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Abstract: This work proposes a procedure for the multi-objective design of a robust forecasting
ensemble of data-driven models. Starting with a data-selection algorithm, a multi-objective genetic
algorithm is then executed, performing topology and feature selection, as well as parameter esti-
mation. From the set of non-dominated or preferential models, a smaller sub-set is chosen to form
the ensemble. Prediction intervals for the ensemble are obtained using the covariance method. This
procedure is illustrated in the design of four different models, required for energy management
systems. Excellent results were obtained by this methodology, superseding the existing alternatives.
Further research will incorporate a robustness criterion in MOGA, and will incorporate the prediction
intervals in predictive control techniques.

Keywords: multi-objective genetic algorithms; forecasting models; ensemble models; prediction
intervals; robust models; probabilistic forecasting; home energy management systems

1. Introduction

Forecasting is important in every field of science, as it enables taking informed deci-
sions in the future. In energy systems, energy forecasting plays an essential role in energy
sector development, policy formulation, and management of these systems [1]. Throughout
the years, different models have been developed and applied for forecasting. As data-
driven models, due to their universal approximation property, have consistently increased
their application in energy systems, they will be focus of this work.

Many techniques and forecasting methods have been published regarding energy
systems. Wang and co-workers [2] discuss deterministic and probabilistic methods using
deep learning for forecasting in renewable energy applications. A review on the use of
multi-objective optimization for wind energy forecasting is presented in [3]. In [4], an
evaluation of forecasting applications for energy storage systems is conducted. Forecasting
algorithms and energy management strategies for microgrids are extensively presented
in [5]. Energy consumption forecasting is discussed in [6], focusing on the manufacturing
industry. Concerning Home Energy Management Systems (HEMS), to obtain energy or
economic savings it is mandatory to accurately forecast the energy consumption, or the
load demand, and the energy or power produced by the renewable sources [7,8].

Ensemble learning is a strategy which involves deriving a high-level prediction model
by combining the predictions of multiple models in order to obtain better forecasting
accuracy than the one obtained from any of the individual models. Three basic approaches
to ensemble modelling are bagging, boosting, and stacking.

A bagged ensemble model creates a high-level model by averaging the predictions of
a set of typically homogenous models trained on different random splits of the training
data [9]. In contrast, boosted ensemble modelling involves improving models sequentially

Inventions 2023, 8, 96. https://doi.org/10.3390/inventions8040096 https://www.mdpi.com/journal/inventions

https://doi.org/10.3390/inventions8040096
https://doi.org/10.3390/inventions8040096
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/inventions
https://www.mdpi.com
https://orcid.org/0000-0002-6308-8666
https://orcid.org/0000-0002-0014-9257
https://doi.org/10.3390/inventions8040096
https://www.mdpi.com/journal/inventions
https://www.mdpi.com/article/10.3390/inventions8040096?type=check_update&version=3


Inventions 2023, 8, 96 2 of 32

using the residuals from the current model to target the training of subsequent models [10].
On the other hand, stacking ensembles typically involves combining the predictions of
strong, diverse models in an overall high-level model.

In the field of energy management systems, the use of ensembles of models are
discussed in [11] for solar radiation prediction, in [12] for PV power forecasting, and in [13]
for load forecasting, just to name a few references.

Ensembles of deterministic forecasting models are common solutions in energy
management systems. However, such forecasts convey little information about the possi-
ble future state of a system, and since a forecast is inherently erroneous, it is important to
quantify the correspondent error. We enter here a discussion on the field of probabilistic
forecasting, whose goal is to provide either a complete predictive density of the future
state or to predict that the future state of a system will fall within an interval defined
by a confidence level. We shall denote here these models as robust models. Different
techniques have appeared in the literature to determine these prediction intervals for
data-driven models. To the best of our knowledge, the earliest publication on the subject
is [14], closely followed by the work of Hang and co-workers [15]. Afterwards, several
approaches have been proposed, the majority of them being summarized in the excellent
review of Cartagena et al. [16].

In the area of energy systems, most of the work has been focused on probabilistic
load forecasting. The works of Khosravi and colleagues [17], Quan et al. [18], Gob and co-
workers [19], Antoniadis et al. [20], and Zuniga-Garcia and co-workers [21] are important
contributions in this area. Publications on solar radiation forecasting with prediction
intervals include [22,23]. Excellent reviews in probabilistic forecasting of photovoltaic
power production and electricity price forecasting can be found in [24,25], respectively.

The area of ensemble probabilistic forecasting is narrower, but currently very active.
Worthwhile works on this topic can be read in [2,26,27]

To the best of our knowledge, we cannot find in the literature a multi-objective design
of ensemble forecasting models that simultaneously provides prediction intervals. For this
reason, a simple and efficient procedure for model design is proposed, incorporating data
selection, feature selection, parameter estimation, model ensemble selection, and prediction
intervals determination, which constitutes the major contribution of this paper.

To be able to propose a simple approach, the detailed research questions to be ad-
dressed are:

- Is the performance of ensemble forecasting models better than single ones?
- In previous works [28], 25 models were used for the ensemble. Would a larger number

result in better performance?
- For NARX models (using exogeneous variables), which would be the best technique

for describing the evolution of exogenous variables?
- Is the Prediction Interval Coverage Probability threshold meet for all steps within the

Prediction Horizon?

The paper is organized as follows: Section 2 introduces the background on single-
model design using a multi-objective formulation, the model ensemble, the calculation
of prediction intervals and the performance criteria to be used throughout this work.
Section 3 describes the data that will be used, the design of four different models: solar
radiation, atmospheric air temperature, load demand, and PV power generation models,
analyzing and discussing the results obtained. A model design procedure is also detailed
here. General conclusions and further research lines are given in Section 4.

2. Materials and Methods

This section will first describe the procedure used for single model design, starting
from data selection. For the class of data-driven models whose parameters are separate,
such as radial basis function networks employed in this paper, training algorithms are
discussed. Feature and topology selection are performed using a multi-objective algorithm
(MOGA). Model ensembles, using the MOGA results, are discussed afterwards. Methods to
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determine prediction intervals are then discussed. This section ends with the performance
criteria to be used in the next section.

2.1. Single Model Design

To obtain “good” models from a set of acquired or existent data, three sub-problems
must be solved:

• A pre-processing stage where, from the existing data, suitable sets (training, testing,
validation, etc.) are obtained; this is known as a data selection problem;

• Determination of the “best” set of inputs (feature/delays selection) and network
topology, given the above data sets;

• Determination of the “best” network parameters, given the data sets, inputs/delays
and network topology.

These sub-problems are solved by the application of a model design framework, com-
posed of two existing tools. The first, denoted as ApproxHull, performs data selection,
from the data available for design. The feature and topology search are solved by the evo-
lutionary part of MOGA (Multi-Objective Genetic Algorithm), while parameter estimation
is performed by the gradient part of MOGA.

2.1.1. Data Selection

To design data driven models like RBFs (Radial Basis Functions), it is mandatory that
the training set involves the samples that enclose the whole input–output range where the
underlying process is supposed to operate. To determine such samples, called convex hull
(CH) points, out of the whole dataset, convex hull algorithms can be applied.

The standard convex hull algorithms suffer from both exaggerated time and space
complexity for high-dimension studies. To tackle these challenges in high dimensions,
ApproxHull was proposed in [29] as a randomized approximation convex hull algorithm.
To identify the convex hull points, ApproxHull employs two main computational geometry
concepts: the hyperplane distance and the convex hull distance.

Given the point x =
[
x1 . . . xd

]T in a d-dimensional Euclidean space, and a hyper-
plane H, the hyperplane distance of x to H is obtained by:

ds(x, H) =
a1x1 + · · ·+ advd + b√

a2
1 + · · · an

d

(1)

where n = [a1, . . . ad]
T and d are the normal vector and the offset of H, respectively.

