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Ordered exponential random walks

Denis Denisov and Will FitzGerald *

University of Manchester

August 6, 2023

Abstract

We study a d-dimensional random walk with exponentially distributed
increments conditioned so that the components stay ordered (in the sense
of Doob). We find explicitly a positive harmonic function h for the killed
process and then construct an ordered process using Doob’s h-transform.
Since these random walks are not nearest-neighbour, the harmonic func-
tion is not the Vandermonde determinant. The ordered process is re-
lated to the departure process of M/M/1 queues in tandem. We find
asymptotics for the tail probabilities of the time until the components in
exponential random walks become disordered and a local limit theorem.
We find the distribution of the processes of smallest and largest particles
as Fredholm determinants.

1 Introduction

Random walks in Weyl chambers have many connections. In random matrix
theory, the eigenvalues of a Brownian motion on the space of complex Her-
mitian matrices evolve as a non-colliding system of Brownian motions called
Dyson Brownian motion, while certain non-colliding random walks are related
to orthogonal polynomial ensembles [21]. The analysis of many interacting
particle systems in the Kardar-Parisi-Zhang (KPZ) universality class involves
the construction of processes on Gelfand-Tsetlin patterns where the bottom
layer is a process in a Weyl chamber, eg. [3, 19, 32]. Furthermore there are con-
nections to tandem queueing networks [18, 24] which we discuss in Appendix
B.2. A variety of physical phenomena are modelled by ordered random walks
in Fisher [14].

Nearest-neighbour d-dimensional random walks with zero mean which are
conditioned so that the components stay ordered for all time (in the sense of
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Doob) are well understood. The Karlin-McGregor formula gives the transition
density in the form of a determinant and the Vandermonde determinant is a
harmonic function for the random walk killed when the components become
disordered. There has been recent progress when the jumps are no longer
nearest-neighbour based around using Brownian approximations, for example
[7, 12]. This has led to generalisations to different Weyl chambers, random
walks in cones [8] and integrated random walks. In general, the harmonic
functions are more complicated and explicit calculations are not possible.

In the analysis of last passage percolation an important role is played by
an h-transform of a d-dimensional random walk with exponential increments
killed when it fails to interlace with its position at the previous time step.
This is the output process of applying the Robinson-Schensted-Knuth (RSK)
correspondence to last passage percolation with exponential data. The largest
particle in the h-transformed process satisfies a number of process-level iden-
tities with sequences of last passage percolation times [19], the sequence of
departure times from the last queue in a tandem queueing network (see Ap-
pendix B.2) and the largest eigenvalues of a sequence of minors of the Laguerre
Unitary Ensemble [4, 10]. This process is a random walk conditioned to satisfy
an interlacing rather than ordering condition. When started from zero there
is an exact coupling that relates the two types of conditioning (see [23] or
Section 2.3 and Appendix B.1). For general starting positions the relationship
is more complicated.

In this paper, we analyse certain stopping times and h-transforms of d-
dimensional random walks with exponential increments. This connects the
example above, arising in the study of last passage percolation, with the gen-
eral theory of ordered random walks. Moreover, this provides an example
of an ordered random walk where the increment distribution is not nearest-
neighbour but where explicit calculations are still possible.

Let (Xij)i>1,1<j<a be independent exponential random variables with rates
Aj > 0. Let We = {(z1,...,2q) € R : 7 < x5 < ... < 24} denote
the Weyl chamber. We define a d-dimensional random walk (S(n)),>0 =
(S1(n),...,Sa(n))n>o started from S(0) = 2° = (29,...,29) € W by S;(n) =
x?—FZ?:lXij forn > 1and j = 1,...,d. Vectors a = (ai,...,aq) and
b= (by,...,bq) € W interlace written as a < b if a1 < b < ... < ag < bg.
We can define two stopping times:

p:=inf{n >1:S5(n—-1) £ Sn)}
Ti=inf{n>1:8(n) ¢ Wil

In the case A1 > ... > Ay, it is easy to construct (S(n))n>0 conditioned on
{p = o0} or {r = 0o} as these events have non-zero probability of occurring.
For equal rates Ay = ... = Ay = 1, a natural approach is to construct Doob

h-transforms which requires finding strictly positive functions h on int(Wd)



and h on W such that

E, [6(S(1)1(por)] = b(x), @ € int(W)
E[h(S(1)Lrory] = h(z), o€ WY

The reason that we define h and h on int(W9) and W respectively is due to
their interpretation as Doob h-transforms, see Appendix A. A solution is given

d
for distinct rates by h(z1,...,xq) = i1 )‘mdet(e"\ixﬂ')gjzl which is strictly

positive on int(W9) if Ay > ... > Az and for equal rates by h(z) = A(x) where

A)= T[] (zj—mz)

1<i<j<d

denotes the Vandermonde determinant throughout the paper. This corre-
sponds to the fact that the output process of the RSK correspondence applied
to exponential data is an honest Markov chain, for example see [23]. Our first
result is that a harmonic function for (S(n)),>o killed when 7 occurs can be
given as follows.

In the case Ay = ... = \g = A >0, let 1 := 0 and for j = 2,...,d let n;
be a sequence of independent Gamma(j — 1, A) random variables. We define

h(.’El,...,CUd) :E[A('rl +771,...,fl:d+77d)], T = (xlv"'a:l:d) € Wd‘

For distinct Ap,...,A\g and © = (z1,...,24) € W%, we define

d .
h(z1,...,xq) = i1 ’\ixidet()\ﬁﬂe*)‘i%)%zl.
We will only specify the dependency on the rates as h(*1*4) when they differ
from the rates used in the exponential random variables.

Theorem 1. In the case \y = ... =X g=AX>0and A\y > ... > Ag then h
defined above is a solution to E,[h(S(1))17513] = h(x) satisfying h(z) > 0 for
all z € W4,

In the case of equal drifts, this can be compared to the less explicit but
more general formula for such a harmonic function from [7, 12],

The disadvantage of this formula is that E;(A(S(7))) is unknown. In [7, 12]
it was shown from such a formula that h(z) ~ A(z) as z;41 —z; — oo for each
1 =1,...,d — 1 and this is sufficient to prove weak convergence of ordered
random walks to Dyson Brownian motion with d fixed. Nevertheless there
are interesting questions about ordered random walks which require a more
detailed understanding of h. One example is where d is allowed to grow with
n, a problem of significant interest in understanding universality within the
KPZ class. The new formula in Theorem 1 is helpful in such questions, for



example it leads to a Fredholm determinant formula in Theorem 4 that could
be used to understand process-level asymptotic behaviour in various regimes.

The tail asymptotics of P(7 > n) and P(p > n) are given in terms of these
harmonic functions as follows. For sequences (a,)n>1 and (by)n>1 we write
a(n) ~ b(n) if a(n)/b(n) — 1 as n — co. We define

~

h(lL‘l,...,:Ed):h(—l’d,...,—l‘l), ZL‘EWd.
Theorem 2. (i) If \; > ... > )\g then

P, (T = 00) = h(z), z€ W

(ii) If \y = ... = A\g = A > 0 then uniformly for x € W< and x € int(W?)
respectively with xq — x1 = o(y/n),

P, (1 > n) ~ XA@D 2 (g)p=dd=0/4 -y 5 o
Py(p > n) ~ XXUED2A(2)n~d=D/4 5 5 o0

with

v TG/2)
w2151 5!

(iii) Suppose \1 < ... < A\g and let X\ = ?:1 Nj/d and X = ([0, )Y
Uniformly for x € W% and x € int(W?) respectively with xq—x1 = o(y/n)

4 .
Py(17 > n) ~ K,\n_ae_wezizl()‘i_A)x"h(’\""’)‘)(x), n — 0o

p -
Py(p >n) ~ C’An_ae_mezizl()‘i_)‘)xiA(aj), n — oo

where v = dlog(A\/\*) > 0 and a = % and the constant factors

Ky and Cy are defined in Equations (37) and (38).

With equal drifts, tail asymptotics have been considered in [7, 12] and in
works which require some smoothness on the cone [9]. The theorem above
extends existing results in various ways: considering different drifts, p along
with 7 and uniformity in the starting positions. We also prove local limit
theorems in Section 4 and believe that our arguments could be extended to
give some information about next order terms in the asymptotic expansion.
For completeness, it is known [23] that P,(p = c0) = h(z) for x € int(W2).

A step in the proof of its own interest is that we find an explicit transi-
tion density for the random walk killed at 7 in the form of a determinant.
This is not a consequence of the Karlin-McGregor formula since the jumps
are not nearest-neighbour and the functions appearing in the matrix have a
dependency on the rows and columns in the matrix.



Proposition 3. For z,z € W¢,

P.(S(n) € dz, 7 > n) H Aje 21 )"(Zj_xj)det(qnﬂ,j(zj - SCi))Zj:le

where qp(z) = ﬁx”fll{mw} forn>1 and g, =0 for n <O0.

In the proof of Theorem 2, case (i) can be analysed directly. For case (ii) we
use a formulation for the exit probability as a Pfaffian. The use of Pfaffians
in this context is related to their appearance in plane partitions [29], exit
times from finite reflection groups [11] and coalescing and annihilating particle
systems [15, 31]. For case (iii) we first prove a local limit theorem in the case
of equal rates in Theorem 18 and then apply a change of measure. We believe
that it is possible to obtain tail asymptotics for all cases (Ag,...,\q) € R?
by combining the methods used here with those in [26]. This would require
introducing the notion of a stable partition and we do not pursue this here.

In the case A\ > ... > A\gand A\ = ... = Ay = A we define an ordered
exponential random walk (Z(n))p>0 = (Z1(n),...,Z4(n))n>0 as a Doob h-
transform of (S(n)),>o killed when 7 occurs using the harmonic function from
Theorem 1. We give a description of this construction in Appendix A.

When an ordered exponential random walk is started from zero then the
largest particle satisfies several process level identities. We summarise some
identities and their proofs in Appendix B. One example involves last passage
percolation times. Let (ez‘j)izl,lgjgd be an independent collection of exponen-
tial random variables with rates A; > 0. We define last passage percolation
times for n > 1 and 1 < k <d by L(0,k) =0 and

L(n,k) i
(n WEIF_[aT)L{k) Z)EW “ij

where II(n, k) is the collection of up-right paths from the point (1,1) to the
point (n, k). Then

(Za(n))nz0 £ (L(n,d))nz0- (1)

The proofs of various identities of a similar form to (1) often involve the
construction of a process on a Gelfand-Tsetlin pattern where the bottom layer
is a process satisfying an interlacing condition. In Appendix B we show that
there are also natural processes on Gelfand-Tsetlin patterns where the bottom
layer satisfies an ordering condition.

