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Notation

In this whole thesis project some notation will be used and it is explained
in this small section.

¢ In the Einstein summation convention, Greek letters range from 0 to
3 and Latin indices are from 1 to 3

T =T)+T +T; + T (1)
i _ 7l 2 3
T =T, +T; + T3, )
so the delta tensor
ol =4 (3)

* Mostly positive signature in the metric (—, +, +, +)

* The derivative of a tensor will be often written as a comma in the
indices
vp _ VP
aP‘T/\ - T/\,y 4)
* Derivative with respect to time ¢ will be denoted with an overdot
dre = e; derivative with respect to conformal time 1 will be denoted
with a prime d,e = o’






Introduction

Cosmology ... restrains the aberrations of the mere undisciplined
imagination.

Whitehead, A. N., The Function of Reason, 1929

The "standard model" of Cosmology is based on the assumption that
the Universe is on average spatially homogeneous and isotropic. Thus it
is based on a spatially homogeneous and isotropic Friedman-Robertson-
Walker (FRW) model. Starting from this flat background it is possible
to recover the expansion of the Universe on large scales, according to
Einstein’s theory of General Relativity.

If we consider stars, galaxies and clusters, forming a complex, inhomo-
geneous and anisotropic universe, we need to go beyond the FRW model:
we should, in principle find anisotropic and inhomogeneous solutions of
Einstein’s equations. This is done by introducing cosmological perturba-
tion theory, which is a perturbative approach adding, order by order, small
perturbations to the background solution.

The theory of cosmological perturbations has become a very important
subject of modern Cosmology because it allows to link the models of the
very early Universe, such as the inflationary scenario, with the massive
high-precision data on the Cosmic Microwave Background radiation, on
large-scale structures and future data on the primordial Gravitational-Wave
stochastic background [4, 21].

When working with perturbations within General Relativity a difficulty
arises: we have to deal with perturbed fields in a given geometry, but
also the geometry itself is perturbed. We then have to assign a mapping
between points in the inhomogeneous Universe and points in the given
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8 INTRODUCTION

known homogeneous background. The mapping is dubbed "gauge" and
the freedom in this choice is called gauge freedom, leading to different
expressions of the same phenomenon simply due to different gauge choices
[13, 26].

In my thesis project I start recalling the basis of the FRW background,
recovering the expansion and evolution equations. Then, I move forward
to perturbation theory, describing the perturbed metric at first and second
order. In the general FRW perturbed metric it is possible to characterize
scalars, vector and tensor perturbation according to how they transform
under coordinate transformation of the background. We have scalars,
vector and tensor perturbations. Then, we can decompose those pertur-
bation using Helmholtz theorem: vectors can be decomposed into scalars
and true (zero-divergence) vector components; tensors can be decomposed
into scalar, vector (zero-divergence) and tensor (transverse and traceless)
components. Thus, ending with 4 scalars, 2 vectors and one tensor (GW).

Then, a part will be dedicated to the gauge issue, finding the first and
second-order gauge transformation for all the scalar, vector and tensor
quantities appearing in the perturbed metric. As done in literature, one
can find that the first-order tensor perturbation are gauge-invariant but
when one goes to second order, gravitational waves are no longer gauge
invariant and the specific form of these waves is gauge-dependent. A
description of the main gauge choices is done, focusing on the Poisson or
longitudinal gauge, which is the one used in the calculations.

After this introductory section, I start recovering the first-order results:
scalar and tensor perturbations evolve independently, thus I can easily
study and write Einstein’s equations for scalars and then for tensors. First
order vectors are neglected due to the fact that, if generated, they are fast
redshifted away with the expansion of the Universe. So, the equations
governing the evolution of these quantities are obtained, recovering the
results in the literature. When one goes to second order, computations start
to be more complex, revealing the underlying non-linearity of Einstein’s
equations. For the first time, the second-order perturbed metricis obtained
directly in the Poisson gauge, with scalars at first and second order, vectors
at second order, tensors at first and second order. With this choice, I show
that we have second-order mixed terms which source scalar and tensor
perturbations. Namely, second-order scalar modes are sourced by first-
order scalars coupled with first-order tensors, by two coupled first-order
scalar and two first-order tensors. The same problem has been discussed
in [8] and in [7] but in a different gauge. Now, Einstein’s equations start to
be more complicated and finding solutions is not so easy.

Starting from computing the second-order perturbed quantities such as



the Ricci tensor and the Ricci scalar, the second order energy-momentum
tensor, from the traceless i — j component of the Einstein field equation
I can find the difference between the second order scalar perturbations,
which as a first result is non zero even for a perfect fluid in absence of an
anisotropic stress tensor, in contrast with the first order result, which gives
Y = ¢ for a perfect fluid. With this equation in hand, I derived the other
Einstein equations and the continuity equation to close the system for the
scalar quantities 5, ¢, 62p and 6%v.

The following part is focused on writing the Boltzmann equations at
second order in order to study the evolution of particle species, such as
photons, baryons and cold dark matter. In this section I write the Boltz-
mann equation accounting for first and second order scalar perturbation,
second order vector perturbation, first and second order tensor perturba-
tion. The main difference w.r.t. the literature here is that first-order tensor
modes had not been included when going to second order [31, 30], but
it is interesting to study the coupling of these tensor modes with first-
order scalars or other first order tensors. One can find the solution of the
second-order collisional Boltzmann equation for photons, which can lead
to second-order anisotropies in the CMB, e.g. the level of non-Gaussianity,
to help in the hard task of discriminating among different mechanisms for
the generation of the primordial perturbations. The same formalism can
be later applied to derive the Boltzmann equation for other particle species,
such as baryons and cold dark matter (CDM). Studying the evolution of
cold dark matter is a very important topic because it plays a fundamental
role in structure formation.

In conclusion the main goal of this project is to add an original contri-
bution to the second-order evolution of scalar quantities, in Poisson gauge,
such as the gravitational potentials, the density contrast and the veloc-
ity of baryons and CDM, starting from the perturbed expression of the
metric through the Einstein and Boltzmann equations, considering as non-
negligible the contributions from first-order tensor modes which can be
coupled to themselves and to other first-order scalar modes.






The standard cosmological lore

From my point of view one cannot arrive, by way of theory, at any at
least somewhat reliable results in the field of cosmology, if one makes no
use of the principle of general relativity.

Albert Einstein, Reply to criticisms, 1949

On large scales, observations reveal that our observable Universe is on
average homogeneous and isotropic, but on scales much shorter we can
see clumps of matter forming stars, galaxies and clusters of galaxies. But
on a large-scale viewpoint there is no difference on average if we look to
a portion of the universe of order larger than ~ 100 Mpc centered on the
Earth and other volumes with the same size centered elsewhere. The fact
that our observable universe is on average homogeneous and isotropic by
no means implies that the entire universe is also smooth, but we can assume
it to be spatially homogeneous and isotropic in order to describe our local
Hubble volume.

The metric for a space with those characteristics of homogeneity and
isotropy is the maximally-symmetric Friedmann-Robertson-Walker (FRW)
metric, which can be described by

2
ds? = —dt* + a*(t) [% + rdezl (2.1)

where ¢t is the cosmic time, namely the time coordinate of an observer
comoving with the cosmic fluid; a(t) is the scale factor which spans the
expansion of the universe; d(Q)? is the infinitesimal solid angle and the
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12 THE STANDARD COSMOLOGICAL LORE

curvature k can be either positive, null or negative

-1 open
k=40 flat (2.2)
+1 closed

2.1 Friedmann equations

The dynamic of the smooth Universe is described by the Einstein’s equa-
tions

1
Ryv = 58uwR = 871G Ty (2.3)

where on the left-hand side R, v is the Ricci tensor, g, is the metric and R
is the Ricci scalar, on the right-hand side we have the Newton constant G
and the energy-momentum tensor Ty,,. The Ricci tensor is a contraction of
the first and third indices of the Riemann tensor which is
A A A A A
R} = 04T, — 15, + Ty, — Tl (2.4)

ouv vp 7
so the Ricci tensor is

Rov = T, = T, + T4, I — T Ty (2.5)

The Ricci scalar R is defined as the contraction of the two indices of the
Ricci tensor

R =RY, (2.6)
and in conclusion the Christoffel symbols are defined as
1
rzv = Egm\ (gyA,v + Sav,u — gyv,/\) (2.7)

The Einstein equations (2.3) can be derived from an action principle through

the action .

S = e / R+/=gd*x + Smatter, (2.8)

where g is the determinant of the metric tensor.
The RHS of (2.3) is proportional to the energy momentum tensor, which
is for a perfect fluid

Ty = (p + plugty + pguv, (2.9)

where p and p are the energy density and pressure of the fluid and u* is
the 4-velocity, such that utu, = —1.
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Since current observations are consistent with a flat (k = 0) universe,
which is also in agreement with inflation, we adopt this choice and so write
the line element as

ds? = —dt* + a*(t)6;dx'dx/. (2.10)

We need to quantify the expansion rate of the universe so we introduce the
Hubble parameter, H(t) defined as

dajdt _ g (2.11)

H(t) =

It is more convenient to introduce a new quantity which is the conformal

time coordinate 1 defined as

dn = % (2.12)

and write the new conformal metric as
ds® = a®(n) [-dn® + 6jjdx‘dx'] . (2.13)
The new conformal Hubble parameter is

dajdn _ a’ (2.14)
a a ’

H =

In the case of interest of the FRW universe, we can compute the Christof-
fel symbols, and the only non vanishing ones are

. . o
oy =H, T%=Hoy Ty =H. (2.15)

With these in hand we can compute the Ricci tensor and the Ricci scalar,

Rop = —=3H’ (2.16)
Rij = [2H* +H'| 6;j (2.17)
R=6a"? [H*+H'], (2.18)

we plug everything into Einstein equations (2.3) and we have

H? = ?W% (2.19)

4nG

H=——%

(p +p)a®. (2.20)
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Figure 2.1: Evolution of the scale factor a as a function of time during
radiation and matter domination epochs. The unity on time axis is the
equivalence epoch.

From the energy conservation equation
vV, T% =0 (2.21)
we find
p'=-3H(p+p). (2.22)

To close the system of these three equations, one needs an extra relation
linking p and p: the equation of state P(p). The simplest possibility is to
have

p=wp, (2.23)
where w can be parametrized as
0 dust
W = % radiation (2.24)
-1 A

Now we can solve the system and we find the usual relations (plot in
Figure 2.1)

t1/2 radiation

2/3(1+w)
) = a(t) « 213 (2.25)

a(t) = a.(t) (t_*

matter
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The same can be done for the energy density p, resulting in

-3 radiation

= pocqat matter (2.26)
constant A

a

a -3(1+w)
ax

P:P*(_

2.2 Inflation

Before conluding a small and trivial introduction on standard cosmology,
one should not forget about a short but necessary discussion on the infla-
tionary paradigm. Following [1] we can say that the standard cosmology,
as happens in particle physics, has its own shortcomings, which are in-
consistent with the hot big bang model, invoking questions that the model
allows to ask but lacks of answers.

The first "problem" is the so-called Horizon problem, connected to the
Cosmic Microwave Background (CMB) radiation. Firstly we define the
comoving Hubble radius as

1

"= 2 (2.27)

which is always growing, since 7y > 0 because the acceleration of the
expansion is negative for a fluid with w > -1/3.

Here a problem arises: when we look at the CMB we can observe re-
gions that have the same statistical properties, such as the temperature
T up to small fluctuations, without having been in causal contact before.
Experimentally we see that two patches of the CMB shares the same tem-
perature of Tcyp = 2.7 K with only small deviations 6T /T = 1075. So, how
can this be possible? There can be two solutions: the first one is to assume
that our universe was born homogeneous and isotopic, but this solution is
not satisfactory, because we want to explain the evolution of the universe,
starting from the most general initial conditions.

The second solution is to modify our beloved hot Big Bang model. We
need to push our singularity to —co and call this period inflation, during
which the comoving Hubble radius decreased causing a lot of scales to
exit the horizon and to re-enter when rpy started to grow again. Now, all
the scales that exited and re-entered thereafter, have been in causal contact
before inflation, hence they can share similar statistical properties. Since
the largest scale we can probe is the CMB, we can safely say that all the
patches were before causally connected and we have no problems with
causality.
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ru(t)
ra(t)

4

Time t Time ¢

(a) Without inflation (b) With inflation

Figure 2.2: Comoving Hubble radius as a function of time and comoving
wavelength A. In the left panel we see the evolution in the case without
inflation. In the right panel we have inflation, in which ry decreases. The
perturbation A was inside the horizon, then it crossed for the first time
exiting and re-entering a second time.

A second shortcoming of the "old" Big Bang model is the flatness problem.
This is a fine-tuning problem and it can be easily understood considering
the value of the density of matter and energy in the universe. We have that
the quantity () — 1 is very close to zero with small deviations: at 95% CL
we know that |QQ — 1| < 0.4%. At Planck epoch we have that

|Q(t1) - 1] < 10762 (2.28)

and we can see that we have a big problem of fine-tuning of this specific
parameter. How does inflation solve this problem? We can see that

Q= 1] a;\?
ﬁ ~ (E) ~ exp{-2N}, (2.29)

where N is the number of e-folds. So, for some big enough values of N we
can see that the quantity |Q) — 1] at the end of the inflation will be close to
zero even is at the beginning of the inflation it wasn’t zero. Thus we say
that the inflationary solution is an attractor solution.

