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Abstract

In this thesis some plate-membrane type transmission problems are studied.
See system —. Three dampings are considered on the structure: ther-
mal and structural for the plate, and global viscoelastic of Kelvin—Voigt type
on the membrane. Sometimes some damping is removed from the structure.
The plate may or may not have an inertial term. In the presence and/or
absence of any of the elements mentioned above, we establish existence and
uniqueness of solution of the system, which depends continuously on the ini-
tial data. We also obtain results of regularity, stability and analyticity. We
use the semigroup approach to show the well-posedness our system. Follow-
ing an idea of proof of regularity developed by Avalos and Lasiecka, we prove
that if the inertial term is present or absent then the boundary and transmis-
sion conditions hold in the strong sense of the trace when the initial data are
smooth enough. Then, using a general criteria of Arendt-Batty, we show the
strong stability of our system when the membrane is damped and the plate
is with or without rotational inertia. Employing a spectral approach, we in-
directly prove exponential stability when the plate has rotational inertia and
the structure is totally damped. This asymptotic behavior of the solutions
is lost when we remove the viscoelastic component of the membrane. Under
this situation, we impose a geometrical condition on the membrane boundary
and obtain that the solutions decay polynomially with a rate of t~/2° when
the plate has rotational inertia and structural damping. Finally, using a well-
known Liu—Zheng criterion we prove by contradiction the analyticity of the
system when the membrane has Kelvin—Voigt damping and the thermoelastic
plate is considered without inertial term and without structural damping.

Keywords: Analyticity, exponential stability, lack of exponential stability,
polynomial stability, regularity, strong stability, transmission problem, well-
posedness.
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Chapter 1

Introduction

In recent years, many researchers have investigated transmission problems due
to their applications in engineering, such as: aircrafts, satellite antennas and
road traffic (see [63] and the references therein). The physical phenomenon
consisting of the interaction between an acoustic medium and the vibrations
of an elastic structure can be described with transmission equations (see [64]).
There are also other interactive physical processes modeled through coupled
partial differential equations, for example, composite laminates in smart ma-
terials and structures, and fluid-structure interactions (see [120]).

In this work, a plate-membrane type system within the L? theory is stud-
ied. In addition to proving the existence and uniqueness of the solution to the
transmission problem, in certain appropriate spaces, its asymptotic behavior
will be analyzed and subsequently the analyticity of a semigroup associated
with the problem will be proved. The results depend on the dampings that are
placed on the structure. The plate may or may not have thermal or structural
damping, and the membrane may or may not have Kelvin—Voigt damping.
The geometric description of the structure to be worked on is shown below.

1.1 Description of the problem

Let Q and €y be bounded domains in R? with boundaries I' := 9 and
I := 09, both of class C*, such that Q; C Q. We set ; == Q~ Q. The unit
normal vector pointing towards the exterior of €2y, both on I' and on I, is
denoted by v (see Fig. . Note that unit outward normal vector to €2, along
the interface I is —v. We will assume that €; and )y are occupied by the



Chapter 1. Introduction

Fig. 1.1. The set Q2 = Q; U T U Q.

middle surface of the thermoelastic plate and by the membrane, respectively.
In this case, v = wu(t,z) and v = v(t,x) denote the vertical deflections of
the plate and the membrane, respectively. The temperature difference of the
plate is denoted by 6 = (¢, z). We consider the following problem

Pty — VAU + BiA*u —miAuy + Al =0 in R x Q, (1.1)
000y + 00 — BAO —aAu, =0 in RT xQy, )
Py — P AV — maAv, =0 in RYT x Q. (1.3)

The parameters v, my,0 and my are all non-negative, and the rest of the
constants pq, 81, @, po, B, p2 and Py are positive. When v > 0 it is because
the rotational inertia of the plate filaments is considered and whose value
is proportional to the square of the plate thickness, in this case with
my; = a = 0 is known as the Kirchhoff plate equation (see (1) in [81], p.
2]). The case v = 0 corresponds to a thin plate, and when m; = a = 0
the equation is called Euler-Bernoulli plate equation. The parameters
my > 0 and my > 0 make the plate and the membrane have structural
and Kelvin—Voigt damping, respectively. The constant o depends on the
thickness of the plate and the ratio of the external thermal conductivity
to the thermal conductivity of the plate, in the case of being positive (see
[79]). The coupling parameter « is called coefficient of thermal expansion
(see [9]), B is the thermal conductivity (see [39]) and py has the meaning of
heat /thermal capacity (see [35, p. 244]). The constants (1, B2, p1 and py are
the plate flexural rigidity, the in-plane stress, the plate mass/area and the
membrane mass/area, respectively (see [129]). We will assume that the plate
is embedded and attached to the membrane, this is interpreted by

u=0u=0on R" xI' and wu=wv on RY xI. (1.4)



1.2. Physical aspects of thermoelastic plate-membrane model

We will assume that the temperature satisfies Newton’s cooling law (see
(2.5.7) in [958, p. 43]) with coefficient x > 0 along 0, this is,

0,0 + k0 =0 on R x 9Q;. (1.5)

Besides the condition on the interface I in (1.4), we consider the following
boundary and transmission conditions

B1PBiu+afd =0 on R x I, (1.6)
YO use — B Bou + mi0,us — ad,0 — P00 — madyvy =0 on RT x I, (1.7)

where
Pru=Au+ (1 —p)Biu and HBou = 9,Au+ (1 — pu)0.Bou

are the boundary operators introduced in [79, p. 119], 7 = (—vo,v1)" is
the unit tangent vector along 0€2; with 14 and v, being the first and second
components of v, and p is the Poisson ratio whose value belongs to the interval
(0,1/2), which comes from certain physical considerations on the plate. The

operators By and B, are defined by the relations
Biu = 211191 — v — vy
1w -— 172Uz 2o 1 Yoz 2 %121

Byu = VIVQ(UIQM - u$1$1) + (Vf - V22)u$1$27

which appear in [79, p. 2]. The initial conditions for the system are given by
U(O) = U, Ut(O) = Uy, 6)(0) = 6)0 n Ql, (18)

v(0) = vg,v4(0) =v; in Q. (1.9)

In this thesis it is guaranteed that the system ((1.1)-(1.9) has a unique
solution that can be weak or strong, this will depend on the choice of the
initial data. Moreover, here there are results concerning regularity, strong
stability, exponential stability, non-exponential stability, polynomial stability

and analyticity, which depend on the presence or absence of the parameters
v, my and my.

1.2 Physical aspects of thermoelastic plate-
membrane model

Some paragraphs should be written regarding the derivation of the equations
that govern the model.
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Let us consider a thin plate which in equilibrium occupies the set € x
[—h/2,h/2], where h > 0 is the plate’s thickness. Following the ideas given
in [79] and [81], let

U(a1, 22, 23, 1) == (Ui(z1, 22, 3, 1), Us(21, T2, 23, 1), Us (1, T2, 23, 1))

be the displacement vector at time t of the particle which when the plate
is in equilibrium occupies position (xy, zo,x3). Similarly, let u(xy, xq,t) =
(ul(acl,:UQ,t),ug(xl,xg,t),ug(xl,xQ,t)) be the displacement vector at time
t of the particle which when the plate is in equilibrium occupies position
(x1,22,0). Both U and u are supposed smooth enough for the present dis-
cussion. The strain energy in the plate is given by

1 [h/2 3
,@P = 5/ / E €ij0ij dl’/ d.ﬁl]g, (110)
— Q

h/2J iy

where ¢;; and o;; are, respectively, the components of the strain and stress
tensors and a’ = (z1,22). The components ¢;; depend on U and hence on
(1,9, 23,t). In the linear theory, the components of the stress tensor are
linear combinations of the components of the strain tensor and the thermal
strain (when the plate is subject to a temperature distribution). On the other
hand, the kinetic energy of the plate is given by

1 h/2 3
= 5/ / p1 Z<8tUi)2 dz’ dxs, (1.11)
951

—h/2 i=1
where p; is the density (mass per unit volume) of the plate.

If the plate is subject to a temperature distribution 7(z1, s, x3,t), mea-
sured with respect to a reference temperature distribution 7y, at which the
thermal stresses and strains in the plate are zero, and assuming that the plate
is homogeneous, elastically and thermally isotropic (see [79]), we have that
the stress-strain relations are given by

3
E o E

= (e 6, )_—751.4, L j=1,2,3. (112

7 1+u(€j+1—2ﬂjk:1€kk T—2u00 Y (112

Here, the constants £ and p are, respectively, the Young’s modulus and the
Poisson’s ratio (0 < p < 1/2), and §;; is the well-known Kronecker delta

4



1.2. Physical aspects of thermoelastic plate-membrane model

notation. The symbol ¢, denotes the thermal strain which satisfies ¢, = 0
when 7 = 0.

For the thin plates theory it is assumed that o33 = 0. This implies in

(L.12) that

3
E ! E
0= <€ + 5 ) - Er
T+p\ > 1—2u; )T =2
and therefore "
€33 = —1 /j u(€11 +€22) + 1— ZET'
Then, we have
FE
011 = 1_ M2 |:€11 + UE22 — (1 + M>57:|; (113>
FE
099 = 1= 2 |:,U511 +e90 — (1 4+ M)&}a (1.14)
and 5
o =yt (i#4 6i=123) (1.15)

In the Kirchhoff model for a thin plate it is assumed that the components of
the strain tensor are given by

1 ,0U;, 8, o
0= 3ot ) = 123)

In addition transverse shear effects are neglected. Thus, o;3 = 03, = 0 and
g3 = €3, = 0 for i = 1,2. It follows that

O=c¢ci3=¢e3 = %(6(]1 4 aU3>

Oy 01
and therefore oU U
1 3
_—= . 1.16
81’3 81‘1 ( )
Now,
Lo
Us(x1, 22, 2,t) = Us (1, 22,0, 1) +/ £U3(55171327527t) ds
0
1
= ug(xy, Ta,t) + 2’/ (O3U3) (21, o, 82, t) ds. (1.17)
0

5
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From and - we have

Ui(1, 22, 23, 1) = Ur (21, 22,0, 1) / 01Us(x1, 29, 2,t) dz
Ous

= (21, T, t) — T3 931,$27

After linearization (with respect to x3), we obtain

8U3

Ui(z1, 22, x3, ) = ug (21, T2, 1) — 9038—(%, T, ).
Z1
In the same way it holds
ou
Us(x1, 29, w3, 1) = ug(x1, T2, t) — xsg—;(l‘hx% t)
2

and
Us(21, 29, 23,t) = us(x1, 22, 1).