When (Z(n)),>0 is not started from zero the identity (1) no longer holds.
Our next result shows that for general initial conditions the distribution of the
processes of the largest and smallest particles can be described by a Fredholm
determinant. Let f, be the probability density function of a Gamma(n,1)
random variable.



Theorem 4. Let Z1(0) = x1,...,24(0) = x4 and \y = ... =Xg=1. Let A

be an invertible matriz with entries given for k,l=1,...,d by
oo
Ap = Foearn(z — 2p) 2 7 rdz = E((zk + naeain)' ™)
Tk

where n; ~ Gamma(j — 1,1). If ny > d — 1, the largest particle satisfies
Pe(Za(ni) <&, ... Za(nm) < &m) = det(I — XEKXE)P({m,...nk}XN

where X¢(nj,y) = lyse;y and the extended kernel K is given by
K(”i? Yysnj, Z) = _fn]'—ni (Z - )1{7,<]}

+ Z / Frm—ni (u = y)uP " du(A™ ) g fr, (2 — @)

k=1

Let B be an invertible matriz with entries given for k,l=1,...,d by
o0
By = / fo1u(z — o) Tz = B((zr + npe14a)' ™).
Tk

If gy — nm—1 > d — 1 then the smallest particle satisfies

Pu(Zi(m) > &, - Z1(nm) 2 &m) = det(L — XeKXe) 12 ({ny,..np  xN

where Xx¢(nj,y) = ly<¢;y and the extended kernel K is given by
K(”i? Y; nja Z) = _fnj—ni (Z - )1{z<j}

+ Z / Frm—ni (W= y)u" " du(B™ g f; - 141(2 — 1)

k=1

The distribution of the conditioned process can be expressed in terms of
the harmonic function in Theorem 1 and the transition density in Proposi-
tion 3. However, the usual route to obtain a Fredholm determinant by the
Eynard-Mehta theorem does not apply since neither are in the right form as
determinants. The main idea to circumvent this difficulty is that the har-
monic function in Theorem 1 and transition density in Proposition 3 both
have expressions as determinants where the functions appearing in the matrix
satisfy derivative and integral relations. This is more reminiscent of the study
of interacting particle systems with local interactions in the KPZ universality
class, eg. [2, 27, 32] and it is surprising to see this idea appear in ordered
random walks.

The rest of the paper is structured as follows. In Section 2 we prove The-
orem 1 along with further properties of the harmonic function. In Section 3
we give an expression for the transition density of exponential random walks
killed when 7 occurs and prove uniform bounds. In Section 4 we prove The-
orem 2 along with local limit theorems. In Section 5 we prove Theorem 4.
In Appendix A we give a brief recap on Doob h-transforms. In Appendix B
we consider the connections between ordered exponential random walks, last
passage percolation, tandem queueing networks and push-block dynamics.



2 Harmonic functions

2.1 Proof of Theorem 1

Suppose that h solves E;[(S(1))1{7513] = (). The defining equation for h
can be written as

d o0 Tq—Td—1+0ad T2—x1+a2
h) = | TN / dag / dag 1 ... / da,
i 0 0 0

d
X <€ Zi:l Aiaih(.ﬁUl +ai,...,rq+ Cld)) .

After a substitution by = 21 + a1,...,by = x4 + a4 then h solves
d [e’e] bd b d
h(m) — H)\j / dbd/ dbg_1 / dblezz':l)‘i(xi_bi)h(bl,...,bd).
j=1 Td Td—1 r1
d oy
Letting g(x1,...,2q) =€~ 2z “@ih(zy,...,xq) we can rewrite this as
d [eS) by b
o) = (TTN ) [ dba [ b [dbigoreb) @)
j=1 Zd Td—1 xr1
Differentiating with respect to x1,xs,...,xq4 we obtain that ¢ satisfies the
differential equation
p d
9z1x0.. 29 = (_1) H )\j g($17 cee ,Cl?d) (3)
j=1

along with the boundary conditions

g:):d(x) = O) Td = Td—1 (4)
gxdfl(‘r) - 0) Td—1 = Td—2

9y () =0, x9=11.

We can also formulate the above as the following equation for h:

o o d
()\1[ — aﬁ) . </\dI — (9xd> h(z) = (]Hl Aj) h(z) (5)

with boundary conditions

)\dh(az)
)\d,lh(a;) =

hz,(x), Tq=2x4-1 (6)
Tq_1

)
_ (96), Td—1 = Td—2

Aoh(x) = hgy(z), x2 = 27.

Direct substitution shows that if g or h satisfies the partial differential equa-
tions and boundary condition above then they solve (2).



Proof of Theorem 1. Let \1 > ... > \;. By differentiating the Leibniz formula

for the determinant, g(z) = det(Aﬁ_je_Aimf)gjzl solves

d
9ziz9..034 = (_l)d (H )‘j) g.
Jj=1

To show the boundary condition (4) note that for j > 2 the j-th and (j —1)-th
columns of g, are equal up to a sign on {z; = x;_1}. This proves Theorem 1
for distinct rates apart from the strict positivity which we defer to Lemma 7.
This expresses h as an expectation over a strictly positive random variable.

Consider now the case of equal rates Ay = ... =Ag=A>0. Weset A=1
and can recover the general case by scaling. Our plan is to verify (5) and
boundary conditions (4).

To verify (5) let L = (I — 8%1) (I— Bizd) and apply I — a%j to the
corresponding row to obtain that

1oz —1 - 292 —(d-2)293 25— (d—1)af?
LA(x) = | : : :
1 xqg—1 -+ 33372 —(d— 2)1‘373 33371 —(d— 1)1‘372

After applying column operations the right hand side equals A(z). Hence,

th(a:) = LE[A($1 +M,y...,Tq + nd)] = E[LA($1 + My, Tq + nd)]
= E[A(wl +M1,...,24 + T]d)] = hl(IL’)

This part of the argument works for any choice of 77; and we choose independent
random variables 7; ~ Gamma(j — 1,1) to satisfy the boundary conditions.

We show the formulation in (4). It is convenient to rewrite the expectations
over Gamma random variables as integrals. For j > 2

; 1 0 )
Bllay )" = G -2 /xj u M — ) e i dy
= (_1)j_1exj¢l(1_j)($j). (7)
Therefore | |
glr, . wa) = det((=17 7 of ) () (8)

where the exchange of the determinant and expectation uses the independence
of the n;. For j > 2

g!Bj (ZC) = O? .%'] = 'Tj_l
since two columns in the matrix are equal and hence the determinant is zero.
Therefore (4) holds. Again we defer the positivity of i to Lemma 7. O



2.2 Alternative representations for the harmonic function

With equal rates A\ = = Ag = 1 we have three different representations for
a strictly positive harmomc function on W satisfying h(z) = Ez[h(S(n)); T >

n]. For i > 1 let ¢;(z) = 2" 1e™® and for Jj>1let ¢, 9 he the j-th derivative

of ¢; and <Z>§_j)(x) = (=1)7 [* (“(]xl —®i(u)du. Here, note that this notation

is consistent, that is %gﬁg_j)(m) = (;5(1 ])( ). For v € W,

hl(x) = EI[A(ZL‘l +M,...,24 + nd)]

ha() = e 1 det((—1)8 Il ()L _,
ha(z) = A(x) — Eo[AS(r)] = lim E,[A(S(n)):7 > nl.

The two expressions for hs are equal, see [7].
Lemma 5. hy(x) = ho(x) for all x € W€,

Proof. From (7) we have

d 3 .
hi(x) = 2= " det (-1 16 (@) my @ € W

Reformulating Lh = h as gz,2y..0, = (—1)dg(:n1, ...,Tq) we obtain that
ngflngl‘..xjfl = g(iL‘l, ey xd).

Recall the expression for g in (8) and bring the derivatives in x; into the j-th
column of the matrix (as well as redistributing negative signs) to obtain

d

X det((—1) I 6 )y = Xt (<16 ()

i,5=1"
Therefore hy = hs. ]

It can be shown that h; = hs. This relates our work to the general work
on ordered random walks in [7, 12] and cones in [8]. We omit a direct proof
since it is not needed in our arguments and there are some tedious details in
the proof. Instead the fact that hqy = hg can be observed once Theorem 2 is
established by comparing with Theorem 1 in [7].

We briefly remark that much of the above also holds for ordered random
walks with geometric increments. For j = 1 ,d, let X; ~ Geom(1 — g;)
with the convention P(X; = k) = (1 — qj) for k € Np. In this case, the
corresponding harmonic function in Theorem 1 is given for distinct rates by

d o V7 d
" det ! I
1;[ (1 - %) & ,

3,7=1




2.3 Coupling between ordered and interlaced random walks

Let (63' :1 <i < j <d) be an independent collection of exponential random
variables such that e§~ has rate A; > 0 for all 1 < i < j < d. Let (VjZ 0 <
i < j < d) be defined inductively by Vj0 := 0 and V; = Vji*1 + eé-. Let A
denote the event that x; + Vf < zj41 + Vji+1 forall 1 <7 < j < d. Let
U =(0,Vy,..., Vi h).

We now define two different random walks from the same independent fam-
ily of exponential random variables (X;;)i>1,1<j<q With rates A; > 0. Define
a random walk (S(n))n>0 = (S1(n),...,Si(n))n>0 starting from the random
initial condition S(0) =z + ¥ for 1 < j < dand k > 1 by

Sj(k) = 8j(k = 1) + Xj.

Secondly define a random walk (S(n))n>0 = (S1(n),...,Sa(n))n>0 by 5;(0) =
xzjforj=1,...,d,

Sj(i) =a;+V/for 1<i<j<d
Sj(k‘) = Sj(k‘— 1) + Xk—jy1 for 1 <j<d, k>j.

These random walks are related by
Sj(k)=Sj(k+j—1).
For any 1 < j < d — 1 the condition that
8;(k) < Sjsa(k — 1)
is equivalent to the condition that
Si(k+j—1)<Sj1(k+5—1).

Therefore the event that (S(n)),>0 started from z; < ... < x4 is ordered for
all time is equivalent to the event that A holds and (S(n))n>0 started from
the random initial condition = + ¥ interlaces for all time. Recall that A is an
ordering condition associated to the definition of W. It is possible to define
other variants of these couplings which become particularly simple in the case
when z; =0 for all j =1,...,d, see Appendix B.

We now apply this idea to the representation of P(7 > n) and P(S(n) €
dy, T > n) which will be used in Section 4.

Let (7; : 1+ j < d) be an independent collection of exponential random
variables such that ’y} has rate A\; > 0. Let (U]’ : i+ 75 < d) be defined
inductively by UJQ =0 and UJ’f = U;_l + ’y; Let B denote the event that z; —
U; < Zjy1 — U;H foralli+j < d. Let & = (U{i_l7 ..., Ul 1,0). If we reverse
signs then the series of inequalities become —z; 1 + U ]7’ 1< -z +U ]7, These
inequalities correspond to the event A with the choices that z; = —zg41—;
along with V;l = Uéﬂ,j and ¥; = &4 for j=1,...,d.

