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Abstract 

This work presents two crystal plasticity finite element studies on magnesium alloys and an 

experimental characterization of a high entropy alloy. The first of two crystal plasticity studies 

presents a high strain rate deformation characterization via a split Hopkinson bar Taylor impact 

of a WE43 magnesium alloy. This study showed that crystal plasticity finite element modeling 

(CPFE) was able to model WE43 texture evolution, twin volume fraction along the length of the 

cylinder, and anisotropy with four different material orientations at high strain rates when 

compared to experimental data. The second study investigated the Taylor-type model 

homogenization response of the virtual polycrystal and how to best spread the crystal 

orientations over the finite element (FE) mesh for accurate modeling of Mg alloys specifically 

AZ31. It was found that 6 embedded crystals per integration point proved most optimal when 

compared to a full-field explicit grain mesh model. The third study investigated phase 

transformation hardness values and strain hardening characteristics for a four-phase high entropy 

alloy by nanoindentation. The material exhibited great strength based on phase transformation 

during plastic deformation upon compression.  
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Introduction 

Crystal plasticity is a mesoscale crystallographic technique used to model mechanical behavior 

of polycrystalline materials. From this, the relationship between stress and strain can be 

rationalized by capturing the underlying physics at the crystal level. All three studies presented 

here utilize the understanding of crystal plasticity either computationally or experimentally. 

Here, all three materials investigated have hexagonal close packed phases which are captured 

experimentally by EBSD (electron backscatter diffraction) for a HEA, and modeled 

computationally by crystal plasticity finite element modeling for two magnesium alloys. Crystal 

plasticity finite element modeling uses constitutive laws at the mesoscale to successfully 

characterize materials based upon experimentally obtained data.  

For the first two chapters of this thesis, crystal plasticity finite element modeling was used to 

characterize and model WE43 and AZ31 magnesium alloys. The work uses a recently developed 

multi-level constitutive model for polycrystalline metals which deform by elasticity, 

crystallographic slip, and deformation twinning.  

The first chapter presents a comprehensive set of mechanical and microstructure data recorded 

during quasi-static, high strain rate split Hopkinson bar, and impact tests on specimens of WE43 

Mg. The experiment is simulated and interpreted using an advanced Taylor-type crystal plasticity 

finite element (T-CPFE) model. The T-CPFE model is formulated physically to embed two 

sources of strain-rate sensitivities inherent to each slip and twinning mode in WE43, one that 

occurs under constant structure and another that affects the structure evolution. After calibration 

and validation, the model proved to predict characteristics at larger strain rates than those used 

for model calibration. Specifically, mechanical response, specimen geometry changes, twin 
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volume fractions, and texture evolution are predicted for different orientations of the Taylor 

cylinders. 

The second chapter of this thesis presents a parametric study into the influence of Taylor-type 

scale-bridging artifacts on the accuracy of crystal plasticity finite element modeling for Mg 

alloys. This work seeks to establish an optimal number of crystal orientations to spread over 

integration points for accurate modeling of Mg alloys. It was found that six crystals per 

integration point are optimal in smoothing local deformation while allowing heterogeneous 

deformation over the mesh. 

The third and final chapter focuses on the experimental analysis of a TRIP high entropy alloy 

(HEA) Fe42Mn28Co10Cr15Si5 (in at%), using rolling and compression. Nanoindentation, optical 

microscopy, and electron backscatter diffraction (EBSD) were used to characterize the present 

microstructure at different levels of deformation to fracture allowing for hardness parameters to 

be characterized per phase over increasing levels of strain. Strain hardening characteristics of the 

material are clarified.  
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Chapter 1: Embedding strain-rate sensitivities of multiple deformation 

mechanisms to predict the behavior of a precipitate-hardened WE43 

alloy under a wide range of strain rates 

 

This chapter has been submitted to the International Journal of Plasticity on April 10th, 2023, and 

is currently under review.  

 

My contribution to this work was to model WE43 high strain rate Taylor impact simulations for 

four initial material orientations. After simulations were complete, I post processed the obtained 

data and produced figures (1,2,5,8,9,10,11,12,13,14,15) in the paper. The text was written in a 

standard student-mentor relationship along with contributions from University of California, 

Santa Barbara, Utah State University, and DEVCOM Army Research Laboratory.   
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Abstract 

A rare earth Mg alloy, WE43, exhibits high strength, good ductility, and low anisotropy and strain 

rate sensitivity. As such, the alloy is a viable candidate for high strain rate applications. In this 
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work, a comprehensive set of mechanical and microstructure data recorded during quasi-static, 

high strain rate split Hopkinson bar (SHB), and impact tests on specimens of WE43 Mg alloy 

reported in (Savage et al., 2020) is simulated and interpreted using an advanced Taylor-type crystal 

plasticity finite element (T-CPFE) model. The T-CPFE model is formulated physically to embed 

two sources of strain-rate sensitivities inherent to each slip and twinning mode in WE43, one that 

occurs under constant structure and another that affects structure evolution. The model parameters 

are established for the alloy by achieving agreement in the stress-strain response and 

microstructure evolution under quasi-static and SHB tests. Density functional theory calculations 

of anti-phase boundary (APB) energy are carried out to explain origins of the unusually large initial 

slip resistance for basal dislocations, which shear precipitates in the alloy. The initial slip 

resistances of the prismatic and pyramidal dislocations are, instead, rationalized by Orowan 

looping around precipitates. After calibration and validation, the model is shown to successfully 

predict WE43 response at much larger strain rates than those used for model calibration. 

Specifically, mechanical response, specimen geometry changes, twin volume fractions, and texture 

evolution are predicted for different orientations of the Taylor cylinders. Details of the modeling 

framework, comparison between simulation and experimental results, and insights from the results 

are presented and discussed.  

Keywords: WE43; Impact; Microstructures; Crystal Plasticity; T-CPFE 
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1. Introduction 

Structural Mg alloys, such as WE43, have received much attention for its combined 

lightweightness and high strength (Bhattacharyya et al., 2016; Imandoust et al., 2017). While 

advantageously less dense, Mg alloys are generally relatively weak compared to conventional steel 

and Al alloys. With the T6 age-hardening treatment, the Mg WE43-T6 alloy exhibits relative high 

strength due to the formation of precipitates (Bhattacharyya et al., 2018; Kandalam et al., 2015). 

Among many experimental studies, the deformation response and strength of WE43 over a wide 

range of strain rates, from quasi-static 10-4/s to 106/s, have been studied (Xiang et al., 2018). It is 

found that WE43 in the T6 condition exhibits good ductility, low plastic anisotropy and 

tension/compression asymmetry, and little strain rate sensitivity in these properties, all outstanding 

properties that make it a good candidate for many high strain rate, high impact applications (Agnew 

et al., 2014; Miraglia et al., 2007). These properties are a consequence of precipitates, which effect 

the ratio between the activation stress for basal, prismatic, and pyramidal dislocations (Nie, 2012; 

Nie and Muddle, 2000). Because the ratios are reduced compared to other Mg alloys like AZ31 

(Kabirian et al., 2015), slip systems belonging to different modes can activate simultaneously. 

Reduced twinning activity in WE43 reduces asymmetry and propensity to strain localizations. 

Texture intensity in these alloys is only moderately strong influencing small anisotropy. These 

attributes are uncommon for Mg alloys and other hexagonal close packed (hcp) metallic alloys in 

general, which usually are greatly plastically anisotropic. To date, WE43 is commercially available 

and in use in structural applications, such as components in lightweight armored ground vehicles, 

helicopter rotor heads, and even orthopedic implants (Cho et al., 2009; Liu et al., 2022). The alloy 

has good vibration damping capacity (Sugimoto et al., 1977) as well as low acoustic impedance 
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characteristics (Martin et al., 2006). These properties can additionally benefit the vehicle 

applications. The alloy can also be processed by additive manufacturing (Gangireddy et al., 2019).  

One pressing issue with WE43 is that while clearly a structurally desirable material, its 

deformation behavior is challenging to understand and predict. The reasons for its unusually 

superior performance, such as low anisotropy and relatively law strain rate sensitivity are attributed 

to precipitates, but details are yet to be clarified. WE43, like most low symmetry hcp metals, 

deforms simultaneously by multiple slip and twin modes (Yoo, 1981). The macroscopic response 

of WE43 consequently is the result of a complex set of interactions between slip, twinning, and 

the precipitates and the microstructure evolution changes their activity and interactions. Each of 

these mechanisms have an individual dependency on strain rate (Korla and Chokshi, 2010; 

Watanabe and Ishikawa, 2009) and how their operation leads to macroscopic strain rate sensitivity 

and anisotropy is unclear. Expanding the use of WE43 in critical, high-impact applications such as 

in aerospace components and defense armor, relies on predicting changes in its response as the 

rate of strain changes. Further, especially in the higher strain-rate conditions, the material can 

experience high levels of strain and substantial microstructural changes, such as changes in texture, 

formation of twins, and accumulated stored dislocation density (Feather et al., 2019). Many of 

these high-strain-rate situations involve multi-axial loading as well. These high rates and multi-

axial conditions are often challenging to mimic in high-throughput laboratory tests. Most 

laboratory tests involve simple test geometries, such as bars or cylinders, and under uniaxial 

loading (Follansbee, 1985; Maudlin et al., 1999).  

To link laboratory to structural situations, one approach often taken is to employ a model that 

is calibrated with the simpler laboratory tests and can be used to simulate these more complex 

conditions encountered in application (Knezevic et al., 2016a). To relate the deformation 
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mechanism activity and microstructural evolution in materials like WE43, crystal plasticity (CP) 

theory-based modeling is essential. Generally, for modeling polycrystalline material deformation, 

CP formulations have been employed in either mean-field polycrystal plasticity models 

(Lebensohn and Tomé, 1993) or full field models, such as finite element (FE) (Kalidindi et al., 

1992; Knezevic et al., 2014b) or fast-Fourier transform (FFT) (Eghtesad et al., 2020; Lebensohn 

et al., 2012). For many Mg alloys and WE43, crystal plasticity based constitutive laws have been 

developed that account for multiple mode activity, evolve the hardening in the deformation 

mechanisms, such as slip and twinning, and evolve the microstructure, such as grain shape 

changes, twin lamellae reorientation, and texture (Nugmanov et al., 2018; Proust et al., 2007). In 

more recent times, models have been advanced to treat the interaction of slip with precipitates, 

essential for precipitation hardened alloys (Ghorbanpour et al., 2017). To simulate high strain rate 

deformation, models are applied to uniaxial laboratory test data first, such as quasi-static tests or 

split Hopkinson bar (SHB) tests (Jahedi et al., 2018a; Knezevic et al., 2013; Zecevic and Knezevic, 

2018). To achieve a range of strain rates, both the former traditional compression tests and the 

SHB tests are included in the testing suite and these tests are repeated at different strain rates (Chen 

and Gray, 1996; Livescu et al., 2016). The models are typically demonstrated to predict material 

behavior within the same strain rate regime as it was calibrated.  

An ideal test for characterizing material behavior for a broad range of ultra-high strain rates in 

one sample, and for advancing a model accuracy in the high strain rate regime is the Taylor cylinder 

(TC) impact test (Maudlin et al., 1999; Takajo et al., 2018). The TC test propels at high velocity 

cylindrical sample at a rigid target. A variation of high rates in the range of 106/s can be achieved 

along the length of the TC (Feng et al., 2022; Zecevic et al., 2016). The TC is challenging to 

simulate in FE frameworks. For WE43, a series of TC tests have been conducted and its post-
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deformation microstructure examined finding significant changes in texture, grain shape, and 

deformation twinning (Savage et al., 2020). The well-known disadvantage of the TC test is that it 

cannot provide a stress-strain curve, usually used to calibrate a model. Thus, a model that can 

successfully simulate the constitutive response of the TC test as well as the stress-strain response 

is the common way to circumvent this problem (Vasilev et al., 2020).  

Modeling the TC test has been mainly accomplished using FE frameworks, although smooth 

particle hydrodynamics (SPH) methods can be used (Eghtesad and Knezevic, 2018). The 

advantage of a full field mechanics model like the FE method is that it can predict the time 

evolution and spatially heterogeneous mechanical fields during the TC. To simulate strain rate 

effects on microstructural evolution in the TC test, however, an FE model incorporating a CP 

formulation is needed to predict slip patterns, and texture and twinning evolution. A full CPFE 

formulation of the temporal and spatial mechanical fields over the period and specimen of the TC 

tests would be too computationally intensive, particularly when testing multiple conditions, 

material types and orientations are required. One approach to reduce computation time is to 

simulate the TC test using standard FE and use the output as boundary conditions for subsequent, 

separate CP calculations (Knezevic et al., 2009; Savage and Knezevic, 2015). This handshaking 

approach for hcp alloys is less desirable since the mechanical fields are inherently tied to 

microstructure evolution and deformation mechanisms. To provide concurrent CP evolution in a 

polycrystal and heterogeneous 3D fields in a computationally efficient manner, a model 

considering a Taylor-type homogenization at each integration point in a finite deformation crystal 

plasticity finite element model, called T-CPFE, was developed (Ardeljan et al., 2016). T-CPFE 

aims to link crystal deformation accommodated by multiple slip and twinning modes to a Taylor-

type polycrystal. In previous work (Feather et al., 2019), the T-CPFE model was applied to model 
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the deformation behavior of the WE43 alloy in uniaxial testing (Feather et al., 2019) but never to 

simulate a TC test.  

In this work we present a multiscale model for hcp metals that builds on the T-CPFE approach. 

The goal is to advance its formulation such that it can extrapolate to much higher strain rates, such 

as in a TC test, than those used to calibrate it. To do so, the formulation considers two sources of 

strain rate sensitivity for each slip and twinning system, one that occurs under constant structure 

and another that is a consequence of evolving structure. As a second advancement to T-CPFE, it 

indirectly considers the response of each slip mode to either precipitate shearing or bowing. With 

WE43, we demonstrate that the advanced multi-level T-CPFE can be calibrated using quasi-static 

to medium rate SHB tests and accurately predict the texture evolution, twinning evolution and 

dimensional shape changes at any spatio-temporal location in the specimen undergoing TC testing.  

 

2. Experimental background 

2.1 Material  

The WE43 used in the present study was age-hardened according to the T6 treatment. T6 

consists of a solution treatment step at 536 °C for 24 h and an aging step at 205°C for 48 h (Jahedi 

et al., 2018b; Jiang et al., 2017). The solution treatment step leads to static recrystallization and 

the aging step provides a favorable size and distribution of precipitates. The condition allows for 

higher strain-rates to be probed by TC tests and for constitutive model development.  
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2.2 Suite of mechanical testing 

For model development and validation, we make use of a comprehensive set of data containing 

quasi-static, high strain rate, and impact deformation of WE43 Mg alloy, all reported in (Savage 

et al., 2020). The data are briefly reviewed below.  

Compression tests were performed at room temperature at quasi-static strain rates of 0.001 /s. 

Specimens were made from a rolled plate in three directions: rolling direction (RD), transverse 

direction (TD), and normal direction (ND). Stress-strain curves will be shown later. Figure 1 shows 

the measured initial textures represented by three pole figures in the four specimen orientations 

(Savage et al., 2020). The measurements were performed using neutron diffraction (NeD) in High-

Pressure-Preferred Orientation (HIPPO) diffractometer at Los Alamos National Laboratory. The 

basal poles of the grains are strongly aligned along the ND. The compression direction with respect 

to the oriented basal pole thus varies for these four orientations, with ND sample directly 

compressing the poles. Since there is a wide spread of the poles about the ND slightly tilted in RD, 

the orientation relationship between the compression direction and the other three samples are 

similar. In the model, these textures are used in the simulations and embedded at every integration 

point of the FE meshes as represented using 152 weighted orientations using the procedure 

described in (Eghtesad et al., 2018).  
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Fig. 1. Pole figures measured by NeD showing the initial texture in the specimens of WE43-T6 

alloy. The specimens are compressed along the axis perpendicular to the pole figures.  

 

For the stress-strain response at higher strain rates, SHB testing was carried out. A few 

specimens were tested along the TD direction at strain-rates between 523 /s and 2544 /s. Taylor 

cylinder specimens were machined from the rolled WE43-T6 plate such that the cylinder axis 

aligned either with RD, TD, ND, or in-plane 45 from the RD, of the plate. The length of the 

cylinders ranged from 36.83 mm to 38.40 mm and the diameter was 7.57 mm, respectively. The 

cylinders are launched as a projectile toward a steel target. The velocity of the shot studied ranged 

from 181.6 to 192.3 m/s. Table 1 summarizes the geometry of the four cylinders and their impact 

conditions.  
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Table 1. Axes of cylinders relative to the frame of the WE43-T6 plate, imposed velocities, initial dimensions, 

and final lengths after the impacts for the four Taylor cylinders.  

Cylinder 

axis 

Velocity 

(m/s) 

Initial 

length 

(mm) 

Initial 

diameter 

(mm) 

Final 

length 

(mm) 

RD 188.1 38.40 7.57 35.96 

TD 181.6 38.18 7.57 36.03 

ND 192.3 36.83 7.57 34.47 

45RD 188.1 38.23 7.57 35.82 

 

Bulk texture evolution in all TCs after the impacts was measured using NeD. Figure 2 

highlights the many locations along a representative TC sample where the measurements are made. 

Upper-bound estimates of the twin volume fractions for the {101̅2}⟨1011̅̅̅̅ ⟩  tension twins were 

determined from the textures. The data will be presented later. The element sets from which texture 

was exported for comparisons of measured and simulated texture evolution are also shown in the 

figure.  
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Fig. 2. Regions of 2 mm in width identifying locations where texture measurements by NeD in 

HIPPO along each Taylor cylinder were performed. Corresponding element sets used to export 

texture from the models for comparisons of measured and simulated texture evolution.  

