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Abstract. In this paper, we study the alternating Euler T-sums and S-sums, which are infinite series involving
(alternating) odd harmonic numbers, and have similar forms and close relations to the Dirichlet beta func-
tions. By using the method of residue computations, we establish the explicit formulas for the (alternating)
linear and quadratic Euler T-sums and S-sums, from which, the parity theorems of Hoffman’s double and
triple ¢-values and Kaneko-Tsumura’s double and triple T-values are further obtained. As supplements, we
also show that the linear T-sums and S-sums are expressible in terms of colored multiple zeta values. Some
interesting consequences and illustrative examples are presented.
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1. Introduction

The classical Euler sums are of the form

0 H,(zpl)H,(lpZ)“-H;pk)
Spip2-prq = Z

n=1

nd '
where p1, p2,..., Pk, g are positive integers with p; < p, < --- < pr and g > 1. Here Hilr) stand
for the generalized harmonic numbers, which are defined by H(()r) =0 and Hﬁ,r) =Yr VK,
for n,r = 1,2,..., with H, = H". This kind of infinite series can be traced back to Euler and
Goldbach (see Berndt [2, p. 253]). They are essential to the connection of knot theory with
quantum field theory [8, 18], and became even more important when higher order calculations
in quantum electrodynamics (QED) and quantum chromodynamics (QCD) started to need the
multiple harmonic sums [4, 5]. For an brief introduction of more applications, the readers may
consult in Flajolet and Salvy [13, Section 1].
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In the previous paper [24], we introduced and studied the following two variants of the
classical Euler sums:

(p1) 3, (p2) | (i) (p1) 1, (p2) (pi)

h'~ h --h ~ X h, hyh

n—-1"n-1" n-1 n
Tope-ma = 3. ooz M Sppepa=2 T —— O

n=1

where k" are the odd harmonic numbers of order r defined by

1
(r) _ (r — _
hy’=0 and hy El(k 2 forn,r=1,2,...,

with h;, = h£}). The quantity w = p; +--- + pi + g is called the weight of the corresponding sum,
and the quantity k is called the degree (or order). We call these two kinds of sums the Euler
T-sums and the Euler S-sums, respectively. Similarly to the classical case, the Euler T-sums
and S-sums can be evaluated by the method of contour integral representations and residue
computations developed by Flajolet and Salvy [13]. As a consequence, we established in [24]
many explicit evaluations of the Euler T-sums and S-sums. Besides the T-sums and S-sums,
some other general Euler type sums were discussed systematically in [21,22].

Here, for (si,s2,...,8¢) € N* with s; > 1, the multiple zeta values (MZVs) [14, 25] and the
multiple t-values (MtVs) [15] are defined by

1

((s1,82,...,8K) = Z s ok
nm>np>->n=1 ”1 nz "'nk
and
1
t(81,82,...,8K) = Z BCECIG
n>np>>nzl Ny Ny 1y

n; odd
1
ny>np>-->np=1 Cm -1 2n—-1)%---2ng — )% ’

respectively. As a normalized version of the multiple z-values, we call

~ 1
t(SI,SZ,...,Sk) =
n1>n2;>nk21 (1 — 1/2)5 (1p — 1/2)%2 - (g — 1/2)

=251+ F Sk (61, 50,00, SE)

the multiple T-values. According to the definitions, 7(s) = 25¢(s) = {(s, %) = (25 = 1){(s) for integer
s =2, where {(s, a) is the Hurwitz zeta function and {(s) is the Riemann zeta function.

Moreover, in the above definitions, we put a bar on the top of s; for j = 1,2,...,k if there is a
sign (-1)"/ appearing in the numerator on the right. Those involving one or more of the s; barred
are called the alternating multiple values. For example,

(_1)n1+n2

21 Cn—1)S12ny = 1)%2(2n3 —1)%(2ny —1)5

t(§1,§2,33,54)= Z
ny>nz>n3>n

In particular, we have

(- Un 1-5 o _C=Dt
=@ 5-1l(s) and (5= Z(Zn 1)5— B(s), 2)

(®= Z

with ¢ (1) = —In(2). Here B(s) is the Dirichlet beta function satisfying

(_1)kE2k 2k+1

ﬂ(Z):G, ﬁ(2k+1):22kT(2k)l

, fork=0,1,2,...,
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where G represents the Catalan constant, and E,, are the Euler numbers. For simplicity, in the
present paper, for (sy,s2,..., k) € N¥ and (01,02,...,0%) € {il}k with (s1,01) # (1,1), we denote
the (alternating) multiple zeta values and multiple z-values in the following unified forms:

m _ny Nk
g, 0, (Tk

((SlrSZIU-)S]C;UIIO-ZH--!U]C) = Z S1..52 Sk
m>np>->nzl My fy” oo 1y
and
_ 5 olloy ok
t(SIYSZJ"‘)sk;UIJUZY"')Uk) =
ni>np>—-->ng=1 (n =1/2)1(np = 1/2)%2 -+ (n — 1/2)%
:281+82+W+Sk t(SI)SZ)--'rsk;O-IJUZ)H-JO.k))
respectively.

Because of the congruence condition in the summation of the MtV #(sy, s,..., s¢) and of the
fact that this value can be expressed as a linear combination of alternating MZVs, Kaneko and
Tsumura [16] regarded this value as a MZV of level two. In fact, they [16,17] introduced and studied
another variant of MZVs of level two:

1

k
T(S1,82,...,5k) =2 > B a—
m>np>->nz1 1y 1y ”'nk

ni=k-i+1 (mod 2)
1

o=l 201 = )T 21z — k+1)%2 - (2ng — 1)

=2k

)

which are called the multiple T -values (MTVs). Similarly, the corresponding alternating MTVs are
defined by

O_nlo_rlz‘ Ny

k 172 k

T(s1,82,...,8¢;01,02,...,0§) =2 .
n1>n2;>nkzl @2nm -k 2ny—k+1)%2---2ng —1)%

XY 2

In this paper, we study mainly the alternating Euler T-sums and alternating Euler S-sums,
which are infinite series involving (alternating) odd harmonic numbers, and can be seen as the
Dirichlet type extensions of the classical Euler sums, for the similar forms and close relations to
the Dirichlet beta function.

The alternating harmonic numbers H (np) and the alternating odd harmonic numbers E(np) are
defined by
n (-1 k-1

H" =0 ﬁ(’)—i—(_l)k_l and h”=0, K=Y
0 T 4 o T E k=12

respectively, for n,r = 1,2,.... In the definitions of the Euler T-sums and S-sums, if we replace

hﬁf’f’ ) by E(npj " in the numerator of the summand, we put a bar on the top of parameter p;.
Additionally, if there is a sign (~1)"! appearing in the summand, we put a bar on the top of
parameter q. For example, following such conventions, we have

(p1) 7 (Pz) 7-(p3) (p1) 7. (P2) 7-(p3) 72 (pa)
Z( l)nl n-1 n-1 d S Oohnlhn hnshn4
mpzmy (n 1/2)q an pLP2P3Psq = = nd

These two sums and some similar ones with one or more of the p; or g barred are called
the alternating Euler T-sums and alternating Euler S-sums, respectively. For convenience, for



982 Ce Xu and Weiping Wang

(P1,P2s+ o P @) ENFLand (01, 02,...,04,0) € (1)1 with (g,0) # (1,1), denote the alternating
case and non-alternating case of the above variants of Euler sums in the following unified forms:

(p1) (p2) (pi)
® R 02)--h) N 0k)

Tm,az ,,,,, OO0 _ o _ _ ' -
P1,P2,--Pkrq n;l (n—1/2)
(p1) (p2) (pr)
01,02,..,0,0 _ ad n-1 hnpl (O'I)hnpz (0'2)...hnpk (O.k)
Sprpzpind = Zla nd ) 4)

where the numbers hflp ) (o) denote the odd harmonic numbers hflp ) for o = 1 and the alternating
odd harmonic numbers ﬁ(np ) foro = —1. The paper is organized as follows.

In Section 2, we define the notations of some sums, and use these sums to give series
expansions of parametric digamma function and parametric cotangent function. These sums
and series expansions are further used in Sections 3-5 to study the alternating Euler T-sums and
alternating Euler S-sums.

In particular, in Sections 3 and 4, by applying the method of residue computations to specific
kernel functions and base functions, we establish four general identities on sums defined in
Section 2, which reduce to expressions of the linear and quadratic (alternating) Euler T-sums
and S-sums. Further special cases are discussed, and the evaluations of many specific Euler T-
sums and S-sums are presented. By establishing the transformation formulas between various
Euler sums and multiple values, the parity theorems of Hoffman’s double and triple -values, and
Kaneko-Tsumura’s double and triple T-values are also established.

Additionally, as supplements, we introduce in Section 3 some necessary results on the linear
Euler R-sums, which are used in the discussion of the quadratic Euler S-sums as well as the
general S-sums. We show that the linear Euler T, S, R-sums are expressible in terms of the colored
multiple zeta values of level four, and determine the evaluations of more specific Euler sums,
which can not be obtained by the method of residue theorem.

Finally, in Section 5, we give some remarks, and present the parity theorems of the general
(alternating) Euler T-sums and S-sums.

2. Notations of sums and expansions of functions

Let A = {ay}rez be a real sequence satisfying limy_., ar/k = 0. For convenience, denote A; and
A, as the constant sequence {1%} and the alternating sequence {(—1)*}, respectively.