10



S1(4) < Sa(3) < S3(2)
S1(3) < S2(2) < S3(1)
S1(2) < Sa(1) < ag+ Vi

S1(1) < m+ V< ag+ VR

Figure 1: An ordered random walk represented as an interlaced random walk
with a random initial condition. The columns correspond to particles in both
processes. A fixed row gives the fixed time positions of the ordered random
walk and time increases upwards.

Lemma 6. (i) Forn >d,

P,(S(n) € dz,7 > n) = E4[Pyyw(S(n—d+1)+P € dz,p > n—d+1); A, B]

(ii) Forn >d,
Ez[Porw(p > n); Al < Po(T > n) < Eo[Poyu(p >n —d+1); A]

Proof. Part (i) follows directly from the coupling described in this Section. ¥
is a random initial condition associated with the ordering condition A. We
then run an exponential random walk for time n — d — 1 where the ordering
condition has been shifted into an interlacing condition. At the end we need
to add on a random variable ® in order to recover the particle positions at a
fixed time in the original random walk. The event B is an ordering condition
associated to ®.

Part (ii) is similar. Instead of adding on ®, we impose the interlacing
condition for either n or n — d + 1 steps to give lower and upper bounds. [

2.4 Relations between harmonic functions

To use the coupling in Section 2.3 we need the following relationships between
harmonic functions.

Lemma 7. (i) If\i = ... =) g = 1 then E[A(z+T); A] = h(x) forz € W2,
(ii) If M1, ..., Aq are distinct then
d
E[ezjzl /\j(Ij+‘1’j)det(ef>\i(fﬁj+‘1’j))g{jzl;A} = pPA) () e W

(iii) For simplicity set A\ = 1. Then for x € W4,

d
[T M E[eXia G D@ I A 4 w); A] = X Deip (),
j=1

11



Proof. We start by proving (i). We can remove the indicator functions ap-
pearing in the expectation on the left hand side of (i) using the following
argument based on row operations in the determinant. Define a sequence of
sets (Jk);’(jg”” by Jo = {(4,j) : 1 < i < j < d} and inductively defining
Jr = J—1 \ {(r,s)} where (r,s) is the maximal element in J; under an or-
dering in which (4,7) > (k,l) if either ¢ > k or if ¢ = k and j > I. Thus

Jd(d—l)/2 = @ Let D(\I/) = det((xi + \I/i)jf )Z] 1- Then

E{D(\II) H 1{% VZ<$J+1+V+1}} E[D H 1{$7 VI<$J+1+V+1}}
(1:7)€ k-1 (6,5) €T

- E[D(ql)l{xs+vr>xs+l+v +1} H 1{z]+V’<xj+1+V +1}:| (9)
(17‘7 GJk

By construction, there is no indicator function in the product over J; involving

any of the random variables V", ... V51, ;]rl, o, Ve

wr1- On the event, z, +
V& > xgp1 + V] using lack of memory z, + ¥, = a;8+1 + Vi + Céi)r where
Cs(l_)r ~ Gamma(s — r,1). By definition, xs41 + Vst 4 Tor1 + Vi + (52_),,
where C8(2_)r ~ Gamma(s — r,1). Both Cs(l_)r and C8(2_)r are independent of all
other random variables and after taking expectations the s-th and (s + 1)-th
rows agree and the final term in (9) vanishes. This means we can successively
remove all of the indicator functions from E[A(z + ¥); A]. Once the indicator
functions have been removed ¥; ~ Gamma(j — 1, 1) are independent random
variables so that

E[A(x + ¥); A] = E[A(x + V)] = h(x).

For part (ii) we can remove the indicator function on A by a similar argu-

ment. Equation (9) holds with D(¥) = eXim Nt Ddet(eNil@+))d.
By a similar argument, on the event {z; + V] > z,11 + V] 1},

)

d
s+ Uy = Tst1 + VZ:O—I + C(l)

d
Ts41 + Vep1 = Toqp1 + ‘/87"+1 + 4(2)

where ¢((V) ~ Gamma(s—7, \;) and () ~ Gamma(s—r, \s; 1) are independent
of all other random variables. Therefore the (i, s) and (i,s + 1) entries in the
matrix defining the determinant

E[D( )1{xé+vr>xs+1+v+l} H 1{xJ+V7'<a:J+1+V+1}:| (10)
(7‘7] G']k

are given by
ePs A @1+ V)

e(>\s+1_>\ )(@s1+V] +1+C(2))

12



The random variables (V) and ¢(?) are independent of the remaining random
variables and we can find the expectations

B(e06) = XA

E(e(/\sﬂ—ki)ﬁ@)) — AN

We now take the factors A$~"ets@s+1+Vi) and )\iﬂe}‘s“(“*ﬁwﬂ) which
only depend on the index of the column outside of the determinant as pref-
actors. After doing this the s-th and (s 4 1)-th column both have (i,s) and
(i,s + 1) entry given by A;‘_Se*/\i(““ﬂ/srﬂ). Therefore (10) vanishes. This
means the indicator function on A can be removed after which we can compute

E {62?:1 )\i(ﬂﬁi+‘1’i)det(e—>\i($j+‘l’j) )Zj:l}

= BZ?:I AiTi ot (e—/\ﬂij[e(/\j—/\i)‘I’j])d
d

ij=1
j—1
= 62?:1 AiTi et (e‘A”fj (?) )

d . Nd
= e2im1 ¥ det (e”‘””ﬂ' )\E_J)

ij=1

t,j=1

= h(z).

. d
Part (iii) follows from the fact that H?:l )\jl»_j e2oim1 Y=Y can be viewed as
a change of measure after which the Vji all have rates A = 1. Therefore the
proof follows as in part (i). O

2.5 Further properties of h.

Lemma 8. For all z € W¢

(A1yeeAa)
lim h (@) = ZE:I;) : (11)
AlyeersAg—1 A(Ady cey A1) J=1 j'

Proof. We have

- S rd \d=j d
h()q,..,,)\d)(x) — (H )\zd) eZizl Aﬁldet((—l)d_] (%) 6_)\2.1]-)

. <:1‘
i=1 ”

We fix 2 and view h(*»Ad)(z) as a function in the \;. A standard fact is that

for functions 1, ..., @4 which are differentiable d — 1 times at —\ we have
det(pi(=0))jo1 _ det(e ()
im = T (12)
Ay Ag— A A()\d, o ,/\1) Hj:l _7!

Commuting the derivatives in z; and A; in the determinant gives

y h(/\l,...,)\d) (3:) 625:14”1
>\1,...17I/\I(11—>1 ANgs - A1) H?;%j!

det((~1)" o (@) O

2 1,)=
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Lemma 8 is useful for proving convergence of h-transformed processes. It
is not clear how it could be used in Theorem 2, for example to deduce part
(ii) from part (i), since this would require commuting limits.

3 Transition densities and uniform bounds

Although the Karlin-McGregor formula does not apply in this setting, the
condition z < z and hence the transition density of S(n) killed at p can be
expressed in terms of a determinant. Let

qn(z) = e 1)‘xn_11{$>0} forn > 1 and ¢, =0 for n < 0.

Then for z, z € int(W?),

Gn(x,z)dz :=P,(S(n) € dz;p > n)

d d
_ H )\;L e ijlAj(zrzj)det(qn(zj _ l‘z’))g]‘:1d2~ (13)
j=1

Let f,, denote the probability density function of a Gamma(n, 1) random vari-
able for n > 0 and f,, = 0 for n < 0. In the case where Ay = ... = Ay =1 an
alternative expression for the transition density is

Gz, 2) = det(fo (2 — 2))d i1 (14)

Equation (13) is closely related to some of the arguments used in [3]. It can
be proven by starting with the case n = 1 and then applying the Andréief (or
Cauchy-Binet) identity: for a Borel measure v and functions f;, g; € L*(R,v)
for 1 <i<d,

d

d
ettty ettty [T videg) = et ([ fiwioptavtaa

ij=1

Proposition 3 states that the transition density can also be written as a deter-
minant when p is replaced by 7. For all n > 1 define

Gn(z,2)dz :=P,(S(n) € dz,7 >n), z,2¢€ W

We may specify the dependency on the rates using G ) anq G,
We observe the following integral and derivative relations which will be useful

in proving Theorem 4: for all k,n > 1

dk
@qn(x) = Qn—r(z), x>0, (15)
T (l’ _ u)kfl
/0 ﬂ%(“)du = Gnsk(z), x>0 (16)
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Define independent random variables x4 = 0 and x; ~ Gamma(d — j,1)
forj=1,...,d—1and n =0 and n; ~ Gamma(j —1,1) for j =2,...,d. An
alternative form for the transition density in Proposition 3 with n > d and
z,z € Wis

d
Gn(z,2) = H Nie 2 5= 1)(Zr"]cj)IE[det (fo—d+1(z — x5 — x5 — ni))?,j:l }
To prove the alternative form will follow from Proposition 3 note first that

Bhult =) = [ d2fn 1 falt = 2) = Fum1(0). an)

We can rewrite first
ij=1"

d d
Go(z,2) = H Ale™ ijl(krl)(zrxj)det (Fgij(zj — mi))d
j=1

Then, using (17) two times one can see that

frvizj(z5 = x3) = Efnq1-j(25 — 2 —mi) = Ef_ar1(25 — x5 — i — ).

Therefore,

d d
Gu(,2) = [[ Ape” 2m OV E ™0 det (Bfgin (25— x5 — 20— )iy
j=1

Tyt S i) d
= [[ e 2= TR det (fa-aia (25 — X5 — @0 = ) i )-

J i,j=1
j=1
When Ay = ... = Ay = 1 we obtain the following connection between G and
G
d
Gn(x,z) = E[det (frn—ar1(zj — xj — @i — Wi))i,j:1]
=B [Guoart(@+ (1, osma)sz = (asooxa)] s (18)

where we have also made use of (14).
To prove Proposition 3 we need the following Lemma.

