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Design and vibrations in mechanical transmission systems 
 

Introduction 

 

Vibrations in power transmission elements are of extreme care since their occurrence 

outside specific ranges can generate problems in the operations of the element or the system 

to which it belongs. They can even cause mechanical failure. In this way, vibration 

measurements in specific points of a power transmission system let monitor and diagnose 

faults [1]. 

The main elements of a power transmission system are gears, shafts, bearings, and the 

gearbox housing. Gears and bearings are the central elements where more damage occurs 

in a gearbox. The National Renewable Energy Laboratory recorded 257 gearboxes damaged, 

in which 70% of failures were by bearings, 26% by gears, and 4% by other elements [2]. These 

elements are mostly associated with mechanical vibrations, and therefore they are the most 

investigated. The inadequate interaction of these elements can generate vibrations and 

noise, reflected in an inefficient transmission of power and less availability. 

Historically, vibrations have been studied mainly as a fault early detection technique. 

Vibration analysis has been used to support machinery maintenance decisions [3]. 

Therefore, many of the research work focus on maintenance, but only a little number of 

works consider the gear vibrations from the design stage. 

In recent years, the design methodologies tend to maintain an integrating view that 

considers the largest number of variables associated with the different stages in the 

product's development. Principles and tools as Robust Design (RD), Quality Function 

Deployment (QFD), Design for Manufacturing and Assembly (DFMA), Computer-aided 

technologies (CAx), Design for Service (DFS), Design for reliability (DFR), and Design for 

Six Sigma (DFSS) have been developed since the middle of the last century to develop 

robust, high-value products at all stages of their life cycle [4]. This document presents a 

review of the different studies carried out in the last 20 years in which vibrations were taken 

into account as a tool for design and research in which design is made to minimize 

vibrations in gears and bearings. This research aims to show the benefits of considering the 

vibrations from the design stage for those interested in developing formal design 

methodologies that consider the mechanical vibrations in a system. This approach is very 

useful to the mechanical system and machinery design. 
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Science mapping method 

 

The standard 5-step method for science mapping was followed [5]. The first step in Research 

Design is to propose the research question. In this review, the principal question is: "Which 

are the studies that take into account the vibrations for the design of the principal elements 

of mechanical transmission as gears and bearings in the last 20 years?". The second step is 

the compilation. The databases used were Web of Science and ScienceDirect; the search 

formula was different for each transmission's element and explained in the following 

sections. The analysis, which is the third step, was made through a recent open-source tool 

called Bibliometrix, which is developed in the statistical computing and graphic R language. 

In the next sections, Visualization and Interpretation, which are the fourth and fifth step, 

were developed. 

Analysis of reviews 

Since the interest is know the design methods used that take into account vibrations in 

mechanical transmission elements, the search problem was divided into three main topics: 

Vibrations, Mechanical transmission elements, and Design methodologies. These are the 

main topics of search. This review considers these topics with subdivisions according to the 

particular interest of each subtopic. The simple topic search, including the above mentioned 

as search words, yields results that may exclude relevant papers or that may include those 

that are not closely related to the topic of interest. For this reason, the search must be refined 

without losing focus that one or more topics classified as significant are implied.  

The first step was to determine the elements or systems involved in the mechanical 

transmissions that had more relevance in the vibrations, and these were bearings, gears, 

shafts, and gearboxes. The study begins with the search of reviews in which these elements 

are related to vibrations. A first review search was performed in Web of Science through the 

search formula: TOPIC (gear or shaft or bearing or transmission or drive train) and TOPIC 

(vibration). The results were filtered by "review" and the works related to biology, medicine, 

civil structures, among others, were excluded. Five main topics were distinguished in the 

works found: fault diagnosis, dynamic characterization, math tools or signal processing 

methods, vibration control or noise control, and design. Table 1 shows the 84 reviews found, 

each article's main topic, and the corresponding application. 56% of the works are related to 

the use of vibrations for faults diagnosis in different elements of gear transmission systems. 

31% of them studied the dynamic characterization of bearings, gears, and other more 

complex systems as gearboxes, carbodies, mechanical structures, among others. 27% of the 

reviews are about signal processing methods in vibration measurement and mathematical 
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tools for vibration measurement or vibration analysis. The main topics in this area are 

enhanced fast Fourier transform [6], free and forced vibration analysis of structures with 

cyclic symmetry [7], wavelet for fault diagnosis [8], finite element analyses [9] and statistical 

energy analysis in high-intermediate frequency acoustics vibration problems [10]. 13% of 

works are about vibration control or noise control, and 10% of reviews consider the design 

as one of their topics.  

Most of the design's reviews focus on gears. F. Li et al. [11] present essential conclusions for 

planetary gear design to solve vibration noise by considering mesh phase, tooth profile 

errors, bearing clearance, bearing contact, tooth profile modification, and gear contact ratio. 

K. Mohan et al. [12] studied the works related to the gearbox dynamics and the 

methodologies of analysis for various types of gearboxes. They give some design guidelines 

for machine tool structures, gearboxes, and associated rotors, take into account dynamics 

characteristics as chatter, vibration, and noise radiation. L. Prášil et al. [9] made a list of 

published papers on the design, analysis, and simulation of gears and gear drives. The 

design of bearings was studied too: Q. Gao et al. [13] reviewed the design and optimization 

of aerostatics bearings; they studied the design from the dynamic performance perspective 

and considered micro-vibration and pneumatic hammer vibration (large amplitude) for 

suppression of pneumatic hammer vibration. They found two strategies through structural 

optimization and considering external damping. In a previous review, F. Al-Bender [14] also 

studied aerostatic bearing films; in his work, he considered the dynamic behaviour to 

complement the determination of static characteristics, which is considered the first step in 

the bearing design process. S Hong et al. [15] studied the research related to rolling-element 

bearing modelling due to the high variant loads and high vibration levels that bearings 

experience in many applications. H. Mahdisoozani et al. [16] focused on vibration reduction 

and engine modifications for the performance enhancement of internal combustion engines 

through vibration control, which was classified in Table 1 as design. However, in strict 

terms, it is redesign. S. Sharma et al. [17] include vibration as an essential variable in the 

dynamic behaviour for the design of aircrafts. Although some works include vibration in 

the design process, there are no reviews where vibrations are analyzed for purposes of 

systematic design of gear drives. Although there are no reviews whose main topic is the 

topic of interest, it is important to show the reviews in Table 1.  

Good management of mathematical tools is required for the acquisition and analysis of 

vibrations; also, the dynamic characterization of the element to design and the fault 

diagnosis through vibrations; these are inputs for a fair design process. The applications 

shown in Table 1 are of interest. Although there are typical applications such as bearings, 

gears, shafts, and plates, specific ones such as helicopter transmissions and wind turbines 
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are also found. The study of vibrations on wind turbines is because the wind power industry 

experiences a high failure rate and operation and maintenance cost. The transmission 

failures contribute considerably to that rate [18]. 

In the following section are analysed the papers found in which gears and bearings are 

designed, taking into account some aspects related to the associated vibrations of these 

elements. 

 

Table 1. Analysis of reviews in the last 20 years of principal elements of power 

transmission related to vibrations. 

Principal topic Applications Works 

Fault Diagnosis 

  

Bearings, motor bearings, wind turbine planetary gearboxes, solar 

photovoltaic, rolling element bearings, gears, rotors, rotating 

machinery, active magnetic bearings, high-speed railway bridges, 

internal combustion engines, rotating shafts, squirrel-cage induction 

motors, low-speed bearings, heavy-load slewing bearings, fixed axis 

gearboxes, power equipment, gerotor pumps, micro-vibration 

detection, rolling/sliding bearings, hybrid electric vehicles, engines, 

turbines and motors, gear transmission systems, wind turbine 

bearings, wind turbines, offshore wind turbines, machinery, 

planetary gearboxes, induction machines and drive trains in offshore 

applications, rotating electrical machinery and helicopter 

transmissions.  

 

[1], [3], [8], [18]–[61] 

Dynamic 

characterization 

  

Mechanical structures, landing gear shock absorbers, gearbox, 

carbody vibrations, rolling element bearings, rolling bearing rotor 

systems, rotating machinery, gearboxes, rotating laminated shafts, 

spur gear pairs, transmission lines, beams, shafts, plates, aircrafts, 

gears, journal bearings, drive train systems in wind turbines, journal 

bearings, flexible rotor-bearing systems, planetary gears, epicyclic 

gears, mounting elements of rotating machinery, tilting-pad journal 

bearings, aerostatic bearing films, magnetic bearings, and out-of-

round wheels.  

 

[11], [12], [14], [15], [17], [32], [49], [55], 

[57], [60], [62]–[77] 

Math tools or signal 

processing methods 

  

Bearings, vehicles, ships, aviation, and other transportation 

engineering fields, complex elastic multibodies, low-speed slew 

bearings, magnetic bearing systems, joined structures, wind turbine 

drive trains, marine power transmission systems, rotating machines, 

mechanical structures with cyclic symmetry, rotary machines, 

structures coupled with elastic media, gears, and gear drives.  

 

[6]–[10], [20], [24], [26], [28], [33]–[36], 

[39], [40], [48], [56], [57], [69], [78]–[81] 

Vibration control or 

noise control 

  

Long shafts, flexible rotors, hybrid magnetic bearings, sliding 

bearings, dampers, wind turbines, rotors, ergonomic, magnetic 

bearings, plate-like structures, air bearing systems and shafts of 

highspeed tooling spindles, automotive components, machine tool 

transmission housings, nonlinear vibration isolations, aerospace 

vehicles, and ultralight structures.  

 

[12], [41], [42], [52], [65], [82]–[87] 

Design 

Aerostatic bearings, internal combustion engines, vehicles, and 

dynamic vibration neutralizers.  

  

[11]–[17], [88] 
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Design and vibration 

 

The two principal search formulas were: TITTLE (gear*) AND TITTLE (optimization* OR 

modification* OR dynamic* OR kinematic* OR mesh* OR transmission error OR analysis* 

OR design* OR vibration*) AND TOPIC (design*) AND TOPIC (vibration*) for gears and 

TITTLE (bearing*) AND TOPIC (design*) AND (VIBRATION*) for bearings. After checking 

the results, papers with no significant contribution were found and therefore they were 

excluded. Seventy-seven papers were processed in Bibliometrix; an increasing interest in 

the topic in the last 20 years is shown in Figure 1. The growth was approximately linear in 

the first years, with an inflection point in 2017 where, through a standardized plot, a slope 

of 1 begins, increasing considerably in 2018 and 2019. That behavior evidences a recent 

interest in the thematic. Although the production articles has increased in the last two years, 

the most cited papers are produced at the beginning of the century, as shown in Figure 1.  

 

Figure 1. Cumulative production of papers and citations per year. 

A thematic map shows the state of the topic found in the papers analyzed in terms of their 

grade of importance and development. A thematic map is divided into two axes: the x-axis 

shows the centrality: a measure of the theme's importance in the entire research field. The 

y-axis shows the density: a measure of the topic's development.  
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Figure 2. Thematic map, according to the papers found. 

Figure 2 shows the thematic map of the search made. The analysis was made with the 

keywords; the word shown in the bubble is the word with the highest occurrence in that 

cluster, and bubble size is proportional to the cluster word occurrence. The first quadrant 

contains the highly developed and most important topic according to the citations.  The 

vibration cluster is the most developed and the cluster with the highest importance, 

followed by the transmission error cluster. The transmission error (TE) has been identified 

as one of the principal causes of vibration in geared systems; because of their location, these 

two topics are the motor themes; great numbers of studies consider reducing the TE in order 

to reduce the vibrations in geared systems.  

In the third quadrant of Figure 2, it is observed that gear design is an emerging topic, which 

is corroborated with the increasing slope in the last two years of Figure 1. Gear design in 

itself is not a recent theme, however in the context of the search for this review, considering 

the vibrations, it could be considered an emerging theme. In the gear design cluster, mesh 

stiffness is the second word in occurrence order that suggests the importance of considering 

the mesh stiffness in gear design.  

The Spiral bevel gear appears as an emerging theme too. That is because of the complexity 

in the geometry of that type of gear. The most significant research efforts have been in spur 

and helical gears, as shown in the following sections.  

According to the results found, the information has been divided into four main topics: spur 

gears, helical gears, spiral bevel gears, and bearings. The main findings of design 

methodologies that consider vibrations for each of the elements mentioned are shown in the 

following sections. 
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Gears  

 

To find the appropriate research papers related to gears, the optimized search formula in 

Web of Science was: TITTLE (gear* NOT gearbox*) AND TITTLE (optimization* OR 

modification* OR dynamic* OR kinematic* OR mesh* OR transmission error OR analysis* OR 

design* OR vibration*) AND TOPIC (design*) AND TOPIC (vibration*). Although there are 

considerable studies in which the phenomenon of vibration is researched on gears, the ones 

that show a clear and explicit methodology for the design of gears taking into account 

vibrations to reduce it, is much smaller. The main studies are related to spur gears, helical 

gears, and spiral bevel gears. 

Spur gears  

Spur gears have been one of the most studied gears. Vibrations on gears have been of 

interest since the last century, and many papers consider vibrations as a variable to reduce. 

However, there are a few of them which show an explicit design methodology for reducing 

vibrations. Abuid Ba and Ameen YM [89] developed a methodology for the optimum design 

of a two-stage spur gear system. Although the authors did not measure, directly, vibrations 

on the system, the proposed procedure got to reduce dynamic factors. The volume of gears 

and the center distance of the system were also reduced. The dynamic factors were studied 

in the input shaft, first –teeth meshing, intermediate shaft, second meshing, and the output 

shaft. The principal goal was to design a compact gear system with quiet running compared 

with classical design. The design variables were numbers of teeth of pinions, stiffness of 

shafts and teeth, and gears' inertia. Refined min-max technique as the optimization 

technique was used and a direct min-max search method in a second stage for refinement. 

The methodology was compared with classical design, and the dynamic factor was reduced 

by 22% and 53% in the first and second teeth meshing zone, respectively. Two years later, 

Fonseca D et al. [90] developed a genetic algorithm for reducing the TE of automotive spur 

gear sets. The model minimizes the magnitudes of gear mesh frequency components' weight 

sum through a formal methodology proposed by Tavakoli, M.S [91]  consisting of involute 

profile generation, profile modification curve-fit, mesh compliance analysis, TE, and load 

sharing computations. Jiang, J, and Fang, Z [92] also work on TE; their method works on the 

design of tooth surface modifications; authors used particle swarm optimization for the 

design of loaded TE. Wang, Y [93] proposed a method to identify a gear system's dynamic 

model to make a profile modification for reducing gear noise and vibration. A significant 

contribution is the relationship between the rotational movement and the acoustical noise 

from the identified model. Yildirim N et al. [94] proposed a helicopter transmission design 
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by changing the standard low contact ratio spur gears by high contact ratio (HCR) spur gear 

and applying a profile modification type of "double relief." The redesign achieved two to 

four times casing vibration reduction at tooth meshing frequency. Karpat, F [95] developed 

a computer program for the dynamic analysis of spur gears with symmetric and asymmetric 

teeth in order to minimize dynamic loads. Authors obtained important conclusions for the 

design of spur gears with asymmetric teeth; design rules were achieved considering gear 

contact ratio, pressure angle and addendum.  

Tribo-dynamic performance of spur gear has been analyzed too for guiding gear design. 

Ouyang T et al. [96] developed a gear dynamic model taking into account the lubricant 

properties. Gear parameters and lubricant properties are the inputs of the computation 

program created. The next step is the load distribution model and the gear 

elastohydrodynamic lubrication model by using a multigrid method. The final step is the 

gear dynamic model obtained by applying a Runge-Kutta method. In a recent work [97] a 

method for predicting dynamic characteristics and lubricating property in spur gear of ink 

vibrator was developed. This was achieved by applying a Runge-Kutta and a multigrid 

method for solving the governing equations as the previous work reported [96].  

Recently, techniques such as topological optimization have been used for gear design. 

Ramadani, R et al. [98] designed a gear body as a cellular lattice structure to benefit from 

weight reduction and vibration behavior. Topology optimization was employed to remove 

stress concentration and stress levels as much as possible. They found that a lattice structure 

gear body might notably reduce vibrations and even offer the opportunity to be filled with 

an adequate polymer, which may further reduce the vibrations. 