For brevity, the following notations of sums related to the sequence A are used in the sequel.
Let j = 1 be a positive integer. Then for n € Ny, define

o0
DW=y % pWa)=o,

— kJ
k=1
& ap- . —A), & Of—p— —A), .
ELA)(]):Z%_IC’ E[()A)(]):o, E%A)(])zz%, EE,A)(J):Or
k=1 k=1
SA) o  Gpe ~(A), ~(A), N Ak—p— ~(A),
EP(j=Y —=, EPG)=0, EP(j=Y ——, EPG)=0,

= (k=1/2))" = (k=1/2)]"
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and for n € Z, define

(o) — (o] —
Z Clk+nk ak' i=1, Z ﬂk—nk ak’ ji=1,
FiglA)(]) :{ kozol Alet+n ﬁglA)(]) =) k;l Ak—n
— >1, — >1,
k; kJ / k; kJ J
S ( Akrn G . Q[ Ak-n Ak .
- | :1) - | =lr
~ Z(k—llz k) J _ Z‘(k—llz k) /
FA 5y = ) k=1 A, ) k=1
no (=1 o 4 FP () =19 o
y Gken i>1, _Geen j>1.
= (k=1/2)) & (k—1/2)i
Now, let
G () =B (D-EL () -5 G (j) =
LG =FP )+ (—1)JF£{" (]),
MP () =EL () +DIED (), MP(H=FP(H-EP (5,
NG =EP () + D ELD (), NP =FP () -E2 (),
RPN =GP () +ED/ L (), S = N (D + NP () - 2,
and let
S -1 g . o (_ G ak .
- 5 | :1) -5 | =1y
. k;(k—uz e o §(k 7z E)
() =1 w () =1
ai-1 . ak .
Z(k_l/z)j’ j>1 Z(k 1/2)J’ 7>1
k=1 =

Y = DTG =T ().
Note that in the above definitions, setting A = A; or A, yields
MM Gy =HY + DG, MGy =g -HY,,
NM G =h DI, NG =T -nd,
RM () =1+ DDy, S =a+(=nHEg),
DG =iy, T =TV( =T, () =-A+DDEG),
and
M2 ()= D" HY + ()" () -6;11n0),
M (j) = (-D"H | +(=D"¢()+811n(2),
N (j) = ()™ 1h(1) + (D™ -6;11n(2),
N2 (G) = DR+ (DG +6, In@),
RYD(j)= (-1 (1 + (—l)f)((f), S () = (D"~ =DHE),
DM (j)=(()+6,,In@), T ()=-Fj)+6;1In@),
() =HH+0,,In@),  B2()=-1-DHEP,
where 6, . is the Kronecker delta. Note also that we should interpret {(1) := 0 and 7(1) := 2In(2)

wherever they occur.
Some sums presented here can also be found in a previous paper [22] of the first named author.

Moreover, in [22], the following two definitions were introduced.
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Definition 1. The parametric digamma function ¥ (-s; A) related to the sequence A is defined by

ap o (Ak Gk
Y(-s5A4)=—+ — ——|, forseC\Np.
( ) s k; ( k k- s) J 0
Definition 2. The parametric cotangent function cot(srs; A) related to the sequence A is defined by
neottrs A=~ L w5 A)-wis =L a5y %
s ' s o k-5

Obviously, when A = A, the parametric digamma function ¥ (-s; A) reduces to the classical
digamma function ¥ (—s) +y, where y is the Euler-Mascheroni constant. By setting A = A; or Ay,
respectively, the parametric cotangent function cot(rs; A) turns into

cot(mws; A;) =cot(ns) and cot(mws; As) =csc(ms).

Using these notations, we give some series expansions, which will be frequently used in the
computation in the sequel. For the parametric digamma function ¥ (—s; A), we have

Lemma 3 ([22, Theorem 2.2]). For positive integers p and n, if |s+ n| <1, then

p(P=D(_s; A) a2 (j+p—2)— .
— = (-D? MAG+p-1)(s+n)l7L.
(p-1)! ]Z=1 p-1 n JTpP

Moreover, the next two lemmas hold.

Lemma4. Forintegersp=1andn=0,if|s—n|<1, then

pPUd-54 = . [j+p-2 .
= 2 Ty I TP TN G p- - i, 5)
(p—1! i p-1
and if |s+n| <1, then
YD (5 -5 A) x (j+p-2
— = (-]P N (j+p-D(s+mi™L. 6)
(p-1D)! | poy JNuntizes
Proof. This lemma follows directly from the definition of the function ¥ (-s; A). O

Lemma 5. For positive integers p and n, if 0<|s—n+1/2| <1, then

pPD(1 -5 A _ x fi+p-
2 _ an 11 _Z(_l)l J+p M(A)l(]+p D(s-n+5 Lyt
(p-1! (s—n+3)P i3 p-1
Proof. This lemma can be obtained immediately from Definition 1 or [22, Theorem 2.1]. O

Setting n = 0 in (5) and (6) gives

pP-Dd _ A © [j+ ;
2 oy ] p 2ED (G4 p-1)si!, forls <1, @
(p—D! j=1
and setting n = 1 in Lemma 5 yields
pP-(3 -5 A a < (j+p-2 .
2 S 15 M E i T I E I T S )
(p-1! S—z)p j=1 p-1
For the parametric cotangent function cot(rs; A), Definition 2 gives
&8} .
meot(ns; A) =2 —2Y D@2, for|si<1. ©)
S n
j=1

Since RV (j) = (1+(~1)/))D¢(}), it can be found that the above expansion is the 7 = 0 case of the
following one presented in [22]:
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Lemma 6 ([22, Theorem 2.3]). Forintegern, if 0<|s—n| <1, then

a ® . ;
meot(rs; A) = —1 — > (—Un)]Rl(,?l) Ns-m!™t,
S—n j=1

where o, is defined by

1 n=0,
on=
-1 n<o.

Additionally, we have the next result.

Lemma 7. Forintegersm=0andn=1,if|]s—n+1/2|<1, then

dm > q[j+m-1 ;
— (wcot(ns; A) = (-1)"m! Y (—1)1‘1(] m )S;A)(j m)(s—n+)i,
ds s} m
Proof. It follows immediately from Definition 2 and Lemma 4. U

In particular, when n = 1, from Lemma 7 we obtain

m

lim ar (eotms; A) = miD"TYm+ 1) -TYm+ D} = miPm+1). (10)
s—1/2 ds™

Finally, we present the residue theorem given in Flajolet and Salvy’s paper [13].

Lemma8 ([13, Lemma2.1]). Let(s) be a kernel function and let r (s) be a rational function which
is O(s™2) at infinity. Then

Y Res(r(s)é(s),a) + Y Res(r(s)é(s), ) =0, (11)

ae0 BeS
where S is the set of poles of r(s) and O is the set of poles of {(s) that are not poles of r(s). Here
Res(h(s), ) denotes the residue of h(s) at s = A, and the kernel function £(s) is meromorphic in

the whole complex plane and satisfies {(s) = o(s) over an infinite collection of circles |s| = py with
Py — +oo.

3. Linear sums

Flajolet and Salvy [13, Theorem 3.1] applied the kernel function

w(P—l)(_s)
(p—D!

to the base function r(s) = s~9, and proved once again that all the linear Euler sums S p,q With an
odd weight w = p + g are reducible to polynomials in zeta values, which is a result extrapolated
first by Euler without proof, and verified by Borwein et al. in [7].

Let A = {arlrez and B = {bylrez be real sequences satisfying limy_,ax/k = 0 and
limy o bi./ k = 0. Now, we replace Flajolet and Salvy’s function cot(s)y P~V (—s) by

1
—mcot(ns
2 (s)

1
cot(rs; AP~V (5 - s;B),

and use the residue computations to establish two general identities, which further yield the
expressions of the linear (alternating) Euler T-sums and S-sums.
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3.1. The first general identity and linear Euler T-sums

Theorem 9. For integers p = 1 and q = 2, the following identity on sums related to the sequences
A and B holds:

—1)7 f an 1Ny (p) Y i anNP (p) _”’i prq—k-2 i S, (k+1)
o1 (n=1/2)4 o1 (n=17/2)1 = qg-1 = ppra-k-l

- Z (P+ k1 Z)D(B)(p+ k=Yg -k+1)+boi(-D9TY(p+q) + (DPTY (p+ ).

Proof. We consider the kernel function

pP-D(3-s5B)
&1(s) =mcot(ns; A) ———=—— (12)
(p-1)!
and the base function ri(s) = (s — 1/2)79. Clearly, for the function & (s) := &1(s)r1(s), the only
singularities are poles at the integers and half-integers n — 1/2, where n € N. At an integer, the
pole is simple. Then by Lemmas 4 and 6, the residue is

N®

(p)
Res(ZF(s),—n) = (- 1)p+‘7n”—+1p, forn=0,
(n+1/2)4
or
N(B)
Res(Z (s),n) = an—(p) forn=1.
I/Z)q

By Lemmas 5 and 7, the pole at a half—mteger n—1/2 for n = 2 has order p, and the residue is

Plip+g-k-2) SPk+1)
R Ly P lp, p+dq _On AT
es(F(s),n—3)=(=1""by 1];)( g-1 (n—p+a—k-1

Next, according to Eq. (8), the pole at 1/2 has order p + g, and Eq. (10) shows that the residue is

Res(Z(s),3) = —bol(-DP* 1T (p+ ) + TV (p + )}

I [p+k-2 .
Py (P DB (p+k-1iYg-k+1).
=1\ p—1
Summing these contributions yields the statement of the theorem. U
For simplicity, denote
sk=1-0(-D*, foro==+1. (13)

Thus, setting A, B € {A;, A2} in Theorem 9 gives the following result.

Theorem 10. For integers p = 1 and q = 2, the linear Euler T -sums T;," 20'2 satisfy

(=DPSLIL TIN? = ()T (p + q;0102) — 0268, L(p;01)T(q;02)

+k-2
+Z521§2(q . )t(p k+1;0102){(g+k—-1;02)

+k—
+0102 ) 5Z1;‘2(pp ) )t(q k+1L;0102){(p+k—-1;01), (14)
k=1 -

whered,02 € {+1}, {(1) := 0 and 1(1) := 2In(2).
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Proof. Setting A= A; and B = A, in Theorem 9, substituting the evaluations of N/ A2 (), NS (p)
and S, (A‘) 1 (k+1), etc., which are listed in Section 2, and doing some transformations, we obtain the
result on the linear Euler T-sums T55:

0o ﬁ(p)
—_1\P(1 = (=1\P+9 _nr-l__nml 147 — (- 1DF(NF (T
=D7"A-(-D )n;l( 1) (n—1/2)4 D%t (p+q)+A-(=DNeE(P)E(g)

P _
+) - (—1)p-k)(q; k ) 2)?(;9— k+1){(g+k-1)
k=1 -

d +k-2\. —
+Y a-nTh|P Hg—k+D{(prk=1).
k=1 p-1
Similarly, letting (A, B) be (A;, A1), (A2, A1) and (Az, A) gives the results on the linear sums
Tp,q» Ty and Tp 4. All of the four cases can be covered by the general expression given in the
theorem. 0

Remark. Note that when g = 1, the alternating linear sums T, ; and T3 still satisfy the expres-
sion (14). We leave the details to the interested readers. Note also that this theorem is a general-
ization of [24, Theorems 2.3, 2.4, 3.1 and 3.2], which are related to the non-alternating case Tpq
and alternating case T), 7

By considering the parity of the parameters in Eq. (14), we obtain some specializations, which
are showed in Corollaries 11 and 14.