/ / (0103U3) (1, 2, 82,t) ds dz.

(1.18)

(1.19)

(1.20)

Now we can write the components €5, 4, j = 1,2, in terms of the u;, i = 1,2, 3.

In fact:
. _1(0u1+8uQ 9 8U3>
2 e 2 aZL'Q 81‘1 363710,1’2
c aul 8 Uus
= -_— l‘ [
11 8.731 3 am% )
and
c aUQ . 82U3
From ([1.13))-(1.15)) and —1.23, it follows that
E 10wy 8 U3 Ous 0%us
011 = 2 [axl a + M& o — HT3 5 8132 (1 + M)gr} )
E ouy us  Ouy 0*us;
__E pn_ )
022 1= 2 [Mﬁxl 3 022 + 02y T3 22 — (14 p)e
and
E <8u1 I 8u2 o 62U3 )
013 = 091 = - )
12 21 2(]. + /L) 8x2 8x1 38I18$2

6

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)



1.2. Physical aspects of thermoelastic plate-membrane model

We recall ([1.10]) for the strain energy in the plate. For the case of a thin plate
in the Kirchhoff model, it reduces to

1 [h/2
PP = —/ / (611011 + 219012 + 622022) dz’ dzxs.
2 ) hp2 o,

Using —, after integration with respect to z3, it can be found that
PP splits into two terms P2F and 2Y, which uncouple the components u,
U9, representing in-plane stretching, and the component u3 related to bending
(see [79]). The term 2% depends on ui, us and &,, and it is the part of the
strain energy due to the in-plane stretching. On the other side, £} depend
only on w3 and ¢,, and it is the part of the strain energy due to bending. In
this work we consider only the equations of motion for uz. Exactly £} is
given by

3 2 2 2
2 =g [, [(38) + (5) 20 -w(g)

2us Ous  12(1 + p) h/2
2 A das| da’
+ M@x% o3 + h? ( ug)/h/z aer {L'3:| o

where A denotes the Laplacian with respect to the two variables x; and
xo. Using the expression for the modulus of flexural rigidity of the plate
D = ERh3/12(1 — p?), setting u = uz and changing the notations for the
derivatives to 0; := 0/0x;, we can write

P _ D

7=5 [(@30)° + (330)" + 21 — ) (O10p)°

+ 20(03u) (92u) + (1 + u)ﬁAu} dx’,

where

0 := 0(x1,x9,1) = F/ T3e, dxs.
—h)2

Now, substitution of (1.18)), (1.19) and (1.20)) in (1.11]) and integration with

respect to x3 gives

2

h /
+ E‘V(atltg)‘ﬂ dx ,

h

%P = 5/ P1 [(&tul)Q + (8tu2)2 + (81511,3)2
1951

7



Chapter 1. Introduction

where V is the gradient with respect to the variables x; and z5. We see
that the components u;, u, and uz are uncoupled in this expression for #F.
Again, we are only interested in the part of the kinetic energy due to bending,
which is denoted by J% and it is given by

2

h h
%bP = 5/(; P1 [(8tu)2 + E|V(3tu)ﬂ dﬂf/,

where u := ug again.

Suppose now that )y is occupied by an elastic membrane for which its
vertical deflection is denoted by v = v(x1,22). The strain energy of the
membrane is given by

PM = g/ |Vo|? do’,
2 Ja,

where C' depends on the material and the initial tension in the membrane.
On the other side, the kinetic energy for the membrane is given by

HM = %/ pg(ﬁtv)zdx',
Qo

where p, is the surface density of the membrane.

We assume that the structure is clamped on I', that is u = d,u = 0 on
[' x [0,T) for 0 < T < oo, where v is the outward unit normal vector to
the boundary of ;. Furthermore, we assume that u = v on I x [0,7"). The
meaning of this condition is that the structure does not break. We recall that
small deflections are being considered.

In order to obtain an initial boundary value problem which models the
coupled structure plate-membrane we have to set to zero the first variation
in the time interval [0,T) of the Lagrangian

T
Ly(u,v) = / LGP (1) + M) + Ha(t) — PP — 2] de (1.27)
0
with respect to (u,v) in the space of kinematically admissible displacements,

that is 5
(5Lb(u, U) = a—)\Lb(u + )\ﬁ, v+ /\fﬁ)

— 0, (1.28)

A=0
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with ﬁ’r = d,ﬁ’F = 0 and ﬁ’l = U‘I. Here u and v are chosen, such that
w(0) =4 (0) =u(T) =d(T) =01in Q; and v(0) =0 (0) =o(T) =0 (T) =0
in Qy, where for a function ¢ : Q; x [0,00) — R we write ¢(t)(z1,12) =
©(x1,29,t) and ' denotes the derivative with respect to t. This approach
is equivalent to the use of the Virtual Work Principle from the Classical
Mechanic.

In (1.27]) #, is the part of the work done on the structure plate-membrane
that contributes to bending due to external forces acting on it.

After renaming constants, equation leads to the general equations
|| of the model, as well as the boundary and transmission conditions
—. Changing the space of kinematically admissible displacements,
several models with different boundary and transmission conditions can be
obtained. Finally, the damping which can be considered in each model can
be incorporated in %#.

1.3 Literature

Transmission problems appear very frequently in various fields of physics and
technics, e.g., there are applications in the electrodynamics of solid media
when working with electromagnetic processes in ferromagnetic media with
different dielectric constants. This type of problem also occurs in the solid
mechanics of composite materials. The previous exposition can be found in
[26]. Some authors also associate these problems with structures consisting
of a finite number of interconnected flexible elements such as waves, beams,
plates, casings and combinations thereof, which are representative of frames,
robot arms, solar panels, antennas and deformable mirrors (see [80]). There
are also transmission problems associated with acoustics (see [T, [75]), the
automotive industry (see [13] [114]), polymers (see [24, 53], (54 [76] [82]), fluid
behaviour in certain structures (see [34, [36] [115]), vibration suppression (see
[42]), electrostatics and static magnets (see [88]), and material composition
(see [101]).

The transmission problems were initiated by Meuro Picone in 1954 (see
[61]), which are framed within the theory of partial differential equations
and control theory, (see [35, 87]). Many researchers are interested in the
asymptotic behavior of the solutions of the transmission problem in which
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they are investigating. In the literature we find this kind of problems with
different types of decay, such as: exponential decay (see [14, 15 22] 30} 31}
37, 42, 52, [63] 64, 65, 90, 102, 122]), polynomial decay (see [4, [14] [15] 19|
40, 52, [63], 64, 83, 00, 105, 122], 125, 127]) and logarithmic decay (see [40,
50, 68, [71, ©0]). Of the works mentioned, only in [14, [15, (2 64, 122], in
addition to analyzing the exponential stability and the polynomial stability
of their respective systems, the authors studied the absence of exponential
stability. All this asymptotic analysis is done in this document for the system
(L.1)-(L.9). In [68] and [71], the authors study a transmission problem where
the membrane surrounds the plate that has localized Kelvin—Voigt damping.
Instead, we consider the plate around the membrane and it is the latter that
has the Kelvin—Voigt damping, but uniform.

The Kelvin—Voigt damping is a type of linear damping that suppresses the
vibrations of elastic structures and is caused by the internal friction of the
material of the vibrating structures and is thus called internal damping. In
this case the material is viscoelastic because it has properties of viscosity and
elasticity. The term “viscous” implies that it slowly deforms when exposed
to an external force. The term “elastic” implies that once a deforming force
has been removed, the material will return to its original configuration. For
further explanations, see [69, p. 12]. Mathematically, the Kelvin—Voigt damp-
ing is an operator of the same order as the principal operator of the equation
that describes the vibrating structure (see [71, p. 2242]). The model for a

membrane occupying a bounded region Q of R? is given by
wtt—Aw—f—ng:O in (NZXR+,

where E > 0 and L, is a dissipative mechanism. In [I10} Subsection 2.4.4], the
authors determine the equation of motion of the vertically moving particles
of the vibrating membrane when 3 = 0. If the membrane has the frictional
damping (8 > 0 and L,, = w;), then the semigroup decays exponentially (see
[111, p. 16]). In [73], the author proved that if the membrane has a global
Kelvin—Voigt damping (i.e., E > 0 and L,, = —Awy;) then the corresponding
semigroup is not only exponentially stable, but also is analytic. For this
reason, Kelvin—Voigt damping is said to be stronger than frictional damping.

Another type of damping that is considered on some vibrating structures
is thermoelastic damping, see [69, p. 13|. This damping originates from the
coupling of the elasticity of the structure with a heat source. The thermal

10
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effect contributes to the deformation of the structure since its material ex-
pands when the temperature increases and contracts when the temperature
decreases. Our attention is directed towards thermoelastic plates.

The first models for thin plates were developed by the German physicist
Gustav Robert Kirchhoff (1824 - 1887). In the first chapter of [81], one
finds linear and non-linear models for thin plates subject to different physical
situations such as temperature, elasticity and viscosity, depending on different
assumptions and conditions according to each model. A detailed study of
deflections and plate deformations is in [I19], here the authors work with
thin plates with small deflections, thin plates with large deflections and thick
plates. For plate deformations, see also [96]. On the theory of vibrating
plates, we recommend to the reader [99].

The literature on thermoplastic plates is very extensive. The following are
some of the works on this subject. The classic linear model for thermoelastic
plates is given by

pug — iy + AU+ GA0 =0 in  Qx RY,
l, —FAO— Ay, =0 in QxRT,

where p, 1,7, a, ¢ and K are all positive constants and Q C R? is the region
occupied by the middle surface of the plate. For the physical model we refer
to [79). In [74], Kim studies the Euler-Bernoulli plate equation (;z = 0) with
thermal effect and homogeneous Dirichlet boundary conditions v = d,u =
0 = 0 on 0f). He proved exponential decay of the energy of his system.
In [93], Liu and Renardy worked on the Kim’s problem and obtain a much
stronger result, showing that the semigroup associated is of analytic type.
In [43], the authors do not account for rotational forces of the thermoelastic
plate (2 = 0) and consider homogeneous Dirichlet boundary conditions. They
generalize the result of Liu and Renardy, introducing the space W7 () =

{u € W2P(Q) : u = d,u = 0 on I} with Q being a bounded domain of
R™ (n > 2) and showing that if the initial data (u,uy, 0)|i=0 € WﬁD(Q) X
LP(Q) x LP(Q) then the semigroup is analytic for any p € (1,00) and also
exponentially stable. In [86], the authors set 1 = 0 and, focusing on the case
of free boundary conditions, proved that the associated semigroup is analytic.
The addition of the term Aw not only makes the problem physically more

meaningful, it also makes it more mathematically interesting, because we need

11
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more regularity to establish the decay of the solutions. For the case g > 0
and Dirichlet boundary conditions it was proved in [103] that the solutions
decay exponentially.