 

3. Multiscale model for precipitate hardened hcp Mg alloy 

3.1 T-CPFE  

In the present work, we use T-CPFE, a model that combines the full-field finite element and 

Taylor-type crystal plasticity models (Ardeljan et al., 2016). The first meso-scale level of 

homogenization is performed using the full-constraints Taylor model (T-), while the second 

macroscopic level of homogenization is performed using finite elements. The second level of the 

homogenization is relaxing the intrinsic assumption of the Taylor model pertaining to the iso 

deformation gradient or iso velocity gradient applied over a polycrystal. Each FE integration point 

represents a subset of grains belonging to the sub-polycrystal. T-CPFE is a multi-scale model that 
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links deformation of individual grains, accommodated by slip/twinning, at the microscale to a 

Taylor-type polycrystal at each integration point of the FE mesh at the macro scale. The advantage 

of T-CPFE over the Taylor-type homogenization is that it can simulate geometrical changes and 

inhomogeneous deformation, such as in the TC tests of interest here. The advantage of T-CPFE 

over full-field CPFE is that many more grains can be simulated with less computation time. In 

prior work, the T-CPFE model was used to predict and interpret the deformation behavior of WE43 

alloy in (Feather et al., 2019). Subsequently, the model was later advanced to consider strain-rate 

sensitivities inherent to deformation mechanisms in (Feather et al., 2021) to enable modeling of 

high strain rate deformation of alloys. Here we further advance it to consider two distinct types of 

strain rate sensitivities and precipitates. In the remainder of this section, the different components 

of this newer version are presented. 

In the description that follows, tensor quantities are denoted as bold; tensor components and 

scalars are made italic and not bold; indices s, α, t, and β are used for slip systems, slip modes, 

twin systems, and twin modes, respectively; ∙ is used to denote a dot product, while ⊗ is a tensor 

product. 𝑁𝑠𝑙 and 𝑁𝑡𝑤 will be the total number of slip and twin systems. 

The T-CPFE model is a user material subroutine (UMAT) implemented in Abaqus. In this type 

of implementation, the implicit FE solver iteratively provides a guess of the displacement field at 

time,   (t+Δt), given the boundary conditions over the FE model. To this end, a deformation 

gradient, 𝐅, is used to interrogate the UMAT for each gauss at each FE integration point. The 

UMAT solves for the Cauchy stress, �̅�, and provides the Jacobian along with updated set of state 

variables. The solution procedure moves on to the next time increment if the given boundary 

conditions and stress equilibrium are satisfied. The Cauchy stress at each integration point is taken 

as a volume average of crystal stresses in grains and twins as 
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1

grainsN

k k

k

v
=

= = σ σ σ ,   (1) 

where k enumerates grains and twins, v  are weights, and  denotes the volume average.  

Grains and twins embedded at a given FE integration point undergo the same applied 

deformation gradient, F, according to the Taylor-type model assumption. The tensor F is 

multiplicatively decomposed into its elastic and plastic parts as 

𝐅 = 𝐅𝑒𝐅𝑝.                                                                                                        (2) 

The rate of change of 𝐅𝑝 is 

�̇�𝑝 = 𝐋𝑝𝐅𝑝.                          (3) 

Integrating the above equation from the time at the beginning of the given strain increment, t, to 

the end of it,  = t+Δt, yields   

𝐅𝑝(𝜏) = 𝑒𝑥𝑝(𝐋𝑝(𝜏)∆𝑡)𝐅𝑝(𝑡).               (4) 

The constitutive relations at the grain level are 

𝐓 = 𝐂𝐄𝑒 , with 𝐓 = 𝐅𝑒−1
{(𝑑𝑒𝑡𝐅𝑒)𝛔}𝐅𝑒−𝑇

 and  𝐄𝑒 =
1

2
{𝐅𝑒𝑇

𝐅𝑒 − 𝐈},         (5) 

in which, 𝐓 is the second Piola-Kirchhoff stress, 𝐄𝑒 is the Lagrangian strain, and 𝐂 is the fourth-

order elasticity tensor. The elasticity tensor per grain is calculated based on C11 = 59,500 MPa, C12 

= 26,100 MPa, C13 = 21,800 MPa, C33 = 65,600 MPa, C44 = 16,300 MPa crystal constants for Mg 

(Duvvuru et al., 2007; Knezevic and Kalidindi, 2007; Landry and Knezevic, 2015; Slutsky and 

Garland, 1957).  
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To obtain stress, 𝐅𝑒 must be obtained first using 𝐅𝑒(𝜏) = 𝐅𝐅𝑝−1
(𝜏) = 𝐅𝐅𝑝−1

(𝑡){𝐈 − ∆𝑡𝐋𝑝(𝜏)} 

for what 𝐋𝑝 must be known. L, corresponding to F, is additively decomposed to its plastic part, 𝐋𝑝, 

and elastic part, 𝐋𝑒. The former accounts for plasticity accommodated by slip and twinning as 

𝐋 = 𝐋𝑒 + 𝐋𝑝 = 𝐋𝑒 + 𝐋𝑠𝑙 + 𝐋𝑡𝑤 = 𝐋𝑒 + ∑ �̇�𝑠𝐒0
𝑠𝑁𝑠𝑙

𝑠 + ∑ 𝑓̇𝑡𝑆𝑡𝐒0
𝑡𝑁𝑡𝑤

𝑡 ,                            (6) 

 

in which 𝐒0
𝑠 = 𝐛0

𝑠⨂𝐧0
𝑠  and 𝐒0

𝑡 = 𝐛0
𝑡 ⨂𝐧0

𝑡  are Schmid tensors for slip, s, and twinning, t, in the 

reference configuration, 0. These tensors are based 𝐛0
𝑠  and 𝐛0

𝑡  representing Burgers vectors and 

𝐧0
𝑠 , and 𝐧0

𝑡  representing plane normal vectors. Moreover, �̇�𝑠 is the rate of shearing, 𝑆𝑡 is the 

intrinsic shear strain for twin systems, and �̇�𝑡 =
�̇�𝑡

𝑆𝑡 is the rate of change of twin volume fraction 

(Kalidindi, 1998; Van Houtte, 1978).  

 

3.2 Slip and twinning systems in WE43  

The model formulation requires assigning a set of available slip and twinning modes. For 

WE43, we use modes that have been reported in experiments and these are: basal <a> 

{0001}〈1̅1̅20〉, prismatic <a> {1̅100}〈1̅1̅20〉, and pyramidal <c+a> type I  {101̅1}〈112̅3̅〉 and 

type II {1̅1̅22}〈112̅3〉. The twinning modes made available to the calculations here are c-axis 

extension twinning {101̅2}⟨1011̅̅̅̅ ⟩ (TTW1), c-axis extension twinning {112̅1}⟨1126̅̅̅̅ ⟩ (TTW2), c-

axis contraction twinning {101̅1}⟨1012̅̅̅̅ ⟩ (CTW), and double twinning {101̅1}-{101̅2}} (DTW). 

TTW1 twin shear is 0.1289 and its twin/matrix orientation relationship (OR) is 86˚ about the 

<11̅20> direction. TTW2 has a much larger twin shear of 0.6158 and the twin/matrix orientation 
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relationship is 34˚ about the <101̅0> direction. CTW has a twin shear of 0.1377 with an OR of 

approximately 56˚ about the same <11̅20> direction (Yoo, 1981).  

 

3.3 Twin domains within grains  

Formation of twin domains with the twin/matrix orientation within the grains is modeled via 

the composite grain formulation (Proust et al., 2007). Using CG, the formation of one or more twin 

variant domains in the same grain can be modeled. Each newly formed twin variant is a new grain 

undergoing the Taylor-type homogenization per FE integration point.  

 

3.4 Incorporating two types of strain rate sensitivities  

Most applications of crystal visco-plasticity theory adopt a viscoplastic power-law relationship 

to relate the shearing rates for slip and twinning, �̇�𝑠 and �̇�𝑡, to stress (Asaro and Needleman, 1985; 

Hutchinson, 1976; Kalidindi, 1998). The power-law form is the same for slip and twinning, with 

the key difference being that twinning is restricted to only the positive twin shearing sense).  The 

power-law equation for slip systems, s, is only presented  

γ̇
s
=γ̇

0
(

|τs|

τc
s(�̇�,𝑇)

)

1

m
sign(τs) with 𝜏𝑠 = 𝐓 ∙ 𝐒0

𝑠,                             (7) 

where �̇�0 is a reference value of shearing rate (�̇�0 = 0.001 s−1), 𝜏𝑠 is the resolved shear stress on 

s, and 𝜏𝑐
𝑠 is a value of slip system resistance to slip. The power-law exponent 

1

m
 is inversely related 

to the strain rate sensitivity (SRS) 𝑚.  
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 There are two types of rate sensitivities captured in the flow rule Eq. (7). One sensitivity is the 

constant structure sensitivity governed by the exponent 
1

m
= 𝑛. It represents the SRS under a fixed 

slip resistance constant 𝜏𝑐
𝑠 and constant dislocation density. The second sensitivity is referred to as 

the evolving structure sensitivity and pertains to rate sensitive evolution of the dislocation density. 

The present model aims to properly represent both sources of SRS.  

 

3.4.1 Constant structure SRS 

The SRS reduces as n increases. As n →   the shearing rates and stress become strain rate 

insensitive. Physically, 
1

m
= 𝑛 can vary but the ease of converging on a solution can depend on it. 

First, if n  is too small (n < 20), the selection of active slip systems can be not unique. Increasing 

the exponent beyond 20 does not change active slip systems, and thus does not change the direction 

of strain rate/stress but only the magnitude of the stress. Low values of the exponent (<100) are 

numerically easy to handle but cause significant issues when attempting to simulate high strain-

rate deformation leading to unrealistically high values of stress (Knezevic et al., 2016b; Zecevic 

et al., 2016).  In contrast high values of the exponent (>100) are numerically challenging to solve 

as the equations become extremely stiff but the strain-rate sensitivity values are realistic for alloys.  

Overcoming these issues and allowing for constant structure sensitivity for a wide range of 

strain rate sensitivities are enabled using a recently developed numerical scheme referred to as the 

k-modification (k-mod) method (Knezevic et al., 2016b). The method was implemented in T-CPFE 

for AZ31 in (Feather et al., 2021). However, the model was not used to simulate a SRS response 

of a component until the present work. In the k-mod method, an applied plastic stretching tensor, 
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𝐃𝑎𝑝𝑝, available at each integration point, is modified to influence the magnitude of stress in grains 

as 

𝐃𝑝 =
𝐃𝑎𝑝𝑝

|𝐃𝑎𝑝𝑝|
|𝐃𝑎𝑝𝑝|

1

𝑘+1, (8) 

where 𝐃𝑝 =  
1

2
(𝐋𝑝 + 𝐋𝑝𝑇

). The inverse relationship is:  

𝐃𝑎𝑝𝑝 = 𝐃𝑝|𝐃𝑎𝑝𝑝|
𝑘

𝑘+1 = 𝐃𝑝|𝐃𝑝|𝑘.  (9) 

 Eqs. (8) and (9) imply that 𝐃𝑝 attains unity as k increases. If we now consider an applied 

stretching, 𝐃𝑎𝑝𝑝, scaled as 𝜆𝐃𝑎𝑝𝑝 then the modified stretching used for evaluating stress in grains 

is 𝜆
1

𝑘+1𝐃𝑝. The same rate of stretching is applied to every constituent crystal in a Taylor polycrystal 

at each integration point. Consequently, the grain stresses, T and 𝛔 scale accordingly i.e., 𝜆
1

(𝑘+1)𝑛𝛔. 

The homogenized macroscopic stress is then 𝜆
1

(𝑘+1)𝑛�̅�. While a change in k influences the stretching 

and stress tensors, it does not affect the selection of active slip/twin systems, which is driven only 

by n. In summary, the k-mod regulates the strain rate sensitivity, m, through a combination of both 

n and k: m=1/((k+1)n).  

Since the k-mod method changes the rate of plastic stretching accommodated by individual 

grains from 𝐃𝑎𝑝𝑝 to 𝐃𝑝, to ensure that every grain accommodates the applied rate of stretching, 

𝐃𝑎𝑝𝑝, the calculated shearing rates are adjusted as   

,

0 01 mo

1

d
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p app

p
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  −

+

==  
D

D P P

D

 with 𝐏0
𝑠 =

1

2
(𝐒0

𝑠 + (𝐒0
𝑠)𝑇),   (10) 

such that the shearing rates in T-CPFE are   
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3.4.2 Evolving structure SRS: model for slip and twin resistances   

The strain rate sensitivity embedded in the exponent n is distinct from the evolving structure 

strain-rate sensitive associated with the evolution of slip resistances, 𝜏c
s, and underlying dislocation 

density as described by the thermodynamics of slip (Follansbee and Kocks, 1988; Kocks et al., 

1975). Here we describe the hardening law that evolves the slip and twin (Ardeljan et al., 2016). 

While the evolution laws are a function of temperature and strain rate, we focus the law description 

on the role of strain-rate. The temperature 𝑇  in our calculations is fixed at room temperature, 295 

K.  

 The resistance to slip is given by  

τc
s(𝜀̇, 𝑇) = τ0

𝛼 + τfor
s (𝜀̇, 𝑇) + τsub

𝛼 (𝜀̇, 𝑇),            (12) 

where τ0
𝛼 is the slip resistance per slip mode α that is unrelated to dislocation density evolution.

 The τfor
s  is the contribution due to storage of the forest dislocation density, and τsub

𝛼  is the 

contribution due to storage of the substructure dislocation density. These terms are a function of 

dislocation density populations, 𝜌for
s (𝜀̇, 𝑇) and 𝜌𝑠𝑢𝑏(𝜀̇, 𝑇), as follows (Madec et al., 2002) 

𝜏𝑓𝑜𝑟
𝑠 = 𝑏𝛼𝜇𝛼√χ𝑠𝑠′

𝜌𝑓𝑜𝑟
𝑠′

, 𝜏𝑠𝑢𝑏
𝛼 = 0.086𝜇𝛼𝑏𝛼√𝜌𝑠𝑢𝑏𝑙𝑜𝑔 (

1

𝑏𝛼√𝜌𝑠𝑢𝑏
),                                      (13) 
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where χ𝑠𝑠′
 is a matrix of dislocation interactions with the diagonal terms (s=s’) set to 0.81 and the 

off-diagonal terms to zero (Lavrentev, 1980; Mecking and Kocks, 1981). The forest dislocation 

population evolves using (Essmann and Mughrabi, 1979; Mecking and Kocks, 1981) 

𝜕𝜌𝑓𝑜𝑟
𝑠

𝜕𝛾𝑠′ =
𝜕𝜌𝑔𝑒𝑛,𝑓𝑜𝑟

𝑠

𝜕𝛾𝑠′ −
𝜕𝜌𝑟𝑒𝑚,𝑓𝑜𝑟

𝑠

𝜕𝛾𝑠′ = 𝑘1
𝛼√𝜌𝑓𝑜𝑟

𝑠 − 𝑘2
𝑠(𝜀̇, 𝑇)𝜌𝑓𝑜𝑟

𝑠 ,     ∆𝜌𝑓𝑜𝑟
𝑠 =

𝜕𝜌𝑓𝑜𝑟
𝑠

𝜕𝛾𝑠′ |∆𝛾𝑠|,     (14) 

where 𝑘1
𝛼 is the coefficient for storage rate  and 𝑘2

𝛼(𝜀̇, 𝑇) is the coefficient on the dynamic recovery 

rate (Beyerlein and Tomé, 2008). Their ratio is given by 

 

𝑘1
𝛼

𝑘2
𝑠(�̇�,𝑇)

=
1

√(χ𝑠′𝑠)
−1

(
𝜏𝑠𝑎𝑡

𝛼

𝑏𝛼𝜇𝛼)
2
 , 𝜏𝑠𝑎𝑡

𝛼 =
𝐷𝛼(𝑏𝛼)3𝑔𝛼𝜇𝛼

(𝐷𝛼(𝑏𝛼)3−𝑘𝑇𝑙𝑛(
�̇�

�̇�0
))

.          (15) 

where 𝑘 is Boltzmann’s constant, 𝜀0̇ is a reference strain-rate (107 s-1), 𝑔𝛼 is an activation enthalpy, 

and 𝐷𝛼 is a drag stress. The substructure dislocation population increments following 

∆𝜌𝑠𝑢𝑏 = ∑ 𝑞𝛼𝑏𝛼√𝜌𝑠𝑢𝑏

𝜕𝜌𝑟𝑒𝑚,𝑓𝑜𝑟
𝑠

𝜕𝛾𝑠′𝑠 |∆𝛾𝑠′
|,                                                                 (16) 

where 𝑞𝛼 is a coefficient on the rate at which dislocation debris form from the dynamic recovery 

reactions. 

The resistance to twining is given by    

τc
t (𝜀̇, 𝑇) = τ0

𝛽
+ τslip

𝛽 (𝜀̇, 𝑇).                                                                    (17) 

The friction term for twin resistance is 

τ0

𝛽
= τprop

𝛽
+ (τ𝑐𝑟𝑖𝑡

𝛽
− τprop

𝛽
)𝑒𝑥𝑝 (− ∑

𝜌𝑓𝑜𝑟
𝑠

𝜌𝑠𝑎𝑡
𝑠𝑠 ),                           (18) 
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with the nucleation stress τ𝑐𝑟𝑖𝑡
𝛽

 and propagation stress τprop
𝛽

 (Beyerlein and Tomé, 2008; Savage et 

al., 2021). The contribution to twin hardening due to slip-twin and twin-twin interactions is given 

by 

 𝜏𝑠𝑙𝑖𝑝
𝛽

= 𝜇𝛽 ∑ 𝐶𝛼𝛽(𝜀̇)𝑏𝛽𝑏𝛼𝜌𝑓𝑜𝑟
𝑠

𝑠 .                                           (19)  

The 𝐶𝛽𝛼(𝜀̇) is an interaction matrix sensitive to strain rate. The Burgers vectors values for WE43 

are 1.38x10-10 m for the two types of extension twins and 9.24x10-11 m for the contraction twins. 

Twin variants form in grains when the twin fraction 𝑓𝑡 reach a critical value. This is set to 2% for 

TTW1 and TTW2 and 1% for CTW and DTW. Twin variants inherit parameters such as dislocation 

densities and slip/twin resistances from the parent grain upon formation. The number of grains 

embedded at that FE integration points increases with each new twin variant formed. 