As future work, it would be important to manufacture these geometries and gear structures 

through additive manufacturing to experimentally verify, contrast, and complement works 

like this. Studying different types of materials in terms of their damping coefficient and 

stiffness in different modes of vibration could be a relevant topic for future research, the 

results of which would serve to generate highly useful design guidelines to improve the 

vibratory behavior of gearboxes. 

Xu L. et al. worked on reducing a power turret gear train's vibrations by modifying design 

parameters [99]. The gear transmission system of power turret consisted of a three-stage 

gear train with four spur gears. Since gear vibration and noise can be reduced by a HCR 

[100], and this can be changed by modifying such parameters as the outer diameter of gear, 

the pressure angle, or the number of gear tooth [101], authors chose the smallest module 

and pressure angle to enlarge the contact ratio. They found that the improvement of gear 

modulus and pressure angle yields better dynamic behavior with a lower vibration than 

before by comparison in the time domain, and the modification of turret generally decreases 
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the vibration amplitude and nonlinear behavior effectively by the comparison in frequency 

domain. 

Figure 3. shows different gear design processes in which the vibration minimization 

methodology is varied. Studies shown in Figure 3. are those with the most precise design 

methodology according to its approach. The first one describes a flow chart for the process 

of the design of a two-stage spur gear system. In the second one [102], design parameters as 

the module, pressure angle, face width, and helix angle (for helical gears) are modified. The 

third one [98] shows a design process for minimum vibration through topological 

optimization. All of the found methodologies begin with input gear specifications, which 

are processed according to the approach proposed in each work, and finally, the gear 

parameters are obtained. 
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Figure 3. Design processes of spur gears which consider the minimization of vibration as a 

design goal. (a) Design procedure of a two-stage spur gear system through a Min-Max 

method combined with a direct search technique [89]. (b) Design process of parallel-axis 

gear by changing gear parameters [102]; (c) Design of gear body based on topology 

optimization [98]; (d) General design process of pair gears for minimum vibrations found 

in the literature. 
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Helical gears 

Helical gears have been the second most researched type, and the main studies focus on 

tooth modifications for reducing vibrations. One of the first papers, dated 2000, was written 

by Chong TH et al. [103]. The authors faced the problem of minimizing gear sizes and 

reducing vibrations in them; they proved that there is a conflicting tendency between the 

vibrational excitation force by the tooth meshing and the gear size or the geometrical volume 

of a gear pair. Gear pairs with lightweight may have noise or vibration problems. Therefore, 

a single objective function is not suitable for the purpose since minimizing one design 

variable can adversely affect another. The authors used the goal programming method as a 

multi-objective optimization technique (Figure 4). Since the vibrations in gears are reduced 

with the decrease in vibrational excitation forces, which were established as an objective 

function as well as the size of the gear. The design variables used were normal module, 

number of teeth in pinion, face width, pressure angle, helix angle, and addendum 

modifications coefficients. The technique was applied to the redesign of a helical gear pair 

used in an elevator reduction drive. The volume (mm3) was reduced by 38%, and the 

vibrational excitation force (N/mm) by 60%. 

Komori M et al. [104] worked on optimizing the tooth flank form to perform low vibration 

and high load-carrying capacity; the author proposed a design algorithm under different 

misaligned conditions. Hedlund J & Lehtovaara [105] faced the problem of evaluating the 

mesh stiffness between all meshing teeth, which is one of the principal sources of vibration. 

The proposed model shows the best combination of gear parameters to minimize parametric 

excitation in a specific application. Fuentes A et al. [106] studied helical gears finished by 

plunge shaving. They proposed a computerized method for modifying the geometry of 

helical gear drives. The optimal design is a partial crowning of the pinion tooth surface, 

yielding the lower contact stresses and TEs when errors of alignment occur. Wu J et al. [107] 

also work on tooth profile modification (TPM) in helical gears for vibration reduction. The 

authors proposed a dynamic simulation method to evaluate the effect of TPM on vibration 

reduction in the designing stage; simulations were validated by experimental works. Wang 

C [108] developed a method for reducing vibration in double-helical gear by tooth 

modification through tooth contact analysis (TCA) and loaded tooth contact analysis 

(LCTA); the algorithm gets the tooth design parameter when the amplitude of TE is 

minimum (Figure 4). 

Theerarangsarit K & Ratanasumawong C et al. [102] developed a series of steps to design 

parallel-axis gear to minimize power loss and its effect on vibration characteristics 6]. The 
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authors establish that load, operating speed, center distance, gear ratio, and gear material 

are defined. The steps are: 1) Decrease module, 2) Increase pressure angle, 3) Increase face 

width, 4) Adjust helix angle. Once these steps are done, gear tooth strength is calculated by 

the AGMA method, and if it is not met in the first iteration, the necessary number of times 

is carried out until it meets the minimum strength. Authors verified the design methodology 

experimentally with a reference gear pair and two gear pairs designed; they proved that the 

sliding losses of both designed gear pairs are significantly lower than the reference gear 

pair. Lower vibration amplitude is achieved from this design methodology. 

Marafona J et al. [109] developed an algorithm methodology for generating constant mesh 

stiffness gears (CMSGears) considering the gears' safety factors and mesh efficiency. The 

methodology (Figure 4) needs a starting point of gear geometry to initiate the iterations and 

continues until no further minimization is possible. The CMSGears developed were 

compared with C14, H501, and H951 gears, and it was concluded that CMS Gears promote 

a more stable and smooth dynamic performance than conventional gears. 

Tanaka. E et al. developed a design of a low-noise gearbox [110]. The design process starts 

from a phase of determination of the vibrational behavior to add ribs near the gearbox 

vibration mode antinodes. The first stage consists of three steps: gear-vibration analysis, 

gearbox vibration analysis, and sound-radiation analysis. The authors validated their 

method experimentally in an apparatus consisting of second-stage helical reduction gears; 

they measured the displacement of a gear shaft, the acceleration of points on the gearbox's 

surface, and the sound-pressure levels around the gearbox, and the values of the 

measurements coincided with the calculations made. 

Other authors who have worked on decreasing vibrations by improving gear meshing 

quality are Wang F et al. [111]. They proposed a methodology to determine a tooth surface 

modification with a sixth-order TE that minimizes vibration noise, which considers the 

vibration model of a herringbone gear coupling. The methodology consists of the next steps: 

1) Input gear pair basic parameters, 2) initial design parameters, 3) Solving the curve 

coefficients of a higher order polynomial function of TE (H-TE), 4) TCA and LTCA 5) 

Solving the herringbone gear dynamics model, 6) Genetic algorithms optimizing solving, 7) 

Return to the second step if the optimal solution was not found. They concluded that 

vibration reduction under meshing vibration acceleration optimization is much better than 

optimizing the loaded TE amplitude. They also found that in the range of design conditions, 

the herringbone gear with 6H-TE has the best vibration stability. 
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Figure 4. Design processes of helical gears that consider the minimization of vibration as a 

design goal. (a) Design process of cylindrical gear pairs for the reduction of gear size and 

meshing vibration [103] (b) Modified optimization of double helical gears [108] (c) Algorithm 

for generating CMSG (Constant Mesh Stiffness Gears) [109] 

Spiral bevel gears 

The complex geometry of gear tooth surfaces in spiral bevel gears makes the design problem 

more complicated, and most of the papers focus on reducing TE. Litvin F et al. [112] 

developed a method for design spiral bevel gear to reduce TE, which reduces noise and 

vibration through the application of local synthesis algorithm, TCA, and stress analysis by 

application of finite element method. Su J et al. [113] proposed an approach to design and 

implement a seventh-order polynomial function of TE to reduce the running vibration and 

noise of gear drive and improve the tooth's loaded distribution through a reverse TCA 

process. Astoul J et al. [114] also worked to reduce the TE, specifically the quasi-static TE; 

the developed approach is based on an optimization process including loaded meshing 

simulations. The optimization strategy consists of minimizing the maximal contact pressure 

and reducing the quasi-static TE. Mu Y and Fang Z [115] developed a method to design a 

seventh-order TE for HCR spiral bevel gears for reducing gear vibration and noise. 

Mu Y et al. [116] developed a method for designing HCR spiral bevel gears. The authors 

proposed a tooth surface correction method for modifying HCR spiral bevel gears. 
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Argyris J et al. [117] proposed an integrated approach for the design and stress analysis of 

spiral bevel gears. Their method lets the determination of machine-tool settings for the 

generation of low-noise stable bearing contact spiral bevel gear drives. This method 

analyses the manufacturing process, and through finite element analysis, it allows the 

formation of bearing contact during the meshing cycle; the method reduces vibration and 

noise. Fuentes-Aznar et al. [118] proposed an integrated computerized approach of design, 

generation, and stress analysis of low noise, high endurance face milled spiral bevel gear 

drives machined using a five cut process. 

Bearings 

The relationship between the design of bearings and vibrations is less systematic than the 

relationship between the design of gears and vibrations. Yang B et al. worked on the 

optimum vibration design for the low-pressure steam-turbine rotor of a 1007-MW nuclear 

power plant [119]. They assumed small vibrations in the bearing elements in order to 

linearize the nonlinear characteristics of the bearings. A hybrid genetic algorithm (HGA) 

was used for the optimization. HGA consist of two main processes: global search and local 

search. Bearing length, bearing clearance, and shaft diameter were optimized through HGA. 

These variables were chosen because it is considered that bearing length and diameter have 

a significant influence on the vibration characteristics; they showed that Q-factor and 

unbalance response can be improved by the optimization of selected variables. 

Ohta H et al. [120] designed crowning to reduce ball passage vibrations of a linear guideway; 

this is because of the increase in noise and vibration of machines that use linear bearings 

due to the increase in the speed of these machines. The design conditions were: length of 

carriage body, oversize of the balls, the distance between adjacent balls, contact angle, and 

crowning length. The crowning procedure design was developed in six steps; the calculated 

ball passage vibration amplitude for the designed power function crowning is lower than 

those of the commercial linear bearing. The designed linear bearing was manufactured, and 

the vibrations were measured. The ball passage vibrations' measured amplitude for the 

designed power function crowning was lower than that of the commercial linear bearing. 

Kirk R et al. [121] studied the dynamic characteristics of three custom, fixed bore, bearing 

designs in a turbocharger of a 3,9 liter 130 HP diesel engine. They obtained the two-mode 

frequency for the different bearings, and they compare it with the initial stock floating bush 

bearing. A significant contribution is the work of Chasalevris A et al. [122]; they designed 

and manufactured a variable geometry journal bearing (VGJB) and showed a decrease in 

the vibration amplitude at resonance by up to 70% compared to a conventional journal 

bearing.  



23 

 

Cao J et al. [123] considered several bearing designs for a large turbocharger for an industrial 

reciprocating engine. They showed that a fixed pad bearing design resulted in a highly 

unstable rotor and tilting pad journal bearings have greatly reduced cross-coupled forces 

compared to fixed-geometry bearings. Table 2 shows the principal results of the design 

methods found related with vibration reduction and the element or system which were 

applied.  Another classification, not by the application but by the methodological 

approach used, is shown in Figure 5. 

Since the design of geared systems, taking into account vibrations, is a dynamic problem, 

all approaches will have a dynamic component in their methodology; therefore, the 

dynamic models approach covers all of them. Transmission error is one of the principal 

variables considered since its reduction is reflected in a better vibratory behavior of the 

system, and this approach has been applied mostly in spiral bevel gears. 

Other researchers are focused on developing or implementing an optimization algorithm to 

improve the transmission’s vibratory behavior. The rest of the papers modify design 

parameters as module, pressure angle, and tooth geometry to obtain a better vibratory 

response. 

 

Table 2. Results of the design methods for reducing vibration in main mechanical 

transmission elements. 

Transmission 

element 
Method Application Results 

Spur gear 

Refined min-max technique 

and direct min/max search 

method [89] 

Two-stage spur gear system 

Reduction of dynamic factor by 22% 

and 53% in the first and second teeth 

meshing zone, respectively 

Genetic algorithm [90] 
Two mating gears 22,1 microns of TE 

Higher-order functions of 

transmission error [92] 

Gear pair 
High effective contact ratio with the 

higher-order TE 

HCR and profile 

modification [94] 
Two-stage helicopter transmission 

Vibration decrease of three to four 

times compared with regular design 

Dynamic behavior of spur 

gears with asymmetric 

teeth[95] 

Involute spur gear pairs 
Design rules for spur gears with 

asymmetric teeth 
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Transmission 

element 
Method Application Results 

Spur gear 

Tribo-dynamic model [96]  Spur gear pair Conclusions about dynamic mesh 

force and load ratio 

Unified tribo-dynamic 

model [97] 
Spur gear of ink vibrator 

Optimal range of the crown radius 

and round corner radius for reducing 

maximum pressure 

Topology optimization [98] Titanium alloy's gear 

Lower frequency ranges in some 

dominating frequency components in 

the lattice structure proposed 

Optimization of the 

dynamic response of the 

turret gear system by 

improving  the modulus 

and the pressure angle [99] 

Three-stage gear train Reduction of vibration of 28% - 60% 

Helical gear 

Multiobjective optimization 

technique through goal 

programming method  [103] 

Gear pair used in an elevator 

reduction drive 

 

Reduction of the vibrational 

excitation force (N/mm) by 60% 

Optimization of tooth flank 

form [104] 
Gear pair 

Reduction of the vibrational 

excitation force (N/mm) in the range 

of 16% - 50% 

Model for excitation 

calculation [105] 
Gear pair 

Mesh stiffness variation in the 

frequency domain and reasonable 

computational time 

Computerized method for 

geometry modification [106] 

Gear pair Reduction on the transmission error 

Tooth profile modification 

[107] 

Gear pair 
Vibration reduction for the studied 

load conditions 

Modification of different 

gear parameters [102] 
Gear pair 

Maximum vibration reduction of 85% 

for the studied load condition 

Constant mesh stiffness 

[109] 
Gear pair 

Lowest RMS of the Dynamic 

Transmission Error for the evaluated 

gears 

Analysis of dynamic 

behavior to add ribs in 

helical gearbox [110] 

Second-stage helical reduction gears 

Concordance with experimental 

measurements and the proposed 

method 

Optimization design 

method for six order 

transmission error[124] 

Herringbone gear coupling 

Reduction of RMS acceleration of 

40% in resonance velocity of six order 

transmission error compared with 

second-order transmission error 
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Transmission 

element 
Method Application Results 

Spiral bevel gear 

Local synthesis algorithm 

for reducing transmission 

error [112] 

Gear pair 

Reduced level of transmission error 

for prototypes of optimized gear 

drives studied 

Seventh-order polynomial 

function of transmission 

error [113] 

Gear pair 
Advantages in load sharing curves 

and tensile stress 

Optimization process to 

reduce the transmission 

error [114] 

Gear pair 
30% reduction in the quasi-static 

transmission error 

seventh-order transmission 

error for HCR spiral bevel 

gears [115]  

Gear pair 
Improvements in the dynamics 

meshing quality of spiral bevel gears 

High order transmission 

error for HCR spiral bevel 

gears [116] 

Gear pair 
Reduction of transmission errors for 

different load conditions 

Synthesis, TCA, and stress 

analysis [117] 

Gear pair 
Reduction of the shift of bearing 

contact caused by misalignment 

Integrated computerized 

approach of design through 

a Five-Cut Process [118] 

Gear pair 
Uniform evolution of contact and 

bending stresses 

Bearing 

Hybrid genetic algorithm 

[119] 

Two journal bearings 
Optimum values of bearing length 

and bearing clearance 

Design of crowning [120] Linear ball bearing 
Reduction of 33% in the amplitude of 

displacement for the maximum linear 

velocity tested 

Design of journal bearing 

with variable geometry 

[125] 

Journal bearings 

Decrease in the vibration amplitude 

at resonance by up to 70% compared 

to a conventional journal bearing 
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Figure 5. Principal papers found grouped by the approach used to solve the problem of 

minimizing vibrations from the design stage in geared systems. 

 

Conclusions 

It was shown the main design studies carried out in the last 20 years considering vibrations 

of power transmission elements such as gears and bearings. There are clear design 

methodologies for gears and gearboxes, that take into account vibrations. The methods 

found begin with the initial specifications, and they are optimized taking into account the 

vibrations and other restrictions, to finally obtain the design parameters. Although in some 

of these papers was found that the final design values are functional and generate lower 

vibrations than the initial ones, there is no robust methodology that can be applied to more 

general cases. Some of the studies found apply a method of optimization and prove their 

efficiency in reducing vibrations. 
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In the case of bearings, the process is less systematic, and there are fewer papers related to 

the design, taking into account vibrations. They mainly focus on making modifications in 

the bearings and then validating the reduction in vibrations generated. Gear design, 

according to the analysis shown in Figure 2., is an emergent topic. Mesh stiffness and TE are 

some of the principal variables for gears design considering vibrations. Because the Vibration 

cluster is a motor topic, future research could be directed in developing design 

methodologies of gears that emphasize the analysis of mesh stiffness and reducing TE. 