Going back to analytical results, it is known that the literature pertaining
to analytic semigroups is very extensive and has a wide variety of topics. For
example, one finds works on: materials with porosity (see [20]), thermoelastic
plate with variable coefficients (see [33]), viscoelastic plate equation of Moore—
Gibson—Thompson type (see [39]), wave equation with Kelvin—Voigt damping
and hyperbolic dynamic boundary conditions (see [60]), system of couple
plate equations with different dampings (see [66]), laminated beam (see [67]),
thermoelastic plate equations with different boundary conditions (see [84]),
thermoelastic plate with hinged mechanical B.C. and Neumann thermal B.C.
(see [85]), homogeneous and isotropic prestressed type III thermoelastic thin
plate (see [91]), qualitative properties for the semigroup generated by certain
matrix operator (see [94]) and thermoelastic plate with dynamical boundary
conditions (see [128]). Other work on analyticity can be seen in [I06]. Here
the authors study a system consisting of a thermoelastic Euler—Bernoulli plate
coupled with a membrane that has a global Kelvin—Voigt type damping. They
consider appropriate initial conditions and certain boundary conditions, and
show that the semigroup associated with the problem is analytic. Regarding
transmission problems, it seems that the only work so far with analyticity has
been [51]. There, the system studied by the authors is constituted by a pair of
thermoelastic plates, none of which have the inertial term and their structure
is like the one in Fig. [I.2] In the present manuscript is the analyticity proof
of a transmission problem of a thermoelastic thin plate with a membrane
that has global viscoelastic damping of Kelvin—Voigt type, this is one of the
main results of this work. According to our search, it seems that there is no
such result in the entire literature and for this reason it was submitted for a
publication according to reference [16].

Many researchers studied transmission problems involving systems of the
type: plate-plate, wave-wave and plate-wave. Below we recall some works
concerning the three structures mentioned.

In [42], the authors investigate a coupled system of linear plate equa-
tions, one non-damped plate and the other structurally-damped plate in two
sufficiently smooth and bounded subdomains, and consider a geometric con-
figuration as Fig. [I.I} They showed, independently of the size of the damped
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part, that the damping is strong enough to produce exponential stability. In
the literature, it is common to find the following configuration: Let €}, €0
and € be bounded domains in R? such that Iy .= Q| N Q}, Ty == 9Q, ~ T
and Ty := 9 \ Ty are smooth curves. Set Q' = QUQ,UTyand I1NTy =0
(see Fig. [1.2)). In [102], the authors consider a problem of transmission, with

Fig. 1.2. The set ' = Q] ULy U .

the configuration of Fig. [1.2] of a plate €’ constituted by two parts ) and
2, being ] sensitive to temperature changes. They work on the following
model

Py — Y1 DUy + §1A2u +aA0 =0 in Q) xR",
,/0\09,5 — 50A6 + ’}/09 — ﬁAUt =0 in Qll X RJr,
ﬁZUtt — ")/QAUtt + B\QAQ’U =0 in Q/2 X R+.

Under certain initial conditions and with several boundary and transmission
conditions different from those of problem (L.I)-(1.9)), they show that there
is a solution and that the local thermal effect is strong enough to produce
exponential decay. Afterwards, the author of [I12] studies a transmission
problem (Fig. for a plate consisting of a thermoelastic part 2} and
an isothermal part €2,. He demonstrates the existence of a compact global
attractor when the non-linearity is of the Berger or scalar type. The model
worked was

Dt + 1A+ A+ Fi(u,0) =0 in Q) x RY,
pobs — BoAO — iAu; =0 in Q) x RY,
DoV + B\QAQU + Fy(u,v) =0 in Q) x RT,
satisfying boundary conditions and initial conditions, where the functions

P HA(SY) x HA(SQY) — L2(Q) and Fy © HA(Y) x HA(SY) — L2(Q)

13



Chapter 1. Introduction

are both non-linear. The author studies three problems where F} and F3
are taken differently. Another transmission problem with the configuration
of Fig. is treated in [121]. The authors consider a system constituted
by a thermoelastic plate with localized thermal dissipation of memory type
coupled with an isothermal plate, both plates have inertial term. They prove
that the solutions have exponential decay.

Much study has been made of the wave equation with different damp-
ings. When a vibrating source disturbs the medium, a wave is formed. Sev-
eral dampings can be added to a system of wave equations to control the
vibrations. In [80], Chapter VI, the authors consider the movement of in-
terconnected elastic membranes and determine the equations of this physical
phenomenon. In [31], the authors consider the configuration of Fig. and
study the propagation of waves on a domain consisting of two different mate-
rials: one component is elastic where a frictional damping is acting while the
other one possesses a viscoelastic component with a memory with past history.
They establish exponential stability for the solutions of the problem. In [65],
the authors analyze a transmission problem of the wave equation (Fig.
with linear dynamical feedback control. They prove that the energy of sys-
tem exponentially decays. In [122], the authors investigate a locally coupled
wave equations with only one internal viscoelastic damping of Kelvin—Voigt
type. The damping and the coupling coefficients are non smooth. They show
that the energy of smooth solutions of the system decays polynomially. In
[18], the authors consider a wave-wave system, in one space dimension, with
frictional damping. They study the wave propagation in a medium with a
component with attrition and another simply elastic, and show that for this
type of material, the dissipation produced by the frictional part is strong
enough to produce exponential decay of the solution, no matter how small is
its size.

There are several works about transmission problems that involve these
plate-wave equations, here we mention some. In [70], Hernandez works on a
semi-linear problem of initial and boundary values, this models a thin elastic
plate coupled with an elastic membrane, considering homogeneous bound-
ary conditions. Using semigroup theory, the author obtained existence and
uniqueness of weak solutions. In [68], Hassine studies a transmission problem
of a membrane coupled with an Euller—Bernoulli plate which has a localized
Kelvin—Voigt damping, the membrane surrounds the plate (see Fig. . He
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proves that sufficiently smooth solutions decay logarithmically. Afterwards,
in [71], the authors work in the Hassine system but adding the rotational
term in the plate. They show that the energy of the transmission system is
stable with logarithmic decay. In [63], the authors investigate a transmission
wave-plate model with different localized frictional damping, in their struc-
ture the plate is next to the wave. They show respectively that the energy
of the system decays polynomially under some geometric condition when the
frictional damping only acts on the part of the plate, and the energy of the
system is exponentially stable when the frictional damping acts only on the
other part of the wave. These same authors, in [64], study another plate-wave
system but now its structure is as in Fig. and obtained the same results
as in [63]. We further mention two works about plate-membrane transmission
problems with transmission conditions different from each other but with ex-
actly the same configuration of Fig. see [14] and [I5]. The plate in [15] is
isothermal and without rotational inertia, while in [I4] the plate may or may
not have temperature and rotational term. Both works have stability results,
but in neither of them is analyticity treated, perhaps because the frictional
damping that they place on the membrane is not strong enough to achieve
this type of result in the semigroup associated with their problem.

In this document there is an extensive analysis of a transmission problem
constituted by a thermoelastic plate-membrane structure with the configura-
tion of Fig. [l.1l In the presence and/or absence of inertial term, structural
damping for the plate and Kelvin—Voigt damping on the membrane, we show
results of existence and uniqueness of solutions, regularity and asymptotic
behavior. These results complement what is already in the literature. Addi-
tionally, we establish that the semigroup associated with problem —
is analytic when v = my; = 0 and my > 0. For more details see the next
section.

1.4 Document structure

The document contains five chapters. In the first of them, the transmission
problem is described, some literature on the subject is presented and are
mentioned the results obtained in the thesis.

In Chapter 2] the reader will find the fundamental function spaces for the
development of this work. We consider Sobolev spaces with some of their
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properties, among which we mention those regarding continuous immersion,
integration formulas, and important inequalities that satisfy some of their
elements. There is a brief mention of some semigroup results regarding gen-
eration, stability and analyticity. Subsequently, Stone’s theorem for group
generation is given. The theory of interpolation-extrapolation scales is pre-
sented concisely but providing references where the details of the mentioned
results are carried out. The chapter continues with a section devoted to
powers of positive self-adjoint operators and follows with some theory about
regular elliptic problems to establish a characterization that satisfies the do-
mains of powers of operators that are realizations of some elliptic operator.
We end with a result taken from [I5] containing the estimate (2.30]), that
comes from a boundary value problem, which is used in the last two chapters
to obtain polynomial stability and analyticity.

Chapter [3| is dedicated to an entire analysis that leads to the existence,
uniqueness and regularity of the solutions of the transmission problem. This
is achieved by introducing operators defined in appropriate spaces that sat-
isfy properties that allow establishing a Cauchy problem to which semigroup
theory can be applied to prove existence and uniqueness of solutions. These
results are in Section [3.1|and correspond to the well-posedness of the problem
— when v > 0 and my,my > 0, and in the case v = m; = 0 with
mg > 0 (see Theorem and Remark [3.16). In the second section of the
chapter regularity results appear that will be very useful to obtain asymptotic
behavior of the solutions of some transmission problems. One of them can be
seen in Remark , which contains the estimate that we will use in
the next two chapters in the proofs of strong stability, of polynomial stability
and in the one of analyticity. The main result of Section is Theorem |3.18],
for its demonstration we follow the ideas of the proof of Theorem 1.2 in [10],
there we get a shared regularity that v and v; win when ms > 0 and we
establish that for smooth data — are satisfied in the strong sense of
the trace, which will depend on the consideration or not of the parameters -,
my and my. Remark indicates the regularity that the components of the
solution have when the initial data are taken with less smoothness compared
to those of Theorem [3.I8]

In Chapter [4, the stability of several plate-membrane type transmission
problems is analyzed, depending on the types of damping that the structure
possesses. In Section , using a general criteria of Arendt and Batty (see
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Theorem we show that our problem possesses strong stability when
the membrane has the Kelvin—Voigt damping (ms > 0) and in the struc-
ture it is considered the Kirchhoff plate with or without structural damping
(my > 0), or the Euler-Bernoulli plate without structural damping (m; = 0),
see Proposition [4.2] and Proposition 4.5 The Remark and Remark
highlight the role of the thermal effect on the plate in achieving this sta-
bility result. In Section , employing a well-known characterization (see
Theorem we establish by contradiction the exponential stability of the
solutions of the plate-membrane system when the inertial term and the me-
chanical dampings are considered, that is, the constants v, m; and my are
all positive, see Theorem In Section [4.3] we prove that the system con-
formed by a undamped membrane coupled to a thermoelastic Kirchhoff plate
with or without structural damping lacks exponential stability (see Theorem
4.15)). To obtain the absence of this asymptotic behavior, we apply Theorem
4.17] and for this we make use of Stone’s Theorem on unitary groups, the
interpolation-extrapolation scales theory and compactness arguments. But
in Section [£.4], for v,m; > 0 and my = 0 we prove polynomial stability when
we consider the geometric condition . We base the proof on a multiplier
method and then we apply a generalization due to Munoz Rivera and Racke
(see Theorem of the well-known Borichev and Tomilov characterization
on polynomial decay, see Theorem 2.4 in [25].