Lemma 9. For any =,z € W% and any n,m > 1,
/Wd det(gnyi—j(yj — 24)){ jo1det(gmyi—j (2 — vi))¢jmadyn - dya
= det(gn4m+i—j(2j — xi))zd,jzl'
Proof. The gy, satisfy derivative and integral relations (15) and (16). Therefore

this is Lemma 5 (ii) of [16]. O
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Proof of Proposition 3. The one-step transition density for ordered exponen-
tial random walks is given for z,y € W¢ by
d d
=i Ny d
Gi(v,y) = H e~ Lim Nilwime )det(CIHi—j(yj —T))i j=1
i=1

since the matrix is lower triangular. This is simply rewriting the transition
density of independent random walks with the ordering condition then imposed
by constraining that y € W¢. The advantage of this rewriting is that we can

apply Lemma 9 to conveniently integrate over y € W9 and find the two-step
transition density

d d
Ga(z,2) = /Wd (H Af) e 2t M) det(qrag (g — 20) i
=1
~det(qrrij (2 — ¥i))ifjm1dys - - dya

d d
) (H N ) e s ME T det (go i (75 — 1))
i=1

The statement can then be proved inductively by using Lemma 9. O

Alternative proof of Proposition 3. We now give an alternative proof for n >
d. This argument is inspired by the proof of the LGV lemma, see e.g. Theo-
rem 1 in [17]. We will give this proof for A\; = --- = Ay = 1. The general case
can be treated by using the change of measure. In this case one can rewrite
the proposed transition density as

det (fn—i—i—j(zj — l‘l))d X,z € Wd. (19)

ij=1"

We will now construct an auxillary model . Here we have d random walks
§l(n) starting at x; at time d — ¢ and arriving at z; at time n + d — 4, which
correspond to (S;(k))}_, starting at z; and arriving at z;. We let Si(k) =0
for some fictitious state 9 when k < d — ¢ or k > n+ d — i. We denote the
corresponding probability measure with P,.

More generally for a permutation 7 € S; we consider a random walk S;(n)

that starts at x; at time d — 7 and arrives at z,(;) at time n + d — 7 (i), which
has n+¢— 7 (i) steps and has the same distribution as (Si(k))Zié_ﬂ(l) starting
at z; and arriving at zr(;).

Let 7 be the following stopping time
7 :=min{k > 1: S;(k) > S;11(k — 1) for some i = 1,...,d — 1},

where as usual 7 = oo if the minimum is taken over the empty set. Then

~

Px(s(n) €dz, T > Tl) :Pz(Sz(n+d—z) €dz,i=1,...,d,7T = OO)
= 3 sgn(mPy(Si(n + d — 7()) € dzgyi=1,...,d,7 = c0).

TESY

16



P Zﬂ(i)

Zﬂ'(i/)

Ty e——

r; o——

Figure 2: Construction of one-to-one correspondence in the alternative proof
of Proposition 3.

The second equality holds since z € W% and hence all probabilities are equal to
zero unless 7 is the identity permutation. Note also that by the construction

of S(n)
Gn(x,z)dz = Z sgn(m)Py(Si(n + d — m(i)) € dzz(y, i =1,...,d).

TESy

Hence, we are left to prove that

Z sgn(m)P,(Si(n + d — (i) € dzz(y,i=1,...,d,7T < 00) = 0. (20)
TESY

~

On the event 7 < co we have two cases: one case when the edges of (S(n))
have non-empty intersections, see Figure 2, and the second case when the last
value of a path exceeds the last value of another path.

We will consider the first case carefully; the second case can be considered
similarly. On the event

{Si(n+d —7(i)) € dzguyi=1,...,d,7 < 00}
let ¢ be the smallest integer for which (gz) has a non-empty intersection with
another path. Let A be the first vertex, where this intersection happens and

~

i’ > i be the smallest number corresponding to the path (S;), which inter-
sected (§z) Denote as O the second vertex corresponding to the path ¢/ and
as B the second vertex corresponding to the path 7, see Figure 2.

Then |AB| is an overshoot of random walk, which has exponential dis-
tribution in view of the memoryless property of the exponential distribution
and is independent of anything else. |OA| also has an exponential distribu-
tion independent of anything else. Hence we can swap the trajectories of the
paths 7 and i’ after point A without affecting the distribution. This gives
a one-to-one correspondence between m and 7/ with 7 and ¢ permuted. As
sgn(m) = —sgn(n’) this implies (20). O
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Proposition 10. Let \y = --- = \g = 1. Let v = (x1,...,2q9) € W<
(i) There exists a constant Cq such that for n > 2d,
h(x)

A(x)

(ii) In addition, let z = (z1,...,2q) € W% There exists a constant Cy that
does not depend on x and z such that for n > 2d,

Gusal,2) = —ch()h(), 2
Gn(z,2) < mid/zA(x)A(—z). (24)

We prove this by a sequence of Lemmas and start with part (ii). In view
of (18) to estimate G, (z, z) it is sufficient to estimate G, (z, z). Let

A
o) =35

be the characteristic function of I'(1, A) distribution. We have the following
representation for G,,(z,y).

Lemma 11. Let \j = --- = X g = \. For any z,y € W¢,

d

~ 1\4 0.0\ 4 RN
_ —i0,yk 6y n
Gn(z,y) = (27r) /Wd det (e J )j,k:l det (e J )j,k:l kl |1(90(9k:)) db..

Proof. Using the inversion formula for characteristic functions we obtain

. 1\¢ 0. wd
Gn(x,y) = (27r) /Rd det (6—2 J(yk—xy))ijI H(gp(ej)) dﬁj

J=1

Using the standard properties of the determinant we can write

1 d i izd 0:x; d
Gn(z,y) = <2W> /R , det(e*wa'yk)jkzlude =195 TT (0 (k)" db).

k=1
Next we split the d-dimensional cube to obtain that C:'n(:c, y) equals

1 d —i0, d Zd 001
J— WYk = gt n
(%) > /meda(d) det (emi0m)" X [T (p(00))" d6

k=1

1 d 0 d ’izd [N d
e —_ —Wo()YE i—1 %o(j)¥i n
(277) Za: /91<._.<9d det (e ’ )j,kzl e H (¢(0x))" dby,

k=1

1 d . d . —d 0 d
—\or -1)7 det (e i) iy 0o ()% 0.))"df
(27T> Eg:( ) /61<...<9d ¢ (e ’ >j,k:1 e~ H(SO( k)" dOy

k=1

1\¢ 0.0\ 4 o ooNd d
Y e —i0; Yy i0; Ty n
(277) /91<~~<9d det (e J )j,k:1 det (e J )j,k:l H (p(Ok))"dO. ]

k=1

U
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Lemma 12. For any real x1,...,zq and 01 < ... < 04 we have

. d
det (e*wﬂ’ﬁ
k=1

Proof. The proof follows by observing that combination of formulae (3.2) and
(3.4) in [28] gives a representation as a product of Vandermonde determinant
A(i0) and an integral over the Gelfand-Tsetlin polytope. Then noting that
the integrand is bounded we arrive at the conclusion. O

< CaA(0)A(z).

Lemma 13. Let Ay =--- = Ay = 1. There exists a constant Cyq such that

Az)A(y)

d
SYITR x,y € W% n > 2d.

én(x’ y) < Cd

Proof. Combining Lemma 11 and Lemma 12 we obtain that

d
Gn(z,y) < CaA(x)A(y) AW I le(6;)]" do;
01<...<0yq j=1
A(2)A(y) [ ) '
=,/ A 9 do:
d nd2/2 01<...<04 jl_ll !
A(z)A(y) / d
=,/ d&
d nd2/2 91<...<94 1;[ + 02/71 n/2

Here and in the rest of the proof Cy denotes constants which might change
from line to line. Analysis of the integral shows that it is uniformly bounded.
Indeed, first note that

j=1

d d—1
A(f) < Cy (H max(|6;], 1)) )

Then, the integral is bounded by

d 2d—2
max(|0;],1)
I | ————dl; < C, do.
/01<...<0d o (T 92/ n/2"7 = d/ H (1+62/n)n/2

d d
oo max(|9|, 1)2d—2 J 0 f2d—2
=C, / —————df| <2°Cy|(1 / —————>df
d < o (L+02/n)n/2 = A 1 (1+602/n)n/2
Next we make use of the inequality In(1+t) >t — 3¢ > —% to obtain
\/n/2 f2d—2 \/n/2 n 92
S — / 02 2exp [~ 2 (1+ 2 | | do
/1 A+ 02/nypr™ = ) exp 5 n{l+ o

\Vn/2 62 g4 00 62
< / 0?TZexp | —— + — | db < / 0?12 exp [ —— | db
1 2 2n 1 4
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Next, we estimate the remaining part of the integral

92d72 92d72
/ S — —df
V2 (1462 /n)n/? V172 (1+62)n/2
We can further estimate
0 2d—2 nd—1/2 2d—2
nd—1/2 Hidg < a—dg
m (1 + 62)71/2 (3/2 n/2 d+1/4 \/7 1 4 92)d—1/4
nd—1/2
(3/2 n/2—d+1/4 /\/7 g3/2°
which is uniformly (in n) bounded. O

Proof of Proposition 10 (ii). The required uniform bound for én(:v, y) is con-
tained in Lemma 13. Then using (18) we obtain

C
Gnia1(1,2) < —ZEA(@1 471, 20+ 12)EA(21 = X1, -+ 2a — Xa)-

nd2/2

This proves (23) by using that

E[A(Zl — X1y--+-32d — Xd)] = E[A(—Zd + Xdy---,—21+ X1)]
= h(—z4,...,—21) = h(2). O
Lemma 14. Let A1 =--- = g = 1.

(i) Then, for x,y € W% and n > 2d,

S i) —dn
~ _l= A(z)Ay
Culag) < O™ v 2O
S wima)—dn .
_l= h(z)h(y
Calary) < Cue™ v M)

1 i addition, max;(y; —yYi—1) < n and max;(r; —xi—1) < n then
i) 1If, in additi i(W; = yj-1) < n'/? and max;(z; — ;1) < n'/? th

~ ly1—z1—n|
Gn(z,y) < Cde_d% A@AY)

nd?/2
_glvi=ei=nl p(2)h y
Gn(z,y) < Cge vn (7132/2)

Proof. Fix A > 0. We will start with the change of measure. Let fr(b)‘) be the

_ d
density of the I'(n, A) distribution and let e (x,y) = det ( % )(y] - wz))
ij=1
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We have, for A > —1,

én(:c,y) = det ( 7(L1) (yj — xl))d

i.j=1

s —n d
= det (X014 )" £ (y; — 7)) i=1
e ijl(yifmi)fdnln(1+>\)é7(11+>\) (z, ).

Now make use of the inequality In(1 +A) > A — A%, A > —3 to obtain

d
Zi:1(yi_xi)_d"

d d 2
e)\ Zi:l(yi—mi)—dn In(14X) < e)\ Zi:l(yi—zi)—)\dn—k—o—nd% < Cde_ T

after we put A = —ﬁ when % (y; — 2;) > dn and X = ﬁ when 3%, (y; —
x;) < dn.

Using this bound and the uniform bound for G ,y) from Lemma 13
we arrive at the conclusion. The same argument holds for G,,.