Given a set X = {xi}n
i=1 ⊂ <d and a point x ∈ <d, the Euclidean distance between x

and the convex hull of X, denoted by conv(X), can be computed by solving the following
quadratic optimization problem:

min
a

(
aTQa

2 − cTa
)

s.t. eTa = 1, a ≥ 0
(2)

where e = [1, . . . 1]T , Q = XTX, and c = XTx. Assuming that the optimal solution of
Equation (2) is a*, the distance of point x to conv(X) is given by:

dc(x, conv(X)) =
√

xTx− 2cTa ∗+a ∗T Qa∗ (3)

ApproxHull consists of five main steps. In Step 1, each dimension of the input dataset
is scaled to the range [−1, 1]. In Step 2, the maximum and minimum samples with respect
to each dimension are identified and considered as the vertices of the initial convex hull. In
Step 3, a population of k facets based on the current vertices of the convex hull is generated.
In Step 4, the furthest points to each facet in the current population are identified using
Equation (1), and they are considered as the new vertices of the convex hull, if they have
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not been detected before. Finally, in Step 5, the current convex hull is updated by adding
the newly found vertices into the current set of vertices. Step 3 to Step 5 are executed
iteratively until no vertex is found in Step 4 or the newly found vertices are very close to
the current convex hull, thus containing no useful information. The closest points to the
current convex hull are identified using the convex hull distance shown in (3) under an
acceptable user-defined threshold.

In a prior step before determining the CH points, ApproHull eliminates replicas
and linear combinations of samples/features. After having identified the CH points,
ApproxHull generates the training, test and validation sets to be used by MOGA, according
to user specifications, but incorporating the CH points in the training set.

2.1.2. Parameter Separability

We shall be using models that are linear–nonlinearly separable in their parame-
ters [30,31]. The output of this type of model, at time step k, is given as:

ŷ(xk, w) = u0 +
n

∑
i=1

ui ϕi(xk, vi) = ϕ(xk, v)u (4)

In (4), xk is the ANN input at step k, ϕ is the basis functions vector, u is the (linear)
output weights vector, and v represents the nonlinear parameters. For simplicity, we
shall assume here only one hidden layer, and v is composed of n vectors of parameters,
each one for each neuron

(
v =

[
v1 . . . vn

]T
)

. This type of model comprises Multilayer
Perceptrons, Radial Basis Function (RBF) networks, B-Spline and Asmod models, Wavelet
networks, and Mamdani, Takagi, and Takagi-Sugeno fuzzy models (satisfying certain
assumptions) [32].

This means that the model parameters can be divided into linear and nonlinear
parameters:

w =

[
u
v

]
(5)

and that this separability can be exploited in the training algorithms. For a set of input
patterns X, training the model means finding the values of w, such that the following
criterion is minimized:

Ω(X, w) =

∥∥∥∥y− ^
y(X, w)

∥∥∥∥2

2
2

(6)

where ‖.‖2 denotes the Euclidean norm. Replacing (4) in (6) we have:

Ω(X, w) =
‖y− Γ(X, v)u‖2

2
2

(7)

where Γ(X, v) =
[
ϕ(x1, v) . . . ϕ(xm, v)

]T , m being the number of patterns in the training
set. As (7) is a linear problem in u, its optimal solution is given as:

u∗ = Γ+(X, v)y (8)

Where the symbol ‘+’ denotes a pseudo-inverse operation. Replacing (8) in (7), we
have a new criterion, which is only dependent on the nonlinear parameters:

Ψ(X, v) =
‖y− Γ(X, v)Γ+(X, v)y‖2

2
2

(9)

The advantages of using (9) instead of (7) are threefold:

• It lowers the problem dimensionality, as the number of model parameters to determine
is reduced;
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• The initial value of Ψ is much smaller than Ω
• Typically, the rate of convergence of gradient algorithms using (9) is faster than using

Equation (7).

2.1.3. Training Algorithms

Any gradient algorithm can be used to minimize (7) or (9). First-order algorithms,
error back-propagation (or steepest descent method), conjugate gradient method or their
variants, or second-order methods, such as quasi-Newton, Gauss–Newton or Levenberg–
Marquardt (LM) algorithms can be employed. For non-linear least-squares problems,
the LM method [33,34] is recognized to be the state-of-the-art method, as it exploits the
sum-of-squares characteristics of the problem. The LM search direction is given as the
solution of: (

JT
k Jk + λkI

)
pk = −gk (10)

where gk is the gradient vector:

gk =
δΩk
δwk

or
δΨk
δvk

(11)

Additionally, Jk is the Jacobean matrix:

Jk =
δ

^
yk

δwk
or

δ
^
yk

δvk
(12)

λ is a regularization parameter, which enables the search direction to change between
the steepest descent and the Gauss–Newton directions.

It has been proved in [35] that the gradient and Jacobean of criterion (9) can be obtained
by: (a) first computing (8); (b) replacing the optimal values in the linear parameters; (c) and
determining the gradient and Jacobian in the usual way.

Typically, the training algorithm terminates after a predefined number of iterations, or
using an early stopping technique [36].

2.1.4. Radial Basis Function Networks

In the case described here, RBF models will be employed. The basis functions em-
ployed by RBFs are typically Gaussian functions:

ϕi(xk, vi) = e
− ‖xk−ci‖

2
2

2σ2
i (13)

which means that the nonlinear parameters for each neuron are constituted by a center
vector, ci, with as many components as the dimensions of the input, and a spread parameter,
σi. The derivatives of the basis function with respect to the nonlinear parameters are:

∂ϕi(xk)

∂ci,j
= ϕi(xk)

xk,j − ci,j

σ2
i

(14)

∂ϕi(xk)

∂σi
= ϕi(xk)

‖xk − ci‖2
2

σ3
i

(15)

Associated with each model, there are always heuristics that can be used to obtain the
initial values of the parameters. For RBBs, center values can be obtained randomly from
the input data, or from the range of the input data. Alternatively, clustering algorithms
can be employed. Initial spreads can be chosen randomly, or by using several heuristics,
such as:

σ =
zmax√

2n
(16)

where zmax represents the maximum distance between centers.
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2.1.5. MOGA

This framework is described in detail in [37], and it will be briefly discussed here.
MOGA evolves ANN structures, whose parameters separate (in this case RBFs), with
each structure being trained by minimizing criterion (9) in Section 2.1.3. As we shall be
designing forecasting models, where we want to predict the evolution of a specific variable
within a predefined PH (Prediction Horizon), the models should provide multi-step-ahead
forecasting. This type of forecast can be achieved in a direct mode, by having several one-
step-ahead forecasting models, each providing the prediction of each-step-ahead within a
PH. An alternative method, which is followed in this work, is to use a recursive version. In
this case, only one model is used, but its inputs evolve with time. Consider the Nonlinear
Auto-Regressive model with Exogeneous inputs (NARX), with just one input, for simplicity:

ŷk+1|k = f (zk) = f
(

yk−d01
, . . . , yk−d0n

, xk−di1
, . . . , xk−dim

)
(17)

where ŷk+1|k denotes the prediction for time-step k + 1 given the measured data at time k,
and dij the jth delay for variable i. This represents the one-step-ahead prediction within
a prediction horizon. As we iterate (17) over PH, some or all of the indices in the right-
hand-side will be larger than k, which means that the corresponding forecast must be
employed. What has been said for NARX models is also valid for NAR models (with no
exogeneous inputs).

The evolutionary part of MOGA evolves a population of ANN structures. Each
topology comprises of the number of neurons in the single hidden layer (for a RBF model),
and the model inputs or features. MOGA assumes that the number of neurons must be
within a user-specified bound, n ∈ [nm, nM] Additionally, one needs to select the features
to use for a specific model, i.e., must perform input selection. In MOGA we assume that,
from a total number q of available features, denoted as F, each model must select the most
representative d features within a user-specified interval, d ∈ [dm, dM], dM ≤ q. For this
reason, each ANN structure is codified as shown in Figure 1:
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Figure 1. Chromosome and input space lookup table [37].

The first component corresponds to the number of neurons. The next dm represent the
minimum number of features, while the last white ones are a variable number of inputs,
up to the predefined maximum number. The λj values correspond to the indices of the
features f j in the columns of F.

The operation of MOGA is a typical evolutionary procedure. We shall refer the reader
to publication [37] regarding the genetic operators.

The model design cycle is illustrated in Figure 2. First, the search space should be
defined. That includes the input variables to be considered, the lags to be considered
for each variable, and the admissible range of neurons and inputs. The total input data,
denoted as F, together with the target data, must then be partitioned into three different
sets: training set, to estimate the model parameters; test set, to perform early stopping; and
validation set, to analyze the MOGA performance.
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Secondly, the optimization objectives and goals need to be defined. Typical objectives
are Root-Mean-Square Errors (RMSE)-evaluated on the training set (ρtr), or on the test set
(ρte), as well as the model complexity, #(v)—number of nonlinear parameters—or the norm
of the linear parameters (‖u‖2). For forecasting applications, as it is the case here, one
criterion is also used to assess its performance. Assume a time-series sim, a subset of the
design data, with p data points. For each point, the model (14) is used to make predictions
up to PH steps ahead. Then, an error matrix is built:

E(sim, PH) =


e[1, 1] e[1, 2] · · · e[1, PH]
e[2, 1] e[2, 2] · · · e[2, PH]

...
...

