GAUSSIAN LAWS ON DRINFELD MODULES

WENTANG KUO AND YU-RU LIU

ABSTRACT. Let A = F4[T] be the polynomial ring over the finite field Fq, k = Fq(T) the
rational function field, and K a finite extension of k. Let ¢ be a Drinfeld A-module over
K of rank r. For a place P of K of good reduction, write Fyy = Og/ Mgy, where Oy is
the valuation ring of 8 and My its maximal ideal. Let Py 4(X) be the characteristic
polynomial of the Frobenius automorphism of Fyg acting on a Tate module of ¢. Let
Xo(B) = Pp,s(1), and let v(x4(B)) be the number of distinct primes diving x4 (P). If ¢
is of rank 2 with End g (¢) = A, we prove that there exists a normal distribution for the
quantity

v(xs(P)) — logdeg P
VIogdeg B '
For r > 3, we show that the same result holds under the open image conjecture for
Drinfeld modules. We also study the number of distinct prime divisors of the trace of
the Frobenius automorphism of Fy acting on a Tate module of ¢ and obtain similar
results.

1. INTRODUCTION

For n € N := {1,2,3,---}, let w(n) denote the number of distinct rational primes
dividing n. For € R with = > 1, a theorem of Turan [28] states that

Z (w(n) — loglog n)2 < zloglog z,

n<x

from which we can derive the earlier result of Hardy and Ramanujan [14] that the normal
order of w(n) is loglogn. In 1940, Erdés and Kac [5] gave a remarkable refinement
of Turdn’s Theorem by showing the existence of a normal distribution for w(n). More
precisely, they proved that for v € R,

(n) —loglogn 1 /7 -2
< =G(y) = — dt.
Vioglogn ’y} ™) V2T J ©’

1
lim 7#{n’n§xandw
T—00 I

Instead of the sequence of natural numbers, we now consider the sequence of rational
primes p. Since w(p) = 1, to obtain results analogous to those of Turdn and Erdés-Kac,
we estimate w(f(p)), where f is a function from the set of primes to N. In the case that
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f(p) =p—1, Erd6s [4] proved that
Z (w(p—1) —log logp)2 < m(x)loglogz,

p<w

where m(z) is the number of rational primes p with p < x. Thus the normal order of
w(p — 1) is loglogp. In 1955, Halberstam [13] improved Erdds’s result and showed that
the quantity
w(p—1) —loglogp
vloglogp

distributes normally. One can also take f(p) = 7(p), where 7(n) denotes the Ramanujan 7-
function. Assuming the GRH (i.e. the Riemann hypothesis for all Dedekind zeta functions
of number fields), R. Murty and K. Murty [23] proved that

3 (w(r(p) ~loglogp)”® < m(z)loglog .
p<x
7(p)#0

Under the GRH, they [24] also proved that the quantity

w(r(p)) —loglogp
Vloglogp
distributes normally. Their general theorem is applicable to a wide class of functions
arising as Fourier coefficients of modular forms.

Let E be an elliptic curve of conductor N defined over Q. For a rational prime p
with p { N, we denote by #E(F,) the cardinality of the set of rational points on E
defined over the finite field F,. One can consider w(f(p)) with f(p) = #E(F,). Note
that #E(F,) = P, r(1), where P, p(X) is the characteristic polynomial of the Frobenius
automorphism of [, acting on a Tate module of E. In [22], Miri and K. Murty proved
that if F is without complex multiplication (non-CM), assuming the GRH, we have

Z (w(#E(Fy)) — log logp)2 < 7(x)loglog x.

p<z

PIN
If E is with complex multiplication, the second author [20] proved that the above inequality
holds unconditionally. She [21] also proved that for v € R (assuming the GRH if F is
non-CM),

. 1 w(#E(F,)) —loglogp B
(1) xlggoﬁ#{plpsw,p t N, and \/li;glw Sv} =G(v).

This provides us an elliptic analogue of the Erdés-Kac theorem.

It is natural to ask if a function field analogue of the above result holds unconditionally.
Let A = FF,[T] be the polynomial ring over the finite field F, and k = [F;(T") the rational
function field. Let K be a finite extension of k and Fx the constant field of K. Given a
place B of K, let Oy be the valuation ring of ‘B and Mgy the maximal ideal of Og. Let
Fy denote the residue field Op/Msyp and degP = [Fyp : Fi|. Throughout this paper, we
use “primes” to denote monic irreducible polynomials of A and “places” to denote discrete
valuations of K.
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To consider a function field analogue of the above result, one may ask, for a given elliptic
curve E, /K, if the quantity

w(#Ey(Fyp)) — log deg P
vl1og deg B3
distributes normally. At this point, we encounter a difficulty in establishing such a result.
The main obstacle is that the estimate involves the quantity _, ., w(¢" — 1), and it is
difficult to obtain an asymptotic formula for this sum (see [16, Section 1] for further

discussion of this issue). Thus we consider a function field analogue of (1) in a different
formulation.

An A-field L is a field L equipped with a morphism ¢ : A — L. The prime ideal 1
which is the kernel of ¢ is called the A-characteristic of L. We say that L has generic A-
characteristic if to = (0); otherwise we say L has finite A-characteristic.

Let L be an A-field, and let 7 be the Frobenius endomorphism relative to F,, i.e.,
7(X) = X% In the ring Endz(G,) of all L-endomorphisms of the additive group scheme
Gq|L, by identifying the element b € L with the endomorphism defined by multiplication
by b, T generates a subalgebra L{7}. It is a non-commutative polynomial algebra in 7
subject to the rule 76 = b%r for all b € L. We have two homomorphisms, € : L — L{r}
defined by €(b) = b and D : L{r} — L defined by D(> ", b;7*) = bo.