In the context of the modern unified gauge theories we find an interest-
ing variety of superheavy, stable particle that should have been generated
during the early Universe. These particle species, surviving annihilation
processes, would contribute quite generously to the present energy den-
sity, i.e. Qox > 1, overclosing the Universe. For example, using the Kibble
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mechanism, the expected relic abundance of monopoles is

3
Teour Mmono
Q ~ 101 , 2.30
0mono (1014Gev) (1016Gev) (2:30)

far too big. These unwanted relics can be massive particles or other
topological defects, such as cosmic strings, which are mono-dimensional
defects, arising from the spontaneous breaking of the U(1) symmetry;
two-dimensional defects are the so-called domain walls generated during
phase-transitions. The energy density of these unwanted relics must be, in
some way, redshifted away during the expansion of the Universe and the
inflationary solution has the power of solve this problem. However, infla-
tion is not discerning, and in doing so any trace of radiation or dust-like
matter is similarly redshifted away to nothing [14].

2.2.1 Inflationary solution

In order to have a positive acceleration of the expansion, we need to have

1
< -z 2.31
w < — 231)
and a proper candidate to drive inflation with this requirement is a simple
real scalar field ¢ as a function of time and space. The Lagrangian of a real

scalar field is of the form

1
Ly = 58" pupy = Vie). (2.32)

We can compute the energy momentum tensor from the action S, defined

as
-2 6S

uv = 'ﬁégluvl

where g is the determinant of the metric and S is the action of the scalar
field

(2.33)

S = / d*x\=g L. (2.34)
With our choice of the Lagrangian we have
Tyv = a‘u(Pav(P + gwl:. (2.35)

The scalar field can be decomposed into a background value and into a
small perturbation

(x, 1) = @o(t) + 6p(x, 1) (2.36)
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and focusing on the background part we have

1
p =595+ V(g0 (2.37)

1,
P =295 = Vipo)- (2.38)

From the variational principle we can find the Klein-Gordon equation
for this scalar field in an expanding universe

1 A%
p+3Hp - =Vp=——, 2.39
' U ¢ (2.39)
where 3H ¢ is a new term which accounts for the expansion of the Universe.
We can satisfy our condition on the equation of state for example if we
impose that

P* < V(p), (2.40)

which is the slow-roll motion. The most relevant equations become

H? = gnGV(qoo) (2.41)
)
3Hq = S0 (2.42)

Now we can introduce two parameters, called slow-roll parameters e
and n

-H
_ 9
n= _H(P (2.44)

and in order inflation to occur we need to impose them to be much smaller
than 1 and under this conditions it is called slow-roll inflation. Inflation
ends when € is almost unity.

As we said, the inflaton field ¢ can be decomposed into a background
component to which we add a small perturbation. This perturbation will
obviously satisfy the Klein-Gordon equation

\Y
5 +3HO( — = ———0¢. (2.45)
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We can quantize the scalar field and then we can rewrite the KG equation
replacing 0¢ with the mode function uy from the rescaled quantized scalar
field. Our new equations reads

” 2
o4y aza_vl up =0 (2.46)

14
u +
k a dp?

and in the case of a massless scalar field 9>V /dp? = 0 and in pure de-Sitter
with H constant we can solve the equation into two scenarios: sub-horizon
and super-horizon. In the sub-horizon regime we can see that k > H and
we have

u + k*u =0, (2.47)

which is an harmonic oscillator with solution

1 i
Uy = ——e~ikT, (2.48)
2k

In the super-horizon regime we can neglect k? since k < H. Our KG
equation for the mode function then is

144

ul - %uk -0 (2.49)

with a growing solution proportional to a, namely
ux = B(k)a, (2.50)

which tells us that on super-horizon there are no causal connections and
thus the amplitude of the perturbation to the scalar field remains constant.
Matching the two solutions at horizon crossing we find that the value of

the amplitude is
H

V2k3

|0pk| = (2.51)

constant on super-horizon scales.






Cosmological Perturbations

[...] the linear perturbations are so surprisingly simple that a
perturbation analysis accurate to second order may be feasible [...]

Sachs and Wolfe, 1967

The Universe in its totality, on large scales, as we already know, is con-
sidered to be homogeneous and isotropic on average, but the presence of
structures such as stars, galaxies and clusters makes the Universe not so
homogeneous. We should go beyond the FRW model: either finding a new
model which accounts for anisotropies and inhomogeneities or perturbing
our simple FRW one. In this chapter I will firstly tackle the problem of
interest, focusing on a deeper problem which arises when dealing with
General Relativity and perturbations: the gauge issue. Later on I will intro-
duce perturbations and compute perturbations up to second order.

3.1 The gauge problem

Let us start from an ideal universe S, where all the quantities are denoted
by an overbar, so for example the metric tensor will be g, and the energy
density p. Now we perturb this smooth universe to obtain a new S model
in which the metric is g,,. The perturbation 6g,, is thus defined as the
difference between the metric in the pertubed spacetime and the metric in
the ideal smooth universe

6g‘uv =8u = g‘uv- 3.1)

21



22 CosMoLoGICAL PERTURBATIONS

We are then trying to compare two tensors which live in two different
spacetime: it is a known fact of differential geometry that, in order to be
meaningful at all, the tensors must be considered at the same point. We
need to find a prescription, a one-to-one map to identify points of these
two spacetimes: this map is called gauge and a change in this mapping is
denoted gauge transformation. The problem is that one has the freedom to
choose this gauge and this freedom gives rise to the arbitrariness of the
value of the perturbation at any given spacetime point [13].

Another way to state the same problem is to try to answer to this ques-
tion: if we don’t know how the model S was used to make the construction,
can we uniquely recover S from S? [28]. The answer is no because we can’t
uniquely determine the background quantities from the realistic universe.
We need to define, as before, a map ¢ from S to S and the perturbations
depend on the choice of this not unique map.

Let us suppose that we have a family of manifolds M, where A identifies
the order of the perturbation: A = 01is the background, A = 1 the first order
and so on. On M, live tensors, such as the metric Suv(r), and we need
to confront these tensorial quantities with the ones on the background
M: the one-to-one mapping are denoted as ¢4 or ¢p,. The choice of this
function is the gauge choice and a change in this correspondence, keeping
the background space-time fixed, is a gauge transformation [28]. Following
the Bardeen definition [26]

A change in the correspondence, keeping the background coor-
dinates fixed, is called a gauge transformation, to be distinguished
from a coordinate transformation which changes the labeling
of points in the background and physical spacetime together.
[...] Thus, even if a quantity is a scalar under coordinate trans-
formations, the value of the perturbation in the quantity will
not be invariant under gauge transformations if the quantity is
nonzero and position dependent in the background.

Following [13], we consider a point p in the background M,, with
coordinates x*(p) and choose a gauge defined by a function ¢,. In this
way we have a new point 0 which is the correspondence of the point p
through the mapping induced by 13

o =1ua(p). (3.2)

We could also have used a different gauge, say ¢, and consider o as the as
the point of M, which corresponds to a new point g of the background

0= pa(q). (3.3)
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We start from the point p on My, reach the point 0 on M, through )
and eventually we go back to the background to the point g4 with (p;\l. The
overall gauge transformation can be seen as a one-to-one correspondence
between different points in the background since

q =Dalp) = ¢y Wa(p)), (3.4)

such transformation is called active coordinate transformation. So we can see
that the point g is at a parametric distance & from p where ¢ is defined as

dx#
) &, (3.5)
having the transformation
xt(q) = xH(p)+ A& + ..., (3.6)

which is the usual infinitesimal point transformation. We can now define a
new system of coordinates y* such that y*(q) := x#(p), from (3.6) we have
easily

y'(q) = xt(p) = x*(q) — A& (x(p)) + ...
= xt(q) — A& (x(g)) + ..., (3.7)

where in the last equality we Taylor expanded to first order in . Equa-
tion (3.7) is the so called passive approach.

Tobe more precise, consider now a vector field Z with components Z* in
the x-coordinate system. Define a new vector field Z, with components Z in
the x-coordinates, such that these components evaluated at the coordinate
point x#(p) are equal to the components Z’# the "old" vector field Z had in
the y-coordinates at the coordinate point y*(g). So we have the relation

u

- d
ZH(x(p)) = Z%(y(q)) =

P Z"(x(q)). (3.8)

x(q)

Looking at the first and last term in the equation is the “active approach”
looking at the last two terms is the “passive approach”.
The Jacobian is
dyt
axv
and Taylor expanding Z(x(q)) at first order

Z(x(p)) = ZF(x(p)) + ZLAE (x(p)) = AELZY (x(p)), (3.10)

= o — A&, (3.9)
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where we can recognize the Lie derivative
Lezh =708y - &l zy (3.11)
so our gauge transformation up to first order reads
Z=7+L:7. (3.12)

Our goal, however, is to go beyond first order and we can expand
everything up to second order, starting from (3.6)

AZ
xH(q) = xH(p) + A& (x(p)) + Eéflvév(x(p)) +..., (3.13)
where I
T e
=S =t — e, (3.14)
The passive "approach" relatlon (3.7) becomes
A2
yH(q) = x4(q) = Ak (x(p) — S ELE (x(p)) + .., (3.15)
expanding everything
A2
vA(@) = ¥(0) - AE(x(g) + TEE @)+ (3I6)

Since &M can be expanded as [18]

=) Mk 6.17)
h=0
we have easily
Y@ = P~ AELx(@) + o [ 1) - )]+ G18)

Now we need to plug this equation into (3.8) to get the general rule for a
tensor. The second order Jacobian reads

ayt
oxv

Taylor expanding everything up to second order as before we have

- ae! +—[g PR —5g‘”]+..., (3.19)

S W (1;2 + Le) 20, (3.20)
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where we used the fact that the second order Lie derivative is
Liz8 = P78 08P 7l + ZPeq el + P02 2P (3.21)

For a generic tensor T we have thus the gauge transformation up to
second order

- A2
T:T+)\£51T+7(£§1+£52)T+.... (3.22)
Let us split the tensor T into zero, first and second order
_ 1 T
T:T+T1+§T2, T:T+T1+§T2, (3.23)
so we have
Ti =T +ALg,T (3.24)
T =T + 20 Lo, Ti + A2 (Lé + ng) T (3.25)

where T, is the perturbation at the r-th order: sometimes it will be denoted
as T,y = 0'T,ie. Ty = 6T, T, = 6°T.

Lie derivatives

Our transformation law requires to compute Lie derivatives of quantities
which could be scalars, vectors or tensors and here I recall the main results
which will be useful later. First order Lie derivatives along the vector field
EH are

* L =0uct
o Levb =0l &8 —0vagl]
® Léa)‘uv = a)‘uv,aga + wyaé% + wav&%

Second order Lie derivatives can be computed easily from the definition,
ie. LZ(T = L[ L:T], having

o Liop=PEhes+ PP ps
o L200 = SPehot —2sPoleh 4 obshel 4 Beook —obsdgh

s Léw‘uv = gﬁwévé?y‘g‘i'éﬁwyééfsvﬁ+éﬁ£fsﬁwyv,6+5ﬁééwyv,ﬁ6+2éﬁwév,ﬁgiﬁ‘
W 8, + 28P wys p&5, + wupehi €, + 20l EY)
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3.2 A perturbed universe
Our smooth background is the so-called FRW model described by a metric
ds® = a®(n) [—dn® + dijdx‘dx| (3.26)

and we can introduce some quantities to perturb this metric up to any
order r. We can start introducing a scalar quantity i called the lapse
function, such that the 00 component of the metric will be described as

oo = —a*(n) (1 +2 Z %yb(r)(xi,n)) : (3.27)
r=1

Then, the 0i component of the metric can be perturbed using a new function
w; which is called shift perturbation

g0i = %) Y — ', ). (3.28)
r=1

Lastly, the spatial part of the metric ij can be perturbed using two functions

=1 . 21 .
gij = a*(n) l(l ~2) SO0 ﬂ)) bij + ), X T?)] . 329
r=1 r=1 "~
If we stop to second order we will have components

900 = —a*(1+ 2y + )

1
g0i = a*(w1; + szi)

gij = a? l(l —2¢1 — $2)0ij + xuij + %XZij]
where the dependence on 17 and x' is hidden because of brevity: remem-
ber that zero order quantities are only time dependent and perturbations
depend on both time and space coordinates.

It is a known fact that the quantities appearing in the metric, i.e. @; and
Xij, can be further decomposed according to the Helmholtz decomposition
theorem at any order in perturbation theory. This states that the quantity
w; can be decomposed in

wi = wl + w7, (3.30)

,1
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where ;- is a solenoidal (divergence-free o transverse) vector, namely
a)l.“ = 0. Similarly, the traceless part of the spatial perturbed metric x;;
can be splitted in scalar, vector and tensor part as (cfr. [15] with different
notation)

Xij = 2Di]~)(” + )(j’]. + )(].L’i + )(Z (3.31)

Here D;; is a traceless operator defined as

1
Dij = al&] - géi]'VZ, (332)
the vector quantity x;- is transverse, namely Xl.“ =0, and )(Z.T]. is a tensor

perturbation which is by definition transverse and traceless, i.e. )(Z.T].’i =and
Xri = O

" We can summarise saying that the most general perturbations of the
FRW metric can be decomposed at each point in space into four scalar parts
with one degree of freedom each, two vectors each having two d.o.f. and
one tensor having 2 d.o.f.. So in total we have 10 degrees of freedom. The
question is easily served: why do we bother with this "fancy" mathemati-
cal decomposition? Obviously one can say that different perturbations are
linked to distinct physical phenomena: Newtonian gravity is a scalar phe-
nomenon, the presence of magnetic fields in the universe is linked to some
vector quantities and gravitational waves are only tensor perturbations.
Another explanation is that we can thus decompose Einstein equations
and in some specific gauge choices, up to first order, these perturbations
evolve independently.

