a standard argument as in [24, Lemma 5.2], there exists a constant
C* = C*(q, s, k,d) such that

< H x(w;m) <
weP
ord w>C*

N | =
N W

By Proposition 8.1, there exists a nonnegative integer ¢ = ¢(q, s, k,d), independent of
m, such that

H X(w;m) > H (w)ele=sd),

weP weP
ord w<C* ord w<C™*

On combining the above estimates, we have

H x(w;m) > 1.
weP

In combination with Proposition 8.2, this completes the proof of the proposition. O

Remark. We actually only need to apply the uniform local density hypothesis for w with
ordw < C*.

9. Local density at oo and singular integral

Let M and g be defined as in (1.2). Let s € N \ {0}. Recall that for m € A¢ and
P > T(m) with T(m) defined by (1.11), Ay s k,qa(P;00; m) is defined to be

}39*Sd~card{x eIy | ord (x} 4+ +x, —m;) < (k—1)P (i€ M)}.

In this section, we still assume that char(F,) { k. To be prepared, recall that A, =
F,[1/t] and Ao (M) is defined by (1.5). Thus Ao = {a € Koo |ord o < 0}.

Proposition 9.1. Let m = (mj)iepm € A2 and P € N with P > T'(m). Suppose that
s > (k+ 2)o and P is sufficiently large in terms of s,k,d and q. Then there exists
c¢=7¢lq,s,k,d) >0 such that

)‘q,s,k,d(P;oo;m) > qE(g—sd).
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Proof. We now need to take K = F,((1/t)) for the completion of F,(t) at co and 7 = ¢t~ 1.
Since P > T(m), we have t*=F)m € A, (M). On recalling Definition 1.2, for A > 0,
we have

Asa(h;t™ 70~ PIm)
=ghle=sd) - card{y (mod t~") ‘ yi+ oyl =P (modt ") (i e M)}

Since t*(1=P)m € A, (M) and char(F,) { k, by Corollary 1.1, when s > (k + 2)o, there
exists a constant u* = u*(s, k,d;t~1) such that h > u*, we have

)\s,k,d(h; t_l; tk(l_P)n’l) > qu*(g—sd).
Recall that Ip = {x € A | degz < P}. Write Lp = {t! Pz |z € Ip} andlet Q = P—k+

1. On making a change of variables by y = t!~F'x, since —Q = (k— 1)P + k(1 — P) — 1,
we have

card{x € I} | ord (x} + -+ xL —m;) < (k—1)P (i€ M)}
=card{y € Ly |ord (yi + -+ yL = t*0"PImy) < (k= 1)P + k(1 - P) (i€ M)}
=card{y (modt~ ") |y} + - +y. - tFA=Phms = 0 (mod t=9) (i € M)}
=q"* P card{y (modt~?) |yl ++yl - t*=PIm; = 0 (modt=9) (i€ M)}

Thus on taking h = @, we get

Aora(Qit™ 50 FIm)
=¢Qle=sd) -card{y (mod t~?) | yi+ oyl =P Py (mod @) (i e M)}
=¢Qle=sd) . (1=k)sd . card{x € I3 | ord (x} 4+ +xt—my) < (k—1P (ie M)}

_g@lemsd) q(—K)sd _o=Plo=sd) )\ . (Piooim).
Since Q = P — k + 1, we get
Aea(Qit™ 5 tH 0P Im) = g =R, (P oo;m).
Therefore, when P is sufficiently large, we have
Ao ka(Q; ™ tH 7P Im) > g lemsd),
and so
Mg, ka(Pso0m) = gF oA 4 o (Qs ¢ 5 ¢ FIm) > gk Degui(emsd),

This completes the proof of the proposition. 0O
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To proceed, we now introduce some analytic properties for the exponential function
e. Let T = {a € K | (@) < 1}. Given any Haar measure do on Koo, we normalize it in
such a manner that fT 1da = 1. In what follows, for ¢ € Z, define

Jo={a €Ky |{a) <}
For Q € N, recall that Ig = {z € A|(x) < Q} and write
=9I = {t |2 c Iy}
For a = (a)ie M, write
d(a) = d (ay).
ord (o) max or ()

Lemma 9.1. The exponential function e : Ko — C* satisfies the following properties.
(1) IfQeN and z € A, then

~ 1, ifx e lg,
Q / e(ma)da:{ rEsle
J-q

0, otherwise.