Corollary 11. Forany odd weight w = p+ q, the linear Euler T -sums Ty, 4 are reducible to 7, In(2),
and zeta values ((3),{(5), ..., while the linear Euler T -sums T5 g are reducible to &, In(2), G, zeta
values ((3),{(5),..., and the Dirichlet beta values $(4), (6),..

Example 12. By further specifying the parameters, the following evaluations can be established:

T2 =-%((3)+7°In(),

Tia=-3{(65) - 37°(3)+ 1n'In(2),
Tr3=-3¢6G)+37%3),
T32=-3{(5) +2n2((3),

Ty =—210(7) - 37°((6) - §7*((3) + £7°In(2),
To5=—310(7) + 5712((5) +17*3),

T34 =—2L0(7) - 57°¢(5) + 7L (3),

Tys = —10(7) +57°((5) + £n*L(3),

Ts2 = —210(7) +137°((5) - 17*L(3).

Note that the sum 71, is equivalent to the one given in [9, Eq. (33)]:

) On -1 73) = 1,
n;l @en-12 " 8(T1,2 +1(3)) = 16(V(E}) + 87-[ In(2),

where Om are also called odd harmonic numbers in the literature, defined by O(r ) = 0, O(r ) =

Zk 1 @k- 1)r’f0r” r=1,2,..., and satisfy

1 1
(r) _ g0 (r) _ (r)
0, —H2n—2an _zrhn'

See also [24, Example 2.1] for the four linear sums T 2, T34, 12,3 and T3 » of weight w < 5.
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Example 13. Similarly, we have
T3 =-1{3)+37°In(),
Téiz——((3)+2nG——n In(2),
Ti;=-3{6G) +37°(B) + §n' In),
T;5=—3{(5) - §n°(B3) +1°G,
T35 =—3(5) + 3n°((3),
Ty =—3{6) +81p@4) - $7°¢(3) - §n' In(2),
Tig=-810+3 2((5)+1n4~{(3)+15n In(2),
Ty5=-8L0(0) - Ba*((65) - ;7' (B) + $57°G,
Ty=—5¢D+ 167:2((5) + ln4£(3),
T3 =—2220(7) - Ba?((5) +47° B(4) - n'¢(3),
Ty 5 =200 + BaP((6) + 1n*(3),
Tsi=—2510(7) +327(6) - B¢ (5) - 37*{(3) - £7°In(2).

Corollary 14. For any even weight w = p + g, the linear Euler T-sums T), 7 and T, ; are reducible
tom, In(2), G, zeta values {(3),{(5),..., and the Dirichlet beta values (4), ,6(6),

Example 15. For the linear Euler T-sums T), 7, we have

p.q’

Ty 1=-2G+37In(2),

T,5=-8B4) +37°In@) - Inl(3),

T2 =-8f(4) +In((3),

T, 1 =—-8f4) + 4 nl(3) - 7°In(2),

T, 5=-32p(6) - 7L (5) - }7°((3) + 7’ In(2),

T,;=-32p(6)+ ﬂn((s) +371°¢(3),
T,5=-32P(6) - Ln{(5)+ &n*(3),
T,;=-32p(6)+ ﬂn((S) +§7%3),
Ty1=-32B(6) + 2n((5) - E7°((3) - Z7°In(2).

5,1
Note that the evaluation of T 1 7 gives the corrected version of [10, Eq. (4.5b)]:

ozo:(—) On le———G+—7tln(2)
= 2n+1 4 M7 2778 '

Additionally, the evaluations of TI,I and T2 5 can be found in [24, Example 3.1].

Example 16. For the linear Euler T-sums Tj ,, we have

H

i5=-8fW)+Inl3)+ 1’ In@),

T;, = —8B(4) — In{(3) +27°G,

Ty 5 = =32p(6) + 3L (5) + 5m°((3) + 757 ln(2),
T;, = —32P(6) - Al (5) - 37 3((3)+-

T;4 = —32B(6) + 3237l (5) + 151°¢(3),

Ty, = —32p(6) - 3Ll (5) +87° f(4) - 37°((3).

Next, let us give the parity theorem of the Hoffman double ¢-values.
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Theorem 17. When the weight w = p+ q and the quantity ——= 1+U‘UZ have the same parity, the double
t-values t(p, q;01,02) and double f-values t(p, q;01,02) are reduczble to combinations of m, In(2),

G, zeta values {(3),{(5),..., and the Dirichlet beta values $(4), (6), ....

Proof. It can be found that

(P n-1 - k 1
00 h (07) 0 o n-1 »
TLo2 = " Gl -1 2 =01,021(q,p;02,01). 15
P = L9 1 A 12 Zl G172y =102l @ piozon. (5
Thus, the assertion of this theorem holds according to Corollaries 11 and 14. g

Example 18. Based on Eq. (15) and Hoffman’s result [15, Eq. (4.4)], the linear T-sums Tp,q can
be expressed in terms as (alternating) MZVs:

Tpq = 1(q,p) = 2P (q,p) - {(q, D) - {(q, p) +{(q, P)}, (16)
from which, we further obtain

Ti3=-16Lis(3) - 2In(2)* + 27°In(2)* +
Tro =5 nt,
Ty5 = —32((5, 1) +621In(2){(5) + 11¢(3)* - {257°,
Tou =70(3)* - 105 n®,
Ty3= 49((3) 2T,
Typ = 557m° = 70(3)°.

Additionally, based on the values of ¢(1,1), #(2,2) and #(3,3) given in [15, Section 6], the evalua-
tions of the following sums can be established:

360” )

1.2
Tl,l_ g,
TE,E:_I_12”4+8G2'
. _ 1 6
T35=—1507

More linear T-sums, which can not be covered by Theorem 10, will be presented in Section 3.3
via colored multiple zeta values.

3.2. The second general identity and linear Euler S-sums

By applying the same kernel function to a different base function, another general identity can
be established.

Theorem 19. Forintegers p =1 and q = 2, the following identity on sums related to the sequences
A and B holds:

o (B) o - oo
1) Z 1 () cenr $ anN® (p) _”ZI p+qg-k-2 5 bp-1SY (k+1)
n=1 nq n=1 n4 k=0 q-1 n=1 (n— 1/2)p+q—k—1

lq/2] —
=2 Z (p+(,; 2] )D(A)(Zj)’t‘(B)(p_i_q_zj)_ao(p;?l 1)}\(3)(’?_‘_(])

Proof. The proof is similar to that of Theorem 9. In this case, apply the kernel function ¢;(s)
in (12) to the base function r,(s) = s~9, and use the expansions in Lemmas 4-7 and Egs. (7) and (9)
to perform the residue computation. d

Now, setting A, B by A; or Ay, we obtain from Theorem 19 the following result.
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Theorem 20. For integers p =1 and q = 2, the linear Euler S-sums S”1 72

satisfy
p+q-

o2 (-1)P8L 1S = —(1+ (=)D T(p;01){ (g;02) - 1

1\

)I(P"'Cl;Ul)

P +q-k-1\. .
+Z6l];;;2(p Z_l )“P+q—k;02)t(k;0102)

11-
)I(P+q_2j?01)((2j;0102)r a7

whereo,05 € {+1}, {(1) := 0 and 1(1) := 21In(2).
It can be verified that when g = 1, the expression given in Theorem 20 also holds for the

alternating sums S pi and S 5,1- Moreover, we have

Corollary 21. For any odd weight w = p + g, the linear Euler S-sums S p,q are reducible to 7
and zeta values {(3),{(5),..., while the linear Euler S-sums Spﬁ are reducible to i, G, zeta values
((3),((5),..., and the Dirichlet beta values $(4), B(6),....

Proof. This corollary gives two specializations of Eq. (17). Note that when the weight w=p+qis
odd, the combinations of the terms on 7(1) and (1) in the expressions of S, p,q and S p,g are vanish.
Therefore, the evaluations of S p,q and S 7 do not involve In(2). O

Example 22. For linear sums S, p.q» We have
Sy = %5(3),
S14=30B)-I7%¢3),
Sa3=—62((5) + 327°((3),
Ss,2 =93((5) - Tn%L(3),
S16="2L0(7) - A A*(5) - Hm*B3),
Sa5=—-381{(7) + &L n*{(5) + £7*(3),
Ss4=1820(7) - 937:2:(5),
Sa3 = =12700(7) + L7 (5) + {n*((3),
852 = 1P2{(7) ~ 6217 (5) — L (3).

Note that the evaluation of 51,2 is given in, e.g., [2, Chapter 9, Entry 12], [6, p. 1198], [10, Eq. (3.2)]
and [12, Eq. (15)], and the evaluation of S; 4 can be found in [27, Eq. (3.7a)].

Example 23. Similarly, for linear sums S, 7, we have
$,3=-3{(3)+2nG,
S =7((3)-2nG,
51,21 =-3{6) +81p(4) - 571%3),
S5 =62((5) - 2415 (4) + ané(s),
S33=-93C(5) + 2471,6(4) +7°
S,7=620(5) - 8mp(4) -
Si5=-3UM+ 32nﬁ(6) - ﬂnZC(S) 274 3),
S,5=381L(7) —1607B(6) + 3 n°((5) + 37" ((3),
831 = —195¢(7) +32014(6) - Ln2((5) +4n>B(4),
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S,5=12700(7) - 3207 B(6) + L7 (5) — 127° B(4),
§52 =-1050(7) + 1607 (6) + 12n3ﬁ(4) +31°G,
Se.1 = 381¢(7) —321p(6) —4n° B(4) - 7°G.
The evaluation of Svlé is presented in [2, Chapter 9, Entry 21], [9, Eq. (28)] and [12, Eq. (19)] in
slightly different forms, and the evaluation of §2,I is given in [11, Example 6].
Furthermore, by transformation, we have

( )

i n

oo h(p) oo (PJ H(p) oo
P+q _ =2
Z Z (271)‘7 Z’

n=1 nd
(2”“1 1—1)5 —2””7 'S,

1+( nHn H"”

Cf)?