In Chapter 5], we proof by contradiction the existence of an analytic semi-
group associated with a transmission problem of a plate without rotational
term that has a thermal effect coupled to a membrane that has a global vis-
coelastic Kelvin—Voigt damping. In other words, the solutions of the system
— are analytic functions when v = m; = 0 and my > 0. This can be
proved thanks to the Liu and Zheng analyticity criterion, see Theorem [2.46]
The main result of this chapter is Theorem and as a consequence we have
a regularizing effect of the solutions and a couple of corollaries (see Corol-
lary and Corollary . We end with Remark which indicates the
non-analyticity of a semigroup associated with our plate-membrane system.

1.5 Generalities

Throughout the thesis, C' represents a positive constant which is not neces-
sarily the same every time it appears, it can change from one line to another
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line. If X and Y are topological spaces, then the collection of all bounded
linear operators from X to Y be denoted by £(X,Y). We shall write £(X)
instead of £(X, X). In this work the term domain means open and connected
subset of R”, which is different from the concept of the domain of a function.

Let X and Y be two locally convex spaces such that X C Y so that the
identity operator id : X — Y is continuous. Let A: D(A) CY — Y be a
linear operator. The X -realization of A, denoted by Ay, is the linear operator

Ax :D(Ax) C X - X given by Axx = Az,

where D(Ax) = {x € XN D(A) : Az € X}. It is easy to see that if A is
closed then Ay is closed. This definition is taken from [5, p. 7].

Let X be a Banach space and A : D(A) C X — X be a linear operator.
The smallest closed extension of A, if it exists, is called the closure of A and is
denoted by A. Operators having a closure are called closable. This definition
is taken from [48, Definition A.7].
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Preliminaries

In this second chapter, the reader will find notations, definitions and results
that will be used later.

2.1 Basic spaces

This section has the purpose of presenting the Sobolev spaces in a structured
way. In addition, we will establish important properties of these spaces. It is
known that these elements are used in the formulation of problems of partial
differential equations. Some concepts and properties given here can be found
in 11, 55 (72, 123, 137].

Let Ny := NU{0} and n € N. A multi-index o is an n-tuple of non-negative
integers, this is, a = (a1, ag,...,a,) € Nj. We denote |af = > 7 a;. As
usual J; represents the partial derivative with respect to the j-th variable z;.
We set

no plel
0 =110 ==———.
jl:[l I Ox* - - Qxon

If o = Oy, then 9% is the identity operator. Let k € Ny and {2 C R" be an
open set. C¥(2) denotes the vector space of all functions f : Q — C such
that 0%f :  — C are continuous for every a € Nj with |a| < k. Note that
C(Q) == C°Q) is constituted by continuous complex-valued functions on €.
We define C*(€2) as the space of all functions f € C*(€2) such that 9 f extends
continuously to the closure Q for || < k. We fix C*(Q) = N,, C*(Q). The
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support of f:Q — C is given by
supp f = {x € Q: f(x) # 0}.

The space formed by the functions of C'*°(£2) that have compact support in 2
is denoted by C'2°(€2) and its elements are called test functions. We say that
a sequence (p;) oy i C°(§2) converges to zero if the following two conditions
are satisfied:
i) There is a compact subset K of € such that supp ¢; C K for all j € N.
i1) 0%p; — 0 uniformly in K for every a € Nj, this is,

m%?\a @i(z)] = 0 as j — oo for all @ € Nj.
€

The space C2°(£2) equipped with this notion of convergence is symbolized by
2(Q). The topological dual 2'(Q) = L(2(Q2),C) of Z(Q) is called the space
of distributions on €. The complex value of T' € 2'(Q) on ¢ € C°(Q) is
denoted by (T, ). Note that the continuity of a linear map 7" of Z(Q2) in
C is equivalent to: For every sequence (g;); .y convergent to zero in Z(2)
we have that (T, ¢;) — 0in C. For a € Nj and T' € 2'(Q2), we define the
distributional derivative 0“T by

(0°T, ) == (=1)“NT, 0%¢) for any p € 2(Q).

Suppose that 1 < p < oo. The space of all equivalence classes of Lebesgue
measurable functions u : € — C such that |u|P is a integrable function on 2
will be denoted by LP(£2). This space endowed with the norm

1/p
el oy = ( / \u(a:>rpdas)

is a Banach space The space L?(Q) considered with the inner product
(u,v) £2(9) = Jo u( x)dzx is a Hilbert space.

The space L},.(Q2) consists of all functions f : © — C such that the
integral [, |f|dx is finite for each compact subset K of Q. If f € L}, (Q), we
say that f is locally integrable on Q. Each u € L}, () defines a distribution
T, € 2'(2) given by

(T ) = / u(@)p(z)dr, € D(Q).
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We shall write u instead of T,. Due to LF(Q) C L}, (), we can consider any
function of LP(Q2) as a distribution.

The Sobolev space of non-negative integer order W*?(€2) is composed of
all functions v € LP(Q2) whose distributional derivatives 0%u € LP(2) for all
|| < k. We introduce the following norm on W*?(():

1/p

[ellrni) = Z 10%ullLo(q)

la| <k

In particular, H*(Q) := W*2(Q) is a Hilbert space with the scalar product
(s ) i) = D jag<h (0°U; 0%0) 12y Note that HO() = L*(Q). Let ki, ks €
N with k; > ko, then we have the strict inclusions

H"(Q) c H>(Q) Cc L*(Q),
see Remark 1.2 in [89 p. 3].

Next we define some non-negative real order Sobolev spaces. Let s > 0.
We shall denote by [s] the integer part of s (i.e., [s] .= max{z € Z : z < s})
and by o its fractional part. So, s = [s] + ¢ with 0 < o < 1. The Sobolev
space H*(2) is defined as W*?%(Q)) provided that s € Ny and if s ¢ Ny then
H*(2) contains all functions v € HI(Q) that have finite norm ||u

Hs(Q)
which comes from the following inner product:
(u, U)HS(Q) = (u, U)H[sl(g) + (u, U)Hs,v(g) 5
where
(0" u(z) — 0%u(y))(0*v(x) — 0*v(y))
(ZL,U)HS,U(Q) = Z /Q/Q P—T dzdy.

|a|=[s]

The pair (H*(S2), (-, )ms(0)) is a Hilbert space. Other definitions of these
spaces are in [2, Subsection 5.1], [89, p. 40] and [118, p. 49]. In the liter-
ature we also find the W*P(Q) spaces, see for example [45, Section 6]. We
put W5(Q) to denote the closure of C°(Q2) in W*P(Q). We set HY(Q) =
WE2(Q). Tt can be proved that (HF(Q), (-, ‘Jmk(e)) is a Hilbert space. The
dual of HY(2) is denoted by H*(Q).
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We continue this section with a space which is constituted by abstract
functions or vector-valued functions (see, e.g., [35, Subsection 1.1.4], [44]
Chapter 3] or [78, Chapter 1]). Let X be a Banach space, 1 < p < oo and
(a,b) € R. The symbol LP((a,b),X) denotes the space of all equivalence
classes of strongly Bochner-measurable functions u : (a,b) — X such that
t — |lu(t)||x belongs to LP(a,b), which is a Banach space with the norm

b 1/p
il = [ Tuoat)

When p = 2 and X is a Hilbert space, then L?((a,b), X) is a Hilbert space
with the scalar product

(0 0) o) = / (ult), v(t)) x dt.

7'((a,0), X) =
butions T : D (a

T e 7((0,8), %)

L(Z(a,b), X) denotes the space of all vector-valued distri-
b) — X. The vector distributional derivative of order k of
denoted by T™ | is defined as

(T® @) = (=1)(T, ™) Vo € D(a,b),

where p*) = dfp/dt*. The previous equality holds in X. Now, if u €
LP((a,b), X) then @ : Z(a,b) — X given by

is a continuous linear mapping, this is, v € 2'((a,b), X). The above integral
should be understood as a Bochner integral (for details see [1, p. 206] or [47,
Appendix C]). The mapping LP((a,b), X) 5 u — u € Z'((a,b), X) is injective
and thus identifying u with u we obtain that

L*((a,b),X) C Z'((a,b),X),
see Section 1.3 in [89] p. 6].

We conclude this section with the Aubin—Lions—Simon lemma. Interesting
historical comments on this result can be found in [116].
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Definition 2.1. Let X and Y be two normed spaces such that X C Y. If
id : X — Y is continuous, we say X is continuously embedded in Y and write

X — Y. We use the symbol X %Y whenid: X = Yisa compact operator.

Theorem 2.2 (Aubin-Lions-Simon lemma). Let By, B, By be three Banach

spaces such that By < Band B By. Let 1< p,q < oo andt > 0. Let us
constider the space

W,.4((0,1); By, By) == {u € LP((0,t), By) : us € LI((0,t), B1)}

with the norm

Hu”wp,q((o,t);Bo,Bl) = HU’HLP((O,t),BO) + ||ut||Lq((0,t),Bl) )

where u; = du/dt. Then,
W,4((0,1); By, By) < LP((0,1), B).