The first order vector perturbations are neglected because our models
of inflation predict that no vector components are generated during the
inflationary epoch, but, even if they are created, they are quickly diluted
away as we will see later.

This was about the metric perturbations but we are not satisfied enough
yet. We have to account for matter perturbations: we have to perturb the
4-velocity and the matter-energy density. Let us start with the 4-velocity
of the matter, defined as u* = dx"/dn. We set it to be

ut = % (65 + v”) , (3.33)

where vt is the peculiar velocity, expanded up to second order as vt =
v’f +v5 /2. We know from General Relativity that the 4-velocity must

2
staisfy the normalization condition u*u, = -1, so we can link the time
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component v° at any order with the lapse perturbation ¢. Easily we start
at first order and we find that

o) = 9. (3.34)

Now we do the same calculations, keeping only terms up to second order,
from the condition

2

1 o

u“uy = - (1 + v? + Evg) (1+2¢1 + ) + 010]16,-]-
= - (1 +(09)* + 200 + vg) (1 +2y1 + P2) + 0k orp
= - (1 + o+ P — 4yt + vg) + 0k o1,

since it must be equal to —1 we have

) =32 — ¢ + 10l (3.35)

Now, as we did before, the spatial perturbation of the velocity can be
decomposed into a scalar and a true transverse vector

vl = v“i + vi. (3.36)

The energy density can be expanded as
vl
p=p+ Z F(S p. (3.37)
r=1 "~

One last quantity which needs to be decomposed is the vector £ along
which the Lie dragging is performed, we can write (at any order)

O =q (3.38)

and . ' _
E=p'+d, (3.39)

with d! transverse, i.e. dli =0.

3.3 Choosing a gauge

In this section we will see two of the most “popular” gauges used in
cosmological perturbation theory [4, 21]. These gauges can be specified
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by assigning a particular set of variables to zero, either in the gravitational
sector or the matter sector. As we have seen before, our gauge freedom in
the metric part is completely contained in the tensor &, which is made of
two scalars (a, B) and one vector (d'): thus two scalars and one vector to
zero in our metric is a perfect way to fix a gauge and this is what is done
in the two following examples.

3.3.1 Synchronous gauge
Introduced by Lifshitz in 1946, it is characterised by the conditions

which remove two scalars (1 and wl) and a vector (a)f). In this gauge it
can be easily seen that the time coordinate corresponds to the proper time
of comoving observers at fixed spatial coordinates. The only problem is
that this gauge does not eliminate all the possible gauge freedom. At first
order we can write

¢=¢+w+¢M=¢+“fy=o (3.41)
so we have
ao = —/ apdn + C(x") (3.42)

where we have a constant C(x?) which needs to be fixed from initial condi-
tions.

This gauge is very useful in lots of cosmological calculations, and it is
the gauge employed for CMBFAST [10] and CAMB [9].

3.3.2 Poisson gauge

Introduced by Bertschinger [21] it is defined by eliminating one scalar from
goi, another scalar and a vector from g;;, namely

wl=0 (3.43)
=0 (3.44)
x;i =0 (3.45)

A previous version of this gauge is the so-called longitudinal or conformal
Newtonian gauge [11], defined by

wi = xij =0 (3.46)
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valid only if the stress-energy tensor contains no vector or tensor parts and
there are only scalar metric perturbations (no gravitational waves). Since
the scalar shear is given by 0 = X" = wll, this gauge is also known as the
zero-shear gauge because o vanishes in this gauge.

Bardeen in his work [26] proposed two gauge-invariant scalar poten-
tials, defined as

2w, = 2¢ + 20l + 2Hal - (x”"+%c”') (3.47)

2y = 25 - %W A+ 2Ho! = Hy (3.48)

and we can easily see that in Poisson gauge the two scalar potential are
also gauge invariant, since » = W4 and ¢ = —®y. Thus, the metric
perturbations in the Poisson gauge correspond exactly with several of the
gauge-invariant variables introduced by Bardeen.

As we will see later Poisson gauge gives the relativistic cosmological
generalization of Newtonian gravity.

3.4 First order

Now that we have the essential resources, we start sneaking into the lumpy
world of perturbation theory, recalling the very basic and well estabilished
results in the linear theory:.

3.4.1 Gauge transformations

As we have seen before, we need to specify a gauge choice and we can have
the possibility to choose the one we want. We saw how to transform from
a gauge to another, but how do really the perturbations transform at first
order?

Since these results are easily found on textbooks and reviews (see [13,
4,15, 3]), we will walk through this computations quite quickly.We can see
now how the perturbations appering in the metric transform, starting with
the lapse perturbation 11, from 6goo

0800 = 0800 + L&, 8o/ (3.49)
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which is

—2a%(1 = —2a%Yy + (?oo,y&“ +&1'080, + 51%?0;1)
= 24’y + (§00’0€10 + Zo0,ié1" + E10800 + €10080; + 19800 + é1f0§0i)
= —Zangl + (—Zaa'al - 2a20c'1) ,

SO
1 =91+ Hay +af. (3.50)

1 we have

For w

~|| _
@y ; aa) +.£glg01

_l/‘l w +g010El +801]£1 +£10g10+510g1]+51 1g00+£1 1g1]

|| 2, . .
= a Cl) —a al/l +a 51]61]

=a a)” - azal,i + azﬁ’i,

thus we have
a)” = a)” a1+ B (3.51)

From ¢;; we can see how ¢ transforms

—2q§161] = —2q5161] + — 1 (Zaa 0416,] + B1,ika 6k] + B1,ika 6k])
= —=2¢10ij + 27{041617 +2B1,ij,
multiplying by 67 we have
—6¢1 = =61 + 6Hay +2V2py (3.52)

and in conclusion

¢1=p1— Hay - %Vzﬁl. (3.53)

Now for the last scalar x; we look again at g;;; as before we have

L8y =2aa"a164 + 2a%B1ij, (3.54)
SO
2a2D,])(|1| 2a2D1])(ﬂ +2aa’ @16 + ZaZaZﬁl,zj

- 1 1
X|1| i~ gVZX”(S X! i 3V2X”5z] + Har6ij + Bu,ij,
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taking the traceless part for i # j, for which the deltas are zero

~l I
Xl,ij = Xl,ij + ﬁl,ij- (355)

Now I switch to the vector part of the metric, starting from w;;. Here
the Lie derivative is (keeping only the vector part of &;)

L3y = a*dy;, (3.56)
so we have
az(f)fi = aza)fi + azdii,
which gives
~1 _ € /
@y; = wy; +dy;. (3.57)

For x1; we take the g;;. The Lie derivative is
Le, gy = a’dy,i +a*dy, (3.58)
thus we have
)?fl] + )?fjl = Xf,',j + Xll]-,l- +diji + diji,

which gives
Xt = Xxg; +dui (3.59)

The last step is now to see the tensor perturbation XlTi j

%1 = a’xy + Lagi (3.60)
and we can easily write
X1ij = X1ij- (3.61)
Now we can study how the velocity field transorms, recalling that
vg’ = —1)1, namely
91 = —{
= -1 —Hay —af, (3.62)
so, trivially
70 = o) - Hay - af. (3.63)

The spatial part of the 4-velocity can be computed from

ot = du' + L1,
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recalling that only #’ is non vanishing and 6u' = vi /a and that the lie
derivative of a vector field is

Lo = viléf‘ - okl (3.64)

thus we have

1 ~ 1 — ‘u —
Zvi = Evi +ul, &y —ute) y
1 . .
= Evi - EOEILO (365)
L 1., i
LY, |
—of - — (B} + 4 (3.66)

so the scalar part of the spatial components of the 4-velocity transforms as
o1 =ol1-p; (3.67)

and the vector part follows easily
ot = ot — 7. (3.68)

Another important quantity is the density p, this transforms as

op = 06p+ Le,p, (3.69)

where Lgp=p Héf . So we have
op=0p+pa, (3.70)

since p depends only on time.

3.4.2 Einstein equations for scalar perturbations

To recover the first order Einstein equations I have to compute the compo-
nents of the equations up to first order: Ricci tensor, Ricci scalar and the
energy momentum tensor. Using the definition we have, up to first order

oMo =11, 0Ty =y g =y7y
61—'?] = —27’{(]5161']' — 27"{1#151] - (Plléljl 61—';0 = _5;¢)/1
0Ty = =051k — 03 P1,j + Ojkpy
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from which we can compute the first order Ricci tensor
ORij = (91 = P1) ;;+ 0ip | =H (567 + 1) = (2 +43C) (61 +y1) = 97 + VP
and
ORoo = 307 + Vi1 +3H (Y1 + ¢7), ORoi =2 (¢ + 7{¢1),i :
Now, the Ricci scalar can be easily written as
6R = g"Roo + g7 R;j + 28" Ri (3.71)

where the last term is a second order quantity and can be neglected.
After some algebra one finds

OR = a™% [-6¢7 + 6H (] +3¢7) — 1241 (H' + H?) + 2V (21 — ¢1)]

We can write the Einstein tensor G/,

. 1.
i_ i_ i
6Gj —(‘5R]. 26]-6R

and we have
0G) = a™25; [H(4¢q +2¢17) + Yr1(4H" + 2H?) + 207 = VZ(¢r — P1)] +
—a~(p1— 1) ij
Now we need to write the first order energy momentum tensor 6T}, for
a perfect fluid, which gives
TOO =—p—0p
Ty =—(p+pori = =Ty
T].’ = ]5(5;. + 6;96;.
Putting everything together and taking the tracefree part of the ij equa-
tion
1 1

i Lo kei i Lemkgi
6G]. 36Gk6].—8nG(6Tj 36Tk(5].)

which gives us

(= 39%0!) 1=y =0 67
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which is satisfied for
Y1=¢1= 9. (3.73)
With this, we can find the evolution equation for dust inserting the
previous result into the trace part of the ij Einstein equation, namely

a2 [6Hp' + p(dH' +2H?) +2¢"] 6 = 8nGopo;. (3.74)
In the easy case of dust we have op =0, so

¢" +3Ho' + (27{’ + 7{2) ¢ =0 (3.75)

3.4.3 Einstein equations for tensor perturbations

For tensor perturbations we follow the previous computations but with
only tensors. Namely we have
1 .

. 1y, . 1.
oL = 5X1jr Oy = > (Xij,k + Xik,j ~ lek) ’

where x1j = Xi_ij' The non vanishing perturbations in the Ricci tensor is
only in the ij components, because we have that tensor perturbations are
traceless and transverse

- 1 ., 1 . i
i _ 2207 g2 i
6R].—a (2)(1]. 2V )(1].+7-()(1].). (3.76)
The first order pertubed Ricci scalar is zero and from the ij equation we
have

Xij” +2H ! j’ - V2xi; =0, (3.77)

which is the equation of a harmonic oscillator damped by the expansion
of the Universe, described by the term

27{;(3'].' #0 (3.78)

3.4.4 Einstein equations for vector perturbations

In the case of first order vector perturbations, we set to zero the scalar and
tensors components in our metric. Recalling that we are in Poisson gauge
we can set a)lLl. = w1;. Up to first order we have easily

1 . .
61"&. =w1,iH, 61“‘1?]. = ) (a)li,]- + a)l]-,i) , 61"?,{ = —a)iéjkﬂ
1

i _ k Jk i _ i i’
6F].0 =5 (wl,j - C‘)lj) , Oy =Hw; + ;.
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Now we can write the 0i Einstein equation for the vector shear and we find
VAW, = 1611Ga®V;, (3.79)

where ¥; = wi — )(14" is the vector shear and V. = v + w;" is the gauge
invariant vorticity.

From the momentum conservation equation derived from TL“ =0, in
case of no anisotropic stress tensor (perfect fluid), we have

[(p + P)WVic] +4H(p + p)Vic =0 (3.80)
which can be solved having
(p+P)Vicoca ™ (3.81)
The previous equation gives us an interesting result, namely
a4(ﬁ + p)Vic = constant (3.82)

which is the Kelvin circulation theorem, saying that the vorticity is con-
served along fluid trajectories, in the absence of dissipative effects. The last
equation can be rearranged in a more intuitive form

a%(p + p)Vica = constant (3.83)

which is a "momentum" multiplied by 4, representing the conservation of
the intrinsic angular momentum. From this result we see that the vorticity
tends to be diluted during the expansion of the universe since it is inversely
proportional to the scale factor.

So, even if inflation would have generated first order vector perturba-
tions, they would have been quickly diluted and thus it is quite reasonable
to neglect those first order vector components.

3.5 Second order

After this straightforward path, leaving behind us the linear world, we go
a bit higher and at the beginning of this somewhat winding and intricate
path, we start to see how the trees, branches and shrubs begin to intertwine
and merge with each other, making the crossing more complicated.
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3.5.1 Gauge transformations

The first thing we encounter in our path is the gauge transformation, as we
did in the linear world: we need to find how second order perturbations
transform.