According to Flajolet and Salvy’s results [13, Theorems 7.1 and 7.2] (see also [23, Corollary 5.1]),
the linear Euler S-sums S, p,q are expressible in terms of (alternating) zeta values and double zeta
values. In particular, the following expression holds:

Spa = @7 DG, p) L (p+ Y+ 2P G p) + LT 4o

Example 24. Specifying the parameters in (18) yields

$13=16Lis(3) + 14In){3) + 3 In@)" - §7°In(2)* - 557*,

S22 =—32Lis(3) —zgln(z)((s) —4In@)" + $7%In@)* + Blxt,

S15=320(5,1) - 3{(3)* + g5 7°,

So.a=—128((5,1) +55((3)* - 6307[6’

S33=1920(5,1) - $¢3)* + 5= 105

Sa2=—1280(5,1)—{(3)* + 13570

These sums can not be obtained from Theorem 20. Note that

X Op 1~
GQ) = =—=S
ey n; 2n? = 16518

is related to an incorrect formula claimed by Ramanujan. The readers are referred to Berndt’s
remark [2, p. 257] for the history of this constant, and to the papers due to Sitaramachandra
Rao [19], and Coppo and Candelpergher [11, Section 6] for more details and identities on it.

Contrary to Corollary 21, for even weights, Theorem 20 yields the next result.

Corollary 25. For any even weight w = p + q, the linear Euler S-sums S 7,q are reducible ton, G,
zeta values {(3),{(5),..., and the Dirichlet beta values B(4), B(6),..., while the linear Euler S-sums
S- 7, are reducible to i, G, and the Dirichlet beta values $(4), B(6), ..

Example 26. For linear sums S 7,q» We have

-8(4) + $7((3) - $7°G,
SE , =24p(4) - 7L (3) +
S ~32p6)+ 31”((5) 37r ﬁ(4)—mﬂ G,
52,4 =160p8(6) — 627 (5) + 47> B(4) + E” 4G,
§§,3 = —3206(6) + 937 (5) —47° f(4) + I1°((3),
gi,z =3208(6) — 6271{ (5) + 47° B(4) — L7°((3).
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Example 27. For linear sums S; 7, we have

pa
Si1=2G,
Si3=8p) - 37°G,
S35 =—24p(4) +37°G,
S51=24p4) - 27°G,
Si5=32p6) - $n°p(4) - £n'G
51= —160[3(6) + 16n2,3(4) + 571G,
s§§ =3205(6) - 327° f(4),

S35 = —3206(6) +287°f(4) + 571G,
S5 =1605(6) -8 B(4) - 271°G.

Some linear S-sums, which can not be deduced from Theorem 20, will be evaluated in Section 3.3
by colored multiple zeta values.

Now, let us give the parity theorem of the Kaneko-Tsumura double T-values.

Theorem 28. When the weight w = p + q and the quantity “% have the same parity, the double
T-values T (p,q;01,02) are reducible to combinations of n, G, zeta values ((3),{(5),..., and the
Dirichlet beta values $(4), B(6),....

Proof. It follows from

(» k-1
0102 i n— lhp(al) i i 0
= = ond Z(k—-1/2)P
o?of
=2P172g, .22 =2P*1"20,T(q, p;02,01) (19)
n§21 @2n-2)92k-1)P TP
and Corollaries 21 and 25. O
3.3. Linear Euler sums and colored MZVs
Now, define o n i
oMog...g"
. 1 2
LlS],Sz ,,,,, Sk(alrUZr--'rak) = Z —;2)

n>np>->n=1 nf ny «--ng.
where o ; are the Nth roots of unity, and s; are positive integers, for j = 1,2,..., k, with (s1,01) #
(1,1). They are in fact multiple polylogarithm values at roots of unity, also called colored multiple
zeta values (CMZVs) of level N (see, for example, [3,26]). Since 0 = w'i for rj€{0,1,...,N-1}and
o = exp(2ni/ N), for convenience, we use the auxiliary notation

. 1 o T
LN(SI,SZ,...,Sk,rl,rg,...,rk) _L151,82 ..... Sk(w l)w 2;---)(1) k)

to denote CMZVs of lever N. Then, the following theorem can be deduced.

01 g2 Q01 Uz

Theorem 29. The linear Euler T -sums T and S-sums S

of weight p + q and of level four:

are expressible in terms of CMZVs
791,02 2p+b]—2 % % L4(6/,P;/102,/101)—L4(q,p;ﬂaz,/1m +2)
= 070
Pa 172 _L4(qypi/102+21/1U1)+L4(q,l9§;t(72+2,/101+2)

and
L4(q;p;//‘/0'2vﬂ/o'1)_L4(qrp;102v//‘/0'1+2) }

3
501.02 :2p+q72020
pa P72 +L4(q, i day +2,A0)) = La(q, pi Aoy +2, Mg, +2)
where Ay =0 ifoc=1,and Ay =1 ifo = —
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Proof. Note that o = exp(A,7i) for o = £1. Then we have

k-1 k
ToLO2 _ Z 02 01 :2p+q0102 Z 0-510-1
pa. T S (n—-1/2)4(k-1/2)P S, en-1I2k-1)P
(M1 +1)/2_(mp+1)/2 m m
a o 1-(=D")a-(=n"2)
:2p+6]—20-10-2 Z 2 1
> mp=1 m'm}
3 3 a)AUZmla)/l”lmz(l—wzml)(l—wsz)
_ op+q-2
SRS DY "l ,

my>my=1 mym,
where w = exp(7i/2) = i. Expanding the above formula and using the definition of CMZVs of level
four, we obtain the expression of linear sums T‘”"72 The expression of linear sums S "‘72 can be
established in a similar way.

By using the above expressions and the CMZVs computation function in the Mathematica
package MultipleZetaValues developed by Au [1] most recently, we obtain the evaluations of
more linear T-sums and S-sums, which can not be computed from the results in Sections 3.1
and 3.2.

Example 30. The following evaluations of linear Euler T-sums hold:
Ti, =-8Im(Lis(} + 3)) + 7In@)* + &7°,
T, 5 =—-16Im(Lis(} + 3)) + 37In(2)* + 17°,
T,7 =8Im(Li3(3 + ) - }7In(2)* - Z7°,
Ti5=-8Lis(3) - lln(2)4 +1n°In@)* + li}m nt,

T3 1 =8Lis(3) + 3 In)* - $7°In(2)* - {57

Example 31. The following evaluations of linear Euler S-sums hold:

8,5 =-8Lis(3) - 7In){3) - 3 In@)* + 7% In(2)* + {5577,
S,5=16Lis(3) +14In(2)((3) +8G* + 5 In(2)* - §7°In(2)* - Lg7*,
Sy1= 37" -8G%,
and
S, =-8Im(Lis(} + 1) —4In()G + y7In@)* + F7°,
Si3=16Im(Lis(} + 1)) +8In2)G - $7In(2)* - 32°,
S i=—81m(L13(2 +1)aIn@G+ Lain@? + 577,

2,
where the values of S 11 and Sﬂ are presented in [11, Example 6]. See also [9, Eq. (24)] and [10, Eq.
(4.1b)] for S, 5.

3.4. Linear Euler R-sums

The first named author [21] also considered another variant of the linear Euler sums:

(2]
x H,~ (01)
RZ%“” =) 03 —1
’ =1 (n-1/2)a’

where the numbers Hflp ) (01) represent the classical harmonic numbers Hﬁlp ) for 01 =1 and the
alternating harmonic numbers H Sf ) for o1 = —1. This kind of Euler sums will be used in the
computation of quadratic Euler S-sums in Section 4.3.
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The results given in [21] can be reformulated by the following unified identity:

0102(-1)P85, TROL7 = =8, ' ((p;01)T (g3 02)

+qg—k-1 ~
+Z(1+(—1)’“)(” 7 . )((k;alaz)r(mq—k;oz)
k=0 -
+g—k-1\|. ~
+ 250102 (p Z—l )t(k;alag)t(p+q—k;01), (20)

where {(0) should be interpreted as —1 / 2 wherever it occurs. Moreover, setting a = —1/2in [20, Eq.

(1.8)] yields
g-1

~ 1 ~ ~
Rl,ngt(q+1)—— Y Hq-Kkik+1). 1)
2 2 =0
Similarly to Theorem 29, based on the CMZVs, we obtain the next result.
Theorem 32. The linear Euler R-sums 1‘?‘71 2 are expressible in terms of CMZVs of weight p + q

and of level four:

RUIJUZ _ 2p+q_20_10_% L4(q) p;A'OQ)A«O'l) + L4(q) p;/lo'zrﬂ'o'l + 2)
P4 2] -Li(q,piAe, +2,6)) — La(q, p; Aoy +2,Ag, +2)

where Ay =0 ifo=1,and Ay =1 ifo =—1.

Example 33. The following evaluations can not be obtained from Eqs. (20) and (21), but can be

deduced by Theorem 32:

Ry =32Lis(3) +28In(2){(3) + $In(2)* - 17°In(2)* - En*,

360
Ra4 =128((5,1) +{(3)* - 210”6’
Rz =-1920(5,1) + 12((3)* - 15 7°,
Ry =128(5,1) ~55((3)° + 124",

and

Ry, =7In(2){(3) +8G* - §7*,
Rs, =-16Lis(3) - 14In({(3) -8G* - In(2)* + $7°In(2)* + 15 7%,
R 5 =8Im(Lis(} + 1) -4In()G - {7In(2)* - {57°,
R,1=8Im(Liz(3 + 1)) +4In(2)G - {7In(2) “n3,
Ry =8Im(Li3(3 + 1)) +8In(2)G - ;7In(2)* - &7°,
Ry =-16Im(Lis(} + 1)) —8In(2)G + znln(Z) + 3

Finally, we give a transformation theorem of the linear R-sums.

Theorem 34. For (p,01) # (1,1) and (q,02) # (1,1), the following relation between the linear R-
sums and the Kaneko-Tsumura double T -values holds:

Ry = 01090 (p;0)T(q;02) = 2P 20, T(p, 4;01,02) . (22)

Proof. By definitions, we have

00 (P) ((T ) 00 oh-1 k 1
ROVO2 — O.n—l 1 2 il
Pa ,,; z (n—l/2)‘1 n; n-1/2)4 kzl kr
k-1,,n-1
g1 0y
=010 )
2 Z kP Z e 1/2)67 ,}21 kP (n—1/2)4

from which, the relation given in the theorem follows. O
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4. Quadratic sums

In this section, we establish general identities on sums related to three real sequences A =
{artkez, B = {bxlrez and C = {ci}rez, which satisfy the same condition as the sequences A, B
in Section 3. From the general identities, some (alternating) quadratic Euler T-sums and Euler
S-sums can be evaluated.

