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Resumo

Padrdes de moiré t€m numerosas aplicacdes em diferentes dreas. Em sistemas fisicos, padrdes
de moiré t€m sido aplicados em variados cendrios, e muitas propriedades interessantes emergem
nesses sistemas. Em particular, uma onda que se propaga num potencial suportado por uma rede
de moiré pode estar localizada se essa rede for aperiddica (incomensurdvel). Se for periddica
(comensuravel), todos os modos lineares do sistema s@o ondas de Bloch, que sdo deslocalizadas
por defini¢do. Também foi mostrado que redes de moiré aperiddicas podem ser aproximadas por
periddicas, e essas aproximacdes apresentam bandas extremamente achatadas. Além disso, foi
observado que € possivel localizar ondas nas fronteiras ou cantos de uma rede de moiré periddica.

Na literatura, redes de moiré quadradas e hexagonais t&ém sido aplicadas a variados sistemas
fisicos, mas redes de moiré baseadas em outras redes de Bravais raramente sio mencionadas neste
contexto. Assim, este trabalho pretende estudar redes de moiré quadradas, hexagonais, retangu-
lares e retangulares centradas, e resumir as suas propriedades no contexto da propagagdo de ondas,
utilizando a equacdo linear de Schrodinger. Para tal, uma metodologia foi cuidadosamente proje-
tada, de modo a permitir resolver a equagao para diferentes potenciais e condi¢des de fronteira.

Mostra-se que redes de moiré retangulares e retangulares centradas podem ser periédicas numa
dimensdo quando certas condi¢des se verificam. Neste caso, localizacdo numa dimensao é pos-
sivel. Além disso, para certas redes de moiré retangulares centradas, variar a intensidade das
subredes ¢ suficiente para causar uma transicao de deslocalizado para localizado a uma dimensao,
e de localizado a uma dimensao para localizado. Assim, redes de moiré retangulares e retangulares
centradas apresentam propriedades tnicas quando comparadas com redes de moiré quadradas ou
hexagonais.

Também se mostra que, para redes de moiré quadradas, a localizacdo na fronteira parece ape-
nas ser possivel em redes periddicas com fronteiras periddicas.
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Abstract

Moiré patterns have numerous applications in various fields. In physical systems, moiré patterns
have been applied in a variety of scenarios, and many interesting properties emerged in those
systems. In particular, a wave propagating on a potential supported by a moiré lattice can be
localized if that lattice is aperiodic (incommensurable). If it is periodic (commensurable), all linear
modes of the system are Bloch waves, which are unlocalized by definition. It was also shown that
aperiodic moiré lattices can be approximated by periodic ones, and those approximations present
extremely flat bands. Additionally, it was observed that waves can be localized at the edges or
corners of a periodic moiré lattice.

In the literature, square and hexagonal moiré lattices have been applied to various physi-
cal systems, but moiré lattices based on other Bravais lattices are rarely mentioned in this con-
text. As such, this work aims to study square, hexagonal, rectangular, and centered rectangular
moiré lattices, and summarize their properties in the context of wave propagation, using the linear
Schrédinger equation. To do so, a methodology was carefully designed, such that the equation can
be solved for different potentials and boundary conditions.

It is shown that rectangular and centered rectangular moiré lattices can be one-dimensional pe-
riodic when specific conditions are verified. In this case, localization in one dimension is possible.
Additionally, for certain centered rectangular moiré lattices, varying the intensity of the sublattices
is enough to transition from unlocalized to one-dimensional localized and from one-dimensional
localized to localized. Thus, rectangular and centered rectangular moiré lattices present unique
properties when compared to square and hexagonal ones.

It is also shown that, for square moiré lattices, edge localization only seems to be possible in
periodic lattices with periodic edges.
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Chapter 1

Introduction

1.1 Context

Throughout the years, moiré patterns, that is, interference patterns created by the superimposition
of two different periodic patterns, have been applied in the most diverse areas such as “artistic
design, the textile industry, architecture, image processing, metrology and interferometry” [4,
p. 42].

In physics, it was observed that moiré patterns substantially change the behavior of systems.
For example, it has been studied in the context of the quantum Hall effect [5], unconventional
superconductivity [6, 7, 8], and photorefractive crystals, including soliton formation [4, 9, 10].

When it comes to localization, it is known that a periodic potential only allows Bloch modes,
which are unlocalized [11]. Also, disordered systems may have Anderson localization [12]. Ape-
riodic systems do not fit in any of these cases and many interesting behaviors have been observed.
In particular, moiré lattices may be aperiodic, in which case they support localized states [3]. Ad-
ditionally, these moiré lattices may be approximated by periodic ones, and these approximations

present extremely flat bands when localization occurs [4].

1.2 Motivation

Wave localization is relevant for numerous applications. With moiré lattices, it is possible to
control wave localization in a physical system by tuning the lattice parameters. Recent photonic
applications include narrow band filter design [13], propagation of light bullets [14], silicon pho-
tonic nanowires [15], narrow optical resonances [16], high harmonic generation [17], a photonic
crystal fiber [18], and light trapping in photonic crystal slabs [19].

Most studies are focused on square moiré lattices, due to their simplicity, or hexagonal ones,
which can be observed in graphene. It is thus relevant to study and summarize the properties
associated with wave localization in potentials supported by moiré lattices based on these and

other Bravais lattices, more precisely: square, hexagonal, rectangular, and centered rectangular.



2 Introduction

1.3 Objectives

The main objective of this work is to study light localization in potentials supported by moiré

lattices which are either periodic or aperiodic. This study consists of:
* Determining the conditions that define whether a moir¢ lattice is periodic or aperiodic;

» Computing the propagation modes and band structure associated with potentials supported

by periodic moiré lattices;

* Computing the propagation modes in potentials supported by periodic or aperiodic moiré
lattices, in a finite region, and an objective measure of localization to compare the localiza-

tion of different modes.

1.4 Document Structure

After this introductory chapter, this document consists of seven more chapters. Chapter 2 explores
in more detail some fundamental aspects related to this work. Chapter 3 consists of a review of
the state-of-the-art. Chapter 4 describes the most relevant aspects of the methodology that was
designed to solve the problem. Chapter 5 presents theoretical aspects as well as examples related
to periodic moiré lattices, in particular, square, hexagonal, rectangular and centered rectangular
moiré lattices. These examples are then further developed in Chapters 6 and 7. The former fo-
cuses on light localization in the center of a finite region, with a potential supported by a moiré
lattice (periodic or aperiodic), defined as the superimposition of cosines. The latter explores light
localization at the edges or corners of a finite region, with a potential that is similar to the former,
but its definition is based on the repetition of gaussian functions and it is truncated. Chapter 8 is

the final chapter, where the main conclusions are presented, and future work is discussed.



Chapter 2

Background and Fundamental Aspects

2.1 Bravais Lattices and Reciprocal Lattices

A Bravais lattice is, in three-dimensional space, an infinite set of points which present translational
symmetry along those dimensions. Thus, there are three fundamental spatial periods a;, a;, and
a3, which can be combined with integer coefficients n;, ny, and n3, respectively, to create any
period vector R:

R =nja; +ma; +n3as 2.1

Based on symmetry, these lattices can be divided into groups. There are five two-dimensional
lattices divided into four groups, shown in Figure 2.1 and Table 2.1, respectively. In this work,

four lattices are considered: square, hexagonal, rectangular, and centered rectangular.

(a) Linear (b) Square (c

9 O o o ¢ 9
e 0 o
o 9

lal lal=|bl, @ =90° lal#|bl, @ = 90°
(d) Oblique (e) Hexagonal (f) Centered Rectangular

o0 ® b
= o o ® ©o
00 ® O o

lal#|bl, @ #50° lal=]b]. @ = 120" lal#|bl, @ = 90

Rectangular

)
® b
®

a

4]

Figure 2.1: One- and two-dimensional Bravais lattices [1].

There are fourteen different three-dimensional Bravais lattices. For reference, the cubic lattices

are presented in Figure 2.2.
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Table 2.1: Groups of two-dimensional Bravais lattices

Lattice types
Group Primitive Centered
Monoclinic Oblique -
Orthorhombic | Rectangular | Centered rectangular
Tetragonal Square -
Hexagonal Hexagonal -

Figure 2.2: Cubic Bravais lattices [2].

A Bravais lattice is a discrete representation of the periodicity of a system’s structure, for
example, crystals. Some physical quantities in these systems will be periodic as well, and thus
admit a Fourier series expansion. The domain of this expansion is a lattice itself, the reciprocal

lattice, for which the typical primitive vectors are

ap X az

b, =2n v (2.2)
b, — 232 (2.3)
by — 2 AL 22 2.4)

where V = |a; - a; x a3] is the volume of the crystal.
The first Brillouin zone is the set of points in reciprocal space where every point is closer to

the origin than any of its translations by a reciprocal lattice vector.