Proof. See Theorem I1.5.16 in [27]. O

2.2 Regular boundaries

The boundary of an open set Q C R” is denoted by 99 = QN (R™ \ Q).
Here we will find properties, which depend on the regularity of 0f2, that
satisfy the Sobolev spaces defined over €2. One of these results is known as
Rellich-Kondrachov theorem. For a vector-valued version, see [0, Theorem
5.1]. Before presenting the theorem we will give Definition 1.2.1.1 of [62].
There a couple of types of functions are mentioned, among others, whose
definitions we present below.

Let & be an open set of R"~1. We recall that a function ¢ : & — R is said
to be Lipschitz continuous function or simply Lipschitz function if it satisfies

(@) — )] < Cla’ —y| forall ',y €0,

where the constant C' > 0 does not depend on z’ and 3. We say that ¢
belongs to the class C*! if it is k times continuously differentiable and its
derivatives of order k are Lipschitz functions.

23



Chapter 2. Preliminaries

Definition 2.3. Let €2 be an open subset of R". We say that 0€) is Lipschitz
(resp. of class C®1) if for every o € 0 there exists a neighbourhood V of z
in R™ and new orthogonal coordinates {y1, ..., y,} such that V' is a hypercube
in the new coordinates given by

V:{(y17"-ayn):_aj<yj<(lj,]_§j§n}’

and moreover there exists a Lipschitz (resp. of class C*1) function ¢, defined
on the set

V= {y/:(yl>"'ayn—1) F T < Y <aj’1 S]Sn—l}
and such that

lo(y')] < an/2 for every y' € V',
QNvV = {y = (y',yn) eV . Yn < @(y/)}’
NV ={y=0,yn) €V : yn=01)}.

Remark 2.4. The above definition means that, in a neighbourhood of z, Q2
is below the graph of ¢ and that the boundary 02 coincides with the graph
of ¢.

Theorem 2.5 (cf. [I08, Theorem 1.15]). Let Q be a bounded open subset of
R™ with a Lipschitz boundary. If s >t >0 and s —n/p >t —n/q, then

WP(Q) <= Wh(Q).

For 1 < p < oo and s € R, the boundary spaces W*P(0N2) are defined
in different ways which are endowed with a norm that makes them Banach
spaces; see Remark 4 in [40, p. 146], [62, Definition 1.3.3.2] and [107, p.
90]. We fix H*(9Q) = W#2(9Q), these spaces are rigorously introduced in
[56, Section 9.2], [72 Section 4.2], [89, p. 34] and [98, Section 2.7]. We put
LP(9Q) == W?(9R). Due to (7.17) in [89, p. 35], we can affirm that H*(d1)
is dense in L?(0N) for s > 0. When s > 0, the dual space of the antilinear
continuous functionals on H*(9€2) is denoted by H*(02). For the boundary
spaces H*(00) there is a result of compact embedding and consequently also
continuous.

Theorem 2.6 (cf. [72, Theorem 4.2.2]). Let Q be a bounded open set of R"
with a C** boundary and let t,s € R with |t|,|s| < k+1/2. Then,

H3(0Q) < HY(0Q) for t<s.
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2.2. Regular boundaries

There is a relation among the boundary spaces and the Sobolev spaces
given by the trace theorem, which is stated below.

Theorem 2.7 (cf. [62, Theorem 1.5.1.2]). Let Q C R™ be a bounded open
set with a C*! boundary. Let 1 < p < oo and s € R such that s — 1/p ¢ Z,
s<k+1and0<[s—1/p]=1. The mapping

— ou o
k1 ou -
CrE) S u (u‘aﬂ’ 8V’39’”"8ul‘89)

has a unique extension to a surjective continuous linear operator

!
v WR(Q) = [[ W2 (09),
§=0
where % is the j-order normal derivative of u on Of).
The operator v is called trace operator and its components are denoted by
Y0, V1, - - - » Y1 and known as trace of order 0, trace of order 1,..., trace of order;
respectively. So, for u € W*P(Q) we can write yu = (you, 1, ..., yu). Due
to Theorem [2.7, for certain Sobolev spaces Wi (€2) with regular boundary
0f) we have a characterization stated in the following result.

Theorem 2.8 (cf. [62, Corollary 1.5.1.6]). Let Q C R"™ be a bounded open
set with a C*! boundary. Let 1 < p < oo and s € R such that s —1/p ¢ 7Z,
s <k+1and0<[s—1/p] = 1. Then, u € W3*(Q) if and only if u € W*P(Q)
and

_ Ou Olu

Tov T ok

Green’s formulas for integration are given below. The following result is
known as integration by parts. A more general version can be found in Section
3.1.2 from [107].

Theorem 2.9 (cf. [62 Theorem 1.5.3.1]). Let 2 be a bounded open subset
of R™ with Lipschitz boundary 0. For w € W'P(Q) and v € WH4(Q) with
l<p<ooandl/p+1/q=1, we have

Q Q o0

for j =1,...,n. Herev; denotes the j-th component of v which is the unit
outer normal vector along 0f2.

U =0 on 0f).
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Remark 2.10. The product u in the integral over 02 should be understood
as (7u)(7v). The same holds in similar situations in the boundary integrals
that appear later.

Next we present an integration formula that will be widely used in this
work which is an easy consequence of Theorem [2.9]

Theorem 2.11 (cf. [62, Theorem 1.5.3.7]). Let Q2 be a bounded open subset
of R™ with a Lipschitz boundary. Then for every u € H*(Q2) and v € H (),
we have

/(Au)ﬁdm = —/ Vu - Vudz —|—/ (O, u)vdS, (2.1)
Q Q o9

where Au = 2?21 6]2u is the Laplace operator of u, Vu := (O1u, . ..,0pu) is
the gradient of u and 0,u denotes the derivative of u in the direction of v.

Corollary 2.12. Let 2 C R™ be a bounded open set with a Lipschitz boundary.
Then,

/(Au)@dx = / u(Av)dx + / [(0,u)T — u(0,v)]dS (2.2)
Q Q o0

for all u,v € H*(Q2).

Proof. An application of (2.1)) twice allows to get the desired formula. n

Identities (2.1) and (2.2)) are known as first Green’s formula and second
Green’s formula, respectively. The next theorem is an extension of Theorem

2111

Definition 2.13 (cf. [49, APPENDIX C]). Let U C R" be open and bounded
and k € N. We say that the boundary U is C* if for each point x € U
there exist 7 > 0 and a C* function ¢ : R"~! — R such that -upon relabeling
and reorienting the coordinates axis if necessary- we have

UNB(xz,r) ={x € B(x,r): x, > ¢(x1,...,25-1)},

where B(z,r) = {y € R" : |z — y| < r}. We also say that U is a boundary
of class O or simply C*-boundary OU. The boundary OU is of class C™ if
it is C*-boundary OU for all k € N.

Theorem 2.14 (cf. [21, Lemma 8.2.4]). Let Q C R™ be a bounded domain
with C%-boundary 0Q. For uw € H'Y(Q) with Au € L*(Q) and v € H(Q), we
have that

/Q(AU)ECZI’ = — /Q VU, . V@dl‘ + <8VU, U>H*1/2(8Q)XH1/2(6Q) . (23)
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Remark 2.15. In Theorem [2.14] Au is a regular distribution generated by
a unique function f € L?(Q) through the expression

(Au, ) = /Qfadx, p e C(9).

In this case, f is denoted by Au.

In [62, p. 62], formula (2.3]) appears but now: v € H(Q) with Au € LP(Q)
and  being a bounded open subset of R® with a C''! boundary.

The following result is an integration formula known as Rellich identity
and it is a immediate consequence of Corollary 2.1 in [I00]. This formula will
allow obtaining a key estimate in the proof of polynomial stability in Section

E4

Theorem 2.16. Let 2 C R™ be a bounded domain with boundary of class
C?. Ifu € H*(Q) and h € C*(Q,R"), then

2 Re/ Au(h-Vu)der =2Re [ Ju(h-Vu)dsS — / (h-v)|Vul*dS
Q

o0N o0

+/divh|Vu|2das—2ReZ/&hj&vu@jﬂdx,
Q Q

ij=1
where divh :== 01hy + - -+ + Oph,,.

We continue this section with an integration formula involving the bounded
open set ; C R?, which has a boundary of class C*, from Section [1.1]

Proposition 2.17 (cf. [15, Lemma 2.1]). For u € H*(Q) and v € H?*({y)
such that w = 0,u=v =090, =0 on I, it holds

/ (A?u)vdr = u/ AulAvdr + (1 — u)/ V2u : V*udx
o o “ (2.4)

- / (H1u)0,0dS + / (PBu)vdS,
1 1

where
2, . \725 . = = =
Vou : VU = Uy 0, Vpyy + Uaozo Vaozs + 2Uszy 20 Vo - (2.5)
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Generalizations of the previous result can be found in [3], formula (2.13),
or in [128], identity (3.1). Next we give the version of the first reference,
which we will use in Subsection B.1.21

Proposition 2.18. Let Q C R? be a bounded open set with boundary of class
C*. Ifu € H*(Q) with A%u € L*(Q) and v € H*(Y), then

/Q(AQu)@da: = (1 (Au, Av) o) + (1 — 1) /Q V2u : Vudx

— (P, aVU>H*1/2(BQ)><H1/2(OQ) + (Hou, U>H*3/2(8Q)><H3/2(8§2) :

2.3 Some useful inequalities

In [49] p. 706] appears the well-known Young’s inequality: Let p,q > 1 such
that 1/p+1/q¢ = 1. For a,b > 0 we have

1 1
ab < —af + —b7. (2.6)
p q
Proposition 2.19. Let aff > 0. For a,b > 0 we have that

apb < L a+f + Lbaﬂf' 2.7
“ _04~|—Ba a+f (27)

Proof. 1If af > 0, then p = aaﬂ > 1 and q = O‘TJgﬂ > 1 satisfy the equality
1/p+1/q = 1. Now, (2.7) follows from the application of (2.6] to the product
a®tp. O

Corollary 2.20. Let a,b >0 and a € (0,2). We have

a® b <ea®+ C,b° Ve >0, (2.8)

2—a

where Co o = 5 (22_60‘) o,

Proof. As 0 < o < 2, then (2 — a)a > 0. Let ¢ > 0. Applying (2.7) to the
right-hand side of the expression

5 2—a 9 a—2 a

2—apo € € 2

b* = b

¢ ( 2 — aa> [(2 — a) ] ’

we get (2.8)). ]
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2.3. Some useful inequalities

Now, we present a generalization of Theorem 1.4.4 in [95], see [I7], Propo-
sition 7.3] or [28, Theorem 1.6.6], followed by a simple proof.