A Drinfeld A-module ¢ over L is an algebra homomorphism
¢:A— L{r} CEndp(G,), awr ¢,

such that « = Do ¢ and ¢ # eo . Let deg, ¢, denote the degree of ¢, in 7 and dega the
degree of a in T'. There exists a unique positive integer r such that deg,. ¢, = r - dega for
all a € A with a # 0 (see [3, Proposition 2.1]). The integer r is called the rank of ¢. Let
B be an L-algebra. Then the composition

A — End(G,) — End(G,4(B))
gives B another A-module structure, which we denote by ¢(B).

Now, we consider the A-field K, which is a finite extension of k of degree d. Let Fg
be the constant field of K, which is of degree dx over F,. Let ¢ be a Drinfeld A-module
over K of rank r. For all but finitely many places 3 of K, ¢ has good reduction at
(see [12, Definition 4.10.1, p88]). Let P, be the set of places of K at which ¢ has good
reduction. For a place P € Py, we can consider ¢ ® Fos, the reduction of ¢ at B. Then we
write ¢(Fy) to denote the A-module (¢ @ Fy)(Fyp).

To consider an analogue of #E(F,) in the Drinfeld module setting, let Py 4(X) be the
characteristic polynomial of the Frobenius of Fy acting on a Tate module of ¢ ® Fy (see
the next section for the definition). Write

Xo(B) = Ppo(1).

Since the ideal x4(*B)A is the Euler-Poincaré characteristic of ¢(Fy) [11, Theorem 5.1,
and |¢(Fyg)|, the cardinality of ¢(Fy), is equal to |Fy|, we have

(2) deg x4(B) = di degB,



4 WENTANG KUO AND YU-RU LIU

where deg x4 () is the degree of x4(B) € A in T and degP = [Fy : Fi|.

For m € A with m # 0, let v(m) denote the number of distinct primes dividing m. One
can consider the distribution of v(x4(*B)) over the places B € P,. In the special case that
¢ is the Carlitz module (i.e., ¢7 = T7% + 7 and r = 1) and K = k, for a prime [ € A and
[=1A, we have x4([) =1 —1 [11, Theorem 5.1]. In [18], the second author proved that

Z (vl —1) —log degl)2 < mp(x) log z,
degl=z

where 7 () is the number of primes [ € A of degree x. From which we can conclude that
the normal order of v(I — 1) is logdegl. She also showed that the quantity

v(l—1) —logdegl
vlog deg(

distributes normally.

In this paper, we study analogous questions for v(x4(9)) when ¢ is of rank r = 2 and K
is a finite extension of k. What distinguishes the case r = 2 from r = 1 is its “non-abelian
character.” For r = 1 and K = k, divisibility properties of (I — 1) depend only on primes
in arithmetic progressions. In other words, what is latent in this case is the distribution
of primes in cyclotomic function fields, which are abelian extensions of k. However, in the
case when 1 = 2, divisibility properties of () are in the intervention of the distribution
of primes in the division fields of ¢, and they are no longer abelian. This difference makes
the study of v(x4(9)) much more difficult than that of v(I —1).

Our estimate for v(x4(P)) can be generalized to any ¢ of rank r > 2 provided that the
open image conjecture for ¢ is satisfied. We will discuss this conjecture in more detail in
Section 2. Let Endf(¢) denote the endomorphism ring of ¢ over the algebraic closure K
of K, and let mx (x) be the number of places P of K of degree z. We now state the major
results of this paper.

Theorem 1. (i) Let ¢ be a Drinfeld A-module over K of rank 2 with Endg(¢) = A. For
x €N,

37 (v(xe(P)) —logdegP)” < () log .

degP=x
‘BG’P¢

(ii) Let ¢ be a Drinfeld A-module over K of rank r > 3 with End iz (¢) = A. Assuming the
open image conjecture for ¢, the above inequality holds.

This theorem can be viewed as a Drinfeld module analogue of the result of Miri and K.
Murty in [22, Theorem 2]. As a direct consequence of Theorem 1, we have

Corollary 2. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endg(¢) = A.
Assume the open image congecture for ¢ when r > 3. Then the normal order of v(xs(B))

1s log deg .

We can also consider the distribution of v(x4(*B)). The following theorem is analogous
to [21, Theorem 1].
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Theorem 3. (i) Let ¢ be a Drinfeld A-module over K of rank 2 with Endg(¢) = A. For
x €N and vy eR,

_ v(xo(P)) — logdeg P _
#{‘BGPM degP3 = x and Jlog Tee T S'y} = G(7).

(ii) Let ¢ be a Drinfeld A-module over K of rank r > 3 with End g (¢) = A. Assuming the
open 1mage conjecture for ¢, the above equality holds.

.
e —

For a place P € Py, the exponent Ay (P) of ¢(Fy) is defined to be the monic polynomial
of A which generates the ideal containing the polynomials that annihilate all elements of
¢(Fgp). By the definitions of \y() and x4(B), we have

v(As(B)) = v(xo(F))-

Hence, as a direct consequence of Theorems 1 and 3, we have

Corollary 4. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endg(¢) = A.
Assume the open image conjecture for ¢ when r > 3.
(i) For x € N, we have

Z (v(A\s(B)) — logdegfﬁ)Q <L g (x)logx.

degP=x
‘BGP¢,

Thus the normal order of v(Ay(B)) is log degP.
(ii) For x € N and v € R, we have

#{‘B € Py | degP =z and v(Ag(P)) — logdeg P _

Vlog deg1¥ -

For a place P € Py, let ag(B) € A be the trace of the Frobenius of Fy acting on a
Tate module of ¢ ® Fys (see the next section for the definition). We can also consider the
quantity v(as(P)) provided that ay(P) # 0. The following theorems can be viewed as
Drinfeld module analogues of the results of R. Murty and K. Murty in [23] and [24].