Although helical gears are of particular interest recently, the development of robust design 

methodologies should not be left aside for spur gears.  
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Research problem 
 

According to the state of the art, there are some design methodologies that take into account 

vibrations for gears and gearboxes. The works found start from initial specifications, an 

optimization is made taking into account the vibrations and other restrictions and finally, 

the final design parameters are obtained. Although in some of these works it is found that 

the final design values are functional and generate lower vibrations than the initial ones; 

there is no robust methodology that can be applied to more general cases. The works more 

approximate to the design apply a method of optimization and prove their efficiency in the 

reduction of vibrations. 

In the case of bearings, the process is less systematic and there are fewer works related to 

the design taking into account vibrations. The works are mainly focused on making 

modifications in the bearings and then validating the decreases in the levels of vibrations 

generated. Gear design according to the analysis shown in Figure 2 is an emergent topic; 

mesh stiffness and transmission error are one of the principal variables for the design of 

gears taking into account vibrations. Because Vibration cluster is a motor topic, future works 

could be directed in developing design methodologies of gears which special emphasis on 

the analysis of mesh stiffness and reducing the transmission error. Although helical gears 

are of special interest recently, the development of robust design methodologies for spur 

gears should not be left aside.  

Transmission error is defined as the departure from uniform angular velocity of the gear 

pair [126]. Transmission error is caused by the tooth profile error, gear tooth deflections 

caused by the transmitted load and the gear misalignment on the line of action, which means 

that it is zero if the gear pair has a perfect involute gear geometry, infinite stiffness and no 

misalignment. Improvements in the design of the tooth profile have been studied and mesh 

stiffness has been extensively studied, however vibration and the noise characteristics in 

gear meshing under different shaft misalignments is not comprehensively discussed in the 

available literature. Most of the studies helped to determine the strength of gears under 

misalignment but no explain about the gear dynamic responses. Numerical and 

experimental studies based on vibrations of misaligned gears are relatively new [127] and 

[128]. M.A. Khan et al. [129] studied vibration in gear mesh under different shaft 

misalignments through condition indicators like RMS energy, Kurtosis and Skewness. They 

proposed regression models to predict the degree and type of the shaft misalignment for 

each type of misalignment (radial, axial, yaw and pitch) under constant load and fixed 

running speed. The regressions give information about misalignment in terms of the relative 

loss in the teeth meshing area. More experimental works must be done in order to improve 
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the regression models. It is also important to consider, not only a type of misalignment but 

the combination of these, which is more in line with reality. Also, studies under variable 

loads and different running speeds should be carried out, in time domain and frequency 

domain. The extension of the study of vibrations in the meshing zone to different 

combinations of misalignments, under variable load and different speeds would not only 

improve the diagnosis of misalignment conditions in mechanical transmission of spur gears, 

but also serve as a considerable contribution to the design of this type of transmissions if the 

deformations of the teeth are studied to determine the stresses in the meshing zone. In this 

way, the following research question is posed: What contributions to gearbox design can be 

derived from bearing vibration measurements when shafts exhibit combined misalignment?  
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Research Objectives 
 

General Objective 

Develop guidelines for the design of spur gear power transmission systems considering 

the combined misalignment of the shafts. 

 

Specific Objectives 

1) Propose a theoretical model for the projected contact area in spur gears subjected 

to combined misalignments.  

2) Develop an experimental and semi analytic approach for the study of vibrations 

and bending stress in a single-stage spur gear system under combined 

misalignments. 

3) Develop design recommendations for spur gear transmission systems from the 

results obtained from the combined misalignment analysis. 
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Structure of the thesis 
 

As previously established, the origin of this thesis derives from the idea of little 

methodological integration in the design process of gear power transmission systems, 

taking into account their vibratory behavior. This affirmation was corroborated with the 

systematic bibliographic search in which it was shown that although there are some 

significant investigations in the field, there is still a long way to go and there are unexplored 

themes.  

One of these themes is the development of design guidelines from the study of the effects 

of combined misalignments in the shafts of single-stage transmission systems. This is an 

unexplored topic because even the study of vibrations under combined misalignments, 

which are more in line with reality, has not yet been studied or reported in scientific articles. 

The little information that exists is fundamentally related to individual misalignments. This 

thesis aims to be the first reported work related to the subject, so that a first analysis of the 

effects of the combined misalignments is made in the measurements of the vibrations 

measured in the base of the bearings and in the bending stress of the teeth of the gears. 

Based on this analysis, design recommendations will be proposed that take into account the 

variables studied here. 

A first experimental approach is carried out. For this stage, a misalignment test bench was 

designed, built and fine-tuned. This test bench allows generating radial, axial and angular 

misalignments in a single stage spur gear transmission system.  In order to study trends in 

the vibration response when there are combined misalignments, a first experimental study 

is carried out evaluating all possible combinations of extreme levels of misalignment for a 

pair of spur gears. In order to find a relationship between the contact area and the vibratory 

response, a theoretical model for the projected contact area is proposed. Through an 

indicator that allows determining the percentage of change of two spectra, it was possible 

to determine the influence of each type of misalignment and its combinations in the 

vibration measurements and it was possible to find the areas of greatest interest. 

A hybrid model was developed to estimate the accelerations in the bearings. The model is 

based on a finite element model to estimate the bending stress in the teeth and the force at 

the point of contact between a gear and its shaft; this force signal is the input of an analytical 

model that allows the estimation of the vibration signals in the bearings. With this model it 

was possible to explore a wider range of work and when contrasting it with the 

experimental results a high correlation was found, which validates the proposed model. 

With the found results of stress and vibration, some design recommendations were 

proposed that take into account the work areas found here and that allow the simplified 
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application of the methodology developed in this research. In the final part, the conclusions 

found are shown and future work related to the subject is proposed. 
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Experimental approach 
 

It is intended to study, through experimentation, the effects of the combination of axial, 

radial and yaw misalignments in the measurements of vibrations, in the bending stresses in 

the gears in a single stage gear transmission system. This was achieved through the design 

and construction of a misalignment test bench and the execution of different tests that 

allowed estimating the effect of the combined misalignments in a wide range of work. 

Testing workbench 

A testing workbench was designed and manufactured for generate different misalignments 

conditions in a single stage gear transmission system and evaluate vibration condition in 

the support bearings and deformations in gears. With the testing workbench is possible get 

three types of misalignment: radial, axial and angular (yaw). Compared with the alignment 

condition, in radial misalignment, center to center distance of the gear increases and the 

shafts remain parallel. In axial misalignment, center to center distance of the gear remains 

the same but one gear moves forward or backward in the direction of its shaft. In yaw 

misalignment there is a non-zero angle between the two shafts in the horizontal plane. These 

three types of misalignments are shown in Figure 6.  

 

Figure 6. Sides view of misalignments investigated. (a) Radial (b) Axial (c) Positive yaw (d) 

Negative yaw 

Testing workbench is formed by two parts: the motor side, Figure 7 (a), and the reactive 

side, Figure 7 (b). On the motor side the power supply is given by a 2 hp three-phase AC 

motor, Figure 7 (n), connected to a frequency variator that allows to regulate the speed of 

rotation in the motor. The reactive side is responsible for providing the reactive load in the 
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system through a positive displacement gear pump, Figure 7 (c), in which the fluid pressure 

is controlled through a hydraulic bank connected to the pump. The motor side is supported 

by a lower base plate, Figure 7 (d), that is bolted to the machine bed, Figure 7 (e). Four L 

plates, Figure 7 (f), are mounted on this base plate. The vertical side of the L-plates is slotted 

to allow displacement of the circular support bars that support an upper base plate, Figure 

7 (g). These slots allow movement of the top plate to generate radial and angular 

misalignments. The top plate supports the base of the motor and the base of the two support 

bearings. The motor side shaft supports the pinion gear and is supported by two bearings, 

this shaft is connected to the motor shaft through a flexible coupling, Figure 7 (h). Three 

vertical screws, Figure 7 (i), go through the top plate and serve as top support for different 

heights. The slots in the L-plate on the motor side allow axial movement of the upper plate 

in a range of 3 cm and a yaw misalignment of 4,3°. 

The reactive side is formed by a base plate bolted to the machine bed, Figure 7 (j). Four hubs, 

Figure 7 (k), are mounted on the base plate for support to vertical circular bars that support 

a top plate, Figure 7 (l). The four vertical circular bars have a nut-locknut mechanism to 

achieve different heights according to the diameter of the driven gear. The top plate 

supports the base of the pump and the base of the two support bearings. The reactive side 

shaft supports the driven gear and is supported by two bearings. As in the motor side this 

shaft is connected to the pump shaft through a flexible coupling, Figure 7 (m).  The pump is 

connected to a hydraulic bench in which the pump, driven by the engine, sucks from the 

bench tank and the oil that comes out of the pump is regulated through a valve that controls 

the fluid pressure. The reactive side base plate moves along the bed through a screw 

mounted to a fixed base on the bed that pushes or retracts the reactive side to generate axial 

misalignments up to 5 cm, Figure 7 (o). Ranges of the testing workbench are shown in Table 

3. The shafts that support the gears are each mounted on two UC 205 ball bearings. 

Table 3. Workbench displacement ranges. 

Workbench ranges 

Radial misalignment 0 - 3 cm 

Axial misalignment 0 - 5 cm 

Yaw misalignment -4,3° - 4,3° 

  

The motor power is 1,5 kW, therefore at the nominal speed of 1500 rpm, 9.5 Nm can be 

generated. IMI accelerometers of 100 mv/g sensitivity and a range of 0-10 khz are mounted 

on the bench, positioned on the bearing bases in the vertical, horizontal, and axial directions 

as it is shown in Figure 8. The accelerometers are connected by coaxial cable to a National 

Instrument (NI) 9234 acquisition card. This card has four analog input channels and an anti-

aliasing filter for regulating to the sample rate specified. NI 9234 is connected to a computer 

in which the information is recorded through Signal Express© from LabVIEW©.  
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Operation of the testing workbench 

 

The two lower bases on both sides are grooved with a 90° L-shaped profile so that it can be 

coupled to the bedplate and axial displacement can be generated. The motor side is fixed to 

the base with bolts. The reactive side can be displaced on the bed along the axial direction 

through the system shown in the Figure 7 (o). By turning the screw with a wrench, the 

reactive side can be pulled or pushed. The pitch of this screw is 1.5 mm, therefore by turning 

the screw a quarter of a turn, an axial displacement of 0.375 mm can be achieved. Once the 

desired displacement is obtained, the fixing screws to the bedplate are tightened for the 

correct operation. 

As mentioned above, the vertical slots in the drive side L-plates allow movement of the top 

plate, however this movement affects both vertical and angular displacement, i.e. it affects 

radial and yaw misalignment. Therefore, by means of trigonometric relations, it is necessary 

to estimate how much the horizontal screws must be displaced on each side. The nuts on 

the vertical L plates must be loose so that the upper base can move. To achieve a certain 

height, it is necessary to hold the nut at the top of the upper base and turn the heads of the 

vertical screws. Once the desired heights have been achieved, all the nuts on the motor side 

must be tightened. 

As mentioned above, the test bench has acceleration IMI sensors with a sensitivity of 100 

mv/g and a range of 0 to 10 kHz connected to the NI 9234 card. Another acquisition card, 

the NI 9215, is used to acquire the other accelerometer signals. This card has four channels 

and a BNC front connector. An ammeter clamp was also installed to measure the current in 

one of the motor phases. A laser tachometer was installed to measure the rotational speed 

of the shaft on the motor side and on the reactive side. Signals from the ammeter clamp and 

the tachometer are received on the NI 9215. A slip ring was installed on the pinion shaft to 

transmit strain gauge signals on the pinion gear teeth to an NI 9237 acquisition card. This is 

a four-channel special card for strain acquisition.  
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Figure 7. Testing workbench for misalignments. (a) Reactive side (b) Motor side (c) Gear 

pump (d) Lower base plate (motor) (e) Machine bed (f) L plates (g) Upper base plate (motor) 

(h) Flexible coupling (motor) (i) Vertical screws (motor) (j) Base plate (reactive side) (k) 

Support hubs (j) Top plate (reactive side) (k) Flexible coupling (reactive side) (l) Motor 

power (m) System for axial movement of the reactive side. 

 

Figure 8. Accelerometers on the motor side. (a) Horizontal position (b) Vertical position. 

Shafts alignment 

In order not to induce forces in the motor or the pump, the shafts of these equipments must 

be aligned with the shafts of the gears. The alignment procedure was carried out with dial 

comparators in the vertical plane and in the horizontal plane as shown in Figure 9. For each 

plane, 4 points spaced at 90° were measured. Measurements were taken at each of the four 
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points and through trigonometric ratios it was determined how much the motor or pump 

should move vertically and horizontally, with the help of shims at the base. After various 

adjustments, alignment was achieved with the values shown in the Table 4. 

 

  

Figure 9. Alignment of the motor axis in the horizontal and vertical plane. 

Table 4. Final alignment values for the motor 

Angle 

(degrees) 

Radial 

measurement 

(mm) 

Angular 

measurement 

(mm) 

0 0 0 

90 0 -0,2 

180 -0,03 -0,3 

270 0,01 -0,01 

 

Experimental runs 

As mentioned above, to achieve the misalignments, the upper base must be moved on both 

the motor side and the reactive side. This will allow relative movement of one gear with 

respect to the other in 3 directions: axial, radial and yaw. The main cause of misalignment 

in gears is due to faults in assembly or operation, so these factors were considered to 

determine the maximum ranges for each variable. The parameters of the pinion gear and 

the driven gear are shown in the Table 5. Considering these parameters, the ranges were 

established for each misalignment. In the aligned condition the radial, axial and angular 

misalignment values are zero. Radial misalignment starts from zero to 1.5 mm; this value 

was taken since the module is 3, and in this case a displacement of half the module is a 

considerable misalignment. From the Equation (1), the contact ratio for the alignment 

condition is 1.53.  Contact ratio is the most used variable for checking the continuity of action 

in the gears [130]; to guarantee a contact for at least one pair of teeth in any moment of the 
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movement, contact ratio must be greater than one; in this way with a radial misalignment 

of 1.5 mm, contact ratio is 1.07. Radial misalignment greater than 1.5 mm produces a contact 

ratio smaller than one, this could produce impact on the tooth and the effects on vibration 

will be different from what we want to address in this research. 

Axial misalignment is not very common in the gear transmission systems, it is most common 

when the gear moves on its shaft. In this way, large axial misalignment is not very frequent. 

For experimentation, approximately 13% of the total possible misalignment was taken as 

the maximum working value. The total possible axial misalignment is given by the tooth 

face width; in this case the 13% is 4 mm. Although 4mm of axial misalignment is a high 

value and quite noticeable to the naked eye, it was taken because even with such a large 

value, the continuous contact of the teeth is guaranteed since the contact ratio is not affected. 

In addition, it is preferable to have levels of experimentation far enough apart so that the 

changes in the response variables are noticeable; very close levels between them could not 

show substantial changes in the response variables.  

For setting the levels of yaw misalignment is need to consider that negative values have a 

different effect than positive angles on vibration measurements [129]. So, for a complete 

estimation of the effect of combined misalignments is needed to establish an extreme 

negative value and an extreme positive value for yaw misalignment. These extreme values 

were set experimentally. Since the main objective is to study the effect of combined 

misalignments on different output variables, it must be guaranteed that the extreme values 

of each type of misalignment allow their combination, that is, that any combination of 

extreme values is an operative experimental point in the workbench. -2,69° and 2,69° satisfy 

that condition; those misalignments are so high, but they were chosen for the same reason 

that axial and radial misalignment: they are extreme values far from each other and fall 

within an operating zone. In this research the pitch misalignment is not studied. To reduce 

the effect of pitch misalignment, a pair of gears with zero backlash was used. The extreme 

values for the misalignment studied are shown in Table 6. 

Table 5. Parameters of the gears used in the misalignment bench. 