Growth/thickening of twins is governed by a transfer of volume fraction from the parent grain to 

the variant according to the amount of shear strain accommodated.  

 

3.5 Initial slip resistance for slip and twinning. 

The hardening model for each slip and twin mode  contains an initial slip resistance 𝜏0
𝛼. The 

initial resistances to slip in WE43 embed the strengthening contributions from lattice resistance, 

grain boundary barrier effect (i.e. the Hall-Petch-like (HP) effect) and precipitates interactions 

(Bhattacharyya et al., 2018)  

𝜏0
𝛼 = 𝜏0,0

𝛼 + 𝜏𝐻𝑃
𝑠 + 𝜏𝑝𝑝𝑡

𝛼 .              (20) 

τHP
s  is the barrier (Hall-Petch (HP)-like) term evolving per slip system s due to twin lamellae since 

the grain size barrier effects is already embedded in τ0,0
𝛼 . It is given by  
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 𝜏𝐻𝑃
𝑠 = 𝜇𝛼𝐻𝑖

𝛼
√

𝑏𝛼

𝑑𝑚𝑓𝑝
𝑠  ,                                                      (21) 

where 𝑏𝛼 is magnitude of the Burgers vector per mode α (3.2094 x 10-10 m for basal slip, 3.2094 

x 10-10 m for prismatic slip, and 6.12 x 10-10 m for pyramidal slip), and 𝜇𝛼 is the effective isotropic 

shear modulus (16,500 MPa for WE43 (Watanabe et al., 2004)). The coefficients 𝐻𝑖
𝛼 per slip mode 

for systems pertain to grains having lamellae of either TTW1 (i = 1) or TTW2 (i = 2) or CTW (i = 

3) or DTW (i = 4). The 𝑑𝑚𝑓𝑝
𝑠  is the mean-free-path for dislocations and is estimated as the distance 

between adjacent twin lamellae per grain using (Proust et al., 2007)  

𝑑𝑚𝑓𝑝
𝑠 =

(1−𝑓𝑝𝑡𝑠)𝑑𝑐

sin (𝜃)
,                           (22) 

where 𝑓𝑝𝑡𝑠 is the predominant twinning system (PTS) volume fraction, 𝜃 is the angle spanning 

between the given slip system and twin system planes, and dc is the spacing estimated as the ratio 

between the average grain size and number of twin lamellae per grain. While the model allows 

formation of multiple twin variants per grain, the predominant twin variant is used to estimate 

𝑑𝑚𝑓𝑝
𝑠 . For WE43, we use 𝑑𝑔 = 25 𝜇𝑚 and the three for the observed number of lamellae per grain. 

 

3.6 Contribution of precipitate shearing to slip resistance 

The initial resistances to slip in WE43 include a term due to precipitates 𝜏𝑝𝑝𝑡
𝛼 . Earlier work has 

reported that β’ precipitates are sheared by basal <a> dislocations (Bhattacharyya et al., 2018). For 

the case of particle shearing, APB strengthening is the major contributor to the slip resistance as 

the shearing interface creation and underlying coherency strains contribute very little 

(Bhattacharyya et al., 2018). The work presented in (Bhattacharyya et al., 2018) provided an 
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empirical approach to estimate a contribution of dislocation shearing and underlying APB to the 

initial slip resistance of basal slip systems: 

𝜏𝑠𝑝ℎ𝑒𝑟𝑒 =
𝛾𝐴𝑃𝐵

2𝑏
(

2𝑟𝑝
𝑠𝑝ℎ𝑒𝑟𝑒

𝜆
𝑏𝑎𝑠𝑎𝑙
𝑠𝑝ℎ𝑒𝑟𝑒 − 𝑓𝑠𝑝ℎ𝑒𝑟𝑒),        (23) 

𝜏𝑝𝑙𝑎𝑡𝑒 =
𝛾𝐴𝑃𝐵

2𝑏
(

2𝑟𝑝
𝑝𝑙𝑎𝑡𝑒

𝜆𝑏𝑎𝑠𝑎𝑙
𝑝𝑙𝑎𝑡𝑒 − 𝑓𝑝𝑙𝑎𝑡𝑒)             (24) 

where 𝛾𝐴𝑃𝐵 is the APB energy, 𝑟𝑝
𝑠𝑝ℎ𝑒𝑟𝑒

 is radius of spherical precipitates, while 𝑟𝑝
𝑝𝑙𝑎𝑡𝑒

 is an 

equivalent radius of plate shaped precipitates. The 𝜆𝑏𝑎𝑠𝑎𝑙
𝑠𝑝ℎ𝑒𝑟𝑒

 and 𝜆𝑏𝑎𝑠𝑎𝑙
𝑝𝑙𝑎𝑡𝑒

 are effective interparticle 

spacings for sphere-type and plate-type precipitates. Finally, 𝑓𝑠𝑝ℎ𝑒𝑟𝑒 and 𝑓𝑝𝑙𝑎𝑡𝑒 are volume 

factions. Detailed characterization in prior works (Bhattacharyya et al., 2017; Bhattacharyya et al., 

2018) established the values as follows: 𝑟𝑝
𝑠𝑝ℎ𝑒𝑟𝑒 = 9.44e-9 m, 𝑟𝑝

𝑝𝑙𝑎𝑡𝑒 = 3.3138e-09 m, 𝜆𝑏𝑎𝑠𝑎𝑙
𝑠𝑝ℎ𝑒𝑟𝑒 = 

1.7960e-07 m, 𝜆𝑏𝑎𝑠𝑎𝑙
𝑝𝑙𝑎𝑡𝑒 = 4.0801e-08 m, 𝑓𝑠𝑝ℎ𝑒𝑟𝑒 = 0.76% and 𝑓𝑝𝑙𝑎𝑡𝑒 = 1.92%. The work in 

(Bhattacharyya et al., 2018) did not perform the calculations of APB. 

Unlike the basal <a> dislocations, the non-basal <a> and <c+a> dislocations do not shear 

precipitates but bow around them. This type of strengthening is referred to as Orowan 

strengthening (Bhattacharyya et al., 2018). Orowan strength predictions are therefore an 

appropriate treatment for non-basal <a> and <c+a> dislocations. Estimates were provided in 

(Bhattacharyya et al., 2018) as 60 MPa and 120 MPa for prismatic and pyramidal slip systems, 

respectively. Considering larger lattice resistance and grain size barrier HP contributions to the 

resistance of the non-basal <a> and <c+a> glide than for basal (Bhattacharyya et al., 2018), the 

established initial slip resistances in this work for these slip systems will be discussed as 

reasonable.  
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There is no established model for the effect of precipitates, either shearable or non-shearable, 

on the strength of twinning (Robson et al., 2011). Some atomistic and micromechanical 

computational studies on Mg and Mg alloys have shown that precipitates can hinder twin boundary 

migration and redirect their propagation pathways, but nonetheless do not completely suppress 

twinning (Leu et al., 2022; Xie et al., 2021). Here we focus on the effect of precipitates on slip 

only.  

 

3.7 DFT calculations of the APB energy in precipitates in WE43-T6  

Density functional theory calculations are conducted via VASP to calculate the 𝛾𝐴𝑃𝐵 of the 

precipitates (Kresse and Furthmüller, 1996). Based on the projector augmented wave method 

(Blöchl, 1994; Kresse and Joubert, 1999), a pseudopotential using a plane-wave basis with a cutoff 

energy of 515.87 eV is adopted. To approximate the exchange-correlation energy functional, the 

Perdew-Burke-Ernzerhof formulation of the generalized gradient approximation is used (Perdew 

et al., 1996). The conjugate gradient scheme is employed for the electronic self-consistent loop. 

Convergence is reached when the total free energy change between two steps is smaller than 10-4 

eV. The Brillouin zone is constructed by the Monkhorst-Pack scheme (Monkhorst and Pack, 1976), 

with a smearing width of 0.2 eV based on the Methfessel-Paxton smearing method (Methfessel 

and Paxton, 1989). The numbers of valence electrons per atom are 10, 11, and 11 for Mg, Nd, and 

Y, respectively. 

Transmission electron microscopy experiments confirmed that the β’ precipitate in WE43 has 

a based centered orthorhombic (BCO) structure (Bhattacharyya et al., 2018). In a pure metal, each 

BCO primitive unit cell contains two atoms. In the alloy, however, the chemical composition of 
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the β’ precipitate is Mg12NdY, which indicates that a primitive unit cell should contain at least 14 

atoms, of which 12 are Mg, one is Nd, and one is Y.  

Given the composition Mg12NdY, the atomic configuration must be further specified for 

subsequent calculations of the APB energy. The type of element that occupies each atomic site is 

not known from experiments. Hence, when constructing the simulation cells, we consider all 26 

(= 13⨯14 / 7) possible atomic configurations (Su et al., 2019a). As shown in Figure 3, each cell 

contains seven base planes, each of which contains two atoms. The three lattice parameters a0, b0, 

and c0 in each cell are calculated via the approach from (Su et al., 2020). We observe that any of 

these lattice parameters could vary by a factor of 2 among the 26 configurations. In one particular 

configuration, all three lattice parameters agreed well with the experimental values reported in 

(Bhattacharyya et al., 2018). We selected this atomic configuration, shown in Fig. 3, for subsequent 

calculations of the APB energy. 

Basal dislocations shear the base plane in the β’ precipitate (Bhattacharyya et al., 2018). In a 

unit cell of 14 atoms, there are up to seven unique base planes, and for each plane, there are two 

unique shearing directions, giving rise to 14 possible APB energies. Each APB energy is calculated 

as follows. First, one part of the simulation cell is shifted along the Burgers vector direction by b 

with respect to the remaining part of the cell. We let b be the magnitude of the Burgers vector of 

the dislocation. Second, the top and bottom atomic layers are fixed while the remaining atomic 

layers are allowed to relax along the slip plane normal. The ionic relaxation stops when the 

difference in the total energy between two steps is smaller than 10-3 eV/atom. The APB energy is 

calculated as the shift-induced surplus energy divided by the slip plane area, using procedures 

similar to those for the generalized stacking fault energies in (Su et al., 2019b).  
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Figure 3. Unit cell of one configuration of the Mg12NdY precipitate. All possible shearing planes 

are shown. The arrows point to planes which provided positive APB energies.  

 

3.8 Characterizing the slip resistance parameters  

The parameters associated with the evolution of the slip resistance are calibrated by fitting the 

simulated stress-strain response to the measured one. Our aim is to find a set of parameters that 

fits all tests in all directions and at all strain rates in quasi-static and medium rate SHB tests. Once 

found, they are used without further adjustment for the even higher rate TC tests to be discussed 

shortly. Fig. 4 compares the simulated and measured flow stress responses of WE43 along RD, 

TD, and ND under quasi-static conditions (0.001/s strain rate) and along TD under high strain rates 

of 1160/s and 2250/s. The simulations were performed using one element model using T-CPFE in 

Abaqus. The only changes to the FE model for these tests were the prescribed loading direction 
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and strain rate. With only one set of the right hardening parameters for each slip and twinning 

system, the model successfully simulates both the effects of loading direction and strain rate on 

the flow stress response of WE43. The implications of these parameters will be discussed shortly 

in the results section.  

 

 

              

Fig. 4. Experimentally measured and simulated true stress-true strain curves recorded under quasi-

static compression (ε = 10-3/s) along (a) RD, (b) TD, and (c) ND and in split Hokinson bar 

a b 

d c 

e 
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compression along TD under the average strain rates of (d) 1160/s and (e) 2250/s. The experimental 

data are taken from (Ghorbanpour et al., 2019; Savage et al., 2020).  

 

3.9 Taylor cylinder impact test model setup  

Finally, the constitutive model described in the prior sections is applied for each integration point 

in the T-CPFE model of a TC sample. For the FE analysis, Abaqus Standard dynamic is used, and 

Figure 5 shows the FE mesh of the rigid, frictionless surface, and the Taylor cylinder. To reduce 

computation time, we make use of the symmetry of the cylinder and model only a quarter of the 

cylinder. The mesh consists of 873 linear hexahedral (C3D8) elements and the appropriateness of 

this mesh density has been demonstrated earlier in [39]. The cylinder is pushed into the rigid 

surface at a given velocity in the direction shown [38]. In the calculations that follow the applied 

velocity per cylinder is the same as in the experimental tests (Table 1).  
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Fig. 5. Simulation setup for the Taylor impact simulations consisting of a cylinder and an analytical 

rigid surface representing the wall. The quarter model mesh of the cylinder consists of 873 C3D8 

elements.  

 

4. Results  

4.1 Rate sensitivities. 

Table 2 and Table 3 present respectively the strain rate exponents per slip and twin modes 

identified from the calibration. They suggest that prismatic slip has the greatest strain rate 

sensitivity, while that for basal slip is virtually negligible. Compared to prismatic and pyramidal 

slip, twinning has negligible rate sensitivity like basal slip. These values will be used in the TC 

simulations to follow.  

 

Table 2. Values of 𝑛𝛼 and 𝑘𝛼 that achieve agreement with the measured mechanical tests for SRS 

per slip mode in (Korla and Chokshi, 2010; Ulacia et al., 2010; Watanabe and Ishikawa, 2009). 

Parameter Basal, 𝛼 = 1 Prismatic, 𝛼 = 2 Pyramidal I and II, 

𝛼 = 3,4 

𝑛𝛼 20 20 20 

𝑘𝛼 49999 1.28 5.74 

𝑛𝛼 (𝑘𝛼 + 1) 1000000 42.6 134.8 

𝑚𝛼 0.000001 0.0235 0.00742 
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Table 3. Values of 𝑛𝛼 and 𝑘𝛼 that achieve agreement with the measured mechanical tests for SRS 

per twin mode in (Korla and Chokshi, 2010; Watanabe and Ishikawa, 2009).  

Parameter Extension, 𝛽 = 1 Contraction, 𝛽 = 2 

𝑛𝛽 20 20 

𝑘𝛽 49999 49999 

𝑛𝛽 (𝑘𝛽 + 1) 1000000 1000000 

𝑚𝛽 0.000001 0.000001 

 

 

4.2 Hardening parameters. 

A single set of hardening parameters is established for WE43 from the calibration against the 

material response at low and medium rates Fig. 4. These are given in Table 4 for slip modes and 

Table 5 for twin modes. These hardening parameters are refined relative to those from our earlier 

work (Feather et al., 2019) for two reasons. First, the present model incorporates two sources of 

strain-rate sensitivities, both constant and evolving structure sensitivities, and these two effects are 

found to vary among the slip and twin modes. Second, the present model considers the individual 

effect of precipitates on the different slip modes. From the data in Tables 3 and 4, the ratio of the 

initial resistances at room temperature for the basal, prismatic, pyramidal I and II slip modes and 

TTW1, TTW2, and CTW twinning modes are 1 : 2.05 : 4.85 : 5.44 : 3.09 : 4.20 : 6.32 (Tables 3 

and 4). Basal slip is the easiest and then prismatic slip. The two pyramidal slip modes are the 

harder slip modes and also harder than the two extension twin modes. The preference for type I 



33 
 

vs. type II pryamidal slip has been debated (Xie et al., 2016; Zecevic et al., 2018), but recent Mg 

alloy experiments have observed a greater propensity for type I in Mg alloys with rare earths 

(Yaddanapudi et al., 2021). The results here suggest that type II pryamidal slip would be the harder 

one than type I pyramidal slip. These ratios for slip are smaller than those for AZ31, which is 

consistent with the fact that WE43 is known to be less plastically anisotropic than AZ31. We also 

predict that twinning is generally harder to activate in WE43 than in AZ31, which again is 

consistent with the observation that the propensity for twinning is lower in WE43 than AZ31.  

 

Table 4. Fitted hardening law parameters for the evolution of slip resistances.  

 

α – slip mode 

Basal slip 

{0001}〈1̅1̅20〉 

Prismatic slip 

{1̅100}〈1̅1̅20〉 

Pyramidal slip 

{101̅1}〈112̅3̅〉 

Pyramidal slip 

{1̅1̅22}〈112̅3〉 

𝜏0
𝛼 [MPa] 32 70 165 185 

𝑘1
𝛼 [m

-1
] 7.4E7 2.75E8 1.0E8 

g
α
 0.004 0.003 0.004 

D
α 

[MPa] 245 250 285 

q
α 

 352 260 280 

𝐻1
𝜶 

 0.03 0.08 0.08 

𝐻2
𝜶 

 0.03 0.08 0.08 

𝐻3
𝜶 

 0.8 0.9 1 

𝐻𝟒
𝜶 

 0.8 0.9 1 
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Table 5. Fitted hardening law parameters for the evolution of twin resistances.   

β – twin mode 

Extension twin I 

{101̅2}⟨1011̅̅̅̅ ⟩ 

Extension twin II 

{112̅1}⟨1126̅̅̅̅ ⟩ 

Contraction twin 

{101̅1}⟨1012̅̅̅̅ ⟩ 

𝜏𝑐𝑟𝑖𝑡
𝛽

 [MPa] 105 143 215 

𝜏𝑝𝑟𝑜𝑝
𝛽

 [MPa] 90 131 190 

 

The strengthening contribution from β’ precipitates, 𝜏𝑝𝑝𝑡
1 , for the basal slip mode  = 1 is 

estimated from the DFT calculations for the APB energies. Table 1 presents the eight positive 

values of the APB energies, in units of mJ/m2. They are found to vary widely and are strongly 

dependent on the shearing plane the basal dislocation may use to shear the precipitate.  The planes 

with the lower APB are more likely to be sheared by the dislocation.  

 

Table 6.  APB energies for the β’ precipitate, in units of mJ/m2, as calculated via DFT. The β’ precipitate has a 

based centered orthorhombic (BCO) structure. Each system represents a unique plane and slip direction in the 

unit cell.  