We start with the lapse perturbation 102, namely from the relation

6°Zo0 = 6°go0 +2Le; 8" oo + L, Zoo + L, Zoo (3.84)

where 62 800 = —2a2¢2, since goo = oo + o1 go0o + %62 go0o- The Lie derivative
along &1 of ol goo reads

L:6'g00 = 6" goo,ul + 25f,051g0y
= 5" g00,0&) + 61 goo,iEL +2 5?,051g00 + 51051801
= —2(2aa’ 1 + aztpi)oq - ang,l-éi + 2(—2a2¢10¢'1 + azéilwu).
The Lie derivative along &; is esily found
L:,800 = Zoouéh + 2551(]?0#
= —2aa"ay — 2a’2a2

Now comes the trickiest part, computing the second order Lie derivative
along &1

2 = _ = Hev | = H v v o5 u 0= %
LélgOO = gOO,val 51 + gOO,‘uEllvgl + éllolug()vgl + Zél,ogo;l,vgl‘i‘
Ho = v U= % v ol = v ¢l = v ol =
+E3 0v80uSt 285 n80uvey + 9087 , 8o + 287 087 o8vu + €1 0&1 , 8ous

expanding all the summation, we end up with

2

2 = _ 20,12 ” ’ ’ ’ i ”
Lglgoo = —2a7(a” +aa”) - 2afaraa’ — 2aa’a1 ;&) — afara —a? al 151
—4ajaiaa’ - o 'apa® — ay lcf —4aa’ajar — aza’f —a’m 151 - 24 “1 +

+251251 & —a a’lz 251 ati.
Now we can put everything together and reach the desired result
U2 = o+ Hap + ab +11, (3.85)

where IT is a contribution from products of first-order transformation,
defined as
4

I1=a;|a] +5Ha] + (7{2+ %) a1 +4H 1 + 297 | + 2 (af +2¢1) +

+Ei (0(’1 + Haq + 21101),1. + 511/ (0(1,,' - 2w1i — éiz)
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Now, from the 0i component we derive the transformation rule for a)!
and w5
6*Zoi = 6°g0i + 2L, 6" goi + L3 Zoi + L, Joi- (3.86)
Again, we have

‘55161801 = 61801’,;1551 + Efllloélgw' + E}f’iélgoy

= 2(111’0)1,’0(1 + azwiial + azwli,kéll‘ + 0(/10)11'+

+ 25]1(,(311(1' —2a1,a%1 + Elf,iazwlk,
where for brevity [ introduced the quantity C,;; defined as
Cnij = =Pwdij + X(ij- (3.87)
The other Lie derivative is
L300 = 0251«‘5]2(/ —a’a;.

The second order Lie derivative acting on go; is defined as before (changing
the indices) and we have

2 - Kk k'’ ' 2] K’ 2
‘LélgOi = alél + él,j 5,‘k£i — 411[1’&16{1,1' — 0(1,,']'11 Ei + 451 aa’éikal —-a a’lalli+
2 k 2 2 i’ ek K 2 2 i’ 2 k
—a 051,k51,1- —2a°ajay,; +2a Okj€y &1 + aj&y aoi+a oik&) —a al/kél,i‘
After some algebra, we can write
@2i = wai + &) — azi + L, (3.88)
where X; is defined as
k ‘ k
ri=2 [27’{(4)11'0(1 + wiioq + w1k + 0('10)11' + 25]1(:1,']' —2a1,1 + wlkélli] +
2/
’ . ’ r_ . "o ] o .
HAHaq (], — ari) + o (&, = 3ar,i) + an (511' 0‘1,1') +& (i +2850) +
+£j & —mii|—a Ej
1\ 1,5 Lij Lj%1,it

Equation (3.88) is the transformation rule for the perturbation w,; and since
we decomposed it into scalar and true vector, we can write the transfor-

mation for a)g and ws;. For the scalar part we can apply the operator d' to

(3.88) and then take the inverse laplacian V=2, recalling that a)l.l’i = d;i =0,
namely

@) = wy+ By —ar + VL, (3.89)
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now we insert this inside (3.88) and we solve for the solenoidal vector part
@3 = wy; +dh; + L — V2 (3.90)

The last transformation rules of the perturbations are derived from the
trace and traceless part of the ij components of the metric

0%Zij = 0%gij + 2L, 0" gij + L3 Zij + L, Zij- (3.91)
The first Lie derivative reads
Lglélgi]’ =2 (2aa’C1ij + azCiij) al + azch-]-,kg’; + aza)li(xl,j + 2a2C11~k5'1‘,].+
+a2w1ja1,i2a2C1kjEfi.
The third one is easily
L, 8ij = 2aa’ a0 + azézi,j + achz]-,i.

As previously the calculation of the second order Lie derivative is a bit
tedious but straightforward and the result is

Légi]‘ =2 [(a’2 + aa”) a% +aa’ (maaal,kélf)] Oij + 4aa’ o (&xij + &) +
2 k.2 2ck 2
+a“ay (Eii,j + Eij,l-) +&1a” (i + Ejik) + A7) [ Eajp + ATy iEq+
+a2a1,i£1j — 2112041,]'0(1,1' + 26!25]1(’]-51](,1'.
Thus we have
2@2,']' = 2Cyjj + 2Haz0ij + &1ij + &2, + Vi, (3.92)

where

Yij =2 [(“H2 + %) a% +H (ala'l + akéi‘)

(51']'+4:

a1 (Ciij + 27'(C1ij) +

k k k
+Crikcy j + Crijréy + Crgjcy ;| +2 (wiia1,j + wijari) +

k
+HAH o (&1ij + &1j,i) + (cf{l-,j + 51;‘,1‘) + &7 (Ei i + E1jik) +
k k k
+EY rik + & Ejk + @, jE; il — 200 jan i + &7 i

To have the transformation rule for the scalar ¢, we take the trace i = j,
thus

—6¢y = —6¢2 + 6Hay + 2B} + Y
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which gives

1
6

For X! we substitute the previous relation into (3.92) and apply to it the

operator 9'd/ and take the double inverse laplacian V-2V~2 and after some

algebra

~ 1 .
P2 = o —Has - §V2,82 - -YL (3.93)

3 ..
Zv-zv-zri';f . (3.94)

For the vector perturbation x5;, we plug the two previous results into (3.92)

- 1o o
B = +pa- 7V +

and apply to it again ¢, then we take the inverse laplacian. After some
other tedious but straightforward math, we get

~ —2w—2~rjk -
Roi = X3 + dai = VVY L+ VL (3.95)

In the end, for tensor perturbation, namely gravitational waves, we can
substitute everything into (3.92) and after some algebra (again) we find

1 1

T _ T . 2~ kI k) < —2yg—2~n kI

le.]._;(zl.].+rl,+§(v T —Yk) i+ 5V VAT
1

+ZV 2k

-2 k k
VAL - (Y .+Tik’].). (3.96)

jk,i
From this last equation, despite its complexity, it’s easy to see that gravita-
tional waves at second order are not gauge invariant anymore.

Done with metric perturbations, we need to transform also the matter
perturbations. We start from the 4-velocity and in particular from the time
component of vg because we know that from (3.35)

) =32 — Py + vk, (3.97)
so, using the transformation laws we derived before, we can write
9y =0y —Hap—ay)+ A, (3.98)

where for brevity

al/

A= l?—(a’l + aq (27—(2 - —) —27{0? +20?l—a'1’ +
a

k k
+£’1‘ (27}%,( —Hay i — 0/1,k) +a) (0‘3 - 20?) —2ugka + &y
For the spatial part of the velocity perturbation we have

Ot = 8%u' + Lo’ + 2L, 0" u’ + L @, (3.99)
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now we use the definition of the Lie derivative of a vector
L' =),y — ks,
- _lgi’
72
The second Lie derivative term reads

Lot = ol € - Stk

1/ 4 ~ y ' a’ :
— i k_ ,0ci’ _ ki _ i
= (01 a1+ 0y, & — 08 Uy CE1,k) 200

Now, the usual second order Lie derivative
Lin' = Pefuty —2ePagely +aPelely + Py, —aPeoelys
a’ ; 1 Y 1 ; 1 7 i’ 1 /
=2aE) - &y - ge o - og e
putting everything together we get
b= ol — &+ Qf (3.100)
where
Q' = ay [2 (o) - Hol) - (&1 - 2HE] )| + & (291 +af) +
—&hy (20 &F) ek (20 - &)

The scalar part of the spatial second order velocity perturbation can be
found easily taking the derivative along the i direction of (3.100) and then
the inverse laplacian

o) = vl — By + V20, (3.101)
and the vector part, substituting, is
o5t =0 —dj + Q- V20N (3.102)

The last matter perturbation is the energy density 6?p and it trans-
forms as

0%p' = 0%p + Leyp + 2L p + LY, (3.103)
since p is a scalar quantity, the Lie derivatives up to second order are very
easy to be computed and the result is

6%p=6%p+pas+ 8, (3.104)
where

E=m (ﬁ”al +p'al + 261p’) + &k (ﬁ’al,k + 261p,k)
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3.5.2 Einstein equations

Before starting with the computations of the Einstein equations, I want to
stress that, since the complete calculations done by hand are very long,
some passages may be omitted for the sake of brevity, not to bother the
reader. Moreover, since we know we are in Poisson gauge, we can shorten
our notation putting

Wy = O
T _ .
X(r)ij = X(n)ij

The first thing to do, in order to simplify a bit the calculations is to
expand the metric as

_ 1
Suv = uv T 6gyv + Eézgw (3.105)
and the Christoffel symbols as

rg, =T%, + oI5, +0°T§

By By By By (3.106)

where the interesting part is the last term, defined as

1(1._
6°T}, = E{Eg A [6%8ny.p + 6% gapy = 0°8pya] + 087 [08ay,p + Ogap
1 _ - _
—5gﬁm] + 5528'“)\ [8A%ﬁ T8y T 8ﬁm] }
(3.107)

Now, to proceed further we need to invert the metric up to second order,
using the relation

gyng\ = 62\1/ (3108)

which, up to second order in perturbation theory gives

g0 = g2 (1 -2 — o+ 41/’%)

g" =50 w,
o AN j
g =a| (14201 + 92 +497) 6 —x] = 500 + iy 4o |.
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Using the definition and the inverse metric we can now proceed and
we can write the affine connections to second order

1
6°Th = 515 = 2¢1¥1
1
5°TY, = —9021' — 211, + —7{0)21'
1 ,
Tl = —”sz+ 05 + 5 ¢1 + 2019 = XK
1 /7 /7
Ty, = 1500 + 57—{)(217 —1xy;; — 2W¢1X1ij +AH P10 — Hipabij+
, 1 1
+ 4H Y1104 + 2191 0ij — quzéij (Pz ij @2 T g
621"1' _ 1 ,(Sij 1 i’ i -2 61 1 ik . r
0j = _EQZH tg Xy T@y; z] ¢1¢1 + ¢1Xl] + (Pl)(l] A1 X1kj
, 1 , 1 ) 1
5zr}k = _57{@551* ) (91)211'52 + ¢2lk5 ¢z ]k) (sz] + Xz; k Xéljk) +

=21 (1,60] + 1,10} — b1 0 ) + b1 (X + Xl ;q].k) RN+ Pt

—W2j i

1
— P11x Okj - 52(1 (X1, + X1Kk1,j — X1jK1) -

In the same way as for the Christoffel symbols I can expand the Ricci
tensor, having

—A —
8% Ryy = 6°TG, , — 67T, , + 6°T% Ty, + 0T, 614, + Ty, 62T, +

uv,o oy, v T
=0 =A
—T,\0°T, — 61, 6T, — 6°T, T,
Now we need to compute the derivative and products of Christoffel sym-
bols at second order in perturbation theory. The algebra is straightforward
but very tedious and involving. I'm going to reproduce the computations
for 62Rgo and later I will report only the results for the other components,

for brevity.
The first term is

2 210 2
o r800—5 Lo + 0 FBOZ

:§¢ 291 = 297 + 5 V2¢z+2¢11¢1 +201V2 1 = X P ik
Then we have

2 _ 2r0 2
6T o00 = 5rooo+5rioo

3 ) 1 ik 1
= EIP 17b 1P1 217%2 - E(PZ/ - 6¢1 6¢)1¢)1 - _Xl Xlkz 2X1 Xl/kz'
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Now we need to compute the products of the connections

_ 1 3 1 :
2 A ’ ’ ’ ’ k.»
oTg, T = Eﬂ% —2Hy 1 - 57{% —6H P17 — 57{?(5 X1ki

/ ’ o i Lk
87,070 = Wi =31 9; — 291,y — 3¢
FgA(SZFéO = 27{% - 87{%'101

_ 1 , 3 1 i1

[5,0°T 50 = 5 HYy = 2HY Y1 = SHP, — 6019 — 5HXT X,
, PR By

TG, 0T}, = W2 + 201 197 + 3% + 241k X

> 1 ’ ’ 3 ’ 1 1
8T T = 57{% = 2Hy 91 - 5%7{ —6H 107 - 57{?(5 X
Putting everything together and summing, we arrive to the desired result