(2) Let L € Z and S C Koo be measurable. If [ : Koo — C is integrable, then

¢ [ ritta)da- )Z F(8)ds.

t=tX

(3) Suppose that Q@ € N and o = (ai)iem € K& such that ord (o) < Q. Then

Z e(Gla;x;m)) = Q> / e(G(o; x;m))dx.
xE(t—QIg)%d Tsd
Proof. The first two parts are proved in [22, Lemma 1] and [12, Equation (2.16)] respec-

tively.
(3) Let G(ev;y;0) be defined by (8.1). It then follows from [48, Lemma 3.2] that

> 6(G(a;y;0))=@Sd/e(G(a;y;0))dy-

yE(t=QIq)=t T sd
In view of the definition (8.1), we observe
e(G(esy;m)) = e(G(a;y3;0))e(—or - m),

where oo - m = ), aym;. Therefore,
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> e(G(a;y;m))=@Sd/e(G(a;y;m))dy- O

ye(tiQIQ)Sd Tsd

Lemma 9.2. Let m € A¢ and P > T(m) with T(m) defined by (1.11). Let G(8;x;m) be
defined by (8.1). Then

Ag.se,a(P; 00;m) = Pek=sd > e(G(ﬂ;X; m))dﬁ.

Jﬁ(k*l)P xe[f:d

Proof. By Lemma 9.1(1), on taking Q = (k—1)P, for every i € M and x € I}, we have

~ . . 1, if (xb+--- L _my) e l_1p,
ph—1 / e(ﬁi(Xi+---+X§—mi))dﬁi={ if (x] + +x —m;) (k—1)P

0, otherwise.

J_(k—1)P
Thus
plk—De / e(G(B;x; m))d,é’ = H pt=1 / e(Bi(x} + -+ +xL —m;))dp;.
e ieM 7
—(k—1)P —(k-=1)P
Therefore

Ag,s.k,d(P;00;m) = IgQ’Sdcard{x € If;d (x‘1 + 4 xi —my) € lg—pyp (i€ /\/l)}

_ peo—sd  plk—1)e Z / e(G(,@;x; m))dﬂ

Isd
xelp I e—yp
_ pok—sd G(B: x: d
- € (ﬂ,X, m) /8
Isd
I h—1yp xelp

This completes the proof. O

Lemma 9.3. Let £ € Z and Q € N with £ < (1 — k)Q. Let m € A and let G(B;x;m) be
defined by (8.1). Then

/Z e(G(ﬂ;X;m))dﬂ=@‘“’d_@’“ / (/G(G(a;X;t_'“Qm))dX>da~

d
Jf xGIg“:2 J[L)Jer Tsd

In particular, for P > T(m) with T'(m) defined by (1.11), one has

/\q75,k7d(P;oo;m):/(/e(G(a;x;t—kPm))dx>da.

Jg Ted
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Proof. On recalling that the definition of G(a;x;m) in (8.1), we find from Lemma 8.1(1),
(2), and Lemma 9.1(2) that

[e(c@xm)is = [ T] e(Bilxl +- 4 x—m))ds

Je Je ieM
= H e B,(xil—i—-- +xs—ml))dﬁl
ieMy
= H @—k / e(t—kQal(X‘ 4 + x5 — m,))da,
iem g7
= Qo / e<G(t‘kQa,X7 m))da
JE+R:Q

On letting y = t~%x, we see that

Z e(G(t*kQa;X; m)) = Z e< Z t*kQai(xil +o 4 xl - mi)>

xEIff xelgf ieM
= Y e(Glasyit"%m))
(t=QlIq)

Thus

/Z e(G(B;x;m))dB = Q ek / Z tha;x;m))da

Jf xe[sd 7£+kQ XEISd

= Qo Z e(G(a;y;t*ka))da.

o YEOT Qg)=
For o € J}, ;. , we have
ord (a) < L+ kQ < (1—k)Q + kQ = Q.