C𝛼𝛽 , 𝛼 = 1 2.8𝐸4 − 342 ln (𝜀̇) 1.9𝐸4 − 68 ln (𝜀̇) 6.5𝐸3 − 68 ln (𝜀̇) 

C𝛼𝛽 , 𝛼 = 2 2.8𝐸4 − 2.4𝐸3 ln (𝜀̇) 1.9𝐸4 − 68 ln (𝜀̇) 5.7𝐸3 − 615 ln (𝜀̇) 

C𝛼𝛽 , 𝛼 = 3 3.4𝐸4 − 5.4𝐸3 ln (𝜀̇) 2.6𝐸4 − 68 ln (𝜀̇) 5.3𝐸3 − 683 ln (𝜀̇) 

C𝛼𝛽 , 𝛼 = 4 3.4𝐸4 − 5.4𝐸3 ln (𝜀̇) 2.6𝐸4 − 68 ln (𝜀̇) 5.5𝐸3 − 683 ln (𝜀̇) 
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 System1 System2 System3 System4 System5 System6 System7 System8 

𝛾𝐴𝑃𝐵 [mJ/m2] 

or 10-9 

[MPa•m] 

253.61 295.49 11.35 184.87 187.88 14.20 51.56 54.73 

 

Table 7 presents the values calculated using Eqs. (23) and (24) for each 𝛾𝐴𝑃𝐵 from Table 6. Average 

value after Pythagorean superposition of the eight values is 35.66 MPa. The calibrated value 𝜏0
𝛼 = 

32 MPa for basal slip presented in Table 3 agrees very well with this value estimated using APB 

analysis, especially since precipitates with lower APB are more likely to be shared than those with 

higher APB. As a result, the average value of 35.66 MPa is an upper bound estimate. While the 

value 𝜏0
𝛼  includes other contributions, these are expected to be small. The solid solution 

strengthening for basal slip is small (Yasi et al., 2010) and the Hall-Petch coefficients provided in 

(Raeisinia et al., 2011) for grain size barrier strengthening in WE43 contributes < 1 MPa. 

Moreover, the lattice resistance can be ignored for basal slip (Bhattacharyya et al., 2018). Initial 

slip resistances are generally expected to depend on strain rate (Ardeljan et al., 2016; Knezevic et 

al., 2014a; Knezevic et al., 2013). The work here for WE43 did not find large strain rate 

dependence.  

 

Table 7. The strengthening contribution from precipitates, 𝜏𝑝𝑝𝑡
1  , for the basal slip mode  = 1.   

 System1 System2 System3 System4 System5 System6 System7 System8 



36 
 

𝜏𝑠𝑝ℎ𝑒𝑟𝑒 [MPa] 38.65    45.03     1.73    28.17    28.63     2.16     7.86     8.34 

𝜏𝑝𝑙𝑎𝑡𝑒 [MPa]  56.76    66.13     2.54    41.37    42.05     3.18    11.54    12.25 

Pythagorean 

superposition 

for  

𝜏𝑝𝑝𝑡
1  [MPa] 

68.67    80.01     3.07    50.05    50.87     3.84    13.96    14.82 

 

4.3 Slip and twinning activities during monotonic testing 

The calculated slip and twin activities are presented in Fig. 6 for the quasi-static (0.001/s strain 

rate) tests in all three directions and the TD tests from the SHB. In all cases, the deformation is 

accommodated by slip with some amount of twinning, predominantly the {101̅2}⟨1011̅̅̅̅ ⟩ extension 

twinning. Given the initial texture of the alloy, the in-plane TD, 45TD, and RD deformations are 

dominated by basal and prismatic slip, with the more active slip mode being basal slip. The activity 

of pyramidal slip increases with straining due to the development of {101̅2}⟨1011̅̅̅̅ ⟩ twinned 

domains. While minor in content, the CTW and DTW twins activate in the high strain rate tests 

and at higher strain levels.  

In the higher rate SHB tests, we observe that hardening is greater. Texture and texture evolution 

are known to lead to geometric hardening. However, this geometric hardening contribution would 

be present in both low- and high-rate tests and thus does not entirely explain the hardening behavior 

under high strain rates. In this model, the strain rate sensitive response of WE43 is captured as a 

combination of the power-law exponent and the strain rate sensitive hardening. These hardening 
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contributions increase with strain rate. Grains containing twins contribute to hardening through the 

Hall-Petch-like effect. The HP constants associated with the CTW and DTW twins are higher than 

those for the TTW twins. The contraction and double twins cause high barrier effects and hardening 

since these twins effectively cut the mean free path of mobile dislocations (Ardeljan et al., 2016; 

Knezevic et al., 2010), while the extension twins are known to cause a very small barrier effect 

because these twins grow quickly encompassing grains and transmit dislocations (Molodov et al., 

2017). Last, the calculated activities indicate that the greater activity of extension {101̅2}⟨1011̅̅̅̅ ⟩ 

twinning (TTW1) under high strain rate deformation causes more hardening in high-rate 

conditions than in quasi-static conditions. TTW1 plays a major role in the texture evolution. The 

effect is larger in the TD than in the RD samples given the initial texture in the alloy. More grains 

with their c-axis perpendicular to the loading direction exist in the TD than in the RD samples. 

Also, the pyramidal slip activated within the extension twin domains leads to hardening and this 

mechanism is greater under higher strain rates since more twins are present. 

The calculated volume fraction of the {101̅2}⟨1011̅̅̅̅ ⟩ deformation twins is shown in Fig. 7.  In 

all tests, the volume fraction grows over the period of straining. For some tests, electron 

backscattered diffraction (EBSD) measurements of twin fractions were obtained and these 

datapoints (black symbols) are compared with the calculations. The excellent agreement is a 

testament to the predictability of the model to not only predict twin evolution via the inherent 

coupling between slip and twinning, but also to predict the strain rate sensitivity in slip and effect 

of precipitate hardening on slip resistances. 
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Fig. 6. Relative activities calculated by the model for each deformation mode accommodating the 

plasticity of the alloy under quasi-static compression (ε = 10-3/s) along (a) RD, (b) TD, and (c) ND 

and in split Hokinson bar compression along TD under the average strain rates of (d) 1160/s and 

(e) 2250/s. The activities are averaged over both the parent grains and the twinned domains.   

 

a b 

d c 

e 
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Fig. 7. Comparison of measured and calculated twin volume fractions (TVF) under quasi-static 

compression (ε = 10-3/s) along (a) RD, (b) TD, and (c) ND and in split Hokinson bar compression 

along TD under the average strain rates of (d) 1160/s and (e) 2250/s.   

 

a b 

d c 

e 
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4.4 Predicting microstructure evolution at even higher rates of strain 

The model calibrated at low and medium strain rates are then used to predict the deformation 

response and underlying mechanisms during the TC. Fig. 8 shows the evolution of strain rate for 

the RD cylinder. Contours are similar for the remaining three cylinders and are not shown. Notably 

the peak rates generated in the tests are on the order 105/s, two orders of magnitude higher than 

those achieved in the SHB tests. The peak strain rate reaches about ~180,000/s. It is found that the 

region 13 - 17 mm from the foot experience the greatest strain rates over the time of the test.  
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Fig. 8. Contour plots showing the evolution of equivalent plastic strain-rate fields over the RD 

Taylor cylinder at different times during impact.  

 

Figure 9 shows the FE model predictions of plastic equivalent strain (PEEQ) after deformation 

for all four cylinders. The PEEQ maps among the four samples are similar, highlighting the near 
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plastic isotropy of WE43. As expected, the peak strain is achieved at the foot of each TC. The peak 

strain is about 25% and drops dramatically between 13-17 mm from the foot.  

 

 

Fig. 9. Contours of equivalent plastic strain (PEEQ) fields over the four cylinders after their impact. 

An undeformed cylinder is shown on top for reference.  

 

The multi-level model is validated with comparisons to experimental data from (Savage et al., 

2020). Towards validating the estimates of strain levels, Figure 10 compares the simulated (left) 

and measured (right) cross-sectional geometries from the foot to the tail after the impact for all 

cylinders. Comparison of the radial strain with the experimental major and minor radial strains 
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reveal a reasonable FE radial strain distribution. This consistency suggests the strain levels are a 

good estimate. Any small discrepancies in the strain-rate estimate may be due to neglecting thermal 

anisotropic material behavior. 

 

 

a 

b 

c 

d 
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Fig. 10. Comparison of simulated (left) and measured (right) cross-sectional geometries from the 

foot to the tail after the impact for: (a) RD, (b) TD, (c) ND, and (d) 45RD cylinders. The 

experimental data are taken from (Savage et al., 2020).  

 

The stringent test of the model is comparison with texture evolution along the TC. Texture 

evolution in hcp metals like WE43 are highly sensitive to the relative amounts of activity among 

the slip and twinning modes, which in turn depend on the rate sensitivity. Figures 11 – 14 compare 

the calculated and measured textures along all four cylinders. In all cases, the model captures the 

substantial texture evolution along the TC. It predicts the observation that the strong basal texture 

achieved at the foot is nearly the same in all four tests, regardless of the initial texture. It predicts 

the abrupt texture change that occurs approximately 17 mm from the foot in the TD, RD, and 

45RD.  In the ND test, at about 17 mm from the foot the texture strengthens with greater alignment 

of the basal poles along the ND. This regime is where the higher strain and strain rates were 

achieved.  
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Fig. 11. Pole figures showing the comparison between simulated (left column) and measured by 

NeD (right column) texture evolution in a WE43 Taylor cylinder after deformation along the RD. 

The compression axis is at the center of the pole figures. The comparison is shown along the 
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cylinder at increasing distances from the foot as indicated in the figure. Pole figures of the 

undeformed state are also shown for reference. The experimental data are taken from (Savage et 

al., 2020).  
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Fig. 12. Pole figures showing the comparison between simulated (left column) and measured by 

NeD (right column) texture evolution in a WE43 Taylor cylinder after deformation along the TD. 

The compression axis is at the center of the pole figures. The comparison is shown along the 
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cylinder at increasing distances from the foot as indicated in the figure. Pole figures of the 

undeformed state are also shown for reference. The experimental data are taken from (Savage et 

al., 2020). 
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Fig. 13. Pole figures showing the comparison between simulated (left column) and measured by 

NeD (right column) texture evolution in a WE43 Taylor cylinder after deformation along the ND. 

The compression axis is at the center of the pole figures. The comparison is shown along the 
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cylinder at increasing distances from the foot as indicated in the figure. Pole figures of the 

undeformed state are also shown for reference. The experimental data are taken from (Savage et 

al., 2020).  
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Fig. 14. Pole figures showing the comparison between simulated (left column) and measured by 

NeD (right column) texture evolution in a WE43 Taylor cylinder after deformation along the 

45RD. The compression axis is at the center of the pole figures. The comparison is shown along 
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the cylinder at increasing distances from the foot as indicated in the figure. Pole figures of the 

undeformed state are also shown for reference. The experimental data are taken from (Savage et 

al., 2020).  

 

Finally, as the most challenging test of the model concerns the development of twin domains 

along the length of the cylinder. Figure 15 compares the measured and predicted twin volume 

fractions along the cylinders after the impact. The change in the amounts of twinning along the 

cylinders are captured by the model in all tests. The model predicts the dramatic change in twinning 

between 13-17 mm from the foot of the cylinder. The model also captures the difference in 

twinning between the in-plane tests (RD, TD, and 45RD) and the out of plane ND test. It even 

predicts the order in the amounts of twinning among the in-plane tests, with the most in the TD, 

then 45RD and last RD. 
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Fig. 15. Comparison of measured and predicted twin volume fractions along the cylinders after the 

impact. The experimental data are taken from (Savage et al., 2020).  

 

5. Discussion  

It should be emphasized that the simultaneous agreement with dimensional changes, texture 

evolution, and twinning development is achieved over a broad range of strain rates. Another 

notable feature is the fact that this multi-level model was calibrated using data from much simpler 

uniaxial tests carried out a lower strain rates than the TC test. The ability of the model to extrapolate 

to much higher strain rates is attributed to modeling the individual strain rate sensitive behavior 

for every slip and twinning system. The model further accounts for two types of sources for strain 

rate behavior. This work is the first time the strain rate sensitivity per slip/twin system is used in a 

CPFE formulation for modeling of a geometry.  

The agreement is also achieved by accounting for the effect of precipitate shearing only in the 

basal slip mode and not the other slip modes or twinning modes. Despite this, the texture and 

twinning fraction were predicted remarkably well. This consistency would suggest that indeed 

precipitate shearing is mainly accomplished by basal dislocations. Given that basal slip is the 

easiest mode, we find that precipitates strengthen WE43 by substantially strengthening its most 

predominant and usually weakest slip family. As a result, resistances to slip over slip modes are 

not disparate in WE43, unlike in other Mg alloys like AZ31.  

Although we focus the work on WE43, this is a model material system that can represent any 

material, particularly one that deforms by multiple slip and twinning modes. Thus, the model is 

sufficiently general that it can be applied to other hcp metals, such as Be, Ti, and Zr, and 

orthorhombic materials, such as uranium, that are known to deform by multiple systems. For many 
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of these materials, the application on the one hand may call for characterization at very high rates, 

while on the other hand most experimental data are available for uniaxial tests at quasi-static 

conditions. Characterization of the hardening parameters against experimental tests will likely 

continue to be an unavoidable step in any crystal plasticity model development for some time to 

come. The power of the present model lies in its first-time account for two types of strain rate 

sensitivity and the consequential ability to extrapolate to higher rates of strain.  

 

6. Conclusions  

In this work, a multi-level CPFE model is presented for modeling the constitutive response of 

WE43 under a wide range of strain rates. Two new modeling aspects are implemented. The first is 

two sources of strain rate sensitivity, one that occurs under constant structure and another that 

affects the evolving structure. The second is the individual effects of precipitates on slip modes, 

with shearing for basal slip and Orowan bowing for prismatic and pyramidal slip. The model 

parameters are found by achieving agreement in the stress-strain response under quasi-static and 

SHB tests. The effect of precipitates found by this process agrees with independent estimates of 

slip resistance using DFT calculations of APB energies. It is confirmed that the SRS sensitivity of 

basal slip and twinning are nearly negligible while that for prismatic slip is the greatest. The model 

predicts that the strain rates achieved in the Taylor cylinder tests are spread over six orders of 

magnitude. The peak strain rates are at least two orders of magnitude higher than those in the SHB 

tests. Based on calibration in the quasi-static and SHB tests, the model is shown to achieve 

excellent agreement in dimensional shape change, texture evolution, and twinning evolution for 

Taylor cylinder tests. The ability to extrapolate to higher strain rates than those used in calibration 
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is attributed to considering the physical sources of SRSs of each slip and twinning mode including 

the inherent constant structure SRS and the dislocation-based hardening SRS.  
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Chapter 2: A parametric study into the influence of Taylor-type scale-

bridging artifacts on accuracy of multi-level crystal plasticity finite 

element models for Mg alloys 
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Abstract 

Meshing grain structures explicitly to incorporate microstructure dependent material behavior in 

modeling tools for metal forming processes and structural components is unfeasible. Grain-to-

polycrystal meso-level homogenization theories are employed to embed polycrystal plasticity 

constitutive laws in finite element (FE) frameworks, which hence relate the meso-scale to the 

macro-scale response. A Taylor-type polycrystal plasticity (T-CP) theory is often used at the meso-

scale within FE frameworks (T-CPFE) owing to its simplicity and computational efficiency.  The 

theory relies on the iso-strain constraint imposed over constituent grains at each integration point. 

The constraint can be relaxed by spreading orientation distributions over finite elements in a mesh. 

This work seeks to establish an optimal number of crystal orientations to spread over integration 
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points for accurate modeling of Mg alloys. Quasi-static and high strain-rates simulations of 

tension, compression, simple-shear, and plane strain deformation conditions are performed and 

post-processed to reveal the differences in predicted mechanical fields between T-CPFE and an 

explicit polycrystalline grain microstructure of an AZ31 Mg alloy. Moreover, several flow stress 

curves of the alloy are simulated and compared with measured data. A range of meshes with 

variable degree of relaxed constraints at integration points are suitably designed and used in the 

simulations. The performance of the six crystals per integration point is established to be a sweet 

spot in smoothing local deformation while allowing heterogenous deformation over the mesh. As 

such, the relaxed Taylor homogenization can provide tractable part level simulations of Mg alloys.  

 

Keywords: Crystal plasticity; Homogenization schemes; Taylor-type model; Finite element 

method; Microstructures  
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1.  Introduction 

Reducing structural weight is a strategy to reduce consumption of fossil-fuels in transportation. 

Mg alloys are being increasingly evaluated to contribute to such efforts owing to a set of desirable 

properties (Cho et al., 2009; Mordike and Ebert, 2001). Mechanical behavior of Mg alloys has 

been extensively studied experimentally and modeled (Lou et al., 2007). Crystal plasticity models 

considering crystallography of hexagonal close packed (HCP) crystal structure and deformation 

mechanisms of slip and twinning have been particularly effective at capturing the evolution of 

strength and underlying microstructure during plastic deformation of Mg alloys (Proust et al., 

2007; Tam et al., 2021). In these models, a polycrystalline aggregate response is a result of the 

collective responses of constituent grains having different crystal orientation and size/shape 

(Kocks et al., 1998). The aggregate response can be obtained using spatially resolved full-field and 

mean-field homogenization schemes.  

The full-field mechanics tools account for grain-to-grain interactions under uniform macroscopic 

loading over a suitably discretized spatio-temporal domain while calculating inhomogeneous 

mechanical fields defined in term of stress and strain stemming from complex grain structures, 

multiple phases, and non-uniform boundary conditions (Jahedi et al., 2015; Keshavarz and Ghosh, 

2015; Lebensohn et al., 2012). Beginning from the work presented in (Peirce et al., 1982), the 

finite element (FE) method computational tools have been extensively used to solve such 

mechanical fields to sub-grain resolution (Diard et al., 2002; Lim et al., 2014; Zecevic et al., 2015; 

Zhao et al., 2008). Various tools have been developed to construct FE meshes representative of 

grain structures to run full-field models (Barrett et al., 2018). Green’s function methods provide 

an alternative to FE solvers of the field equations over spatial domains (Lebensohn, 2001). These 

methods are attractive because the fast Fourier transform (FFT) algorithms can be used to solve 
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the convolution integral representing equilibrium in stress under the strain compatibility over 

voxel-based microstructural cells yielding substantial computational efficiency (Eghtesad et al., 

2017; Lebensohn et al., 2008; Liu et al., 2010). These works bring insight into internal stresses 

developed within grains due to plastic incompatibilities. Grain averaged stresses predicted by full-

field models have been validated through high-energy synchrotron X-ray diffraction measurements 

(Abdolvand et al., 2015; Cocke et al., 2021; Erinosho et al., 2016; Naragani et al., 2021). 