  Pinion Driven gear 

Module 3 3 

Teeth 18 18 

Pressure angle (°) 20 20 

Face width (mm) 30 30 

 

 

𝑚𝑝 =
𝑍

𝑝𝑏
                                                                                                                                                   (1) 
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𝑍 = √(𝑟𝑝 + 𝑎𝑝)
2

− (𝑟𝑝 cos ɸ)
2

+ √(𝑟𝑔 + 𝑎𝑔)
2

− (𝑟𝑔 cos ɸ)
2

− 𝐶 sin ɸ 

mp = contact ratio 

Z = length of the line of action 

pb = base pitch 

rp = pinion pitch radius 

rg = driven gear pitch radius 

ap = pinion addendum  

ag = driven gear addendum  

ɸ = pressure angle 

C = nominal distance between centers 

 

Table 6. Extreme values for each type of misalignment for the experimental analysis. 

Type of misalignment Extreme values 

Radial (mm) 0 1,5 

Axial (mm) 0 4 

Yaw (°) -2,69 2,69 
 

One of the purposes of the experimental analysis is estimate the effect of each type of 

misalignment in the vibration measurements and the effect of the combination of them. The 

effects are of greater interest than establishing a regression model since this model would 

be valid only for the case studied in the workbench under the given conditions, while the 

effects of the variables and their combinations can be extrapolated to other cases. A first 

valid approximation to estimate these effects is to combine all the extreme values and 

analyze the change in a response variable associated with the measured vibrations. In other 

words, experimental runs will be made of all the possible combinations of misalignments in 

their extreme values and the change in the response variable that occurs when moving from 

one experimental point to another will be evaluated. Since there are three variables and two 

extreme values will be studied for each one, the combination possibilities are 23 = 8 and they 

are shown in the Table 7. 

Table 7. Experimental points considering all possible combinations. 

Radial (mm) Axial (mm) Yaw (°) 

0 0 -2,69 

0 0 2,69 

0 4 -2,69 

0 4 2,69 

1,5 0 -2,69 

1,5 0 2,69 

1,5 4 -2,69 

1,5 4 2,69 
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Although the main objective is not to establish a model from the collected data, it is 

important to aim for a constant variance in the experimental execution, that is, to guarantee 

the assumption of independence, for which the experimental runs must be randomized. The 

order of the runs is shown in the Table 8. Since the main objective is to show the change in 

vibration measurements due to misalignment, a reference must be taken from the vibration 

signals of the aligned condition. In practice it is difficult to have a perfectly aligned 

condition, that is, zero in all types of misalignments, however, a fairly close point was 

analyzed. Adjusting the vertical and horizontal bolts brings the gears to the desired position. 

This position is checked through vernier caliper measurements on the gears. Figure 10 

shows a representation of the aligned gears and gears with yaw misalignment. Because the 

pitch diameter of the pinion and driven gears used is 57 mm, distance 1, d1, and distance 2, 

d2, must be 114 mm for the aligned condition; 114,11 mm and 114,03 mm were the values 

get for d1 and d2 respectively. The nominal speed of rotation for the runs was 282 rpm and 

the torque applied by the pump was 3,25 Nm. Seven experimental runs were made for the 

alignment condition. The acquisition rate was 10 kHz. The signal time from the horizontal 

accelerometer mounted on the bearing closest to the pinion gear is shown in Figure 11. For 

checking the distribution of the values, a histogram of the signal time is made. Construction 

of histogram requires the estimation of bin width to establish the number of bins. The 

expression proposed by Scott[131] was used (Equation (2)), where h is bin width, s is an 

estimate of the standard deviation, and n is the number of samples.  For the aligned 

condition seven runs were made and averaged. 

ℎ = 3,49𝑠𝑛−
1

3          ℎ = 3,49 × 0,1124 × (60000)−
1

3           ℎ = 0,01                                          (2) 

Therefore, the number of bins b is given by Equation (3) where ymax and ymin are the maximum 

and minimum amplitude value for the values, respectively.  

. Expression for number of bins. 

𝑏 =
𝑦𝑚𝑎𝑥−𝑦𝑚𝑖𝑛

ℎ
                  𝑏 =

0,4526−8,03×10−6

0,01
          𝑏 ≈ 45                                                               (3) 
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Table 8. Order of experimentation. 

Possible combination Radial (mm) Axial (mm) Yaw (°) 

1 0 0 -2,69 

2 0 0 2,69 

3 4 0 2,69 

4 0 1,5 -2,69 

5 4 1,5 -2,69 

6 4 0 -2,69 

7 4 1,5 2,69 

8 0 1,5 2,69 

 

 

Figure 10. Measurement distances for the aligned condition (left), d1 and d2 and a positive 

angular misaligned condition (right), d3 and d4. Side view.  



42 

 

 

Figure 11. Signal time for one of the runs in the alignment condition for the horizontal 

accelerometer in the motor side. 

 

Figure 12. Histogram for the alignment condition for the horizontal accelerometer in the 

motor side. 

As expected in the aligned condition, Figure 12 shows that the highest concentration of 

values is close to zero. To support this statement quantitatively, it is possible to calculate the 

kurtosis of the data. Kurtosis is a statistical parameter used to determine the degree of 

concentration of values around the central distribution zone, that is, it allows knowing how 

pointed or flattened a distribution is.  Kurtosis is defined as the standardized fourth moment 

about the mean, the expression is shown in Equation (4), where b is kurtosis, 𝑦𝑖 is the value 

of the sample, 𝑦̅ is the sample mean and n is the number of samples. A kurtosis value of 3 

corresponds to that of a normal distribution; values less than three imply in general terms a 

flatter curve than normal distribution and values greater than 3 imply a more pointed curve 

than normal. Kurtosis for the aligned condition according to Equation (4) is 3,05. Since the 

normal distribution has a kurtosis of 3 and the calculated value is very close to 3, it can be 

stated that in the aligned condition the values have a normal distribution. Runs were made 
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in the order shown in Table 8. Six runs were made by each experimental point, and the 

signal time was averaged. Kurtosis in signal times from misalignment cases was researched 

experimentally in the work of M. A. Khan et al [129]; they studied individually the effect of 

each misalignment on kurtosis response, and they found that for axial, radial and yaw 

misalignment the kurtosis decreases with the increasing of these misalignments. Although in 

our work the combined misalignments will be studied fundamentally, with the chosen 

experimental points the individual effect of each type of misalignment can be analyzed. For 

this, it will be calculated the effect for each misalignment. The effect can be defined as the 

change in response produced by a change in the level of the studied factor averaged over 

the levels of the other factors analyzed [132]. For the case of three factors that move at two 

levels, which is the one studied, the effect is calculated through the Equation (5) where A is 

the variable studied, n is the number of samples, (1) is the point with all the factors in their 

lowest level, a is the point with the factor A in the highest level and the other two factors in 

the lowest level, b is the point with the highest level in a B factor and the lowest level in the 

other two factors, ab is the point with the highest level for A and B factor and the lowest 

level for the other factor, c is the point with the highest level for C and the lowest factor por 

the other two factors, ac is the point with the highest level for A and C and the lowest level 

for the other factor, bc is the point with the highest level for B and C and the lowest level for 

the other factor, and abc is the point with all the factors in their highest level. Kurtosis values 

for the time signals in each experimental point are shown in Table 9. The standardized effect 

is the effect in which the lower and upper levels of each factor are normalized to -1 and 1 

respectively, in such a way that the values of the effects can be compared with each other.to 

According to the Equation (5) effect for axial, radial and yaw misalignment are -0,023025; -

0,102225 and 0,109725 respectively. The negative sign in the effects means that by increasing 

the value of the axial and radial misalignments, the kurtosis value decreases, which 

coincides with the results found in the work of M. A. Khan et al [129]. Increasing the values 

of axial and radial misalignment implies a decrease in the contact area of the meshing gears, 

which decreases the energy levels in vibration measurements. Because kurtosis gives an 

idea about the intensity of gear meshing energy, it is expected that as these misalignments 

increase, the kurtosis decreases. The increasing of yaw misalignment also produces a 

decreasing in kurtosis values. The positive value the calculate effect for yaw misalignment 

is because the sign convention for this work is opposite to that of M. A. Khan et al [129]. 

When the pinion is displaced towards the driven gear the asperities increase, increasing the 

energy levels in vibration measurements, this configuration in this work is the positive yaw 

angle. When the pinion is displaced away the driven gear the asperities decrease, decreasing 

the energy levels in vibration measurements, this configuration in this work is the negative 

yaw angle. The percentage of contribution of axial, radial and yaw misalignments in the 

response variable, kurtosis in this case are 0,88%; 17,39% and 20%. These values coincide 

with those previously reported [129], since the values of change in kurtosis for axial 

misalignments are very low compared to radial and yaw misalignments, which have a 
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relatively similar contribution. Another statistical parameter for preliminar analysis in time 

domain on vibrations measurements is the skewness. Skewness give us an idea of the 

simmetry of the amplitude distribution of the vibration. A positive value means that right 

tail is longer, and a negative value means that left tail is longer; this means that a value of 

skewness greater than other implies higher vibration levels, so the increasing of axial, radial 

and yaw misalignments should produces a decreasing in skewness values. Expression for 

skewness is shown in Equation (6) and the values are shown in Table 9. The effect of each 

misalignmentes were calculated in the same way that for kurtosis values. Standarized effect 

os screwness for axial, radial and yaw misalignments are -0,0077; -0,0026 and 0,0097 

respectively; percentaje of contribution are 0,5%; 4,22% and 6,64%.  This concordance in the 

trend of the contributions of individual misalignments to the reduction of vibrations, 

establishes a basis that validates the analysis of results that will be shown for the combined 

misalignment. 

 

𝑏 =
∑(𝑦𝑖−𝑦̅)4/𝑛

(∑(𝑦𝑖−𝑦̅)2/𝑛)2                                                                                                                               (4) 

 

𝐴 =
1

4𝑛
[𝑎 − (1) + 𝑎𝑏 − 𝑏 + 𝑎𝑐 − 𝑐 + 𝑎𝑏𝑐 − 𝑏𝑐]                                                                           (5) 

 

𝑠𝑘𝑒𝑤𝑛𝑒𝑠𝑠 =
𝑛 ∑(𝑦𝑖−𝑦̅)3

(∑(𝑦𝑖−𝑦̅)2)
3

2⁄
                                                                                                                 (6) 

 

Table 9. Kurtosis and skewness values for time signals. 

Radial 

(mm) 
Axial (mm) Yaw (°) Kurtosis Skewness 

0 0 0 3,05 -0,043 

0 0 -2,69 2,8605 -0,0334 

0 0 2,69 2,8382 0,0248 

0 4 -2,69 2,9572 -0,0023 

0 4 2,69 2,853 -0,0133 

1,5 0 -2,69 2,675 -0,0262 

1,5 0 2,69 2,9743 0,000445 

1,5 4 -2,69 2,5898 0,0027 

1,5 4 2,69 2,8584 -0,0322 
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Frequency analysis will be made for study the effect of combined misalignment on vibration 

measurement. The Fast Fourier Transformation (FFT) is applied to the signal time for 

reading the acquired signal on frequency domain. When reviewing the frequency spectrum 

of the signals, it is observed that the relevant information is found up to 1000 Hz. As the 

speed of rotation is 5 Hz, for a better visualization, frequency windows are taken every 5 

Hz and the highest value in that window is taken. The superposition of several runs for the 

same experimental point is shown in Figure 13. The first peak observed occurs at 60 Hz, this 

peak is related to the positive displacement pump. Since it is a pump in which each gear has 

12 teeth and the speed of rotation is 5 Hz, then the gear mesh frequency of the pump is 5 Hz 

x 12 = 60 Hz. Second peak is related with the gear mesh frequency of the gears. Pinion and 

driven gear have 18 teeth each,  therefore the gear frequency is 5 Hz x 18 = 90 Hz. The 

rest of the peaks that are observed in the spectrum correspond to multiples of the gear mesh 

frequency and multiples of the gear rotational frequency. The way to compare frequency 

spectrum and analyze trends is not very well defined for the case of the misalignments 

studied in this work; for parallel misalignment in two coupled shafts is common compare 

the 1X and 2X frequencies, a machine in which vibration at 2X running speed is greater than 

150% of the 1X indicates a severe misalignment [133]. V. Skrickij and M. Bogdevicius found 

relations of increasing and decreasing for pair and nonpair frequency peaks [134]. An 

indicator for compare the change of the spectrum values with the spectrum of the aligned 

condition was proposed, see Equation (7). This equation expresses the change for each peak 

between the spectrum to be compared with the base spectrum. In Equation (7). n is the 

number of samples; y are the values of the spectrum to be compared, and z are the value of 

the base spectrum. Due to the way in which this indicator is developed, it allows us to 

estimate the changes, whether positive or negative, between one spectrum and another. 

Percentage of change for each experimental point is shown in Table 10. The standardized 

effects and percentages of contribution of each variable and their combinations were 

calculated, see Table 11. The highest contributions are those of radial and the angular 

interactions. It was to be expected that the radial misalignments would have an important 

contribution in the measurement of the vibrations because the radial misalignment affect 

the tangential force which is one of the most important variables that affect the vibrations 

measurements, since in this case the measured vibrations were in the horizontal axis and 

the configurations of gears was vertical; another important thing to highlight in these results 

is the high contribution that the interaction of variables has. This value of contribution 

allows us to clearly see that the vibratory response of a system subjected to misalignment is 

not linear in the sense that it is not only the sum of the effects of the individual 

misalignments but of the combined ones. The sum of the contributions of the interaction of 

radial-angular and axial-radial-angular is about 27%. In this way omitting these interactions 

could generate considerable errors. As it was expected, axial misalignments don’t produce 

a significant change in the aligned spectrum, this is because the axial misalignments don’t 
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change considerably the horizontal forces, which are what the horizontal accelerometer 

captures. 

  

%𝐶ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 =  
∑ (𝑦𝑖−𝑧𝑖)𝑛

𝑖=1

∑ 𝑧𝑖
𝑛
𝑖=1

× 100                                                                                   (7) 

 

 

Figure 13. Frequency spectrums for the six runs of the point (Axial = 0, Radial = 0, Yaw = -

2,69°). Values on the x-axis are in Hz and on the y-axis in g. 

 

Table 10. Percentage of change of spectrum for different experimental point for the 

horizontal accelerometer in the motor side. 

Axial (mm) Radial (mm) Yaw (°) %Change of spectrum 

0 1,5 -2,69 -40,8 

4 0 -2,69 -31,6 

4 1,5 -2,69 -49 

0 0 2,69 -16,5 

4 0 2,69 -16,7 

0 0 -2,69 -41,3 

4 1,5 2,69 -41,2 

0 1,5 2,69 -53,3 
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Table 11. Standardized effect and percentage of contribution for axial, radial and yaw 

misalignment on vibration measurements. 

Variable 

Standardized 

effect %Contribution 

A-Axial 3,35 1,7 

B-Radial -19,55 58 

C-Yaw 8,75 11,6 

AB -1,4 0,29 

BC -11,1 18,7 

AC 2,6 1 

ABC 7,55 8,6 

 

The contact area in meshing gears is important in the vibratory response when there are 

radial, axial, and angular (yaw) misalignments and therefore it will also be important in 

their combinations. An increase in these types of misalignments implies a reduction in 

contact area. In this sense, it is possible to relate the percentage of reduction in the contact 

area with an indicator of the vibrations produced. For this, mathematical expressions will 

be developed to estimate the contact area based on combination of radial, axial and angular 

(yaw) misalignments. A previous work was made to estimate the effect of gear 

misalignment on contact area through theoretical and experimental validation [135]. 

However, in this case the same equations cannot be used since for the case of angular 

misalignment the reference axis in our case is the pitch line while for them it was the pinion 

axis of rotation, also in P. Kumar et. al. work only considered individual misalignments, not 

combined. 