1 ] ] 3 ’ 3 ’ 3 ” ’
5*Roo = Evzl,bz — o1 — Py + EW% + EWI,DZ oY+ 3¢+
” 1 i ’ 1 ; ” 1 ik r ’ ,
+6P17 + ZXik Xiki t EXllkxlki + Eﬂxik?ﬁik — 6H Y Y1 + 6HP1p1+
+2¢1V2Y1 — X1k - 3¢ (3.109)

For 62R; we follow the same path, even if it is a bit more involving, and
we have

1 ’ ’ ’ ’ 1 k'’ 1 kl . »
6°Roi = 57{ w2i + 1y + 4P 01, +4P19] ;- §¢1,k?(1i — 5 X1 Xyt

2
1 4, Lok a2 o — L %
5 Xk T X @2 P11, 2¢1,k)(1i +
1
+ Hp i = 4H P11, — Vi (3.110)

The last component is the ij one and it is convenient to split it into a
"diagonal” part, proportional to 6;; and into a "non diagonal” one. We end
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up with

1 1
O°RiSD = =S Waij + S b + 3011 + Privpj+ H xaij+

1 1 1 1
- E(CUZi,j + W) i) — Z(wéi,]’ +wy; ;) - ZVZXZZ']' + ZX'f,li)(lkl,ﬁ
L &

+ §X11X1kz,i]‘ =Py — HP X — Pidrj — i+
+ Ewlfk)(li,j + E¢1’kX1j,i - EI/’l,quj + §¢,1X11] - 37_(91)3)(11']‘4'

1 1 3 )
+ §<P1,k)(]fi,j + E(Pl,k)(lfj/i - §<P1,k)('11-]~ +2¢101,ij — o1V x1ij+

1 1 1
+ ﬁbl,ik?(]l{j + (Pl,jk?(]fi - §X]lelli,jk - EX]lellj,ik + §X]fl)(1ij,kz+
1 1 1
+ 2015 = 2HP1x; = AH 1 + 7oy + 5 i + S+
1 ;1 ;1
- lvblxyij - 2W/¢1Xlij + E)dci,lxlljk - EXiikX]f]' - Exllci,l)(ij,k (3.111)

and

1
O°Rjj = Oy | 4H YT + 4H Y1y — H'pa — SHY) + 4H Y1+

/ 4 4 144 ’ 1 144 1
+ 2H P o1 + o) + 29y —H ' pa - P2t EVZQDZ t ¢1/k¢ik+
4 5 ’ 1 ’
+2¢1V21 — prxf! + 1ty + @y - 57{% - 57'{?(%{1?(111("’
+ 8H2 Y 2H Yy — 2H> Py + 8H* Y1 o1 + 10H 1 |- (3.112)

Going through these expressions we can start seeing terms like

1 k
§¢1/kX1i,j

which are appearing due to the fact that we are not neglecting first or-
der tensor perturbations and all these terms will appear in the following
expressions, making the results much longer and difficult.
Our goal in this section is to write down the Einstein equations in the
mixed form .
G;. = R;. - Eé;R = 871GT].1, (3.113)
so we need to raise an index, by doing

Ry = R, gH*. (3.114)
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At second order in perturbation theory our previous expression can be
written as

1 _
§%RY, = §MPO? R,y + 6gHPOR 5y + 552 SR,y (3.115)

Thus we have

2|1 [ 3 ’ 3 ” / ”
6*Rg = ~a levzwz = Py — YLy + SHY) + 567 + 307 + 60197+

1 ’ 1 ; ” 1 ik s ’ ’
200" i + S0 N + 5HG X = 2HY1] + 6HP1$] + 201V +

4 2
— X1k = 3919, — 6Hp1 ¢ — 61y — 1yp1 V21 + 3H 1 — 12H i+
N %7—{%] (3.116)

. : 1 . 1 -
7R = 7| = w4 0 400 = gt = 0l — 3

2
Lowr i 1 i , 2 poi 1 ki’ i
X XN gy xaml + H @y = 20795 = Sy + HYs +
1, : .
— 4H Y1y - ZVZw’Z +AH prypy — 2H P ex (3.117)

D - ’ ’ ’ 1 ’ ’ ”
O*RI” =a 2[47{ Y1+ AHY Y1 = H'pa = SHY) + 91 + 20147+
1, 1
= 505 + 5 Vb2 + L’ +491V2b1 — pruxy + Pty +
/ 5 4 1 / 4
+ @7 = SHYy = SHXG Xy + 8HPT = 2H2 2 + 10H @1+

—10H ¢}p1 — 2q>1q>;'] o (3.118)
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ND _ o 1, 1 / : L ' .
PRI = a 2[ = 53 505+ 3070y = g (wh g )+

Lo iy _1oo i Lok Loy

-1 (a)i’j + w5 ) - ZV )(3]. + 4¢1¢1,j + ZXl X1kl,j + EXl Xllk,j+
4 /‘ /‘ 1 ki ]. k/‘

— X PO — YT+ Pk SR T

1 ik 1, i soio 1 ki, 1 ki
- El,bl,k)(lj + §¢1X1] + 27‘{(1)1)(1] + Eqbl,kxlllj + §¢l,k)(1]' +

- gdh,k?(i’jk - 2<P1V2Xij + <P’1i,k?(]fj - %Xid)dl,jk - %Xlld?(iizj,ﬁ

+ %Xi{l)(ij,kl + 217b117b’1i/]. — 27{1101)(ij' + éllxéf” + %7’()(5]'/ - ¢1Xij/,+
’ %Xilsziljk - %Xik/ - %Xfiz)fij,k o+ 2HOG;

- 2019 ; - %Xikﬂkj = HX X + DX = Viprxd +

+ %Xikvz)flkj + X1k (3.119)

The Ricci scalar can be computed and it is
6*R = a=2|24H" Y2 + 24H Y Y| — 6H P2 — 3HY, + 610, + 120107 +

— 3¢5 +2V2¢ + 601k} +1601V2P1 — 21 11X — 9H P+
= BH XY Xy + 24HPYT — 6H P2 + 36H Y11 — V2ot

3
F 2+ XA, + XV X+ Ay Vi

3 . 1 , )
B Z)dd - Exﬁ,lxil,(m - 367—[¢1¢1 - 4¢1V2¢1 - Xlld)fllk+
+ 2011 i = 12197 + 24 ki (3.120)

Now we move to the matter perturbations computing the second order
energy momentum tensor from the definition

T\ = (p + p)ut'u, + podl + 24 (3.121)

where, from now on I set the anisotropic stress tensor X}, to be zero because,
treating the baryons and the cold dark matter, being massive particles, a
perfect fluid approximation is good. We recall that

ol
a

co 1
(65‘ + o) + Evg) (3.122)
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from which we can compute u,. We have

1 1 1
Uup = gOpup =q (—1 — 1#1 — §¢2 + El#% — Evlkvic) (3123)
1 1 i
U = anzi +alv; + E’Uzi - 2(]51011' + 01 X1ij (3.124)

For the 00 component at second order we find
1 -
62T00 = —Eézp —(1+ w)pvlkv’f (3.125)

where w is the equation of state. The other components of T\ are given by

. . o .

62TO’ =—-(1+w)p Evé + (l,bl + Fp) vil (3.126)
i = 1 1 i

0T} = (1+w) pojvij + Ewézpé - (3.127)

With all these expressions, we can finally write the mixed Einstein
equations. We can start from the 00 equation

1
20 _ <20 _ 20
0°Gy = 0°R — ER = 8nGo7T, (3.128)
which reads

1 .., .
3 XX+ HE X — 12H2 9% = 3" + BHD, + 3HAW, — V2D, — 3¢ o+

v 1 3 e 1
+ X} = X7V Xk = XX+ ﬂﬁ,z?fi’fm —8¢V2¢ = 8nGa’5*T,

2 8

where ¢ is the first order scalar potential (remember that at first order, for
a perfect fluid we had ¢1 = Y1 = ¢).
The second equation is derived from the traceless ij component

626;1 = 8nG52T;' (3.129)
and we can write that the traceless part is

. . o1 1., 1
2~iTL _ <21piND 2piD 2 2pkND 2pkD k<2
6*GiT = RIND + 6”R” ~ 5610°R — 201 | 8°R{ND + 0°RP — 26(°R
) ) 1 . 1 .
_ S2piND 2piD _ 2 <i2pkND _ — <is2pkD
= PRINP + R — 2016 RiNP — 2616°RYP.
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We can easily see that

5;521{’,;1? = 352R;D, (3.130)
thus we have
. . 1 .
2~iTL _ 2piND _ L cic2pkND
o G]. =0 R]. 36].(5 R, (3.131)

It is convenient to split the 62G; into 3 parts, respectively proportional to
terms at second order in ¢ or ®; and W, quadratic in y and mixed like

llqbX”
G = 72 (s; i M;) , (3.132)
where
: - - 1 11
S; = 281q58]qb + 4(1‘[)818](]5 + E ((Dz - \pz):; - 55; |§V2(q31 - \Pz)+
+ 20X ok P + 443 ok (3.133)
' Lo i1 ki T 1 wii L ji i
[} =2~ 7Y Xaj + 151 Xkl i+ 541 X j = 5X1 Xipjk = 5X1 Xlllj Kt
1kl' ].'/I 1 4 1'k ,1 1'/k/ 1k'l
5N X1+ Z?féj + §WX§j + EXi,lek - §Xik Xij ~ §X1,11X1j,k+
1. T 1..[1 1
- E)dkxlkj - WXik)(lkj + EXikVZ)Clkj - 55} lz?(ik'm)(lkl,m + Elelszllk"‘

1 ;1 ;1 1
X Xk = 50 X = 53X Xk = 5 X0 (X + 2H X = VX1 km)

2 2 2 2
(3.134)
and
N PV ki : k,i ki ok
M]l = —Eqb’)(i]. + (P,k)(lf]- + 27{qi)’)(i]- + qi),k)(ljZ — 2qb/k)(§]. + gb’;c)(l].+
. . L2
" x1; = V2Px1; + @ ixy = 5070 kmiy" (3.135)
Since we are interested in the second order scalar part of this equation, we
can remove second order tensors and vectors just by applying the operator

d;9' to the previous equation. We need to remember here the properties
of the tensors and vectors: the first are transverse and traceless and the
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second are transverse. Thus we can compute the second derivative applied
to S;. and we find

9;9'S; = %VZVZ (Dy — Wy) + §V2V2¢2 — 0,0/ (29'pd;p) + %Vz (20" pa; ),
(3.136)

where we can see the interesting quantity ®, — W,. For the term I we need
to use the first order equation (3.77) with some tricks and we have

1 1. ... . .
0id'[; = gvzvz()(fl)(lk) - 1910] 9" x¥ 0 xu +2(x19;9kxt, + XM I xuj+

+

= X1k X] = dx I wji + i XYy + dx dkxy)

1 o
+ 5V l&’”xikc?mmz +2(xX" x5+ e, - 8szk8lX1mk)l-
(3.137)

In the end, we can do the same for the term M]’

' ' ) . , 1 , i , .
%IM} = —§V2(q§,km)(fm) + 010 (2H ' xy; - 7 Xy + Qb,k()(flj + Xllc}u’

= 2x7F) + @7 x4 = V2OXL; + ks + x| (3.138)

Everything is done for the left-hand-side of the equation, now we need
to apply the operator d;d’ also to the traceless part of the second order
energy momentum tensor 62T]?. Namely, we have

" l ; - l 1 —_
G T = 9,0 [(1+ w)pvyoy] - IV [(1+ w)polo].  (3.139)

Inserting all the previous expressions into the Einstein equation and solv-
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ing for the quantity ®, — W, we can write

1 4 1 1 oilo i
5v2v2 (Dy — W) = —gvzvquz - gvzvz(;dk xux) + 700 [salqbajqn

+ ' X9 xakr + 2(x 99k xk; + XM Ik xuij — ;‘(i‘lak&l)(;+
. o, . .
= dixikd yaji + Xty X]f]- + 31)(11”91«)(51-) —8HP 3+
., O . . .
+2¢"xy; - 4¢,k(7(i{,lj + X1~ 2x17) — 49Xy + 4V2¢X11j+

- 4¢:;cxi{] - 4¢,k]')(ik + 12(1 + W)Wzvivlj +

1 : , ’
ETA lSalqb&iqb + " XKDy +2(x™ X+
+ XXM xt = XTI X1mk) — 8 m XE" +

+12(1 + w)?{zvjvlil, (3.140)

where I used the background Friedmann equation

8nGpa’® = 3H?. (3.141)
In conclusion we have
1 |
Oy — W, = —4¢? - 5 XXk + ZV‘ZV‘Z&-&]A; —~ ZV-ZB, (3.142)

where I introduced A’ and B for brevity: they are defined respectively as

the first and the second term in the square bracket. This equation is the
second order equivalent of the linear constraint ¢»1 = 1)1 and it reveals the
underlying effects of terms quadratic in the first-order scalar and tensor
perturbations which can create a source of difference between the two
second order scalar potentials in Poisson gauge, even if we are considering
a perfect fluid with zero anisotropic stress tensor. Inside A;, and B we have

contributions from "¢¢", "xx" and "x¢" and these last two contributions
are one of the original results of this thesis project (cfr. [2] and [22]).