Nevertheless, the full-field modes are costly in terms of compute resources requiring substantial 

ram and cpus to perform a simulation. Moreover, efforts have just begun towards modeling of 

discrete twin domains and phase transformations within full-field individual grains (Ardeljan et 

al., 2015; Cheng and Ghosh, 2017; Knezevic et al., 2016a). Performing forming simulations is not 

tractable using full-field models.  

The mean-field mechanics tools homogenize the surroundings of each grain without accounting 

for grain-to-grain interactions in linking the local behavior of grains to that of a polycrystalline 

aggregate (Knezevic et al., 2008; Knezevic and Savage, 2014; Lebensohn and Tomé, 1993). While 

less accurate, these tools have several other advantage over the full-field tools such as improved 

computational speed, large strain deformations are easier to treat, and their implementation is 

simpler, especially the implementations of deformation twinning and phase transformations (Feng 

et al., 2022). Mean-field models have also been experimentally validated via methods such as high-

energy synchrotron X-ray diffraction but not to the level of details as full-field models (Barrett et 

al., 2020; Ferreri et al., 2022). The most commonly used mean-field homogenization schemes 

tradeoff computational efficiency and accuracy such that the homogeneous effective medium 

(HEM) self-consistent (SC) models are more accurate, while full constrains (FC) Taylor-type 

models and more computationally efficient and simple (Hartley et al., 2008; Taylor, 1938). In the 
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Taylor-type models, each grain is assumed to experience the same strain as the aggregate, while 

the grain-to-grain (full-field) or grain-to-HEM (SC) interactions are not included. As a result, the 

FC Taylor-type models violate the equilibrium over grains. The equilibrium conditions across the 

grain boundaries are violated because the vertex stress states required to activate multiple slip in 

each grain vary from grain to grain. The FC Taylor-type models are less suitable to simulate plastic 

deformation of low-symmetry polycrystalline metals because the strong constraints that these 

models impose upon strains are incompatible with the shortage of independent slip systems (Tomé 

et al., 1991). This can create complex artifacts such as unrealistic slip activation stresses. The effect 

is more pronounced in strongly textures low symmetry metals with unfavorably oriented grains to 

accommodate deformation.  

Given that the FC Taylor-type models provide computational efficiency with reasonable accuracy, 

they have been coupled with implicit FE frameworks (Kalidindi et al., 1992; Zecevic and 

Knezevic, 2018). In such coupled framework, every integration point (IP) embeds a polycrystal 

whose response is obtained by the Taylor-type iso-strain homogenization. Variable strain fields 

over FE IPs provide local boundary conditions to interrogate Taylor-type models while relaxing 

the iso-strain homogenization assumption. The coupled Taylor-type polycrystal plasticity (T-CP) 

theory and implicit FEs is termed T-CPFE (Ardeljan et al., 2016). The T-CPFE framework is a 

two-level model consisting of the meso-level homogenization using the Taylor model and the 

macro-level homogenization induced by FEs. The latter relaxes the iso-strain assumption of the 

Taylor model as a polycrystal is spread over FE IPs, while each grain embedded at a given IP 

experiences the same applied deformation gradient/strain. In summary, the FE homogenization 

occurs over many Taylor-type models running at FE IPs relaxing the Taylor-type mode constraints. 
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Significantly, T-CPFE performs well in modeling mechanical response and texture evolution of 

anisotropic metals like Mg alloys (Feather et al., 2019; Feather et al., 2021b).  

Alternative methodologies aimed at relaxing the Taylor-type model constraints have been 

extensively researched (Van Houtte et al., 1999; Van Houtte et al., 2005). These methodologies 

involve grain cluster sub-models as an approach to achieve predictions that lie between mean-field 

schemes and spatially resolved solutions (Eisenlohr et al., 2009; Engler et al., 2005; Riyad et al., 

2023). The addition of grain cluster aggregates allows for the relaxtion of the assumption of 

homogenous strain in each consituent. However, these approaches can lead to an oversetimation 

of the polycrustaline strength and rate of texture evoltuion owing to the rigidity of the clusters 

made up of crystals interacting under certain boundry condtions (Roters et al., 2010; Van Houtte 

et al., 2002). FE implementations of VPSC (visco-plastic self-consistent) (Knezevic et al., 2013b; 

Segurado et al., 2012) and EPSC (elasto-plastic self-consistent) (Zecevic et al., 2017; Zecevic and 

Knezevic, 2017) homogenizations embedding a sub-polycrystal at ever FE IP have also been 

developed. Since SC iterations follow an initial Taylor guess, these models are several times slower 

than the Taylor-type models. The primary advantage of such multi-level analyises with a meso-

level homogoenization scheme is that relevant and analitical information can be taken into account 

into macroscopic simulations and analyses (Tjahjanto et al., 2015). While one grain per IP leads 

to excessive relaxation, many grains per IP promote excessive constraints. While one grain per IP 

maximizes computational efficiency, many grains per IP slow down calculations. The parametric 

work performed here is aimed at providing guidance on effective use of these multi-level models 

to provide appropriate level of relaxation for accuracy. 

A large number of simulations are performed including tension, compression, shear, and plane 

strain compression under quasi-static and high strain rates using a range of relaxed T-CPFE models 
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as well as a full field polycrystalline grain model. Variances in mechanical fields as functions of 

mesh density and dispersal of initial polycrystal texture over the FE meshes are determined 

between the relaxed T-CPFE and full-field calculations for alloy AZ31. Moreover, several flow 

stress curves are simulated using a range of relaxed T-CPFE models are compared with measured 

data for alloy AZ31 to evaluate differences in the predictions including activities of deformation 

modes and texture evolution. Based on the comprehensive data, homogenization artifacts and 

optimal relaxation of the constraints are discussed for accurate modeling involving the multi-level 

models.  

 

2.  Modeling framework 

In this section, the finite deformation T-CPFE model relevant to the study and simulation setups 

are summarized. In the first sub-section, salient kinematics are focused on for completeness of the 

present work, while in the second sub-section, the FE meshes and a grain structure are defined for 

the parametric study. The T-CFPE model defined here is a multi-level formulation that bridges the 

constitutive response of single crystals and part scale geometries. The model was originally 

developed in (Ardeljan et al., 2016) and extended and calibrated in (Feather et al., 2021b) for the 

experimental data presented in this work. The model was set to consider strain rate sensitivities 

inherent to deformation mechanisms for modeling of quasi-static and high strain rate deformation 

of AZ31. The model is summarized below, while the dislocation density-based hardening law and 

associated parameters are the same as those in (Feather et al., 2021b) and are not repeated here.  
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2.1 T-CPFE formulation 

The T-CPFE model is implemented as a user material subroutine (UMAT) in Abaqus Standard. 

The implicit FE solver of Abaqus iteratively provides a guess displacement field at current time, 

  (t+Δt), under imposed boundary conditions over the FE model. An iso-deformation gradient, 𝐅, 

available at each IP is used to interrogate the UMAT at each gauss. The UMAT solves for Cauchy 

stress, �̅�, calculates the Jacobian, and updates state variables. Tensor quantities are denoted as bold 

letters; tensor components and scalars are italic and not bold letters; s, α, t, and β are used to denote 

slip systems, slip modes, twin systems, and twin modes, respectively; ∙ is used for a dot product, 

while ⊗ is for a tensor product. 𝑁𝑠𝑙  and 𝑁𝑡𝑤 are the total number of slip and twin systems.  

The stress at each IP is volume averaged over crystal stresses of grains and twins as 

1

grainsN

k k

k

v
=

= = σ σ σ ,          (1) 

where k numbers grains and twins, v  are weights, and  stands for the volume average.  

Grains/twins embedded at a given FE IP experience the same applied iso-deformation gradient, F, 

according to the Taylor-type model constraint. The tensor F is decomposed into its elastic and 

plastic components as 

𝐅 = 𝐅𝑒𝐅𝑝.                                                                                                         (2) 

The rate of change of 𝐅𝑝 is 

�̇�𝑝 = 𝐋𝑝𝐅𝑝.                           (3) 

Integrating Eq. (3) from time at the beginning of the given strain increment, t, to the current time, 

 = t+Δt, produces   
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𝐅𝑝(𝜏) = 𝑒𝑥𝑝(𝐋𝑝(𝜏)∆𝑡)𝐅𝑝(𝑡).                 (4) 

The constitutive relations at the grain level are 

𝐓 = 𝐂𝐄𝑒 , with 𝐓 = 𝐅𝑒−1
{(𝑑𝑒𝑡𝐅𝑒)𝛔}𝐅𝑒−𝑇

 and  𝐄𝑒 =
1

2
{𝐅𝑒𝑇

𝐅𝑒 − 𝐈},                 (5) 

with 𝐓 as the second Piola-Kirchhoff stress tensor, 𝐄𝑒 as the Lagrangian strain tensor, and 𝐂 as the 

fourth-order elastic stiffness tensor. The stiffness tensor per grain is calculated based on elastic 

crystal constants: C11 = 59,500 MPa, C12 = 26,100 MPa, C13 = 21,800 MPa, C33 = 65,600 MPa, C44 

= 16,300 MPa for Mg (Duvvuru et al., 2007; Knezevic and Kalidindi, 2007; Landry and Knezevic, 

2015; Slutsky and Garland, 1957). 𝐅𝑒 must be known to calculate stress using 𝐅𝑒(𝜏) =

𝐅𝐅𝑝−1
(𝜏) = 𝐅𝐅𝑝−1

(𝑡){𝐈 − ∆𝑡𝐋𝑝(𝜏)} for what 𝐋𝑝 must be known. L is additively decomposed to 

its plastic, 𝐋𝑝, and elastic, 𝐋𝑒, parts. The former consists slip and twinning shearing contributions 

as 

𝐋 = 𝐋𝑒 + 𝐋𝑝 = 𝐋𝑒 + 𝐋𝑠𝑙 + 𝐋𝑡𝑤 = 𝐋𝑒 + ∑ �̇�𝑠𝐒0
𝑠𝑁𝑠𝑙

𝑠 + ∑ 𝑓̇𝑡𝑆𝑡𝐒0
𝑡𝑁𝑡𝑤

𝑡 .                            (6) 

In Eq. (6), 𝐒0
𝑠 = 𝐛0

𝑠⨂𝐧0
𝑠  and 𝐒0

𝑡 = 𝐛0
𝑡 ⨂𝐧0

𝑡  are Schmid tensors for slip, s, and twinning, t, in the 

reference configuration, 0. These Schmid tensors are based 𝐛0
𝑠  and 𝐛0

𝑡  indicating Burgers vectors 

and 𝐧0
𝑠 , and 𝐧0

𝑡  indicating plane normal vectors. �̇�𝑠 is the rate of shearing, while 𝑆𝑡 is the intrinsic 

shear strain for twin systems. The rate of change of twin volume fraction is 𝑓̇𝑡 =
�̇�𝑡

𝑆𝑡  (Kalidindi, 

1998; Van Houtte, 1978). Basal a {0001}〈1̅1̅20〉, prismatic a {1̅100}〈1̅1̅20〉, and pyramidal c+a 

{1̅1̅22}〈1̅1̅23̅〉 slip modes, c-axis extension {101̅2}〈1̅011〉 (TT1) and c-axis contraction 

{101̅1}〈101̅2̅〉 (CT2) twin modes, and double twinning sequence {101̅1} − {101̅2} (DTW) was 

allowed to activate.  
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The power-law relationship is used to calculate the shear rates for slip and twinning i.e. �̇�𝑠 and �̇�𝑡, 

in the visco-pastic framework (Asaro and Needleman, 1985; Hutchinson, 1976; Kalidindi, 1998). 

Given that the power-law equations are equivalent for slip and twinning (with twinning being 

restricted to carry out only positive shearing), the power-law equation for slip systems is presented 

only  

γ̇
s
=γ̇

0
(

|τs|

τc
s(�̇�,𝑇)

)

1

m
sign(τs) with 𝜏𝑠 = 𝐓 ∙ 𝐒0

𝑠,                             (7) 

where �̇�0 is a reference value for shearing rate (�̇�0 = 0.001 s−1), 𝜏𝑠 is the resolved shear stress on 

system s, 𝜏𝑐
𝑠 is a threshold value to slip, and 

1

m
 is the power-law exponent with 𝑚 representing a 

strain-rate sensitivity. The exponent, 
1

m
= 𝑛, must be properly set to ensure selection of slip/twin 

systems accommodating plastic strains, while not introducing any inappropriate constant structure 

strain-rate sensitivity (constant structure means constant 𝜏𝑐
𝑠 and constant dislocation density). 

Increase of the exponent over 20 does not alter slip system activities, and thus does not alter the 

direction of strain rate or stress but only the magnitude of the stress. Small values of the exponent 

like <100 are numerically easy to handle but prevent simulating high strain-rate deformation 

because of unrealistically high values of stress (Knezevic et al., 2016b; Zecevic et al., 2016). If n  

is too small like n < 20, the selection of active slip systems is not unique. On the other hand, big 

values of the exponent like >100 cause numerical challenges in solving the equations become they 

become extremely stiff. However, the strain-rate sensitivity values are realistic for alloys and stress 

values are normal. The sensitivity reduces with increasing n up to a strain rate insensitive limit of 

n → . The sensitivity due to the exponent must not be interchanged with a strain-rate sensitive 

evolution of threshold resistances, 𝜏c
s, and governing dislocation density as described by the 

thermodynamics of slip (Follansbee and Kocks, 1988; Kocks et al., 1975). This strain-rate 
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sensitivity is referred to as the evolving structure sensitivity as opposed to the constant structure 

sensitivity governed by the exponent. The T-CPFE model represents both of these sources of strain 

rate sensitivity. The evolving structure sensitivity is embedded in the hardening law (Feather et al., 

2021b), while the power-law exponent sensitivity is handled using a recently developed scheme 

referred to as the k-modification (k-mod) method (Knezevic et al., 2016b). The method was 

implemented in T-CPFE in (Feather et al., 2021b).  

In the method, an applied plastic stretching tensor at each IP, 𝐃𝑎𝑝𝑝, is appropriately modified to 

influence the magnitude of stress in grains as 

𝐃𝑝 =
𝐃𝑎𝑝𝑝

|𝐃𝑎𝑝𝑝|
|𝐃𝑎𝑝𝑝|

1

𝑘+1 with 𝐃𝑝 =  
1

2
(𝐋𝑝 + 𝐋𝑝𝑇

), (8) 

The inverse relation is  

𝐃𝑎𝑝𝑝 = 𝐃𝑝|𝐃𝑎𝑝𝑝|
𝑘

𝑘+1 = 𝐃𝑝|𝐃𝑝|𝑘.  (9) 

Eqs. (8) and (9) indicate that 𝐃𝑝 attains unity as k rises. Given an applied stretching, 𝐃𝑎𝑝𝑝, scaled 

according to 𝜆𝐃𝑎𝑝𝑝, the modified stretching used for evaluating stress in grains is 𝜆
1

𝑘+1𝐃𝑝. 

Consequently, the grain stresses, T and 𝛔 scale correspondingly i.e. 𝜆
1

(𝑘+1)𝑛𝛔. The homogenized 

stress is 𝜆
1

(𝑘+1)𝑛�̅�. Therefore, the k-mod adjusts the strain rate sensitivity, m, using both n and k: 

m=1/((k+1)n).  

Since the k-mod method changes the rate of plastic stretching in grains from 𝐃𝑎𝑝𝑝 to 𝐃𝑝, to ensure 

that every grain accommodates 𝐃𝑎𝑝𝑝, the calculated shearing rates must be adjusted as   

,

0 01 mo

1

d

s s s s

k
s

app

p app

p
s

a p k

  −

+

==  
D

D P P

D

 with 𝐏0
𝑠 =

1

2
(𝐒0

𝑠 + (𝐒0
𝑠)𝑇),   (10) 



78 
 

so that the shearing rates in T-CPFE are   
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     (11) 

 

2.2 Finite element model meshes 

The FE models with grid meshes shown in Fig. 1(a-f) and Fig. 2 were generated using ABAQUS 

Standard 2019 meshing tools. The various mesh densities in Fig. 1 were chosen to allow for 

multiples of a set of 1,012 weighted orientations to be placed at FE IPs. This ensures that the 

resulting model behavior is not a function of the polycrystal orientation component volumes and 

allows a wide range of mesh and Taylor polycrystal combinations to be tested, thereby isolating 

effects of homogenization. The chosen element type is a continuous three-dimensional eight node 

and integration point linear hexahedral element (C3D8). Applying conventional knowledge that 

the full-field grain model should most accurately account for grain-to-grain interactions, the 1,012 

polycrystalline grain model, Fig. 1(h), is taken as a reference model to which all other models in 

Table.1 and Fig.1 are compared. The wights of 1,012 orientations correspond to size of the grains 

of the grain model.  

The full-field 1,012 grain model was generated using Sculpt meshing tool along with Cubit 

Meshing and Geometry Toolkit developed by Sandia National Laboratories according to the 

procedure developed in (Feather et al., 2021a). Volume fractions of grains and interfaces to create 

the grain boundaries were defined in dream.3d (Groeber and Jackson, 2014). The voxelated 

microstructure is meshed with Cubit/Sculpt to create the hexahedral mesh. A smoothing step is 
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preformed to clean up the interface planes and resolve the voxelated stair step grain boundaries, 

ensuring the quality of the hexahedral mesh boundaries.  

To explore homogenization artifacts at large strains along with exact comparisons between Taylor 

polycrystal sizes, a second set of models are generated according to Table 2 as shown in Fig. 2.  