The contact area in this case will be taken as the projection of the contact area of the teeth on 

a plane perpendicular to the face of the gears that contains the gear axes. A representation 

of the contact area for aligned and individual misalignments conditions is shown in Figure 

14. The pinion gear is in the top position and the driven gear is in the bottom position. Rap 

and Rad are the addendum radio of the pinion and the driven gear respectively; CD is the 

distance between the axis of the pinion and the axis of the driven gear; h is the contact height, 

TW is the teeth width, PL is the picth line, X is the pinion axis of rotation, Y is the driven 

gear axis of rotation in the aligned condition and Y’ is the new driven gear axis for a 

misaligned condition. Figure 14 (a) shows the aligned condition, Figure 14 (b) shows the da 

axial misalignment, Figure 14 (c) shows the dr radial misalignment, in this case the driven 

gear axial rotation is displaced a dr distance, Figure 14 (d) is the representation of yaw 

misalignment of θ degrees with respect to the pitch line. In the aligned condition and for 

axial and radial misalignments, the contact area is rectangular; in yaw misalignment the 

area is a trapezius and could be a triangle for high values of misalignments. That case will 

not be considered here since such high misalignments are not frequent. Although not 
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shown, negative yaw misalignment also generates a trapezoidal shaped contact area. For 

combined misalignment, Figure 15 (a), (b), (c), (d), (e) show the contact area of different 

possible combinations of two types of misalignments and Figure 15 (f), (g) show the contact 

area when three types of misalignment are present. 

Contact area for the aligned case, A0, (Figure 14 (a)), is the rectangle of height h and length 

TW. 

𝐴0 = 𝑇𝑊 × ℎ = 𝑇𝑊 × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷)                                                                                     (8) 

For the axial misalignment, Figure 14 (b), contact area Aa is  

𝐴𝑎 = (𝑇𝑊 − 𝑑𝑎) × ℎ = (𝑇𝑊 − 𝑑𝑎) × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷)                                                                        (9) 

 

 

 

Figure 14. Contact area on a pair of aligned and individual misaligned teeth. (a) aligned 

condition (b) axial misalignment (c) radial misalignment (d) positive yaw misalignment. 

For the radial misalignment, Figure 14 (c), contact area Ar is  
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𝐴𝑟 = 𝑇𝑊 × (ℎ − 𝑑𝑟) = 𝑇𝑊 × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷 − 𝑑𝑟)                                                             (10) 

The contact area for positive yaw misalignment, Ay+ , (Figure 14 (d)), is the area of the aligned 

condition minus the area of the superior triangle formed by the inclination of the driven 

gear. The expression is the same for the negative yaw misalignment  

𝐴𝑦+ = 𝑇𝑊 × ℎ −
1

2
(𝑇𝑊 × 𝑡𝑎𝑛𝜃)(𝑇𝑊) = 𝑇𝑊 × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) −

1

2
(𝑇𝑊 × 𝑡𝑎𝑛𝜃)(𝑇𝑊)              

(11) 

When axial and radial misalignments are present, Figure 15 (a), the contact area, Aar, is given 

by the expression 

𝐴𝑎𝑟 = (𝑇𝑊 − 𝑑𝑎) × (ℎ − 𝑑𝑟) = (𝑇𝑊 − 𝑑𝑎) × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷 − 𝑑𝑟)                                  (12) 

For the contact area for axial and yaw misalignments, Aay , (Figure 15 (a), (b)) a zoom is 

made in Figure 16. The area is calculated by subtracting the area of the upper trapezoid, At1 

(gray color) and the area of the lower left trapezoid, At2 (orange color) from the area in the 

aligned condition. 
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Figure 15. Contact area on a pair of combined misaligned teeth. (a) Axial-Radial (b)Axial-

Angular (+) (c) Axial-Angular (-) (d) Radial-Angular (+) (e) Radial-Angular (-) (f) Radial-

Axial-Angular (+) (g) Radial-Axial-Angular (-) 

 

Figure 16.  Zoom for contact area on axial-positive yaw misalignment. 
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𝐴𝑎𝑦 = (𝑇𝑊 × ℎ) − 𝐴𝑡1 − 𝐴𝑡2 = 𝑇𝑊 × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − 𝐴𝑡1 − 𝐴𝑡2                                           (13) 

To calculate At1 and At2 it is necessary to know h1, h2 and h3. 

ℎ1 + ℎ2 = 𝑇𝑊 × 𝑡𝑎𝑛𝜃                                                                                                                   (14) 

ℎ2 = 𝑑𝑎 × 𝑡𝑎𝑛𝜃                                                                                                                             (15) 

ℎ3 = ℎ − ℎ1 − ℎ2                                                                                                                                                     (16) 

Substituting Equation (15) in (14), (14) and (15) in (16) 

ℎ3 = (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − (𝑇𝑊 × 𝑡𝑎𝑛𝜃)                                                                                                       (17) 

The area of the upper trapezoid, At1 (gray color) and the area of the lower left trapezoid, 

At2 (orange color) is given by: 

𝐴𝑡1 =
1

2
(𝑑𝑎 + 𝑇𝑊) × ℎ1 =

1

2
(𝑑𝑎 + 𝑇𝑊) × (𝑇𝑊 × 𝑡𝑎𝑛𝜃 − 𝑑𝑎 × 𝑡𝑎𝑛𝜃   )                                (18) 

𝐴𝑡2 =
1

2
(𝑑𝑎 + ℎ3 × 𝑡𝑎𝑛𝜃 + 𝑑𝑎) × ℎ3                                                                                                               (19) 

After putting the value of h3 of the Equation (17) in (19), At2 becomes 

𝐴𝑡2 =
1

2
{2𝑑𝑎 + [(𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − (𝑇𝑊 × 𝑡𝑎𝑛𝜃)] × 𝑡𝑎𝑛𝜃} × [(𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − (𝑇𝑊 ×

𝑡𝑎𝑛𝜃)]                                                                                                                                                                               (20) 

Substituting (18) and (20) in (13), the expression for contact area in axial-yaw 

misalignment is given by  

𝐴𝑎𝑦 = [𝑇𝑊 × (𝑅_𝑎𝑝 + 𝑅_𝑎𝑑 − 𝐶𝐷)] − [
1

2
(𝑑𝑎 + 𝑇𝑊) × (𝑇𝑊 × 𝑡𝑎𝑛𝜃 − 𝑑𝑎 × 𝑡𝑎𝑛𝜃   )] −

[
1

2
{2𝑑𝑎 + [(𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − (𝑇𝑊 × 𝑡𝑎𝑛𝜃)] × 𝑡𝑎𝑛𝜃} × [(𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − (𝑇𝑊 × 𝑡𝑎𝑛𝜃)]]                                                                                                                                                                                                                                                                                

(21) 

The contact area for radial-yaw misalignment, Ary , is the shown in Figure 15 (d), (e); a zoom 

for a better visualization is shown in Figure 17. The contact area (blue region) is the area in 

aligned condition without the area of up trapezoid (gray zone), At3. 

𝐴𝑟𝑦 = (𝑇𝑊 × ℎ) − 𝐴𝑡3 = 𝑇𝑊 × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − [
1

2
(𝑑𝑟 + 𝑑𝑟 + 𝑇𝑊 × 𝑡𝑎𝑛𝜃) × 𝑇𝑊]      (22) 

 

Figure 17. Zoom for contact area on radial-positive yaw misalignment. 
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The contact area for the three types of combined misalignments, Aary, is shown in Figure 16 

(f), (g). As in the previous cases a zoom, Figure 18 , is made for a better visualization and for 

calculate the expression for the contact area. Subtracting the area of the upper pentagon 

(gray color), Ap, and the area of the lower left trapezoid (orange color), At4, from the area of 

the aligned condition, the contact area for this scenario (blue color) can be obtained. 

𝐴𝑎𝑟𝑦 = (𝑇𝑊 × ℎ) − 𝐴𝑝 − 𝐴𝑡4                                                                                                                              (23) 

𝐴𝑎𝑟𝑦 = 𝑇𝑊 × (𝑅𝑎𝑝 + 𝑅𝑎𝑑 − 𝐶𝐷) − [𝑇𝑊 × 𝑑𝑟 + (𝑇𝑊 − 𝑑𝑎) × 𝑡𝑎𝑛𝜃 × 𝑑𝑎 +
1

2
× (𝑇𝑊 − 𝑑𝑎) ×

𝑡𝑎𝑛𝜃 × (𝑇𝑊 − 𝑑𝑎)] − [[𝑑𝑎 × (ℎ − 𝑑𝑟 − (𝑇𝑊 − 𝑑𝑎) × 𝑡𝑎𝑛𝜃)] + [
1

2
× [ℎ − 𝑑𝑟 − (𝑇𝑊 − 𝑑𝑎) ×

𝑡𝑎𝑛𝜃] × 𝑡𝑎𝑛𝜃] × [ℎ − 𝑑𝑟 − (𝑇𝑊 − 𝑑𝑎) × 𝑡𝑎𝑛𝜃]]                                                                              (24) 

 

Figure 18. Zoom for contact area on axial-radial-positive yaw misalignment. 

With the expressions (8), (11), (21), (22) and (24) is possible calculate the contact area for the 

experimental points in this work. Input variables need for estimate the area is shown in 

Table 12. Equation (25) allows to calculate the percentaje of change of contact area (%CA) 

comparing each misaligned area (Am) with the area in the aligned condition (A0). The values 

of change in contact area for each experimental point are shown in Table 13. The contact 

area is an important factor in the case of individual misalignments. The objective of knowing 

the contact area at each point of experimentation is to determine how influential the 

projected contact area is in the vibratory behavior when there are combined misalignments.  

Table 12.  Input parameter for estimate the contact area in different misalignment 

conditions. 

Input parameter Value 

TW 30 mm 

Rap 30 mm 

Rad 30 mm 

CD 54 mm 

dr 0 - 1,5 mm 

da 0 - 4 mm 

θ 2,69° 
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%𝐶𝐴 =
𝐴𝑚−𝐴𝑜

𝐴𝑜
%𝐶𝐴 =

𝐴𝑚−𝐴𝑜

𝐴𝑜
× 100                                                                                                                             (25) 

 

Table 13. Percentage of change of contact area for each experimental point. 

Axial (mm) Radial (mm) Yaw (°) %CA 

0 1,5 -2,69 -37% 

4 0 -2,69 -22% 

4 1,5 -2,69 -44% 

0 0 2,69 -12% 

4 0 2,69 -22% 

0 0 -2,69 -12% 

4 1,5 2,69 -44% 

0 1,5 2,69 -37% 

 

Due to the adopted coordinate system, the contact area in positive angular misalignments 

is the same as in negative ones. The vibratory behavior for positive angular misalignments 

is different from the one that occurs in negative ones according to the results of Table 10; 

this could imply that what happens in the positive zone is different from what happens in 

the negative zone, for which the positive standardized effect of the yaw factor shown in 

Table 11 must be taken with care. 

What this positive value of the effect for angular misalignment is actually showing is that 

when going from the negative angular misalignment experienced to the positive there is an 

increase in the vibration measurements but it does not imply that in the area of positive 

misalignment when increasing the value of misalignments increase the proposed indicator 

of change in the spectra. The standardized effect of the axial-angular combination is 

negative and the contribution percentage is 10,9%, the sign implies that when the two types 

of misalignment increase, the proposed vibration indicator decreases. Angular 

misalignment has a 58% of contribution, and the sign is positive, this means that for the sign 

convention adopted when the positive misalignment increases the percentaje of change 

increases too, and when the negative misalignment increases the percentaje of change 

increases too.  When correlating the percentage of change in contact area with the values 

obtained for the vibration spectra change indicator at the points with positive angular 

misalignment, a clear trend is observed in Figure 19. For positive yaw misalignments, a 

greater decrease in the contact area is reflected in a greater decrease in the proposed 

vibration indicator, regardless of whether only yaw misalignment is present or if it is 

combined with radial and/or axial misalignment. For negative yaw misalignments, the 

contact area does not seem to have a significant effect. These results suggest that the smaller 
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the projected contact area, the lower the vibration levels, either for individual misalignments 

or combined misalignments in the positive zone of angular misalignments. Mesh stiffness 

affects the vibration levels. When the misalignment increases, the mesh stiffness is reduced 

becasuse the reduction of contact area of the teeth [136]. If the mesh stiffness decreases, it is 

expected that the vibration levels increase, however, friction plays an important role and if 

the system is not lubricated, the decrease in friction as misalignment increases causes the 

vibration indicator to decrease. Another reason for that is related with the transmited force 

to the shaft; in general terms when the centers distance increase the force on shat due to the 

gear meshing decreases. The reason for this is linked to the torque to be transmitted; If the 

reaction torque remains constant, as it was in this case, increasing the center distance to 

maintain the same torque requires less tangential force. Whether the effect of mesh stiffness 

or force prevails will depend on the magnitude of the applied load and the elastic modulus 

of the gear materials; for low or medium loads and steel gears, the conclusions that the 

proposed vibration indicator decreases with increasing misalignments are valid. 

In some cases vibration measurements could be related with the gears contact ratio. To 

estimate that effect, for each experimental condition a contact ratio (Equation (1)) is 

calculated in the initial point of contact and the final point of contact; the values are averaged 

and they are ploted with the results of the proposed vibration indicator as it is shown in 

Figure 20. A decrease in the contact ratio implies fewer teeth in contact and therefore less 

contact area, therefore the contact area and the contact radius are dependent variables. A 

contact ratio less than one implies that there are instants of time in which there are no pairs 

of teeth in contact, which could cause impact loads, however in this case, although there are 

values less than one, they are not so low, and the dynamic loads do not exceed the effect of 

the friction force on vibrations. From Figure 19 and Figure 20 it can be deduced that for 

positive yaw misalignment, increasing the area reduction percentage and decreasing the 

contact ratio decreases the percentage of change of the spectrum with respect to the base 

signal. For negative yaw misalignment, the effect of the average contact ratio does not seem 

to have an influence on the change of the frequency spectrum. 
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Figure 19. Percentaje of change of spectrum vs percentaje of reduction of projected area 

(%RPA) for positive yaw misalignments y(+) and negative yaw misalignments. y(+). 

 

 

Figure 20. %Change of spectrum vs average contact ratio for positive yaw misalignments 

y(+) and negative yaw misalignments y(-). 
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Chapter conclusions 
 

An experimental analysis has been developed to understand the effect of combined 

misalignment on vibration measurements in a single-stage spur gear transmission system. 

Axial, radial, yaw, and pitch are the types of individual misalignments that could appear in 

that kind of system. Misalignments in a real application can be expressed as the combination 

of individual ones; therefore, the study of combined misalignments is pertinent for fault 

diagnosis and design. In this research, a preliminary experimental study has been made 

combining axial, radial, and angular (yaw) misalignments. Each type of misalignment was 

studied between two extreme values in such a way that the meshed system was operative, 

and they were chosen far enough apart to be able to detect significant changes in the 

vibratory response. All possible combinations were made at those extreme values. 

As reported by M. A. Khan et al [129], the increase in individual axial, radial, and yaw 

misalignment generates a decrease in kurtosis and skewness. This result was corroborated 

in our work, which validates the results found for the combinations made. The analysis in 

the frequency domain allowed us to observe the rotational frequency of the pump used to 

apply the load. In turn, the rotational frequencies of the shaft, the gear frequency, and their 

multiples could be seen. To determine the vibrational behavior measured at the base of the 

bearings, it was necessary to compare the spectra of the misaligned conditions with the base 

spectrum in the aligned condition.  Since patterns could not be identified, such as the 

increase or decrease of certain representative peaks in the gear mesh frequency or its 

multiples or the increase in sidebands in these frequencies, an indicator was proposed that 

would allow the comparison of the entire spectrum. This indicator takes each peak value of 

the spectrum to be evaluated and subtracts it with its corresponding peak in the aligned 

spectrum, this result is divided by the peak of the aligned spectrum at that frequency and 

multiplied by 100 to calculate the percentage deviation, then averages these percentages and 

that average is the percentage of spectrum change.  Once this percentage of change was 

found for each evaluated condition, it was found that the most significant misalignments 

are yaw, radial, axial, and the yaw-axial combination, the yaw is the one with the greatest 

contribution to the final vibratory response. 

Vibration for radial, axial, and yaw misalignments is related to the contact area of the teeth. 

To estimate the effect in combined misalignments cases, analytical expressions were 

developed for the contact area. Analyzing the values of reduction in the contact area and 

percentage of change in spectra, it was shown that the relationship is linearly negative for 

positive angles; that is, the higher percentage of area reduction, the lower percentage of 

change in the spectrum. For negative yaw, there is not an apparent relation between these 

two variables. The contact ratio is also related with the vibration levels: for positive yaw 

misalignments decreasing the average contact ratio implies lower percentages of change in 

the vibration spectrum; and for negative yaw misalignments decreasing the average contact 
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ratio in a specific degree of misalignment does not implies a significative change on the 

frequency spectrums for that degree of misalignment. 