3.5.3 Energy and momentum conservation equations

In order to close the system we need two more equations and these two
equations can be derived from the two second order energy and momen-
tum conservation equations. We can start from the divergence of the
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energy-momentum tensor for which we know that from the Bianchi iden-
tity we must have

VuTy =0 (3.143)
where V uis the covariant derivative. We have
VT = 9, T, + T4, T - T3, T5, (3.144)

which at second order is

H — 2t L TH 2P K p 2t P
VTl |y onger = Qw0 T+ Th 0%T) + 6T 0T, + 82T, T +
FP <2l P sl _ <2pP il
—T0,6%T) — o0, 8T} — 6°I0, T (3.145)

The energy conservation equation at second order is described by
s —
V#TO |II order ~ 0 (3.146)
having set v = 0. Thus, after some algebra we have
62p’ +3H(1 + w)62p =31 +w)psp +2(1 + w)ﬁ’vlivi +2(1+ w)ﬁ(vlivi)%

op,i op

1., : .
+2(1+w)p| 50, + ) (gbl,i + 7) + (ybl + F)Ui’i] —4¢,iv1p(1 +w)+

—6(1+w)'(Op +2pp) + 8H(1 + w)pvivy; — (1 +w)pxikxi,,; =0 (3.147)

In a very analogous way, setting v = i in (3.143), we can easily retrieve
the momentum conservation equation

(1+w) (poz) + (1 + ) (s + 4Hom) + 36°P, + 5(1+w) (pass) +
+2H(1 + w)pwzi + (1 + w) (v1;6p) + (1 + w)f)[(v'l‘vli),k —2¢1¢1,i+

— 12HPrv1; + AHO 1k — 501, — 3cplv;] +(1+w)op[drs +4Hoy ]+
+(1+w) [pofxiki] = 3p101(1 + w)dp’ =0 (3.148)



The Boltzmann equations

Who can see without admiration how the eternal stars slavishly obey
the laws that the human spirit has not indeed given to but learnt from
them.

Ludwig Boltzmann, Theoretical Physics and Philosophical Problems:
Selected Writings

If one is interested in the anisotropies in the CMB and in the inhomo-
geneities of the matter distribution, he or she needs to study how photons,
baryons and dark matter are coupled to themselves and to gravity. Re-
calling the book by Dodelson [32], we can see in a very simple picture
(Figure 4.1) how these fields are intricate. The metric, i.e. gravity, affects
everything in the Universe: starting from photons up to neutrinos and
dark matter. Photons are affected by the gravity and also by the Compton
scattering with free electrons: in general photons are scattered also by pro-
tons, but since Compton scattering scales as the inverse mass squared and
protons are way more massive than electrons, scattering processes between
photons and protons can be neglected. Electrons are coupled to protons
through Coulomb scattering and are also affected by the metric. More-
over, in our picture we also have neutrinos which, after decoupling at T
about 1 MeV, interact only with the metric, transferring their anisotropy to
the geometry and the geometry transfers this information to the photons.
Then we have the so called dark sector, in which we collect dark matter and
dark energy. Dark matter dominates the right hand side in the Einstein
equation (at later times) so the perturbations in the dark matter are the
most important perturbations that can change the geometry. We also have
dark energy: the cosmological constant, that can’t fluctuate neither in space

53
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JOJ53s HIO(]

Corrpton
scattering

/ .8

Profons |
Coulomb
scc:ﬂemng\
Baryons

Figure 4.1: How different species interact with themselves and with the
metric. The arrows are encoded in the coupled Boltzmann-Einstein equa-
tions. Since electrons and protons are tight coupled through Coulomb
scattering, we can consider them together to be baryons. We added also
the presence of Dark Energy for which the arrow is dashed: we do not
consider perturbations to the dark energy if it is a cosmological constant.

nor in time, which appears only in the background evolution. There is a
hidden arrow which connect dark matter and dark energy, because there
are some models in which DM and DE can be coupled together, i.e. the
quintessence models involve a scalar field for DE which could couple to DM.

The way to study how these species evolve is to write down and solve the
Boltzmann equations. Schematically, the differential Boltzmann equation
is

= aC[f] 4.1)

where on the left we have the total derivative of the distribution function of
our species of interest and on the right-hand side we find the collision part,
which is a complicate functional of the distributions functions accounting
for various collision terms. In the easy case of no interactions we have that
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d
af =0 (4.2)

dn
which tells us that the number of particles in a given element of phase
space does not change in time.

4.1 Thesecond order Boltzmann equation for pho-
tons

The first thing to do is to study the left-hand side of the Boltzmann equation.
Here we have the total derivative of the distribution function of a specific
particle species and this is in general a function of the conformal time,
position and momentum of the particle P# = dx*/dA, where A parametrizes
the particle path

f=f@x', Pt ). (4.3)
From the theory of General Relativity we know that the normalization

condition gives us
P? = g,,PHPY = —m?, (4.4)

where m is the mass of the particle. From this constraint we can eliminate
the time component of the 4-momentum P° and the remaining phase space
distribution f(x’, P/, 1) tells us the number of particle in a differential
volume dx'dx2dx®dP'dP2dP? in phase space.

For photons we have that the condition (4.4) simplifies to

P? = ¢, ,PFP¥ =0, (4.5)
from which, using the conformal metric at second order
P? = gooP°P° + 2g(; PP’ + g;;P'P/
2 .
= (po) (1 + 241 + 1) a2 + wya®POP + p?, (4.6)

where we defined p? = g;;P'P/. Now we can solve for P? and we have

2y 1/2
PO — (wzipopl + %) (14201 + o) 172, 4.7)

from this expression we can easily recover the zero- and the first-order

results
P

PO‘ P po
o a’

_Pq_
= =) (4.8)
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To write the final expression at second order we also need the spatial com-
ponent of the 4-momentum P’ and we can assume that it can be decom-
posed into a constant C which multiplies the direction vector n’, defined
such that 6;;n'n/ = 1. So we can write P’ = Cn’ and we only need to find
the form of C from

- - 1
gijP'P/ = C*a*P'P/ l(l — 21 — ¢2) Oij + x1ij + EXzijl =p?, (4.9)

using P’ = Cn', we find
2 _ 221 _ ..ijl..if
p-=Ca”|1-2¢1 P2 + x1ijn'n’ + 2)(21]11 n|. (4.10)

Now we can invert the previous expression solving for C. We have to stress
that we are doing computations up to second order, so we need to Taylor
expand everything to second order, namely

1-x)""2=1+ %x + %xz +O(x%). (4.11)
So we have
C= % 1+ ¢1+ %sz - %Xli]’ni”j - %XZij”i”j + %Xlij)(lkmni”j”k”m+
+ 207~ Sgrxun'n) (4.12)

and spatial part of the 4-momentum P’ is

. . 1.1 1 . .
P' = an 1+ ¢+ §¢2 - E)ﬂkﬂ’lk”] - Z)ijnkn] + %Xlkj)(llmnkn]nlnm+
3 3 ;
+ ng)% - Eqbl)(lkjnkn]]. (4.13)

From this we can recover again the zero- and first-order results

il _P i il _P i Lk
P‘ =-n', P 1St—an 1+ ¢ lek]nn (4.14)

and these expression can be confronted with [31] adding the first order
tensor perturbations and with a different notation for the scalar part and
the second order vector and tensor perturbations.
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Now we can write the expression of P? as a function of p substituting
in (4.7) the zero order P? and P’ since they multiply wz; which is already a
second order quantity

Pz ' Pz i 1/2
PO = (G)Zi;nl + ;) (1+ 291 + 1)

4 i 1/2 1 3
=% (wain’ +1) (1 — g1 -2+ Eﬁ)

p 1 1 3
p

1 3 1 ;
=S 1—t — <o+ =2 + —won' |, 4.15
a ( 1/11 2¢2 zlpl 2 2i ) ( )
Since we have the expressions for the momentum as functions of the
momentum magnitude p and the direction n’, we can write the distribution
function as

f=f@&'n'p,m. (4.16)

The left-hand-side of the differential Boltzmann equation (4.1) is the
total derivative of the phase space distribution function f and as we know
the dependencies we can split it into partial derivatives using the chain

rule af  of of dvi ofdp  f dn'
dx p dn'

4o o] ofaex  ojap o) an 417

dn " on T oxidn T apdn " oni dn (4.17)

We need now to compute the three time derivatives acting on x', p and n'.
The first term can be computed just by noticing that

dxt  dxtdn
thus .
. dx!
i _ 2% po
P! = an P". (4.19)

In conclusion we have that dx?/dn is just the ratio between P’ and P°

dx! : 1 1 -1 .3 ,
e n [1 +O1+ S - EXlkj”kn] - ijnkn] + gxlijlzmnkn]nlnm+

3, 3 i 1 1, 1 k
+ 501~ 5 Pr1xakn ”]] [1 Y1 H oY Yy S W ] (4.20)
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which up to second order gives

dx' 1 1 1 .3 :
an =n' [1 +¢1+ §¢2 - EXlkjnkn] - Z)(ijnknf + gXlijllmﬂkn]nlnm+
3 3 ; 1 1 1
+ =07 — =1 xin ! + 1 + Prgn — s xUmn ™ + Spa — SPI+
2 2 2 2 2
1
- Ekan"]. (4.21)

The second term in (4.17) is the time derivative of the magnitude of the
momentum p and in can be calculated from the time component of the
geodesic equation

d_PO = 19 pepf

dn ap po ’
where we used the fact that dn/dA = P°. Now, the derivative on the
left-hand side can be computed, expanding P to second order

(4.22)

dP0  d(p/a) 1 3., 1
E = dn 1- 1701 — El,bz + Elpl + 5(1)217’1 +
Pa (i oLy s3u21 i
+ e (1 U1 21/12 + 21/;1 + Za)zln , (4.23)

where dpja) 14
pra) _14p 4P
o " adrn H-, (4.24)

the derivative of the scalar perturbation 1 yields

A _ 3 O dx!
dn — dn  dxi dp

/ ' 1
=y +Yin' [1+d1+ P — E)ﬁkmnknm , (4.25)

where we used the expression of dxt/ dn up to first order since di1/ dx'is
already a first order quantity. For the derivative of the second order 1> we
have following the previous reasoning trivially

dlpz ’ i
d_T’ = ¢2 + lllz/ﬂ’l . (426)

The derivative of the square of the first order scalar perturbation gives

d¢% ’ i
W = 21#11#1 + 21#11#1,1'11 (4.27)
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and finally the derivative of the last term in (4.23) is

d(woin’ -, ;o
% =n'wy, +n'nw;, (4.28)
where we have neglected the derivative of n' since it is a first order quantity
and w»; is only at second order.
Now we focus on the right-hand-side of (4.22), where we have, apart
from the minus sign and the division by P°

ov

0 aﬁ_g
IosP PP = =

28va8 — gapv] POPP, (4.29)

taken into account that P*P# is symmetric in @ and B, thus the two metric
derivatives in the definition of F“y contribute equally, hence the factor 2.
Now we need to compute the right-hand-side of this last expression up to
second order in perturbation theory for v =0,i, « =0,k and f =0, . Let
us start fromv =0,a =0and =0

00
1
g? [2g00,0 — goo/o] POPO = —Eﬁl_z (1 — 21)01 — 1./12 + 41#%) [ — 2&&’(1 + 2¢1 + l,b2)+
2
- a2y +9y)| (P°) (4.30)
which gives, after multiplying and summing

00
’ 1 ’ 4 2
% [200,0 — g00,0] P°P° = (7{ Y+ S - 2¢1¢1) (PO) : (4.31)
Forv =0, a =iand = 0 we have
g% 0pi opi (1 L,
N [2g0i,0 — gio,0] P"P' = —P°P E(]‘(a)zl' + ZwZi . (4.32)
Forv=0,a=0andf =i
00 o o 1 1
N [2g00,i — §oi,0] P"P' = —=P"P’ (—2¢1,i =12, — 57‘(6021' - Zwéi + 41y, .
(4.33)
In the case of v =0, « = i and 8 = j, the expression is a bit longer
00
- 1
gT 2801, = &ij0] P'P/ = ) [C"Zi = 2H (1 =21 = 2) 05 = 2H (x1ij + x2ij) +
+ (297 + 93) 64 — (Xiij + Xéij) +4HY1 (1 - 2¢1) 04+
+ 4H x1ijpr — 4019165 + 217 + 2HYad;; 87{¢§5ij]pipi.
(4.34)
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For v = i, the only non zero term is the one witha = jand g =0
0i
& [28ij,i — gjo,i| P'P° = HawyibiiP/PP. (4.35)
Putting everything together we find

dp? 1 , 2 1 1,
i PO{ (7{ +y)+ 1/12 21/)11/)1) (PO) - Pop (57{@2,' + 7O

1 .
=21, — P2, — —7‘(6021 — —wy; + 41 — 7‘(6021') — P'P/

L it
20)21

-H (1 —2¢1 — (PZ) (Xlz] + ;XZz]) L (Z(P/l T (Pé) Oij+

1

’ 1 ’ ’
-3 (Xlij + §X2ij) +2HiUn (1 - 2(]51) Oij + 27‘()(11']'111)1 —2¢1Y10ij+

+ 1/11)(11-]. + 7‘(1[12(51']' - 47‘[1}'%51']'] }, (4.36)

dividing by P? and keeping only terms up to second order we can write

AP (P (g s v Lot — e VT
T = U Vi gV 2 = Y = g = 5 5y

1
+ 57‘(6021'11 ) - Bn ( 21, — P2,i +41ip1 — 211, — Hawoi+
1
- Xlkmnknmybl,i) - Egnznf [CUZi —2H (1 =261 — ¢2) 6ij = 2H (x1ij+