2.2 Moiré Patterns and Lattices

A moiré pattern is an interference pattern caused by the superimposition of periodic signals. Those
signals may represent, for example, images or audio. The signals may also have a relative trans-
formation before being combined, typically a translation or rotation. This pattern may then be
periodic or aperiodic. In the context of this work, the signals are physical quantities, for exam-
ple, electron concentration or refractive index. An example of a moiré pattern is presented in
Figure 2.3.

A moiré lattice (sometimes called Bravais-moiré lattice in the literature [20, 13]) is a moiré

pattern formed by the superimposition of two Bravais lattices. The resulting lattice may then be
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Figure 2.3: Example of a moiré pattern. The superimposition of two equal sets of concentric
circles generates an interference pattern.

periodic or aperiodic. Figure 2.4 illustrates a square moiré lattice.

Jo
LI

Figure 2.4: Example of a moiré lattice. The blue lines represent a square lattice, the green ones
represent its rotated copy, and their superimposition generates a new lattice, which is also square,
but with a larger area per square than the other two, represented by the black lines. The black dots
mark the visible intersections of the two interfering lattices.
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2.3 Band Theory

Band theory tries to explain the electronic behavior of crystals, in particular why there are metals,
insulators, semimetals, and semiconductors. It defines the concept of bands, which correspond to
allowed or forbidden energy levels within the crystal. The forbidden levels are usually called band
gaps. These gaps are explained by the reflection of waves at reciprocal lattice boundaries.

The Bloch theorem is particularly relevant in band theory as it states that, for a periodic poten-
tial, all wave functions must be periodic in magnitude, with the same period as the potential, and
are affected by a phase shift k - r, where k is the wave vector and r is the position vector. These

are called Bloch functions and can be written as

Vi (r+R) = /*Tuy (1) (2.5)
where u (r+ R) = uk (r), so that

Vi (r+R) = /X Ry (1) (2.6)

The bands result from the Schrédinger equation Ay = Ey, where H is the Hamiltonian opera-
tor of the system and E is its energy. As an example, the equation for a one-electron approximation

in a potential V becomes

f)z
<+v> y=Ey 2.7
2m
where p = — jAV is the momentum operator of the electron, and m is its mass.

If a potential V is periodic, it can be written as a Fourier series expansion, with coefficients
V(;Z
V=Y Vgel®" (2.8)
G

where the summation is over all reciprocal lattice vectors G. Additionally, y is a Bloch function

and therefore it can be written as a plane wave expansion, with coefficients Cy:
v =Y Cke/*" (2.9)
k

where the summation is over all wave vectors k+ G. Substituting y and V with the corresponding

expansions in Equation 2.7 and simplifying yields the central equation [2]:

a2
(p —E> Ci+ Y V6Cig =0 (2.10)
2m C

In the empty lattice approximation, all wave vectors k are moved to the first Brillouin zone
with a suitable lattice vector G. It is then possible to compute the eigenvalues E for each k, which

results in a band structure, for example, the one presented in Figure 2.5.
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a

=}

Figure 2.5: Example of free electron energy bands of the empty simple cubic lattice [2].
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Chapter 3

Literature Review

3.1 Moiré Lattices

In the literature, moiré lattices are typically square or hexagonal, i.e. created by superimposing a

square or hexagonal Bravais lattice, respectively, with its rotated copy. On the one hand, graphene

is a hexagonal lattice and, as such, it is possible to obtain a hexagonal moiré lattice by superim-

posing two graphene layers, which leads to very interesting properties [6, 7, 8, 21, 22]. On the

other hand, square lattices are very simple, so that, in scenarios where the lattice geometry can be

chosen, in particular, photonic moiré lattices, it is often used [4, 9, 10, 13, 20, 23].

3.1.1 Square

A square moiré lattice is the superimposition of a square lattice with its rotated copy. Figure 3.1

illustrates three examples of potentials supported by square moiré lattices.

L J
(o

=

~
.

L A R

®

»
It M N N

® Py Na
.
Pe %9

X
I

T
%

-
bl ® P a\he

O.‘

L

»
B & & -

%8 -

Figure 3.1: Resulting potential for the superimposition of two square lattices, which can be peri-
odic (first and third columns) or aperiodic (second column) [3].

Let 0 be the rotation angle. Then, according to [3], the resulting lattice is periodic if

tan (0)

a

3.1
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where a,b € Z correspond to a solution of the equation
a+b*=c? (3.2)

where ¢ € Z. The last equation is a Diophantine equation because the solutions must be integer

numbers.

3.1.2 Hexagonal

A hexagonal moiré lattice is similar to a square moiré lattice, but the lattice and its rotated copy are
hexagonal lattices. Figure 3.2 shows three examples of potentials supported by hexagonal moiré

lattices.

Figure 3.2: Resulting potential for the superimposition of two hexagonal lattices, which is equal
to the original lattices for 6 = O (first column) and periodic for angles that verify the condition
(second and third columns) [3].

It is also possible to obtain conditions for 8 [3], such that the resulting lattice is periodic if

tan (0) = ﬁzaib (3.3)

where a,b € Z correspond to a solution of the equation
a’+ab+b* = (3.4)

where ¢ € Z. Again, the last equation is a Diophantine equation.

3.2 Moiré Potential

In this context, the potential is a continuous function V (x,y) along the space coordinates r = (x,y).
A moiré potential is obtained by superimposing two potentials supported by Bravais lattices, such
that the resulting potential is supported by a moiré lattice.
In [3], it is defined as
V) = Vi () + 2V () (3.5)
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where p; and p, are the intensities of the first and second sublattice, respectively, S is the rotation

matrix for angle 6,
g cos(0) —sin(6)
~ |sin(6) cos(6)

and V (r) is the first sublattice potential, defined as
Vi (r) = pi[cos (2x) +cos (2y)]

In [4], it is the potential associated with the experimental setup, given by

1+1(r)

V(r)=
where Ej is the dimensionless DC field, and / (r) is the intensity
2

I(r)=|piV'(r) + p2V' (Sr)|

where p1, p,S are similar to the previous case, and V' =V, /p;.

3.3 Wave Equation

The wave equation is the dimensionless Schrédinger equation [3, 4]:

dy(rz) 1

(3.6)

3.7

(3.9)

(3.9)

(3.10)

jT = _EVZLW(IUZ) —V(r)y(r,z)
where y is the wave function, z is the propagation direction, V (r) is the potential defined in the
lattice plane, and Vi = ‘9722 + 83722 is the Laplacian in that plane.

The considered linear modes are of the form
v (r,2) = w(r) el
where B is the propagation constant. Then, the wave equation is

1
—Bw = —EViw— Vw

This is an eigenvalue problem, where f is the eigenvalue and w is the eigenfunction.

(3.11)

(3.12)
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3.4 Band Structure

If the potential V is periodic, all solutions of Equation 3.12 are Bloch waves. Using the concepts
of band theory (Section 2.3), it is possible to obtain the propagation constants 3 associated with

each wave vector K, resulting in a band structure. An example is presented in Figure 3.3.

0.8 08

9 0.6

O =t | O

L//\ 0'5_
4 0.4
9}
0.0 - . 0.3
r X M I 0

Figure 3.3: (a) Computed bands for a periodic potential with tan (60) =3/4, p; = 1 and p, = 0.4, in
descending order of propagation constant f3. (b) Evolution of the 600 largest propagation constants
B associated with the top two bands (o = 1 and o = 2), for small variations of the rotation angle
given by 6, = arctan (3/4) + nm /1800 [3].

Additionally, aperiodic moiré potentials are quasiperiodic and, as such, they may be approxi-
mated by periodic moiré potentials, with an approximation error that decreases as the considered

primitive cell area increases [4].