More experimental works should be developed in which the effect of combined 

misalignments on vibrations at variable speeds and loads is evaluated. To obtain a wider 

working range numerical simulation can be used. Efforts should also be directed at 

developing analytical models that allow estimating the vibratory behavior under different 

conditions of load, speed, and configuration of the transmission system.  
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Dynamic model 
 

As it was explained in previous chapter, vibration on bearing units due to misalignments of 

the shafts is not a linear process. That means: total vibration of a combined misalignment is 

not the sum of the effects of individual misalignments. That conclusion was obtained 

through experimental research on a test bench.  

The possibility of having a test bench that allows evaluating a large number of parameters 

such as type of gears, transmission ratio, applied load, speed, bearing arrangement 

configuration, types of bearings, among others is minimal. If the case is in a design stage the 

chances are even less. So, in order to predict the influence of misalignments on the vibration 

behavior of a transmission system, a dynamic model would be very useful, either for a 

problem in a design stage or for a problem in an existing transmission. 

A good classification of the characteristics of a dynamic model is the used by Marafona et 

al [137]; they proposed four parameters for evaluate a model: accuracy, computation time, 

implementation procedure and resources. Accuracy refers to the ability of the model to give 

results that are fairly close to the true value. Computation time is related to the 

computational cost needed to solve the model. The implementation procedure includes the 

steps necessary to solve the model and the skills and knowledge  required either in  finite 

elements, mathematics , programming or the phenomenon itself. Resources refers to the 

computational power necessary for solving the model.  

There are four types of possible models for estimate the dynamic behavior of a mechanical 

system: analytical, finite element, hybrid, and approximated analytical. The choice of one or 

the other will depend on the available computational resources, the expertise in the physical 

model, knowledge of mathematics, finite elements, and simulation software, how crucial 

the solution time is and how replicable it is expected to be. If the principal goal is the 

accuracy and there are enough computational resources, expertise in the physical problem 

and the solution time is not a problem, the finite element models are the best to predict the 

dynamic response. If the time is a critical factor and the accuracy is not the most important, 

approximate analytical model could be useful. To select a new model a fifth parameter can 

be added, this is the ease of the development.   

Table 14 shows a valuation from 1 to 4 for the different types of models according to the 5 

parameters mentioned before. The model with a valuation of 4 in accuracy is the model with 

the best accuracy, the model with a valuation of 1 is the model with the worst accuracy. The 

model with a valuation of 4 in computation time is the model with the lowest computational 

cost and the model with a valuation of 1 is the model with the highest computational cost. 

The model with a valuation of 4 in implementation procedure is the model with the 

minimum steps and the model with a valuation of 1 is the model with the maximum steps. 
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Finally, the model with a valuation of 4 in ease of development is the model easiest of 

develop, the model with a valuation of 1 is the model hardest to build. Although there are 

not previous models for estimate the vibrations due to combined misalignments the 

quantification of each type of model was carried out based on general dynamics models of 

spur gear transmission system. Accuracy is often the most desirable parameter in a model. 

Finite element models are those that have shown the best accuracy in dynamic power 

transmission systems, however in general, they require a high knowledge of the physical 

process, in mathematics and programming, and the use of software and robust computing 

equipment. 

Since the idea is to understand the effects of the combined misalignments on the vibrational 

behavior of the system to make contributions in the design stage, equal weighting was given 

to the accuracy of the model and to the ease of development of the new model, this 

weighting being the most high assigned with 30%. The second parameter with the most 

weight chosen was the computation time with 20% and finally the parameters of the 

implementation procedure and resources were assigned 10% each as it is shown in Table 14. 

According to the previous evaluation, the hybrid model is the best option for this research. 

A hybrid model is composed of a finite element part and an analytical or an approximate 

analytical part. The hybrid model represents a good option when it is difficult to develop a 

highly accurate analytical model. It is the balance between precision, computational 

requirements, and execution time.  

Table 14. Selection of the type of dynamic model to develop. 

  Parameters   

  Accuracy 

Computation 

time 

Implementation 

procedure Resources 

Ease of 

development   

Ponderation 30% 20% 10% 10% 30% 

Total 

evaluation 

Model             

Analytical 2 3 3 3 1 2,1 

Finite element 4 1 2 1 3 2,6 

Hybrid 3 2 1 2 4 2,8 

Approximated 

analytical 1 4 4 4 2 2,5 

 

 

Vibrations are produced for the excitation that produces a force in a system. Vibrations 

measured in bearing units are generated by the force exerted by the shaft on them; this force 

in a simple spur gear transmission system depends on the force that the engaged gear exerts 

on the gear mounted on the shaft in question. For a complete analytic model, the 
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determination of that force is required and for an alignment case is relatively easy to 

calculate; when there are misalignments the contact and tangential forces changes because 

of the change in contact area. In the alignment case the tangential force is applied along a 

line whose magnitude is the width of the face of the teeth. The position of this line changes 

on the tooth face but in an absolute coordinate system it remains constant so that the 

distance from the center of the axis to the point of force application also remains constant 

whereby the value of the forces acting on an aligned gear pair is relatively constant over 

time with small variations. In combined misalignment case the line of the meshing forces 

changes in size, inclination, and position, so the average value of the force changes as well 

as its variations in time.  

As the forces transmitted to the shaft due to misalignments are difficult to predict through 

analytical procedures, it is proposed in this work get these forces through finite element 

simulation. The forces get by simulation will be inputs for an analytical model which 

predicts the acceleration in the bearing units.  

The finite element method has been widely used to study stress and strain in power 

transmission systems. One of the most recently used methodologies for finite element 

analysis of gears is the one proposed by Litvin F and Fuentes A [138] ; authors proposed the 

discretization of three teeth including the rim. Three teeth are sufficient for the study of 

stress and strain in pairs of gears whose contact ratio is less than two. In the mesh of 3 pairs 

of teeth, there is a complete cycle from the moment a tooth comes into contact with the other 

gear until this contact ends. Most spur gear pairs have a contact radius of less than two; high 

contact ratios occur in more specific applications. So, the discretization of three teeth with 

their rims is so far the most optimal solution for a finite element model of a pair of gears; 

the discretization of the entire gear would imply a high computational cost that in a strict 

sense would not be necessary.  

Litvin F and Fuentes A [138] suggest the use of six auxiliary intermediate surfaces to divide 

the tooth into six parts. That division let a major control for the discretization of the six 

subvolumes.  For the application of boundary condition and load is possible use rigid 

surfaces at the interior and lateral part of the discretized teeth coupled to a reference points 

which in this case are the center of the gears in the position of the shafts.  Although the 

authors proposed and analytical procedure for generate the gear surfaces and discretization, 

in this work the model was developed firstly through Solidworks® for get the CAD of the 

model and the discretization was made in Abaqus® due to the good meshing quality offered 

by this software.  

The use of tetrahedral elements of first order for tensional analysis of tridimensional 

geometries is not recommendable because of the high rigid response to bending stresses. 

This could be solved using higher order element, for example a second order tetrahedral 

element, nevertheless, a first order hexahedral element is most suitable because it can get 
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the same precision of the second order tetrahedral element with a lower computational cost 

[139]; so, the chosen element in Abaqus is C3D8 which has eight nodes and 24 degrees of 

freedom. The finite element model for the analyzed spur gear pair is the shown in Figure 

21. RP-1 is the reference point for the driven gear which is coupled to the internal and lateral 

surfaces of the driven gear, in this point is applied a constant torque and the rotation in z 

direction is let. RP-2 is the reference point for the pinion which is coupled to the internal 

and lateral surfaces of the pinion, in this point is applied a specific angular displacement in 

z direction. The gear parameters for the pinion and the driven gear of the simulation are the 

same used for the experimental analysis, these are the shown in Table 5.  

 

 

Figure 21. Finite element model for the analyzed spur gear pair. 

For the contact discretization method there are two options: node to surface and surface to 

surface. Although the surface to surface method is generally more accurate, for a refined 

mesh the differences are not significant between the two methods. In this sense, the node to 

surface method was chosen because its computational cost is lower. If the transmission 

model included the shafts and bearings, a transient dynamic analysis would be more 

appropriate to predict the accelerations in the system, however, since the main objective is 

to obtain the forces that the shafts receive due to the interaction of the gears under aligned 

and misaligned conditions, a static analysis will be performed. This type of analysis reduces 

computational cost, and it is appropriate as an input in the analytical model for estimate the 

tendency in acceleration behavior of the bearing units in different misalignments condition. 

The friction formulation and the contact property used were frictionless and tangential 

respectively. A constant torque of 3,25 Nm is applied in the reference point RP-1 as the react 

load. In the reference point RP-2 is applied an angular displacement of 0,71 rad through a 

ramp function, which is sufficient for a complete meshing cycle.  
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The model was developed for different misalignment conditions for the pair of spur gears 

with the parameters shown in Table 5. Each experimental condition evaluated is the 

combination of three types of misalignments: axial, radial and yaw (angular). Three levels 

of each type of misalignment were selected, so the number of simulations were 33 = 27. The 

levels for each factor of the simulation analysis are shown in Table 15.  The different 

combinations of misalignment were gotten through the module assembly in Abaqus®, 

Figure 22 shows some of the configurations used; the sign convention for the misalignments 

are those shown in Figure 6 .  

 

Table 15. Values of each type of misalignment for the simulation analysis. 

Type of misalignment Values 

Radial (mm) 0 0,75 1,5 

Axial (mm) 0 2 4 

Yaw (°) -2,69 0 2,69 

 

       

Figure 22. Pair of spur gears with 1,5 mm, 4 mm and 2,69° of radial, axial and yaw 

misalignment respectively (left) and 1,5 mm, 2 mm and -2,69° of radial, axial and yaw 

misalignment respectively (right). 

Because of the pressure angle of 20°, the vertical component of the force at the contact of the 

gears is greater than the horizontal component. So, in this sense, since the acceleration 

response depends to a great extent on that force, to appreciate more significant changes in 

the vibration response, the vertical force will be chosen for the analysis. The average value 

of the vertical force that is transmitted to the shaft that supports the pinion is 120 N as it is 

shown in Figure 23. In the figure is shown also the vertical force of a misalignment point. 

The time in Figure 23 is the time for a complete meshing cycle for a shaft speed of 282 rpm. 

All the force values for the different configurations were get and the signal was replicated 

until a time of 60 seconds was achieved for analysis. This time is necessary to achieve 

stabilization of the response variable in the analytical model. 
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Figure 23. Vertical force (Fy) in the center of the pinion gear (RP-2) in a period of meshing 

for the aligned condition (black) and an angular misalignment condition with 2,69° (red). 

 

 

Figure 24. Simplified dynamic model to predict the vibratory behavior in bearings 1 and 2 

of the shaft that supports the pinion gear in a single stage spur gear transmission system. 

 

As it was said before, the hybrid model consists of a simulation component to get the forces 

transmitted to the shaft which supports the pinion gear. The processed force signals are the 

inputs for the analytical model. A model is proposed that considers the shaft and the 

external loads that act on it. Figure 24 shows the shaft on which the force F(t) product of the 

meshing and the reaction torque T(t) act at one of its ends. At the other end of the shaft, the 

torque is applied by the motor coupled to the system. Since a cantilevered one-stage 
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transmission system is being analyzed, between the two ends of the shaft there are two 

bearings that can be represented by an equivalent system of stiffness k and damping c in 

vertical and horizontal components. To find the velocity and the acceleration of the system 

in the x direction in the points 1 of the Figure 24 which represents the bearing unit near to 

the pinion gear, the sum of forces in the x direction and the sum of moments about the center 

of gravity g are developed as shown in the equations (26) - (45) as follows: 

∑ 𝐹𝑥 = 𝑚 ∙ 𝑥𝑔̈                                       𝐹𝑥(𝑡) − 𝑘 ∙ 𝑥1 − 𝑐 ∙ 𝑥1̇ − 𝑘 ∙ 𝑥2 − 𝑐 ∙ 𝑥2̇ = 𝑚 ∙ 𝑥𝑔̈                    (26) 

∑ 𝑀𝑔 = 𝐼 ∙ 𝜃̈           − 𝐹𝑥(𝑡)(𝑎 + 𝑏) + 𝑘 ∙ 𝑥1 ∙ 𝑏 + 𝑐 ∙ 𝑥̇1 ∙ 𝑏 − 𝑘 ∙ 𝑥2 ∙ 𝑑 − 𝑐 ∙ 𝑥2̇ ∙ 𝑑 = 𝐼 ∙ 𝜃̈          (27) 

Kinematic analysis considering small angle 𝜃 

                                   𝑥2 = 𝑑 ∙ 𝜃 + 𝑥𝑔       (28)           𝑥1 = −𝑏 ∙ 𝜃 + 𝑥𝑔                                             (29) 

Deriving equations (28) and (29) we get: 

                                   𝑥2̇ = 𝑑 ∙ 𝜃̇ + 𝑥𝑔̇       (30)           𝑥1̇ = −𝑏 ∙ 𝜃̇ + 𝑥𝑔̇                                            (31) 

From Equation (29)                                                 𝑥𝑔 = 𝑥1 + 𝑏 ∙ 𝜃                                             (32) 

Substituting Equation (32) in (28) we get: 

𝑥2 = 𝑑 ∙ 𝜃 + 𝑥1 + 𝑏 ∙ 𝜃             (33)                                        𝑥2 = (𝑑 + 𝑏) ∙ 𝜃 + 𝑥1                                  (34) 

If 𝑓 = 𝑑 + 𝑏                                                                                 𝑥2 = 𝑓 ∙ 𝜃 + 𝑥1                                         (35) 

Deriving equations (32) and (35) 

𝑥𝑔̇ = 𝑥1̇ + 𝑏 ∙ 𝜃̇     (36)                                                               𝑥𝑔̈ = 𝑥1̈ + 𝑏 ∙ 𝜃̈                                        (37) 

𝑥2̇ = 𝑓 ∙ 𝜃̇ + 𝑥1̇ (38)                                                                        𝑥2̈ = 𝑓 ∙ 𝜃̈ + 𝑥1̈                                        (39) 

Substituting equations (35), (38) and (37) in (26) 

𝐹𝑥(𝑡) − 𝑘 ∙ 𝑥1 − 𝑐 ∙ 𝑥1̇ − 𝑘 ∙ (𝑓 ∙ 𝜃 + 𝑥1) − 𝑐 ∙ (𝑓 ∙ 𝜃̇ + 𝑥1̇) = 𝑚 ∙ (𝑥1̈ + 𝑏 ∙ 𝜃̈)                             (40) 

𝐹𝑥(𝑡) − 𝑘 ∙ 𝑥1 − 𝑐 ∙ 𝑥1̇ − 𝑘 ∙ 𝑓 ∙ 𝜃 − 𝑘 ∙ 𝑥1 − 𝑐 ∙ 𝑓 ∙ 𝜃̇ − 𝑐 ∙ 𝑥1̇ = 𝑚 ∙ 𝑥1̈ + 𝑚 ∙ 𝑏 ∙ 𝜃̈                          (41) 

𝑚 ∙ 𝑥1̈ + 2 ∙ 𝑐 ∙ 𝑥1̇ + 2𝑘 ∙ 𝑥1 + 𝑚 ∙ 𝑏 ∙ 𝜃̈ + 𝑐 ∙ 𝑓 ∙ 𝜃̇ + 𝑘 ∙ 𝑓 ∙ 𝜃 − 𝐹𝑥(𝑡) = 0                                        (42) 

If  𝑒 = 𝑎 + 𝑏  and substituting equations (35) and (38) in (27) 

−𝑒 ∙ 𝐹𝑥(𝑡) + 𝑘 ∙ 𝑏 ∙ 𝑥1 + 𝑐 ∙ 𝑏 ∙ 𝑥1̇ − 𝑘 ∙ 𝑑 ∙ (𝑓 ∙ 𝜃 + 𝑥1) − 𝑐 ∙ 𝑑 ∙ (𝑓 ∙ 𝜃̇ + 𝑥1̇) = 𝐼 ∙ 𝜃̈                     (43) 

−𝑒 ∙ 𝐹𝑥(𝑡) + 𝑘 ∙ 𝑏 ∙ 𝑥1 + 𝑐 ∙ 𝑏 ∙ 𝑥1̇ − 𝑘 ∙ 𝑑 ∙ 𝑓 ∙ 𝜃 − 𝑘 ∙ 𝑑 ∙ 𝑥1 − 𝑐 ∙ 𝑑 ∙ 𝑓 ∙ 𝜃̇ − 𝑐 ∙ 𝑑 ∙ 𝑥1̇ = 𝐼 ∙ 𝜃̈      (44) 

−𝑒 ∙ 𝐹𝑥(𝑡) + (𝑐 ∙ 𝑏 − 𝑐 ∙ 𝑑) ∙ 𝑥1̇ + (𝑘 ∙ 𝑏 − 𝑘 ∙ 𝑑) ∙ 𝑥1 − 𝐼 ∙ 𝜃̈ − 𝑐 ∙ 𝑑 ∙ 𝑓 ∙ 𝜃̇ − 𝑘 ∙ 𝑑 ∙ 𝑓 ∙ 𝜃 = 0       (45) 

Equations (42) and (45) are a system of equations in which the variables are  𝑥1 and 𝜃. For 

solving that system is need estimate the stiffness and damping of the bearings. The stiffness 
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of a bearing depends on the type of bearing being used. The deep-grove ball bearing is one 

of the most used and therefore this will be the selected for the model. Referent research for 

the calculation of the stiffness of that type of bearing is the work of H. R. El-Sayed [140]. He 

developed analytical expressions for estimate the stiffness from available bearing 

dimensions and he made experimental verification with a high grade of coincidence. There 

are subsequent works in which the stiffness of different types of bearings is determined 

analytically, by experimentation or through simulation, taking into account the lubricant, 

the applied loads, the rotational speed, among other factors [141],[142],[143] and [144]. 