. . .
...

e[p− ph, 1] e[p− ph, 2] · · · e[p− ph, PH]

, (18)

where e[i,j] is the model forecasting error taken from instant i of sim, at step j within the
prediction horizon. Denoting the RMS function operating over the ith column of matrix E,
by ρsim(., i), the forecasting performance criterion is the sum of the RMS of the columns
of E:

ρsim(PH) =
PH

∑
i=1

ρ(E(sim, PH), i) (19)

Notice that every performance criterion can be minimized, or set as a restriction, in
the MOGA formulation.

After having formulated the optimization problem, and after setting other hyperpa-
rameters, such as the number of elements in the population (npop), number of iterations
population (niter), and genetic algorithm parameters (proportion of random immigrants,
selective pressure, crossover rate and survival rate), the hybrid evolutive-gradient method
is executed.

Each element in the population corresponds to a certain RBF structure. As the model is
nonlinear, a gradient algorithm such as the LM algorithm minimizing (6) is only guaranteed
to converge to a local minimum. For this reason, the RBF model is trained a user-specified
number of times, starting with different initial values for the nonlinear parameters. MOGA
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allows initial centers chosen from the heuristics mentioned in Section 2.1.4, or using an
adaptive clustering algorithm [38].

As the problem is multi-objective, there are several ways for identifying which training
trial is the best one. One strategy is to select the training trial whose Euclidean distance from
the origin is the smallest. The green arrow in Figure 3 illustrates this situation for d = 2. In
the second strategy, the average of objective values for all training trails is calculated, and
then the trial whose value is the closest to the average value will be selected as the best one
(i.e., red arrow in Figure 3).
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The other d strategies are to select the training trial which minimized the ith ob-
jective (i.e., i = 1, 2, · · · , d) better than the other trials. As an example, the yellow and
blue arrows in Figure 3 are the best training trials which minimized objective 1 and
objective 2, respectively.

After having executed the specified number of iterations, we have performance values
of npop * niter different models. As the problem is multi-objective, a subset of these models
corresponds to non-dominated models (nd), or Pareto solutions. If one or more objectives is
(are) set as restriction(s), a subset of nd, denoted as preferential solutions, pref, corresponds
to the non-dominated solutions, which meet the goals. An example is shown in Figure 4.
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The performance of MOGA models is assessed on the non-dominated model set, or in
the preferential model set. If a single solution is sought, it will be chosen on the basis of the
objective values of those model sets, performance criteria applied to the validation set, and
possibly other criteria.

When the analysis of the solutions provided by the MOGA requires the process to be
repeated, the problem definition steps should be revised. In this case, two major actions
can be carried out: input space redefinition by removing or adding one or more features
(variables and lagged input terms in the case of modelling problems), and improving the
trade-off surface coverage by changing objectives or redefining goals. This process may be
advantageous, as usually the output of one run allows us to reduce the number of input
terms (and possibly variables for modelling problems) by eliminating those not present in
the resulting population. Additionally, it usually becomes possible to narrow the range for
the number of neurons in face of the results obtained in one run. This results in a smaller
search space in a subsequent run of the MOGA, possibly achieving a faster convergence
and better approximation of the Pareto front.

Typically, for a specific problem, an initial MOGA execution is performed, minimizing
all objectives. Then, a second execution is run, where typically some objectives are set
as restrictions.

2.2. Model Ensemble

As has been pointed out, the output of MOGA is not a single model, but sets of
nondominated RBFs and, possibly, preferential models. These are typical powerful models,
all with a different structure, that can be used to form a stacking ensemble.

Several combination approaches have been applied for forecasting models. The most
usual way is the use of the mean, against which other alternatives are compared. The
authors of [40] propose four approaches: the median, the use of weights proportional to
the probability of success, the use of weights calculated by variance minimization, and the
use of weights calculated from eigenvector of covariance matrix of forecast errors. Other
alternatives are even more complex. For instance, in [41], a Bayesian combination approach
for combining ANN and linear regression predictor was used. In [42], a combination
of weather forecasts from different sources using aggregated forecast from exponential
reweighting is proposed.

The models discussed here are intended to be used in model predictive control appli-
cations where, in one step, hundreds or thousands of these models must be executed, each
one PH times. This way, a computationally simple technique of combining the outputs of
the model ensemble must be employed. As in a few exceptional cases, MOGA-generated
models have been found with outputs that can be considered as outliers, the ensemble
output is obtained as a median, and not as a mean. The ensemble output, using a set of
models denoted as outset, is given as:

^
y (.) = median({ŷi(.), i ∈ outset}) (20)

This was proposed in [28], where the number of models in the ensemble was discussed.
Among the three possibilities (10, 25, and 50), it was found that the performance of 10
models could be improved if 25 models were chosen. On the other hand, the small
improvement that was obtained by doubling the number of models did not justify the
increase in computational complexity.

Having experimentally found a convenient number of models to use in the ensemble,
the selection of those 25 models has not been deeply addressed, i.e., the selection of models
to be included in outset; this will be addressed in this paper.

2.3. Robust Models

The recent inclusion of smart grids and renewable integration requirements has in-
duced the drawback of increasing the uncertainty of future supply, demand, and prices.
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Academics and practitioners alike have realized that probabilistic electricity price, load, and
production forecasting is now more important for energy systems planning and operations
than ever before [24,25].

Predictive modeling assumes that all observations are generated by a data generating
function f (x) combined with additive noise:

yk = f (zk) = ŷk + εk (21)

where ŷt is the point forecast of the variable at time k made at an earlier point in time and
εk is a data nose term, responsible for introducing uncertainty in the model. This can be
decomposed into three terms: one related to model misspecification, related to the fact
that the model, with its optimal parameters and data conditions, can only approximate
the real underlying function generating the data; training data uncertainty, related to
the uncertainty over how representative the training data is with respect to the whole
operational range of the model input; and parameter uncertainty, related to the fact that
the parameters might not be the optimal ones.

The most common extension from point to probabilistic forecasts is to construct predic-
tion intervals (PIs). A number of methods can be used for this purpose; the most popular
takes into account both the point forecast and the corresponding error: the center of the PI
at the (1 − α) confidence level is set equal to ŷk and its bounds are α/2th and (1 − α/2)th
quantiles of the cumulative distribution function of εk. For instance, for the commonly used
90% PIs, which is the level used in this paper, the 5% and 95% quantiles of the error term
are required. We will denote as ŷk and ŷ

k
the upper and lower bounds, respectively.

A basic method to find these bounds relies on the use of the PDF (Probability Density
Function) of y, assumed known. However, in practice, a PDF cannot be estimated perfectly,
and therefore there will be error propagation when computing the interval. For this reason,
if one is only interested in the PI and does not need all the information in the PDF, it is
more convenient to use a method that estimates the PI without needing a known PDF.

When considering ANN models, the available methods for computing PIs can be
categorized into two classes [16]:

• Sequential methods, which first receive the point forecast, and then use it to construct
the PI;

• Direct methods, where the construction of the PI is carried out simultaneously with
the identification. These are outside the scope of this paper. The reader is referred
to [16] for a description of this class of methods.

In the first class, the sequential methods, five techniques can be pointed out:

1. Delta Method [15]

This method assumes that the noise variance is homogeneous and normally dis-
tributed. The total prediction variance for each prediction can be obtained as:

σ2
tot = σ2

ε

(
1 + wT

(
JT(zk)J(zk)

)−1
w
)

(22)

where w is defined in (5), J in (12), and data noise variance, σ2
ε , can be estimated as:

σ̂2
ε =

N
∑

k=1
e2

k

N − p
=

N
∑

k=1
(yk − ŷ(zk))

2

N − p
(23)

where N denotes the total number of samples and p the number of model parameters. The
bounds are assumed to be symmetric and given as:

ŷ
k
= ŷk − ∆ŷk ≤ yk ≤ ŷk + ∆ŷk = ŷk,

∆ŷk = t1−α/2,N−pσtot
(24)
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where t1−α/2,N−p represents the α/2 quantile of a Student’s t-distribution with N − p
degrees of freedom.