3.5 Measure of Localization

To measure the localization of a wave profile, both [3, 4] use the integral form factor ), given that

it is inversely proportional to the mode width. It can be computed as

(1r1vitazr)’
GG,

This measure is useful to compare the localization of different wave profiles, as well as obtaining

X = (3.13)

relevant characteristic curves such as the ones presented in Figures 3.4 and 3.5
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0.6 0.4
(a) | (b)

0.4 Xtanf=3"
< &, 0.21

0.2

Xt;1119=3/4
0.0 . . 0.0 .
0.0 0.2 0.4 0.6 0.50 1.25 2.00

P by

Figure 3.4: (a) Form factor for rotation angles corresponding to a periodic potential and a quasi-
periodic potential, which shows that it is possible to localize light in a quasi-periodic potential,
unlike periodic potentials. (b) Curve of p; vs. p, for a given rotation angle (6 = /6) and form
factor value (¥ = 0.1). [3]

0.6

. 0
0.0 0.5 1.0 0.0 0.5 1.0

Figure 3.5: Form factor vs. p, vs. 0 for (a) p; = 1 and (b) p; = 0.5. It is relevant to note that
there is an approximately constant line for p, above which localization occurs, and also that some
particular angles (corresponding to periodic potentials) are unable to localize light for arbitrarily

large p». [3]

3.6 Localization in Moiré Lattices

Although other propagation modes are referred in [3, 4], wave localization is mostly discussed
for the mode with the largest 3, as it is the mode associated with the flattest band. This mode is
localized in aperiodic moiré lattices and delocalized otherwise. However, [23] shows that other
propagation modes can be localized in the edges and corners of a truncated periodic moiré lattice.
This moiré lattice is truncated with a periodic edge, so two cases are not covered: periodic lattice

with aperiodic edge, and aperiodic lattice, which implies aperiodic edges.
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3.7 Summary

The literature extensively covers square and hexagonal moiré lattices. However, rectangular and
centered rectangular moiré lattices are rarely mentioned, so it is relevant to explore them as well.

In the context of wave propagation, a lattice describes the periodicity of a potential. When a
moiré lattice is periodic, only Bloch waves exist, and these are unlocalized by definition, although
their magnitude may be confined to a small region of the primitive cell. As such, aperiodic moiré
lattices, which can be approximated by periodic ones, also have similar modes, although they are
aperiodic and, therefore, localized.

Finally, wave localization can also occur in the edges or corners of a periodic moiré lattice.
These modes are localized due to lattice truncation in those edges. The described truncation was
performed on periodic moiré lattices with periodic edges, but the other two cases should be studied:

periodic lattices with aperiodic edges, and aperiodic lattices with aperiodic edges.



Chapter 4

Methodology

The main objective of this work is to compute relevant solutions of Equation 3.12, which is rewrit-

ten as follows:

1
Bg= QVicHVq (4.1)

This chapter describes the approach used to solve this equation in Cartesian coordinates, for

different boundary conditions. The algorithm, at a high level, comprises the following steps:
1. Create a normalized coordinates space, called UV space (Section 4.1);
2. Transform UV coordinates to lattice coordinates (UV1 and UV2);
3. Compute the discretization of V using UV, UV1 and UV2;
4. According to the chosen numerical method:

* Finite differences
(a) Create the matrix corresponding to the eigenvalues problem;
(b) Compute the eigenvalues and eigenvectors of the matrix.

* Plane wave decomposition

(a) Compute the 2D FFT of V;
(b) Create the matrix corresponding to the eigenvalues problem;
(c) Compute the eigenvalues and eigenvectors of the matrix;

(d) Convert the results to UV space.

This algorithm may be executed multiple times according to a higher-level algorithm that defines

the steps to perform a certain lattice analysis (described in Section 4.4).

15
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4.1 Normalized Coordinates

To simplify the computation of the PDE solutions, a normalized vector space is created, with
variables u and v such that
r =ua; +vap “4.2)

This is a very convenient definition, both for periodic and aperiodic potentials, as long as the
region of interest is a parallelogram. For periodic potentials, a; and a, are the primitive lattice
vectors and the period of coordinates u and v is 1.

To simplify some results in the following sections, it is also convenient to define the basis

matrix:

A= [al ag} 4.3)

x] —A H (4.4)
y 1%

Similar concepts can be defined for each superimposed Bravais lattice:

Al = [a?) ag”} Ay = [a?) aﬂ (4.5)
= =22 e (4.6)
(1 (1) 2) 2)

where a; * and a, ’ are the primitive lattice vectors of the first lattice, and a,” and a,” are the
primitive lattice vectors of the second. An important property of this definition is that the period

2)

of all coordinates u(l), v(l), ul , or v s 1.

It is also possible to rewrite the global normalized coordinates as normalized coordinates for

4 o Tu

| =Artall 4.7)
u? A7l " 48
V(z) - 2 v ( . )

each of the lattices:
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4.1.1 Normalized Reciprocal Lattice Coordinates

When solving the PDE with Bloch’s theorem, it is also convenient to define normalized coordinates

in reciprocal space.

Let b; and b, be the primitive vectors of the reciprocal lattice, which can be written as a matrix
B= b b 4.9)
These vectors verify the following condition:

BTA =271
B=2nA"T (4.10)

where [ is the 2 x 2 identity matrix. Then, k can be expressed in normalized reciprocal coordinates:
k=k,b1+ kb, 4.11)

Let r = ua; + vay. It follows that the dot product k - r is simply
k-r= (k,b; +k,by) - (ua; +vay) =27 (k,u+k,v) 4.12)

Additionally, G can be expressed in normalized reciprocal coordinates as well: G = g,b; +

gvby, and the results are similar to k, although g,, g, € Z.

4.2 Finite Differences Method

The finite differences method consists of considering a discretization of the domain of the differ-
ential equation to be solved. In this case, it is a region in the xy plane, and the most convenient

discretization depends on the boundary conditions.

4.2.1 Types of Boundary Conditions and Discretization

In this work, two types of boundary conditions are considered: Bloch and zero. Bloch boundary
conditions are a direct application of Bloch’s theorem (Equation 2.6), so the most appropriate
discretization is along a primitive cell of the lattice. Zero boundary conditions consist of setting

the value of the wave to O at the boundaries of the considered region.

In both cases, vectors a; and a; define the space of the discretization. For Bloch conditions,
however, there are two additional requirements: these vectors must correspond to primitive lattice
vectors, and the points for u =1 and v = 1 are not considered, given that they belong to a different

lattice cell.
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Let N, and N, be the number of points to consider on the discretization of u# and v, respectively.

Then, the discretizations of ¢ (x,y) and V (x,y) are

Gnny = 4 (U0 + nyAu,vo +n,Av) (4.13)
Vnuanv =V (MO + nuAu? Vo + nVAv) (4 14)

where, for u and v, respectively, ug and v are the values where the considered region starts, Au and
Av are the discretization steps, and 0 < n, <N, —1 and 0 <n, <N, — 1 are the discrete variables.

For Bloch boundary conditions, the considered discretization is given by

1 1
u():V():—O.S Au:ﬁu szﬁv
For zero boundary conditions, it is given by
0.5+A 0.5+A A ! A !
ug = —0. u vo = —0. v u= V=
0 0 N, +1 N, +1

4.2.2 Laplacian and Normalized Coordinates

Due to the use of normalized coordinates, the Laplacian operator has to be rewritten:

V2 =VIV,=(AT"V) (A7V,) =VIATATTY,, (4.15)

This implies that the cross derivatives must be taken into account as well. It is convenient to define

amatrix M = A~ 1AT:

M= | (4.16)
ma1 Mo
The equation to be solved is then
1 0? 0? 0?
Baq(u,v) ) (ml 1 87;21 (u,v) + (M2 +may) Waqu (u,v) + mzzafvg] (u, V))
+V (u,v)q(u,v) (4.17)

4.2.3 Equation Written as Finite Differences

Using the appropriate discretization, and considering central finite differences of second-order

accuracy, the second-order partial derivatives, can be written as

an qn,+1n _2Qn n +qn —1,n

4 u7 % u b us'ty u sty (4‘18)

du? ( ) (AM)Z

an qn n+1_2Qn ny T Gy ny—1

4 u7 % us'ty us'ty us'tv (4‘19)

ov? (1,9) (Av)?

82q dn,+1,n,+1 — ny+1,n,—1 — Guny—1 0y +1 + Gny—1,n,—1

% u b u sty u bl u b 4‘20

Fvau oY) 4(Au) (Av) (4.20)
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The equation, written using finite differences, is then

Bq :l m qnu+l:nv — 2qnu7nv + qnuflanv + ma qnu,nu+l - 2Qnu,nv + Qnu,n,ﬁl
o) (Au)? (Av)?
qn,+1n,+1 —4n,+1,n,—1 — 4n,—1,n,+1 + qn,—1,n,—1 (421)
+ (mi2 +my) 4. (dut) (A) )
+ vnuynvqnuvnv

There is an equation for each n,,n, in the considered region, so the problem can be written in
matrix form as g = Hg, which is an eigenvalue problem. The equations are not complete, though,
as they depend on g,, ,, for n,,n, outside the considered region, in particular, the points at the

boundary. These values are defined by the boundary conditions.

