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Abstract: Viscoelastic materials (VEMs) made from rubber polymer will inevitably age due to the 

interactions with the harmful environment during service life, thus reducing the reliability of 

viscoelastic (VE) damping equipment installed in building structures. In order to understand and be 

able to predict the degradation of VE damping equipment, it is imperative to comprehensively study 

the influence of aging on the mechanical properties of VEMs. In this paper, a series of thermal-

oxidative (TO) aging tests and mechanical property tests are conducted on our previously developed 

VEMs to study effects of TO aging on the molecular chain structure and corresponding changes of 

macroscopic mechanical properties of VEMs. By classifying molecular chains of VEMS into elastic 

chains and free chains, the effects of different chemical reactions during TO aging on these two main 

chains and corresponding changes on macroscopic mechanical behaviors of VEMs are analyzed. This 

facilitates formulating a mathematical model that can characterize the mechanical behavior of TO 

aging VEMs. In conjunction with the experimental data, the accuracy and applicability of the proposed 

model are compared and verified. Sensitivity analyses of parameters involved in the proposed model 

are then performed. The experimental results demonstrate that the TO aging can degrade the 

deformation capability and harden the modulus of VEMs, which may adversely affect the performance 
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of VE damping devices. The parameter analyses depict that the TO aging affects the macroscopic 

mechanical behavior of VEMs by altering the relative number and configuration of free chains and 

elastic chains as well as their respective contributions to the total stress of VEMs. The results point to 

the high accuracy of the proposed model in representing the strain-stress behavior of VEMs under 

different aging conditions. 

Keywords: viscoelastic material; thermal-oxidative aging; mechanical property test; molecular 

chain structure; microscopic model.  

1 Introduction 

Due to the unique physical-mechanical properties, such as large recoverable deformation, excellent 

dielectric properties, good air tightness, strong processability, rubber polymer has become a preferred 

engineering material, which is widely used in precision instruments, aerospace, industrial equipment, 

biomedicine, and other fields with satisfactory results [1, 2].  

In recent decades, with the development of design concept in energy dissipation and vibration 

mitigation of civil engineering structures, many researchers have attempted to introduce rubber 

polymer materials into the field of structural vibration control. For example, our research group 

developed a series of high-dissipation viscoelastic materials (VEMs) based on different rubber 

matrixes [3, 4], and use them in viscoelastic (VE) devices for building to experimentally and 

theoretically study their dynamic mechanical properties [5-7]. At the structural level, many scholars 

[8-11] conducted numerous experiments on various VE equipment developed for different civil 
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engineering structures, and concluded that these VE devices could significantly reduce the responses 

of structures under dynamic loadings, thus effectively protecting the entire structural system.  

Generally, the service life of civil engineering structures spans at least several decades under complex 

working environments, thus VEMs are inevitably subjected to a series of physical-chemical reactions 

due to the invasion of external harmful agents, causing adverse aging [12]. Consequently, the 

performance of VEMs degrades, resulting in poor isolation and damping effect of VE equipment, 

which finally leads to unpredictable risks in the safety of structures [13]. This means that it is 

imperative to study the effect of aging on the mechanical properties of VEMs, especially when there 

are few published reports on the aging of VEMs used in civil engineering. 

Depending on the operating environment, VEMs may have varying physical-chemical reactions with 

different media and thus undergo different types of aging and exhibit different aging consequences [14, 

15]. Considering the high percentage of oxygen in the atmosphere, TO aging is one of the most 

common aging types for rubber polymer [15, 16], and hence may be the predominant type of aging 

experienced by VE equipment.  

There are many studies on TO aging of rubber polymers. Experimentally, various researchers [12, 13, 

17-20] studied the changes in mechanical behaviors of rubber polymers before and after aging and 

interpreted the mechanism of TO aging on material properties from the molecular-chain level. 

Theoretically, phenomenological models have been employed [21-27] to describe the mechanical 

behavior of rubber polymers and introduced the Arrhenius equations to characterize the influence of 

TO aging, resulting in the formulation of the constitutive behavior of TO aging rubber polymers. 
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However, due to the phenomenological nature, these models and the model parameters cannot directly 

reflect the relationship between the physical chain structure of polymer materials and their 

macroscopic mechanical behaviors. In the process of TO aging, a variety of physical-chemical 

reactions may occur in rubber polymer under the catalysis of oxygen and heat, which can irreversibly 

alter the original chain structure of material, leading finally to the performance degradation. As such, 

the macroscopic aging models may limit the further development in the performance of VEMs.  

To reflect the relationship between chain structure and macroscopic mechanical behavior of rubber 

polymers during TO aging, the chain statistical mechanics has been employed. For example, many 

scholar [14, 15, 28, 29] analyzed the multiple chemical reactions and chain structure evolution in the 

rubber polymer during aging, and proposed various chain models by superimposing several 

microspheres models which is based on free chain assumption. Thus, the introduction of microsphere 

model to describe the mechanical behavior of rubber polymers has greatly enhanced the link between 

the theoretical model and actual mechanical behavior as well as giving physical meanings to model 

parameters.  

There are different kinds of molecular chains in rubber polymer, and each type of chain has a special 

contribution to its macroscopic mechanical properties [30]. The above chain models only give 

approximate statistics on molecular chains and neglect the differences between chains. They do not 

consider the effects of different physical-chemical reactions on different types of chains and the 

corresponding changes on the macroscopic mechanical behavior of material during aging. Thus, 

researchers cannot clearly comprehend changes of different molecular chains in rubber polymer, and 

their varied contributions to the total mechanical behavior during the aging process. This restricts the 
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usefulness of these models in guiding the enhancement and modification of rubber polymer under TO 

aging conditions in the further development.  