To check the second statement it is sufficient to note that

(1+>\)(

d d
Yoy —awi—nl <dlyy —x1—n[+ D [(yi —y1) — (& —21)]

d

<dlyr —x1 —nl +Z(|Z/i — 1|+ |z — 21])
i=2

d
<dlyr —x1—n[+2v/nd> (i—1)
=2

=d|yy — 21 —n|+d(d—1)y/n.
The rest of the proof can be done in exactly the same way. O

Proof of Proposition 10 (i). We will proceed by induction. For d = 2 we can
argue similarly to Lemma 25 in [6] or use directly the exact formula for P,(p >
n) given in Lemma 15.

Assume now that the statement (22) holds for values of j < d and prove
it for d + 1. We first consider the case max;(z; — x;j_1) < n'/2. By the total
probability formula

Polp>n) = [ Palp > [0/2) Siusz € dy)Py(p > = [n/2)

g/ Pa(p > [1/2], S/ € dy)Py(p > n — [1n/2])
Wan{max;(y;—y;-1)<v/n} /2] Y

* Z/ WaN{(y;—y;_1)>v/n} Pz(p > [n/2], Sny2) € dy)Py(p > n —[n/2])

= P1 —+ ZPJ
=2
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We will split the first probability in 2 parts, P; < Pj1 + P2, where

A= | Polp > [1/2), Sty € dy)Py(p > n— [n/2])
Win{max; (y;—y;j—1)<vm,|y1 —z1—n|</n} e !

P [ Po(p > [1/2], Spuyz) € dy)Py(p > 1 — [n/2])
Win{max; (y;—y;—1)<v/n,ly1—z1—n|>v/n} /2 !

For the first probability it follows from the definition (13) of Gy (z, z) and
the uniform bound in Lemma 13,

P < / dyé[n/z] (z,y)
Wen{max; (y;—y;j—1)<v/m,ly1 —z1—n|</n}

< %(g) / dyA(y)
n Win{max; (y; —y;j—1)<v/n,|ly1—z1—n|</n}

<2 a T (0-mn')
n Wan{max; (y;—y;—1)<v/n,|y1 —z1—n|<y/n} 1<k<i<d
CA(z) da- 20A(x
Cat) e | < 2555
n Win{max; (y;—y;j—1) <vnhly1 —z1—-n|<y/n} n 4

since

J o
Win{max; (y;—y;j—1)<v/n}ly1—z1—n|<yV/n

T1+nt+vn pyi+vn Yd—1+vn 4/2
g/ / / dyd...dygdy1§2n/.
z1+n—y/n Jy Yd—1

To analyse P12 we apply Lemma 14 to obtain

CA _d\y1—11—n|
Py < d(ga?)/ dye VA Ay)
nz Y Win{max;(y;—yj—1)<Vn,ly1—z1-n[>y/n}
CA(x)
< d(d—1)
n- 4
since

gz -n]
e VIn/2] dy

/Wdﬁ{maxj(yj—yj1)<\/ﬁ}7y1—x1—n>\/ﬁ
o] y1+v/n Ya—1+vn _glyi—zi-nl

< / / / o VA dyy. . dysdy,
T Y

1+n+vn Jyr d—1
o0 _dyl_zl_" o0 _dyil
Sn(d_n/z/ e VIR dy :n(d—l)/2/ e Vin/2Ady, gnd/2
T14n+y/n vn

and, symmetrically,

_glyi=zi -l

/ e VI dy < n?.
Win{max;(y;—y;—1)<vn}y1—r1—n<—/n
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To show the bound for other terms we analyse more carefully Py, as it
is notationally easier. Denote yj; j = (%;,..-.,¥y;) and py the stopping time p
corresponding to the Weyl Chamber W*. We have, using induction and the
Chebyshev inequality,

Py < /
wan{(yg—ya—1)>vny T Th T

Alyp,...da-1)
<C P.(p > [n/2], Sp, 0 € dy) ———2——
T Jwin{(ya—ya-1)>vn} (p> [n/2], Sy € dy) =
Ayp,...a) T3 (va — v5)
<C Py(p > [n/2], Sn /o) € d J
W {(ya—ya—1)>vn} (p > [n/2]; Spnya v) n(dfl)‘lﬂ n(d—1)/2
Aly Ey[A(Spy2); p > [n/2]]
= C/ dPx(p > [n/2], Spuya) € dy) d(gj) =C [ /dgdfn
w no CED)
A(z)
=C >
n 4

where we used the harmonicity of A at the last step. Other terms P; are
analysed similarly using the bound

,,,,,

We are left to consider the case max;(x; — z;—1) > n'/2. Here, we can
proceed similarly to the above. Suppose that (xq —x4-1) > y/n. Then, by the
induction assumption,

Az a-1]) A(x)
Pz(pa >n) < ]P)xu ..... d—1] (pa—1>n) <C (d[71)<d72)} <C d(d—1) °
n 4 n 4

The other cases can be considered similarly. The proof of the uniform bound
for 7 can be done in a similar way or proved using the coupling between
interlaced and ordered random walks discussed in subsection 2.3. 0

4 Tail asymptotics

4.1 Proof of Theorem 2 for \; > ... > \;.

By integrating the formula from Proposition 3,

Py(r>n)= /Wd (H A?) e L= M J)det(Qn—H—j(yj_xi))g,jzldyl - dyq.
j=1
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Change variables \jy; = n + /nz; for each j = 1,...,d and apply Stirling’s
formula to obtain the large n asymptotics,

P, (T > n)
- \d d
~ (2m) "2 /Rd det ()\;-ﬂe_\/ﬁzj (1+2/vn— a:i)\j/n)”_lﬂ_j)i i e2im Mz | dzg
d . d
~ (27T)7d/2ezi:1 )\,LEgdet()\;_ze*wz)\])Z]:l J 6_ Zj:l ZJQ/Qle e dzd
R

d .
— eimt )‘mdet()\;_le’zi’\j )?,j:l
= h(z).

4.2 Tail asymptotics for equal rates.

We set A\ = ... = Ay = 1 and the general case can be recovered by scaling.
We first consider the case d = 2. For x = (x1,22) € W? and n > 1 let

s - xo — 1)
Prsaa(n) = (—1)" 3 (— 1) (’“/ 2 1>< S (25)
k=1 :

n

We extend the definition to all of R? by antisymmetry pg, 2, (n) = —Dzy 2, (7).

Lemma 15. For x = (z1,22) € W2 andn > 1,

Po(p>n+1) =paa,(n). (26)

Moreover, for any fited N > 1 and C > 0, uniformly in x € W? with 9 —1x, <
C'/n, the following asymptotic expansion is valid,
(x2 _ x1)2N+1
< (o <nN+1/2

N-1 /1 1/2> (22 — 1)1
Po(p>n+1)—(~1)" W)
(p>n+1)—(=1) k;( n 2k + 1)1

for some Cy < 0.

Proof. Fors:0 < s < 1 consider the following sequence (s"e~V1=s(S2(n=1)=S1(m)y
which forms a martingale with respect to the filtration F,, = o(52(0), ..., S2(n—
1),51(1),...,51(n)). In this case

p=inf{n >1: Si(n) > Sa(n — 1)}

and p is a stopping time with respect to F,. An application of the optional
stopping theorem gives

Ey[s"e™V 1—8(52(0—1)—51@)] = sE [e”V 1—8(&'?2—51(1))]'

To justify the use of the optional stopping theorem note that Sa(n — 1) —
Si(n) > 0 for n < p and Si(p) — S2(p — 1) has an exponential distribution
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with parameter 1 by the memoryless property of the exponential distribution.
Hence, for s : 0 < s < 1,

0 < sP\ne=VI=s(S2(pAn—1)=51(pAn)) < e*v1*69(52(%’*1)*51(P))7
which is an integrable random variable.

Using again the lack of memory of the exponential distribution we note that
the overshoot Si(p) — Sa(p — 1) has exponential distribution with parameter
1 and is independent of p. Therefore

E,[s”] = se”VI—s(@a—1),

Then
il 1—Egsrt & _1 (g — a)”
anpx(p>n+1) — Z k+1 S)k/Q 1(k')_
n=0 k=1 :

Applying the binomial theorem,

i Sn]P)r(p >n+ 1) = i k+1 Z (k/z B 1) 1)nsn($2;'w1)k

n=0 k=1
_ N —1)"s™ 3 1)kl k/2_1> (L_zl)k.
pOCIED S ( e

Equating powers of s gives (26).
To obtain the asymptotic expansion note first the representation

00 i _1/9 To— 275+1
Dy an(n) = (_1)712 (J n / >(2(2]+11)'

> ) — o —1x1)%
_(_1)n Z <Jn1>( 2(23)'1) '

Jj=n+1

Using the Stirling approximation we can estimate the second series and obtain
the required bound. ]

The first step in the analysis for general d is an expression for P(p > n) as
a Pfaffian. Let A = (a”) *, be a 2m x 2m antisymmetric matrix. Let Iy,
be the set of partitions of {1 ., 2m} with the property that o(2i—1) < o(2i)
for each i = 1,...,m and U(l) <0o(3) <...<0o(2m —1). Define the Pfaffian
of A to be
m
pf(4) = Z sgn (o) H QA5 (2i—1),0(26)
i=1

o€llapm,

Lemma 16. For allz € W® and n,d > 1

P.(p>n) = PE(pa;a; (0 — 1))?]‘ 1 if d is even,
i (- )Hlpf(p%wj( 1)ijea—1\gy  if d is odd.
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Proof. We first suppose that d is even. The transition density in (13) can be
integrated to give

P.(p>n) = /Wd det(fo(y; — 20))0i_1dyn .. dya.

This can be expressed as a Pfaffian by using de Bruijn’s integral formula [5].
The (4, ) entry in the Pfaffian is given for ¢ < j and x; > x; by

/R? sgn(y; — i) fu(vi — i) fu(yj — 25)dyidy; = 2Py, 2,)(S2(n) > Si(n)) — 1.
We have for z; < z;,
Plaa)(p < n) =Py, 2y (S2(n) < S1(n), p < n) + P, 2y (S2(n) > Si(n), p < n)
= P(g;,2,)(52(n) < S1(n)) + Py, 2;)(S2(n) > Si(n), p < n).
(27)

On the event {p < n} the paths of S; and Sy can be interchanged after the
first time they intersect. For 0 < k < n,

S1(k) = S1(k)1k<p + S2(k)1rz)
Sa(k) = Sa(k)Ly<p + S1(k) Lz

Then (S1,.52) has the same distribution as (5*1, SQ) using the definition of p
and lack of memory of exponentials. Moreover {S2(n) > Si(n)} is equivalent
to {S2(n) < S1(n)} on {p < n}. Using this in the second term of (27) gives

P(:ri,:pj)(p <n)= 21?(362,1])(52(”) < S1(n)).