+xai) + (207 +95) 05 = (xqy; + gy ) + 4HP1 (1= 261) 03+

+4H 1 — 4TP10ij + 291X + 2H Y204 — 8H YT+

— 4HP16i(1 = 21) = 4H p1 x1ij + 4dr1); 6ij — 20175 + 81 prH O+
— 2H 263 + 2H(1 = 2p1) X1kmm 1™ 84 + 2H x1ij X1kmn n™ +

- ZQZ)ixlkmnknméij + )(ii].)(lkmnknm - 47{¢1X1kmnknm6ij+

+ (H)(kankn’”éij — 8(1)%7{6,7 - 2?{)(11n)(1kmnknmnln”6,-j+

+ 8H 1 x1kmn 1™ 85 — 2H S iip1 (1 = 2¢1) — 2H 11 x14j + 20,1647+
—P1xy; + AHSi7p? — AH P1iP104 + 2H Y1 1w 1™ 85+

- 27{5ij(%¢2 - %qﬁ - %kank)] L (4.37)
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This long and tedious expression can be further simplified recalling that
6jjn'n/ =1 and, skipping some algebra, we end up with

ar"

p ’ ’ ] 1 ’ [ ] 1 ’
i = —2[27{ + ] — ¢ — 2H Y1 + 2 in' + §X1ij”l”] — Hyn + §¢2+

1 , 1 , . , .
= 5@+ X' = By ' (Yo, + BHYT — 4 + 2019+

1 . o
+ Xlkmnk”mybu) + Q11 + Hawoin' — —ybl)(iz-]-nln] + qbl)(ii].nln]+

1 1 .
= 2¢19] + P x1in'n! — E)(h])(lkmnknmn nl — E(uzi,jnzn]]. (4.38)

Now we can study the left-hand-side of the geodesic equation (4.22),
using the expressions of the derivatives we found before

0 d ,

adn a
+E| =y g’ (1+¢1+¢1——xlkmn n ) %——wln ¥
’ l 1 ’ l 1 1
+ Y1y + 31’ + shn’ + swzm n]]. (4.39)

The last step is now to equate the right part of the previous (4.39) with (4.38)
and solve for the quantity dp/pdn

1d 1 : : .
; dZ —“H+¢1+5 ¢1 + 20191 — Yrin’ = sy’ + Prigan’ = pryin'+
—1a) n' il nin il ninl — ~ nfn"nt — *oninl+
2 2i 4)(21] 2X11] Ebl,l)(lkm ¢1X1i]'

which at first order exactly reproduces the result in [32], in conformal time
and for only scalar perturbations

1dp i
e H -y, 441
p dT] 7—{ (Z)l 1,bl,ln ( )
The last term in (4.17) to be computed is the derivative of the direction
vector n' with respect to the conformal time

dn'

i (4.42)
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but since it is multiplying df /dn’, which is at least a first order quantity,
we just need to compute (4.42) up to first order. As before we start from
the geodesic equation but in this case from the spatial part of the equation

dp? . papP
W r;ﬁ TR (4.43)

The steps are quite similar to the one we did before for the time component,
so I will skip those passages, reporting the result for the right-hand-side

dp?
dn

o 1
- _Z[%’ +2n' (H + Hpr — Eﬂxlkmnkn - ¢1) + )(1] —2n'nk ey p+

The left-hand-side, as we did before, reads

dp! d(p/a) 1 pdn' 1 k. m
dﬂ dﬂ 1+q51——)(1kmn n™ +a dﬂ 1+¢1——)(1km1’l n +
d k,,m
+ ( (Pl 1d()(1kmn n ))’ (4.45)
dn 2 dan
using the fact that
4_9, 9
dn = dn  oIxi dn
and that dn'/dn is a first order quantity, we have
dP' [1dp p 1 v m\  pdn
an - lE% ?{a (1+q51 S Xtk 1 +Z%(1+¢1+
1 1 1
- EXlkmnk” ) <P1 + Py nt Xlkmnkﬂ = 5 Xikm, lﬂkﬂmﬂll
(4.46)

We can substitute the expression for dp/dn from (4.40), we can equate
the resulting expression with the right-hand-side of the spatial geodesic
equation (4.44) and solve for dn'/dn. At first order we have

dn , . 1
—= = (e ui) ' =g =yt x4 S+

1 . .
— )(’1]. — X’lj,kn]nk + E)(il].kn]nk. (4.47)
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After all this math, one should care about the distribution function f
for photons. It is assumed to be a Bose-Einstein distribution

- 1
f(p’ 17) - zeP/T(U) _ 1/ (448)
where the overline tells us that this is only the background non-perturbed
distribution function, T(1) is the average (zero-order) temperature and the
factor 2 is there because of the two spin degrees of photons The perturbed
distribution function will depend also on x' and n', so to account for
anisotropies and inhomogeneities we have

. . _ ‘ . 1 ‘ .
fe,p,ntn) = fp,n)+ FOC, p,nl,n) + Ef(z)(xl,p,nl,n) (4.49)

where we split the perturbation of the distribution function into a first and
a second-order part.

In conclusion, we can easily see now that the left-hand side of the
Boltzmann equation (4.1), up to second order reads

df ~ df(l) s 1df(2) f
dn  dn 2 dn 8;9

af 1 1' 1 ’ i
—Pa —rin’ - _‘Plz” + 1’ — g’ - C‘)zz = X'+

¢y + <Pz + 20107 | +

1 .
_§X1ij”1”] —¢11X1kmnkn n' —qbl)(h]n nl - ¢ x1ijn’ n]l (4.50)

41.1 Collision Terms

In this section we will follow the reference [31], giving the main results the
authors found in the article.

The idea is now to focus on the collision term related to Compton
scattering in the form

e(q)y(p) «— e(q)y(p’) (4.51)

The collision term C is thus

/

dq dq’ dp
)= E(p) (2m)°2E(q) (2m)P2E(q") 2r)2E(p)
X IMP{g(@)f ()1 + f(p)] - @) f ()1 + fF(p)]} (4.52)

@n)*s*(qg+p—q' —p)x
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where E(g) is the energy defined as E(q) = /g% + m2, M is the amplitude

scattering, the delta ensures energy and momentum conservation, g and
f are the electron and photons distribution functions respectively. Since
electrons are in thermal equilibrium with photons and are non relativistic,
we can take g to be a Boltzmann distribution with velocity v

3/2 _ 2
g(q) =n, (mz;”e) exp{—%} (4.53)

The scattering amplitude M is
IM? = 6morm? [(1 +c0s? ) —2cos O(1 — cos 0)q - (p + ﬁ’)/me] (4.54)

where cos 0 = n - n’ is the scattering angle and or is the Thomson cross-
section.
The resulting collision term, up to second order is given by

31,0 , ,dqY , p / /
C(p) = jpT/dppE[C(”(p,zﬂ)+Cf)(p,p)+c§2)(;ﬂ,p)+C(AZ3(P,;7)+

+ 2, )+ cf)(p, p’)], (4.55)

where the different contributions in the square bracket can be found in [31].
The first one is the first order collision term and the others at second order
are arranged in 4 components: one is the so-called anisotropy suppression
term; the second one depends on the second-order velocity perturbation;
a set of terms with the velocity coupling to the photon perturbation and a
set of terms quadratic in the velocity v; the last contribution contains the
Kompaneets terms describing spectral distortions to the CMB.

Now, following [31], one can integrate everything and reach the result,
using the notation

C(p) = CO(p) + 5O p). (4.56)
Here, C (1)(;9) is defined as

0 f(O)

1 .
CW(p) = neor fo(l)(P) + Efz(l)Pz(v n)— fO - pWU n (4.57)

having used the decomposition in Legendre polynomials

fD(x,p,n) = Z(zz +1)£"(p)Py(cos 6) (4.58)
I
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At second order, we have to remember that the second-order velocity term
includes a vector part, breaking the azimutal symmetry, leading to a generic
angular decomposition of the distribution function, such that

Fim = (=i) le”/de (). (4.59)

Integrating everything, see [31] for the detailed calculations, we can find
that the second order contribution to the collision term is

%c@(p):nm{ 2 ) -1 1 Z =575 fom (P)Yan(m) - f<2>(p>+

af0 1 9f©
M | () L o oy en_ 27 |1

1)

FOp) - fP(p) - p——— f° (p )

+v-n

- ;0p) + Pz(‘7 ‘n) (fé”(p)+

0 1) P (1)( )
-p fzgp(P)) +0 2f1(1)(p)+p fl p +éP2({,,n)(_f1(1)(p)+
f(l)(P) 3 f(l)(P) 9f 0 11 .0? 0)
o o) + 38;9 *lo-ny [pg—p P a;j;z

+ 02

P op dp 207 dp? 20p |

(4.60)

4.2 Thesecond-order Boltzmann equation for dark

matter and baryons

In this section we will derive the second order collisionless equation for
cold dark matter. Following the previous reasoning, we can apply the
same formalism developed before to derive the Boltzmann equation for
any other constituent in the universe. It is very important to study the
the evolution of the dark matter because in almost all popular models of
structure formation, it plays an important role in structure formation and
in determining the gravitational field in the universe [32].

As the term dark suggests and as we already know, dark matter does
not interact with any of the other species in the universe, thus we don’t

9@ s

af“’) 3 azf(O)lerii >p4(Tea§_:)+f(0)(1+f(0)))]}

|+
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need to deal with any collision terms. A difference from the photons case
is that dark matter is considered to be cold dark matter, namely it is non
relativistic, and the constraint on the 4-momentum gives

guwQ'QY = —m?, (4.61)

where m is the mass of the dark matter particle. Moreover, the energy is

defined as
E = /g% + m?, (4.62)

where as before g is defined as 4% = ¢;;Q'Q/. We need to split the total
derivative on the left-hand side of the Boltzmann equation as

1 1
d_g= &_g+8_gdi+8_gdi’ (4.63)
dn dn  odxidn Jdp'dn
keeping implicit the direction of the momentum n’ into q° = gn'.
Following the same path we followed for the photons case, remember-
ing the difference between the two cases, we have (skipping all the passages
for the sake of brevity)

E
a

qi

1 3 1
Q0 - (1 - gda Ui+ sen ), (464)

which reduces to the massless case because p = E and p'/E=n'.
For the spatial component of the momentum Q' we reach the same
expression we had for the massless case

. i 1 1 1 .3 .
Q' = %[1 + 1t 52— EXlkj”kn] - Z)(ijnkn] + g)(lkj)(llmnkn]”lnm"‘

3 3 ;
+ 297 = Sorannl|. (4.65)

Now we need to compute the term dx’/dn and as we did for photons
we have

g
dn ~ E
3

1 1 o1 3 ;
[1 +¢1+ Eti)z - EXlkjnkn] - Z)ijnkn] + gXlijllmnkn]nlnm"'

3 ; 1 1 1
+5 2 §¢1X1kjnkn] +1+ P1Yr — Ewl)(lkmnknm + P2 - §¢%+

L qk] (4.66)

- Ekaf .
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For the term dg'/dn we have to write the geodesic equation
Q' _ . Q'QF
dn Qo

where the right-hand side, apart from the minus sign, can be written as

(4.67)

r Q;(Ogﬁ = A'Q"+BIQ/ + Cj, Qé%)k, (4.68)
where I introduced
Al = %w;i + 2019, = Prexik + i + %w;’ + %(szi (4.69)
Bl = 2H5;j - 25 — 16+ 1}, + %XL-' ~ %a)’zi]. + 201+ 20+
— 497 P18} = x{ Xy + %w;,]- (4.70)

Cix = E[ (=41,j = 202,) O} + 22X + Xgjeom + (2¢il + ‘le) Okj = Xig;T

= 5 X5~ 8D1D1 0% +4D1xy j +4P197 0k = 201Xy + 4D Xyt
—2x 1k, = 21, Sk + X xakj g - Wwéékj] : (4.71)

Since A! is at least first order, we need QO up to first order, which is

E
QY = ;(1 — 1), (4.72)
SO
. E (1 ., . ‘ 1 -1 , .
AQY=— (§w5 20197 = Prexy’ + Y] + 59y - sHwy - sw'{) :
(4.73)

The term proportional to Q/ gives

. i 1 1 1 .3 ;
B:Q/ = 27‘(% [1 +d1+ 52— Sxujn*nl = Zxoxm*n) + = xagjxumn nin'n™+

2 . .4 ' 8 |
3 2 3 k. i ql , ql , q] .y q] .,
01T pfxn ”]] =2 = 2Py + Xy + Xy Pt
1 q] 7 <1 . i i’ i , , ; ik ;
521 20500 + xaji’ — @y +4xy P1+4X) 07 — 8P P16; — 201 Ny + @y |-

(4.74)
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For the product Q/Q* we can stop at first order, since C;k is at least first

order
k

] .
QQ* = (1 +2¢1 — Xlimnlnm) (4.75)
and dividing by Q° we have

QQ* _¢/q*
Q" ~ Ea

So, the right-hand side of the geodesic equation can be written as

(1 +2¢1 — yusn'n® + ¢1) . (4.76)