It follows from the above argument and Lemma 9.1(3) that

/ Y e(G(B;x;m))dB = Q' / ( / e(G(a;y;t-ka>)dy>da.

d
Jf xelf? J;+kQ Tsd

By Lemma 9.2, on taking £ = —(k — 1)P and Q = P, we obtain
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Aq,s,k,d(P;OO;m)/(/e(G(a;X;tkPm))dX)da-

Jg Ted

This completes the proof of the lemma. O

Definition 9.1. For m € A¢ and P > T(m) with T(m) defined by (1.11), define the
singular integral to be

J(m; P) = Jg,6 k.a(m; P) = / </G(a;X;t"“Pm)dx>da.
Kgo Tsd
For @Q € N, define
3(m;P;Q):/</e(G(a;x;t_kPm))dX>da.
Jg T

Lemma 9.4. Whenever s > 2ko + 1, there exist two constants C = C(q, s,k,d) > 0 and
C =Cl(q,s,k,d) > 0 such that the following inequalities hold.

(1) |3(m;P)‘ < e(G(a;X;t_kPm))dx da < C.

K% Tesd

(2) / ‘/e(G(a;x;t_kPm))dx

K& \Jg Ted

do < CQ~ V) (Q e N).

Proof. In view of definition, we have

‘/e(G(a;x;t_kPm))dx
Tsd

= ’ / e(G(a;x;0))dx|.
Taa

Then the lemma follows at once from [48, Theorem 3.2]. O

Proposition 9.2. Suppose that s > 2ko+1. Form € A? and P € N with P > T'(m), one
has

Ag,s.k.d(P;00;m) = J(m; P; P) < 1
and
Ag,s,k,d(P;00;m) — J(m; P) < p-1/(4ke)
Whenever P is sufficiently large in terms of s, k,d and q, one has

Ag,sk,d(P500;m) > 1.
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Proof. Since s > 2kp+ 1 > (k + 2)o, by Proposition 9.1, the lower bound follows
immediately. Lemma 9.3 implies that

Ag,s,k,d(P;00;m) = J(m; P; P).
By Lemma 9.4(2), we deduce that
|3(m; P) — 3(m; P; P)| < P/ k),
Thus
J(m; P; P) < 1

and

Ag,s.k,d(P;00;m) — J(m; P) < p-1/(4ko)
This completes the proof of the proposition. O
10. The asymptotic formula in Theorem 1.4

In this section, we will prove Theorem 1.4 via the Hardy-Littlewood circle method.
We first recall the following orthogonality relation established in [22, Lemma 1]

1, when x =0,
/e(xa) da =
J 0, when z € A\ {0}.

Therefore, for n € N\ {0}, (21, ,2,) € A", and a = (a1, -+ , ) € K2, we have

/ e(rion + -+ + xpay) da = H/e(xiai) doy;
=15

™ (10.1)
1, when z; =0(1 <i < n),

B {0, otherwise.

Let M and o be defined as in (1.2). Let s € N \ {0}. For & = (aj)iem € T? and
P e N\ {0}, define

flasPy=>" e< > aixi).

x€elg ieM

By (10.1), for m = (m;) cm €A% and P e N\ {0}, we have

i
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Ry s k,d(m; P) = /f(oz;P)se(—04~m)cloz7
Te

where ac-m = ), \( aym;. To start the circle method, we divide T¢ into the Farey arcs
defined as follows: given a = (a;)icpm € A2 and g € A for which the monic common
divisor of g and all the a; is 1, denoted by (a,g) = 1, we define the Farey arc (g, a)
about a/g by

M(g,a) = {o € T2 (gos —ar) < PP (i€ M) }. (10.2)
The set of major arcs M is defined to be the union of all M(g,a) with
acA® ge A, gmonic, (a,9) =1, and 0 < (a;) < (g) < p: (ieM). (10.3)

The conditions (10.2) and (10.3) ensure that the arcs M(g, a) comprising M are disjoint.
Furthermore, we write m = T2\ 9 for the complementary set of minor arcs.
We first consider the major arc contribution.

Proposition 10.1. Let M and ¢ be defined as in (1.2). Suppose that char(Fy) { k and
s > 2k(o+ 1) + 1. Then for m € A2 with P > T(m) defined by (1.11), there exists a
positive number Py = Py(q, s, k,d) such that whenever m € A,,(M) for every w € P and
P > Py, one has

/f(a; P)e(—a-m)do = Cy s k.a(m; P)]a“l*g’€ + O(135‘1*9"3*1/(16]“9))7
m

where

Coseami P) = Ay a(Piocim) [T (im Agoalhswim)).
weP

In addition, one has 1 < Cy s k,a(m; P) < 1.