This allows the entries in the Pfaffian to be rewritten in the stated form.
For odd d, a version of the de Bruijn integration formula still holds [5] and
gives the stated formula. Alternatively, we can add in an extra component to
our random walk with starting position z441, apply a Laplace expansion and
let z441 — o0. O

Lemma 17. For any k > 0 and any N > 1 there are coefficients (agk))jzg
such that

(-1)" (k I W) =Y Pt 1 O+ 1)),
=0

n

Furthermore for any k > 0,
(k) _ (=D*T(k+1/2)

Q, = .
0 ™

Proof. This is a consequence of an asymptotic expansion of a ratio of Gamma
functions in [13]. The last paragraph in [13] gives the statement with the
coefficient aék) = 1/T'(—k + 1/2). This is equivalent to the expression for a((]k)

in the statement of the Lemma after using Euler’s reflection formula

D(—k+1/2)T(k+1/2) = (—1)*x. O
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Combining Lemma 15 with Lemma 17 gives that for any N there exist

coefficients (ag-k) 17,k =0,...,N) such that as n — oo,

1+ (z2 — 1‘1)2N+1> (28)

P(ml,m)(p >n)= Az ,xo (n) +0O ( nN+1/2

where for any (y,2) € R?

N—-1N-1
o k), —k—1/2—5 (2 —Y)

Qy,=( a’n ~
o =0 (2k +1)!

2k+1

<.

Proof of Theorem 2 part (i7). We first suppose that d is even and let [ = d/2.
Let [N] ={0,...,N}. We use (28), Lemma 16, antisymmetry of ¢, and the
fact that g 4(n) is bounded for |y — x| < \/n to obtain that

Po(p > 1) = DE(Gur; ()1 + O (14 (g — 20N HnN=12) - (29)

For all 2 € R let
d
F(z) = Pf(Q:vi,:vj (”))i,j:l-

This definition requires that g, , = —¢qy . We first show I’ is an antisymmetric
polynomial in (z1,...,z4). For each 1 < k < [ < d let Dy denote the
permutation matrix corresponding to the transposition of xj and z;. Let
Qe = (qu; 2, (n))gjzl and z¥ be given by the vector x with the k-th and I-
th co-ordinates transposed. We use a conjugation formula for Pfaffians: for
d x d matrices A and B such that A is antisymmetric then pf(BABT) =
pf(A)det(B). Then

F(z) = pf(Qx)
= pf(Dlekal)det(D)il
= (=1)pf(Qy)
= (=1)F(z").
Arguments of this form can be extended to general reflection groups, see
Lemma 7.5 of [11]. Therefore the Vandermonde determinant divides the first
term on the right hand side of (29). Without loss of generality set z1 := 0. As

we have assumed x4 — 1 = o(n'/?) we can now assume o, ...,y = o(n'/?).
The relationship between the z; and n means that for zo, ..., zq = o(n'/?),

P.(p>n) = (X +o(1))A(z)n~ %M=D/ pn 5 oo,

At this stage X in unknown and we will determine its value later.
In the case when d is odd,

d
P(:Ch--y P > n = Z l+1 Il,-»-,xZ—hﬂCHl,u-@d)(p > n) (30)
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We focus on showing this is an antisymmetric polynomial in zj,...,2441.
The rest of the argument is same as the case when d is even. Let x, denote
x with the 7-th co-ordinate deleted and x* denote x with the k-th and I-th
co-ordinates transposed before then deleting the r-th co-ordinate. For z € R?
let

d
F(.%) = Z(_l)r—i_lpf(qxi@j (n))i,je[d]\{r}'
r=1
Then
d
F(z) = (-1)""'pf(Qs,)
r=1
= > ()" pE(DpQu, Dia)det(D) ™! + (=1 pf(Quy) + (= 1) 'pE(Quy)
r#k,l
= > (~1)E(Qupr) + (=1 pE(Qupt) + (=1)'DE(Qup)
r#k,l
= (=1)F(z*).

The equality between lines 2 and 3 uses the conjugation formula to re-order
the rows and column in the Pfaffian.

We now consider the tail asymptotics for the ordering condition. We use
part (ii) of Lemma 6, the above asymptotics for p then part (i) of Lemma 7
to obtain that as n — oo, uniformly for x € W with x4 — 21 = o(y/n),

Pe(r >n) ~E, [Per\I/ (p>mn); A] ~ %Ex[A(a; + V), A]nid(d*l)/4
= Xh(z)n~ @D/,

The constant X does not depend on the increment distribution [7] and therefore
agrees with the constant computed in the case of nearest-neighbour random
walks, in particular (1.2) and (1.3) of [25]. The constant X could also be found
directly by analysing particular coefficients. O

4.3 Proof of Theorem 2 for \; < ... < A\g.
Let v = dlog(\/A\*) where A* = (T, \;)'/%. By Proposition 3,
Py(T >n) = GO (1 2)dz,
wd

We first change variables z; — n/ A+ zj and then apply a change of measure

Py(T>n) = / ) GOLAd) (1 /X + 2)dz
W

d n

N IV SIS

= Jwedl (x) e X QAT G (g0 + 2)dz
J:

=" / s Yt G N @) GO D) (/X + 2)d. (31)
w

We first consider the pointwise limit of the transition density.
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Theorem 18. Let \y = ... = \g = 1. For all z,z € int(W?) and z,z € W4
respectively, uniformly in x4 — 1 = o(y/n), 1 = o(y/n), zqg — 21 = o(y/n) and

z1 = 0(vn),

~ d 2

Gn(z,n+ z) ~ xA(z)A(z)n ~&*/2¢7 2 ZJ:lzﬂ', n — 00,
Gn(z,n+2) ~ Xh(x)fz(z)nﬂﬂﬂe_% Zi Z?, n — 00

where x = (2m) /2 (H] 1]) -

Proof of Theorem 18. The transition density can be expressed for z,z € W¢
and n+2zy > x1,...,n+ 25 > T as

~ d L \n—1 d
GAmn+@=me@“j%ma<m+$_$? )

ij=1

nndefnd

T

Let Ly = — Zj]vil(—l)jxj/j. We truncate the Taylor series of the logarithm
to obtain that for any a > 0 we can choose M large enough such that

N d
ezle(zf””j)det( (n—1)log 1+ l))

3,j=1

nndefnd

(nh)¢

The terms which only depend on the index of either the row or the column

can be brought outside of the determinant as prefactors. Therefore since
21,29 = O0(n'Y?) and z1,. .., x4 = o(n'/?)

Gn(z,n + 2) = det (e 1Lz /n=wi/n)=(z = Iz))) L +0n™)

~ nd ,—nd 1 —d 5
n.:

It is known that for z;,...,zq = O(n'/?) and z,...,zq = o(n'/?)

Y5 (1+0(n—1/2)) I —a
n > +0(n™%).
ij=1

d 1

d
@%enmwlﬂg ~ DL AGA(), 1= oo,
ij=1 =yl

For example, this follows from Equation 3.4 in [28] and noting that the integral
in that equation converges to 1. Therefore

~ d 2

Gn(z,n+ z) ~ xA(z)A(2)n /203 2 i, n— 0. (32)

We can then extend to the ordered case using the coupling from Section
2.3. Lemma 6 part (i) states that

Gn(x,n + Z) = E[én,d,1($ +W¥,n+z— (I)>7 Aa B]
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where U, ® A, B are all defined in Section 2.3. Therefore from (32) and inter-
changing the limit and expectations using Lemma 14

d
Col,n+ 2) ~ xn~ P25 25 FE[A (e + U)A(z — ©); A, Bl (33)

As remarked in (and using notation from) Section 2.3 the definition of ® and
event B correspond to the definition of ¥ and event A with the choices that
Tj = —Zd+1—j5 along with ‘/JZ == Ucil+17j and \I’j = (I)d—l-l—j for j = 1,...,(1.
Therefore Lemma 7 shows that

]E[A(Zl - q)b ceesRd T (I)d)vB] = ]E[A(izd + ®d7 s, TR F (DlvA]
=h(—z4,...,—21)
= h(z1,...,z4). (34)

Lemma 7 can also be applied to simplify E[A(x + ¥); A] = h(x). Therefore
(33) simplifies to

2 d 22 ~
Golz,n+ 2z) ~ xn~4/2e” 2 2 Ih(z)h(z), n — oo. O
Proof of Theorem 2 part (iii). Recall (31),

Py(r >n) = 6_7”/ e Zlii:l(’\i_;\)(zi_xi)Gng‘"“’j‘) (z,n/\+ 2)dz. (35)

Wd
We change variables 71 = z90 — 21,...,7q_1 = 2q — 2q—1 and 6 = ﬁ Z;l:l 2j.
Use that
d 1
Z:zi ~d Z (A — Aj)
i=1 <i<j
1
=2 > (itrmt )= ). (36)
1<i<j<d

Let r = (r1,...,74—1) and define
Hr)y=E| J[ @i+ +rjm1+na—isr — na—jr1) | -
1<i<j<d

In a similar way to (34),

h(z1,. . 2a) =E[ T] (25 = Majir — 2 + Na—is1)]
1<i<j<d
=E[ J[ (i+riea+. . 47—+ na—it1 — na—j+1))-
1<i<j<d

We use Lemma 14 to justify interchanging limits in (35) after the change of
variables above. First note that (36) gives exponential decay in r1,...,7r4-1
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for ry > 0,...,74-1 > 0 and dominates the polynomial factors in Lemma
14. Then note that the second statement in part (i) of Lemma 14 gives the
required decay in 6. After interchanging limits we then use the asymptotics
in Theorem 18. Note that %Z;l:l 23 = df#* 4 o(1). Therefore

P(1t > n) ~ xn_d2/2+1/26_7"625=1()‘f/_\)“ih(x)
/oo do /oo dé; ... /Oo d§d7165 Z1gi<]’Sd(”JF”HJ“"J“V’l)()‘F)‘J')H(r)e_dGQ/Q.
—00 0 0

After performing the integral in 8 we have the stated asymptotics for 7 with
ca = (2m) 2 (IT) 1) 1d Y2 and

Ky =cy /oo dry .. '/OO d"”d—leé Z1§i<j§d(7’1'+7‘i+1+..‘+7'j—1)(>\i—)\j)H(7,)' (37)
0 0

Let
H(T‘): H (Ti—l-...-i-’l”j_l).

1<i<j<d

The same argument also gives the stated tail asymptotics for p with constant
factor

Cy = ¢y /Oo dry ... /Oo drd_leé Zl§i<]'§d(Ti"l‘TiJrl+...+ijl)(/\i—)\j)ﬁ(,r). (38)
0 0

O]

5 The smallest and largest particles

In this section our aim is to find the distribution of the smallest and largest
particles when (Z(n))n>0 has general starting positions. Suppose that A\; =
..=X=1andlet x = (z1,...,24) and z = (21,...,24). Then applying the
h-transform from Theorem 1 to Proposition 3 gives

dz, x,z € we.