Theorem 5. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endz(¢) = A.
Assume the open image conjecture for ¢ when r > 3. For x € N, we have

Z (v(ag(B)) — log deg%)2 < i (x)logx.

deg‘P=z
‘BE'P(ﬁ
ag (R)#0

Thus the normal order of v(as(P)) is log deg*P.

Theorem 6. Let ¢ be a Drinfeld A-module over K of rank r > 2 with Endg(¢) = A.
Assume the open image conjecture for ¢ when r > 3. For x € N and v € R, we have

v(a —logd
#{P € Py| degP =z, ay(P) #0, and ( “ff(fgd%egm <7} =G0,

Let a € A be a fixed polynomial. As we will see from our proofs of Theorems 5 and 6,
the above two statements are also valid if we replace ay(B) by (ay(B) — a). Moreover,
for m € A with m # 0, let V(m) denote the number of primes dividing m, counted with

li

v} =G(7).

.
e —
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multiplicity. Since the difference between v(m) and V(m) is small on average, all the
results in this paper hold when v is replaced by V. In Section 2, we state the open image
conjecture for Drinfeld modules and discuss some of its consequences. We also recall the
Chebotarev density theorem for function fields. In Section 3, we review the basic results
in probability theory which are required in our proofs of Theorems 3 and 6. We prove
Theorems 1 and 3 in Sections 4 and 5, and we conclude this paper by proving Theorems
5 and 6 in Section 6.

In this paper, we only consider a Drinfeld A-module ¢ over K, where Endz(¢) = A and
the A-field K is of generic characteristic. One could ask questions analogous to these in
the paper when Endgz(¢) # A or when K is of finite characteristic. We intend to return
to these matters in future papers.

Notation For z € N, let f(x) and g(z) be functions of z. If g(x) is positive and there
exists a constant ¢ > 0 such that |f(x)| < cg(x), we write either f(z) < g(x) or f(z) =
O(g(x)). In this paper, all the implicit constants depend only on the Drinfeld A-module
¢ over K.

2. PRELIMINARIES

The most important ingredients in our proof are the open image conjecture for Drinfeld
modules and the Chebotarev density theorem for function fields. In this section, we recall
some related results.

Let L be an A-field with A-characteristic to, and let ¢ be a Drinfeld A-module over L
of rank r. For m € A with m # 0, we denote by ¢[m| the m-division points of ¢ in the
algebraic closure L of L. By adjoining to L the m-division points, we obtain L(¢[m]), the
m-division field of ¢, which is a finite Galois extension of L. If m is coprime to to, we have
[3, Proposition 2.2]

¢lm] ~ (A/mA)".
By choosing a basis, we have a natural injection

., : Gal(L([m])/L) — Aut(¢[m]) ~ GL,(A/mA).

For a prime | € A coprime to tv, let

ol = | "]

neN

be the direct limit of the [™-division points of ¢. Let A; and k; be the completion of A
and k at [, respectively. The [-adic Tate module of ¢, Ti(¢), is defined to be

Tl(¢) = HomAz(kl/Ah ¢[loo])7

which is a free A;-module of rank r. By choosing a basis, we have the [-adic representation
p1.¢ of ¢, defined by

pro  Gal(L*P /L) — Aut(Ty(¢)) ~ GL,(A)),
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where L*°P is the maximal separable extension of L. By putting together the l-adic repre-
sentations p;, we obtain a continuous representation

po = [ P : Gal(L*P/L) — GL,(A),
l

where A is the profinite completion of A. The open image conjecture for ¢ concerns the
nature of the map py. The following statement is a special case of the general conjecture.

Conjecture 7. (Open image conjecture for Drinfeld modules) Let L be an A-field of
generic A-characteristic, and let ¢ be a Drinfeld A-module over L of rank r > 2 with
Endz(¢) = A. Then the image of pg is open.

Although the general open image conjecture remains unsolved, exciting progress has
recently been made. In particular, by the work of Gardeyn [9, Remark 3.15] [10, Remark
1.15] and Pink [26, Theorem 0.1], we now know that this conjecture holds for r = 2.

Now we come back to our original setting. Write A = Fy[T] and k = F,(T'). Let K be a
finite extension of k, and let Fx be the constant field of K. Let ¢ be a Drinfeld A-module
over K, and let P, be the set of places of K at which ¢ has good reduction. The following
properties of ®,, and K (¢[m]) are consequences of the open image conjecture.

Proposition 8. Let ¢ be a Drinfeld A-module over K of rank r > 2 with End;(¢) = A.
Assume Conjecture 7 holds for ¢ if r > 3. Then there exists B(¢) € A (depending only
on @) such that for every m € A with (m, B(¢)) = 1,

(i) the map @, is an isomorphism.

(il) K(¢[m])/K is a geometric extension.

Proof: 'We note that (i) is a direct consequence of the openness of the image of ps and the
Chinese remainder theorem. Hence, it remains to prove (ii). The following argument has
been implicitly discussed by David in [2]. For the completeness of the paper, we include a
proof here following an idea from [2].

Let B1(¢) be the product of all primes [ such that p; is not an isomorphism. For distinct
primes I, 12 € A with ({112, B1(¢)) = 1, since ®;;, and ®;, are isomorphisms, we have

|Gal(K (¢[lila])/K)| = |Gal(K (¢[h])/K)| - |Gal(K (¢[l2]) / K)|.
Hence the fields K(¢[l1]) and K(@[l2]) are disjoint. Let Ky be the field obtained by
adjoining to K all division points of ¢, and let Fx be the algebraic closure of Fg. For
K =k, it was proved by Gekeler in [2, Lemma 3.2] that
[k¢ ﬂFk : Fk] < 0.
One can generalize his argument to a finite extension K of £ and obtain
[K¢ ﬂFK : FK] < 0.