Proof. Suppose that & = (ai)iem € M(g,a) C M. Write 8 = o — a/g. Then (5;) <
(g)~1PzF (i € M). It follows from similar arguments as in [46, Lemma 3.3] that

f(a; P) = (9)~"T(g,a) f(B; P),
where

T(ga)= Y. e(i;; %xi).

d
x€Ig. g4 g

Thus
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> [ HesPyre(- o m)da =5 (gm) [ 1(5:P)e(~ 8 m)ds,
B

ord g
where
* —s s aimi
5*(gm) = (0) 3 Tlgaye( - Y M)
(a,9)=1 iem 9
aelfrdg
and
By={B=(Biem € T°| (B;) < (g) "' P>7* (ie M)}.
Note that

Then we have

[ fespye(-~amyda= Y Sgm /fﬁP m)d.
m

g monic

For monic g € A, when P > 0, since
—ordg+ (1/2— k)P < (1 — k)P,

by Lemma 9.3, we have

[ 1spye(~p-m)as = [ 3 e(G(Bixim)ap = P o*y(mig: P),

By xelf;d
where
sty ) = [ ([ elGasyierm)ay)a
C, Tsd
with

Cy = {a = (ai)iem € KE ‘ (o) < <g>—1]31/2 (i c /\/l)}

We then deduce that
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[ fasPye(~ o m)da= Pt S0 S(gim)3mig: ).

~ 10.4
m (g)<P'/? ( )
g monic
Note that s > 2pk + 1. It follows from Lemma 9.4 that
J(m; P) < 1 (10.5)
and for monic g € A with (g) < P2 since (P/2) —ordg > 0, we get
—3J(m; P) + J(m; g; P) < 1. (10.6)

Also, for monic g € A with (g) < P4 since (P/2) —ordg > P/4 and we find from
Lemma 9.4(2) that

_S(m’P) +3(m,g,P) < q—(P/Q—Ord g)/(4ko) g ﬁ—l/(leg). (107)

By Proposition 8.3, for s > 2k(p+ 1) + 1, on taking e = 1/(4k), we obtain

Yo [Slgm)| <1 and D |S(g;m)| < PR, (10.8)
(g)<P/t (9)>P/4
g monic g monic

On combining (10.7) and the first equality in (10.8), we get

Z S(g; m)( —3J(m; P) + J(m;g; P)) < Z ’S(g; m)‘]g_l/(wkg) « P~1/(16ke)
(g)< P4 (gy<p/4

g monic g monic

By applying (10.6) with the second equality in (10.8), we have

Yo Slgm)(—3(m;P)+3(mig; P)) < Y [S(g;m)| < PTHOM,

PYt<(g)<P'/? (g)>P1/*
g monic g monic
Therefore

> S(gim)(—3I(m; P)+J(m; g; P)) < P=1/016k),

(9)<P/?
g monic

It then follows from the equality in (10.4) and the above estimate that
/f(a; P)se( —o- m)da — psd—ck Z S(g;m)J(m; P) + O(]SSd_Qk_l/(wkg)).
m (gy<P1/?

g monic

By (10.8), we have
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Z S(g;m) = S(m) — Z S(g;m) = &(m) _|_O(}3—1/(16k)).

(g)y<P'/? (9)>P'/?
g monic g monic

We thus deduce from (10.5) that

/f(a; P)*e(—a - m)dex = J(m; P)&(m) PI-k 4 O(prd-eh=1/06ke)),
m

In combination of Proposition 8.3 with Proposition 9.2, the proposition follows. O
We then consider the minor arc contribution.
Proposition 10.2. Suppose that p = char(F,) t k. Define
R ={i=(,.--.Ja) € N¥|ged(jr, ..., ja.p) =1, L < ji+ -+ ja < k}.