P, (Z(n)€dz) =e 25:1(zj—mj)det(qn+i_j(zj — xi))?g‘:l ZE;%

Proof of Theorem 4. For any a € R let I* = {z; <...<z4<a} and I, =

{a <z < ... < xyq}. We will use the representation hy for the harmonic

function from Section 2. All of the matrices defined in the determinants in

this proof are indexed by 4,5 = 1,...,d and we omit this from the notation.
Proposition 3 and Theorem 1 give that

Px(Zd(nl) < gla ey Zd(nm) < fm)

,x(_)
_ QZA/ o det(gu i (2 — 29))det(gny nyas (@2 — 1)
h(IL‘O) 161 I¢m 1 VAN 7 2 1 I\ 7
m d
m m— —5 (d—j m
e det (G g 4ieg (2 — 2D det (1)1 (@) T [ dat
k=1j=1
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where 2¥ := z. The main problem which prevents us immediately applying the

Eynard-Mehta theorem is the dependence on i and j in the functions such as
Gns—ny+i—j appearing in the determinants. We use the integral and derivative
relations (15) and (16) to remove this dependency on i and j.

We start with smooth approximations q,(:) of the functions appearing above
before passing to a limit. We integrate by parts for k = 1,...,m in the order
ac'f, :c'g, R xlgfl then a:’f, . ,:cflfz and so on until finally xlf This ensures that
there are no boundary conditions due to the determinants having equal rows
or columns at each boundary as in Lemma 2 of [16]. The limit as € — 0 can
then be taken in a similar way to Lemma 5 from [16]. We give more details
in Section 5.1. The condition n; > d — 1 is needed to justify taking this limit.
Therefore

Pm(Zd(nl) < ‘517 cee 7Zd(nm) < gm)

G 1 2 1
i [ [ et o} — et 0~ 1)
m d
- det(dn,, —n, o (2 — 2 ))det(¢i(2") [T [T daf.
k=1j=1

Rewriting in terms of f, we have
]P) (Zd(nl < 51; ey Zd(nm) S §m)
= 5057 o e A6t} = )y (= 1)

Iém
m d
codet(fap—npy (7 — 2 )A@E™) [T ] de?.
k=1j=1

From the Eynard-Mehta theorem the right hand side is given by a Fredholm
determinant with the stated extended kernel eg. [20, 30]. The fact that A
is an invertible matrix can be seen as follows. For each j = 1,...,d define

independent random variables 57(1]2 4~ Gamma(n — d,1). Then

det(A) = E[det((xx + my— d+k)l_1)zz:1]
—EDEOA( +m + €Y,z +na+ D).

The Vandermonde determinant is harmonic for an increment with distribution
€D e ) by Corollary 2.2 of [22]. Therefore det(A) = h(z) > 0.
For the distribution of the smallest particle the same argument shows that

Pe(Zi(n1) > &1, . .., Zi(m) > &m)

= eZAI/ det(qn,+i— (xl — 29))det(Gny—ny +i (w2 —xz}))
h(xo) 151 ]gm 1 J 2—n1 J
m d
m m— (d—
- det(Gny, -y yti—g (@ = 27 ))det((=1) o @) TT ] dak-
k=1j=1
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Again we start with a smooth approximation, apply an integration by parts
and then take a limit. This time we need to integrate by parts for k =
1,...,m in the order 5”]3’335—17 e ,m’f,x’é, coak ,:L‘Idf which ensures there
are no boundary conditions. This requires the condition n,, — ny;,—1 > d —1,
see Section 5.1. Therefore

Pe(Z1(n1) > &1,y Z1(0n) > &m)

_ eZAI/ det( (z} — 20))det( (2% —z}))
= @) e Gny+i—1(T; Ina—n1 (T
..det(qnm_nm_l(iyl - ))det (d Y H H dx

k=1j=1

d

We use the reduction that det(qﬁgd_l)(zj)) = ¢ 2= “ A(z). Therefore

]P)x(Zl(T“) > gla .. -7Zl(nm) > gm)

1

= m /151 - det(fn, - 1+z(ZL'1 —T; ))det(fn2 ny ( ]2 — :Ezl))
m d

- det(fo - (0! =27 )AGE™) [] [T daf.
k=1 j=1

The stated formula now follows from the Eynard-Mehta theorem. The argu-
ment used for A also shows that B is invertible. ]

5.1 Integration by parts

Let qﬁf) be the smooth approximations defined in the proof of Theorem 4.
As discussed in the proof of Theorem 4 we can establish for this smooth
approximation that

. det(%(fl)ﬂfj(yj - xi))det(qg;)fnﬁrifj(zj —yi))dyr ... dyq

= [, det(a) ity = w))det(q) pq (25— vi)dyr - dya (39)
We now take a limit in € of both sides of the equation. This follows as in Lemma
5 of [16] except with the following additional complication when taking the
limit of the right hand side. A term in the Laplace expansion of the right hand
side of (39) corresponding to permutations o and p is

d
(e) (e)
/1.51 e} qn1+0( )— d(y Lo (i ))qng —ni1ti— p(z)( p(i) — yz)dyl - dya.

If o is the identity then ]_[Z 1 qm) +i—q(¥i — x;) is bounded uniformly in e for

0 < x; <y if and only if n; > d — 1. This is the reason for the condition
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n1 > d — 1. Once this is imposed the limit in € can be taken as in Lemma 5
of [16]. By the same method, we can establish that

e det(gny—ny+a—j(yj — 2:))det(ns —ngti—j(25 — ¥i))dy1 - . . dya

= | det(gny—ny (Y5 — @i))det(gng—nytd—j (25 — ¥i))dy1 - - . dya-

In this case there is no need for a constraint on ny — ni. Finally we pass to
the limit in

€ m m— d—j)/ m m m
[ det(afl) L, a (= ) det(of ) (@) da . de
=/ det(q\) _, (&7 — & V)det(gi(«))da' . . dalf

which is straightforward since every function is smooth. The justification for
the smallest particles is similar except we start with the 7" and end with the
:zjl The condition n; > d — 1 is replaced by the condition n,, —n;,—1 > d—1.

Acknowledgment. We are very grateful to the reviewer for their detailed
reading and for their helpful and constructive comments.

A Doob h-transforms for ordering and interlacing

The harmonic function in Theorem 1 and tail asymptotics in Theorem 2 give
two ways of defining an exponential random walk conditioned to stay ordered.
Suppose first either that Ay > ... > A\; or that all rates are equal. Recall the
function h from Theorem 1 satisfies E,(h(S(1))1;>1) = h(z) and h(z) > 0 for
all z € W2 We can define (Z(n))n>0 = (Z1(n), ..., Z4(n))n>0 as a change of
measure of (S(n))p>0 using the harmonic function k. For bounded measurable

f

h(5(n))

E.[f(Z(k):0<k<n)]=E, h()

fOS(k): 0<k <n)lrany| -

This defines a transformed process which is a Markov chain on W¢ with tran-
sition densities

h(z)
h(x)
We refer to (Z(n))n>0 as a (Doob) h-transform.

In the case A\; < ... < Ag we still have E;[h(S(1))1;>1] = h(z) but now

h(z) < 0 on W9 Hence we can use (—h) to define a Doob h-transform.
The transition densities of the h-transformed process are given by using the

P.(Z(n) € dz) = P.(S(n) € dz,7 >n), x,z€ W
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definition of h, Proposition 3 and cancelling the terms in A; which can be
brought outside of the determinant as prefactors. This gives

d det A J —)\ z])d

7] 1 d
|| det(gn+q —Xi))ii_1-
—t ]det A Je Amj);iJ ) (-t ]( 1))1,3 1

This is invariant under permutations of the A\;. Thus the h-transformed process
in the case A\; < ... < Az agrees with the case A\; > ... > A4.

Alternatively we can define (Z(n))n>0 = (Z1(n),. .., Za(n))n>0 by condi-
tioning on {7 > m} and then taking the limit m — oco. For bounded measur-
able f,

Pg(ny (7 >m —n)
P, (T > m)

EAf(Z(k) k<) = lim Eq | F(S(): k < n)lgron)
Theorem 2 gives the asymptotics of the ratio on the right hand side. In the
case when either \; > ... > Ay or all rates are equal, then this definition of
(Z(n))n>0 coincides with the definition of (Z(n)),>0 as an h-transform.

If Ay < ... < Ay then using part (iii) of Theorem 2,

Pr>m—n) ,elm® Va0 )

~ e - , M — 00.
IP)HU(T > m) erzl(Ai—A)fih(f\) (x)
Therefore (Z(n)n>0 has transition densities
Z Mi—=N)z; e d
(&} =1
H e 2= N et (g iz — i)

JLAAAMMM

MN(z) - d

= Z(X)E;;)\nde Zj:l Az xj)det(anri,j(zj _ 517@'))?,3‘:1-

This agrees with a Doob h-transform of an exponential random walk with
equal rates all given by A and using h») as the harmonic function. Thus the
definitions of (Z(n))n>0 and (Z(n))n>0 do not coincide in the case A\; < ... <
Ag- This has been observed for one-dimensional random walks, see [1].

All of the above has an analogue where ordering is replaced by interlacing.
The only difference comes from the fact that i has been defined on all of W¢
while h has been defined only on int(W%). Suppose either that A\; > ... > Ay
or that all rates are equal. We define an interlaced exponential random walk as
an h-transform (Y (n))n>0 = (Y1(n), ..., Yy(n))n>o satisfying for x € int(W9)
and bounded measurable f that

h(5(n))
h(z)

This defines a Markov chain on int(7W¢). The reason that b has been defined on
int(TW9) is that if the starting points coincide then almost surely the interlacing

E,[f(Y(k):0<k <n)=E, FIS(R) 0 <k < n)lgpon
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condition will not be satisfied even after a single step. This corresponds to
the fact that h(x) — 0 as x — OW. It is therefore not immediately obvious
how to start (Y (n)),>0 from the boundary of W9 We will focus on the case
where Y'(0) = 0.

For x € int(W?) the transition densities of Y are given by

_b(2) < — 3 Nlz—ag) )
Pz (Y(n) € dz) = b(z) H Aje =t det(qn(zj — 7i))i jo1d2
j=1

det(e=% )¢ d

— bj=1 n SN
N det(e—Aixj)gjzl gl;ll )\J det(gn(z; xl))w:ld’z'

For n > d take a limit as x — 0 using (12) to find

d n 174 n—d “izind
LA TISL 2T A(2)det (e M%) L
lim P, (Y (n) € dz) = ~=1 79 10=1% (2)det( )“J—ldz.

= T (= )1AR)

The condition that n > d ensures differentiability of the functions inside the
matrix in order to apply (12). This defines an entrance law for the interlaced
random walk (Y (n)),>q started from zero.

B Connections to other models

Ordered exponential random walks can be connected to a variety of other
models. All of these connections rely on the initial condition being zero.