4.2.4 Application of Boundary Conditions
4.24.1 Bloch
Using Equation 4.12, Bloch’s theorem (Equation 2.6) can be expressed as
q(u4ny,v+ny) = e/2Fhamthm) g ) (4.22)
For the considered discretization, it can be written as

Gy = PP RmTRm) g (4.23)

where n), = niN, +n, and n, = nyN, + n,, corresponding to integer division, and n,,n), € Z, such

that g, ,; is not restricted to the primitive cell.

4.24.2 Zero

The application of zero boundary conditions is straightforward: the coefficients corresponding to

terms where gy, ,, is not defined are set to 0.

4.3 Plane Wave Decomposition Method

The plane wave decomposition method can only be applied to periodic potentials, as it consists of
converting the PDE to Fourier space. It consists of writing g as a plane wave expansion, and V as

a Fourier series expansion, with coefficients Qx and Vg, respectively:

q(r)=Y Oxe™" (4.24)
k

V(r)=Y Vge/ST (4.25)
G
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Substituting in Equation 4.1 yields
. 1 . ‘ .
BY Qe = fvﬁ Z O™ +Y Vge'STY Ore™ T (4.26)
k G k

Z BOxe*T = Z Ok (—K2) e+ Y ¥ OuVgel KT (4.27)
k G

Let K’ = Kk + G in the last summation and, given that k’ is summed over the same space as Kk,

Kk’ can be replaced with k in the summation:
ZZQkVGef (ktG)-x ZZ Ox—cVae™ ™ ;ngfcvceﬂ” (4.28)
The full equation is then:
Z BOke’™" = ZQk (-K*) e "+ Y Y Ox_gVe™" (4.29)
k G
As the functions e/KT are orthogonal, the equation can be written for each k:
BOx= KO+ L 0k oV (430)

These equations can be written in matrix form as BQ = HQ, for a finite number of values of
k, which allows to obtain an approximation using the smaller spatial frequencies. Similar to the

finite differences method, this is also an eigenvalue problem.

4.3.1 Fourier Series Approximation

The Fourier series representation of V (u,v) is presented in Equation 4.25. Coefficients for large
enough |G| are typically negligible and, in such cases, it can be truncated. In normalized coor-
dinates, described in Section 4.1, and using Equation 4.12, the truncated series representation is
then

N, N,
Vn= Y Y Vool e
Su=— ug;:—NL
i Z Vi, g0/ 8) 4.31)
u=—"Nu&v=—
This is the DFT representation of V (u,v), scaled by (2N, +1) (2N, +1), for u = 55 and v =

2Nnv+1' Therefore, the DFT coefficients can be used as Fourier series coefficients, with proper

scaling.
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4.4 Lattice Analysis

A lattice analysis defines one or more potentials V for which Equation 4.1 should be solved, as well
as the corresponding boundary conditions. It also defines the metrics that should be computed, for
example, the integral form factor. Four types of lattice analyses were defined: periodic, finite, )
as a function of p;, and ¥ as a function of p, and 6.

The periodic lattice analysis allows computing the solutions of the PDE for a specific periodic
potential, using Bloch boundary conditions for different values of k. The space to consider is a
primitive cell. The outputs are the band structure and the wave functions y;,, associated with each
propagation constant 3, (k). The B, (k) are sorted in descending order.

The finite lattice analysis computes the linear modes in a finite region, which is a parallel-
ogram, using zero boundary conditions. The outputs are the values of f3,, sorted in descending
order, the integral form factors J,,, and the wave functions ;.

The other two lattice analyses are both based on the finite one. They both output the form
factors ¥ as a function of the intensity of the second lattice p, (assuming the intensity of the first
lattice, pj, is fixed), but one of them also sweeps through different values of the rotation angle
0. The outputs of these analyses can be used to reproduce the results in Figures 3.4 and 3.5, for

example.

4.5 Testing

Some unit tests are implemented to ensure the results are valid. The most relevant tests consist of

verifying that the result of the numerical methods verify the following properties:

* It is an approximate solution of the PDE in the space domain.

* The eigenvalues (i.e. propagation constants ) have a low relative error when increasing the

number of discretization points.

* It is an approximate solution of the PDE in the spatial frequency domain (only for periodic

potentials).

 The eigenvalues (i.e. propagation constants f3) are invariant to the translation of the potential

(only for periodic potentials).

These tests are also useful to better understand the limitations of the numerical eigenvalues

solver, and adjust its parameters as needed.
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4.6 Summary

This chapter describes the most relevant aspects of the designed methodology. It consists of a core
algorithm that computes the solutions of the PDE (Equation 4.1) according to the specified poten-
tial and boundary conditions. The core algorithm is then integrated into higher-level algorithms
that define the cases for which the PDE solutions should be computed, as well as the appropriate
data processing and visualization steps. They ensure that the results are consistent and easier to
obtain. Finally, to validate the correctness of the most important parts of the algorithm, some unit
tests have been implemented.

The next three chapters present many examples computed using these algorithms, with de-
tailed descriptions of the obtained results. Thus, the information that is provided in this chapter is

complemented by those descriptions.



Chapter 5

Periodic Moiré Lattices

Periodic lattices, in particular, moiré lattices, do not exist in practice. They are, however, a very
useful and simple model that allows to predict the behavior of very large crystalline structures.
Additionally, as explored in [4], quasiperiodic structures can be approximated by periodic ones.
Therefore, it is possible to obtain an approximation of the band structure of the quasiperiodic
structure by choosing an appropriate periodic approximation. This chapter explores four different
types of moiré lattices formed by the superimposition of a Bravais lattice and its rotated copy,
namely: square, hexagonal, rectangular and centered rectangular. The periodicity conditions are
discussed briefly, and some examples of periodic potentials are presented. These examples include

the respective band structure and the magnitude of a wave function in the top band.

In the examples, the considered moiré potential is
V (u1,v1,u2,v2) = piV' (ur,v1) + paV’ (uz,v2) S.h
where uy,vy,us, v, are normalized coordinates, described in 4.1 and
V' (u,v) = cos (27u) + cos (27v) (5.2)

is the potential representing a Bravais lattice.

The band structure is presented as k goes along the path
'-M—X—T

which is defined according to the conventional primitive vectors of the reciprocal lattice: I" corre-
sponds to the origin, M to by, and X to by + b,.

To obtain comparable results, the basis matrix A; (which defines the Bravais lattice) is nor-
malized such that |det(A1)| = 72, i.e. the area of the primitive cell is 2. The rotated basis matrix

is
A, = R9A, (5.3)

23
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where R? represents an anticlockwise rotation matrix for angle 8. The space matrix A corresponds
to a primitive cell. Thus, it depends on the chosen lattice. Additionally, p; = 1 and p; can vary.
Finally, the PDE is solved using the finite differences method, with Bloch boundary conditions.
The plane wave decomposition method was also used, mainly for comparison, and it yields very

similar results, as expected.

5.1 Square

5.1.1 Periodicity Condition

First, to better visualize the concept of a square moiré lattice, Figure 5.1 presents a square lattice

with its primitive lattice vectors agl) and agl), its rotated copy with vectors asz) and agz), and the

resulting moiré lattice with vectors a; and a,.

)
a 2) af<;
1L 2 ay (2

Figure 5.1: Square moiré lattice (yellow) as a superimposition of a square lattice (blue) and its
rotated copy (orange).

Let L be the length of the primitive lattice vectors. Then, they can be expressed in complex

numbers as z; = L and z, = Lj, corresponding to agl) and agl), respectively. Additionally, the

rotated lattice primitive vectors are e/%z; and e/%z,, corresponding to agz) and agz)’ respectively.
The moiré lattice vectors must belong to both lattices so, representing them as a complex number

Zm» the periodicity condition is

2m =miL+mLj=e’® (m3L+ myLj)

z . ; .
fm:ml—l—mz] = ¢/% (m3 +my)j) (5.4)
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where my,my,m3,my € Z and 0 € [0, z[. It can then be rewritten with respect to /%:

eje _ my +mayj
m3 +myj
_ (my+myj) (m3 —myj)
N m§+mﬁ

_ (mym3 +momy) 4 (mam3 —mymy) j (5.5)
m% +m§r .

Let

a = myms +momy

b=momz —mymy

c= m% + mﬁ
Then, Equation 5.5 becomes

ejg _ a+b]
C

(5.6)

where a,b,c € Z. The corresponding condition for the rotation angle 6 is then
b
tan () = — (5.7)
a

and the magnitude condition is
a+b=c (5.8)

which is a Diophantine equation, i.e. an equation whose unknowns are integers. This particular
equation corresponds to the Pythagorean theorem and its solutions are the Pythagorean triples
[24].