2. Bayesian Method

This method involves training the ANN as a Bayesian estimator (the ANN parameters
are modelled as a probability distribution instead of single values). A posterior distribution
for the network parameters given the training data points is estimated by applying Bayes’
Theorem, after which a Markov Chain Monte Carlo algorithm can be used to estimate the
real posterior via a sampling procedure [14].

3. Mean-Variance Estimation Method (MVEM) [43]

The MVEM proposes that a PI can be built if two NNs are trained sequentially: the first
for estimating point predictions, trained with a mean square error loss like any standard
neural model, and the second for estimating prediction error variance, trained to estimate
the error variance between each prediction and target data pairs.

4. Bootstrap method

This method assumes boosted ensemble modelling, and will not de described here.

5. Covariance method

This method is similar to the Delta method described above. In this case, and using
the notation Γ(X, v) introduced before to denote the output of the last nonlinear layer,
dependent on the input matrix, X, and the nonlinear parameters v, the total prediction
variance for each prediction ŷk can be obtained as

σ2
tot = σ2

ε

(
1 +ϕT(xk, v)

(
ΓT(Ztr, v)Γ(Ztr, v)

)−1
ϕ(xk, v)

)
, (25)

where Ztr is the input training matrix.
In particular, we can use in (25) the optimal parameter values obtained after training,

Γ(Ztr, v∗) and ϕ(xk, v∗). Notice that, due to the training of the model in MOGA, we have
available (or can indirectly be obtained) Γ(Ztr, v∗), as well as ϕ(xk, v∗), if xk belongs either
to the test or validations sets. In other words, it is computationally cheap to compute (25)
and, for this reason, is the method followed here.

2.4. Performance Criteria

To assess the quality of the models, both in terms of robustness and in terms of the
quality of approximation, different criteria will be used.

Related to robustness, the interval width and the coverage level are two important
metrics. These will be assessed by two criteria, the Prediction Interval Normalized Averaged
Width (PINAW), and the Prediction Interval Coverage Probability (PICP), defined as:

PINAW =
1

NR ∑N
k=1

(
ŷk+1ck − ŷ

k+1ck

)
(26)

where N is the number of samples considered, ŷk+1ck and ŷ
k+1ck

are the upper and lower

bounds, introduced in (24) of the model output for time k + 1, given the data available until
time k, respectively, and R is the range of the system output in the whole training set:

R = max{yk} −min{yk} (27)

PICP indicates if the interval given by the bounds
[
ŷ

k+1ck, ŷk+1ck

]
contains the real

measure of yk+1:

PICP =
1
N ∑N

k=1 ck (28)
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where

ck =

 1, i f ŷ
k+1ck

≤ yk+1 ≤ ŷk+1ck

0, otherwise
(29)

As we would like to assess the robustness of the estimation not only for the next time-
ahead, but along PH, both PINAW and PICP must be determined for all steps within PH.

PINAW(s) =
1

NR∑N
k=1

(
ŷk+sck − ŷ

k+sck

)
(30)

PICP(s) =
1
N

N

∑
k=1

ck(s) (31)

ck(s) =

 1, i f ŷ
k+sck

≤ yk+s ≤ ŷk+sck

0, otherwise
(32)

To assess the performance through the whole prediction horizon, the sum of (31) will
be employed:

SPINAW =
PW

∑
s=1

PINAW(s) (33)

Additionally, PICP(s) will be assessed to determine violations of the level L specified
(in this paper, L = 90%):

VPICP(s) =
{

1, PICP(s) < L
0, PICP(s) ≥ L

(34)

ViolPICP =
1

PH

PH

∑
s=1

VPICP(s) (35)

Several criteria can be used to assess the quality of the approximation. In this paper,
the following will be employed: Root-Mean-Square of the Errors (RMSE) (36), Mean-
Absolute Error (MAE) (37), Mean-Relative Error (MRE) (38), Mean-Absolute Percentage
Error (MAPE) (39), and Coefficient of Determination, or R-Square (R2) (40). Please notice
that these criteria are computed with data normalized in the interval [−1, 1].

SRMSE =
PH

∑
s=1

RMSE(s) , RMSE(s) =

√√√√∑N
k=1

(
yk+s − ŷk+s|k

)2

N
(36)

SMAE =
PH

∑
s=1

MAE(s), MAE(s) =

N
∑

k=1

∣∣∣yk+s − ŷk+s|k

∣∣∣
N

(37)

SMRE =
PH

∑
s=1

MRE(s) , MRE(s) =
MAE(s)

R
∗ 100% (38)

SMAPE =
PH

∑
s=1

MAPE(s), MAPE(s) =
1
N

N

∑
k=1

∣∣∣∣yk+s − ŷk+s|k
yk+s

∣∣∣∣ (39)
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=
y(s) = 1

N

N
∑

k=1
yk+s

SSRes(s) =
N
∑

k=1
(yk+s − ŷk+s|k)

2

SSTot(s) =
N
∑

k=1
(yk+s −

=
y(s))2

R2(s) = 1− SSRes(s)
SSTot(s)

SR2 =
PH
∑

s=1
R2(s)

(40)

Having defined the criteria that will be used to assess the performance of the different
models, for each problem and to ease understanding, a notation describing the models
must be introduced. First, we shall be comparing ensemble models with single models,
chosen by the user. The former will be denoted by me, and the later by ms. Different sets
will be used to determine the ensemble solutions, namely, using models from the set of
non-dominated solutions obtained in the 1st MOGA execution, denoted as mnd

e , from the
set of preferred set achieved in the 2nd MOGA execution (mpre f

e ), as well as three sets of
models selected from the preferred set; those will be denoted as mnw

e , m f ore
e , and mpar

e .
The set denoted as mnd

e is defined as:

mnd
e =

{
mnd : nw(mnd) ≤ m̆nd

nw

}
∩
{

mnd : f ore(mnd) ≤ m̆nd
f ore

}
(41)

where
m̆nd

nw = median(nw(mnd)) (42)

In (41), mnd is the set of non-dominated models obtained in the 1st MOGA execution,
nw(mnd) is the set of the linear weight norm for each model in mnd, and m̆nd

nw is its median.
In the same way, m̆nd

f ore is the median of the sum of the forecasts for the prediction
time-series obtained for all models in the set of non-dominated models obtained in the 1st
MOGA execution.

m̆nd
f ore = median( f ore(mnd)) (43)

Then mnd
e is the set result of the intersection of the set of models whose weight norm

is less than m̆nd
nw and the set of models whose forecast is less than m̆nd

f ore.

Similarly, the set mpre f
e is defined as:

mpre f
e =

{
mpre f : nw

(
mpre f

)
≤ m̆pre f

nw

}
∩
{

mpre f : f ore
(

mpre f

)
≤ m̆pre f

f ore

}
(44)

where mpre f is the set of preferred models obtained in the 2nd MOGA execution, m̆pre f
nw is

the median of the linear weight norm for each model in mpre f , and m̆pre f
f ore the median of the

sum of the forecasts for the prediction time-series obtained by models mpre f .

The remaining three sets are subsets of mpre f
e , and are defined below.

mnw
e =

{
mpre f

e (i) : nw
(

mpre f
e (i)

)
∈ min

NS
nw
(

mpre f
e

)}
(45)

i.e., mnw
e is the subset of models whose linear weights belongs to the NS smallest weight norms.

m f ore
e =

{
mpre f

e (i) : f ore
(

mpre f
e (i)

)
∈ min

NS
f ore

(
mpre f

e

)}
(46)

Therefore, m f ore
e stands for the subset of models, from the preferred set, whose sum

of the forecast errors in the prediction set belongs to the NS smallest forecasts. In this
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work, NS = 25, as it has been found previously [28] that nothing was gained by increasing
this number.