Let 9 = cardR’ = (*£9) — (W/P1+4)  Suppose that s > 29k + 20 + 1. Then one has
d d

/ (o PP da < Pra-eb=o,
m

where § = 1/(8p9(k + 1)).
Proof. Let Jiy49(P) denote the number of solutions of the system
Xi1+"'+x;€ﬂ+19:yj1+“'+y;m9+ﬁ (GeR),

with x;j,y; € I (1 < j <k +19). Let © = 375, (j1 + - - - + ja). By [23, Theorem 1.1],
when p{ k and k > 2, for each € > 0, one has
Sy 2(k049)d—O+e

Jror9(P) < (P) (k6+9) e

Let M and o be defined as in (1.2). Let Ijy49(P) denote the number of solutions of the
system

X} 4+ Xy =Y+ Yhogw (€M)

with x;,y; € I& (1 < j < k9 +9). For z = (zj)jer € AY, write Jyy49(P;2) for the
number of solutions of the system

(el ot xhyg) = 0+ Vo) =5 (GER)

with x;,y; € I% (1 < j < k9 +9). For j € R, write
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I(P;j)={x € Alorda < (j1 + -+ ja) P}

Then Jyo+o(P;2z) = 0 if z = (25)jer’ & [ljer L(P1]). Otherwise, if z = (2)jer’ €
[L;er/ I(P3]), by carrying out the argument in [23, Page 6, 284 paragraph], we have

Jro19(P;2) < Jroro(P).
Since p f k, we have M C R’, and hence

Iy o(P) = Jkoyo(P,z) < PO7F Jiy y(P) < PHEVTD =kt
where the summation is over z € [[;cr, I(P;]) with z; = 0 when i € M. Thus

/\f(a;P)\Z(WM)da = Dhyio(P) < P2(ko+0)d—ok+e
Te

When s > 2k + 29 + 1, we have
s Sod— 2k9420
/|f(a;P)| da < ped=(2k0+20+1)d sup |f(a;P)|/|f(a;P)| dev.
acm
m Te

It follows from standard argument as in [23, Lemmas 6.1-6.2] that

sup | f(a; P)| <« P31/ (ed(kt1)) e

acm

We therefore get

/|f(a;P)|sda < ﬁsd—(2k19+219+1)d. (ﬁd—l/(4gl9(k+1))+e) .ﬁZ(lﬂH—ﬂ)d—gk—i—s
m

« Psd—ok—1/(8ed(k+1))
This completes the proof of the proposition. O

On recalling the definitions of M and R’ with ¢ = card(M) and ¥ = card(R’), when
char(F,) t k, we have k < ¢ < ). Thus 20k 4+ 29 + 1 > 2k(p + 1) + 1. In combination of
Proposition 10.1 with Proposition 10.2, Theorem 1.4 follows.

11. Further improvement on Theorem 1.5

In the proof of Theorem 1.5 we establish the following relation

Y(O; M) <4(O;k)r(0 — d+ r~'d).
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By Proposition 3.3, we have
Y(Osk) < ~(Fk) + 1.

When k = [F: F(k)] =1, namely F' = F(k), recent work on Waring’s problem in finite
fields establish refined bounds for v(F; k) as follows.

Proposition 11.1. Suppose that F = F (k) with card(F(k:)) =p°. Let k* = ged(k,p” —1).
Wheno=1andp—1=k* orp—1=2k*, one has

V(Fs k) = k"
otherwise, one has
Y(F; k) < (k)2
Proof. The results are proved in [10, Theorem 4], [11, Theorem 1] and [9]. O
We now consider the case when x = [F; F/(k)] > 1. Theorem 4.1(1) and (2) imply that
VES k) = 7(Fos ko),

where k, = k/(1+p° +---+p°»~1) and F, = F(k) = F,(k,). Thus Proposition 11.1
can be applied to bound v(Fy, k).

Proposition 11.2. Suppose that k = [F : F(k)] > 1 and card(F(k)) = p°. Let k., =
ged(ky,p” —1). Wheno =1 and p — 1=k, or p— 1= 2k,, one has

V(s k) = v(Fo, ko) = ky;
otherwise, one has
VEFs k) =v(Fo, ky) < (ki)'/2.
On recalling Theorem 4.1(3), we may improve Theorem 1.5 in the latter case:
Y(O; M) < (k.)/?(log k)o.
On carrying out similar arguments as in Proposition 4.2, one has
ke < K2
Thus

Y(O; M) < kM4 (log k)o.
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