Substituting in Equation 5.4 yields

. a+bj .
my+myj= (CJ) (m3+myj)

which is equivalent to a system of linear Diophantine equations:

cmy = amz — bm
1 3 4 (5.9)
cmy = bms +amy

Solving this system generates the moiré lattice vectors. Solving it for generic values of a, b, c is

not trivial but, for concrete values, it may be done computationally.

However, for square moiré lattices, there is a shortcut that allows to compute the primitive

lattice vectors. The solutions of Equation 5.8 are given by

a=k(n}—n3) b =k(2nny) c=k(ni+nd) (5.10)
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where k € Z and ny,ny € Z, are coprime, and one of them is even. This condition ensures that
a,b,c are pairwise coprime when k = 1. It is important to note that @ and b may be exchanged
and k is redundant in the equation (not in the solutions). Then, @ and b uniquely determine 68 and,
given that c is the length of a lattice vector z,,, assigning (m;,my) = (nj,n;) ensures that z, is
a primitive lattice vector. Finally, due to symmetry, rotating any lattice vector by 7 generates a
lattice vector. Rewriting Equation 5.4 yields

.Zm
Ji

L=t = e/® (—my+m3 )

This lattice vector has the same length as the original one so, if the original vector is primitive,

the generated one is primitive too. The four primitive vectors are then generated by

(m1,mp) = =+ (n1,n2) 5.11)
(my,my) = = (—na,ny) (5.12)

These vectors are the vertices of a square and, as such, the moiré lattice is a square Bravais

lattice.

5.1.2 [Example

Based on [3], the example consists of a square moiré lattice with L = 7 and tan(0) = %, which
corresponds to a solution of Equation 5.8 with a =4, b = 3, and ¢ = 5. This solution, according to
the parameterization in Equation 5.10, is given by n; = 1 and n, = 2. The primitive lattice vectors

are

a; = L(l’lﬂ?—kl’lzi’) =X +27ny
a)=L(—mX+my) =-2n%+ny

Different values of p;, are compared in Figure 5.2: p» = 0.1 and p, = 0.4. In the first case, it is
possible to observe that the bands are not flat, and the wave associated with the top band at k =T"
has a significant magnitude along the primitive cell. However, in the second case, the top band is

flat, and the associated wave at k = I" has a significant magnitude mainly in the center.
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Figure 5.2: Periodic square moiré lattices, with tan (6) = 3/4. Different values of p, are com-

pared: 0.1 (left) and 0.4 (right).

5.2 Hexagonal

5.2.1 Periodicity Condition

Similar to the square moiré lattice, Figure 5.3 illustrates a hexagonal moiré lattice.

Let L be the length of the primitive lattice vectors. Then, similar to the square lattice, they can
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Figure 5.3: Hexagonal moiré lattice (yellow) as a superimposition of a hexagonal lattice (blue)
and its rotated copy (orange).

be expressed in complex numbers as z; = L and 7, = Le/ 5, and the periodicity condition is

zm =mL+mLels = e® <m3L+m4Lej%>

sz :m1+mzej§ :eje <m3 +m4ej%> (5.13)

where my,my,m3,my € Z and 6 € [0, z[. It can then be rewritten with respect to /%:

jE
Jj6 _ M1t me’s
- T
m3 + mye’3
i _ir
my; +mpel3 ) (m3 +mye™’3

m% +mzmy + mﬁ

T yi4
(mimz +momy) +momse’s +mymge™'53
- 2 2
m3 +m3my +my

o -
(mim3 + mpmy) +mpmse’s +mymy (1 — ef?)

m% +mamy + mi

 (mumz +momy +mimy) + (myms — mymy) €3 5.14)
m§+m3m4 +mi '
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Let

a = myms3 -+ momny + mipmy
b=momz —mimy

c:m§+m3m4+mi

Then, Equation 5.14 becomes
jo_at bel3
el = ——

(5.15)
c
where a, b, c € Z. It can also be written as
o at+i+Vbj
/0 — aTaT3b% (5.16)
c
The corresponding condition for the rotation angle 8 is then
tan(0) = /3 b (5.17)
T 2a+b ’
and the magnitude condition is
@ +ab+b* =c? (5.18)
which is a Diophantine equation.
Substituting in Equation 5.13 yields
T a-+ be]% 7
my+mpel3s = | —— (I’H3 +I714€J3)
c
. - 21
c (m1 —i—mzef?) = am3 + (amg + bms) '3 + bmge’ 3
c (m1 —i—mzej%) = am3 + (amy —|—bm3)ej-% + bmy (ej% — 1)
c (ml + mzej%) = am3 — bmy + (amy + bm3 + bmy) el3
which is equivalent to a system of linear Diophantine equations:
cmy = amsz —bm
PR (5.19)

cmy =bms+ (a+b)my

This system is similar to the one found for the square lattice, i.e. it generates all moiré lattice
vectors and is hard to solve for generic values of a, b, c.

Determining the primitive lattice vectors is not easy, unlike square moiré lattices. However,
given a primitive lattice vector, the other primitive vectors can be obtained similarly, but rotating
by % instead of 7. Rewriting Equation 5.13 yields

- T
ef?z

fm = *m2+(m1+m2)€j% =/ (*m4+(m3 +m4)ej%)
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This lattice vector has the same length as the original one so, if the original vector is primitive,

the generated one is primitive too. The six primitive vectors are then generated by

(m1,m) = =+ (n1,n2) (5.20)
(mi,mp) = £ (—na,n1 +n2) (5.21)
(m1,mp) = £ (—n1 —na,ny) (5.22)

for a given primitive vector with (my,m;) = (n1,nz).
These vectors are the vertices of a hexagon and, as such, the moiré lattice is a hexagonal

Bravais lattice.

5.2.2 Example

The example consists of a hexagonal moiré lattice with tan (6) = 41/3, which corresponds to a
solution of Equation 5.18 with a = 3, b = —8, and ¢ = 7. Different values of p, are compared in
Figure 5.4: pp = 0.1 and p, = 0.4. In the first case, it is possible to observe that the bands are
not flat, and the wave associated with the top band at k = I has a significant magnitude along the
primitive cell. However, in the second case, the top band is almost flat, and the associated wave at

k =T has a significant magnitude mainly in the center.
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Figure 5.4: Periodic hexagonal moiré lattice, with tan (6) = 4+/3. Different values of po are
compared: 0.1 (left) and 0.4 (right).

5.3 Rectangular

5.3.1 Periodicity Condition

Similar to the square moiré lattice, Figure 5.5 illustrates a rectangular moiré lattice.

Let L; and L, be the lengths of the primitive lattice vectors and & = % their ratio. Then,
similar to the square lattice, they can be expressed in complex numbers as z; = L and 2o = L,
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a a‘ ) as /

©

Figure 5.5: Rectangular moiré lattice (yellow) as a superimposition of a rectangular lattice (blue)
and its rotated copy (orange).

and the periodicity condition is

Zm =mLi +mylyj = e/® (m3Ly +maLyj)

%m =mi+omyj = (my+omy)) (5-23)
1

where my,myp,m3,my € Z and 0 € [0, 7[.
Compared to the previous lattices, a new degree of freedom was introduced, ¢. The magnitude

condition corresponding to Equation 5.23 is
m% + Otzm% = m% + Oc2m42‘
Rewriting this equation yields two overlapping conditions for o/?:
(mi —m3) = o (mz —m3)
(2 = m2) A (2 = n2)) v <oc2 _ M) (5.24)

To simplify, they will be referred to as free and rational conditions, respectively, according to the

restriction they imply on . They are studied in more detail in Sections 5.3.1.1 and 5.3.1.2.
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5.3.1.1 Free Condition

The free condition is

m% = m% m3 = +tmy
m3 = m3 my = £mp

33

The case (m3,m4) = £ (m;,my) is degenerate, as it can be easily seen that the resulting 6 will be

0. However, the remaining case, (m3,m4) = & (—mj,my), is non-trivial.

To simplify, let m; = n; and my = ny, where ny,n, € Z. Substituting the non-degenerate case

in Equation 5.23 and developing yields the condition for 6:

ni+anyj = e’® (—ny + anyj)
. o /

—ny1+anyj

26 (n 4+ onyj) (—ny — anyj)
n? + (Omz)2
P (n% — (Omz)2> +20n1nyj
e/’ =—
n%—}— (an2)2
20
tan(0) = %
ny — (ony)

(5.25)

(5.26)

Finally, it is relevant to note that, if ? is not rational, this is the only primitive lattice vector.