 

Table 1. Finite element model names, meshes size, and orientation statistics distributing the 1012 

weighted orientations across models. The CIP number specifies the number of crystals per 

integration point, IP (i.e. the size of the Taylor polycrystal) and the FF designation stands for full-

field, explicit grain structure model. 

Name CIP101

2 

CIP48 CIP9 CIP6 CIP3 CIP1 CIP1-

FF 

# 

Elements 

per mesh 

1x1x1 

=1 

6x7x6 

=252 

11x12x11 

=1452 

13x13x12 

=2028 

13x26x12 

=4056 

24x23x23 

=12696 

594,10

0 

# 

Elements 

x # IP per 

element x 

# 1012 

1x8x101

2 

=8096 

252x8x4

8 

=96786 

1452x8x9 

=104544 

2028x8x6 

=97344 

4056x8x3 

=97344 

12696x8x

1 

=101568 

- 

# 

Orientatio

ns in 

multiples 

of 1012 + 

difference 

1012x8

+0 

=8096 

95x1012

+628 

=96768 

103x1012

+308 

=104544 

96x1012+

192 

=97344 

96x1012+

192 

=97344 

100x1012

+368 

=101568 

1012 
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Figure 1. Finite element models used to compare the influence of Taylor-type homogenization 

artifacts on accuracy. The models are labeled according to Table 1 based on the number of 

embedded weighted crystals per integration point (CPI): (a) CIP1012, (b) CIP48, (c) CIP9, (d) 

CIP6, (e) CIP3, (f) CIP1, and (g) CIP1-FF (i.e. the explicit grain structure full field (FF) model 

containing 1,012 grains).  

 

Table 2. Finite element model meshes size and statistics enabling the exact comparison of texture 

consisting of 3,072 unweighted orientations. The CIP#E designation stands for the number of 

crystals per integration point (IP).  
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Name  CIP384E CIP3072E CIP48E CIP6E CIP1E 

# Elements per mesh  1x1x1=1 1x1x1=1 2x2x2=8 4x4x4=64 24x24x24=13824 

# Crystals per IP 384 3072 48 6 1 

# Orientations in 

multiples of 3072  

1x8x384= 

3072 

1x8x3072= 

24576 

8x8x48= 

3072 

6x8x64= 

3072 

1x8x13824= 

36x3072= 

110592 

 

 

 

Figure 2. Finite element models according to Table 2: (a) CIP384E & CIP3072E, (b) CIP48E, (c) 

CIP6E, and (d) CIP1E.  

 

Tension and compression boundary conditions were prescribed by defining a displacement on 

normal to a surface while the lateral surfaces were free. The shear cases were defined similarly to 

the tension and compression case, but the prescribed displacement was along the x on the positive 

z face, and the negative z face was constrained in the x direction. Plane-strain was preformed where 

there was no strain in the x direction and deformation only occurred on the y-z plane. All 

           (a) (c)   (d)       (b) 
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simulations were run to 0.1 strain except for the 1,012 polycrystalline grain model which was run 

only to 0.02 strain due to the explicit twin nucleation and growth not being modeled in the FE 

framework.  

 

3.  Experimental data 

The experimental data compared with the models in this study is from (Kurukuri et al., 2014). The 

rolled sheet of Mg alloy AZ31B annealed in the O-temper condition was used. The alloy had 

equiaxed grains with a 12-µm average diameter. Pole figures of the initial texture in the sheet are 

shown in Fig 3. The sheet has a strong basal texture and most grains have their c-axis orientated 

in the normal direction (ND) or z. There is slight spreading in the rolling direction (RD) as 

compared to the transverse direction (TD). Mechanical loading type (e.g. tension, compression, 

shear, plane strain), rate, and direction, (e.g. RD, TD, ND) relative to the initial rolled sheet 

crystallographic texture, determine the activity of the various deformation mechanisms that 

accommodate plasticity.  

The alloy was tested under strain-rates from 10−3𝑠−1 to 103𝑠−1 at room temperature. The flow 

stress in RD compression is roughly strain-rate insensitive for the early portion of deformation. 

However, the alloys exhibits more strain-rate sensitive behavior with strain. The alloy is stronger 

in ND compression relative to the RD compression exhibiting some strain-rate sensitivity in ND. 

The rate of strain hardening is higher for higher strain-rates. In tension, the alloy exhibits high 

strain-rate sensitivity. Moreover, the alloy shown pronounced tension-compression asymmetry. 

The asymmetry increases with strain-rate. More detains can be found in (Kurukuri et al., 2014). 



83 
 

From electron backscattered diffraction (EBSD) orientation data an orientation distribution 

function (ODF) was reconstructed and 3,072 orientations sampled from the ODF using MTEX. 

The unweighted orientations, 3,072, were compacted using generalized spherical harmonics 

(GSH) methodology (Eghtesad et al., 2018) to 1,012 weighted orientations and used for the 

polycrystalline grain structure and comparison microstructures. The GSH methodology ensured 

that the 3,072 and 1,012 ODFs were not appreciably different.  

 

 

Figure 3. Pole figures showing the initial texture of AZ31 alloy: (a) 3072 unweighted orientations 

and (b) 1012 weighted orientations. The texture was measured using EBSD.  

 

4.  Results 

The results of the parametric study are split into two sections: i) initial yield behavior and 

deformation activities without twin reorientation and a comparison with a full-field explicit grain 

model and ii) large strain deformation activities and stress response with twin reorientation enabled 

and a comparison made with experimental data.  

MAX: 8.5 MAX: 2.8 MAX: 2.7 

MAX: 8.5 MAX: 2.8 MAX: 2.7 

(a) 

(b) 

MRD 
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4.1 Effects of homogenization scheme at 2% strain  

The percent error of the polycrystal averaged von Mises stress at 2% strain between the reference 

full-field explicit grain model (CIP1-FF) and other models from Table 1 are shown in Fig. 4. The 

loading cases A-I are summarized in the Fig 4 caption. The largest stress error occurs in CIP1, 

while the smallest error has CIP6 compared to CIP1-FF. The error is also large for CIP1012. The 

CIP9 and CIP3 models perform slightly worse than CIP6. Because twin reorientation is disabled, 

texture variation at 2% should be negligible and the resulting errors are tightly tied to the effect of 

homogenization on slip and twin activities. There is no trend that suggests certain loadings promote 

or suppress the differences. We hypothesize the poor stress performance of CIP1 is due to the lack 

of smoothness in the response at an integration point, while in the CIP1-FF case, the grain domains 

deform together and do not have the same degree of heterogeneity.  

 

 

 

CIP1012 CIP48 CIP9 
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Figure 4. Percent error in von Mises stress at a true strain of 0.02 for the models indicated in the 

plots relative to the explicit grain structure model CIP1-FF. The loading cases per comparison are: 

(A) compression in RD under 0.001/s strain rate, (B) compression in RD under 1000/s strain rate, 

(C) compression in ND under 0.001/s strain rate, (D) compression in ND under 1000/s strain rate, 

(E) tension in RD under 0.001/s strain rate, (F) tension in RD under 1000/s strain rate, (G) YZ 

shear under 0.001/s strain rate, (H) YZ shear under 1000/s strain rate, (I) plane strain compression 

in the XZ direction with no strain occurring in the Y direction under a strain rate of 0.001/s. Note 

that grain re-orientation due to twinning was not active in all these simulations.  

 

Active slip and twinning systems for the above simulation cases are plotted in Fig. 5 as relative 

activities for each loading direction and strain rate. The RD compression (A,B) has basal slip and 

TT1 as the most active, while the ND compression (C,D) is primarily accommodated by pyramidal 

c+a and basal slip. The RD tension (E,F) is primarily accommodated by prismatic and basal slip. 

Simple shear (G,H) has predominately basal slip active with some pyramidal c+a and prismatic 

slip. Plane strain compression (I) exhibits a combination of pyramidal c+a and basal slip. Fig. 5h 

shows CIP1-FF model for a reference set of activities. Notably, no loading direction or strain rate 

among the Taylor type models have large differences in activity trends and all simulation have 

CIP6 CIP3 CIP1 
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relatively small errors in von Mises stress (<6%) as compared to the larger full-field models. 

Nevertheless, CIP6 has slightly more similar slip activities to CIP1-FF compared to other cases, 

which is consistent with the von Mises errors presented in Fig. 4. However, based on slip activities 

and stresses at 2% strain all models could likely achieve similar yield values and activities by slight 

adjustments of hardening parameters. By including twinning and texture evolution in the following 

section, the compounding effects of these small difference in slip activities will be explored at 

larger strains. 

 

 

   
 

CIP1012 CIP48 

CIP3 CIP1 

CIP9 CIP6 

CIP-FF 

 

CIP1012 CIP48 

CIP3 CIP1 

CIP9 CIP6 

CIP-FF 

 

CIP1012 CIP48 

CIP3 CIP1 

CIP9 CIP6 

CIP-FF 
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Figure 5. Relative activities of deformation modes at a true strain of 0.02 predicted using the 

models indicated in the plots. The loading cases are the same as in Fig. 4. Note that grain re-

orientation due to twinning was not active in all these simulation cases.  

 

4.2 Large strain behavior 

At large strains it is no longer realistic to compare the CIP1-FF model with Taylor models due the 

lack of twin induced reorientation in CIP1-FF which is inherent to Mg alloys. As a reference, we 

show the effects of Taylor assumption relaxation with comparisons to experimental data (Kurukuri 

et al., 2014). With twin reorientation enabled the simulations are run to a strain of 0.1, while the 

experimental data is to a strain of roughly 0.08. To ensure an exact representation of the 

polycrystal, the models of Fig. 2 and Table 2 are utilized. In what follows we compare the stress-

strain behavior for RD compression and tension at strain-rates of 0.001/s and 1000/s and ND 

compression at strain-rates of 0.001/s and 1000/s. 

Comparisons between experimental stress-strain curves and the models of Table 2 are provided in 

Fig. 6. In RD tension and compression there are some minor signatures of homogenization effects 

and only CIP1E at a strain-rate of 1000/s exhibits a change in the initial twinning regime. 

 

CIP1012 CIP48 

CIP3 CIP1 

CIP9 CIP6 

CIP-FF 

 

CIP1012 CIP48 

CIP3 CIP1 

CIP9 CIP6 

CIP-FF 

 

CIP1012 CIP48 

CIP3 CIP1 

CIP9 CIP6 

CIP-FF 
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Compression along ND and the c-axis fiber where pyramidal c+a slip is most activate exhibits 

strong sensitivity to the homogenization. The model was calibrated with CIP6E in (Feather et al., 

2021b) and represents the best fit that could be achieved with the CIP6E model. The comparison 

of the early strain behavior in section 4.1 suggests CIP6E should perform well; nonetheless, there 

are clear model deficiencies in the saturation of hardening which is related to the sensitive interplay 

between slip modes. This may be explained by the evolution of the stress-strain fluctuations with 

texture evolution (Tomé, 1999) and approximations in the twinning model. Figs. 7 and 8 quantify 

the differences observed in Fig. 6.   
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Figure 6. Comparison of simulated true stress-strain curves using the models from Fig. 2 and Table 

2 as indicated in the figure and experimentally measured data.  
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Figure 7. Average percent error in flow stress between the simulated and measured data from Fig. 

6. The loading cases are labeled the same as in Fig. 4. 
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Figure 8. Average percent error in predicted flow stress between the models indicated in the figure 

and the CIP6E model from Fig. 6. The loading cases are labeled the same as in Fig. 4.  

 

The relative activities of deformation mechanisms accommodating plastic deformation of Fig. 6 

stress-strain curves are provided in the appendix. Some subtle differences in the activities are 

apparent. While the compression twinning activities at small strains are similar, the ratio of 

pyramidal c+a and basal slip are slightly different amongst the cases for the compressions in ND, 

which manifest in the stress-strain hardening response variations. The divergent behavior in ND is 

primarily for the CIP3072E and CIP384E models, while the CIP48E and CIP6E models exhibit 

similar activities. Moreover, there is a small shift in the twinning propensity and pyramidal slip in 

the case of RD compression using CIP1E, which is not present in other cases. Since the evolution 
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of texture is driven by the activities, only small variations in texture intensities are observed and 

are provided for completeness in the appendix.  

 

5.  Discussion 

Infinitely rigid interactions (the Taylor-type constraint) between grains and their surrounding 

medium result in no fluctuations over the polycrystal mesh. The Taylor constraint assumption has 

been repeatedly shown to be suboptimal for plastically anisotropic material such as Mg alloys due 

to stiff and soft crystal directions requiring different interaction strengths with surrounding grains 

(Lebensohn and Tomé, 1993; Savage et al., 2020). The result of the rigid constraint is an increase 

in the flow stress due to pronounced activation of some slip systems at the expense of others. To 

model flow stress, the slip resistances must be unrealistically adjusted to suppress over activation 

of e.g. pyramidal slip systems (Knezevic et al., 2013a; Wu et al., 2008). This is not an issue just 

limited to Taylor polycrystals or Mg alloys. Self-consistent models also suffer from linearization 

assumptions and have led to the relative directional compliance formulation of (Barrett et al., 2020; 

Tomé, 1999) which dynamically adjusts interaction strength based on the amount of soft and hard 

crystals in a polycrystal. Full-field models are an alternative and are most appropriate to run when 

trying to understand and study fundamental information about a material; however, full-field 

models are computationally demanding and rely on explicit meshing of the grain structure. The 

large computational cost precludes part level FE simulations with full-field models. Moreover, 

limited tools for handling twin domains and phase transformations further make the full-field 

methods untenable for materials that deform through deformation twinning and phase 

transformations. The current work evaluates whether relaxation of the homogenization assumption 
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via finite elements is effective compared to full-field predictions for Mg alloys which exhibit 

strong anisotropic plasticity.  

To evaluate the appropriateness of the stress and strain deviations per model compared to those of 

the CIP1-FF model, deviations in von Mises stress and effective strain over the FE meshes of Table 

1 are computed and presented in Figs. 9 and 10, respectively. A vector of normalized deviations 

for stress is evaluated using  

∆𝜎𝑘 =
√(𝛔𝑘−�̅�)∙(𝛔𝑘−�̅�)

√
3

2
�̅�∙�̅�

 with �̅� = �̅� −
𝑡𝑟(�̅�)

3
𝐈                  (12) 

where 𝛔𝑘 is stress at an IP k, �̅� is average stress, and �̅� is deviatoric stress. An equivalent equation 

to Eq (12) is used to calculate the deviations in effective strain. For a single element there is no 

deviation in stress and strain. As the number of elements increase the number of crystals per 

integration point decrease. We see for CIP6 the best performance in position, breadth, and height 

of the distribution compared to the CIP1-FF. As mentioned in section 4.1, the poor performance of 

the CIP1 model stems from heterogeneity in the mesh which is not present in the CIP1-FF model 

due to the present of grain domains. These heterogeneities manifest themselves in both Figs. 9 and 

10 as even multi model stress and strain distributions. It is worth noting for some cases CIP9 has 

more similar strain and stress deviations compared to CIP6 when compared to CIP1-FF.  It is 

apparent that CIP3 is too few grains per integration point resulting with overestimation of the 

deviations and CIP48 is too many resulting in underestimation of the deviations. Running 3, 6, 9, 

and 48 crystals per integration point with a same large mesh to rule out any mesh size effect yields 

no appreciably different deviations to these shown here.  
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Figure 9. Histograms of von Mises stress deviation at 2% true strain after the loadings as in Fig. 

4.   
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Figure 10. Histograms of logarithmic strain deviation at 2% true strain after the loadings as in Fig. 

4. 
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The results of section 4 and the deviation plots in Figs. 9 and 10 suggest a relaxed Taylor model 

can be identified for Mg AZ31 alloys such that stress and strain deviation when compared to a full-

field model are similar. The methodology for evaluating stress distributions here can be applied to 

evaluate whether the relaxed constraints are suitable for other plastically anisotropic materials. For 

AZ31, when six crystals are embedded per FE IP, the relaxed methodology facilitates the closest 

response to a full field polycrystalline grain model for both CIP6E 64 element and CIP6 2028 

element models. Therefore, the performance of the six crystals per IP is established to be a sweet 

spot in smoothing local deformation while allowing heterogenous deformation over the mesh. 

Including more or less crystals per IP degrades the similarity. The worst performing configuration 

was one crystal per IP. The methodology presented here can be generalized to other 

homogenization methodologies such as SC or Sachs homogenizations in the FE frameworks. For 

the AZ31 material studied in this work a tradeoff is possible between homogenization artifacts and 

a continuum response at the Taylor polycrystal level that can be traded to optimize computational 

efficiency in bridging mesoscale to the macroscale. Embedding six crystals per IP is favorable for 

computationally tractable part level simulations of Mg alloys.  

 

6.  Conclusion 

In this work, the deviation of progressive relaxation of the Taylor-type constraint assumption from 

a full-field polycrystalline grain structure simulation is determined for a plastically anisotropic 

polycrystal of Mg alloy AZ31. We established that the relaxation with six crystals per integration 

gave the best mechanical field comparison to the full-field model for AZ31, having the most 

similarities between stress-strain curves, deformation mode activities, and stress-strain deviations 

when compared with the full field model. We found that one crystal per integration point without 
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explicit grain structure performs poorly due to excessive heterogeneity resulting from the absence 

of coherent deformation domains. The parametric study conducted here demonstrated a 

methodology for identifying an appropriate relaxed Taylor-type model. The methodology could be 

employed to evaluate other homogenization scheme in a FE framework when plasticity is 

anisotropic and affected by homogenization assumptions. Using this approach, one can identify 

tradeoffs in model fidelity at the expense of time and compute resources. In addition, the work 

confirmed that homogenizations schemes like Taylor or more involved SC could be adopted to 

ease the complexity of full-field simulations in finite elements.  
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Appendix A 

This appendix presents predicted activities of deformation modes (Fig. A1) and texture evolution 

(Fig. A2) for deformation cases presented in Fig. 6.   
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Figure A1. Relative activities of deformation modes predicted during the simulations presented in 

Fig. 6 using the models indicated in the figure.  
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Figure A2. Pole figures showing texture predicted at a true strain of 0.1 for the loading directions 

and strain rates as in Fig. 6: (a) 1 element 384 crystals, (b) 1 element 3072 crystals, (c) 8 elements 

48 crystals, (d) 64 elements 6 crystals, and (e) 13824 elements 1 crystal. The sample frame and 

intensity bar are the same as in Fig. 3.  
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Chapter 3: Assessing strength of phases in a quadruplex high entropy 

alloy via high-throughput nanoindentation to clarify origins of strain 

hardening  

 

This chapter has been submitted to Materials Characterization journal on April 25th, 2023.  