Therefore, by the disjoint property of K (¢[l]), there are only finitely many primes [ € A
such that K(¢[l]) NFx # Fx. Let Ba(¢) be the product of such exceptional primes.
By taking B(¢) = Bi(¢) - B2(¢), Statement (ii) follows. This completes the proof of
Proposition 8.
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For a place B of K, let p =P N A and let p € A be the prime with pA=9p. Let [ € A
be a prime with (I,p) = 1. By the work of Drinfeld [3] on the theory of good reduction,
which is analogous to the classical result of Ogg-Néron-Shafarcvich for elliptic curves, ¢
has a good reduction at B if and only if K(¢[I*°])/K is unramified at B for all primes
l € A with (I,p) = 1. In this case, let o be the Artin symbol of P in Gal(K (¢[I*°])/K),
and let ¢ ® Fyz be the Drinfeld module over Fy, which is the reduction of ¢ at 3. Then
one can identify 7Tj(¢) and Tj(¢ ® Fy), and the action of oy is the same as that of the
Frobenius of Fyz. Moreover, the characteristic polynomial of o on Tj(¢) is independent
of | (see [11, Corollary 3.4] and [29, Theorem 2(b)]) and we denoted it by Py 4(X). Thus

we have

Proposition 9. Let P € Py and m € A with (m,p) = 1.
(i) The characteristic polynomial of ®,, (o) is equal to Py 4(X) (modm).
(i) If ag(B) is the trace of the Frobenius of Fypg on Tj(¢ @ Fy), then

tr (@ (03)) = a(F) (mod m).
We now state the Chebotarev density theorem for function fields. For a finite Galois

extension L/K, we denote by G the Galois group of L/K and by C a union of conjugacy
classes of G. For x € N, define

mo(z, L/K) = #{‘B‘ degP = z, P is a place unramified in L/K, and op C C},

where oy is the Artin symbol of P in Gal(L/K). The following result of Ishibashi provides
an estimate for 7¢ (z, L/K).

Theorem 10. (Ishibashi [15, p 55]) If L/K is a geometric extension, then for x € N,
1K) = 1% O((¢™)**|G|d(L/K
oz, L/ )—’G‘WK(w)"i‘ ()7 |Gld(L/K) ),

where T (x) is the number of places B of K of degree x, and d(L/K) is the degree of the
different of L over K.

We remark here that the error term we state above has been improved by K. Murty
and Scherk in [25] and M. Fried and M. Jarden in [7].

In order to estimate the error term in Theorem 10 when L = K(¢[m]), one can apply
the following result of Gardeyn.

Proposition 11. (Gardeyn [8, Proposition 6]) For m € A\ F,, there exists a constant
C(¢) (depending only on ¢) such that

d(K(¢[m])/K) < C(¢) - [K(¢[ml]) : K] - degm.
In order to estimate v(as(*B)), we need to exclude places P € Py with ay(*B) = 0. The

following result of David [2] provides an upper bound for such 3.

Theorem 12. (David [2, Theorem 1.1]) Let ¢ be a Drinfeld A-module over K of rank
r > 2 with Endg(¢) = A, and let a € A be fized. For x € N, there exists a constant D(¢)
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(depending only on ¢) such that
(qu)G('r)m
#{P Py degP =z and ay(P) = a} < D(9) - LT——,

T
_ 1
where 9(7") =1- W

We remark here that although in [2] David only stated the result for K = k, her
argument can be extended to a finite extension K of k without modification.

3. REVIEW OF PROBABILITY THEORY

To prove Theorem 3, we need the following results from the probability theory; their
proofs can be found in [1] and [6]. For z € N, let V,, be a real-valued random variable with
a probability measure P,. Let F, be its associated distribution function and E,{V,} the
expectation of V, with respect to F.

Definition Given a sequence of random variables {V,} and o € R, we say {V,} converges
in probability to « if for any € > 0,

len;OPx{\Vm —al > e} =0.

We denote it by
Va —r 5.

Proposition 13. ([1, p 134]) Given a sequence of random variables {V,}, if
Jim B {|Vz[} =0,

then we have
Ve —2— 0.
Proposition 14. ([1, p 134-135], [6, p.247]) Let {V,},{W.}, and {U,} be sequences of
random variables with the same probability measure P,. Let I be a distribution function.
Suppose that
V, —2—1 and W, —2—0.
Then for all v € R, we have

lim Px{Um < ’y} = F(7)

T—00
if and only if
lim Po{(V,Uy + Wo) < 7} = F(y).

T—00

For v € R, let G(y) denote the Gaussian normal distribution, i.e.,

_12

1 v
=7 .
For s € N, the s-th moment ps of G is defined by

s = /00 t*dG(t).

— 00

The following proposition shows that G is uniquely determined by these moments.
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Proposition 15. ([6, p 262-263]) Let {F,} be a sequence of distribution functions. Sup-
pose that for all s € N,

o

lim t3dF,(t) = ps.

z—o00 [_ o

Then for all v € R, we have
lim F,(y) = G(7)-

T—00

This next proposition is an analogue of the Lebesgue Dominated Convergence Theorem.

Proposition 16. ([6, p 244-245]) Let s € N and {F,} a sequence of distribution functions.
Suppose that for all v € R,

lim F,(y) = G(v),

T—00

and for some 6 = §(s) > 0,

o
sup {/ ]t!stFw(t)} < 0.
x —00
Then we have
oo
lim 3 dF,(t) = ps.
z—o00 [ o

The next proposition is a special case of the Central Limit Theorem.