Thus, this is a degenerate one-dimensional lattice, with primitive vectors generated by

(m1 ,mz) =4 (n1 ,nz)

5.3.1.2 Rational Condition

The rational condition is

It can also be written as

where A, B € Z are coprime. Additionally, Equation 5.23 can be written as

VAT = miVA+moVBj = e (myv/A+muVEj)
1

(5.27)

(5.28)

(5.29)

(5.30)
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It can then be rewritten with respect to e/9:

o0 — miVA+myV/Bj

B m3 VA+ my VB i
(ml\/g‘F mzx/Ej) (mz»\/g - mm/gj)
B Am% + Bmi
_ (Amym3 +Bmymy) +/AB (mam3 — mimy) j (5.31)
Am_% + Bmf1 '
Let
a=Amimz+ Bmomy
b =momz —mymy
c=Amj+ Bmi
Then, Equation 5.31 becomes
: VABbj
ol0 = LEVAZD] (5.32)
¢
where a,b,c € 7Z. The corresponding condition for the rotation angle 0 is then
b
tan (6) = VAB— (5.33)
a
and the magnitude condition is
a’ +ABb* = ¢ (5.34)
which is a Diophantine equation.
Substituting in Equation 5.30 yields
) a+VABbj )
ml\/Z—sz\/EJ = <c]> <m3\/g+m4\/1§])
c <\/Xm1 + \/Em2j> = (a\/gm3 — b\/XBm4> + (bA\/l§m3 —i—a\/EmA,) Jj
which is equivalent to a system of linear Diophantine equations:
cmy = amz —bBm
R (5.35)

cmy = bAms + amy

It generates all lattice vectors. Compared to the square and hexagonal linear systems, this one is

even harder to solve generically due to the additional constants A, B.
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5.3.2 Example

The example consists of a rectangular moiré lattice with a> = 2 and tan (6) = 2v/2, which cor-
responds to a solution of Equation 5.34 with a = 1, b = 2, and ¢ = 3. Different values of p, are
compared in Figure 5.6: p, = 0.1 and p, = 0.4. In the first case, it is possible to observe that the
bands are not flat, although they are flatter than in the previous cases, and the wave associated with
the top band at k = I" has a significant magnitude along the primitive cell. However, in the second
case, the top band is flat, and the associated wave at k = I" has a significant magnitude mainly in

the center. Also, the following two bands are almost flat.
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Figure 5.6: Periodic rectangular moiré lattice, with @ = \/i, tan (6) = 2\/5. Different values of
p2 are compared: 0.1 (left) and 0.4 (right).

5.4 Centered Rectangular

5.4.1 Periodicity Condition

Similar to the square moiré lattice, Figure 5.7 illustrates a centered rectangular moiré lattice.

Let L be the length of the primitive lattice vectors, and ¢ the angle between them. Then,
similar to the square lattice, they can be expressed in complex numbers as z; = L and zo = Le/?,
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Figure 5.7: Centered rectangular moiré lattice (yellow) as a superimposition of a centered rectan-
gular lattice (blue) and its rotated copy (orange).

and the periodicity condition is

Zm = mL+myLe!® = e/® (m3L+m4Lej‘p)

me =m+me’® = e’? (m3 +m4€j(P) (5:36)

where my,my,m3,my € Z and 6 € [0, 7[.
Similarly to the rectangular lattice, a new degree of freedom was introduced, ¢. The magnitude

condition corresponding to Equation 5.36 is
m? +2cos (@) myma 4+m3 = m3 +2cos (@) mamy + m?
Rewriting this equation yields two overlapping conditions for cos (¢):

2cos (@) (mimy — myma) = (m3 +m3) — (mf +m3)

(13 + m3) — (s +m§>) 53
nmimjp — msmy

((mima = myma) A (m7 +m3 = m3 +m3)) v (cos (p) =

To simplify, they will be referred to as free and rational conditions, respectively, according to the

restriction they imply on cos (¢). They are studied in more detail in Sections 5.3.1.1 and 5.3.1.2.
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5.4.1.1 Free Condition

The free condition is

mimy = mzmny
m%ﬂ—m% :mg-l-mﬁ
m%—|—2m1m2—i—m% :m§—|—2m3m4—4—m?1

m% —2mymy —}—m% = m% —2m3my —{—m?1
2 2
(m1 +m2) = (I’H3 +m4)

(my —mp)* = (m3 —my)’

This condition has four possible solutions:

(m3,myq) = £ (my,my)

(WL3,I714) =+ (mz,ml)

The case (m3,m4) = £ (m;,my) is degenerate, as it can be easily seen that the resulting 6 will be
0. However, the remaining case, (m3,m4) = = (m2,m;), is non-trivial.

To simplify, let m; = n; and my = n;y, where ny,n, € Z. Substituting the non-degenerate case
in Equation 5.36 and developing yields the condition for 0:

ny +npel® = el® (l’lz +nlej“’)
pjo _ Mt me’®
ny+npel?
o (mAme®) (na+nie/?)
= 2oos ()mm 7
0l — ((n} +n3) cos (@) +2mny) + (n5 —n7) sin(@) j
n? +2cos (@) niny +n3
(n3 —n?)sin (o)
(1 +n3) cos (@) +2mn,

(5.38)

tan (0) =

(5.39)

Finally, it is relevant to note that, if cos (@) is not rational, this is the only primitive lattice

vector. Thus, this is a degenerate one-dimensional lattice, with primitive vectors generated by

(my1,mp) = & (n1,m2) (5.40)
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5.4.1.2 Rational Condition

The rational condition is 5 5 ) 5
(m3 +m3) — (mi +m3)

mimy — m3mniy

cos (@) = (5.41)

It can also be written as
cos(@) = — (5.42)

where A, B € Z are coprime and A> > B%. Additionally, Equation 5.36 can be written with respect

to ejez

L0 _ M +mael?
ms3 + myel?
(m1 +m2ej"’) (m3 +m4e*j"’)
© m}+2cos (@) mamy +m}

myms + moma + momzel® +mymaeI?

m3 +2cos (@) mymy + m?
_ mym3 +momy +2co0s (@) (mam3 +mymy) +2sin (@) (momz —mymy) j
m3 +2cos (@) mymy + m3

2 .
_mmg 4+ momy —|—2§ (mamz +myma) +24/1 — (%) (mams —mymy) j

B
m% +25m3my + mﬁ

 A(mymz +mymy) + 2B (mom3 +mymy) + 2VA2 — B2 (myms — mymy) j .
Am% +2Bmzmy + Ami .

Let

a=A(mims~+mymy) + 2B (mym3 +mymy)
b=2(myms —mymy)

c= Am% + 2Bmsmy —I—Ami

Then, Equation 5.43 becomes
i a+\/A2—szj
(4 = ————---—---

c

(5.44)

where a,b,c € Z. The corresponding condition for the rotation angle 6 is then

mmmznuﬂ—mg (5.45)

and the magnitude condition is
a’*+ (A —B*) b* = ¢ (5.46)

which is a Diophantine equation.
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Substituting in Equation 5.36 yields

my +mpel? = (m3 +mye’?)

<a+ VAL BZbJ)

VA2 —B?p
c(Am1+Bm2+\/A2—BZm2] = (a—l— ]> (Am3 +Bm4—|—\/A2—BZm4j>

<Am1 +Bmy +/A? — B2m2]> a(Ams +Bmg) — b (A2 — BZ) my

A? —B? (b(Ams + Bmy) +amy) j
which is equivalent to a system of linear Diophantine equations:

cAmy +cBmy = aAms + (aB —b (A2 — Bz)) my
cmy = bAm3z + (bB+a)my

cAmy = A (a—bB)m3 — bA’my

cmy = bAm3z + (bB+a)my

cmy = (a—bB)m3 — bAmy

(5.47)
cmy = bAmz + (bB+a)my

Similar to other lattices, all moiré lattice vectors are generated by this linear system, and it is

harder to solve generically than for the square or hexagonal cases due to constants A, B.

5.4.2 Example

The example consists of a centered rectangular moiré lattice with cos(¢) = 1/3 and tan(6) =
2+/2, which corresponds to a solution of Equation 5.46 with a = 1, b = 1, and ¢ = 3. Different
values of p, are compared in Figure 5.8: p» = 0.1 and p, = 0.4. In the first case, it is possible
to observe that the bands are not flat, and the wave associated with the top band at k =T  has a
significant magnitude along the primitive cell. In the second case, the top band is flatter, but still

not flat, and the associated wave at k = I" has a significant magnitude mainly in the center.
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Figure 5.8: Periodic centered rectangular moiré lattice, with cos (@) = 1/3 and tan(0) = 2+/2.
Different values of p, are compared: 0.1 (left) and 0.4 (right).