4.1. The third general identity and quadratic Euler T -sums

Now, we give the third general identity.

Theorem 35. For integers m,p = 1 and q = 2, the following identity on sums related to the
sequences A, B, C holds:

® 4, {[NEPmNC(p) = a,NPmnNC (p)

(_1)m+p+q
=T (n-1/2) — T (n-1/2)4
_(_mem*z”:’l m+p+q-k-2 °Z°: bncnsfﬁl(k+1)
=0 6]—1 = nm+p+q—k—1
_(_Dmim_j(P+j—2)(m+q—j—k—1) $ baM (p+ j-1)S2, (k+1)
iSlico\ P—1 q-1 o} nm+d-j-k
_(_Dpzpif m+j-2\[p+qg-j-k-1) 2 cxMP(m+j-1SY (k+1)
j=lk=o\ m-1 q-1 =1 np+a-i-k

where

Gy = —bocol (1) PHIT Dt p+ @) + TV (m+ p + q)}

m+q i_9

+bo(-1)P Y (p;jl )D(C)(p+j—l)f(A)(m+q—j+1)
=1\ P~
p+q i—2

+co(—1)’"2(m+’ )D“‘”(mﬂ—1)Z‘A)(p+c/—j+1)
-1\ m-1

m+j; -2 +jo—2 . . . .
+(_1)m+p Z ( m]ll )(p p]zl )D(B)(m+]1_I)D(C)(p+]2_1)t(A)(]3)_
itje+j3=q+2 - -
jl!j21j321
Proof. Consider the kernel function
~ L YrG s B PG - 50)
&o(s) =meot(ms; A) (23)
(m—-D!(p-1)!

and the base function r;(s) = (s — 1/2)79. It is obvious that the function ¥4(s) = &,(s)r;(s) has
simple poles at s = —n for n = 0, with residues

anN® (mN'Q, (p)

+ n+1

_) = (_1ymtPa
Res(4(s),—n) =(-1) (n+1/2)9

and simple poles at s = n for n = 1, with residues

an NP (m)N©O (p)
(n—1/2)4

Res(¥4(s),n) =

’
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where Lemmas 4 and 6 are used. Next, ¢4 (s) has poles of order m + p at s = n—1/2 for n = 2. By
Lemmas 5 and 7, we find that the residues are

M=t p+g—k—2\by_1¢y-1SP (k+1)
Res(@(9),n -3 =~(-)"*" 3. ( PR e =

m m-f(p+j_z)(m+q-j-k-1) b M (p+j -8 k+1)

—(-p™ :
(-1 j;k:() p—l q_l (n_l)m+q—]—k

(B) (A)
_(_1)132 Z m+] 2\[p+qg—j—-k-1\cn-1 M, 7 (m+j—1)S; (Ic+1)‘
1 k=0 qg-1 (n—-1)p+a-i-k

Moreover, 4(s) has a pole of order m + p + g at s = 1/2. Using Egs. (8) and (10), the residue
Res(¥4(s),1/2) is found to be % given in the theorem. Hence, combining these four residue results,
we obtain the desired result. O

Denote

+q ~, , m+
y (=18 ok Em; o) Tg2 ™ + (= 1)P g H(p;02) Tl
1=—010203 +T0'1 0’203+T0'2 ,0103
m,p+q p.m+q

G =—01(-1)"t(m;0)E(p+ q;0203) —02(-1)PT(p;02)T(m+ q;0103)

M S ;0 ) E(p;02) T3 03) + 010203~ D) P Em+ p + q;010203),

P mypt+q-k-2
G3=010203(-1)""" ) ( pq_ql 6§10203

k=0
x{m+p+q—-k-1;03),

m m-j 2 k-1
‘£4=(—1)mz (p+] )(m+q I= )6k fk+1;010203)

q—]. 010203

02,03
N {015p+j1,m+qjk }

—010203(-DP(p+j-L0){(m+q—j—k;03)

—0102(=1)

t(k+1;010203)

LI (m+j-2)[p+q-j-k-1)
+(_1)Pj;k§b( 1 )( g-1 5010203t(k+1;010203)
x{a S(;;+(;31p+q j-k }
~010203(-D""{(m+j-Lo){(p+q-j-ko3)

Pt (m+j—2
Y5 = (-1)™ Z ( il )65’;?20]3 t(p+qg—j+1;010203)((m+j—1;01)
j=1

+(-1DP Z po1 6010203t(m+q ]+1 0'10'20'3)((p+]—1 02),
j=

Gm ™Y (m+]1—2)(l’+]2—2)

Jitjetj3=q+2 m-1 p-1
J1J2,j3z1

x{m+ j1~ Lo{(p+ o= 1,02)88 oo, T(j3;010203),
where S‘Tl 72 are the classical linear Euler sums, written in an unified way similar to Eqgs. (3)
and (4). Thus, the next result holds.
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Theorem 36. The quadratic Euler T-sums Ty, > satisfy

m+p+q-1401,02,03 _
0102036010203 Tmlpé 3 Cgl +- +g6r
where%;, fori=1,...,6, are defined as above.

Proof. For integers m,p =1 and g = 2, letting (A, B,C) be (A, A1, A1) and (A2, Ay, 4;) in Theo-
rem 35 yields the results of Ty,,q and T}, 7 directly, which coincide with the identity given in
Theorem 36.

Next, setting (A, B, C) by (A1, A2, A7) and (Az, Az, Ay) gives the expressions of Twp.q and T: P, g
respectively. Note that in the transformations, by considering the four cases according to whether
or not m, p equal 1, and using the expressions of T 7 and Tj,4, we can eliminate the combina-
tions of the terms on the Kronecker delta, which arise when replacing A, B, C by A,. Similarly, us-
ing the results of Ty, ; and Tpﬁ in Theorem 10 to eliminate the terms on the Kronecker delta, we
establish the expressions of the quadratic T-sums of the other forms.

It can be verified that when g = 1, the sums Ty,"Y2'°® with o3 = —1 also satisfy the identity in

) mp,q
this theorem. O

Theorem 36 leads us to the following parity theorem of the quadratic Euler T-sums.
Corollary 37. The quadratic Euler T-sums T,‘;l pafl 73 reduce to combinations of zeta values, the
Dirichlet beta values, the classical linear Euler sums and the linear Euler T -sums, whenever the

weight w = m+ p + q and the quantity *-272% are of the same parity.

Note that here we present a unified approach to some non-alternating and alternating qua-
dratic Euler T-sums. Some particular results on the non-alternating case Ty,p,4 and alternating
case T2 7 can be found in [24, Theorems 2.5-2.8 and 3.3]. Based on the evaluations of the linear
Euler T-sums listed in Sections 3.1 and 3.3, many quadratic sums are reducible directly to known
constants.

Example 38. We present the following two sums of odd weight:
Ty, 1 =16Im(Liz(3 + ) - 17°,
Tyi 7 =8Im(Lis(3 + 1)) - ann(Z)z -Hn,
and the following eleven ones of even weight:
Tz =16Lis(3) +2In@)* + 37°In@)* - 2.2,
Ti1,4=32¢(5,1) - 62In(2){(5) - 11¢(3)* - 27°In(2)¢(3) + 2714 In(2)* + 25 7°,
Tiz3 =16((5,1) = 31In(){(5) - 3¢{(3)* +37° In(2){ 3) + gog7°,
Tysp =16{(5,1) —311n(2)c(5) LB +4nIn@){3) + 557°,

5040
T22 2= _7((3) + 5550 2520 6)

and
Iy, —3L14( )+ In(2)* + 1n21n(2) _ 1440714,
Ty13=12Lia(3) + 1n@*+1n°InE?* - Wat,

T\57=8Lis(5 )—4G2+27r1n(2)G+ @) - Br2in@? - 21,
T21,1—4L14( )+ 11’1(2)4 7[ ln(2)2 2185810”4,
Tigz=1605,1) -31n@)¢ -1+ IR + i

Ty51=37"Lis(3) - 5(B3)° + §n° In@" - g7 In(2)* - gg57°.
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Example 39. It can be found that the sum T}, 5 can not be covered by Theorem 36 and Corol-
lary 37. As a supplement, we give the evaluation of this sum by CMZVs of level four:

- i | (-pm!
D" =
Tuz= Z (n-1/2)2 n>,§221 (n—1/2)2(k; —1/2)(kp — 1/2)
0™, 0 -w*™) h®
:4(_1)% Y ]2_1 + ) (_1)”—1”——12
mi>my>ms=1 mimams n>k=1 (n=172)

—4-12 Y CDHIRL2,1,152i41,2),20) + T,
i,j,ke{0,1}

=128Im(Lis (3 + 3)) —96B(4) + Z7¢{(3) + 37In(2)° + 7’ In(2),

where w = exp(ri/2) =1i.

4.2. Parity theorem of the Hoffman tripe t-values

Next, let us present the parity theorem of the Hoffman tripe ¢-values.

Theorem 40. When the weight w = m+ p + q and the quantity 1_‘”% have the same parity, the
triple t-values t(m, p, q;01,02,03) and triple t-values t(m, p, 4;01,02,03), with (p,02) # (1,1) or
(g,03) # (1,1), are reducible to combinations of zeta values, the Dirichlet beta values, double zeta
values and double t-values.

Proof. Note that by convention, (m,01) # (1,1). Using the harmonic shuffle product, we have

(m, p,q;01,02,03) = 1(m;01) (P, G;02,03) — L(m + p, 4;0102,03) = 010203 Ty 727, (24)
where (m,07) # (1,1) and (p,02) # (1,1). According to [13, Theorems 7.1 and 7.2] (see also [23,
Corollary 5.1]), the classical linear Euler sums S”1 /72 are expressible in terms of zeta values and
double zeta values:

Syl = 010240(q, p;02,01) +{(p+ q;0102)}.

can be converted into double t-values.
01,03,02

Moreover, based on Eq. (15), the linear T-sums Tg lqu

Thus, Corollary 37 asserts that, when w and % have the same parity, the sums T}, ap
hence the triple values 7(m, p, g;01,02,03) by Eq. (24), are reducible to zeta values, beta values,
double zeta values and double ¢-values, for (m, o) # (1,1) and (p,02) # (1, 1).