The third subset of models, mpar
e , is obtained iteratively, by adding non-dominated

models, considering nw(.) and fore(.) as the two criteria, until NS models are found. Initially,
the set of models to be inspected, mi, is initialized to mpre f

e , and mpar
e to an empty set. In

each iteration, both criteria are applied to mi. Then, the non-dominated solutions found are
added to mpar

e and removed from mi.

mpar
e =

(
nd
(

f ore
(

mpre f
e

)
, nw

(
mpre f

e

))
: #nd = NS

)
(47)

For NAR models, these are the five sets of models to consider for the ensemble. For
NARX models, however, we must consider how the forecasts of the exogeneous variables
will be obtained. Three methods are obvious and will be used here. In the first case,
measured values (m) will be used for the forecasts. This is the method against which the
other two will be compared, as there will be no errors in the forecasts of the exogenous
variables. The second technique will use the forecasts obtained using the single model
(s) previously selected by the user. The third case will use the ensemble solution (e) that
achieves the best results, for the corresponding exogeneous variable. Using as example
m f ore

e , three different NARX models will be considered: m f ore
e

⌋
m

, m f ore
e

⌋
s
, and m f ore

e

⌋
e
,

corresponding to the three cases mentioned above.

3. Results and Discussion
3.1. The Data

To be able to determine a procedure that, given the output of a MOGA procedure,
selects the models to be used in the ensemble, data acquired from a detached household
situated in Montenegro, Algarve, Portugal, from the 1 July 2021 to the 31 July 2023, were
employed. The house and the data acquisition system is described in [44], and the reader
is encouraged to consult this reference. The data used here can be freely downloaded at
https://zenodo.org/record/8096648 (accessed on 20 May 2023).

Weather data, atmospheric air temperature (T), and global solar radiation (R) were
acquired at 1 min intervals. Power Demand (PD) was acquired with 1 sec intervals. PV
Power generated (PG) was acquired with a sampling time of 1 min. All these data were av-
eraged across 15 min intervals. Additional data that were used include the daily household
occupation (Occ) and a codification for the type of day (DE). This characterizes each day of
the week and the occurrence and severity of holidays based on the day they occur, as may
be consulted in [45,46]. In Table 1, the regular day column shows the coding for the days of
the week when these are not a holiday. The following column presents the values encoded
when there is a holiday, and finally, the special column shows the values that substitute the
regular day value in two special cases: for Mondays when Tuesday is a holiday and for
Fridays when Thursday is a holiday.

Table 1. Day encoding.

Day of the Week Regular Day Holiday Special

Monday 0.05 0.40 0.70
Tuesday 0.10 0.80

Wednesday 0.15 0.50
Thursday 0.20 1.00

Friday 0.25 0.60 0.90
Saturday 0.30 0.30
Sunday 0.35 0.35

https://zenodo.org/record/8096648
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To be able to implement a predictive control strategy for Home Energy Management
Systems, there is the need to forecast the PV power generated and the load demand. The
latter can be modelled as a NARX model:

P̂D(k) = M3
(

PD(k), T(k), Occ(k), DE(k)
)

(48)

The use of the overline symbol in the last equation denotes a set of delayed values of
the corresponding variable. The power generated can also be modelled as a NARX model:

P̂G(k) = M4
(

PG(k), R(k), T(k)
)

(49)

The use of these exogeneous variables was discussed and justified in previous publica-
tions of the authors (please see [44,47,48]). In particular, these models use as exogeneous
variables air temperature and solar radiation, which means that we need also to predict the
evolution of these variables. The solar radiation can be modelled as a NAR model:

R̂(k) = M1
(

R(k)
)

(50)

while the air temperature is modelled as:

T̂(k) = M2
(
T(k)

)
(51)

Previously [28] these four models were designed with data ranging from 1 May 2020
00:07:30 to 31 August 2021 23:52:30 (nearly 16 months). The period used for forecasting
during MOGA design is from 7 July 2020 13:07:30 to 27 July 2020 03:07:30 (1881 samples);
for validation, the period between 4 July 2021 05:37:30 and 24 July 2021 03:22:30 was used,
and 1962 samples were employed.

These models were employed for a completely different period, starting from 23-June-
2022 23:07:30 to 01-August-2022 08:52:30 (1 year after). The evolution of the data, for this
period, is illustrated in Figures 5–7.
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Figure 5. Left: Solar radiation. Right: Atmospheric temperature.

Inventions 2023, 8, x FOR PEER REVIEW  18  of  44 
 

 

Figure 5. Left: Solar radiation. Right: Atmospheric temperature. 

 

Figure 6. Left: Daily occupation. Right: Day code. 

   

Jun 23 Jun 30 Jul 07 Jul 14 Jul 21 Jul 28 Aug 04
2022   

2

2.2

2.4

2.6

2.8

3

3.2

3.4

3.6

3.8

4

D
ai

ly
 O

cc
up

at
io

n

Jun 23 Jun 30 Jul 07 Jul 14 Jul 21 Jul 28 Aug 04
2022   

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

D
ay

 C
od

e

Figure 6. Left: Daily occupation. Right: Day code.
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Figure 7. Left: Power demand. Right: Power generated.

The design of the four different models is detailed in [28]. It will be briefly summarized
here. For each model, two executions of MOGA were performed, with the first only
minimizing four objectives, ρtr, ρte, #(v) and ρsim(PH), while in the second execution, some
objectives were set as goals.

For all problems, MOGA was parameterized with the following values:

• Prediction horizon: 28 steps (7 h);
• Number of neuros: nn ∈

[
2 · · · 10

]
;

• Initial parameter values: OAKM [38];
• Number of training trials: five, best compromise solution;
• Termination criterion: early stopping, with a maximum number of iterations of 50;
• Number of generations: 100;
• Population size: 100;
• Proportion of random emigrants: 0.10;
• Crossover rate: 0.70.

For models M3 and M4, the number of admissible inputs ranged from 1 to 30, while
for M1 and M2 the range employed was from 1 to 20.

Typically, the power demand at any instant within a day is correlated to corresponding
values one day before and, to a lesser extent, values observed one week before. For this
reason, lags of the modelled and the exogenous variables were collected from three periods:
immediately before the sample, centered at the corresponding instant one day before, and
centered at the corresponding instant one week before. For this particular model, we used
[20 9 9] for PD, [20 9 0] for T, [1 0 0] for Occ, and [1 0 0] for DE. This means that for PD we
considered the first 20 lags before the current samples: nine centered 24 h ago and nine
centered one week before. For T, the same number of lags before the current sample and
centered one day ago will be used (but not from the third period), and for the other two
variables only the first lag will be allowed. This means that the total number of lags (dmax)
that MOGA considers is (20 + 9 + 9) + (20 + 9) + (1) + (1), i.e., 69 lags.

As data averaged in 15 min intervals are used, one week of data consists of
4 × 24 × 7 = 672 samples. With the additional four lags before one week of data, we
have the largest delay index, lind = 676 samples. As a PH of 28 steps ahead was used, for
this model, we obtain the following: npred_MOGA = 1881 − 676 − 28 = 1161 samples and
npred_VAL = 1962 − 676 − 28 = 1242 samples.

For model 1, the solar radiation model, [20 9 9] lags were used, which means that
dmax = 38, and lind, npred_MOGA, and npred_VAL are the same as M3.

Model 2, the air temperature model, used [20 9 0] lags, and the following values were
obtained: dmax = 29, lind = 100, npred_MOGA = 1745 (around 18 days), and npred_VAL = 1826
(around 19 days).

Finally, model 4, the power generation model, uses [20 9 9] lags for PG, [20 9 9] lags for
R, and [20 9 0] lags for T, which means that dmax = 105, and lind, npred_MOGA, and npred_VAL
are the same as M1 and M3.
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Before entering into the description of the results obtained with the single model and
the different model ensembles, it should be noted that we shall use models designed for a
PH of 28 steps ahead (7 h) and for a PH of 36 steps ahead (9 h).

3.2. Solar Radiation Models

The single model chosen was:

R̂(k) = M1

(
R(k− 1), R(k− 2), R(k− 92), R(k− 95),

R(k− 668), R(k− 670), R(k− 675)

)
(52)

Some statistics related to the usage of the 341 non-dominated models are given
in Table 2.

Table 2. Non-dominated solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.108 0.084 0.084 8 1.819 4.398

median 0.114 0.086 0.086 45 21.85 4.643

max 0.184 0.157 0.153 210 - -

As can be seen, the RMSE values for the training set are higher than for the other
sets. This is due to incorporation of the CH points in the training set. The RMSE values
for the validation set are similar to the ones in the testing set, which demonstrates a good
generalization of the models. The maximum values for the two columns are not shown
because they are greater than 1017.

Table 3 shows the same statistics for the 204 preferred solutions.

Table 3. Preferred solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.111 0.084 0.084 14 4.183 4.416

median 0.114 0.086 0.086 42 16.19 4.649

max 0.119 0.091 0.092 99 - -

Comparing Table 3 with Table 2, it can be concluded that a smaller dispersion for the
RMSEs is obtained for the preferred solution.