In addition, to improve applications of rubber polymers better in civil engineering, different fillers are 

often added as reinforcement. The physical properties of filled rubber polymer significantly distinct 

from those of unfilled systems [31-33], and are not considered in the chain models. Moreover, the filler 

particles are randomly distributed in the rubber matrix [34, 35], and together with the difference in 

stiffness between the filler particles and rubber matrix will cause deformation that is hard to predict 

consistently. However, in the above aging chain models, the heterogeneous deformation behavior is 

often simplified to affine deformation, which is obviously inappropriate. 

In this paper, a series of TO aging tests and mechanical property tests are carried out on our previously 

developed VEMs [4] used for building vibration control to investigate the effects of TO aging on the 

chain structure and changes on the macroscopic mechanical properties of VEMs. By categorizing the 

molecular chains of VEMs into two main kinds, the effects of their relative quantities and different 

reactions due to their structures on the macroscopic behaviors of material are analyzed. A mathematical 

model for describing the mechanical behavior of TO aging VEMs is then developed by combining the 

statistical model of molecular chains and the theory of chemical kinetics. Finally, based on the test 

data, the accuracy and applicability of the proposed model are verified, and the sensitivity of the 

parameters is analyzed.  

2 Mechanical performance tests of thermal-oxidative aging VEMs  

2.1 Experimental protocol 
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The viscoelastic materials studied in this manuscript are based on the Nitrile Butadiene Rubber (N220S, 

Japan Synthetic Rubber, Japan) matrix, and mixed with organic small molecules (hindered phenol, 

AO80) and various additives (including zinc oxide, stearic acid, carbon black, accelerating agent, 

antioxidant, and sulfur) [4]. This study focuses on the influence of TO aging on the mechanical 

properties of VEMs, and is limited to homogeneous aging rather than heterogeneous aging. According 

to [36, 37], one can ensure that materials stay in a homogeneous aging state when the thickness of 

material specimen does not exceed 2 mm. Therefore, a batch of VEMs test pieces with a thickness of 

2 mm are prepared and placed in a customized intelligent chamber for aging. To prevent heterogeneous 

aging of VEMs caused by poor air flow inside chamber, each test piece is suspended and fixed, with a 

specific distance set between adjacent test pieces. The test temperature (𝑇) is set at 90 oC, within the 

range of 80 oC~120 oC used in aging test by others [2, 12, 17, 18, 21, 37]. The Figure 1 shows the aging 

test equipment and a sample specimen.  

 

Figure 1 Accelerated aging tests of VEMs  
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Figure 2 Mechanical property tests of thermal-oxidative aging VEMs  

After aging, the mechanical property of aged VEMs were tested by cutting dumbbell shaped samples 

based on the current code (GB T 528-2009) from the aged VEMs sheets. The setup and specimens are 

shown in Figure 2. To minimize the effect of variability and measurement error, the mean of five 

specimens were used for each test conditions (aging time, denoted 𝑡  , in Table 1). Based on the 

literature [2, 18, 37, 38], the parameter setting of tests are given in Table 1.  

Table 1 Parameter setting of aging test and mechanical property test 

Aging time (h) Loading rate (mm/min) Mech. test temperature (oC) 

0, 20, 80, 160, 240, 320, 480, 640 500 13  

2.2 Analysis of test results and aging mechanism  

As illustrated in Figure 3, the initial modulus increases with 𝑡  in both groups, whereas the modulus 

decreases as the strain increases under each aging time, which is plotted in Figure 4. The rate of stress 

decrease or modulus degradation is fastest at the beginning (where the strain is small <1.0) and then 

flattens before increasing again (for strain > 2.0). For the unaged VEMs, the modulus is 2.52 MPa at a 

strain of 0.60, and changes to 1.81 MPa with strain increasing to 1.80, and it further reduces to 1.54 

MPa when strain is 3.00. This phenomenon is mainly because of the accumulated damage in the VEMs 

during loading. At small strains, chains in the network start to straighten especially those along the 
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load path, which explains the higher modulus decrease at the beginning. When more chains have 

straightened, higher stress increase is needed to produce the strain increment which explain the lower 

rate of modulus change until most chains along the load path have straightened leading to the lowest 

modulus change (approximate for strains between 1.0 and 2.0). As load increases, the stresses in the 

straight chains in the network increases to a level when the stress exceeds the bond force especially at 

the cross-linking points on the short-length chains which may be preferentially destroyed. The short 

chains are then transformed into a chain with longer effective length, effectively reducing the entropic 

elasticity of the original short chain. When more and more short chains are transformed into long chains 

by losing crosslinking points, the whole chain structure will exhibit the phenomenon of reduced 

entropic elasticity and poor stress transferability, which is the main damage mechanism of VEMs 

during deformation.  

(a)  (b)  

Figure 3 Stress-strain curves of aging VEMs: (a) Group 1: 𝒕𝟏= 0h, 80h, 240h, 480h (b) Group 2: 

𝒕𝟏=20h, 160h, 320h, 640h 
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Figure 4 Modulus of VEMs vs. strain under different aging time 

The fracture strain (𝜀 ), fracture stress (𝜎 ), stress at 100% strain (𝜎 %), and stress at 250% strain 

(𝜎 %) under different aging times are plotted in Figure 5, and their means, mean squared errors 

(MSEs), and variances are listed in Table 2.  