My contribution to this work was material preparation, EBSD imaging, all nanoindentation data 

acquisition, analysis, and figures. Correlated phase transformation and hardness parameters were 

obtained by myself. Evgenii Vasilev also took some EBSD and tested tensile specimens. The 

original first draft was written by myself and further written in a standard student-mentor 

relationship.   
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Abstract 

 

This paper describes the main findings from an experimental investigation into local and overall 

strength and fracture behavior of a microstructurally flexible, quadruplex, high entropy alloy 

(HEA), Fe42Mn28Co10Cr15Si5 (in at%). The alloy consists of metastable face-centered cubic 

austenite (), stable hexagonal epsilon martensite (ε), stable body-centered cubic ferrite (), and 

stable tetragonal sigma (σ) phases. The overall behavior of the alloy in compression features a 

great deal of plasticity and strain hardening before fracture. While the contents of diffusion 

created  and σ phases remain constant during deformation, the fraction of ε increases at the 

expanse of  due to the diffusionless strain induced γ→ε phase transformation. High-throughput 

nanoindentation mapping is used to assess the mechanical hardness of individual phases 
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contributing to the plasticity and hardening of the alloy. Increasing the fraction of the dislocated 

ε phase during deformation due to the transformation is found to act as a secondary source of 

hardening because  and ε exhibit similar hardness at a given strain level. While these two phases 

exhibit moderate hardening during plasticity, significant softening is observed in σ owing to the 

phase fragmentation. While the phase transformation mechanism facilitates accommodation of 

the plasticity, the primary source of strain hardening in the alloy is the refinement of the structure 

during the transformation inducing a dynamic Hall-Petch-type barrier effect. Results pertaining 

to the evolution of microstructure and local behavior of the alloy under compression are 

presented and discussed clarifying the origins of strain hardening. While good under 

compression, the alloy poorly behaves under tension. Fracture surfaces after tension feature 

brittle micromechanisms of fracture. Such behavior is attributed to the presence of the brittle σ 

phase.  

 

 

Keywords: High entropy alloys; Phase transformations; Microstructures; Nanoindentation; 

Hardness maps  
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1.  Introduction 

 

A class of sophisticated metallic materials termed high entropy alloys (HEAs) are being 

developed to enhance the contrasting material properties of strength and ductility [1-3]. 

Beginning with equiatomic HEA like Fe20Mn20Ni20Co20Cr20 which exhibits good strength, 

ductility, and fracture toughness, other variants of the Fe-Mn-Ni-Co-Cr systems like 

Fe40Mn27Ni26Co5Cr2 (at. %) are being explored [4-8]. The chief advantage of HEAs is in their 

flexibility to tune microstructural features through adjusting their composition and processing. 

To this end, dual phase HEAs consisting of Fe-Mn-Co-Cr were developed. For example, an 

Fe50Mn30Co10Cr10 (at. %) system consists of a face-centered cubic (FCC) austenite (γ) phase, 

which is metastable. The phase undergoes strain-induced phase transformation into a dislocated 

hexagonal close-packed (HCP) epsilon-martensite phase (ε) while accommodating plastic strains 

[7, 9]. The mechanism is often referred to as the TRIP (transformation induced plasticity) since it 

accommodates plastic strains like dislocation slip. Because multi-phase, these HEAs offer 

flexibility to design volume fraction and distribution of phases to improve ductility and strength 

tradeoffs [4, 5, 7]. The distribution can be achieved by varying processing methodologies such as 

rolling, high pressure torsion, and friction stir processing [10-12]. Studies on increasing alloying 

elements such as Cr at the expense of Fe and Mn on γ phase in dual phase HEA have been 

reported in [13, 14]. Increasing the Cr content furthers the driving force of γ → ε  transformation 

[10]. The present work is concerned with characterizing a Fe42Mn28Co10Cr15Si5 (in at%) HEA 

designed to exhibit pronounced TRIP. The alloy has a quadruplex structure consisting of stable 

body-centered cubic ferrite () and stable tetragonal sigma (σ) phases in addition to metastable  

and stable ε. The particular focus of the work is to assess the strength of individual phases via 
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high-throughput nanoindentation and attempt to clarify origins of strain hardening during plastic 

deformation of the alloy.  

Nanoindentation is conceived as a technique to measure and understand the localized 

mechanical properties of metallic materials including HEAs [15-17]. To date, hardness mapping 

has been utilized to explore spatial variations in a variety of metal alloys [18, 19]. However, only 

a handful of such experiments along with some atomistic simulations have been performed on 

nanoindentation of HEAs [20]. Atomistic simulations of nanoindentation of HEAs are 

challenging due to compositional complexities [21]. Nevertheless, such simulations were 

successful in revealing the effects of localized chemical composition changes on the mechanical 

properties of complex multicomponent HEAs [22-24]. Nanoindentation studies revealed the 

effects of single crystal crystallographic orientations on nanoindentation response and underlying 

defect structures [25]. Moreover, studies into the effects of twin boundaries on nanoindentation 

response and underlying dislocation activity found that the twin boundaries inhibit dislocation 

penetration through the analysis of the plastic zone underneath the indentation [26]. Another 

study analyzed the influences of alloy composition, crystal structure, grain size, and twin 

boundary distance on the nanoimprinted properties of several HEAs [27].  

While various aspects of the mechanical response of HEA alloys under deformation by 

nanoindentation were investigated in the pre-mentioned studies, the role of local hardness in 

individual phases on strain hardening of multi-phase HEAs was not rationalized. Localized 

hardness mapping is a relatively new experimental technique that has been underutilized in only 

a few studies involving HEAs [28-30]. We subject a complex Fe42Mn28Co10Cr15Si5 (in at%) HEA 

to nanoindentation over relatively large areas at varying strain levels to understand its hardening 

behavior more holistically. An experimental investigation into tailoring the content of phases and 
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grain structure for high strength of the alloy using rolling, friction stir processing, and 

compression was performed in our earlier study [10]. Hardness maps obtained over selected 

areas in the present study provide complementary insights into the mechanical properties of 

evolving HEA microstructural phases.  

The evolution of microstructure was measured by optical microscopy, electron back 

scatter diffraction (EBSD), and neutron diffraction (NeD). The as-received material was a rolled 

plate having a quadruplex structure consisting of metastable , stable σ, stable ε, along with some 

stable  phases. The evolution of phase fractions and texture per phase was measured. Simple 

compression data was taken from [10], while simple tension testing of the alloy was performed 

in the present work. In addition to measuring the overall properties, localized hardness Young’s 

modulus maps over increasing levels of strain are measured. To this end, instrumented 

indentation testing (IIT) with the KLA Nano Indenter® systems employing the Oliver-Pharr 

method is used to automatically determine the sought properties from the recorded load-

displacement history throughout the experiment [31]. These maps are correlated with the EBSD 

maps over the same areas, given that the resolution, scan size, and sample preparation 

requirements between the nanoindentation and EBSD mappings are comparable, to elucidate the 

relative hardness of individual phases. The roles of transformation of phases and hardness per 

phase on hardening during compression are conveyed in this paper. These comprehensive results 

are presented as discussed as necessary for the development of crystal plasticity models able to 

partition strain accommodation by individual phases in complex high entropy alloys. Predicting 

overall mechanical performance of such alloys requires the guidance and validation in terms of 

phase specific mechanical properties.  
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2.  Experimental Procedures 

 

2.1 Material processing 

 

 The HEA rolled plate’s composition studied in the present work was Fe42Mn28Co10Cr15Si5 

in atomic percent. The plate was manufactured at Sophisticated Alloys Inc. An ingot of 50.8 mm 

in thickness was cast and then heat treated at 1100℃ for two hours to achieve homogenization of 

the structure. After the heat treatment, the material was rolled into a plate 8.9 mm in thickness in 

multiple passes.  

 

2.2 Mechanical testing 

 

Wire electric discharge machining (EDM) was utilized to make specimens for 

compression testing, while tensile dog-bone specimens were machined using a lathe. 

Compression stress-strain data was taken from our earlier work [10]. Two additional cylindrical 

specimens 3 mm in diameter and 4.8 mm in height were deformed to 0.21 compressive strain and 

to fracture for microstructural characterization and nanoindentation. Tensile specimens were 

made with an axis in-plane (IP) aligned with the plate rolling direction (RD). The gauge section 

of the dog-bone specimens was 28 mm in length and 5 mm in diameter. An MTS biaxial 

servohydraulic machine of 250 kN capacity was used to perform the tensile tests at room 

temperature under a constant strain rate of 10-3/s. An MTS 623.12E-24 extensometer was used to 

measure displacement. Three tensile tests were performed to fracture to ensure reputability of the 

results. The measured curves were on top of each other.  
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2.3 Microstructural characterization 

 

Optical microscopy and EBSD using a scanning electron microscope (SEM) were used to 

determine and characterize the microstructure of the alloy. Optical images were taken using an 

Olympus OLS5000 microscope. The images were taken using either laser or visible light. EBSD 

was performed using a Tescan Lyra (Ga) field emission SEM. Scans were taken in field mode 

with a beam intensity (BI) of 20.05-20.07 at a voltage of 20kV. The working distance was set at 9 

mm and the scans were conducted at 615 fps at a 16 x16 bin size. Multiple scans were taken for 

each strain level to ensure repeatability of the results. All scans contained over 600,000 points 

with a step size of 0.4 µm. Post processing of the data was performed using OIM analysis 

software package.  

Samples from all strain levels were prepared by grinding with 320, 400, 600, 800, and 

1200 grit SiC papers with 6lb force per sample till plane. Post grinding, the samples were 

polished with a TriDent mat using 3 µm diamond suspension at 150 rpm for 5 minutes, followed 

by a TriDent mat with 1 µm diamond suspension at 150 rpm for 5 minutes. Lastly, vibratory 

polishing with a 0.05 µm colloidal silica suspension for 12 hours was conducted to ensure 

preferable indexing and high confidence index (CI) on the EBSD scans. No etching was 

necessary after vibratory polishing.  

Energy dispersive spectroscopy (EDS) was also completed to observe the elemental 

composition of phases that were present.  

Finally, NeD was completed in Los Alamos Neutron Science Center at Los Alamos 

National Laboratory for a few specimens, initial and deformed in compression [10, 32]. Maud 
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software was used to analyze the experimental data to obtain orientation distributions. Pole 

figures were plotted in MTEX.  

 

2.4 Nanoindentation 

 

Nanoindentation is a tool for exploring mechanical behavior at small length scales [33]. 

The technique interrogates materials locally and is only semi-destructive, while allowing 

extraction of diverse properties including elastic and plastic. Nanoindentation was performed 

using a KLA Instruments iMicro Nano indenter with a Berkovich tip. Each specimen was 

initially marked in four corners with a large indentation before EBSD was taken. After EBSD, 

each specimen was placed into the nano indenter to measure harness maps in the same area as 

the EBSD scan took place. The technique results in correlated EBSD and nanoindentation 

mapping. Areas of 150 µm x 150 µm were always chosen for indenting inside each sample 

EBSD scan. Using Nanoblitz 3D, a built in KLA indenting function, 22,500 indents were placed 

in the 150x150 grid with a 1 µm spacing at a force of 750 µN per specimen. Hardness maps, 

Young’s modulus, and correlated phase hardness maps were produced using KLA’s post 

processing software.  

The process of NanoBlitz 3D nanoindentation involves forcing the Berkovich tip into the 

surface of an investigated material. An indentation load (𝑃) is applied as a constant while the 

resulting indentation depth and contact stiffness are continuously recorded by the instrument. 

The measured values per indent are then converted into elastic modulus and hardness through the 

Oliver-Pharr indentation equations [31]. To this end, the analysis of the load and displacement by 

the instrument yields a contact penetration depth (ℎ𝑐) and corresponding contact area (𝐴𝑐 =
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�̂�𝑐(ℎ𝑐)) per indent to obtain Young’s modulus (𝐸𝐼𝐼𝑇  = (1 − 𝜐𝑠
2) [

2

𝑆
√

𝐴𝑐

𝜋
−

1−𝜐𝑖
2

𝐸𝑖
] ) and hardness 

(𝐻𝐼𝐼𝑇 =
𝑃𝑚𝑎𝑥

𝐴𝑐
), where subscripts i and s correspond to indented and sample. S is beginning of the 

unloading slope. The obtained hardness relating the force on the indenter to the projected contact 

area per indent is referred to as instrumented indentation testing (IIT) hardness. IIT is sometimes 

called high speed nanoindentation or high throughput nanoindentation. Evidently, IIT determines 

material properties without the need to measure the contact area upon where the indenter is 

withdrawn from the material. Knowing the contact depth over which the probe contacts the 

material, the contact area, 𝐴𝑐, can be calculated through an area function, �̂�𝑐(ℎ𝑐). The function is 

dependent on the geometry of the probe. For the Berkovich tip indenter, which is a three-sided 

pyramid made of diamond, the function is: 𝐴𝑐 = 24.56ℎ𝑐
2 + 𝐶ℎ𝑐 with C = 150 nm.  

Vickers (or Knoop) hardness (HV) can also be obtained by using the mean contact area or 

Meyer hardness conversion through the KLA iMicro indenter software using: HV = 94.52 ∙ 𝐻𝐼𝐼𝑇. 

In contrast to HV governed by ISO 6507 and ASTM E384, IIT governed by ISO 14577 and 

ASTM E2546 is fast (~1 second per indent). Standard HV relies on a 4-sided Vickers pyramid to 

obtain one value of hardness at a single force and penetration depth. HV hardness is a ratio of an 

applied load (kg) to the surface contact area between the indenter and the sample. In contrast, IIT 

uses a 3-sided Berkovich pyramid probe. Young’s modulus and hardness maps are obtained 

effectively and can be analyzed statistically. IIT is a technique developed for performing large 

numbers of indentations in short periods of time. Indents are performed over a user defined grid.  

To produce high quality property maps over a user defined grid, the considerations of 

load level and resulting indentation depth, stress fields, and underlying elastic and plastic zones 

underneath the indenter are important. While the entire elastic zone is sufficient for the modulus 
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measurements, the elastic–plastic deformation zone is required for the hardness measurements. 

The fields from neighboring indents should not overlap. Therefore, consideration of grid 

resolution is also important and needs to be carefully defined. We have explored multiple grids 

while establishing appropriate in-plane indentation spacing between indents to obtain high 

quality maps presented in the results section of the paper.  

 

 

3.  Results 

 

3.1 Mechanical testing for overall properties  

 True stress – true strain curves are recorded during compression along the through-

thickness (TT)/ND and in-plane (IP)/RD and in tension along RD for the as rolled materials (Fig. 

1). As observable, the specimen in IP condition exhibits larger amounts of ductility. The material 

is approximately isotropic and can accumulate more compressive strain in IP than in TT. The 

ultimate strength between IP and TT samples are alike, where IP is slightly higher at 1300 MPa 

while TT has an ultimate strength of 1250 MPa. The material in tension has a yield stress of 

about 300 MPa and an ultimate tensile strength (UTS) of 520 MPa. The material exhibits poor 

ductility. To justify the strength and hardening behavior of the material undergoing substantial 

phase transformation during deformation, microscopy, and nanoindentation characterizations 

were carried out for establishing phase-hardness correlations, as presented in the following 

sections.  
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Fig. 1: True stress – true strain curves for the as-rolled specimens of the alloy tested along IP and 

TT directions in compression and along IP direction in tension to fracture. The plot of the tensile 

curve is zoomed in for clarity.  

 

 

3.2 Microstructural characteristics 

 

Inverse pole figure (IPF) maps and corresponding phase maps of the alloy are shown in 

Fig. 2 for the TT direction. Four phases are identified with green, red, yellow, and blue colors 

which correspond to γ-austenite, ε-martensite, σ-sigma, and -ferrite phases, respectively. We 

would like to point out that ferrite phase designation is specific to one of the BCC phases in 
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steels. Since our material has quite a complex composition which is not exactly steel, simply 

calling the ferrite phase as BCC phase may be more appropriate. From the perspective of 

indexing and determining the type of lattice giving the best fit for a given pattern in EBSD, -

ferrite, δ-ferrite, or -martensite have no difference because they all have similar lattice 

constants. As will be shown shortly in an image quality (IQ) map, the BCC phase in the HEA is 

not the -martensitic because the intensity is low. Phase fractions based on multiple maps are 

indicated in the caption. The as-received initial material consists predominantly of γ phase with 

 being the least prevalent. The average grain size for γ was estimated to be 20 μm for the as 

rolled samples.  

Another IPF map along with its phase map, and an energy dispersive spectroscopy (EDS) 

elemental map was taken. Luckily the map included more of the BCC phase, and we selected it 

to perform nanoindentation as indicated in the phase map. γ-austenite and ε-martensite are a solid 

solution of all 5 elements (Fe, Mn, Co, Cr, Si), and σ-phase is an intermetallic with increased Cr 

content in a tetragonal structure. Further analyses showed that the σ phase also has a higher Si 

content. Interestingly, the BCC phase also shows more of Cr. We have added a black overlay 

highlight for the BCC phase in the Cr composition map. With a higher percentage of Cr in wt%, 

there is a higher probability of σ-sigma phase forming in stainless steels [34]. In our case, using 

Si in addition to Cr in higher amounts for Fe-Mn-Co-Cr systems turned out that we got more σ-

sigma precipitation [35, 36]. The kernel average misorientation (KAM) map of the initial 

structure shows a slightly higher presence of geometrically necessary dislocations (GNDs) in the 

σ-phase relative to the other phases.  
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Fig. 2: (a) IPF and (b) phase maps for a specimen of the as-rolled HEA plate. Perpendicular to 

the maps is the sample TT direction. The colors in the IPF map represent the orientation of the 

TT/ND plate axis with respect to the crystal lattice frames according to the coloring in the 

standard IPF triangles per phase. Multiple maps are used to determine the initial average phase 

fractions: FCC: 78.4%, HCP: 6.2%, BCC: 0.4%, and Tetragonal: 15.0%.  