Figure 8 show the 25 models selected from the set mpre f
e , for the sets mnw

e , m f ore
e ,

and mpar
e .

Obviously, there are common models between the three sets. In fact, mnw
e ∩m f ore

e = 11,
mnw

e ∩mpar
e = 15, and mpar

e ∩m f ore
e = 20.

Table 4 illustrates the robustness and forecasting performance criteria, for the different
sets of models. In this case, as the set of nondominated models is the same as the preferred
(mnd

e = mpre f
e ), the results are the same and will not be shown. Please note that, for each

ensemble set described before, the median values for the corresponding models are shown
in the line immediately below. They are denoted by the subscript mm. For each criterion
associated with ensemble models, a Wilcoxon signed rank test is performed, with a level
of significance of 0.05, to assess if the ensemble performance is statistically superior to the
multiple models set. The inclusion of the symbol

√
indicates if the test was successful.
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Figure 8. Selected solar radiation models for mnw
e (top left), m f ore

e (top right), and mpar
e (bottom).

In the top graphs, the selected models are denoted with a red cross, while for the bottom they are
represented in green.

Table 4. Solar radiation performance values.

Sets # ViolPICP SPINAW SRMSE SMAE SMRE SMAPE SR2

ms 1 0 8.767 3.349 1.767 104.0 2443 35.12

mnd
e 59 0 8.748

√
3.341

√
1.737

√
102.2

√
2027
√

35.13
√

mnd
mm 59 0 9.015 3.448 1.801 105.9 2085 35.07

mnw
e 25 0 8.837 3.342

√
1.716

√
100.9

√
2020 35.13

√

mnw
mm 25 0 8.993 3.448 1.779 104.6 2061 35.07

m f ore
e 25 0 8.603

√
3.298

√
1.714

√
100.8

√
2155 35.15

√

m f ore
mm 25 0 8.783 3.360 1.759 103.5 2295 35.12

mpar
e 25 0 8.613

√
3.299

√
1.703

√
100.2

√
2093 35.15

√

mpar
mm. 25 0 8.804 3.361 1.759 103.5 2201 35.12

If we compare the performance of the single model against mnd
e , the ensemble approach

is better in all criteria. Overall, mpar
e obtains the highest number of best results (marked in

bold). For all criteria, except SPINAW and SMAPE, the ensemble approaches are statistically
better than the corresponding multiple models.

Figures 9–15 illustrate the evolution of PICP(s), PINAW(s), RMSE(s), MAE(s), MRE(s),
MAPE(s), and R2(s), over the prediction horizon, considering the set mpar

e . On the left side of
each figure, the selected ensemble is shown, and on the right, the evolution for the multiple
models is presented. Figure 16 shows, for three days within the time-series considered, the
measured solar radiation, its one-step-ahead forecast, and the corresponding upper and
lower bounds.
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Figure 10. Solar radiation PINAW evolution. Left: Ensemble; Right: Multiple models.
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Figure 11. Solar radiation RMSE evolution. Left: Ensemble; Right: Multiple models. 
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Figure 11. Solar radiation RMSE evolution. Left: Ensemble; Right: Multiple models.
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Figure 12. Solar radiation MAE evolution. Left: Ensemble; Right: Multiple models. 
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Figure 12. Solar radiation MAE evolution. Left: Ensemble; Right: Multiple models.
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Figure 13. Solar radiation MRE evolution. Left: Ensemble; Right: Multiple models.
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Figure 14. Solar radiation MAPE evolution. Left: Ensemble; Right: Multiple models. 
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Figure 14. Solar radiation MAPE evolution. Left: Ensemble; Right: Multiple models.
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Figure 15. Solar radiation R2 evolution. Left: Ensemble; Right: Multiple models. 
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Figure 15. Solar radiation R2 evolution. Left: Ensemble; Right: Multiple models.
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Figure 16. Solar radiation one-step-ahead detail. Target (blue solid); Prediction (red solid); Prediction
upper bound (yellow dash); Prediction lower bound (magenta dash).

As expected, the errors increase with the number of steps ahead considered. However,
as it can be ascertained from the previous figures, it stays bounded.

As it can be seen from Figure 16, most measured samples lie within the bounds
determined (according to Figure 13, 91%). The violations are found for cloudy days (the



Inventions 2023, 8, 96 21 of 32

third day in Figure 16), where it can be observed that a few measured samples lie outside
the bounds.

3.3. Atmospheric Air Temperature Models

The single model chosen uses the following delays:

T̂(k) = M3

(
T(k− 1), T(k− 2), T(k− 8), T(k− 11), T(k− 17), T(k− 18),

T(k− 92), T(k− 96), T(k− 100)

)
(53)

The model employs 90 neurons. Some statistics related to the usage of the 341 non-
dominated models are given in Table 5.

Table 5. Non-dominated solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.018 0.017 0.017 8 4.342 3.802

median 0.018 0.017 0.017 56 30.82 3.995

max 0.020 0.018 0.018 210 - 4.767

As with solar radiation, the RMSE values for the validation set are similar to the ones
in the testing set, which demonstrates a good generalization of the models. The maximum
value of the weight norm is not shown because it is a very large number.

Table 6 shows the same statistics for the 204 preferred solutions.

Table 6. Preferred solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.018 0.017 0.017 8 4.342 3.802

median 0.019 0.017 0.017 53 31.97 3.999

max 0.020 0.018 0.018 100 - 4.767

The values are very close to the ones obtained for the non-dominated solutions.
Regarding the sets mnw

e , m f ore
e , and mpar

e , obtained from the set mpre f
e , the number of

common models are mnw
e ∩m f ore

e = 11, mnw
e ∩mpar

e = 18, and mpar
e ∩m f ore

e = 18.
Table 7 illustrates the robustness and forecasting performance criteria, for the dif-

ferent sets of models. As with solar radiation, the set of selected models for the non-
dominated and preferred solutions is the same, and the results will be shown only for the
non-dominated case.

If we compare the performance of the single model against mnd
e and mpre f

e , the ensemble
approaches are better. Overall, mnw

e obtains the best results, closely followed by mpar
e . For

all criteria, except SPINAW and SMAPE, the ensemble approaches are statistically better than
the corresponding multiple models. Unlike the solar radiation models, air temperature
models violate the PICP restriction for some steps within PH.

Figures 17–19 illustrate the evolution of the performance criteria over PH, considering
the set mnw

e and, for three days within the time-series considered, the measured air temper-
ature, its one-step-ahead forecast, and the corresponding upper and lower error bounds.
For the sake of compactness, figures related to MAE and MRE evolution will not be shown.
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Table 7. Air temperature performance values.

Sets # ViolPICP SPINAW SRMSE SMAE SMRE SMAPE SR2

ms 1 3.425 2.699 219.9 3007 27.88

mnd
e 87 0.28 11.14

√
3.412

√
2.692

√
219.3

√
2949 27.93

√

mnd
mm 87 0.41 11.68 3.487 2.742 233.4 2987 27.57

mnw
e 25 0.72 12.67 3.407

√
2.689

√
219.1

√
2921 27.96

√

mnw
mm 25 0.41 11.76 3.499 2.754 224.4 2979 27.52

m f ore
e 25 0.33 11.54

√
3.416

√
2.696

√
219.6

√
2972 27.91

√

m f ore
mm 25 0.42 11.50 3.486 2.746 233.7 3007 27.57

mpar
e 25 0.28 11.18

√
3.412

√
2.695

√
219.6

√
2951 27.93

√

mpar
mm 25 043 11.67 3.499 2.756 224.6 3006 27.52
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Figure 18. Left: Air Temperature RMSE evolution. Right: Air Temperature MAPE evolution. 
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Figure 18. Left: Air Temperature RMSE evolution. Right: Air Temperature MAPE evolution.

Comparing the evolution of the performance criteria with the corresponding figures
for the air temperature model, we can observe that the errors do not stay bounded, but the
rate of increase lowers with PH.

As can be seen, the majority of the measured samples lie within the bounds determined.
The violations are found for periods where rapid changes happen.
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Figure 19. Left: Air temperature R2 evolution. Right: Air temperature one-step-ahead detail. Target
(blue solid); Prediction (red solid); Prediction upper bound (yellow dash); Prediction lower bound
(magenta dash).