Q*Qf  E(1 4 p Wi 1o 1 i
—FZﬁ QO __E Ea); +2¢1¢11_Eblkall+¢1l+_'1b21__7'{w§_4}1¢11 +
1 1
—ZWq [1+gb1+ (pz—z)(lk]n n]_ZXZk nknl + 8)(1k])(11mn Fninln™+
3 ; 9 9 ;. g
+ 292 - Ecplxlkjn | +2¢1; w29 T — Lt L o
1q] ’<i ’ i 4 i ’ 1 ik s
- E;(‘Zszé; + Xoji’ — wy; +4xy P1 +4xy;P) — B8P P10 — 2x7 Xy + w2])+
149%™ L i 1o '
57 E, [ = 202,m0) + Xy + P Okm — EXZIkm +4P1m Xyt

- inlejk m — 201, inj(Skm + Xinlkm i+ 4P1mxusn'n® L — 4, ml,bléi +
2)(1k xusn'n® + 2¢1)(1km 2X115nln5¢1 Okm +2gi)1 Y10km + X1ka1IS” n®+
Xlkmlibl 41, méz +2X1km +2(]b1 Okm — Xlkm 16(7)1(7)1,,716 +8¢1X1k,m

+ 80167 01 — 40113, — HiOun | (4.77)

On the left-hand side we need to expand the total derivative of Q' with
respect to n

i di i i
4Q —(1 d wq)ﬂd—w— (4.78)

an \adynp " a dna’

where F is defined as

1, 1 1 3 -
F=1+¢1+ 502 = sxun'n) = Laagn'n) + Soaxumnn/n'n™+

3 3 ;
+ Eqb% — Eqbl)(lkjnkn] (4.79)
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and the total derivative is

Z—I; =]+ ¢1,i%i(1 +¢1 - %Xlkm”knm +11) + %CPQ + %¢2,i%i - %61(2(1;]—:]1111])+
_ ixéij”i”j _ %le']',kninj%k £3010 + 3¢1¢1/i%i .\ %d()clz’j)(1z,,;zinfnlnm)+
_ gd()(li,z;ninf) (4.80)
So we can write
do' _adQ' g i dFQ (4.81)

dn ~ F dp 1 dn F
and we can compute

adQ’ 1 . i Wi o1 F
Fdp ~ ‘Elzwé oY - Pueny’ Y+ Yy - o Hwy — g

1 i 1 j / ’ i / ’
+ EXlkj”kn]Hb'f] -q' [27{ -2¢7 - (pl)(lkjnkn] - ¢ = 4¢1¢1]+
_j i’+1i/_]‘,i+1i+2il +2i ’r ikl+
7" X1, EXZ]- szj sz,]’ X1;j $1 7(1]'(]51 X1 Xikj

1 .,
k
+ 5 X1 X1km™ n’”]+

2
1q%q™ S , 1 ,
"2 : g [ = 202,m0) + o + Py Ok = 5 Xyp + 4P1m X1+

- 2Xin1jk,m - 2¢1,j)(ij6km + Xij?(lkm,j +4P1,mx1sn 158, — A1 P10} +

- 2)(ik,m)(115nlns + 21#1)(;](’”1 - 2X115nlnsqb’1i6km + 2gb’1i1/115km + )(iikm)(llsnlns+
— X} 1 — A1 mOL + 20 m + 204 Skm = X}y, + 4P1m 104+

= 201, mxus 15O, = 21Xy F X X1+ X - %X’fkmmsn’ns+

— 16¢1¢1,m0}, +8D1X} , + 8P10] Sk — 4D1 X7y, = 2007 P10kt

+ ixasn'n® - wwgék]-]. (4.82)
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Now we need to compute the last term in (4.81)

qk d()(lzjn n]) 1

dFq' _ dF , .
T _ ik ql[—¢1¢1—¢1¢1,k ¢ —+§X1i1”l”’¢1+

an F qdn+

Voo 48 1 dQagnn™)
+§X1ijnzn]¢1,kf_§)(1ijz;—n : (4.83)

So we can sum everything and we get
dg' 1 . : PP PR :
% = —Elza}é + (Pﬂ’bll — llbllk}(ll + gbll + EEDZZ — E?’fa)lz — 1P11P11+

. , 1 1d(xkjn*n’)
H =91 =500 = 20001~ g —+

1 o
* z)flkfnknf%ll 1

1d(X1k]n nl) 3d()(1z~j)cumninfnln’”)

— ] —
qbl)(lk]n T2 dn "3 dn *
 3d(xaijrn’ 'nl) L d(xakjn*nl) 1 dxumn'n™) .
2 dan oM dan ki dan
q

[ﬁbl kKt 5 <P2 K+ 30101k + P11 — 201 kXx1sn' T ]+

qf[ + ‘P1 + ‘Pl Y1 +3<P1<P1 - —<P1 Xusn'n® — o1 ex ]
1g%g™ 1
T2 E [XZk,m - 2X2km + 4¢1,m}(1k 2)(1 X1jk,m + X1 Xlkm,]+

= 200k KT+ 29100+ X XU 2000 = K
i i s Bl L i s i
- 2(Pl)(lk,m T Xlk,mXUSn n+ qblxlkm - Exlkm)(llsn n+ 8¢1X1k,m+
—dprx @ xantn® - Wa);akm] (4.84)
In the end we can write the full Boltzmann equation for dark matter

dg _dg  dx' 8g+dq g

4.
dn (91] T dn dx!  dn dq’ (4.85)

using the expressions for dx'/dn and dq'/dn that we found previously and
since we are considering the collisionless case (for DM), we have

9¢dm  dx' 0%am  dq' 9gam
+ — — + — — =0 4.86
an dn ox! dn dq' (4.86)
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These equations reduce to the equations in the collision-less massless limit
as it must, but the main difference between the two is the presence of terms
such as p/E, which are velocity terms arising from the bulk velocity of the
massive species.

In the case of baryons we just need to recall all the previous results we
found for the dark matter and we have to add the collision part. In this
way we consider the Coulomb scattering processes between the electrons
and protons and the Compton scatterings between photons and electrons,
namely

d
dine = (cepdoora + (Ceydpprar (4.87)
gy

with p and p’ the initial and final momenta of the photons, g and g’ the
corresponding quantities for the electrons and for protons we used Q and
Q’, as in [31, 32]. The angle brackets indicate integration over different
momenta
< > ~ d3p d3p/ WE: q/

o e . pp q - (27—()3 (27_()3 (Zn)3 .« e
and the quantities inside, such as ¢, can be seen as the unintegrated part
of the collision term

(4.89)

IM|?
8E(p)E(q)E(p’)E(q’)

{8e(@) (") = ge(q)f ()}

(4.90)
The next step, now, is to take the moments of these equations to find
the number density and the velocity, instead of assuming a particular form
of fam and g. This part goes beyond the main goals of this thesis project,
but I will quickly go through the main passages outlining what is needed
to be done.
First of all one needs to recall that

Cey = (271)4(54(;9 +q-p'—q")

d%q
n= / (2pi)3g (4.91)
and - ,
i1 qg qn'
“n) @t E (%2

The idea is to integrate over d°q/(2n)® the Boltzmann equation for DM
and baryons to get the energy continuity equation. To get the momentum
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continuity equation, we can multiply Boltzmann equation by ¢’/E and
integrate over d°q/(2m)>.
We see that our integration over dq can be split, as usual, into

d°q = q*dqdQ (4.93)

where () is the solid angle. We can use some easy relations

/dQni = / dQnin/n* =0 (4.94)

for parity, and
. Y (Y
/dinn] = ?6”. (4.95)

In our case we can have terms which are proportional to four n’, so we
need to find also

/ dQn'n/n*n' = %(5175“ + 6'ksit 4 5167k, (4.96)

which comes from tensorial algebra. These results can be found consid-
ering that, since n'nl is a symmetric second rank Cartesian tensor, the
integration over dQ must give the symmetric rank-2 tensor 6/, since it can
not depend on the position. Thus

/ dQn'n/ = k&Y (4.97)

where k is a positive constant to be found. We can multiply both sides by
6ij so we have

/ dQ = 3k (4.98)

from which k = 47t/3. In a very analogous manner we can do the same for
/ dQn'nin*n' = 26" + b6’k 1" + co' ik (4.99)

Multiplying separately by 6;;, 6;x and 6;; we get three equations in the three
unknowns 4, b and c. Solving this system of equation we find the desired

results 1
e
a=b=c 1 (4.100)
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This tensorial digression on the integration of the solid angle is needed
to get some considerations which will simplify our moments of the Boltz-
mann equations for dark matter and baryons. Namely, all the vector and
tensors components multiplied by an odd number of n’ give zero contri-
bution when integrated over d°g; the terms such as

xiin'n! and  w;n'n (4.101)
] /]

when integrated give zero because of the transverse and traceless proper-
ties of vectors and tensors. Vectors and tensors term multiplied by four
n', when integrated must be computed with some care, using the previous
relation.

After these integrations one can find a set of two partial differential
equations for the number density 7 and the velocity v’ for both the dark
matter and baryons.






Conclusions

In this thesis project I tried to add my original contribution to the cosmo-
logical perturbation theory at second order, without neglecting the first
order tensor perturbations in Poisson gauge.

Starting from the standard result of the FRW background, I recovered
the governing equations for the smooth and not perturbed universe. Then
I introduced the concept of the inflationary scenario as a model to solve
some shortcomings of the old Big Bang model, such as the horizon problem,
the flatness problem and the predictions on the unwanted relics.

After this introductory chapter, I started the discussion on the cosmo-
logical perturbation theory, which is the main focus of this thesis project,
showing how the perturbations are treated: introducing the decomposi-
tion into scalar, vector and tensor components.. The first problem that
we encountered is the so called gauge issue, arising from the covariance
of the solution of the Einstein equations: I showed how to deal with this
problem, recovering the usual first order gauge transformations, used to
confront quantities in different gauge choices, such as the synchronous
and Poisson gauge. Later, I computed the first order governing equations
of these scalar, vector and tensor perturbations, recovering the standard
textbook results: in the approximation of a perfect fluid the two scalar po-
tentials are equal, vectors decay and get diluted with the expansion of the
Universe and tensor modes propagate as waves, being called gravitational
waves.

The first main goal of my work is now to compute the equations beyond
linear order, up to second order, where, considering first and second order
scalar and tensor modes and second order vectors, second order terms can
be generated by the "coupling" between first order scalars and first order
tensors. Thus, rolling up our sleeves, I started with the second order gauge
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transformations for the metric and matter perturbations. Then, the second
part was all about computing the components of the Einstein equations,
such as the Ricci tensor and the energy momentum tensor. Arriving to
these results was quite involving but almost straightforward: I got all the
second order mixed terms like "¢ x" and "xx" appearing into the Ricci
tensor. I constructed the Einstein equations starting from the 00 and then
the traceless ij from which I found the relation between the two second
order scalar potentials: ®; — W, # 0 even for a perfect fluid, due to the
presence of second order terms made of 2 first order components. Then
I computed the energy and momentum conservation equations from the
divergence of the energy-momentum tensor: at this stage we can have 4
equations and we can close the system.

The last part of my work is spent on the writing of the second order
Boltzmann equations for the main constituents of the Universe: photons,
baryons and dark matter. The original contribution here is not to neglect
first order tensor perturbations and account for them in our treatment. Fol-
lowing the first order computations in Dodelson book [32] and the second
order in [31], I retrieved the Boltzmann equations for photons, baryons
and dark matter, computing the terms appearing in the total derivative of
the distribution function of the various particle species. As I did, we need
to account for collisions for photons and for baryons as well, but for dark
matter, by definition, we can study the collisionless Boltzmann equation.

To go beyond the main goals of my thesis project, one can solve the
Boltzmann equations for photons, baryons and dark matter. In the case
of photons it is reasonable to assume a specific form of the distribution
function but in the case of DM and baryons it is possible to use the moments
to solve the equations retrieving for examples an equation for the number
density and velocity of DM particles and baryons.

In this thesis project I tried to show how the presence of first order
tensor perturbations can lead to second order effects due to the coupling
between scalar and tensor or between two tensors. I showed thus how
these terms appear into the Einstein equations, needed to study the evo-
lution of the scalar perturbation of the "metric" part of our world. These
terms also appear into the Boltzmann equation which, as I said before,
describe the evolution of the baryon-photon fluid, allowing to follow the
evolution of the anisotropies of the CMB radiation at second order, from
the early epoch to the present, through the recombination era. In order to
deal with non-Gaussianty in the CMB anisotropies is of particular impor-
tance an accurate theoretical prediction of the second order effects that can
generate CMB non-Gaussian anisotropies, which, in future, could help to
discriminate among the mechanisms for the generation of the cosmological



77

perturbations and thus the various models of inflation.

A future direction of my thesis project could be to proceed and to
solve numerically the set of coupled Einstein-Boltzmann equations or, un-
der some assumptions and approximations, find an analytical solution,
to study the evolution of second order CMB anisotropies accounting for
first order tensor perturbations in order to confront with the literature and
observations.

In this context there is a very useful Boltzmann code called SONG
(Second Order Non-Gaussianity), developed in [33]. This code is an open-
source project written in C and it is based on CLASS: it is able to pro-
vide predictions on second order observables. When the code was im-
plemented, no first order tensors are considered: a possible project in the
future could be to modify this code, adding the terms arising in my com-
putations considering first order tensor perturbations. In this way one can
generalize the code and see how important is this contribution, confronting
with the previous results.
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