Theorem 2.21. Let 1 < p < oo and let  be a bounded domain in R™ with
Cl-boundary 9Q. For u € W'(Q), the following estimate holds:

1 1-1
2l oony < C llulliyh ey Il ey (2.9)
with C being a positive constant independent of u.

Proof. By Theorem 1.5.1.10 in [62], there exists a constant C' > 0 such that
lullom) < C [ lulyiney + el | (210)

for any u € WP(Q) and for all 0 < € < 1. Note that (2.9) is trivially satisfied

if u=0. Let u € W'(Q) with u # 0. Taking ¢ = ”lmﬂﬂ, we obtain ([2.9))
wlp(Q)

from ([2.10]). O

Corollary 2.22. Let Q C R™ be a bounded domain with C*-boundary O5).
For any u € H*(Q), the following estimate holds:

1 2 1 2
10vtll 120y < C llull gy |Vl

with C being a positive constant independent of u.

Proof. Let u € C*(Q). Because of Theorem [2.21} we can write

Hal/u”LZ(aﬁ) < Z HyjajuHL?(@Q)

j=1
< C'max| V|Z 850l 72(cy 1050ll (e
< Cllul g2y 1Vl e

where C' = nC'max{|v(z')| : ¥’ € 0Q}. Since I € C*, then it satisfies the

segment pfmpert and thus C%(Q) is dense in H%(Q), see [I, p. 68]. This
density allows us to finish the proof. m

Lef. this concept in [123, Definition 2.1].
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In the next theorem, we present the well-known interpolation inequality
for Sobolev spaces. This result is the product of the combination of Theorem
2 of Subsection 4.3.1 in [120, p. 317], Remark 5 of Subsection 4.2.3 in [120,
p. 314] and part (f) of Theorem of Subsection 1.9.3 in [120] p. 59].

Theorem 2.23. Let Q be a bounded domain of R™ with C*-boundary. For
0 < sy <51 and0 <0 <1, there exists a constant C = Cy s, 5, > 0 such that

1-6 0
[l ra=orsivosa @) < C llull sy el oz 0 (2.11)

for all w € H**(2).

Next we present the Friedrichs inequality also known as the generalized
Poincaré inequality.

Theorem 2.24 (cf. [107, Theorem 1.9]). Let Q@ C R” be a bounded domain
with Lipschitz boundary. Let T' C 0Q with pu(I") # 0, where p is the (n — 1)-
dimensional Lebesque surface measure. Then, for u € H*(2) we have that

1/2
2 2
oy < € (Nulifaqey + IVulFz@p )

where the positive constant C depends only on €.

2.4 Semigroups and groups of bounded linear
operators

We will give some concepts (taken from the books [47, 48| 58, 05, 109]) and
results of our interest corresponding to the theory of semigroups and groups
of bounded linear operators, which have to do with generation, stability and
analyticity.

Throughout this section X will be a Banach space over C. The space
L(X) endowed with the usual operator norm is a Banach space.

Definition 2.25. A one-parameter family (7'(t)),», C £(X) is a semigroup
of bounded linear operators or simply semigroup on X if satisfies

i) T(0) = I, where [ is the identity operator on X.

it) T(s+1t) =T(s)T(t) for every s,t > 0.
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Definition 2.26. An operator A is the infinitesimal generator or simply
generator of a semigroup (71'(t)),5, when its domain is given by

D(A) = {x € X : lim w exists}

t—0t+

and -
Az = lim M

t—0t+ t

for x € D(A).

A semigroup (7'(t)),, on X is called strongly continuous semigroup or
simply a Cy-semigroup if

lim T'(t)x =x for every z € X.
t—0t

Proposition 2.27. Let (T(t)),-, be a Cy-semigroup and A be its infinitesimal

generator. If x € D(A), then T'(t)x € D(A) and

%T(t)x = AT (t)xr = T(t)Ax.
Proof. See part c) of Theorem 2.4 in [109] p. 4]. O

Proposition 2.28 (cf. [109, Corollary 2.5 on p. 5]). If A is the infinitesimal
generator of a Cy-semigroup (T'(t)),sq, then D(A) is dense in X and A is a
closed linear operator.

Let (T'(t)),s be a Co-semigroup. Due to Theorem 2.2 in [109, p. 4], there
exist constants w > 0 and M > 1 such that [|T'(t)[|zx) < Me* for all ¢ > 0.
When w =0 and M =1, (T'(t)),, is called Co-semigroup of contractions.

Let X’ be the dual of X. The value of 2’ € X’ at x € X is denoted by
(x,2")xxxr or {2/, x) x/«x. For x € X the duality set F(x) is defined as

Fla) = {a' € X' (o, hw = allk = |21 }

The Hahn-Banach theorem (complex case) allows to obtain the Corollary 1.3
in [29] when the vector space is defined over C. So, we have that for every
x € X there exists 2’ € X’ such that ||2'| v, = ||z]|x and (2, 2)x/xx = ||2||%-
In consequence, F(z) # () for every z € X.
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Definition 2.29. A linear operator A : D(A) C X — X is dissipative if for
every € D(A) there exists 2’ € F(x) such that Re(Az, 2') x«x < 0.

Theorem 2.30 (Lumer—Phillips). Let A : D(A) € X — X be a linear
operator such that D(A) = X.

i) If A is dissipative and there is Ao > 0 such that the range, R(A\ol — A),
of oI — A is X, then A s the infinitesimal generator of a Cy-semigroup of
contractions on X.

1) If A is the infinitesimal generator of a Cy-semigroup of contractions

on X, then RN — A) = X for all A > 0 and A is dissipative.
Proof. See Theorem 4.3 in [109] p. 14]. O
Theorem 2.31 (cf. [I09, Theorem 4.6 on p. 16]). Let A: D(A) C X — X

be dissipative with R(I — A) = X. If X is reflexive, then D(A) = X.

Remark 2.32. Let V and H be two Hilbert spaces over C such that V' <i> H,
i.e., V is dense in H and is continuously embedded in H. Identifying H with

. . d d
its antidual, we have V — H < V'’ and moreover

(f,v)vixy = (f,0)n (2.12)

forall f € H and v € V (see Observagao 4.11 in [32]). So, if in the definition
of dissipativity we put H instead of X, we have that A : D(A) C H — H is
dissipative if for any x € D(A),

Re (Az,x), <0.
Compare this remark with item (iii) from [48, p. 83].

Now, let A : D(A) € X — X be a linear operator and uy € X. The
abstract Cauchy problem for A with initial data ug is given by

{dl;—it) = Au(t) for t >0, (2.13)

u(0) = uyp.

Two types of solutions of the previous system can be considered, which will
depend on the choice of the initial data, thanks to the following two theorems.

Definition 2.33. A classic solution or simply solution of (2.13)) is a function
u : [0,00) — X such that u(t) is continuous for ¢ > 0 and continuously
differentiable for ¢ > 0 with u(t) € D(A) for ¢t > 0 and satisfying (2.13]).
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2.4. Semigroups and groups of bounded linear operators

Theorem 2.34. Let (T(t)),5, be a Co-semigroup of contractions on X and
let be A its infinitesimal generator. If ug € D(A), then (2.13) has an unique
solution u(t) = T'(t)uo, fort >0, such that

u € C(]0,00), D(A)) N C([0, 0), X),

where D(A) is equipped with the graph norm ||y, = |lz[|x + [|Az|y for
z € D(A).

Proof. See Remark 2.2.1 and Theorem 2.2.2 in [130]. O

Definition 2.35. A continuous function u : [0,00) — X is called a mild
solution of ([2.13)) if fg u(s)ds € D(A) for all t > 0 and moreover

¢
u(t) = A/ u(s)ds + uy.
0
Theorem 2.36. Let A be the generator of a Co-semigroup (T'(t)),5, on X.
If ug € X, then u(t) == T(t)ug is the unique mild solution of (2.13)).
Proof. See Proposition 6.4 in [47, p. 146]. O

Next we define the iterations of unbounded operators. Let n € N. The
n-th power A" of A: D(A) C X — X is defined successively as

Ay = A(A" 1),
D(A™) = {xz € D(A): A" 'z € D(A)},

where A° is the identity operator.

Theorem 2.37 (Regularity of solutions). Let A be the infinitesimal generator
of a Cy-semigroup of contractions on X. If ug € D(A¥), k € N, then the

unique solution of problem ([2.13|) belongs to

k

() C*(10, 50), D(A)).

=0
Proof. See Theorem 7.5 in [29] or Theorem 2.3.1 in [130]. O

Now we present some notions of stability followed by certain classical
characterizations. Subsequently, we give the concept of analytic semigroup
and an analyticity result for Cy-semigroups of contractions.
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Definition 2.38. Let (7'(t)),>, be a semigroup on X. Then, (T'(t)),, is said
to be strongly stable if

lim [|T(t)al]y =0, Vo€ X.

The next theorem corresponds to a simpler version of the well-known
general result for strong stability established by Arendt and Batty (see [8,
Theorem 2.4]). Before presenting the theorem we define a pair of sets. Let
A: D(A) € X — X be a linear operator. The resolvent set p(A) of A
is the set of all A € C for which A\l — A : D(A) — X is bijective and
(M — A)7t € L(X). The set o(A) := C \ p(A) is called spectrum of A.

Theorem 2.39 (cf. [47, Corollary 2.22 on p. 327]). Let us suppose that A is
the infinitesimal generator of a Cy-semigroup of contractions (T'(t)),~, on a
Hilbert space H. If A has no purely imaginary eigenvalues and o(A) NiR is
countable, then (T'(t)),s, is strongly stable.

Definition 2.40. A semigroup (7'(t)),., on X is called exponentially stable
if there exist constants w > 0 and M > 1 such that

1Tl zex) < Me™" for all t > 0. (2.14)

The following characterization for exponential stability is due to Gearhat
[57] and Priiss [113], see [05, Theorem 1.3.2]. An elementary proof of this
result, but now for bounded Cy-semigroups, can be seen in [41].

Theorem 2.41. Let (T(t)),s, be a Co-semigroup of contractions on a Hilbert
space H and A be its infinitesimal generator. Then, (T'(t)),, is exponentially
stable if and only if iR C p(A) and moreover
limsup [[(iA] — A)~* < 00. 2.15
AER, [A| =00 ”( Hﬂ(H) (2.15)
In case it is not possible to determine the exponential stability, one tries

to look for another type of asymptotic decay. Next we present the notion of
polynomial stability, which is slower than exponential stability.