Proposition 17. ([6, p 256-258]) Let Vi, Va, -+, V;, -+ be a sequence of independent ran-
dom variables with a probability measure P, and let E{VZ} and Var{Vi} be the expectation
and the variance of V;, respectively. Also, we denote by ImV; the image of V;. Suppose
that

(1) sup {ImV;} < oo,
(2) E{V;} =0 and Var{V;} <oo foralli€N.

For x € N, let G, be the normalization of Vi, Va, -+, Vy, i.e.,
x x 1
= (S (S w0a)’

i=1 i=1

If ZVar{Vi} diverges, we have
i=1

lim P{G, <~} =G(v).

T—00

4. PROOF OF THEOREM 1

Let K be a finite extension of k of degree d, and let Fx be the constant field of K,
which is of degree di over F,. Given a Drinfeld A-module ¢ over K of rank r > 2 with
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Endgz(¢) = A, let Py be the set of places of K at which ¢ has good reduction. In this
section, we provide a proof of Theorem 1, which states that for z € N,

ST (v(xe(P)) —logdegP)* < i () log .

degB=x
YABE'P(ﬁ

To prove this inequality, we need the following lemma, which can be derived from the
result of Lang and Weil in [17, Theorem 1].

Lemma 18. Forr € N, r > 2 andl € A a prime, define
Oy = {g € GL,(A/IA) | det (g — I,) = 0 (mod 1)},

where GL, is the general linear group of dimension r and I. the r X r identity matriz.
Then we have

‘OZH _ q(r2_1)degl + O(q(r2_2)degl)7

which implies that

|Cl,7" o 1 2degl
(G, (A/14)] _ goes! +o(1/g!).

Now, we are ready to prove Theorem 1. We remark here that the following proof works
for any ¢ of rank r > 2 provided that when r > 3, the open image conjecture for ¢ is
satisfied.

Proof: (of Theorem 1) Given a Drinfeld A-module ¢ over K of rank r > 2 with Endz(¢) =
A, let B(¢) € A be defined as in Proposition 8. We denote by >_* the sum over places
P € Py, and by > the sum over primes [ € A with (I, B(¢)) = 1. For z € N, we consider

S (Wlxe(B)) — log degP)

degP=z
(3) ‘ ‘ )
= > Pls(P) —2logz Y vixe(P) + (ogx)® Y 1.
degP=x deg‘P=z degP=x

Since all but finitely many places ‘B satisfying P € Py, we have

(4) S 1= mx(z) +O(1),
degP=x
where
i (x) = (qd;)x + O((qu)x/Z)‘

Let § € R with 0 < § < 1/d (a choice of § will be made later). We have seen in (2) that
deg x4(B) = di degP = dgx. Thus there are at most O(1) many primes [ with [|x4 ()
and degl > dx. Also, there are at most O(1) many primes | with ([, B(¢)) # 1. Hence,
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the second sum in (3) can be written as

DBRZEPICU)EED S S T S W

degP=x degP=z degl<iz degP=xz degl>dz
Uxe(B) Uxe(B)

=37 3 1+ 0(rk(w).

degl<dézr degP=zx
Uxs(B)

Let p = PN A and let p € A be the prime with pA = p. Since [K : k] = d and
[Fi : Fq] = dx we have
Fo : A/p] < d, and degp - [Fyp : A/p] = [Fp : Fy] = degP - dk-
Therefore, we have
degp > (degB - di)/d > z/d.

We note that since § < 1/d, if [ is a prime with degl < dz, we have (I,p) = 1. Since
[ x¢(P) if and only if Pp 4(1) = 0 (mod!), by Proposition 9(i), this is equivalent to say
that ®;(op) has an eigenvalue 1, i.e., ®;(op) belongs to one of the conjugacy classes of

(), as defined in Lemma 18. Applying Theorem 10, Propositions 8, 11, and Lemma 18,
we have

Z** Z* . Z** ((qdlegl n O(l/quegl)> (@) + O((qu)x/Q 2 des! degl))

degl<éz degP=z degl<éx
Uxs (P)

= i (z) Z** qdigl + O(mk (z)) —i—O((qd"():’:/2 Z (qzr2degl degl))

degl<dz degl<ézx
= 7 (@) log @ + O (x)) + O g @23 /2)),

The last equality follows from the prime number theory for polynomials. Hence, if (212 +
2)d < dk /2, we obtain

(5) S v(xs(B) = Tk (2) log z + O (nx (x)).

degP=x

Now, we consider
Y Pl®).
deg P=z
Let 0 € R with 0 < § < 1/(2d). Since x4(*B) has at most O(1) many prime divisors [
satisfying either degl > dx or (I, B(¢)) # 1, using the estimate in (5), we have

2
S e®) = Y (Z** 1+0<1>>

deg P=z degP=z \degl<iz
Uxs (P)

— Z** Z* 1+ O(?TK(m) log :c)

degly,degla<dx degP=x
l1#l2 l1l2]x¢(B)
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For distinct primes [1,ly with degly < dz and degly < dz, since § < 1/(2d) and degp >
x/d, we have (l1l2,p) = 1. Since l1la | x¢(B) if and only if Py (1) = 0 (modlyily), by
Proposition 9(i), this is equivalent to say that ®;,(oq) belongs to one of the conjugacy
classes of Cy,, », where

Chtsr = {9 € GL(A/Lp4) | det (g — 1) = 0}.
Since I # la, by the Chinese remainder theorem, we have
| Clitor | = 1Clr |1 Clyr | and | GL,(A/l112A) | = |GL,(A/l1A) | | GL,(A/l2A) |.
Combining this with Theorem 10, Propositions 8, 11, and Lemma 18, we get

*x * *% 1
Z Z 1 =mg(x) Z W + O(ﬂ'K(az))

degly,degla<dzr degP=x degly,deglo<déx
l1#l2 lil2|x4(B) l1#l2

n O<(qu)x/2 Z <q27“2 degly q27”2 degla degl1l2)>
deg 1 deg Iy <5z
= 7k (7)(logz)? + O(mk () log ) + O(q(2(2T2+2)5+dK/2)$).
Hence, if 2(2r? + 2)d < df /2, we have
(6) S P (xe(B)) = 1k (2) (log 2)? + O (ke (x) log ).

degP=x
Combining (3), (4), (5), and (6), by choosing § such that

1 dg
5 ind — K
0< <m1n{2d, 4(2r2+2)}’

we obtain

* 2
Z (v(xe(PB)) —logdegx)” < m(x)log .
deg P=z
This completes the proof of Theorem 1.