However, the work of H. R. El-Sayed continues to be a reference; for this research it allows 

calculating an estimated value of the stiffness of the selected bearing given that the speed 

and load used is low; for very high speeds and loads, the stiffness value changes 

considerably [145] .  

Radial stiffness (λ) according to H. R. El-Sayed [140] is calculated through the Equation (46). 

W is the load on bearing and L is the stiffness factor which depends on the bearing 

dimensions. D0 and Di used in the Equation (47) are the outside and inside diameter of the 

bearing in mm, respectively. Ci and C0 are the curvatures of the ball and raceway in the 

rolling and the perpendicular planes, inner and outer race respectively. Mi/mi and M0/m0 are 

constants which depend on Poisson’s ratio of the inner and outer races material respectively, 

according to the Figure 25 . The ball bearing selected for the model was the UCP 205 which 

is a bearing for a shaft of 25,4 mm of diameter. The necessary parameters of the UCP 205 

bearing for the estimation of the radial stiffness are shown in the Table 16. Since the stiffness 

value depends on the applied load, a stiffness curve for radial as a function of load was 

obtained. Figure 26 shows the radial stiffness for the selected bearing in a range of loads. A 

constant torque of 3,25 Nm was taken as the reaction torque, therefore the estimated load 

on each bearing is close to 60 N. In this sense, the stiffness that will be taken for the model 

is 2,18 × 107𝑁/𝑚 according to Figure 26. 

Damping of the bearings is another parameter need for the model. Calculation of the real 

damping is not a simple process, depends on lubricant and friction at contact points due to 

internal movements. Although there are several researches for the estimation of bearing’s 

damping, most of them are specific for the application studied. A rough estimation is the 

proposed by Krämer E [146] , he concluded that bearings damping is in the range 𝑐 =

(0,25 𝑡𝑜 2,5)10−5𝑘 (𝑁𝑠
𝑚⁄ ) where 𝑘 is the stiffness of the bearing in 𝑁

𝑚⁄ . The minimum 

value in that range was selected for the model, so c = 54,5 𝑁𝑠
𝑚⁄ . 

𝜆 = 𝐿𝑊
1

3                                                                                                                                                                           (46) 

𝐿 = {531,6 (
2,4𝐷0+𝑑𝑖

𝐷0−𝑑𝑖
)

2

3
} (

𝑀𝑖

𝑚𝑖
𝐶𝑖

1

3 +
𝑀0

𝑚0
𝐶0

1

3)
−1

                                                                                                   (47) 
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Figure 25. Values of M/m according to the work of H. R. El-Sayed  [140] 

Table 16. UCP 205 bearing’s parameter 

Parameter Value 

Poisson's ratio 0,3 mm/mm 

Do 46,52 mm 

Di 25,4 mm 

Ball radius (r) 3,98 mm 

Inner race radius (Ri) 16,87 mm 

Outer race radius (Ro) 22,68 mm 

Radius of curvature of 

the bearing race (ri) 3,98 mm 

 

 

Figure 26. Radial stiffness of the UCP 205 ball bearing 

 

The system of non-homogeneous second-degree differential equations (42) and (45) are 

solved through Simulink from Matlab® as it is shown in Figure 27. Parameters such as shaft 

mass, inertia, and the geometric lengths shown in the figure are required for the model. In 
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this case, m = 1,225 kg; I = 0,0105 kgm2 ; a = 0,11m and b= 0,05m are included in the model 

shown in Figure 27. 

 

 

Figure 27. Schematic diagram in Simulink Matlab® for the solution of the system of non-

homogeneous second-degree differential equations (42) and (45). The green block gives the 

solution for 𝑥1̈ and the blue block gives the solution for 𝜃̈.  

FFT is applied to the 𝑥1̈ output signal time in order to see the frequency peaks for each 

simulated condition. As expected, there are well-differentiated peaks at the gear mesh 

frequency (GMF) of 84,7 Hz and its multiples as it is shown in Figure 28.  The aligned 

frequency spectrum is the base for compare the misalignment conditions. The proposed 

indicator in the experimental approach is used for compare the misaligned spectrums with 

the aligned spectrum. This indicator, shown in the Equation (7) calculates the peaks 

deviation of two spectrums. These spectra are previously smoothed, so that the peaks at the 

turning frequencies and their multiples and at the gear frequencies and their multiples stand 

out. For this, the maximum value is taken every 5 Hz, thereby omitting the information that 

is not of interest, which may be noise in the signal and that could affect the real value of the 

indicator if they are not suppressed. Combinations of axial and radial misalignments with 

no angular misalignment were made. A surface response for the selected levels is shown in 

Figure 29. As it was reported in the work of Khan et al [129] , increasing just radial 

misalignment decreases vibration levels. In this case the changes of spectrum are 

considerable (15%) when the radial misalignment is 1,5 mm, this is half the module. For 

combination of axial and radial misalignment that tendence remains. All of combinations of 

axial-radial misalignment, including the zero, generates a decreasing in the percentage of 

change of area as it is shown in Figure 29. This verifies the initial hypothesis that the increase 
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or decrease in vibration levels is strongly related to the force received by the shaft due to the 

contact of the gears: in the case of radial misalignment, this force would have to decrease if 

the distance between centers is increased since the torque remains constant. Since the 

acceleration signals obtained are in the vertical direction, it is understandable that the effect 

of axial misalignment is not significant, as can be seen in Figure 29. The change of zero radial 

misalignment to 1,5 mm radial misalignment with any axial misalignment generates an 

increasing of the area of acceleration spectrum compared with the base spectrum of 15% 

approximately. 1.5 mm in this case is half the module used, which means that through 

modeling or vibration measurements, radial misalignment can be diagnosed either when it 

acts alone or when it is combined with the axial through the determination or reading of 

vibrations in one of the bearings in the vertical direction, for horizontal configuration of the 

gears. It is interesting that unlike misalignments due to deflection or deformation in the 

teeth, which generate an increase in vibrations, in the misalignments studied, which are 

products of position changes in the shafts, the effect is generally inverse, that is, vibration 

levels are lowered. Although the percentage change of acceleration spectrum decreases in 

axial-radial combinations, it is not desirable to have misalignments in the system due to 

transmission errors and increased stress that they can generate.  

 

 

Figure 28. Frequency spectrum for the simulated acceleration signal in the aligned 

condition. Peaks are observed at GMF and at 2X, 3X, 4X and 5X multiples.  
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Figure 29. Surface response of percentage of change of spectrum for combination of axial 

and radial misalignment without yaw misalignment. 

And analysis of variance (ANOVA) of all the results of the combinations of the levels 

studied in Table 15 were made to estimate the significant variables and interactions. The 

variables with a p-value less than 0,05 were radial (B), interaction radial-angular (BC), the 

radial variable squared (B2), the angular variable squared (C2), and the interaction axial 

squared multiplied by angular (A2C). Equation (49) is a regression which predicts the 

change of area of spectrum for the combined misalignments researched with a coefficient of 

determination of 0,87. The equation is codified, this means the high level of the factors are 

coded as +1 and the low levels are coded as -1, this is important to compare the effect of each 

element in the regression. 

Beyond the exact prediction of the vibrations, what is important are the conclusions 

regarding the trends that can be deduced. For example, the negative sign of the coefficient 

of the radial variable means that increasing only the radial misalignment causes a decrease 

in the acceleration spectrum. The negative sign that accompanies the angular variable 

squared (C2) means that as the angular misalignment increases, the acceleration spectrum, 

compared to the base, decreases. That means that the increasing of positive yaw 

misalignments decreases the percentage of change of the spectrum, and the increases in 

absolute value of negative angular misalignments generate a decrease in the percentage 

change of the spectrum. Value of the coefficient of each element in the regressions is related 

with the contribution of that element to the response variable; the sum of the contributions 

of the elements where the angular misalignment appears is the largest. As expected, axial 
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misalignment does not have a significant effect on vertical vibrations, for a horizontal gear 

configuration, which is why it does not appear as an individual variable in the regression. 

%𝐶ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑠𝑝𝑒𝑐𝑡𝑟𝑢𝑚 =  0,4630 − 8,44𝐵 − 3,28𝐵𝐶 − 7,64𝐵2 − 16,33𝐶2 + 3,61𝐴2𝐶          (48) 

 

Figure 30 shows the percentage of change of spectrum for two angles, a positive angle (2,69°) 

and a negative angle (-2,69°) for the values obtained in the hybrid model developed. The 

figures are response surfaces of Equation (49). The regression of the percentage of change of 

spectrum shown in Equation (49) comes from the combination of the three levels of each of 

the three factors shown in Table 15, that is, a total of 27 conditions. The operating conditions 

and the misalignment values of the combinations of the extreme values of these runs 

coincide with the misalignment values analyzed experimentally, that is the experimental 

runs shown in Table 6. The indicator to compare the change of a spectrum from a misaligned 

condition to an aligned one was the same for both the experimental runs and for the points 

evaluated in the hybrid model. Therefore, in order to validate the proposed model, the 

results of the experimental runs can be compared with the points of the model through the 

percentage of spectrum change. All of the experimental points were compared with the 

values obtained in the model, and the results are shown in Figure 31. The eight points that 

were taken to compare are shown on the x-axis and correspond to those shown in Table 10 

in the same order. In order to quantitatively compare the experimental results with those 

obtained by the proposed model, the Pearson correlation coefficient for samples (𝑟𝑥𝑦) is 

calculated, through Equation (49). n is the number of samples, x is one of the data to compare 

and y is the second one, 𝑥̅ and 𝑦̅  are their respective means. This coefficient allows 

estimating how much two variables vary together; it can take values from -1 to 1. Positive 

values indicate a direct relationship and negative coefficients indicate an inverse 

relationship; if the absolute value approaches one it indicates a strong correlation. In this 

case the correlation is 0.98, which indicates a robust correlation in the same direction of 

change. This correlation value shows the validity of the model to describe the trend of the 

proposed indicator of spectrum change percentage of a misaligned condition with respect 

to a baseline aligned condition. The differences between the predictions and the 

experimental values are due to the simplifications that are made in the model and in any 

case no difference exceeds a value of 15% and the average of the differences is 10.5%. 

𝑟𝑥𝑦 =
∑ (𝑥𝑖−𝑥̅) (𝑦𝑖−𝑦̅)𝑛

𝑖=1

√∑ (𝑥𝑖−𝑥̅)2𝑛
𝑖=1 √∑ (𝑦𝑖−𝑦̅)2𝑛

𝑖=1

                                                                                                        (49) 
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Figure 30. Percentage of change of spectrum for a 2,69° of yaw misalignment (left) and -

2,69° of yaw misalignment (right) in the developed hybrid model. 

 

 

Figure 31. Comparation of the percentage of change of spectrum for experimental and 

modeled cases. The points in x-axis are those shown in Table 10  in the same order. 
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Stress analysis 
 

One of the principal variables to consider for designing a gear transmission is the stresses 

on the teeth. The stress at the root of the tooth is one of the most critical. For the misaligned 

cases, if the reaction torque is kept constant, it is not easy to predict the maximum stress at 

the root of the teeth since the misalignment changes the value of the force between the teeth 

and the position and magnitude of the line of action. So, through simulation by finite 

elements, the maximum stresses in the root of the tooth will be analyzed for all the combined 

cases studied in Table 15; Abaqus® will be used for the analysis with the geometric 

parameter, discretization conditions and the boundary conditions already explained in the 

dynamic model section. Figure 32 shows the maximum principal stresses along the root of 

the pinion gear tooth due to the different combinations of misalignment studied. Figure 32.a 

shows the stress for the combination of radial-axial misalignment without yaw 

misalignment. A slight increase in the stresses is observed when the axial misalignment 

increases. The radial misalignment does not generate important changes in the stresses, and 

the axial-radial interaction is not relevant. Figure 32.b shows the stress for the combination 

axial-radial with 2,69° of yaw misalignment. According to the Figure 32.b for a positive yaw 

misalignment, the increase of radial misalignment produces a slight decrease in the stresses. 

In that condition axial misalignment does not have a significant influence on changing 

normal stress value. For a negative yaw misalignment (-2,69°), axial misalignment generates 

a decrease in the stress values, as it is shown in Figure 32.c . The results of the simulated 

stresses show that the most important variable of the studied variables influencing the 

stresses values is the yaw misalignment. The stresses increase considerably for negative or 

positive misalignment compared with no yaw misalignment for any combination of radial-

axial misalignment. For zero yaw misalignment the stresses values are between 7,8 MPa and 

8,7 MPa; for positive yaw misalignment the stresses values are between 31,7 MPa and 32,7 

MPa, and for negative yaw misalignment the stresses values are between 21 MPa and 31 

MPa. So, the increment of the average values for the positive misalignment taken in this 

work is four times the value in the aligned condition. The increment for the stress values in 

the negative misalignment is between 2,6 and 4,3 times the value in the aligned condition. 

A misalignment bending stress increase factor 𝐾𝑚𝑖𝑠 can be calculated for each of the 

simulated conditions by dividing each stress value (𝜎𝑚𝑖𝑠) by the bending stress value in the 

aligned condition (𝜎𝑎𝑙𝑖𝑔) as shown in Equation (50). A response surface for the variable 𝐾𝑚𝑖𝑠 

is shown in Figure 33. The response surface regression model has a coefficient of 

determination of 0,99 and all of its terms have a p-value less than 0,05. Figure 33 shows the  

𝐾𝑚𝑖𝑠 factor for the aligned condition, and for the 2.69° and -2,69° of misaligned conditions. 

𝐾𝑚𝑖𝑠 =
𝜎𝑚𝑖𝑠

𝜎𝑎𝑙𝑖𝑔
                                                                                                                                    (50) 
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Since, according to the Figure 33, a different behavior is observed for positive and negative 

angles, two regression models are shown. Equation (51) and Equation (52) are the regression 

models in coded variables for positive and negative yaw misalignment respectively. A, B 

and C are axial, radial and yaw misalignment respectively. The coded variables means that 

extreme values in equation go from -1 to 1. For positive cases axial values go from 0 to 4, 

radial values go from 0 to 1,5 and yaw values go from 0 to 2,69°. For negative cases axial 

values go from 0 to 4, radial values go from 0 to 1,5 and yaw values go from 0 to -2,69°.  

𝐾𝑚𝑖𝑠(+) = 1,04 + 0,0526𝐴 + 2,94𝐶 − 0,0708𝐴𝐶 − 0,0842𝐵𝐶                                                  (51) 

𝐾𝑚𝑖𝑠(−) = 1,04 + 0,0526𝐴 − 2,29𝐶 + 0,0423𝐴𝐵 + 0,7717𝐴𝐶 + 0,0885𝐵𝐶                            (52) 

From equations (51) and (52), the strong and almost predominant influence of angular 

misalignment can be seen for the combinations of misalignments in which positive angular 

misalignment is present. The combinations of misalignments in which negative 

misalignments is present are influence strongly by the angular misalignment but also by the 

axial misalignment. 