On the other hand, by transformations, we have

E(m, p,q;01,02,03) +t(m, q, p;01,03,02) + E(m, p + 4;01,0203) = 010203 T, 07" . (25)

When w and l_mzﬂ have the same parity, the sums TU2 9991 are reducible in the same manner.
Therefore, if (m,01) # (1,1) and (p,02) = (1,1), but (g, 03) ;é (1,1), by the previous discussion, the
triple Z-values 7(m, q, p;01,03,02) are reducible, so do the triple values 7(m, p, ¢;01,02,03). This
completes the proof. O

Combining with Egs. (24) and (25) with the values of tripe ¢-values given by Hoffman [15,
Appendix A], we evaluate all the non-alternating quadratic T-sums of weights 5 and 7, which
can not be covered by Theorem 36.
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Example 41. We have

Tz = 64Lis(l) - &((5) - ﬁln(Z)S %nz((?)) +87%1n2)% + n4 In(2),
Tio2 = 2((6) - 37°(B3) + 7' In(2),
Tis= 569((7)+ 320(5,1,1) - 28¢(3,3,1) - 128In(2){(5,1) + 124In(2)*¢(5)

T2,4

+34In(2){(3)* + 242 2((5) 25573 - E @),

24 —2;*%25((7)+384((511) 8{(,3,1)+14In){B3)* - ZA¢(5)

_ 2857 4
— g7 (B — 157 ln(2),

Tis3=288¢(7) + 1344((5 1,1) - 22{(3,3,1) +49In(2){3)* - 32 7%((5)

Ty4

—a T
68
W) - LrfIn),

=250 -3¢G5,1,1) + 8((3,3,1) - 14In(2){3)* + H 7 (5)

791 _4
+ Ly c(s) + 2L 78In(2),

Too3=—110(7) - 37°0(5) + Sn*L(3),
Togo=220(7)+3 nzc(S) ).

Note that by [15, Corollaries 4.1 and 4.2], all the non-alternating quadratic Euler T-sums can be
expressed in terms of alternating MZVs.

999

In addition, based on the transformation formulas (15), (24) and (25) as well as the linear and
quadratic Euler T-sums listed in this paper, the evaluations of more Hoffman’s double and triple
t-values, which have not been involved in [15, Appendix A], can be established.

Example 42. Here are some selected alternating Hoffman tripe ¢-values:

12,1,2) =

12,1,2) =
t(3,1,3) =

1(3,1,3) =

and
t2,1,1) =
12,1,1) =
t2,1,1) =

£(2,2,2) =

£(2,4,2) =

nL14( )+192nln(2) ——n IIn(ng(2 2))—7687r ln(2)2 23040 5,

E((S)G—EnLu(—) 1927rln(2) - n 2In@2)G + 19271 31n(2)? +57607r5,

16((3)[3(4) S, 1)+1024n1n(2)a5) sl (3)?

391 7
1024” ln(2)((3) 2580480 ¢

2n0(5,1) - 22 7In2){(5) - 57 (3)* - 157 Lis(3) - 3057 In(2)*

2, 69 7
+ 3970 @)% + 55357

ILis(H)+ & 1n(2)4 + 15570 In2)* - ;2 nt,

e )_1(;2 +In@)* + 4 7°In@)* + ;E 7t
1Ll4( )— 1G2 111(2) + 1927[ 111(2) - 11520”4’
——,6(4)G+ 47r((3)G— T L14( ) — 1287[ 21n(2)¢(3) - 3847[ 2In@)*

6
+W” ll’l(Z) + 5578 9216 ,

—1BB)G+ L L(5)G— £ B, — 51 (3)* + 551 (B)G + g T -

Moreover, we present two representative reduction formulas:

t(4,1,1) =

t(5,1,1) =

;ic(é D) +312, Z)—ﬂln(2)5(5)—lﬁ(4) — 53l (3)" + 525 m°((3) In(2)

101 ].[6
1536 1536 161280 ’

——t(6 D+ 32,5 +3(6)G- 25671((5 D+ 3192”((3)

—m” In2)* _12288” °In(2)® _256” L14( ) - 5160960”

+5 7'[ L14( )+ =27 1n(2) + =TT ln(2) +

1057 In@7°¢(3)

7
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The readers may try to find more evaluations and reduction formulas of the Hoffman double and
triple ¢-values by the results of the present paper.

4.3. The fourth general identity and quadratic Euler S-sums

Using the same kernel function as that of Theorem 35 but different base function, we obtain the
fourth identity.

Theorem 43. For integers m,p = 1 and q = 2, the following identity on sums related to the
sequences A, B, C holds:

® g N(B)l (m) N(C)l )

1mp+a Z i
n=1 n=1

1)m+p’”+zp‘1 m+p+q—k-2 i bp-1cn1SP (k+1)
qg-1 (n_l/z)m+p+q7k71

anNB m)N'® (p)
nd

nd

n=1
- 1)m£m2’ p+j-2|(m+q-j-k-1 ibn MO (p+j-1DSPk+1)
imtk=o\ P—1 q-1 n=1 (n—1/2)ym+a-j-k
PPl (m+j-2\[p+g-j—k-1| & cn- M(B) (m+j-1DSPk+1)
_(_Dpzz ] p+q-j 5 21 i
Jj=1 q-1 =1 (n—1/2)p+a-i-k
:_%Or

where

+k -1 +ky—1
Ty = ag(-1)"P Y (m ! )(p 2B (m+ kPO (p+ ko)
ki+ka=q m-—1 p-1
k1,k2=0

(3] _ _
—21"™P Y ) (m+k1 1)(p+k2 I)D““(ZJ‘)?(B)(Wkl)?(c’(p+kz).

iTlk+k=g-2j\ M~1 p-1
k1,k2=0

Proof. The theorem results from applying the kernel function ¢,(s) in (23) to the base function
r2(s) = s79, and performing the residue computation. If we define /(s) = &2(s)r2(s), then the
quantity #, equals Res(#(s),0), and the other quantities of the general identity represent
combined contributions of the polesat s=+nand s=n-1/2,forn=1. U

By using the linear sums RZ}L’;’Z discussed in Section 3.4, we further denote

F = -010203(-1)"85, T (m;01)80%7% — 010203(-1)P b, 1T (p;02) S
—0102(-D"*P 1+ (-D)NT(m;01)T(p;02){ (q;03),
Ml meprqg—k-2
Jf2=0’10’2(—1)m+p Z ( pra 61]510203
k=0 q-1
x tk+1;010203)t(m+p+qg—k—1;03),
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S =0103(-1)" 010505 LK+ 1;010203)

m ](p+] 2)(m+q—j—k—l)6k
j=1 k=0

02,03
{ p+j-1,m+q—j-k }
—0203(-DP(p+j-Lo)t(m+q—j-k;03)

m+j-2 +g-j—k-1
+0503(=1)" Z Z ( J- )(P qqil )6{%02% f(k+1;010203)
j=1k=0

01,03
{ m+j-1,p+q—j—k }
—0103(-1)" I {(m+ j-Lo)Hp+qg-j-kos)]

+k—1 +hko—1)- ~
F =—0102(-1)"F Y (m ! )(p 2 )t(m+k1;01)t(p+kz;az),
ki+ka=q m-1 p-1
k1,k2=0

(4
%5:20102(_1)m+pzz: Z (m+k1—1)(l7+k2—1)
Flktk=g-2j\ mM—1 p-1

k1,k2=0
x{(2j;010203)H(m+k1;01)E(p+ k2;02).

Then the following result on the quadratic Euler S-sums holds.

Theorem 44. The quadratic Euler S-sums S3,!7%%* satisfy
m+p+q-1g0,,02,0
0'10'20'36010’: q Sml’plzq 3=ﬁ1+"'+%5,

where /;, fori =1,...,5, are defined as above.

Proof. For m,p =1and g = 2, setting (A, B,C) by (A;, A, A;) and (A2, A1, A1) in Theorem 43 gives
immediately the results of S, p,q and S p,g» Which can be covered by this theorem.

Setting (A, B, C) by (A1, A2, A2) and (A, Az, A») yields the expressions of S 7iB,q and Sm 7,5- Note
that \Lvhen eliminating the terms involving the Kronecker delta, we should use the results of S 5,q
and Sj , respectively, and discuss the details according to the values of m and p. In particular, if
(m, p) = (1,1), the simplification process also relies on the parity of g. Similarly, using the results
of §p,q and S p,g to elinjinate the terms on the Kronecker delta, we obtain the expressions of the
other quadratic Euler S-sums.

Finally, it can be verified that the conclusion also holds when g =1 and o3 = -1. g

Theorem 44 generalizes [24, Corollary 4.2, and Theorems 4.4 and 4.5], which are related to the
quadratic Euler S-sums S, p,q- From Theorem 44, we can obtain immediately the following parity
theorem of the quadratic Euler S-sums.

Corollary 45. The quadratic Euler S-sums SZ;';,’%,’“ reduce to combinations of zeta values, the

Dirichlet beta values, the linear Euler R-sums and the linear Euler S-sums, whenever the weight
w = m+ p + q and the quantity =212 322 are of the same parity.

Moreover, in the specific case of m = p = 1, the next result holds.

Corollary 46. The quadratic Euler S-sums 801’02’03 are expressible in terms of m, G, zeta values
((3),{(5),..., and the Dirichlet beta values ﬁ(4) ,6(6), ..., Whenever the parameter q and the quan-

tity I‘TTIUZ are of the same parity, and 010,03 = 1.
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Proof. Under these two conditions, we obtain from Theorem 44 the expression of S 11,4, Where g
is even:

~ - ~ -~ 1 ~ ~
S11,0 =281, - T (@D +IQUP -~ Y Tki+DEka+1)
2 k1+k2=q
k1,k2=0

ql2
+Y ) @itk +D)E(kp +1)
j=lki+ko=q-2j

k1,k2=0
o 1 _ _ ql2-1 _ _
=g -= Y Thki+Dilke+D+ Y Yo @)tk + Dk +1).
2 jiTo=q i1 k+ka=g-2j
k1,k2=1 ki,ko=1

Note that in the last step, the expression of §1,q is used to eliminate the terms on 7(1). Thus,
the final expression of S;3,4, where ¢ is even, does not involve the terms on %(1) and (1), and
coincides with the statement of the corollary. The similar discussion also holds for S. 11,5 where g

is odd, and S1 1q where ¢ is even. 0

Here are some special quadratic Euler S-sums which satisfy the conditions of Corollary 46.