(a)  (b)  

(c)  (d)  

Figure 5 Statistical means of characteristic parameters for VEMs under different aging time: (a) 

Fracture strain; (b) Fracture stress; (c) Stress at strain=100%; (d) Stress at strain=250%. 
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MSE  0.064  0.003  0.009  0.007  0.011  0.012  0.026  0.029  

Variance 0.097  0.004  0.013  0.011  0.016  0.018  0.040  0.044  

𝜎  (MPa) 

Mean 7.73 8.13 6.82 8.87 10.22 10.52 9.00 9.02 

MSE  0.004  0.117  0.064  0.039  1.034  0.059  0.005  0.422  

Variance 0.006  0.176  0.096  0.059  1.552  0.089  0.007  0.633  

𝜎 % (MPa) 

Mean 2.36  2.43  2.88  3.14  3.23  3.29  3.72  4.09  

MSE 0.006  0.018  0.002  0.015  0.057  0.027  0.037  0.128  

Variance 0.009  0.028  0.003  0.022  0.086  0.040  0.056  0.192  

𝜎 % (MPa) 

Mean 5.07 5.48 6.35 7.08 7.16 7.21 7.66 8.04 

MSE 0.042  0.076  0.004  0.053  0.271  0.143  0.028  0.248  

Variance 0.063  0.115  0.007  0.080  0.406  0.215  0.042  0.372  

During TO aging, the secondary oxidation cross-linking (SOC) reaction which generates new cross-

link points and the chain scission (CS) reaction which destroy cross-link points, as illustrated in Figure 

6, take place simultaneously albeit at different rates [14, 15, 28]. Due to the coupled effects of SOC 

reaction and CS reaction, the overall regularity of chain network changes and the stress-strain 

transmission capacity of the chain structure in general deteriorates [15, 39].  

It is likely at early aging, SOC may happen more than CS due to the unsaturated free radicals in VEMs 

may react with oxygen and heat, resulting in a denser network. This has the effect of decreasing the 

fracture strain and increasing the stress at fracture [2, 18, 40]. Beyond a certain age (such as 80 h), CS 

may happen more often as it ages with the SOC continuing to be formed with some of the links in a 

direction highly oblique to the load path. This has the effect of lengthening the effective chain length 

with lesser chain along the load path, leading to an increase in fracture strain and decrease in fracture 

stress as shown in Figure 5(a) and (b). The SOC may continue to form as aging takes place at a rate 

faster than CS again forming a dense network, which may explain the decrease in fracture strain and 

increase in fracture stress. Beyond 320 h, network density may be saturated due to continuous 

consumption of unsaturated free radicals, with CS continuing to take place which explains the decrease 
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in fracture stress[40, 41]. There is the possibility that anomaly in the results may occur due to the 

presence of some internal defects in these two-groups of specimens, which may be amplified by TO 

aging, although this is unlikely given that the results are the average of 5 specimens.  

 

Figure 6 Alteration of molecular chain network of VEMs during thermal-oxidative aging 

Figure 5 (c) and (d) show that 𝜎 % and 𝜎 % significantly increase with 𝑡 , and their increase 

rates show a downward trend. For example, when 𝑡  increases from 0 h to 240 h, 𝜎 % increases 

from 2.36 MPa to 3.23 MPa and 𝜎 % increases from 5.07 MPa and 7.16 MPa, with an increment of 

0.004 MPa and 0.009 MPa per hour, respectively. In comparison, when 𝑡  increases from 320 h to 

640 h, 𝜎 % increases from 3.29 MPa to 4.09 MPa and 𝜎 % increases from 7.21 MPa and 8.04 

MPa with an increment of 0.002 MPa and 0.003 MPa per hour, respectively. This phenomenon can be 

explained by the formation of new cross-linking structure between molecular chains during TO aging, 

which results in the increase of the binding bonds and the decrease of the effective length of a single 

molecular chain, and finally improves the entropic elasticity of a single molecular chain [18, 41]. 

However, with the continuous consumption of unsaturated free radicals, the rate of SOC reaction slows 

down, which finally leads to the decline of the increase rate of stress.  

3 Mechanical property characterization of thermal-oxidative aging VEMs 
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3.1 Mechanical behavior description based on microsphere theory  

The microsphere theory holds that the chain structure of rubber polymer is a 3-D topological network 

composed of infinite 1-D subnetworks with unique orientations in space [15, 42, 43]. The mechanical 

properties of chain network can be characterized by numerically integrating the strain energy of 

subnetworks on the whole sphere [44, 45], expressed is  

𝛹 =
1

𝑀
𝜙 𝑑 𝑢 ≅ 𝜔 𝜙 (1) 

where 𝛹 is the strain energy of rubber polymer, 𝑀  is the surface area of microsphere S, 𝑑 𝑢 is the 

infinitesimal area in direction q, 𝜔   is the weight in direction 𝑞  , 𝜙   is the strain energy of 

molecular chains in direction 𝑞 , 𝑘 is the number of integration points.  

To describe the strain energy of a single molecular chain 𝜙, [46] proposed a modified Kuhn-Grün 

model given by  

𝜙(𝑛, �̅�) = 𝑛𝑘 𝑇 𝛽 (𝜏, 𝑛)𝑑𝜏 + 𝜙 ,          𝛽(𝜏, 𝑛) = 1 −
1 + 𝜏

𝑛
𝛽 (2) 

where n is the number of Kuhn segments on a single chain, 𝑘  is the Boltzmann constant, 𝑇  is the 

absolute temperature, 𝜙   is a constant, 𝜏 = 𝑟 𝑛𝑙⁄   is the extensibility ratio in the deformed 

configuration where 𝑟 and 𝑙 are the end-to-end distance and length of a single Kuhn segment, 𝛽 =

ℒ (𝜏) is the inverse Langevin function of elongation ratio, and can be approximated as [47]  

𝛽 = ℒ (𝑥) ≅
1

1 − 𝑥
+ 𝑥 −

8

9
𝑥 (3) 

in which 𝑥 is the independent variable.  
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For VEMs, the molecular chain structure is complex with different types of chains such as elastic 

chains and free chains [30]. Elastic chain refers to the molecular chain forming a complete cross-

linking network, and can transfer stress and strain to each other. The free chain mainly includes the 

molecular chain without cross-linking network, which cannot transfer stress and strain. When 

describing the mechanical behavior of VEMs, the total strain energy of chain structure can be 

decoupled into the superposition of contributions from the elastic chain layer and the free chain layer, 

as shown in Figure 7.  