3.4. Load Demand Models

The following single model with seven neurons is used:

P̂D(k) = M1

 PD(k− 1), PD(k− 2), PD(k− 11), PD(k− 12), PD(k− 4),
PD(k− 96), PD(k− 97), PD(k− 688), PD(k− 670), PD(k− 672),
T(k− 6), T(k− 9), T(k− 10), T(k− 13), T(k− 14), T(k− 16)

 (54)

Some statistics related to the usage of the 341 non-dominated models are given
in Table 8.

Table 8. Non-dominated solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.146 0.117 0.119 8 1.358 6.208

median 0.149 0.119 0.121 133 - 6.208

max 0.216 0.169 21.78 261 - -

As it can be seen, the maximum RMSE value for the validation set is very large.
Sometimes, although not too often, MOGA-generated models have been found with the
smallest value for one criterion, but with bad values for the others. Some values are not
shown because they are very large.

Table 9 shows the statistics under analysis for the 179 preferred solutions.

Table 9. Preferred solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.111 0.084 0.084 14 4.183 4.416

median 0.114 0.086 0.086 42 16.19 4.649

max 0.119 0.091 0.092 99 - -

Comparing Table 8 with Table 9, it can be concluded that a smaller dispersion for the
RMSEs is obtained for the preferred solutions.

Analyzing Table 10, it is easy to conclude that the model ensemble always obtains the
best results. Between the ensemble models obtained from the non-dominated set ( mnd

e

⌋
∗

and the ones obtained from the preferential set ( mpre f
e

⌋
∗
, the latter ones achieve better

values. As expected, using measured values for the exogeneous variables ( m∗e cm produces
better results than using forecasted values; in this latter case, the use of the ensemble



Inventions 2023, 8, 96 24 of 32

solution ( m∗e ce always produces superior results than using the single model ( m∗e cs. In the
last table, the values in italics denote the best values, not using measured data.

Table 10. Load demand performance values.

Sets # ViolPICP SPINAW SRMSE SMAE SMRE SMAPE SR2

mscm 1 0 - 4.753 3.317 211.4 3185 18.16

mss 0 - 4.735 3.332 211.9 3141 18.35

msce 0 - 4.731 3.319 211.6 3143 18.16

mnd
e

⌋
m

89 0 24.83 4.578
√

3.199
√

203.8
√

3154 20.28
√

mnd
e

⌋
s

89 0 23.33 4.591
√

3.208
√

204.4
√

3133 20.12
√

mnd
e

⌋
e

89 0 24.83 4.587
√

3.205
√

204.2
√

3132 20.29
√

mpre f
e

⌋
m

47 0 24.73 4.574
√

3.186
√

203.1
√

3151 20.32
√

mpre f
e

⌋
s

47 0 24.73 4.589
√

3.197
√

203.8
√

3131 20.15
√

mpre f
e

⌋
e

47 0 24.72 4.585
√

3.193
√

203.5
√

3130 20.20
√

Having concluded that the best results were obtained using the mpre f
e

⌋
m

set of mod-
els, this will be used for the subsequent phase. The number of common models is
mnw

e ∩ m f ore
e = 14, mnw

e ∩ mpar
e = 17, and mpar

e ∩ m f ore
e = 21. These models obtained

the performance values shown in Table 11.

Table 11. Load demand performance values.

Sets # ViolPICP SPINAW SRMSE SMAE SMRE SMAPE SR2

mnw
e cm 25 0 19.45

√
4.584

√
3.192

√
203.4

√
3136 20.21

√

mnw
e cs 25 0 19.44

√
4.597

√
3.199

√
203.9

√
3129 20.04

√

mnw
e ce 25 0 19.44

√
4.593

√
3.195

√
203.6

√
3127 20.11

√

m f ore
e

⌋
m

25 0 24.83 4.578
√

3.199
√

203.8
√

3154 20.28
√

m f ore
e

⌋
s

25 0 23.33 4.590
√

3.208
√

204.4
√

3133 20.12
√

m f ore
e

⌋
e

25 0 24.83 4.587
√

3.205
√

204.2
√

3132 20.29
√

mpar
e

⌋
m

25 0 24.71 4.575
√

3.173
√

202.2
√

3162 20.31
√

mpar
e

⌋
s

25 0 24.69 4.590
√

3.179
√

202.6
√

3145 20.13
√

mpar
e

⌋
e

25 0 24.69 4.585
√

3.175
√

202.4
√

3145 20.19
√

Analyzing the last table, as expected, the best SPINAW results were obtained by the
set of models minimizing the weight norm. The difference is very large compared with the
two other alternatives. Comparing the set of models using measured values as exogeneous
variables with the forecast versions, for every criteria except SPINAW and SMAPE, the use of
measured values obtains better values. This was also expected, as, in that case, there are
no forecasting errors for the exogeneous variables. In every case, the use of the ensemble
approach for the exogeneous variables obtained better results than the single model.



Inventions 2023, 8, 96 25 of 32

Overall, mpar
e obtained better results than mnw

e and m f ore
e , except for SPINAW , and in

particular, mpar
e

⌋
e

achieves the best compromise. Figures 20–22 show the results obtained
for this latter technique.
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Figure 20. Left: Load demand PICP evolution; Right: Load demand PINAW evolution.
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Figure 21. Left: Load demand RMSE evolution; Right: Load demand MAPE evolution. 
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Figure 21. Left: Load demand RMSE evolution; Right: Load demand MAPE evolution.
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Figure 22. Left: Load demand R2 evolution; Right: Load demand one-step-ahead detail. Target
(blue solid); Prediction (red solid); Prediction upper-bound (yellow dash); Prediction lower bound
(magenta dash).

3.5. Power Generation Models

The single model chosen was:

P̂G(k) = M4

 PG(k− 1), PG(k− 20), PG(k− 95),
R(k− 2), R(k− 17), R(k− 93), R(k− 671),

T(k− 1), T(k− 98)

 (55)

Some statistics related to the usage of the 295 non-dominated models are given
in Table 12.
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Table 12. Non-dominated solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.053 0.042 0.049 8 3.071 1.686

median 0.063 0.049 0.052 72 3352 2.609

max 0.145 0.106 0.129 300 - -

As observed, the maximum RMSE value for the validation set is very large. Some
values are not shown because of their huge size.

Table 13 shows the same statistics for the 186 preferred solutions.

Table 13. Preferred solutions statistics.

RMSEtr RMSEte RMSEval Comp ||w|| ∑fore(.)

min 0.058 0.042 0.049 14 6.727 2.199

median 0.063 0.043 0.051 52 4358 2.671

max 0.067 0.046 0.129 100 - -

Comparing Table 13 with Table 12, it can be concluded that a smaller dispersion for
the RMSEs is obtained for the preferred solutions. Still, the maximum value for RMSEval is
very high.

As in the previous case, better solutions are obtained using the preferential set. For
this reason, the values for the non-dominated set will not be shown.

Analyzing the results shown in Table 14, all ensemble models violated the PICP
criterion, for all steps. In terms of the measured data for the exogeneous variables, the
single model obtained a better performance than the ensemble for three out of the six
criteria. Comparing the two methods of forecasting for the exogeneous variables, the
ensemble approach obtained always the best results, except for the ensemble SPINAW .
mpre f

e

⌋
e

obtained the best results using forecasted values for the exogeneous variables.

Table 14. Power generation performance values.

Sets # ViolPICP SPINAW SRMSE SMAE SMRE SMAPE SR2

mscm 1 0 6.924 2.774 1.294 76.02 2826 35.38

mscs 1 0 8.011 3.159 1.430 83.99 3328 35.19

msce 1 0 7.943 3.132 1.405 82.50 3046 35.21

mpre f
e

⌋
m

44 1 7.270
√

2.877
√

1.271
√

74.62
√

2244
√

35.33
√

mpre f
e

⌋
s

44 1 7.261
√

3.071
√

1.369
√

80.42
√

2623
√

35.24
√

mpre f
e

⌋
e

44 1 7.263
√

3.065
√

1.365
√

80.19
√

2533
√

35.24
√

As a consequence, we shall use the mpre f
e

⌋
e

set of models for the subsequent phase.

The number of common models between the three selection approaches is mnw
e ∩m f ore

e = 17,
mnw

e ∩mpar
e = 19, and mpar

e ∩m f ore
e = 23. These models obtained the performance values

shown in Table 15.
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Table 15. Power consumption performance values.