5.5 Summary

This chapter presents the moiré lattices that were studied in this work: square, hexagonal, rect-
angular, and centered rectangular. For each of these lattices, the periodicity condition is obtained
and a representative example of Bloch wave propagation is shown. It is relevant to note that the
periodicity conditions are all given by a homogeneous degree two Diophantine equation. How-

ever, for rectangular and centered rectangular lattices, an additional condition is imposed on the
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respective lattice parameter. The chosen solution determines the possible values for the relative
rotation angle between the sublattices. Furthermore, it can be used to compute the coefficients of a
system of linear Diophantine equations, whose solutions are all moiré lattice vectors. Finally, the
examples illustrate Bloch wave propagation in a primitive cell, for a potential supported by each
moiré lattice. The band structure and the wave profile for the top band with k =I" are shown, and
it is possible to observe that the flatness of the bands is related to the distribution of the magnitude
of the wave, as stated in the literature.

The next chapter introduces more realistic potentials, considering that they are not infinite, by

imposing a zero boundary condition in a defined region.



Chapter 6

Finite Moiré Lattices

The periodic lattices discussed in Chapter 5 are infinite. In practice, they do not exist, but truncat-
ing them to a finite area is possible. This area can be very large when compared to the primitive
cell of the lattice and, in that case, the periodic model is a good approximation for most of the con-
sidered area. However, computing the PDE solutions in this finite area is very expensive compu-
tationally. To overcome this problem, smaller areas can be used, and the obtained approximations

are reasonable.

Following a similar methodology as [3, 4], this chapter presents examples of periodic, aperi-
odic and, when possible, one-dimensional periodic moiré potentials based on square, hexagonal,

rectangular, and centered rectangular Bravais lattices.

The considered moiré potential is the same as the previous chapter, given by Equation 5.1. The

space matrix is
A=LI 6.1)

where [ is the 2 x 2 identity matrix, and L is the length of the side of the square defining the region.
In this chapter, the value of L is 207, while in [3] it is 407, but the results can be scaled in most
cases. As in the previous chapter, p; = 1, while p; can vary. Finally, the PDE is solved using the

finite differences method, with zero boundary conditions.

6.1 Square

Square moiré lattices are extensively covered in the literature and have a relatively simple struc-
ture. As stated in [3], wave localization cannot occur on periodic potentials, in particular, poten-
tials supported by a periodic square moiré lattice. This result is reproduced, with tan(0) = 3/4
and p, = 0.4, in Figure 6.1, where the integral form factor, defined in 3.13, ¥ ~ 0.09 and the
magnitude of the wave function has periodic peaks along the considered region. An example of

wave localization is also shown, for an aperiodic moiré lattice with tan () = /3.

43
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For the aperiodic lattice, wave localization depends on p; and p;. In this example, two values
of p, were considered: 0.1 and 0.4. Figure 6.2 presents an example of wave delocalization, for
p2 = 0.1, and localization, for p; = 0.4, corresponding to x ~ 0.04 and x =~ 0.55, respectively.

An overview of the localization-delocalization transition for these two examples can be ana-
lyzed in Figure 6.3. While the periodic potential is poorly localized for all p, in the considered
interval, the aperiodic potential becomes localized at p5°T ~ 0.14. Finally, a global picture of x
as a function of 6 and p, is presented in Figure 6.4, where it is possible to observe that p%DT does

not depend very strongly on 6.
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Figure 6.1: Finite square moiré lattice, with p, = 0.4. For the periodic lattice (left), tan (0) = 3 /4.
For the aperiodic lattice (right), tan (8) = /3.
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6.2 Hexagonal

Hexagonal moiré lattices are similar to square ones, given that the only parameter is the length
of the primitive lattice vectors, which in this case is fixed by the primitive cell area. Localization
and delocalization occur for approximately the same values of p, as the square case. Figure 6.5
shows a comparison of a periodic and an aperiodic potential, both with p, = 0.4. For the periodic
case, tan(0) = 4+/3, while for the aperiodic one, tan(6) = 1. The corresponding measures of
localization are y ~ 0.1 and x ~ 0.5, respectively.

An overview of the localization-delocalization transition for these two examples can be ana-
lyzed in Figure 6.6. While the periodic potential is poorly localized for all p, in the considered
interval, the aperiodic potential becomes localized at p5PT a2 0.16. This behavior is similar to the
one found in the square lattice. Finally, a global picture of y as a function of 6 and p, is presented

in Figure 6.7, where it is possible to observe that p5PT does not depend very strongly on 6.
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Figure 6.5: Finite hexagonal moiré lattice, with p, = 0.4. For the periodic lattice (left), tan(0) =

4+/3. For the aperiodic lattice (right), tan (6) = 1.
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6.3 Rectangular

Rectangular moiré lattices introduce an additional parameter, &, the ratio of lengths of the primi-
tive lattice vectors. Based on the condition derived on Section 5.3.1, two values of ¢« were chosen
for the examples: v/2 and 7.

For o = /2, it is possible to obtain a periodic or an aperiodic lattice. Figure 6.8 presents results
for periodic and aperiodic potentials, which are comparable to the square and hexagonal examples.
In both cases, py = 0.4. For the periodic potential, tan(0) = 2+/2, while for the aperiodic one,
tan (6) = 1. The corresponding measures of localization are ¥ ~ 0.06 and ) =~ 0.52, respectively.

For o = 7, however, there is a special case with one-dimensional periodicity, shown in Fig-
ure 6.9, which requires a higher value of ps. In the example, p, = 0.8 and tan (6) =47/ (4 — 7%).
The measure of localization is } ~ 0.18. It is still possible to localize the wave with an aperiodic
potential, as presented in Figure 6.9, where p, = 0.4, tan(6) = 1, and x ~ 0.36.

An overview of the localization-delocalization transition for these four examples can be an-
alyzed in Figure 6.10. As expected, the periodic potential is poorly localized for all p; in the
considered interval. The one-dimensional periodic potential has corresponding values of ¥ which
are higher than the periodic case, but lower than the aperiodic ones, due to localization in one
dimension and delocalization in the other. The aperiodic potential for o = v/2 behaves similarly
to square and hexagonal aperiodic potentials. The aperiodic potential for & = 7 is also localized,

but y is lower.
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Figure 6.8: Finite rectangular moiré lattice, with ®> = 2 and p, = 0.4. For the periodic lattice
(left), tan (8) = 2+/2. For the aperiodic lattice (right), tan (6) = 1.
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Figure 6.9: Finite rectangular moiré lattice, with o> = n2.
lattice (left), tan (6) =47/ (4 — 7%) and p;
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= 0.8. For the aperiodic lattice (right), tan (6) = 1 and
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6.4 Centered Rectangular

Like rectangular moiré lattices, centered rectangular have an additional parameter, in this case, @,
the angle between the primitive lattice vectors. Based on the condition derived on Section 5.4.1,
two values of ¢ were chosen for the examples: arccos(1/3) and /6. For ¢ = arccos(1/3), it
is possible to obtain a periodic or aperiodic lattice. Figure 6.11 presents results for periodic and
aperiodic potentials, which are comparable to the square and hexagonal examples. In both cases,
pa = 0.4. For the periodic potential, tan (6) = 2+/2, while for the aperiodic one, tan () = 1.

For ¢ = /6, however, there is a special case with one-dimensional periodicity, shown in Fig-
ure 6.12, which requires a higher value of p,. In the example, p, = 1.6 and tan (6) = —3/11(5v/3+
8), corresponding to y ~ 0.24. It is still possible to localize the wave with an aperiodic potential,
as presented in Figure 6.12, where p, = 1.6, tan(0) = 1, and  ~ 0.7. However, unlike the rect-
angular moiré lattice, there is an interval of values of p, which results in wave localization in one
dimension only, despite the aperiodic potential. Figure 6.13 illustrates this effect, comparing the
localized case with a one-dimensional localized case obtained for similar parameters except for
p2 = 0.8, resulting in )y ~ 0.28.