B.1 Last passage percolation

In Section 2.3 we defined a coupling that represents an ordered random walk
as an interlaced random walk started from a random initial condition. There is
a variant of this coupling that we only use in this subsection where we instead
represent an interlaced random walk as an ordered random walk started from
a random initial condition. We consider this only started from zero.

From the same independent collection of exponential random variables
(Xij)i21,1§j§d with rates )\j > 0 we define

S;(0) =0, 1<j<d,
Sj(k‘):Sj(k‘—l)-i-ij, E>1,1<75<d,
and
Sj(k) =0, 0<k<d-j1<j<d,
Sj(k) = 8j(k = 1) + Xp—djj, k>d—j+1,1<j<d.

We have, see Figure 3 for an illustration,

Si(k)=S;(k+d—3j), 1<j<dk>0.

36



<
S1(3) =51(1) S2(3) = 52(2)

< <

Si1(2)=0 S2(2) = 52(1) S3(2) = 53(2)
< <

Si(1) = 0 Sy(1) = 0 Sy(1) = Ss(1)
< <

0 0 0

Figure 3: The coupling between ordered and interlaced processes used in Sec-
tion B.1.

In the case where the rates are ordered as A1 > ... > A4 then the event
of positive probability that (1,4 ﬂ?ZQ{Sj_l(i) < S;(i)} occurs if and only if
the event ;~1{S(i — 1) < S(4)} occurs. Therefore the conditional laws also
agree. This means that for all d,n > 1, if Y1(0) = ... = Y4(0) = 0 and
Z1(0) = ... = Z4(0) = 0 we have

d
(Zl (n), Zg(n), ey Zd(n))nzcl = (Yl(n +d-— 1), YQ(TL +d— 2), cee ,Yd(n))nzd.
(40)
This has been observed in [23] and is related to a bijection between Young
tableaux and reverse plane partitions. The restriction n > d could be removed
by modifying the definition of the entrance law for Y in Appendix A. In the
case of equal rates we use that,

hOv-Ad () h(x) . hrAD(z)  b(a)

_ 1 = .
Vi VIRV et Modao AN il

For h this is Lemma 8. It can be proven in a similar way for h using (12).
This can be used to prove weak convergence of the Doob h-transforms as
AL, ..., A¢g — 1. Therefore (40) also holds with A\; = ... = Xg = 1.

Equation (40) connects ordered exponential random walks to last passage
percolation. It was shown in [19] for equal rates that the output process of ap-
plying the Robinson-Schensted-Knuth (RSK) correspondence to last passage
percolation is given by the process (Y (n))n>0. In particular,

(Ya(n))nsa < (L(n,d))n>a. (41)

For general rates, see for example [10]. This can be combined with (40) to
give
d
(Za(n))nza = (L(n,d))n>a-

The restriction n > d is unnecessary and is removed in the next subsection.
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B.2 Queueing theory

Suppose that Ay > ... > Ag > 0 and let (Ny(t),...,N4(t))>0 be indepen-
dent Poisson point processes where N; has rate A\g_j41 for j =1,...,d. Let
(Mi(t),..., My(t))>0 denote (Ni(t),...,N4(t))>0 conditoned on the event
that Ny(t) <...< Ng(t) for all ¢ > 0.

O’Connell and Yor [24] proved a representation for (M (t));>0 in terms of
a queueing network. Consider a series of (d — 1) tandem queues. Customers
arrive at rate Ay at the first queue which has exponentially distributed services
with rate A\y_1. After departing from the first queue they immediately join the
second queue which has service rate A\j_o. This continues until the customer
departs from the (d — 1)-th queue and exits the system. It was shown in
[24] that M (t) counts the number of customers who have departed from the
(d — 1)-th queue by time ¢.

By reversing the role of space and time, it is possible to give queueing
interpretations to ordered exponential random walks. For j = 1,...,d define

Sj(n) =inf{t > 0: Ny_j11(t) >n}, n>0.

Then Si,...,5; are independent random walks with exponential increments
with rates Aq,...,\q started from S;(0) = ... = S4(0) = 0. Moreover, the
event {Ni(t) < ... < Ng(t) for allt > 0} is the same as the event that
{Si(n) < ... < S4(n) for all n > 0}. Let Zj(n) = inf{t > 0: My_;1(t) > n}.
Then (Z1(n), ..., Zq(n))n>o started from Z;(0) = ... = Z4(0) = 0 is equal in
distribution to the times at which jumps occur in Poisson point processes con-
ditioned not to collide. In particular, the queueing interpretation of (M (t)):>0
gives a queueing interpretation of (Z4(n))n>0 as the process in n of the de-
parture times of the n-th customer from the (d — 1)-th queue in the series of
tandem queues defined above.

This queueing interpretation of (Z4(n)),>0 can then be further connected
with last passage percolation and Equation (1). It is known that departure
times from tandem queueing networks satisfy the same recursion equation as
last passage percolation. For k& > 0 let D(k, 1) denote the k-th arrival time at
the first queue and D(k, j 4+ 1) denote the k-th departure from the j-th queue
for j =1,...,d — 1. The structure of the queueing network means that

D(k, j) = max(D(k,j — 1), D(k — 1,j) + erz, k> 0,j=1,....d.

Note that last passage percolation times satisfy the same equation.
Therefore we can observe that

d
(Za(n))nz0 = (D(n,d))n>0
in two different ways:

(i) Apply the result of O’Connell Yor [24] and reverse the role of space and
time as described in this subsection.
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(ii) Apply the connection between interlaced and exponential random walks
in Equation (40), the result of Johansson [19] stated in (41) and then the
above connection between last passage percolation and departure times
in queues. This argument adds in an extra constraint n > d but more
careful arguments of this type could remove this.

The case of equal rates can then be established by taking limits as in
Section B.1.

B.3 Push-block dynamics

Processes on Gelfand-Tsetlin patterns where particles attempt to make in-
dependent geometrically distributed jumps while experiencing pushing and
blocking interactions have been constructed in [2] and Section 2.2 of [33].
Both involve particles being blocked by the positions of other particles at the
previous time step. The bottom layer evolves as an interlaced exponential
random walk. The example below does not immediately appear to fit into the
general framework in [2].

Suppose that A\ > ... > Ay > 0. We will consider processes on Gelfand-
Tsetlin patterns taking values in the state space

Kg={zf e R:1<j <k <dwith a7} <af <ab™'}
with the conventions that :):]g = —o0 and w,’jH = 00.

We start by defining a process considered in Section 2.1 of [33] taking
values in K; and denoted by (M]k(t) 1< j <k <dt>0) started from
M ]k (0) = 0. Each particle M Jk attempts a nearest-neighbour jump to the right
at rate A\g—_x41 that may be subject to two possible interactions. Suppose the
particle with position Mf(t_) before the possible jump attempts to jump at
time ¢.

o Blocking. If M ]’? (t-)=M f_l(t_) then any rightward jump is suppressed
so that MJk(t) = Mf(t_).

o Pushing. If Mf(t,) = ijll(t,) and M]k(t) = Mf(tf) + 1 then this

pushes the particle in level k + 1 so that M fjll (t)=M ]]-“:11 (t—)+ 1. This

jump may then cause further jumps in levels k + 2, ..., d.

An argument involving intertwinings shows, for example in Theorem 2.1 of
33], that (M{(t),..., M%(t))t>0 is a collection of Poisson point process with
rates A\g < ... < A conditioned to satisfy M{(t) < ... < M2(t) for all t > 0
using the harmonic function b.

We now construct a second process on K; with push-block interactions by
reversing the role of space and time. For 1 < j <k < d let

Z¥(n) =inf{t > 0: M ;. (t) >n}, n>0. (42)
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This defines a discrete-time process on K, denoted by (ZJ"“ n):1<j<k<
d,n € Np) and started from Z Jk(()) = 0. We first describe the dynamics on this
array before then justifying that this dynamics arises from (42).

At time n we update each layer starting with Z{, then Z% Z3, and so
on until Z¢,..., Z%. Let (e?(n) :1 < j<k<dmn>0)be independent
exponential random variables with rate A;. Suppose we have updated the
positions of ZII,ZIQ,Z%,...,Zf_l,...,Z,’jjll. Then for j = 1,...,k each Z;-“
attempts an independent jump according to an exponential random variable
with rate Ag subject to two types of interaction:

o Pushing. If Zf__ll (n) > Z;“(n —1) then Z]’-C is pushed to position Z]’-C__l1 (n)
before performing its exponential jump.

e Blocking. The proposed exponential jump from this pushed position
takes value max(ZJ]-“__l1 (n), Z]k’(n —-1)) + e?(n). If this exceeds Zf‘l(n)
then the overshoot is blocked and we set Z]k(n) = Zfﬁl(n).

Therefore the combination of pushing and blocking interactions involves set-
ting
Z§(n) = min(Z5 ! (n), max(Z 7} (n), Z} (n — 1)) + € (n)). (43)

We now explain how these interactions are a consequence of the push-block
interactions in the definition of the M Jk and the definition of the Z Jk in terms
of M]k given in (42).

Suppose first that inf{t > 0 : M,f_jﬂ(t) > n} is attained without occur-
ring due to a push by M,f:jl. This jump in the particle labelled M,ff_j+1 to site
n becomes possible after both M, ,f_ 1 has reached site n — 1 and M. ,f:jl 1 has
reached site n (so that the jump is not blocked). Thus the jump becomes possi-
ble at the time given by the maximum of Z]k(n —1)=inf{t > 0: M,ffjﬂ(t) >
n — 1} and ij:f(n) = inf{t > 0: M,f:;ﬂ(t) > n}. The jump then occurs
after a waiting time given by an exponential random variable denoted ef(n)
that is independent of all other random variables. The other option is that
le:jl jumps to site n and pushes le—jﬂ' This occurs at time Zjl?*l(n). The
minimum over these two possibilities gives the first time that M, ,f_ j+1 jumps
to site n. Therefore

Z§(n) = min(Z5 ! (n), max(Z¥ 7 (n), Z} (n — 1)) + €} (n)).
This agrees with (43).

Suppose that Ag > ... > A;. As the (M{(t),..., M4(t))i>0 are Poisson
point process with rates \; < ... < Ay conditioned on the event that {M{(t) <
... < M4(t) for all t > 0} then (Z{(n),..., Z3(n))n>0 are exponential random
walks with rates Ay > ... > \; conditioned on the event that {Z{(n) <

.. Z4(n) for all n > 0}. The two interpretations of (Z4(n)),>o as either the
top particle in an ordered exponential random walk or as the top particle in
a system with pushing interactions give another proof of Equation (1). The
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case of equal rates can be established by taking limits as in Section B.1. The
point of this Section is that the underlying dynamics on the Gelfand Tsetlin
pattern involves a bottom layer evolving as an ordered rather than interlaced
exponential random walk.
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