5. PROOF OF THEOREM 3

In this section, we provide a proof of Theorem 3. For z € N and v € R, let

o V(Xg(B)) — log deg P
Px{‘ﬁ ! B satisfies Jos s T < 7}

denote the quantity

(xg(P)) — logdeg P _ 7}.

14
#{ipemy deg P = and XSRS <

Our goal is to prove that

i ()

. : P)) — logdegP
xlgrolo Px{iﬁ}‘,ﬁ satisfies V(XQS(\/I)O)gdie;%B 8 < fy} = G(y).

We remark here that P, is the probability measure that places weights 1/7x(x) at each
place P of K of degree z. Following the approach in [19, Theorem 1], which is based
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on the idea of Billingsley in [1], we divide our proof into four lemmas. Again, under the
assumption of the open image conjecture for Drinfeld modules, our proof holds for any
rank r > 2.

Given a Drinfeld A-module ¢ over K, let B(¢) be defined as in Proposition 8. Let
>>* and Y. be defined as in the proof of Theorem 1. For z € N with z > 3, let
y = y(x) = [z/logx]. For m € A, let vy(m) denote the number of distinct primes I
dividing m, which satisfy degl! <y and (I, B(¢)) = 1. It is a truncation function of v(m).
The following lemma shows that we can replace v by v, in Theorem 3.

Lemma 19. For v € R, we have

. . v —1
i P, {9 satistes “XFDZRET ) i

if and only if
(Xg(F)) —loga _
Vvlog x -

lim Px{i]ﬂ‘li satisfies 22

Proof: Since

vy (Xe(P)) —logz  v(xe(B)) —loga n vy (Xs(P)) — v(xs(B))

Vlog x Vlog x Vlog x ’

by Propositions 13 and 14, to prove this lemma, it suffices to prove that

lim E, {‘V(xqs(‘ﬁ)\)/%(m(m)) ‘} o

Let 6 € R with 0 < 6 < 1. Since there are at most O(1) many primes [ with degl > 0z
which satisfy either [|B(¢) or [|xs(9), we have

S @) nle®) = T Y 14 0(nk(@)).

deg P=x y<degl<éz degP=z
Hxe(F)

Also, by Theorem 10, Propositions 8, 9(i), 11, and Lemma 18, if § < 1/d and (2r? +2)§ <
dg /2, we have

o * o Tk (z) T () d 2 2r2degl
SN e Y (T o) o e )
y<degl<dx degP=zx y<degl<éz
U xg(P)

< 7 (z)loglog z.
Thus by choosing § such that
1 dx
0 <6< mi T )
i { 4’ 2(2r% 1 2) }
we have

Z* [v(xs(B)) — vy(x6(B))| < 7k () loglog .

degP=x
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It follows that as = — oo,

v (xo(B)) — 1y Oxs(B) [\ () loglog 2
Ex{ oz« < Ve

This completes the proof of Lemma 19.

In order to apply the central limit theorem, we now associate v, to a sum of independent
random variables. For a prime [ € A, define an independent random variable V; by

1 1
PVi=1} =g and  PM=0=1- 4

Let Sy, be a random variable defined by
Sy=>_ Vi
degli<y
Since y = [z/ log x], we have
|
E{Sy} = Z prr i logm+0(loglogx)
deg i<y

and

« 1 1
Var{S,} = Z* e <1 - qdegl) =logz + O(loglogz).
degl<y

The following lemma shows that the logz term in Lemma 19 can be replaced by E{Sy}
and Var{Sy}.

Lemma 20. For v € R, we have

(x¢(PB)) —log
log x

zh_}nolo Px{iﬁ ’ P satisfies y < 7} =G(y)

if and only if

(xoB) “BIS)

v
lim P, satisfies —~
{‘B ‘ ke Var{S,}

Tr—r00
Proof: Write
vy(xs(B) — B{Sy} _ my(xo(B)) —logz  viegz | logz — E{S,}
/ Var{Sy} Vdiogx / Var{Sy} / Var{Sy}
The above computations of E{Sy,} and Var{S,} imply that
Viogx P and logz —E{S,} »

\/ Var{S,} \/ Var{S,}

By Proposition 14, the lemma follows.

Now, for a prime [ € A, let 6; : A — {0,1} be a random variable defined by

5y(m) = {1 if I |m,

0 otherwise.
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Hence, we can write

=37 6i(xs(B)

degl<y

By Theorem 10, Propositions 8, 9(i), 11, and Lemma 18, we have

PL{ %[ satisfies 5(xg(%)) = 1} = qdigl + o1/,

Hence, the expectations of random variables V; and ¢; are close. Thus the sum Sy of V} is a
good approximation of the sum v, of §;. Indeed, the s-th moments of their normalizations
are equal as £ — oo.