 

 



123 
 

 

Fig. 3: (a) IPF, (b) phase, (c) EDS Cr composition, (d) half IQ and half KAM maps for a 

specimen of the as-rolled HEA plate. The frames and colors in the IPF map are the same as those 

in Fig. 1. The colors in the phase map are the same as those in Fig. 1. The composition map 

reveals a higher Cr content in the BCC and Tetragonal phases. The IQ and KAM maps show 

relatively low dislocation density in all phases.  

 

Fig. 4 shows the structure in the alloy at an intermediate strain level and at fracture using 

IPF and phase maps. Substantial refinement of the structure due to the transformation γ→ε can 

be observed. The maps show slip bands in  as sheaves of parallel laths that are strung out on the 
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{111}γ planes carrying out the strain-induced →ε martensite transformation. Increasing the 

content of interfaces in the microstructure with the refinement during deformation increases 

barriers to mobile dislocations. Such hardening mechanisms are referred to as the dynamic Hall-

Petch-type effect. The ability of the alloy to plasticity deform is exhausted with near completion 

of the transformation. Fig. 5 shows the extent of the transformation with plastic strain under 

compression measured using EBSD. Crystal orientations with their < 001 > axes parallel to a 

compression direction easily transform, while crystal orientations compressed around < 011 > 

and < 111 > cannot transform under compression [37, 38]. The KAM maps of the deformed 

structures are shown in Fig. 6. Evidently, the presence of GNDs increases in the transforming 

and deforming phases, ε and γ, while it is smaller in the σ phase. Increased content of 

dislocations contributes to the local hardness of the phases and also the overall hardening of the 

alloy.  

Fig. 7 shows pole figures of the initial and deformed structures per phase. Texture in the γ 

phase features the formation of the {110}𝛾 fiber as expected for compressive of an FCC material 

[39]. The texture evolution in the ε phase is mainly driven by the TRIP mechanism. The 

relationship between orientations in the parent γ and child  phases is {111}𝛾{0001}𝜀, 

〈110〉𝛾〈21̅1̅0〉𝜀 [40, 41]. Additionally, these two phases are co-deforming by crystallographic 

slip. Finally, the texture in the σ phase is relatively random and remains such during the 

compression deformation because the phase does not deform plastically but only floats in the 

matrix.  
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Fig. 4: (a, c, e) IPF and (b, d, f) phase maps for: (a, b) a specimen compressed to 0.21 true strain 

along TT and (c-f) a specimen compressed to fracture along TT (~0.43 true strain). The frames 

and colors in the IPF maps are the same as those in Fig. 1. The colors in the phase maps are the 

same as those in Fig. 1. Multiple maps are used to determine the average phase fractions at 0.21: 
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FCC: 53%, HCP: 32%, BCC: 0%, and Tetragonal: 15.0%, while at 0.43: FCC: 12%, HCP: 73%, 

BCC: 0%, and Tetragonal: 15.0%.  

 

 

 

Fig. 5: γ→ε phase fraction transformation from as-rolled material to fracture along TT. The fit is 

y = -1.48x + 0.82.  
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Fig. 6: (a) IQ and (b) KAM maps corresponding to the IPF and phase maps in Fig. 4a and b. (c, 

d) KAM maps corresponding to the IPF and phase maps in Fig. 4c-f.  
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Fig. 7: Stereographic pole figures measured by NeD revealing the evolution of texture per phase 

in the alloy during compression from initial (top row), to a strain of 0.21 (middle row), and to a 

strain of 0.43 (bottom row) in (a) austenite, (b) epsilon martensite, and (c) sigma phases.  

  

 

3.3 Correlated EBSD and nanoindentation mapping for local properties  

 

 Initial and strained specimens are subjected to nanoindentation along the TT direction. 

Two 150x150 µm maps containing 22,500 individual indentations are presented. Appendix A 

discusses the role of resolution on the results in detail. Fig. 8 displays phase, hardness, correlated 

phase and hardness, and Young’s modulus maps for an initial as-rolled specimen. These maps are 

the same inner dashed area displayed in Fig. 3b. The KLA software could not distinguish 

between γ and ε phases based upon hardness alone due to their relative hardness being similar to 

one another. Integrated software threshold methods to try to separate γ and ε were attempted but 

were found to be too inaccurate with respect to EBSD phase fraction findings, and therefore their 
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relative harnesses were calculated together. Fig. 4c shows this phenomenon where only three 

colors, blue (γ and ε), pink (BCC), and yellow (σ) are shown. σ has the highest hardness. Table 1 

presents the average values. The values were verified by performing individual indents per phase 

using the instrument in both load and displacement control.  

Next, measurements of hardness at a higher strain level were conducted. The same 

procedure as discussed in Fig. 8 was administered for a second specimen pre-compressed to a 

strain of 0.21. Fig. 9 displays phase, hardness, and correlated phase and hardness maps. These 

maps are over the same inner dashed area displayed in Fig. 4b. Multiple attempts were made to 

find and indent the deformed BCC phase, but the phase was never found due to its small volume 

fraction in the alloy. As for the as-received sample, Fig. 9c correlates phase fractions based upon 

hardness values. Again, distinguishing between the hardness of γ and ε phases shown in blue was 

not possible. The relative hardness of γ and ε increased with increasing strain and increased 

phase fraction of ε. In contrast, the hardness of σ decreased, which is an interesting finding. The 

finding will be rationalized shortly. Table 2 presents the averaged values. These values were also 

verified by performing individual indents per phase using the instrument in both load and 

displacement control. 
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Fig. 8: (a) A sub area of the phase map from Fig. 3b used for nanoindentation to obtain: (b) a 

hardness map, (c) a correlated phase and harness map, and (d) a Young’s modulus map.  

 

Table 1. 𝐻𝐼𝐼𝑇 and 𝐸𝐼𝐼𝑇 along with their standard deviation (STDEV) per phase.  

Phase         Hardness Mean [GPa]          Hardness STDEV Modulus Mean [GPa] Modulus STDEV 

A  3.563 0.479 119.2 8.62 

B  7.009 0.348 149.4 6.92 

C  13.380 1.056 208.5 12.7 
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Fig. 9: (a) A sub area of the phase map from Fig. 4b used for nanoindentation to obtain: (b) a 

hardness map and (c) a correlated phase and harness map.  

. 
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Table 2. 𝐻𝐼𝐼𝑇 and 𝐸𝐼𝐼𝑇 along with their standard deviation per phase. 

Phase                  Hardness Mean [GPa] Hardness STDEV 

D  4.114  0.589 

E 8.145  1.699 

  

 

4.  Discussion 

 

Results presented in the previous section in terms of the evolution of microstructure and 

local behavior of the alloy are used to rationalize and interpret the overall hardening behavior of 

the alloy. Since nano-hardness response at every individual indent steams from localized 

microstructural heterogeneities, contributions from strengthening mechanisms such as 

dislocations and solid solutions to the overall strength can be inferred [42, 43]. In the present 

study, nano indentation is used to rule out the contribution of dislocation buildups to the strength 

of the alloy. Phases  and ε are found to exhibit similar hardness with plastic straining revealing 

that increasing the fraction of the dislocated ε phase during deformation due to the 

transformation is not a primary source of strain hardening. Nevertheless, both  and ε phases 

exhibit moderate hardening owing to the increase in dislocation density. Measurements suggest 

an increase in strength due to dislocations of about 15%. Table 3 presents estimated HV based on 

the 𝐻𝐼𝐼𝑇 measurements. The relationship between HV and flow stress can be approximated using 

Tabors equation where HV is first converted from kgf/mm2 to MPa by multiplying the HV values 

by 9.80665 and then dividing by a factor of ~4 or so. In doing so, the initial yield stress of the 

alloy would be 820 MPa, while that at 0.21 true strain would be 950 MPa based on the HV 

values for the FCC/HCP phases. The actual yielding of the alloy under compression is at about 
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600 MPa, while flow strength at 0.21 true strain is 1180 MPa. Evidently, estimates based on HV 

are inaccurate as is often the case for multi-phase materials. Therefore, the origin of the strength 

differential from yielding to that at 0.21 true strain can not be owing to solely dislocation driven 

hardening of individual phase.  

The refinement of the structure during the transformation inducing a dynamic Hall-Petch-

type barrier effect is a primary source of hardening in the alloy. Restricting the slip length 

associated with dislocations in  and ε is found very effective in strain hardening of the alloy. 

Effective strengthening by structural refinement has been achieved in many HEAs [44, 45].  

Moreover, some load transfer between phases contribution to strengthening likely 

operates under deformation, given the composite structure of the alloy. Such contribution is 

driven by the volume fraction, morphology, and strength/stiffness of the reinforcement σ phase 

[46, 47]. Fig. 10 shows images of the structure revealing networks of cracks developing in the σ 

phase during compression. The σ phase does not deform/reorientate/float but interestingly begins 

to crack and fragment with plastic strain. The fragments float around in the surrounding  and ε 

matrix. It is found that the hardness of the σ phase decreased with the plastic strain in 

compression. The decrease in the relative hardness of σ is because the nano indenter tip deflects 

from the cracked floating phase in the surrounding matrix instead of loading uniaxially. As a 

result of such softening, any load transfer hardening would decrease.  

The present study confirmed that the high throughput nanoindentation mapping is an 

effective way to characterize the relative strength of phases in multi-phase materials. Large 

quantities of identical tests were performed within relatively short timescales as compared to 

more traditional methods [48, 49]. While the technique can probe even more complex 

microstructures consisting of dislocation structures or nanotwins at nano and micro scales, 
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results attained in the present study show nano-hardness per phase and the evolution of harness 

per phase during deformation. The increase/decrease in the relative strength per phases was 

determined for the Fe42Mn28Co10Cr15Si5 (in at%) HEA. However, there are some limitations of 

the nanoindentation mapping approach. For example, distinguishing separate phases based upon 

hardness is not possible for phases with similar hardness values, like  and ε in the present work. 

Measured values are useful to compare the relative strength of phases while the actual strength 

cannot be measured. Nevertheless, assessing relative strength between phases is very useful for 

the development of crystal plasticity models for multi-phase materials [50]. Given the relative 

strength per phase, the models would be enabled to partition plastic strain accommodation by 

individual phases in complex high entropy alloys. The combination of nanoindentation 

experimental approach and advanced crystal plasticity modeling handling phase transformations 

approach [51] can determine strength per phase along with the evolution of strength and 

microstructure. The approach will be pursued in future works.  

In closing, we show fractography of the specimen pulled to fracture in tension. Brittle 

micromechanisms of fracture can be observed owing to the brittle σ phase. The fracture surface 

consists of a rough intergranular fracture with some transgranular facets from grain to grain.  

 

Table 3. Estimated HV in kgf/mm2 from 𝐻𝐼𝐼𝑇 in GPa.  

Phase                                       Initial                 ε = 0.21 

FCC                                          336 389 

HCP                                                    336 389 

Tetragonal                                   1264 769 

BCC                                                    662 N/A 
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Fig. 10: Optical microscopy images of (a, b) an undeformed initial specimen and (c, d) a 

compressed specimen along TT to a strain of 0.21. Note networks of cracks developed in sigma 
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phase after the compression. Perpendicular to the images is the sample TT direction. The scale 

bars are 50 µm.  

 

 

Fig. 11: Secondary electron images showing the fracture surface for a specimen pulled in tension 

to fracture along RD.  

 

 

5.  Conclusions  

  

In this work, we have characterized the evolution microstructure undergoing strain 

induced →ε phase transformation and measured overall strength/ductility in tension and 

compression along with localized hardness/strength per phase in a quadruplex HEA, 

Fe42Mn28Co10Cr15Si5 (in at%). The material was investigated in its as-received state and after 

plastic straining under compression. The emphasis was on assessing the evolution of relative 
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hardness/strength between individual phases via high-throughput nanoindentation to clarify the 

origins of strain hardening of the alloy. The main conclusions of the study are:  

• The overall behavior of the alloy in compression features a great deal of plasticity and 

strain hardening before fracture. The plasticity is accommodated through the strain 

induced →ε phase transformation to near completion along with dislocation slip in 

metastable  and stable ε phases.  

• Phases  and ε are found to exhibit similar hardness with plastic straining revealing that 

increasing the fraction of the dislocated ε phase during deformation due to transformation 

is not a primary source of strain hardening. Nevertheless, both  and ε phases exhibit 

moderate hardening owing to the increase in dislocation density.  

• The contents of diffusion created σ phase remains constant during deformation. The 

phase floats in the surrounding matrix before beginning to crack at higher strain levels. 

Cracking and fragmentation of the phase during deformation causes localized softening 

but not early fracture under compression.  

• The primary source of strain hardening in the alloy is the refinement of the structure 

during the transformation inducing a dynamic Hall-Petch-type barrier effect. The 

secondary sources are owing to the build up of dislocations in the  and ε phases with 

plastic strain and to some load transfer because of the strength/stiffness differential 

between constituent phases.  

• The alloy is found to behave poorly under tension. Fracture surfaces after tension feature 

brittle micromechanisms of fracture. Such behavior is attributed to the presence of the 

brittle σ phase. Future work will focus on designing new compositions to suppress the 

occurrence of the σ phase.  
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Appendix 

 

Because conducting high-speed nanoindentation mapping and interpreting its results 

requires appropriate indentation spacing and indentation depth, this appendix presents 

indents/imprints in specimens after nanoindentation. The results are shown at two applied force 

levels, 750 µN and 1750 µN. Spacing between indents was 1 µm for both loads, as 

recommended for sufficient resolution contour plots. The spacing is defined as the distance 

between the center of one indent to the center of the next. The spacing must also be optimized to 

prohibit interference between adjacent indents while maximizing indentation coverage for 

contours of properties over the given grain structures. 0.5 µm between the most right corner of 
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one indent to the most left corner of another is recommended as optimal to allow for the indents 

to be as close to one another as possible without interfering. While we have explored broad 

ranges of spacings and forces for achieving good looking and accurate maps, we chose to show 

indents under two forces in Fig. A1. Results based on the two loads were very similar and within 

the standard deviation. However, we regard the second force as an upper bound for achieving 

accurate results in both phases simultaneously for 1 µm spacing because the indents begin to 

interact in the FCC/HCP phases. Further increase in the load would still provide accurate 

measurements in the Tetragonal phase but not in the FCC/HCP phases. Average depth, ℎ𝑐, over 

indents was 105 nm in FCC/HCP, 75 nm in BCC, and 55 nm in Tetragonal under 750 µN, while 

135 nm in FCC/HCP and 70 nm in Tetragonal under 1750 µN force. The 22,500 indent maps 

took 6.15 hours to complete, which is approximately 1 second per indent. 
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Fig. A1: Secondary electrons images showing indents under (a, b, c) 750 µN force and (d, e, f) 

1750 µN force. (b) is a magnified region from (a) in σ phase. (c) is a magnified region from (a) 

in  and ε phases. (e) is a magnified region from (d) in σ phase. (f) is a magnified region from (d) 

in  and ε phases.  
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Conclusions and Future Work 

This work presented the use of a Taylor Type crystal Plasticity Model for studying the 

mechanical behavior and microstructural evolution of Mg alloys under various loading 

conditions and strain rates. In this work it was found that CPFE was able to achieve good 

agreement in dimensional shape change (anisotropy), texture, evolution, twinning evolution, and 

dislocation density evolution for high strain rate Taylor Cylinder tests using AZ31 Mg alloy. 

Extrapolating to higher strain rates than those used in calibration is attributed to physical sources 

of strain rate sensitivities of each slip and twinning mode including inherent constant structure of 

strain rate sensitivity and dislocation-based hardening strain rate sensitivity. Work under this 

thesis also found that the relaxation with six crystals per integration gave the best mechanical 

field comparison to the full-field model for AZ31, having the most similarities between stress-

strain curves, deformation mode activities, and stress-strain deviations when compared with the 

full field model. One crystal per integration point without explicit grain structure preforms badly 

due to large heterogeneity caused from the absence of explicit deformation domains. A 

methodology from this work was produced to identify the appropriate relaxed Taylor-type model 

and could be used to evaluate other homogenization schemes in finite element frameworks when 

plasticity is anisotropic and impacted by homogenization assumptions. Lastly, microstructure 

evolution, phase transformation, and hardness parameters of a low SFE Fe42Mn28Co10Cr15Si5 (in 

at%), HEA were analyzed using rolling and compression. It was found that phase transformation 

characteristics could be rationalized by nanoindentation along with EBSD and optical 

microscopy. A brittle tetragonal phase cracks under compressive strain and floats in the 

surrounding matrix leading to decreased hardness and relative Vickers hardness values for the 

phase. Gamma FCC transforms to epsilon HCP under plastic deformation leading to strength 
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hardening and increased ductility of the material. Strain hardening can be attributed to 

refinement of the structure during the transformation inducing a dynamic Hall-Petch-type barrier 

effect The measured nano-hardness is strongly correlated with the microstructural 

heterogeneities within the material.     

The work presented here will be improved upon and iterated via future works. Sajjad Najambad 

is trying to use explicit grain models with different grain densities in FE simulations to quantify 

geometrically necessary dislocations (GNDs) and calculate the back stress for pure tantalum. He 

is trying to take advantage of both phenomenological and crystal plasticity formulations 

developed by Tasnim Oishi and Russell Marki. Tasnim has been introducing a phenomenological 

law and implementing reverse dislocation density which will be embedded into the hardening 

law of CPFE. This will be used to investigate the mechanical behavior of commercially pure Ti 

under continuous bending under tension (CBT) process. 

 

 

 

 


	CRYSTAL PLASTICITY FINITE ELEMENT MODELING OF MAGNESIUM ALLOYS AND EXPERIMENTAL CHARACTERIZATION OF A TRIP HIGH ENTROPY ALLOY
	Recommended Citation

	tmp.1695737882.pdf.xHqvh