 

Figure 7 Decoupling of microstructure of VEMs: microsphere models for characterizing (a) whole 

network chain, (b) elastic chain, and (c) free chain. 

Based on equations (1)~(2), the strain energy of the elastic chains and free chains for unaged VEMs, 

denoted as Φ  and Φ , can be expressed as 

Φ = 𝑁 𝜔 𝜙 (𝑛, �̅�) (4) 

Φ = 𝑁 𝜔 𝜙 (𝑛, �̅�) (5) 
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where 𝑁  and 𝑁  are the molecular chain density of elastic chain and free chain in unit volume. Note 

that in this paper, variables with the superscript  represent the corresponding physical quantities of 

the unaged VEMs, �̅� is the end-to-end distance normalized by 𝑙.  

The total strain energy of unaged VEMs Φ is then expressed as 

𝛷 = 𝛷 + 𝛷 (6) 

3.2 Effect of thermal-oxidative aging on chain network of VEMs  

Under TO condition, the SOC reaction and CS reaction may affect the mechanical behavior of VEMs 

in a superposed manner [14, 15]. In this section the changes of elastic chain and free chain under TO 

aging will be analyzed and theoretically characterized.  

(1) Effect of TO aging on elastic chain  

Under the action of SOC reaction and CS reaction, the elastic chain may form or lose crosslinking 

points, mainly under the following cases:  

i) SOC reaction occurs between two elastic chains with one new crosslinking point forming, as shown 

in Figure 8(a). The number of elastic chains increases from 2 to 4, and the effective length of original 

elastic chains becomes shorter;  

ii) SOC reaction occurs between the elastic chain and free chain with new crosslinking point forming, 

as shown in Figure 8(b). As one new crosslinking point formed, the changes of number and length of 

an elastic chain is like those in i), the number of free chains involved increases from 1 to 2 with shorter 

effective length;  
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iii) SOC reaction occurs between the elastic chain and free chain with more than one new crosslinking 

points forming, as shown in Figure 8(c). As two new crosslinking points formed, the original elastic 

chain is divided into three new elastic chains with shorter length, partial free chain between such two 

crosslink points is converted into elastic chain whereas the rest becomes two free chains with shorter 

length;  

iv) CS reaction occurs in the elastic chain network, as shown in Figure 8(d). During this process, the 

original crosslinking points in the chain network are destroyed, thus converting the related elastic 

chains into free chains.  
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Figure 8 Alterations of elastic chain by chemical reactions during thermal-oxidative aging; (a)~(c) SOC 

reaction; (d) CS reaction.  

From the above analysis, the elastic chains during aging can be divided into two types: i) the original 

elastic chains without aging; ii) the newly formed elastic chain during aging.  

If the proportion of the unaged molecular chains to the total molecular chains at 𝑡  is 𝜅, the total 

strain energy of the elastic chains Φ  can be obtained as 

𝛷 = 𝛷 + 𝛷 (7) 

where Φ  is the strain energy of unaged elastic chains, which can be determined as 

𝛷 = 𝜅 𝑁 𝜔 𝜙 (𝑛, �̅�) (8) 

Since the relationship of chemical reaction with reaction time and reaction temperature, 𝜅 should be 

the function of 𝑡   and 𝑇 . Considering the changes of CS reaction and SOC reaction on the 

macroscopic mechanical behavior of VEMs, the aging function 𝜅 may be constructed as [15] 

𝜅 = (𝐴 𝜌 + 𝐴 𝜌 ) (9) 

where 𝐴   and 𝐴   can be regarded as the weight coefficient of SOC reaction and CS reaction, 

satisfying 𝐴 + 𝐴 = 1, 𝜌(∎) is the corresponding influence function, and subscript (∎) represents 

either 𝑠 and 𝑓 corresponding to CS reaction and SOC reaction respectively. Assuming that reactions 

in the TO aging are all first-order reactions [15], 𝜌(∎) theoretically can be characterized as 

𝜌(∎) = 𝑒𝑥𝑝 −𝛿(∎)𝑒
,(∎)

𝑎 ,(∎)𝑡 (10) 

where 𝛿(∎) is the pre-exponential factor, 𝐸 ,(∎) is the activation energy, 𝑅 = 8.314𝐽𝐾 𝑚𝑜𝑙  is 

the ideal gas constant, 𝑇 and 𝑇  are the actual reaction temperature and reference temperature, 
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respectively, 𝑡  is the reference aging time, 𝑎 ,(∎) is the aging time-temperature shift factor, given 

by 

𝑎 ,(∎) = 𝑒𝑥𝑝
𝐸 ,(∎)

𝑅

1

𝑇
−

1

𝑇
(11) 

As can be seen from Figure 8(a)~(c), the number of new crosslinking points on the original elastic 

chain is consistent with the number of newly generated elastic chains. If the probability of forming a 

new crosslinking point on a single chain during aging is 𝑃 , the probability of forming m cross-linking 

points on a single elastic chain is 𝑃 .  