Lemma 21. For s € N, we have

lim
Tr—r0Q0

E{( Vj{{i}}) }_Ez{(vy(x¢(vii{8i{5y}) }‘ o

Proof: For an integer t with 0 <t < s, write

E{S!} = ZZ T ,Z E{V .-V},

where 3’ denotes the sum over all u-tuples (t1,ts,--- ,t,) of positive integers such that
ty +to+ - +t, = t, and Z" denotes the sum over all u-tuples of distinct primes
(l1,l2,- -+ ,1y) with degl; <y and (I;, B(¢)) =1 (1 <14 < w). Since V}, take only values 0
or 1 and they are independent, we have

u 1
E{‘/Zl‘/}i“} :E{‘/llvu} :H W'
=1

Similarly, if we abbreviate v, (x4(B)) and 0;(x(B)) by vy and §;, respectively, we have

14
ty

() = DX e el )
Since ¢, take only values 0 or 1, combining the Chinese remainder theorem with Theorem
10, Propositions 8, 9(i), 11, and Lemma 18, we obtain

Ez{(gltll . ..5;5} = Ez{% . ..5lu}
1 *
- > 1
WK(J:) degP=z
lila-lu | x¢(P)

u

_ H delgl + O( ( dK)fx/Q q2r2 deglyi+-+2r2 degly degly - - lu)
i=1 q

It follows that

‘ E{Vlil . Vll;u} _ Ex{5lt11 . (5;;‘} < :L,(qu)f:Jc/2 q(2r2+1)degl1+---+(2r2+1)deglu'
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Thus

t
¢ ¢ ' t! " dr\—x/2 (2r241) degly+--+(2r2+1) deg L,
[B{SH Bl S5 ey B0ty gt
u=1

t
<<x(qu)ac/2< Z q(2r2+1)degl>

degi<y
_ 2
< 1q drx/2+(2r +2)ty.

Write

S

B{(S~B{s)) = 3 () tsiy s

and
S

R OEECHEED S W ENTHLTER

t=0
Since E{S,} = logz + O(loglogz) and y = [x/logz] > log z, we have

[B{(S, -~ B8, 1)~ Bl - B Y 3 () tner2e 20 gy
t=0

S
< wqdx/? (q(2r2+2)y +log x)

< xq—de/2+(2r2+2)sy.

Since y < ex for any € > 0, as x — o0,

B{ (S, ~B{S,})°} ~ B (v, — B{S,})}

Thus the lemma follows.

— 0.

By combining Lemmas 19, 20, and 21, we have reduced Theorem 3 into a purely prob-
abilistic problem which is about a normal distribution of the quantity

Sy — E{Sy}
\/ Var{S,}
Hence, the remaining proof follows in the same way as the one in [19, Theorem 1]. More

precisely, as in [19, Lemma 7], we have the following lemma about the s-th moment of S,.

Lemma 22. For s € N, we have

ap B (S 25y )| <

/ Var{S,}

Combining Lemmas 19, 20, 21, 22 with Propositions 15, 16, and 17, the same argument
as the one in [19, Section 4] gives us

v(xp(B)) —logdeg P _
Vlog deg B -

lim Px{‘ﬁ } P satisfies

T—r00

7} =G0).

This completes the proof of Theorem 3.
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6. PROOFS OF THEOREMS 5 AND 6
In this section, we consider v(a4(B)). In order to prove Theorems 5 and 6, we need the
following result, which is similar to Lemma 18.

Lemma 23. Forr e N, r > 2 andl € A a prime, define
Dy, = {g € GL(A/IA)|trg =0 (modl)}.

Then we have
’Dl,'r‘ _ q(rg—l) degl + O(q(r2—2) dogl)v

which implies that

|Dl,7‘| _ 1 2degl
GL, (AJIA) — giesl +o(1/g!).

Now, we are ready to prove Theorems 5 and 6. Since our approaches are similar to
those of Theorems 1 and 3, we will only sketch their proofs. In the following, let Y * and
S~ be defined as in the proof of Theorem 1.

Proof: (of Theorem 5) Using the same principle as the one in the proof of Theorem 1, to
prove Theorem 5, it suffices to estimate the sums

Y. vlag(B)) and > asB).
deg P=z deg P=zx
ag (P)#0 ag(P)#0

Let 6 ¢ R with 0 < § < 1. We have

S ovas®) =Y Y 1+0(mx(@)

deg P=z degP=z degli<dz
ay(PB)#0 ap(PB)#0 ay(R)

= Z** Z* 14 O(mk(z)).

degl<éx degP=x
lag(B), ag(P)#0

By Theorem 12,

Z** Z* 1— Z** Z* 14 O(q(6+dK9(r))x)‘

degl<éz deg P=zx degl<ézx degP=zx
lag(PB), ap(P)#0 lag(P)
Let p =B N A and let p € A be the prime with pA = p. If 6 < 1/d, we have (I,p) = 1.
Then by Proposition 9(ii), we have I |ay () if and only if ®;(op) belongs to one of the
conjugacy classes of D;, as defined in Lemma 23. Applying Theorem 10, Propositions 8,
11, and Lemma 23, we have

Z** Z* . Z** <<qdlegl+0(1/qzdegl)> WK(x)+O<(qu)x/2q2r2degl degl)>

degl<ér degP=zx degl<éz
lag(F)

= 71 (z)logz + O (7 (x)) + O(q((2r2+2)5+dK/2)x)'
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Combining the above estimates, if § < 1/d, § + dx0(r) < dg, and (212 +2)§ < dg /2, we
obtain

(7) Z* v(ag(P)) = 7k () logz + O (7 (x)).

degP=x
ag (P)#0

Similarly, by Theorem 12, we have

Yo Flas®) = Y 3 1+ O(mk () log z)
deg P=z degly,deglo<dx degP=zx
ag(P)#0 hi#ls lhilzlag (), ag (B)#0