Definition 2.42. Let (7'(t)),>, be a semigroup on X and A be its generator.
Then, (T'(t)),s, is polynomially stable of order v > 0 if there exists C' > 0
such that

[T@)z]lx < O[] pay (2.16)
for any ¢ > 0 and for all x € D(A). In that case, one says that (7(t)),s,
decays at a rate t=°. -
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2.4. Semigroups and groups of bounded linear operators

The following observation is based on comments made by Liu and Rao in
Introduction from [92].

Remark 2.43. The norm on the right-hand side of (2.16) can not be the
norm in X because if (T'(t)),>, is bounded, in particular it could be a Cp-
semigroup of contractions, then (2.16)) implies (2.14]). Indeed, let us assume

ITH)zlx < CElzlly, >0,

for all x € X. As limy oot = 0, then there exists ¢, € RT such that
ty® < 1/C and so [|T'(to)llzx) < 1. If (T(£));0 is bounded, there is C' > 1
such that [|[T(s)| zx) < C for all s > 0. Let ¢ > 0. By the division algorithm,
t = nyty + r; where ny € Ny and 0 < r; < ty. In consequence,

1T zxy = (T (t0))™ T(ro)ll x) < CNT ()l x) - (2.17)
IE[|T'(0)[| (xy) = 0, then (2.14) holds trivially. Let us assume [|T'(to)||z(x) # O.
From (2.17?, we get

Tl o) < CIT G0 1T ) ILS, -

Since 0 < [[T'(to)llz(x) < 1, we have ||T(t0)||£ x) > ||T(t0)||_”/t° > 1 (note
that —1 < —r;/tg < 0) and there is 6 > 0 such that 10111 ||T(t0)||£(X) = —0.

Therefore,
1Tl zx) < Me™,

where M = C || T(to) || z(x, > 1.

In [25, Theorem 2.4, Borichev and Tomilov have a characterization for
the polynomial stability of bounded Cy-semigroups. This result is extended
by Mufioz Rivera and Racke, now considering Cy-semigroup of contractions.

Theorem 2.44 (cf. [105, Lemma 5.2]). Let (T'(t)),»o be a contraction semi-
group on a Hilbert space H with generator A such that iR N o (A) is empty.
Then, for o € Ny and B’ > 0 fized the following assertions are equivalent:
i) There exist C > 0 and Ao > 0 such that for all A € R with |A\| > \o and
all F € D(AY) it holds

|GAZ — A7 F||,, < CINP || AY Fl . (2.18)
i1) There exists some C' > 0 such that for all t > 0 it holds
|7 A |y < CE T (2.19)
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Asymptotic behavior is also a characteristic of some analytic semigroups.
More precisely, the decay would be of the exponential type (see Corollary.
On the other side, analytic semigroups have the property of smoothing effect,
that is, the solution of is of class C'™ regardless of the irregularity of
the initial data (see [51), Introduction] and [104], Observacao 7.1.1]).

Definition 2.45. For 0 < 9 < m, we set ¥y = {A € C~ {0} : |arg \| < 9}.
A semigroup (7'(t)),», on X is said to be analytic if it admits an extension
T(\) € L(X) for A € Bg U {0} for some 0 < § < 7/2 such that

i) A+ T(A) is analytic on the sector 3.

i1) 29,151131)1\%0 |T(N)x — ||y =0 for every x € X and each 0 < e < #.

it)) TN+ p) = T(N)T () for all A\, u € .

Theorem 2.46 (cf. [95, Theorem 1.3.3]). Let (T'(t)),, be a Co-semigroup
of contractions on a Hilbert space H and let A be its generator. Suppose that
iR C p(A). Then, T(t) is analytic if and only if

limsup ||A(IA] — A

AER, |A| o0

)—1\}5(}0 < o0 (2.20)

holds.

We continue with some notions about groups of bounded linear operators
and close with a classical result of group generation which was initially proved
by the American mathematician Marshall Harvey Stone in 1932.

Definition 2.47. A one-parameter family (7(t)),.g C £(X) is a Co-group
or simply group on X if it satisfies

i) T(0)=1.

i) T(t+s) =T(t)T(s) for any t,s € R.

i1i) limy_,o T'(t)x = z for x € X.

Definition 2.48. The infinitesimal generator A : D(A) C X — X of a group
(I'(t)),cg on X is the operator

Az = lim 1 [T(t)x — ]

t—0 t

defined for every x in its domain

D(A) = {x € X :lim % [T(t)z — ] exists}.

t—0
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Before giving Stone’s theorem, we will recall some definitions. Let H be
a complex Hilbert space and A : D(A) C H — H be a densely defined linear
operator. The set

D(AY) = {y € H:3y" € H such that (Az,y), = (z,y")y Vo € D(A)}

is a vector subspace of H. Since D(A) = H, then for each y € D(A*) there
exists an unique y* € H such that (Az,y), = (z,y")y for all 2 € D(A). The
adjoint of A denoted A* is given by A* : D(A*) — H with y — A*y = y*. It
can be easily proved that A* is a linear operator. Note that

(Axa y)H = (ZL’, A*y)H

for all z € D(A) and for any y € D(A*). For details of the above statements,
see for example [32, p. 292-294] and [56], p. 313]. The operator A is said to
be self-adjoint it A = A*. The operator A is called skew-adjoint if and only
if iA is self-adjoint, i.e., A* = —A since (AA)* = AA* for all A € C (see (i) of
Proposicao 5.97 in [32]).

Definition 2.49. Let H be a Hilbert space. A bijective linear operator
U:H — H is unitary if U* = U™,

It is easy to prove that U is unitary if and only if U is an isometry and
R(U) = H. So, if U is unitary then U is a bounded linear operator.

Theorem 2.50 (Stone). Let A: D(A) C H — H be a densely defined linear
operator on a complex Hilbert space H. Then, A generates a unitary group
(I'(t)),er on H if and only if A is skew-adjoint.

Proof. See Theorem 3.24 in [4§]. O

2.5 Interpolation-extrapolation scales

Let X be a Banach space and A : D(A) C X — X be a closed linear operator
with 0 € p(A). Since A~! € L(X), then £ — [|A7*¢]| defines a norm on X
such that [|[A71¢]l, < C||€]| for each £ € X. Equivalence of norms cannot
be guaranteed between || - || and ||[A™|| on X. By Theorem 2.3-2 in [77],
the normed space (X, [|[A™!||) has a completion

(Xon [ 11y) = (X, HA_l'”X)N ,
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called the eztrapolation space of X generated by A, which is a Banach space
such that X <% X_1 with ||€]|_, = [|A7*¢]| for any € € X, see [3, p. 262].

Let us suppose that the operator A is the infinitesimal generator of a
Co-semigroup (7'(t)),o on X. For each ¢ > 0,

T(t): X C Xy — X_y

is a densely defined bounded linear operator. The extension by continuity
(see, e.g., [32, Teorema 2.42]) implies that there exists a unique extension
of T'(t) to X_;, which is denoted by 7" (¢). The family (7_1(t)),s, is a Co-
semigroup on X_;, called eztrapolated semigroup in X_;, whose generator
Ay :D(A_;) C X_; — X_4 is an extension of A with domain D(A_;) = X
such that 0 € p(A_;), see [47, Theorem 5.5] and [I17, Proposition 4.2].

Definition 2.51 ([48, Definition A.12]). Let X’ be the dual space of X. As
the domain of A is dense in X, the adjoint operator A’ : D(A’") € X' — X’
exists and is given by

D(A") ={2" € X': 3y € X' such that (Az,2') = (z,y') Vo € D(A)},
A'z' =y for all 2’ € D(A").

Here (-, ) == (-, ) xxx’-

If X is reflexive, then A’ : D(A") C X’ — X' is a densely defined close
linear operator such that p(A4’) = p(A). We set X¥ = X', A* .= A’ and
X! = (D(AY), ]| A% - || x2), see Section 1.2 and Section 1.4 in [5, Chapter V).
Thanks to Corollary 1.4.7 in [5 p. 271], the space X 1 is the dual space of
D(A'), ie., X1 =[D(A")].

For m € Ny arbitrary but fixed, we have that the extrapolated discrete
power scale [(Xy, Ag); k € ZN[—m,00)] of order m is well-defined and it is a
densely injected Banach scale. For details, see Section 1.3 in [5, Chapter V].
Here,

o o k=0
k=
(X[ 1l)™ if k<0,

where ||z, = ||A*z||, for x € D(A*) and k € Z. A}, is the Xj-realization of
A if k > 0 and the closure of A in Xy, if k£ < 0. Putting T (¢) = T<t)‘xk and
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denoting T, (t) as the continuous extension of T j;1(t) to X_y, for &k > 0,
the following diagram we obtain

Ay X, Ay X, Ao X, Ay X, Ao
\Tz(t) ‘Tl (t) ‘Tg(t) \T_l(t)
At X2 At X1 AGt Xo A”L X A7

For 0 < 0 < 1 consider an admissible interpolation functor (-,-)y of exponent
6, e.g., the real interpolation functor, the complex interpolation functor or
the continuous interpolation functor, see Section 2 in [, Chapter I] and the
references therein. Let o ==k + 6 with k € Z N [—=m, 00). Defining

Xo = (Xi, Xig1)o
and A, as the X,-realization of A, one has that X, is an intermediate space
between Xj1 and Xy, and [(X,, Aa); @ € [—m,00)] is a densely injected

Banach scale, which is called the interpolation-extrapolation scale of order m
generated by (X, A) and (-,-)g. See Theorem 1.5.1 in [B, p. 275]. Therefore,

Xo <5 X,

provided that o > 3. Additionally, if A= : X — X is a compact operator
then the previous interpolation-extrapolation scale is compactly injected, i.e.,
Xaéngora>5.

2.6 Powers of positive self-adjoint operators
Here we indicate when a self-adjoint operator is positive and present some

properties that satisfy its fractional powers. Along this section H denotes a
Hilbert space.