From the perspective of statistical distribution of the overall elastic chain, since the number of elastic 

molecular chains is very large, it can be deduced that the TO aging does not change the statistical 

distribution of newly formed elastic chains. If the average number of crosslinking points generated on 

an aging elastic chain is 𝑚 , and 𝑚  newly generated crosslinking points equally divide the original 

elastic network chain, the strain energy of the elastic chains formed from the original elastic chains 

due to the SOC reaction, denoted as Φ , is given by  

𝛷 = (1 − 𝜅) 𝑁 𝑃 𝜔 (𝑚 + 1)𝜙 (𝑛, �̅�) (12) 

On the other hand, during the TO aging, free chains can also be transformed into elastic chains, as 

shown in Figure 8(b)~(c) and Figure 9. If the average number of crosslinking points generated on an 

aging free chain is 𝑚 , based on equation (12), the strain energy of the elastic chains transformed from 

the free chains, denoted Φ , can be expressed as  

𝛷 = (1 − 𝜅) 𝑁 𝑃 𝜔 𝑚 − 1 𝜙 (𝑛, �̅�) (13) 
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The strain energy of elastic chain layer Φ  is thus modified as  

𝛷 = 𝛷 + 𝛷 + 𝛷 (14) 

(2) Effect of TO aging on free chain 

In the TO aging, the free chains may also undergo SOC reaction with surrounding free chains to 

generate new cross-linking points. Along a free chain, when more than one new crosslinking points 

are formed, each segment between the neighboring new points will be converted into an elastic chain, 

as shown in Figure 9. In the case of CS reaction which mainly refers to the destruction of the cross-

linking points between the elastic chains, its influence of CS reaction on the free chain is ignored here.  

 

Figure 9 Alteration of free chain by SOC reaction during thermal-oxidative aging 

As with elastic chains, the free chains during aging can be divided into two types: i) the original free 

chains without aging; ii) the newly formed free chain during aging. 

Strain energy of the whole free chains Φ  is represented as 

𝛷 = 𝛷 + 𝛷 (15) 

where the strain energy of unaged free chains Φ  is expressed according to equation (5), as 

𝛷 = 𝜅 𝑁 𝜔 𝜙 (𝑛, �̅�) (16) 
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As observed from Figure 8(d), CS reaction can destroy the original crosslinking points on the elastic 

chain network, and transfer elastic chains into free chains. If there are ℎ elastic chains with the same 

configuration connected to a crosslinking point on average, and the probability of losing a crosslinking 

point on a single elastic chain is 𝑃 , the strain energy of free chains generated from elastic chains 

during aging, denoted Φ , can be expressed as  

𝛷 = (1 − 𝜅) 𝑁 𝑃 𝜔 ℎ𝜙 (𝑛, �̅�) (17) 

On the other hand, one can conclude form Figure 8(a)~(c) and Figure 9 that when 𝑚   new 

crosslinking points are generated on a free chain averagely, the parts at both ends of free chain will be 

converted into two new free chains, although other parts are converted into elastic chains. The strain 

energy of free chains formed from the original ones, 𝛷 , is given by 

𝛷 = (1 − 𝜅) 2𝑁 𝑃 𝜔 𝜙 (𝑛, �̅�) (18) 

The strain energy of free chain layer Φ  is thus modified as  

𝛷 = 𝛷 + 𝛷 + 𝛷 (19) 

The strain energy of TO aging VEMs denoted Φ can be determined as 

𝛷 = 𝛷 + 𝛷 (20) 

3.3 Mathematical model of thermal-oxidative aging VEMs  

Different additives are often added into the rubber matrix to improve its mechanical performance, 

making the molecular chain structure of VEMs complex. To further understand the microstructure of 
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VEMs, the actual micromorphological structures of the test samples with different 𝑡  are scanned by 

electron microscope (Sigma 300, Zeiss Corporation, Germany) as shown in Figure 10 (a) and (c).  

To comprehend the distribution state between the matrix rubber and additives, the pixel processes are 

conducted on the entire region of SEM images, and the results are shown in Figure 10 (b) and (d), 

where the black portions indicate the additives, and the white portions is the rubber matrix. 

Furthermore, to examine the impact of TO aging on the volume content of additives in VEMs, the 

grayscale analyses are performed on the whole region of pixel processing results (namely, on the entire 

regions within the box of Figure 10 (b) and (d)), the area proportion of rubber matrix and additives are 

calculated to quantitatively describe the volume content of additives before and after aging, as listed 

in Table 3. 

 

Figure 10 Actual micromorphology and corresponding pixel processing results of VEMs fracture section 

for: (a)~(b) 𝒕𝟏 = 𝟎𝒉; and (c)~(d) 𝒕𝟏 = 𝟔𝟒𝟎𝒉  

Table 3 Area proportion of rubber matrix and additives before and after aging 

Aging time (h) 
Area ratio (%) 

Change rate of additives (%) 
Rubber matrix Additives 

0 93.43 6.57 4.57 
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640 93.13 6.86 

The random and discrete distribution of different additives in the matrix with obvious aggregation in 

Figure 10 may lead to significant non-uniformity of the material stiffness. Between aging time of 0 h 

and 640 h, the uneven state of the additive distribution has not been changed significantly. 

Quantitatively, as seen from Table 3, remarkable variation of content of additives during aging process 

has not been observed as the volume contents of additives before and after aging are no more than 5%. 

This may be because the additives primarily comprise compounds with stable chemical properties, 

such as zinc oxide, carbonates, and silicates, etc., which are less easily to react with oxygen or other 

media under TO conditions compared to those more active unsaturated groups in molecular chain 

network of VEMs such as hydrogen bonds and other free radicals [18, 37]. 

To consider this heterogeneity, a strain amplification function is employed, and a non-affine directional 

model by considering the non-uniformity of deformation distribution is proposed [29], which is  

𝜆 =
𝜒 − 𝜇

1 − 𝜇
(21) 

Where 𝜆 = (𝑞 𝐅𝑻𝐅𝑞 ) ⁄   and 𝜒   are the microscopic tensile ratio and the macroscopic tensile 

ratio in direction 𝑞 , in which 𝐅 is the deformation gradient, 𝜇 is the volume fraction of filler in the 

range of 0~0.3, 𝜈 depends on the matrix network, and is taken as 1/3 in this paper [48].  