In order to compare the effect of misalignment on bending stress, it is shown in Figure 34, 

Figure 35 and Figure 36 the relation between the bending stress and the area reduction 

percentage. As the misalignment generate a meshing area reduction it is interesting to 

analyze if there is a relation between the meshing area and the stresses. Figure 34 and Figure 

35 show that there is not a clear relation between contact area and bending stresses for 

negative yaw misalignments or for zero yaw misalignment. Figure 36 shows that the 

relation is approximately linear and when the area reduction increases the bending stresses 

decrease.  
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Figure 32. Maximum principal stresses at the root of the tooth for simulated combined 

misalignments. a) yaw = 0° b) yaw = 2,69° c) -2,69° 

 

(a) (b) 

(c) 
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Figure 33. Misalignment bending stress increase factor 𝐾𝑚𝑖𝑠. a) yaw = 0° b) yaw = 2,69° c) -

2,69° 

(a) (b) 

(c) 
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Figure 34. Meshing area reduction percentage vs bending stress for no yaw misalignment 

 

 

Figure 35. Meshing area reduction percentage vs bending stress for -2,69° of yaw 

misalignment 
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Figure 36. Meshing area reduction percentage vs bending stress for 2,69° of yaw 

misalignment 
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Guidelines for spur gear power transmission considering 

shaft misalignments 
 

The misalignments studied in this work are due to changes in the theoretic position of the 

shafts in a transmission system of a spur gear stage. These changes in practice are due to 

errors in the assembly or due to failures in the operation.  

As it was said before it is really hard to get a perfect alignment between two spur gear in 

the assembly stage. Although the intention of the designer or the assembly technician is to 

achieve zero misalignment in the assembly, there are errors due to the measuring 

instruments, the available technology, the expertise of the assembly personnel, among 

others. 

Shaft misalignments in a spur gear transmission system is not desirable because of the 

increase in the tooth bending stress, surface stress and transmission error. Although it was 

not researched in this work, the surface stress is one of the most affected stresses when there 

are misalignments. Because of the meshing reduction area, the surface stresses increase. 

Dudley [130] suggests that in order to compensate for misalignments due to assembly, 

superficial modifications should be made to the teeth when they are manufactured, with 

this it is possible to reduce the contact and bending stresses due to the expected alignment 

errors. In the last year numerous works have been related with surface modification in order 

to reduce the transmission error and therefore to improve the efficiency of the transmission 

in the event of possible misalignment of the shafts. As this is not the objective of this work, 

we will focus on those recommendations related to bending stresses.  

• For a spur gear transmission with zero backlash, the misalignments that could be 

present are the axial, radial, yaw and their combinations. As it was shown in this 

work the yaw misalignment is the most critical for the bending stress, in general 

terms an increase of the positive yaw misalignments increase the bending stress for 

any combinations of the axial and radial misalignments. An increase in the absolute 

value of the negative misalignments in any combination of axial and radial 

misalignments results in an increase in bending stresses. Therefore, when 

assembling spur gear transmission systems, yaw misalignments must be avoided as 

much as possible. 

 

• Good control over the surfaces on which the bearing units rest can ensure minimal 

yaw misalignments. For this, these surfaces would have to be parallel. 
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• Even if the surfaces supporting the bearing units were made to be parallel, there is 

the possibility of axial and radial misalignment. As shown in this work, when there 

is no angular misalignment, radial misalignment is not as significant in bending 

stresses as axial, therefore it must be avoided by ensuring that the gear faces are in 

the same plane. 

 

• Although the radial misalignment is the least influential in the maximum bending 

stress, care must be taken to allow high values in the assembly, since this is the one 

that most influences the contact ratio. Having a contact ratio less than one at all 

contact points would result in tooth impacts that would increase dynamic loads and 

transmission noise. 

 

• Although the misalignment of the shafts does not generate an increase in vibrations, 

it is possible to take this variable as a diagnostic variable. Therefore, taking into 

account the previous recommendations, the following procedure is suggested once 

the highest possible level of alignment has been achieved: 

 

1) Preliminary gear design.  

 

In the case of a single spur gear system that is being designed, it must start with a 

preliminary design. From this stage, the torque, the materials of the gears, the 

module (m), the number of teeth (N), the diameter of the shafts and the face width 

for both the pinion and the driven gear must be obtained. With the diameter of the 

shafts and with the other parameters, the thickness of the ring can be calculated and 

a geometric configuration of the gears can be obtained. 

 

2) Gear mounting configuration. 

 

For a single spur gear system four type of mounting configuration are possible: 

a) Pinion and driven gear in a straddle mounting. 

b) Pinion and driven gear in overhang mounting. 

c) The pinion in a straddle mounting and the driven gear in overhang mounting. 

d) The pinion in overhang mounting and the driven gear in a straddle mounting. 

 

In this stage a gear mounting configuration have to be chosen. 

 

3) Another preliminary design information. 

Also required: shaft material, shaft overall length, bearing type, bearing spacing, 

gear to bearing spacing, bearing stiffness and damping factor. 
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4) Computer Aided Design (CAD) 

 

With the information obtained up to this stage a 3D model of the pinion and 

driven gear can be made in drawing software such as SolidWorks or any other 

available. 

 

5) Finite element model of gears. 

 

Software like Ansys or Abaqus can be used for finite element analysis of gears. 

In this case, the latter was used due to the quality of the mesh that can be 

obtained. For the analysis, it is enough to select three teeth of each gear, since 

with them a complete meshing cycle of a tooth can be simulated, thus optimizing 

the computational resource. 

Regarding the ring, it is suggested to calculate the thickness of the ring and check 

if it is 1.2 times greater than the total working depth of the tooth, ht. If so, the 

bending stress will not be affected by this value as reported by the AGMA 

standard [147]. Therefore, if the thickness of the ring is greater than 1.2 ht, it is 

suggested that the thickness of the model be 1.2 ht, which saves computational 

resources without generating a change in the bending stress results. 

It is suggested to divide the tooth into six parts through six auxiliary 

intermediate surfaces. First order hexahedral element is the most recommended 

for this application because it has good precision with a lower computational 

cost. The assembly of the pinion and driven gear must be according to the 

misalignment condition to be studied. 

Two reference points are taken coincident with the center of the gears that would 

correspond to the point of connection with the shafts. These reference points are 

coupled to the internal and lateral surfaces of the pinion and driven gear. The 

torque to be transmitted is applied at the reference point associated with the 

driven gear. At the reference point associated with the pinion, an angle of 

rotation equivalent to the complete cycle of the meshing of a tooth is applied. 

For the contact discretization method can be node to surface and surface to 

surface. Node to surface method has a lower computational cost. 

The outputs of this stage are the force on the shaft in the direction of the 

tangential force on the gears and the maximum stresses at the base of the teeth. 

 

6) Analytical model. 

For this stage the force signals from the previous stage are required. Since the 

forces obtained are from one meshing cycle of a tooth, these signals have to be 

replicated a number of times n so as to obtain a signal that allows the stabilization 

of the model in a given time. 
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The model requires the following inputs that can be obtained from the previous 

stages:  bearing stiffness, damping factor, mass of the shaft, moment of inertia of 

the shaft, and geometric configuration of the transmission stage. The model 

presented in this work is for a pinion in overhang mounting, but it could be 

adjusted for other types of configurations.  

The output of this stage is a signal of acceleration in time for the bearing closest 

to the pinion. 

 

7) Signal processing. 

 

The signals of acceleration in time are transformed to signals in frequency 

through the fast Fourier transform (FFT). From this spectrum, the proposed 

indicator of percentage change of spectra with respect to a base spectrum is 

calculated, which in this case corresponds to the spectrum of the aligned 

condition. Therefore, the first spectrum to be generated is that of the aligned 

condition. The proposed indicator compares the peak values of the aligned 

spectrum and compares it with the values at those corresponding frequencies in 

the misaligned spectrum. 

The output of this stage is the percentage change of the acceleration spectrum. 

The methodology described here is shown in Figure 37. 

 

• As shown in this work, a decrease in the proposed indicator of spectrum change 

indicates a misalignment in the axes. However, with the tools and information 

available it is not possible to accurately predict the types and amount of 

misalignment present from a bearing vibration measurement. What is feasible in a 

design stage is to estimate through the proposed methodology what would be the 

largest change in the indicator for the most critical misalignment condition. 

According to the case study worked on, the condition that produces the most 

significant changes is the maximum angular combination, either positive or 

negative, with the maximum radial in any axial combination.  
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Figure 37. Proposed methodology for the estimation of bending stresses and changes in 

vibration signals in single-stage spur gear transmission systems under shaft misalignment. 
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Therefore, in a previous stage of design this percentage change of spectrum area change can 

be estimated taking a particular combined misalignment condition (yaw - radial - axial). 

Since bending stress is one of the critical variables in gears, a permissible limit value of 

misalignment could be the one that generates a certain level of stress. As shown in this 

research, the misalignment that has the most influence on the bending stresses is the yaw 

one. Therefore it is possible start with an exaggerated angular misalignment condition to 

estimate the relationship between angular misalignment and stresses; this is a simplification 

of equations (51) and (52) for a preliminary estimate. A first value of angular misalignment 

could be the one that is formed when one of the ends of the gear does not rest on the pitch 

circle but on the addendum circle of the other gear. Once this assembly is determined, the 

proposed model can be used to determine the stress increase factor K at this point and 

estimate a preliminary relationship between stress and angular misalignment as shown in 

the Equation (53). This relationship is based on the trends found in equations (51) and (52). 

y is the yaw misalignment in codified variable (0 to 1), zero for no misalignment and 1 for 

the yaw misalignment chosen. 𝜎𝑚𝑖𝑠 is the bending stress for the yaw misalignment chosen. 

𝐾𝑚𝑖𝑠 = 1 + 𝑟. 𝑦        𝑤ℎ𝑒𝑟𝑒 𝑟 =
𝜎𝑚𝑖𝑠

𝜎𝑎𝑙𝑖𝑔𝑛𝑒𝑑
− 1                                                                                  (53) 

Equation (53) is a rough estimation of bending stresses by yaw misalignments. For a more 

accurate approximation two or more angles can be taken and the regression equation can 

be made with these values. With this equation it is possible to calculate the stress increase 

factor for a given yaw misalignment, or inversely, the misalignment required to achieve a 

given increase factor. For the angles worked in this work, the increase factors were in the 

order of 3 to 4, which is too high. At this stage the designer must determine how much he 

will allow the bending stresses to increase due to misalignment. For example, if he will allow 

an increase of 20%, in Equation (53) he must replace 𝐾𝑚𝑖𝑠 by 1.2, with this he will determine 

the angular misalignment in a coded variable and he will be able to find the angular 

misalignment in a real variable. This will be the maximum angular misalignment that he 

will allow in his design.  

With the maximum permissible angular misalignment, the maximum permissible radial 

misalignment can now be determined, which could be calculated taking into account that a 

contact ratio of less than 1.2 is not reached. 

Once the combined misalignment point formed by angular and radial misalignment has 

been determined, the percentage change in the acceleration spectrum that it would generate 

is evaluated, through the previously described methodology (Figure 37). In order to use this 

value as a diagnostic limit value, the actual spectrum of the aligned condition must first be 

obtained, which can be done when mounting the transmission. In this way, in a future 

operation the spectrum can be obtained and the spectrum change percentage indicator can 

be calculated. The previous procedure is shown in Figure 38. 
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Figure 38. Proposed methodology to set a maximum level of spectrum change percentage 

from the design stage. 
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Conclusions  
 

The study of the effect of misalignment of spur gears, on stresses and vibrations, either 

experimentally or analytically, is relatively recent. The main conclusions and contributions 

achieved with the development of this research are shown below. 

• Starting from the original idea of integrating the areas of vibration and design in 

power transmission systems, through a systematic search for the state of the art, it 

was possible to successfully delimit the problem and a gap could be found that 

consists of the lack of study related to misalignments and their effects on vibrations. 

If the knowledge in this area is not extensive, much less will it be related to design 

methodologies that integrate these two areas. In this sense, this work is the first step 

in this line of research. 

 

• Misalignments in a transmission system can come from different sources. In this 

work, the misalignments due to changes in the position of the shafts due to assembly 

or operation errors whose origin is not deflection were studied. 

 

• A test bench was designed and built for the generation of radial, axial and angular 

misalignments and the combination of these. The bench allows changing gears to 

work with different gear ratios and other geometric parameters. The bench is 

instrumented to measure vibrations in the bases of the bearings. 

 

• An experimental exploration was carried out working with all possible 

combinations of extreme levels of radial, axial and angular misalignment in a single 

stage transmission system for a given pair of gears. The work consisted of measuring 

the vibrations at the base of the bearing closest to the pinion, with the aim of 

screening and understanding some trends and effects of misalignment and their 

interactions. 

 

• The peaks of interest in the acceleration spectrum are the peaks at the rotational 

frequency and its multiples and the peaks at the gear mesh frequency and its 

multiples. Because these peaks are numerous, which makes it difficult to 

immediately analyze the spectrum change from an aligned condition to a misaligned 

one, a spectrum change indicator was proposed that evaluates the deviation of the 

main peaks, for which smoothed spectra are required.  

 

• A hybrid model was proposed for the estimation of bending stresses and 

acceleration spectra at the base of one of the bearings of a one-stage spur gear 

transmission system in which the pinion and the driven gear are in overhang 
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mounting. The model is based on a simulation in a finite element software for the 

estimation of the bending stresses in the teeth and the force that the gears transmit 

to the shaft. This force signal is one of the inputs into an analytical model that 

predicts the vibrations in one of the bearing bases. With this model, more points 

were explored than those that were worked on experimentally. 

 

• The experimental results and those obtained by the model coincided with a 

correlation of 0.98. The differences obtained do not exceed 15% in each evaluated 

value. In this way, the proposed methodology for the estimation of the change in the 

acceleration spectrum in the bearing bases of one-stage transmission systems with 

shaft misalignment constitutes a good way to estimate this variable. Running a fully 

simulated model through dynamic analysis would require much more 

computational resources and time. 

 

• Although regression models were obtained for the bending stress and the 

percentage of change of spectrum, what is important to emphasize are the 

contributions of each type of misalignment and their interactions. For combined 

misalignments, the percentage change of spectra is mainly influenced by angular 

and radial misalignment and their quadratic effects. This is to be expected since axial 

misalignments do not generate significant changes in the tangential force of the 

gears. For bending stresses, it was found that the most influential factor is the 

angular one, which is why it is the type of misalignment that should be avoided the 

most. 
 

• With the results obtained, guidelines were proposed for the design and assembly 

of spur gear transmission systems, as well as a methodology to set a maximum 

permissible value of the percentage change of acceleration spectra from the design 

stage. 
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Future works  
 

The work shown here is a preliminary study of the combined misalignments in a single-

stage spur gear transmission system in overhang mounting for pinion and driven gear. The 

effects of these misalignments on bending stresses and vibrations were investigated through 

a hybrid model that was validated experimentally. This exploration allowed us to know the 

significant variables and interactions, which allowed us to propose design 

recommendations. The following works are proposed: 

 

• To make other design recommendations, it is proposed to expand the working range 

in order to include positive and negative intermediate angles. That is, evaluate the 

proposed model in combinations of misalignments with positive and negative 

intermediate angles and validate them experimentally. 

 

• Investigate the effect of torque variation on measured vibrations for a given gear 

configuration with combined misalignments. 

 

• Develop fully analytical models that allow estimating bending stresses and 

vibrations in a spur gear transmission system with combined misalignments. 

 

• Study the effect of combined misalignments in spur gear transmission systems on 

surface stresses on the teeth. 

 

• Investigate the effect of combined misalignments on transmission error and take it 

as a critical design variable to make design recommendations. 

 

• Develop more accurate misalignment prediction models by measuring vibrations in 

the bearing bases. This can be achieved with vibration measurements in more than 

one direction. 

 

• The misalignments studied here cause a reduction in the percentage of spectrum 

change, while other types of failures in transmission systems, such as misalignments 

due to shaft deflection due to overloads, increase vibration measurements. Thus, if 

there is misalignment due to a change of position in the shafts and due to deflection, 

it is possible that the vibration measurements will increase, which would not reflect 

the misalignment due to a change of position. Therefore, it is proposed to develop 

investigations that include different types of typical failures that occur in 

transmission systems at the same time to develop better predictive models. 
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• Extend the study of misalignments to other types of gears such as helical and bevel 

gears. 
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Anexo 1. Vistas de ensamblaje de banco de pruebas para generar 

desalineamientos. 
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