An overview of the localization-delocalization transition for these four examples can be an-
alyzed in Figure 6.14. As expected, the periodic potential is poorly localized for all p; in the
considered interval. The one-dimensional periodic potential has corresponding values of } which
are higher than the periodic case, but lower than the aperiodic ones, due to localization in one
dimension and delocalization in the other. The aperiodic potential for ¢ = /6 behaves very dif-
ferently when compared to square, hexagonal, and rectangular moiré lattices. There is a value of
p> above which the wave localizes only in one dimension, and a higher value of p, above which
the wave localizes in both dimensions. In fact, for the aperiodic cases, x is higher for ¢ = /6
than for ¢ = arccos(1/3), for p, above approximately 1.2. Both cases with ¢ = 7/6 appear to

have a larger slope g—;‘z between p; =~ 0.4 and p; ~ 1.4.
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Figure 6.11: Finite rectangular moiré lattice, with cos(¢) = 1/3 and p, = 0.4. For the periodic
lattice (left), tan (0) = 2+/2. For the aperiodic lattice (right), tan (8) = 1.
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Figure 6.12: Finite rectangular moiré lattice, with cos(¢) = v/3/2 and p, = 1.6. For the one-
dimensional periodic lattice (left), tan (6) = —3/11 (5v/3+48), p» = 1.6. For the aperiodic lattice
(right), tan (6) = 1.
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6.5 Summary

This chapter considers wave propagation in potentials supported by moiré lattices in a finite
area. Unlike the previous chapter, the lattice does not have to be periodic, so aperiodic and one-
dimensional periodic potentials are explored as well. As expected, it is possible to verify that wave
localization only occurs for aperiodic potentials with appropriate sublattice intensities. However,
an interesting result is presented: it is possible to obtain a double transition, i.e. from unlocalized
to one-dimensional localized and from one-dimensional localized to localized, which depends
only on the intensity of the sublattices.

The next chapter introduces the possibility of wave localization in the edges and corners of

moiré lattices, corresponding to propagation constants which are not the largest one.



Chapter 7

Truncated Moiré Lattices and Edge
Localization

To investigate edge localization in truncated moiré lattices, the considered sublattice potential is

the repetition over all lattice points of the Gaussian potential

G (x,y) = e‘<%+%> (7.1)

where w, and wy define the width of the function in x and y, respectively. The lattice points can be

e B ([ )

where A,,, for m = 1 or m = 2, is the basis matrix for each sublattice, described in Section 4.1.

represented by a kernel

Finally, the repetition is the two-dimensional convolution in Cartesian coordinates x, y, represented
as *x, of the potential G (x,y) with the truncated moiré combination of the sublattice kernels, which

yields the potential

V(x,y) =G (x,y) ** [rect <Lxx) rect (L);) (P1K1 (x5,y) + paKa (x,7)) (1.3)

where L, and L are the lengths that define the region of the lattice to keep in x and y. The length
of the primitive lattice vectors is w, and the basis matrices are the same as the ones considered in
Chapter 6, except that the primitive cell area is now w?. The examples in this chapter will consider
wy = 0.25, wy = 0.75, wy = 3.3, and p; = pp = 1.95, similar to [23].

In [23], edge localization is explored for a periodic lattice with periodic edges. This chapter
presents results obtained for this case, as well as the other two possible cases: periodic lattice
with aperiodic edges and aperiodic lattice with aperiodic edges. When the lattice is periodic, its
orientation relative to the edges of the region that truncates it defines if the edge is periodic, i.e. if

there is a lattice vector parallel to that edge. This orientation can be changed by globally rotating
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the moiré lattice.
Similar to Chapter 6, the PDE is solved using the finite differences method, with zero boundary

conditions.

7.1 Periodic Lattice with Periodic Edges

This case has been studied in [23] and its results are reproduced in Figures 7.1 and 7.2. In these
cases, tan (0) = 3/4, and the sublattice associated with basis matrix A; is aligned with the con-
sidered edges, i.e. there are lattice vectors that are parallel to the edges, in this case, they are the
primitive vectors. This implies that the moiré lattice also has vectors that are parallel to the edges
which, in this case, correspond to points on the considered edges and their intersections (corners).
In (c) and (d), the orange points correspond to the selected wave profiles in (b). The mode with
the largest B3, is delocalized, as expected, but there are localized modes at the edges of the lattice.

Similar wave profiles appear in both cases, with strong localization.
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Figure 7.1: Truncated periodic square moiré lattice with periodic edge, tan(6) =3/4, L, =L, =
11w,
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Figure 7.2: Truncated periodic square moiré lattice with periodic edges, tan(0) =3/4, L, =L, =

21wy,

7.2 Periodic Lattice with Aperiodic Edges

Figure 7.3 presents the obtained results for an aperiodic edge, obtained for tan (6) = 3/4 and a

global rotation by /4 — 7 /30. Although some modes have a corresponding ¥, that is significantly

larger than others, their wave profiles do not appear to be localized. The dimensions of the con-

sidered region are different when compared to the previous cases due to computational resource

limitations.
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Figure 7.3: Truncated periodic square moiré lattice with aperiodic edges, tan (6) =3/4, L, = 31wy,

L, = 11wy, globally rotated by 7 /4 — 7/30.

7.3 Aperiodic Lattice with Aperiodic Edges

When the lattice is aperiodic, all edges are aperiodic. An example is shown in Figure 7.4, where

0 = arctan (3/4) + 7 /30 and the moiré lattice was globally rotated by /4. In this case, the modes

with the largest ), are not as significantly larger as in the previous case, but the wave profiles

appear to be more localized.
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Figure 7.4: Truncated aperiodic square moiré lattice with aperiodic edges, 6 = arctan (3/4) +
7t/30, Ly = 31wy, L, = 11wy, globally rotated by 7/4.

7.4 Summary

This chapter explores the most localized wave propagation modes of potentials supported by moiré
lattices, using the integral form factor ) as the measure of localization. For periodic moiré lattices
with periodic edges, these modes are mostly localized in the edges of the lattice. However, for
moiré lattices, either periodic or aperiodic, with aperiodic edges, the most localized modes have a
value of y that is not significantly higher than for other modes, and the wave profiles do not appear

to be localized, except for aperiodic lattices.
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Chapter 8

Conclusions and Future Work

A flexible algorithm was implemented, following a carefully designed methodology, whose most
relevant aspects are described in Chapter 4. It allows computing propagation constants and wave
profiles for different potentials, using the chosen numerical algorithm and boundary conditions.
It also comprises a set of lattice analyses that can be performed, so that the obtained results are
more consistent and easier to compute. Furthermore, unit tests were implemented, to validate the

correctness of the algorithm.

The study of periodic moiré lattices and their properties was performed for square, hexagonal,
rectangular, and centered rectangular moiré lattices. Square and hexagonal lattices only have two
parameters: the length of the primitive vectors, and the relative rotation angle, 8. Rectangular
and centered rectangular lattices have an additional parameter: the ratio of lengths of the primitive
vectors, or the angle between them, respectively. This additional parameter introduces an addi-
tional condition for the periodicity of the moiré lattice. If this condition is verified, the periodicity
of these lattices is similar to square and hexagonal ones: tan(6) can be obtained from parameters
a,b € Z, obtained from a homogeneous second-order Diophantine equation, specifically defined
for each lattice, which is relatively easy to solve. The primitive lattice vectors can then be gen-
erated from a system of linear Diophantine equations, which is not trivial to solve for generic
coefficients. However, for rectangular and centered rectangular lattices, if the additional condition
is not verified, the resulting lattice may be either one-dimensional periodic or aperiodic. Some
examples are presented for these periodic moiré lattices, and their respective band structure and

representative wave profile are analyzed.

For finite lattices, with zero boundary conditions, the results found in the literature were re-
produced for square and hexagonal moiré lattices: a localization-delocalization transition occurs
if these lattices are aperiodic, depending only on the variation of the sublattice intensities. Ad-
ditionally, for rectangular and centered rectangular moiré lattices, one-dimensional localization
is shown to be possible, for one-dimensional periodic lattices. For centered rectangular lattices
in particular, a double transition is also possible, when the additional periodicity condition is not
verified, and the potential is aperiodic: the variation of the sublattice intensity can transition from

unlocalized to one-dimensional localized, and from one-dimensional localized to localized.
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Finally, modes that are localized at the edges or corners of the lattice were studied. Localiza-
tion in the periodic edges of periodic lattices is possible, as presented in the literature. However,
no example of edge or corner localization was found for aperiodic edges on either periodic or

aperiodic lattices.

8.1 Future Work

This work explored wave localization in square, hexagonal, rectangular, and centered rectangular
moiré lattices, with rotation around the origin, according to the linear Schrodinger equation. As

such, the following topics should be studied in the future:
* Oblique moiré lattices;
* Moiré lattices obtained from the rotation of Bravais lattices around arbitrary points;
* Non-linear wave equation including, for example, soliton formation.

Finally, an article is being prepared with the results presented in this document, as well as

considering non-linear effects in the wave equation.
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