To consider the reinforcing effect of filler on the rubber matrix, the filler-reinforcement coefficient γ 

is introduced here to modify the stress of unfilled system, given by [32] 

𝛾 =
1 + 2.5𝜇 + 14.1𝜇 𝜇 < 0.3

[1/(1 − 𝜇/𝜇 )] . 𝜇 > 0.3
(22) 

Based on equation (20), the first Piola-Kirchhoff stress tensor 𝐒 of the aging VEMs is obtained as: 
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𝑺 = 𝛾
𝜕𝛷(𝑭)

𝜕𝑭
− 𝑝𝑰𝑭 𝟏 (23) 

where 𝑝 is an arbitrary scalar to satisfy the boundary condition, 𝐈 is the unit matrix and 

𝜕𝛷(∎)(𝑭)

𝜕𝑭
= 𝜔

𝜕𝜙(∎)

𝜕𝜆

𝜕𝜆

𝜕𝜒

1

2𝜒

𝜕𝜒

𝜕𝑭
(24) 

𝜕𝜙(𝑛, 𝑥)

𝜕𝑥
= √𝑛𝑘 𝑇 𝛽

𝜆

√𝑛
, 𝑛 (25) 

𝜕𝜒

𝜕𝑭
=

𝜕𝑞 𝑪𝑞

𝜕𝑭
:
𝜕𝑭

𝜕𝑭
= 2𝑱

𝟏
𝟑𝑭(𝑞 ⨂𝑞 ) (26) 

in which 𝑭 is 𝑭 normalized by 𝑙,  𝐂 is the right Cauchy green tensor, 𝐉𝟐 = 𝐝𝐞𝐭𝐂 and 𝐂 =

𝐉 𝟐 𝟑⁄ 𝐂.  

4 Evaluation on predictive capability and adaptability of proposed Model  

To widen the evaluation on the prediction accuracy and robustness of proposed model under different 

testing conditions, besides our own test data, another two sets of data were extracted from [14, 28] and 

used for verification. The 3 sets of data formed cases 1 (test data in Section 2), cases 2 (test data in 

literature [28]), and cases 3 (test data in literature [14]). The prediction using the aging microsphere 

model is compared with those using the proposed model. A note on the derivation of the aging 

microsphere model is explained in Appendix A.  

The microsphere model is evaluated numerically using 21 integration points on the hemisphere 

considering the computational accuracy and efficiency, which has been proved to be capable of 

reflecting the mechanical behavior of VEMs [14, 49, 50].  
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The physical-chemical parameters of the proposed model are calibrated prior to the verification, which 

is described in [34]. Their values for the 3 cases of both models and their corresponding average fitting 

errors (AFEs) are listed in Table 4 and Table 5.  

Table 4 Identified parameters and corresponding AFEs of proposed models 

Data group Case 1 Case 2 Case 3 

Model parameter 

𝐴  0.925 0.106 0.100 

P  0.029 0.835 0.102 

P  0.405 0.100 0.100 

𝑁  2.00 × 10  6.20 × 10  1.00 × 10  

𝑁  5.28 × 10  3.60 × 10  1.00 × 10  

𝑛 67.750 408.475 1.49 × 10  

𝐸 , 𝑅⁄  802.927 5.32 × 10  4.77 × 10  

𝐸 , 𝑅⁄  1.127 5.94 × 10  6.54 × 10  

𝑚  64.387 4.567 1.64 × 10  

𝑚  42.692 1.842 1.01 

ℎ 14.058 927.1 0.103 

δs 0.057 1.18 × 10  −9.52 × 10  

𝛿  3.896 1.88 × 10  −4.73 × 10  

𝑇  -18.405 3.32 × 10  −7.38 × 10  

AFE (%) 3.1 3.6 4.2 

Table 5 Identified parameters and corresponding AFEs of aging microsphere models 

Data group Case 1 Case 2 Case 3 

Model parameter 

𝐴  0.613 0.154 0.100 

𝑁 9.21 × 10  1.14 × 10  1.20 × 10  

𝑛 56.667 39.437 4.64 × 10  

𝐸 , 𝑅⁄  2.67 × 10  74.586 1.63 × 10  

𝐸 , 𝑅⁄  3.34 × 10  175.460 3.27 × 10  

δs -0.871 64.007 −1.74 × 10  

𝛿  -5.425 -0.017 0.110 

𝑇  -9.152 319.152 2.99 × 10  

AFE (%) 8.3 21.5 9.4 

The AFEs of the proposed model for the 3 cases range from 3.1%~4.2% whereas the AFEs of the aging 

microsphere model range from 8.3%-21.5%, and are all over 8% with the maximum value of 21.5%. 

Thus, the proposed model provides a better description of the mechanical behavior of TO aging VEMs, 
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indicating that the modifications made on the original microsphere model gives significant 

improvements.  

Based on the determined parameters, the results for the test data are predicted and depicted in Figure 

11~Figure 13. The results for the 3 cases calculated by the proposed model agree well with those from 

experiments, whereas the aging microsphere model exhibits significant errors in predictions. For 

instance, the maximum prediction errors of the proposed model are 17.2%, 16.3%, and 15.6%, and 

those from the aging microsphere model are 17.8%, 31.2%, and 41.0%. Correspondingly, the average 

predicted errors (APEs) of the proposed model are 3.0%, 4.7%, and 8.5%, while those from the aging 

microsphere model are basically above 5% with the average of 9.3%.  
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(c)  (d)  
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Figure 11 Results for aging VEMs of Case 1: (a), (c) proposed model; and (b), (d) aging microsphere 

model. Discrete symbols depict experimental data. Solid lines exhibit fitted results, and dotted lines show 

predicted result from mathematical models. 

(a)  (b)  

(c)  (d)  

(e)  (f)  

Figure 12 Results for aging VEMs of Case 2: (a), (c) and (e) proposed model; and (b), (d) and (f) aging 

microsphere model. Discrete symbols depict experimental data. Solid lines exhibit fitted results, and dotted 

lines show predicted result from mathematical models. 
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(a)  (b)  

(c)  (d)  

Figure 13 Results for aging VEMs of Case 3: (a), (c) proposed model; and (b), (d) aging microsphere 

model. Discrete symbols depict experimental data. Solid lines exhibit fitted results, and dotted lines show 

predicted result from mathematical models. 