Example 47. We have

Sii1=357",

Si13=-14(B)G+ 157°,
Sii5=—62{(5)G-56{(3)p(4) + Y n*((3)G+ 357,
S5 = —2544(7)G - 248((5) f(4) — 224( (3) B(6)

+E72065)G+ L7 3) @) + Rat{3)G+ LS,
S115 = —1022¢(9)G - 1016¢(7) f(4) — 992 (5) f(6) — 896 (3) f(8)
425 2((7)G+ 248 2((5)/3(4).,. 224 727(3) B(6) + Za(5)G+ R ((3)p@)

6 277 1
+ 135 CB)G + gatz

and
§11,2 = %ﬂ4,
Sia=-20B)*+4n°,
Si6 = =217 6) + Rr°(B3) + g5,
Si1.8=—889(B3){(7) - %L (5)? +2§7n2((3)c(5)+49 m*{(3)% + 5ilm'?,
§ﬁz=—8G2+—7T
Si14=—64BA)G+§7°G" + 5;7°,
Sii=—256B(6)G—1286(4)* + $7° )G+ L' G* + g5,
Si1g = —10245(8)G—10245(4)f(6) + Zn*B(6)G + 157 2ﬁ(4)2+64 ‘1BA)G

6 2
+ a5 G + g7

10

where the evaluation of §11,2 has been shown in different ways in [6, Eq. (13)], [10, Eq. (3.3b)]
and [12, Eq. (22)]. See also [24, Example 4.1] for S1;,2 and S;j,4.

By Theorem 44 as well as the evaluations of corresponding linear S-sums and R-sums listed in
Sections 3.2-3.4, more quadratic S-sums can be determined directly:
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Example 48. For even weights, the following quadratic S-sums are reducible to known constants:

S123=490(3)* - &n°,
Si32 = —167° Lis(3) — 147°In(2){(3) - $7°In(2)* + 37* In(2)* +%g(1)n6’
S22 = —98((3)* +327° Lis(3) +287%2In(2){3) + %nzln(Z) 74 In(2)? - 360”6
S12,5 = 651¢(3)((5) - 31423712((3) 47[ ,
S134 = —651{(3){ (5) — 647°( (5,1) + 97712((3) + AL 2520 i
S1a3 =4340(3){(5) +967°¢(5,1) — 7% (3)* + 1(2520 8
5152——647T2((5 D+ 27%¢3)? - BrtLiy(}) - Lrtin@)¢@) - 27t n@)*
7°In(2)* + 357",
S224 = —1736((3)((5) +1287%¢(5,1) + 1 7%((3)% + 523 7®,
Sa33 = 1302¢(3){(5) — 967°¢(5,1) - 3 2((3) -~ 138,
5242——8635(3)C(5)+647r2((5 - 7 720372+ Lt Liy(b) + Lrt n@)7(3)
n*In2)* - £7°In(2)* + 115310270 8,
S330 = —28712((3)2 + %7[ )
and
S113 =8nIm(Liz(} + 1)) +47In(2)G - {7°In(2)* - 4,
Sip7 = —4nIm(Lis (3 + 1)) —27In(2)G + §7°In(2)? +3—2
Sii; =8G* —8nIm(Lis(3 + 1)) — 47 In@)G + ;7° In(2)* + L,
Siz1 =A4nIm(Liz(3 + 1) +27In(2)G - §7°In(2)* - 7%,

Si3.3 = 96B(4)G +147((3)G - 8n°G* — £ 7°,
Si3,, = —96B(4)G - 8° Lis(3) - 77°In(2){ (3) + 47°G* - ;n°In(2)* + § 1n(2) + L7
S35, = —56m(3)G + 167° Lis (3) + 147° In(2){ (3) + 167 G2+2n21n(2) 7*In@)* - SLa®.

The evaluations of §12,3 and §22,2 can also be found in [24, Example 4.2]. A quick glance through
this list yields two elegant symmetric series:

x 2+ h2 - -
-1 _ _ o2
2 DT =S5+ 515 = 8G
n=
and
o] h h(z) +h h(Z) _ ~ 1
—-1"n n 4
2 (D" — =SpitSEI= g7

Example 49. For odd weights, the following quadratic S-sums are expressible in terms of known
constants:

glii 81G* +4n* Im(Lis(§ + 1)) + 2 In@2)G- g *In@)* - Sn°,
Si31 = -87°Im(Liz(} + 1) - 47°In@)G + 12 In@? + 1%,
§215_28((3)G 47[ Im(L13(2 2))—27‘[ In(2)G + 17[3111(2)2 127[5,
gziiz —87[G2+127'[ Im(ng(z z))+6][ ]n(z)G_ ln(z) _ 72].[5,
Sqi1=—4n°Im(Liz(§ + 3)) - 27°In(2)G + 37 In(2)* + 5 7°,
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and
S115=14()G-4nG*,
Si35 = —87Li4(3) —7T7In){B) +47G* - InIn2)* + 17’ In2)* + 15 7°,
Syip=—28{(3)G+8nLis(3) + 7wIn2){(3) +471G* + {7In(2)* - $7°In(2)* + S35 7°.

Finally, we evaluate the Euler §—sum SVH‘I by CMZVs. Let w = exp(i/2) =i. Then we have

Z( protln oy L
Sii= n n(k; —1/2)(ky —1/2)

n>k1,k221

wml (1+w2m1)(1_w2m2)(1_w2m3) o0 h(z)

Z( 1)n 1%n

=-2 Y DL, 1,152i+1,2j,200+ 8,1 = "1m),
i,j,kef0,1} T4
which can be found in Chu [10, Eq. (4.3a)] and De Doelder [12, Eq. (21)], but can not be covered
by Theorem 44.

=-2 >

mp>mpy>mz=1 mymyms

Example 50. Using the results of linear and quadratic Euler T-sums and S-sums, we can give the
evaluations of some infinite series involving odd harmonic numbers. For example, we have

X (Op-1+0p)* 1 1 1. 1 1
Y % = =Ty, +-Tis+—14) = —2°In*2) + —7*
= @n-1) 4 1527y 16 2 96

D e
2n-1)2 @en-13 [ 8

which were estabhshed by Chu [10, Egs. (3.5a) and (5.1)] through the Dougall—Dixon summation
theorem and one of Dougall’s bilateral summation theorems. Moreover, based on our previous
result [24, Corollary 4.3], the cubic sum S 13,2 €quals

S13o=17%((3).
Thus, the following series due to Zheng [27, Eq. (3.6d)] holds:
© 203+0% 1.
y —r = 4Sp 5+ = 832 = —c(5) (26)

n=1
By transformations, Chu’s results [10, Egs. (3.4), (3.5b), (3.5¢), (4.5a), (4.5¢) and (4.6a)-(4.6¢)]
and Zheng’s results [27, Egs. (3.8b), (3.8c), (3.10a), (4.4a) and (4.4b)] can also be rederived
immediately.

)

1 1
_Tl, t(4) —71 ln(2),

T,5+
2,2 4

n2

Example 51. Combining the results in this paper and in the literature, we can determine the
evaluations of more series. A similar series to (26) is

x 203 +0% 1. 1~ 1
Yy ~Sp3it g 831 —
= 4 8 64

(see [27, Eq. (4.3d)]), from which, we obtain the triple S-sum §135:
5;13'1 = 4G2 y

and further verify Zheng’s two complicated series [27, Egs. (4.3e) and (4.3f)]. Similarly, from the
series given in [27, Eq. (4.5a)]:

) 203 +203+0% +0® 3 3. -
—pntzensl T el R e ST 4 = T 5+ = T - — 7@
Z( ) 2n—1 Ty r1Tgir2Tyg 8 6@

3 1 1
= Ezrc(3) + gnln(z)3 + Eni‘ In(),
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we obtain the triple T-sum T13,I
le = —1921m(L14(2 2))+ 1486(4) — 7'[((3)— —nln(2) -2 In(2),

and further verify the series [27, Egs. (4.5b)].

4.4. Parity theorem of the Kaneko-Tsumura triple T -values

Now, let us give the parity theorem of the Kaneko-Tsumura triple T-values.

Theorem 52. When the weight w = m+ p + q and the quantity 1_02—1‘73 have the same parity,
the triple T-values T(m, p, q;01,02,03), with (p,o02) # (1,1), are reducible to combinations of zeta
values, the Dirichlet beta values, linear Euler R-sums and double T -values.

Proof. Note that by convention, (m,0) # (1,1). According to Eq. (19), we have

O_I’lla_ngo_ns
Q03,02 _ gm+p+ 1 72 73
fmonSgy =2"""osy 3+ 3 @n, —1)™2ny —2)P2n3 —1)4’
nizny>n3=1  np>nj,n3=1 n ny n3
which further gives
. 0103 03 o) 03 301,03,02
T(m,p,q,01,02,03)—Wt(m 0'1)8 Wsm'q'p ) (27)

for (m,04) # (1,1) and (p,02) # (1,1). Thus, by Corollary 45 and Eq. (27), under the conditions of
this theorem, the triple T-values T(m, p, q;01,02,03) are expressible in terms of zeta values, the
Dirichlet beta values, linear R-sums and linear S-sums. Note further that by Eq. (19), all the linear
S-sums can be rewritten as double T-values. Thus, the assertion of the theorem holds. O

Remark. According to Theorem 34, if (p,01) # (1, 1), the linear R-sums Rp',’* can be rewritten
as combinations of zeta values, the Dirichlet beta values and double T-values. In the case of
(p,o1) = (1,1), we have Ry 4 and Rl,Zr- By Eq. (21), the sums R, 4 are expressible in terms of zeta
values, and by Eq. (20), the sums R, 7, where ¢ is odd, are also reducible to zeta values and beta
values. We do not know whether the linear R-sums Rlﬁ, where g is even, can be converted into
combinations of zeta values, beta values and double T-values, though by Theorem 32, they can be
expressed by CMZVs. As a result, we do not know, under the conditions of Theorem 52, whether
the triple T-values T'(m, p, q;01,02,03) can reduce to combinations of zeta values, beta values
and double T-values directly.

Using Egs. (19) and (27) as well as the results of the Euler R-sums and S-sums, we can find the
evaluations and reduction formulas of some Kaneko-Tsumura double and triple T-values.