_ Z** Z* 14+ O(q(25+d;(9(r))m> + O(7k(z)logz).

degly,degla<dézr degP=zx
li#l2 lil2|ag(P)

Combining the Chinese remainder theorem with Theorem 10, Propositions 8, 9(ii), 11,
and Lemma 23, if 6 < 1/(2d), we have

degly,degla<dzr degP=z
Li#ls lila]ay(P)

Hence, if § < 1/(2d), 26 + df(r) < dg, and 2(2r? + 2)6 < dk /2,
(8) Z* V2(a¢(‘l§)) = 7 (x)(log ZC)2 + O(TFK(.Z‘) log 33)

degP=x
ag(P)#0

Combine (3) (with x4(B) replaced by a4 (%)), (4), (7), and (8). Since O(r) = 1—@,
by choosing § such that

(1 dc dx
0<0<min {Qd’ 4(r2 + 2r)’ 4(2r2+2)}’

it follows that

Z* (v(ag(P)) — log deg 33)2 < 7 () log x.
degP=x
This completes the proof of Theorem 5.

Proof: (of Theorem 6) Let v, Sy, E, and E, be defined as in the proof of Theorem 3.
Suppose that we have

(9) S [ag(P)) — vy(ag(B))| < 7k (2) loglog z,
degP=x
and as z — 00,

(10) E{(Sy —E{8,})"} —Eo{ (v — E{S,})°}

Then we can establish the normal distribution for v(as(*B)) as the remaining proof is the
same as that of Theorem 3 (i.e., Lemmas 19 to 22).

— 0.
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To obtain (9), let 6 € R with 0 < § < 1. For a place B € Py, by Theorem 12, we have

S |plao(B) — vlas®) = D S 140(rk(@)

deg P=x y<degl<éz deg P=x
lag(P), ap(P)#0

Z** Z* 14 O(q(5+dK0(T))z) + O(TrK(l'))

y<degl<déxr degP=zx
ag(P)

Then by Theorem 10, Propositions 8, 9(ii), 11, and Lemma 23, if § < 1/d and (2r2+2)§ <
dg /2, we have

SN e X (T ofiatr et )

y<degl<déz degP=z y<degl<ézx
Uag(P)

< g () loglog x.

Combine the above two estimates. By choosing § such that

1 dg dx
0<6
< <mm{d 22 + 2r)° 2(2r2+2)}

the inequality (9) follows.
To obtain (10), let

Sy=Y Vi, and vy(as(B) = > Silas(R))

degl<y degli<y

be defined as in the proof of Theorem 3. For an integer ¢ with 0 < ¢ < s, we have

"
B{sy) = ZZ s S B
and
o1
E{‘/lil ‘/liu} :H qdeglu’
i=1

where S, 3" are defined as in the proof of Lemma 21. Similarly, if we abbreviate
vy(ae(P)) and &;(ags(P)) by v, and d;, respectively, we have

Eo{v}} = ZZH DB (/I
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Combining the Chinese remainder theorem with Theorems 10, 12, Propositions 8, 9(ii),
11, and Lemma 18, we get

B{ofy o)

1 *
= 1
i () degf%x
lila Iy | ag(PB), ay(P)#0

_ H %gl + O<quK(9(r)—1)r> + O(l‘(qu)_I/Z q27«2 degli+--42r2 degly deg ll . lu) )
" q w
=1

It follows that
BV Vi)~ Ea {00}

< quK(G(r)—l)r + x(qu)—x/Q q(2r2+1) degl1+~~-+(2r2+1)deglu.

Thus
[B{s!} — Ea{}}|

t
/ t! " d 2 2
xk(0(r)-1)zx dr\—x/2 (2r°+1)degli+--+(2r°+1) degly
S S )
u=

t t
<<qu;<(0&)1)$< Z 1) +$(qu):p/2< Z q(27"2+1)degl>

degli<y degl<y
< quK(G(r)—l)erty + xqfdxx/2+(2r2+2)ty.

Write

s

B{(s,~ B8} = 3 (7 Blsty el
and

Bl - {81 =3 () Bl B
t=0
Since E{Sy} =logz + O(loglog x) and y = [z/log x| > log x, we have
[E{(S, ~ B{S,})"} ~ B{ (v, ~ B{S,)))

t=0

< pgix @)1z (qy + log x)s + ;U(qu)_“U/2 (q(2rz+2)y + log x)s
< quK(Q(r)fl)a:Jrsy + zqfd;{z/2+(2r2+2)sy‘
Since y < ex for any € > 0, as £ — o0,
B{(S, ~ B{5,})°) — Bl (v, — E{5,})°}

Hence, (10) is satisfied. This completes the proof of Theorem 6.

— 0.
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For a fixed polynomial a € A and a prime [ € A, define
Do = {g € GL.(A/lA) [trg=a (modl)}.

Note that the statement of Lemma 23 is also valid with |D; .| replaced by |D; ;. o|. We recall
that the result of David in Proposition 12 works for any as() = a. Thus by adapting
the approach in this section (with ay(P) replaced by as(B) — a), we can state Theorems
5 and 6 in a more general way. More precisely, let ¢ be a Drinfeld A-module over K of
rank 7 with End;(¢) = A, and let a € A be a fixed polynomial. Assuming the open image
conjecture for ¢ when r > 3, we have

> (v(ag(PB) —a) —log degP)* < 7x () log z.

degP=x
EBEP(b
as(PB)#a

Also, for v € R, we have

i
e —

(as(F) —a) —logdegP _ }
vl1og deg 13 =7
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Remark Pink and Riitsche have recently announced a proof of the open image conjecture
[27]. Hence, Theorems 1,3, 5,6 and Corollaries 2, 4 now do not rely on any unproved
conjectures.
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