Error analyses are also carried out for the predicted results using the determination coefficient R2 and 

the residual ϵ, as listed in Table 6. As observed, R2 of the prediction results by the proposed model 

range from 0.965 to 0.995 whereas those from the aging microsphere model are 0. 895 to 0.963. The 

absolute values of average residuals for the proposed model are less than 0.12, whereas those of the 

aging microsphere model range from 0.14 to 0.31.  

Table 6 Error analyses on predicted results of the proposed model (PM) and comparative model (CM) 

Data group 
Maximum PE (%) APE (%) R2 ϵ 

PM CM PM CM PM CM PM CM 

Case 1 17.2 17.8 3.0 4.7 0.994 0.982 -0.103 -0.166 

Case 2 16.3 31.2 4.7 10.1 0.977 0.895 -0.035 -0.137 
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Case 3 15.6 41.1 8.5 13.1 0.965 0.918 0.111 0.310 

* Bold is the relatively best 

In addition, one can see from Figure 13(b) that the predicted results given by the aging microsphere 

model shows significant aggregation. This is because the stress-strain changes of VEMs are 

indistinctive under different aging time at this working condition. In general, compared with the aging 

microsphere model, the proposed model exhibits a better prediction capacity and robustness under 

different TO aging conditions. This is because the aging microsphere model can only make rough 

statistics of the molecular chains and fails in distinguishing the alteration of different-kind chains of 

aging VEMs caused by different aging reactions. Also, the filler-reinforcement effect and non-affine 

assumption involved in the proposed model contribute to the improvement of prediction capability.  

5 Sensitivity analysis of model parameters  

To better understand the influence of TO aging on the mechanical behavior of VEMs, a parameter 

sensitivity analysis is conducted on the proposed model. For the proposed model, considering that 

some parameters have no physical significance or have been extensively studied [15], the model 

parameters chosen in the present sensitivity analysis include: i) mechanical parameters 𝑁 , 𝑁 , 𝑛; ii) 

aging parameters 𝐴 , P , P , 𝑚 , 𝑚 , ℎ.  

The model parameters of Case 1 given in Table 4 are taken as the reference values, and the reference 

test condition with T = 90 oC and t1 = 320 h is selected. In the calculation process, the reference values 

of the specific parameters to be studied is employed as the benchmark for adjustment. The calculated 

results are plotted in Figure 14 and Figure 15, in which 𝜂  denotes the contribution ratio of elastic 

chain to total stress of TO aging VEMs.  
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(a)  (b)  

Figure 14 Sensitivity analyses on mechanical parameters of proposed model.  

With the increase of 𝑁  , the stress level and tangent modulus of VEMs demonstrate a significant 

increasing trend with the increase in 𝜂  . This is because the macroscopic elasticity of VEMs is 

positively correlated with elastic chains, and the increase in elastic chains can directly result in their 

increasing contribution to the total stress of VEMs. The stress level of VEMs increases with the 

increase in 𝑛. This can be explained by the fact that higher 𝑛 means higher degree of curl and entropic 

elasticity, which results in higher stress levels. In addition, since the enhancement of entropic elasticity 

acts on both elastic chain and free chain, the contribution ratios of these two kinds of chains to the total 

stress remain unchanged. 
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(c)  (d)  

(e)  (f)  

Figure 15 Sensitivity analyses on aging parameters of proposed model.  

As seen from Figure 15 (a), with the increase in 𝐴 , the stress level of the material shows a decreasing 

trend with an obvious increment in 𝜂  observed. This is because the destruction to the crosslink points 

of elastic chain increases with the growth of proportion of SC reaction in total reaction, leading to the 

damage to the whole chain network and the following modulus degradation of the material. On the 

other hand, since that the decrease in total stress of VEMs caused by losing elastic chains do not exceed 

the increase in total stress of VEMs caused by the newly formed free chains, 𝜂  presents an increasing 

trendy.  

Besides, one can observe from Figure 15 (b), (d), and (e) that the stress level of VEMs does not vary 

with the increase in P  , 𝑚   and 𝑚  . This may be because that the probability of forming a new 
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crosslinking point on a single chain is less than 1, whereas the average number of forming a new 

crosslinking point on a single elastic chain or free chain is relatively large (much more than 1) since 

that the SOC reaction are often predominant during the TO aging [15, 18, 29, 51], which leads to the 

corresponding strain energy components including Φ  , Φ  , and Φ   are insensitive to the 

variations of P , m  and m , which finally explain phenomenon presented in Figure 15 (b), (d), and 

(e).  

Figure 15 (c) shows that VEMs exhibits an increase in stress level when increasing P , whereas 𝜂  

has a negative correlation with P . The is because that with the increase of the probability of losing a 

crosslinking point, more and more elastic chains will be converted into free chains, so that the 

contribution of elastic chains to total stress decreases. When the contribution of the newly formed free 

chains to the total stress of VEMs always exceeding the contribution from the vanished elastic chains, 

VEMs will show the phenomenon of stress increase. Figure 15 (f) shows that the stresses in VEMs are 

greatly improved by h, whereas 𝜂  shows a decrease trend with increasing h. The reason is that more 

elastic chains linked to a single cross-linking point suggests more elastic chains per unit volume and 

higher entropic elasticity of the whole chain network, resulting in a higher stress level of VEMs. 

However, more elastic chains connected to a crosslinking point means that more elastic chains can be 

transformed into free chains by destroying cross-linking points, leading to a decrease in the stress 

contribution of elastic chains. 