Sets # ViolPICP SPINAW SRMSE SMAE SMRE SMAPE SR2

mnw
e cm 25 1 7.426

√
2.842

√
1.257

√
73.87

√
2192
√

35.35
√

mnw
e cs 25 1 7.438

√
3.089

√
1.383

√
81.24

√
2658
√

35.23
√

mnw
e ce 25 1 7.437

√
3.084

√
1.381

√
81.10

√
2520
√

35.23
√

m f ore
e

⌋
m

25 1 7.094
√

2.882
√

1.258
√

73.88
√

2135
√

35.33
√

m f ore
e

⌋
s

25 1 7.099
√

3.080
√

1.368
√

80.32
√

2576
√

35.23
√

m f ore
e

⌋
e

25 1 7.090
√

3.073
√

1.365
√

80.16
√

2461
√

35.24
√

mpar
e

⌋
m

25 1 7.328
√

2.894
√

1.267
√

74.44
√

2127
√

35.32
√

mpar
e

⌋
s

25 1 7.333
√

3.091
√

1.377
√

80.84
√

2553
√

35.23
√

mpar
e

⌋
e

25 1 7.323
√

3.083
√

1.327
√

80.61
√

2428
√

35.23
√

Analyzing the results presented in the last table, unexpectedly, the best SPINAW results
were obtained by the set of models in the Pareto front. The worst results were obtained by
the set of models minimizing the weight norm.

The set of models using measured values as exogeneous variables with the forecast
versions obtains the best results, with a difference slightly larger than for the power
consumption. This might be because there are two exogenous dynamic variables, rather
than only one. Regarding the set of models that use forecasting values, m f ore

e

⌋
e

and mpar
e

⌋
e

obtained three first places each.
Figures 23–25 show the results obtained using mpar

e

⌋
e
.
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Figure 23. Left: Power generation PICP evolution; Right: Power generation PINAW evolution. 
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Figure 23. Left: Power generation PICP evolution; Right: Power generation PINAW evolution.
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Figure 24. Left: Power generation RMSE evolution; Right: Power generation MAPE evolution. 
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Figure 24. Left: Power generation RMSE evolution; Right: Power generation MAPE evolution.
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Figure 25. Left: Power generation R2 evolution; Right: Power generation one-step-ahead detail.
Target (blue solid); Prediction (red solid); Prediction upper-bound (yellow dash); Prediction lower
bound (magenta dash).

3.6. Analysis of the Results

Analyzing the results presented, and taking into consideration the research questions
formulated in the Introduction, we can conclude that the following:

- In three out of four models, the ensemble versions present better results, for all
performance criteria, than the single model chosen. In the power generation model, in
three of the performance indices, the single model obtained the best results. Overall,
for the total number of 24 criteria, the ensemble approaches obtained the best results
in 21 cases;

- Focusing now on the number of models to use in the ensemble, only in two per-
formance criteria (SPINAW in the air temperature model and SRMSE in the power
generation model with measured data for the exogeneous variables) out of the 24 cri-
teria did the use of more than 25 models obtain better results;

- Regarding the method to select the 25 models (mnw
e , m f ore

e or mpar
e ), there is not a clear

choice. The winners obtained for the selection methods were 8, 6, and 9, respectively;
- For the NARX models, for all cases, the use of m f ore

e

⌋
e

was found to be the best choice;

- Finally, violations of PIPC were assessed using (35). As it can be seen in Tables 4, 7, 11 and 14,
and in Figures 9, 17, 20 and 23, in most cases the computed Prediction Interval Cover-
age Probability, throughout PH for the chosen model ensemble, was slightly larger
than the level specified, 90%. In the cases where violations have been found, PICP
values are near 90%.

We can therefore propose the following procedure for model design:

1. Use ApproxHull to select the datasets from the available design data;
2. Formulate MOGA, in a first step, minimizing the different objectives;
3. Analyze MOGA results, restrict some of the objectives and redefine input space

and/or the model topology;
4. Use the preferential set of models obtained from the second MOGA execution;

5. Determine mpre f
e using (44);

6. From mpre f
e obtain mpar

e using (47);
7. If the model that should be designed is a NARX model, use mpar

e for the exoge-
nous variables;

8. Obtain the prediction intervals using (24) and (25).

The ensemble outputs are given by (20).

3.7. Discussion

A comparison of results obtained with this procedure with other proposals found in
the literature is not completely fair to the proposed technique. As reported earlier, the
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four models used in this work were designed with data from May 2020 to August 2021.
Additionally, in their design, a PH of 28 steps was considered. The results assessed here
use essentially the whole month of July 2022. A PH of 36 steps is employed here, this larger
value being justified in [49].

The values of solar radiation and atmospheric air temperature will not have changed
so much from 2020–2021 to 2022 and, as the PV installation is the same, the same can be
hypothesized to the evolution of the power generated. The same cannot be said in relation
of the load demand, as several electric equipment were changed during 2022. For this
reason, comparisons will only be applied to the solar radiation and generated power. Only
papers providing values of PICP and PINAW for their results, and with a time resolution
and prediction horizon convenient will be considered.

Chu and Coimbra [23] aimed at predicting Direct Normal Irradiance (DNI) by utilizing
k-Nearest Neighbors (KNN) models, with forecast horizon of 5–20 min at 1 min resolution.
In this case, the number of neighbors was set to 30 and was weighted based on the
distance between them and the observation. The authors used lagged DNI observations
as endogenous inputs and lagged Diffuse Horizontal Irradiance and sky image features
as exogenous inputs. The results showed that the k-NN ensemble outperformed both the
persistence ensemble and k-NN with assumed Gaussian distribution. The authors reported,
for a nominal confidence level of 90%, PICP between 0.91 and 0.93 and PINAW between
31% and 70% for a 15 min horizon. For the same horizon, RMSE values varied between 107
and 208 W/m2. Our approach obtained, for 15 min step-ahead, values of 0.91, 14.5%, and
35 W/m2, respectively.

Galván and co-workers [50] addressed the estimation of prediction intervals for the in-
tegration of four Global Horizontal Irradiance (GHI) forecasting models (Smart Persistence,
WRF-solar, CIADcast, and Satellite). With data collected at Sevilla, Spain, the best results
obtained for PINAW for 15, 30, 45, and 60 min forecasting were 28%, 29%, 30%, and 32%,
respectively. Using Figure 10, our technique obtained values between 14.5% and 19%.

Ni and co-workers [51] proposed an extreme learning machine (ELM) technique,
combined with bootstrap to forecast the PV-generated power, for a time-step of 5 min.
Prediction intervals were obtained using the bootstrap technique. Using L = 90%, the
PICP obtained ranged between 92% to 94%. PINAW values ranged between 12% and
13%, a value close to the one that was obtained here for a 15 min step-ahead. The same
authors, to prevent the instability of the ELM machine learning method in generating
reliable and informative PIs, proposed in [52] an ensemble approach based on ELM and the
Lower Upper Bound Estimation (LUBE) approach. The results, for the same 5 min horizon,
increased the PICP to a range of 95–99%, and PINAW ranging from 9% to 14%.

As a final note, although the examples in this paper are from the energy arena, the pro-
posed procedure is beneficial for all forecasting applications. ApproxHull and/or MOGA
have been applied, for instance, in hydrological applications [39], Ground Penetrating
Radar (GPR) applications [53], medical imageology [54], and temperature estimation in
human tissues [55], to name just a few. All these applications will profit from the approach
introduced here.

4. Conclusions

We have introduced a simple and efficient procedure for designing robust forecasting
ensemble models that satisfy a multi-objective optimization problem. The procedure has
been validated experimentally using four different models that are used in energy-based
problems. The results obtained with this procedure compare favorably with existing
proposals found in the literature.

The proposed procedure can be further exploited in two different directions. As models
are designed using a multi-objective approach, a robustness criterion, such as minimizing
the Prediction Interval Normalized Averaged Width over the prediction horizon (32) can be
added to the problem formulation. This will make MOGA a little bit slower, but not greatly
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as a decomposition of Γ(Ztr, v∗)—the matrix of the outputs of the last hidden layer over
the training set of the optimal models—makes the computation of (25) less complicated.

The other research direction is the incorporation of the computed prediction intervals
in predictive control techniques. This is an active field of research in several application
areas, and in particular in the area of energy. The key contribution here, in relation with to
other approaches, is the forecasting quality of our models, which has been demonstrated in
this paper.

5. Patents
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