Example 53. Here are some selected Kaneko-Tsumura triple T-values:

T(2,1,1) =2nIm(Li3(3 + $) +7In@)G - £°In2)* - 27,

T(2,1,1) = -4G* + 2nIm(Liz(§ + 2))+7r1n(2)G— E=7°InE@)* - &n',

T3,2,1) =8B +27°Lis(3) + In ln(2)((3)+—27r In@)* - Ln*In@)?* - 2L,
T(3,2,1) = -124)G-n°Lis(3) - In*In2){(3) + 37°G* — L n*In(2)*

+ 18 Im(Lis( + D) + 1 @G + 227t In@)? + 2775,
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and
T(2,2,1)=-7(B)G +2nLi4(l) +IxIn@){@) +nG* + Lrln@)* + 7° Im(Lis (3 + 1))

+17°GIn@) - L7’ In@2)* - f57°,

T(2,2,1)=1{(3)G+ 27tL14(§) +I7In(2)¢B) - nG*+ %nln(Z)‘l - %n‘% In(2)* - 2L 7°,
T(2,2,1) =7((3)G-37°Im(Li3(3 + 1)) - 37°In(2)G + S7°In(2)* + 55 i =7,
T(2,2,1)=-2{B)G-m*ImLiz(} + 1) - $7°In@)G+ H7°In(@)* + 357°.

Next, we give two representative reduction formulas:

T(4,1,1)= %HT(S 2)+3nT(2,3) + §57R, 3 +27In(2) (4) + 37° Im(Lis (3 + 1))

+11°In@)G - &' In(2)? —763”6

T5,1,1) = ((5)G+ T’ T4, 1)+ T’T3, 2)+4m 212, 3)+4m 21(1,4)

7

—ﬁn Im(L13(§ n ln(2)G+3847r ln(2) +512

-
2
More evaluations and reduction formulas of the Kaneko-Tsumura double and triple T-values can
be obtained by the results of the present paper.

5. Further remarks

It is clear that some main results in our previous paper [24] are immediate corollaries of this
paper, and the four types of the Euler sums

801,02,...,Uk,0 T011021-~~vgk10 S‘mﬁz,-nﬂkﬂ RU1,02,.-.,Uk,(7
pPLP2) Pk g’ P1P2s Pk g P1,P2,-Pkrq "’ P1,P2,- Pk q

can be expressed in terms of linear combinations of CMZVs of level four.

In addition, it is possible to establish some other relations involving alternating Euler T-sums
and S-sums by using the techniques described here. Let A, A, ..., A®) € {A}, Ay}, where A; = {15}
and Ay = {(— 1)*1. Then we have the following two parity theorems.

01,02,...,0 |, 0
Theorem 54. The Euler T -sums Tp1 Do

and Euler T -sums of lower degrees, whenever the sum p) +-- -+ pi+q+k and the quantity
are of the same parity.

of degree k are reducible to (alternating) Euler sums
1- 01 00

Proof. Applying the kernel function

k ppi-D (L _ g A0
¢(s) = mcot(ms; A) H (3 )
i=1 ( pPi— D!

to the base function r(s) = (s —1/2)~9, and considering the residues, we have
—AM —(AD@ — A(k)
(=1)PrHPet Pt i a1 Ny (PN (p2)- NG (p)
= (n—1/2)4

1) 2) (k)
L2 Ny N (p2) Ny (o)
(n—1/2)4
= a combination of general sums,

filng

where a,, is the nth term in the sequence A. Now, set A={(0102---00) "} ez and AD = {crlf’}nez,
fori=1,2,...,k, and perform transformations. Then the result will be of the form

_\P1+p2t+prtqtky 101,02,.00 0 _
(14+0102:-0r0(-1) )Ty, psprg = U

where U is a combination of sums of lower degrees. Thus, we obtain the desired description. [
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Q01,02,... 0,0
Theorem 55. The Euler S- -SUMS Sy g

and Euler R-sums of lower degrees, whenever the sum p +---+ pr+ q+ k and the quantity
are of the same parity.

of degree k are reducible to (alternating) Euler S-sums
1- 0'1 Ok

Proof. In this case, applying the kernel function ¢(s) to the base function r,(s) = s79, and
following along the same lines, we have

~AW) ~(AP) (AW
(_1)p1+p2+~~~+pk+q§ anNpyy (PON, L (p2) - Ny " (pi)

n=1
) @ ®)
an NS (pONS ) (p2) - N ()
nd
mblnatlon of general sums.

nd

MS

Next, set A={(0102-0,0) "} pez and AY = {0M ez, fori =1,2,..., k. Then we have
k\ GO1,02,...) Ok, 0
O L A A A
where V is a combination of sums of lower degrees, and the assertion of the theorem follows. [
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Appendix A.
A.1. Some linear T -sums of weights 8 and 9

For the linear sums T}, 4 of weight 9, we have
Tis =—230(9) - 1n°0(7) - £n*(5) - £7°((3) + 35 7°In(2),
To7 = —ﬂm) + 7n25(7) + 3% (5) + EHm°C(3),
Ty =—230(9) - B a¢(D) - n*((5) + £n%(3),
Tys = —ﬂcm) + @nzcm +21*(5),
Tsa =—231009) - 2720+ Brn*((5),
Tos=—231{9)+ ﬂnzcm +m*{(5) + 157°¢(3),
Ty = —32(9) +607°((7) - 37*¢(5) - £n°C(3).
For the linear sums T 7 of weight 9, we have
-1 c(9) + 27 + S (5) + HTUB) + 570 In(2),
—5,_#((9) Bl =31 (5) - 5% B) + 267’ G,
=3r©) + BBr2r(7)+ 167#((5) +551°0(3),
—30L7(9) - 2872y (7) - 32714((5)+5n5ﬁ(4),
=-30L09) + 2R 7% (1) + B (5),
—3179) - BBr2r(7) +167° (6) - Rr*((5) — 557°¢(3),
=30L(9) + J2 (D) + 37 (5) + S (3),
—50(9) +12875(8) — ¢ (7) — 3311 (5) = 551°((3) - g5 m° In(2).

W o N ool
II 1l (I II

wi

N
II

sl F 55858583
|

1
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For the linear sums T, 7 of weight 8, we have

15 = —1286(8) - 3Ll (7) - 11°((5) — {5 B) + S5 In(2),
T,5=—1286(8) + 38 7 (7) +n3((5) +2 n5((3),

Ty5=-128p(8) - 1192085 w(7) - 16141 ﬂ3((5) +37°¢(3),
T,; = -1286(8) + Ln¢(7) + A n’((5),

T,3=—1286(8) - T al(?) + 139257:3((5) ~ 5 C3),
Ts 5 = —128(8) + Bl (7) + Ra(5) + 57°((3),

T,;=-1286(8) + 8102081 n(7) - Br’(5) - Zn°((3) - k7' In(2).
For the linear sums T5,4 of weight 8, we have
;=—128B(8) + () + r’(5) + Zn°C3) + 2 14407: "In(),

I,
T; 6 = —1286(8) - 3Ll (7) - 27°0(5) - Z°¢(3) + £ 7°G,
Ty = —12868) + 221l (7) + S’ (5) + Z7°¢(3),
Ty, = —128p(8) - 820 (7) - 167:3((5) + 8n4ﬁ(4),

Ts 4 = —1286(8) + 2L (7) + Y2’ (5) + Z7°¢3),

Ty, =—1286(8) - 381n((7)+32n2ﬁ(6) 3((5) 2m°((3).

A.2. Some linear S-sums of weights 8 and 9

For the linear sums S, p,q of weight 9, we have

Si8= 3¢9 - Ba20(7) - 3 ai¢(5) - L 7% (3),
527_—2044((9)+381 7?7 + Lt (5) + 1% 3),
Ss6=71540(9) - B 7%¢(7) - 7' (5),
Sy5=—14308((9) + 8233 8255 721+ Bt (5),

S5.4 = 17885((9) — 3175 7?7 - Er'(5),

Se.3 = —14308((9) + 2139 2159 % (7) +31n4((5) +£7°¢(3),
S72=71544(9) - 381712C(7) Eatr(5)- lsnﬁcm

For the linear sums S p.d of weight 9, we have

15 =~ 09) +1287p(8) — F7*((7) - BEn*l(5) - S5m0 3),
57 = 2044((9) — 8967 f(8) + 1Z- 7L (7) + ZE n L (5) + 535 m( (3),

S5
S,5
Sy 5=—71540(9) +268876(8) — L 7°¢(7) + 167° (6) - H ' (5),
S
Ss3

Sy5=14308((9) - 4480n[3(8)+635 m?{(7) - 80m° B(6) + L' (5),

5,1 = —17885((9) + 44807 5(8) — 22 7°((7) + 1607° B(6) + 37°(4),

S5 = 14308 (9) — 26887 5(8) + 52°( (7) - 1607°B(6) - 57°B(4),
8,5 =~7154(9) +89675(8) + 807° B(6) +57° B(4) + £ 360” G,
Sg.7 =20440(9) — 1287 (8) - 167> B(6) — 37°B(4) — £L77G.
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For the linear sums S 7,q of weight 8, we have

Si;=—1286(8) + Zlal(7) - L (6) - L' p(4) - 257°G,
st = 896/3(8) — 3817( (7) + 8°ﬂ2ﬁ(6)+ 1571 B+ m”GG

S5.5 = —2688B(8) + 201 (7) - 1272 (6) + L7 (5) - L' B4,
84,4—44soﬁ(8)—1270n((7)+“"Onzﬁ(fi) 31ﬂ3€(5)+ 37" P,
S5 = —44806(8) + B2 nl(7) - Ra”p(6) + R1°((5) + £7°((3),

S5, = 2688p(8) - 38171((7) + 16712[5(6) 317;3((5) 355¢(3).
For the linear sums S 7,5 of weight 8, we have
17 =128p(8)— 3Zn°B(6) - 7' f(4) — 53 7°G,
Siyé =—896(8) + 2567[2/3(6) + L7t p@) + 57°G,
=26885(8) — 807 B(6) - £ B(4),
837 = —44806(8) + 12807[2[3(6) +37*B4),
Ss.5 =44806(8) - L27*6(6) - 87" f(4),

5 =—26885(8) + 176n2ﬁ(6) +87* B(4) + £71°G,
S5 1 =8965(8) —327°(6) — $n* p(4) - —neG

wn

5,5

95}
ol
I
Il
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