6 Conclusions  
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In this paper, the effects of thermal-oxidative (TO) aging on the stress-strain behavior of viscoelastic 

materials (VEMs) are studied through a series of experiments, a mathematical model for describing 

mechanical behavior of TO aging VEMs is established and verified, a sensitivity analysis on 

parameters of the proposed model is carried out. The following conclusions are drawn:  

(1) Under the coupling effect of CS reaction and SOC reaction, the overall regularity of chain network 

gets destroyed, the stress-strain transmission capacity between molecular chains becomes weakened, 

leading to the deformation capacity of VEMs in general deteriorate. During TO aging process, the SOC 

reaction seems like happening more than the CS reaction on the whole, making the chain network of 

VEMs become denser, resulting in the phenomenon of modulus hardening. The SEM results suggest 

that the distribution and volume content of additives in viscoelastic materials have not significantly 

changed before and after aging. 

(2) A microscopic chain-based mathematical model that can consider the evolution of molecular chains 

of VEMs during TO aging was proposed and verified against three groups of experimental data, and 

the verification demonstrates that the proposed model provides a significantly improved prediction on 

the stress-strain behavior of VEMs at different aging conditions as compared to the aging microsphere 

model.  

(3) From the parameter sensitivity analysis of the proposed model, the stress level of VEMs 

demonstrates a notably positive relationship with the mechanical parameters 𝑁  , 𝑛 , and aging 

parameters P , ℎ, and is negatively affected by the aging parameters 𝐴 , whereas the stress-strain 

behaviors of VEMs are insensitive to changes in aging parameters P , 𝑚 , and 𝑚 .  



 

32 

(4) It should be noted that the actual molecular chain structure of VEMs is very complicated after TO 

aging. The proposed model has been established to include the main influencing factors, in which 

several simplifications have been involved. Nevertheless, as obtained from the verification results in 

Section 4, the proposed model can predict the stress-strain behavior of VEMs (more specifically, the 

Nitrile Butadiene Rubber-based VEMs) after TO aging with significant accuracy. In future study, the 

importance of the above-mentioned simplifications can be further examined and the corresponding 

effects may be incorporated in the model to further enhance its predictive capacity.  

Appendix A. The aging microsphere model 

According to equations (4) and (5), without distinguishing different-type molecular chains, the strain 

energy of unaged VEMs denoted Φ can be expressed based on the original microsphere model, as 

Φ = 𝜙(𝑛, �̅�) 𝑑𝑛 ≅ 𝑁𝜔 𝜙 (𝑛, �̅�) (A.1) 

Furthermore, considering the effect of thermal-oxidative aging through equations (10)~(9), the strain 

energy of aging VEMs denoted Φ is determined by  

Φ = 𝜅 𝜙(𝑛, �̅�) 𝑑𝑛 ≅ 𝜅 𝑁𝜔 𝜙 (𝑛, �̅�) (A.2) 

As the strain energy is given in (A.2), the aging microsphere model can be completed according to the 

derivation process described in Section 3.3.  

Appendix B. Nomenclature  

The following symbols are used in this paper: 

𝜀 , 𝜎  = The fracture strain and fracture stress; 
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𝜎 %, 𝜎 % = The stress at 100% strain and at 250% strain; 

𝛹 = The strain energy of rubber polymer; 

M  = The area of microsphere S; 

𝑑 𝑢 = The infinitesimal area in direction q; 

𝜔 , 𝑘 = The weight in direction 𝑞  and the number of integration points; 

𝜙  = The strain energy of molecular chains in direction 𝑞 ;  

𝑘 , 𝑇  = The Boltzmann constant and the absolute temperature; 

n = The number of Kuhn segments on a single chain; 

𝛽 = The inverse Langevin function of elongation ratio; 

𝑟, �̅� = The end-to-end distance before and after normalization; 

𝑙 = The length of a single Kuhn segment; 

𝜏 = The extensibility ratio in the deformed configuration; 

𝑁 , 𝑁  = The molecular chain density of elastic chain and free chain; 

𝛷, 𝛷 = The strain energy of aging and unaged VEMs; 

𝛷 , 𝛷  = The total strain energy of free chains of aging and unaged VEMs; 

𝛷 , 𝛷  = The total strain energy of elastic chains of aging and unaged VEMs; 

𝛷 , 𝛷  = The strain energy of aging and unaged elastic chains; 
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𝜅 = The aging function; 

𝑡 , 𝑡  = The actual and reference aging time; 

𝑇, 𝑇  = The actual and reference aging temperature; 

𝜌(∎) = The influence function, in which (∎) represents different reactions; 

𝐸 ,(∎), 𝛿(∎) = The activation energy and the preexponential factor; 

𝐴(∎), 𝑎 ,(∎) = The weight coefficient and the aging time-temperature shift factor; 

𝛷  = The strain energy of elastic chains formed from original elastic chains through SOC reaction; 

𝑃  = The probability of forming a new crosslinking point on a single chain; 

𝑚  = The average number of new formed crosslinking points on a single elastic chain; 

𝑚  = The average number of new formed crosslinking points on a single free chain; 

𝛷  = The strain energy of elastic chains formed from original free chains through SOC reaction; 

𝛷 , 𝛷  = The strain energy of aging and unaged free chains; 

𝑃  = The probability of losing a crosslinking point on a single elastic chain; 

ℎ = The average number of elastic chains connected to a crosslinking point; 

𝛷  = The strain energy of free chains generated from elastic chains; 

𝛷  = The strain energy of free chains formed from the original ones; 

𝜆 ，𝜒  = The microscopic tensile ratio and the macroscopic tensile ratio in direction 𝑞 ; 
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𝜇 = The volume fraction of filler; 

𝛾 = The filler-reinforcement coefficient; 

𝐒, 𝐒 = The stress tensor of filler and unfilled system; 

𝑭 = The deformation gradient; 

𝑝 = An arbitrary scalar; 

𝐂 = The right Cauchy green stress tensor.  
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