A self-adjoint operator A : D(A) C H — H is said to be positive if there
exists 0 > 0 such that

(Az,x), > 6 ||z|5 forall x € D(A). (2.21)
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Remark 2.52. If A : D(A) — H is a positive self-adjoint operator, then
Lemma 4.31 in [97] implies that (—o0,d) C p(A) and moreover

[ = )| € <y for A< (2.22)

where ¢ is the positive constant of (2.2I). Putting ¢(\) == 1=, it follows
that ¢(A\) converges to 1, as A — —oo, and so there exists \g < 0 such
that |p(A) — 1| < 1 for any A < A\g. Note that the function A — ¢()\) is
continuous on the compact interval [Ag, 0]. Therefore, one obtains that there
exists M > 1 such that

1—-A

Obviously (—o0,0] C p(A), and the inequalities (2.22) and ([2.23)) imply that

[(A— A for X <0.

M

-1
) 7 o < T

Suppose A : D(A) — H is a positive self-adjoint operator. Then, 0 € p(A)
and Remark[2.52]implies that A is a positive operator in the sense of Definition
4.1 in [97] or Definition in Subsection 1.14.1 of [120], and is also positive of
type K (see [B, p. 147]). The spectral theory allows to define the fractional
powers of A. The previous affirmation appears, for instance, in [I18] p. 57].
It is known that A®* : D(A®) C H — H is positive self-adjoint operator for
s > 0. The space D(A?®) is endowed with the inner product

(u> U)D(AS) = (Asua ASU)H (224)

for all u,v € D(A®) and for any s > 0, which makes it a Hilbert space
because A® is closed and since the norm induced by (2.24), denoted || - || 5 1),
is equivalent to the graph norm |- |[p(as). It can be easily proved that the
isometric isomorphism

A:H — [D(A)] given by (A&, O ipay<n = (€, AC) (2.25)
is a extension of A which is called standard extension of A.

The following theorem collects some of the properties that the positive
self-adjoint operators satisfy, which can be found in [5, Section 4.6], [97,
Chapter 4], [118, p. 57] and [120, Subsection 1.15.2].
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Theorem 2.53. Let A: D(A) C H — H be a positive self-adjoint operator.
Their fractional powers satisfy the following properties:

a) If s1,80 > 0, then At As2x = AS152 for each x € D(A%152).

b) If s3> s1 > 0, then D(A%) <5 D(A%) <% H.

c) If D(A™?®) == [D(A®)]" for s > 0, then A**7%2: D(A*') — D(A*) is an

1somorphism Vsq, so € R with s1 > ss.

2.7 Elliptic and boundary operators

This section recalls fundamental aspects of elliptic boundary value problems,
and is largely based on Chapter 2 of [89]. Let Q be a bounded domain in R™
with boundary of class C'*° and let

A(Dyu = Y auDu (2.26)
|a|<2m

be a linear differential operator in {2 of order 2m. Here v :  — C, a € N,
m €N, a, € C and D* := (=)0, Its principal symbol is the polynomial
A%(E) = 37 0jmam Gal®, Where £ € R™ and £ = &7 - &

Definition 2.54. The operator A is said to be elliptic if the following holds
A%(€) #£0, V¢ € R™ ~\A{0}.

If moreover for every linearly independent couple of vectors & and & of R,
the polynomial A%(&; + (&) in the complex variable ¢ has m roots with
positive imaginary part, then A is called properly elliptic.

Example 2.55. It is well known that the Laplacian A and also the Bi-
Laplacian A? are properly elliptic (see, e.g., Section 3.2 in [12]).

Let By, By, ..., By, be boundary operators of order m; with j =1,...,m,
respectively, defined as follows

Bj(D)v:= Y bjsD’v, (2.27)

|B|<m;

where v : Q — C, 8 € Np, bjs € C and DPv must be understood as vo(D%v),
and whose principal symbols are given by B?({) = Z|ﬂ|:m,- b;s€®. In this
part of the document I' is considered as a subset of 0.
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Definition 2.56. The system of operators {B; }1<j<n is a normal system on
' if the system satisfies the following two conditions:
a) For z € T, it holds BY (&) # 0 for any 0 # £ € R” normal to I at z and
forall 1 <j <m.
b) m; # m; for i # j with 1 <4, j < m.

Definition 2.57. The system {B; }1<j<n covers the operator A on T if for all
x eI, all 0# 7 € R” tangent to I' at z, and all 0 # n € R” normal to " at x,
the polynomials C > { — szmj bis(T+(n)? with j =1,...,m are linearly
independent modulo the polynomial [];",[¢ — ¢ (7,n)], where ¢ (7,7n) are
the roots of the polynomial A%(7 + (n) with positive imaginary part.

The operator A of ([2.26]) and the boundary operators of ([2.27]) constitute
a system called boundary value problem, which is given by

(2.28)

Au=f in €,
Bj'LL = gj on 89,

and denoted by (A, By, ..., B,,). Here f and g; are given functions belonging
to suitable spaces.

Remark 2.58. The general theory of boundary value problems is developed
for boundaries of class C'*°. This assumption allows to prove general results.
However, in some cases we do not need too much regularity on the boundary

(see, e.g., Proposition and Remark (3.17)).

Definition 2.59. The problem (2.28) is a regular elliptic problem if and only
if A is properly elliptic in €2, the operators B; have order m; < 2m — 1, the
system {B,}1<j<m is normal on 0 and covers the operator A on 0f2.

Suppose the system (A, By, ..., By,,) is a regular elliptic problem and now
consider A : D(A) C L*(Q) — L*(9) defined as follows:

D(A) ={u€ H*™Q) : Bj(D)u=0o0n9Q for j =1,...,m},
Au = A(D)u.
The space D(A) is endowed with the graph norm. The operator A is called

the realization of A in L?(Q2) under the boundary conditions {B;}1<j<m. The
space D(A) will be denoted by HZ™(2) when it is equipped with the norm
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of H*™(Q). As |-|pwy ~ I llg2m on D(A), where ~ means equivalence in
norm, then the following characterizations hold:

D(A%)

[D(A), L*()]1-¢ = [HE"(2), H* ()10

o g (229)
:{UGH (Q) : B;(D)u =0 on 042, mj<2m9—§}

for 0 < 6 < 1. A summary explanation of how to get the previous equalities
can be seen in [23| p. 172] or [87, p. 284]. Here [X Y] with 0 < 6 < 1,
is the complex interpolation space defined for an interpolation couple (X,Y)
consisting of complex Banach spaces X and Y. See [97, Chapter 2] and [120,
Section 1.9] for details.

Next, we present a proposition that treats a boundary value problem
defined in €; with mixed boundary conditions (£2; as in Section . In
addition to guaranteeing the existence and uniqueness of the problem, this
result offers an estimate that will be very useful later on.

Proposition 2.60 (cf. [I5, Corollary 4.3]). Let f € L*(Q), g1 € H"/*(I),
g2 € HY(T"), hy € H3?(I) and hy € HY?(I). Then for sufficiently large
Ao > 0, we have that the boundary value problem

(/\0 + AQ)U, = f in Ql,

u=g¢g; on I,
d,u=g¢go on I,
HBru=hy on I,
PBou = hy on I,

has a unique solution u € H*(Qy). Moreover, the a priori-estimate

||U||H4(Ql) < C( HfHL?(Ql) + ”91||H7/2(r) + ||92||H5/2(r)

(2.30)
+ 1l ey + Whall rary )

holds with a constant C' > 0 which depends on \g but not on u or on the data.
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Chapter 3

Well-posedness and regularity
of the solutions of a
plate-membrane system

Using semigroup theory of linear operators it will be proved that the plate-
membrane transmission problem with initial conditions — has a unique
solution, either a classical or a weak solution depending on the choice of the
initial datum, the Lumer—Phillips theorem being the key tool for this purpose.
In addition, the regularity of the solutions will be established.

3.1 Existence and uniqueness of the solutions

In this section the system — will be written as an abstract Cauchy
problem. For that, certain linear operators defined on appropriate function
spaces are necessary. The energy of the system (L.I)-(1.7) is what allows
these spaces to be determined, which is defined by

1
B, (t) = 3 Bip| Aul® + Bi(1 — p)[VZul + pi|w|* + 7|V, |* d
951
1 ) , 1 ) (3.1)
+5 | BalVUl* + polve* de + 5 | polf]? da,
2 Qs 2 O

where |V?u|? := V?u : V2u. The above notation was introduced in (2.5).

All the spaces given in this document are taken over the field of complex
numbers. Let k be a natural number. We start by considering the following

45



Chapter 3. Well-posedness and regularity of the solutions of a plate-membrane system

space HE() = {w € HHQ): 22 =0 onT for j=0,...,k— 1}. For the

particular case k = 2 one has that the space HZ(£2;) endowed with the inner
product

(w, w)H?( o) = H(Aw, AW) 2 ) + (1 — 1) (Viw, V?0)

L2 ()t
where
(Vu, VQ'U)LQ(QI)4 = . Vu : Vudz, (3.2)
is a Hilbert space. Indeed, if u,v € HZ(€;) then
(us v) g2(q Z/ O*ud*v dx = (u,v) 21,y + (VU, V) 129, 2
al<2 (3.3)

+ / u:vl:vlvzlxl + uxlngxlxg + uxg:vzﬂxgxg dz.
1971

Due to u = d,u = 0 on I, it is easy to see that Vu = 0 on I' and therefore
Uz, = Uy, = 0 on I'. By Friedrichs inequality or Corollary 5.5 in [17],

2 2 2
IVullze )2 = Nt 720y + [t 720,
2 2
< 02( Vg, ”LQ(Ql)Q + ”VszHLQ(Ql)Z’) (3.4)
2
< 2C% || V2| g0

By (3.2)-(3.4) and again Friedrichs inequality,
2 2 2 2 112
[ullz .y < llullpoq,y + [IVUllzaq, )2 + ||V2UHL2(91)4 < Cllullyz,y - (3-5)
Holder’s inequality allows us to write
HUHH2 (91) / ’umm’ + 2 Re(tzy 2y Uryy) + ’ux2x2’2d33

+ (1 o ﬂ)/ﬂ ‘uxlm‘ + ’uﬂczxz’g + 2’”@@’ dr < 4 HUH?‘I?(QQ :
1

This shows that || || () and | [l y2(q,) are equivalent norms on H2(Qy).
Theorem [2.7] guarantees that H2(Qy) is a closed subspace of H?(Qy).
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Let n = pll. If the inertial term is present on the plate, that is v > 0,
then Hy,(€:) will be the space Hy(Q;) and when v = 0 it will be L*(Qy).
For n > 0, the space Hy,(€;) is endowed with the scalar product

(U), {E)Hrl*,n(gl) = (w, ﬁ;)L2(Ql) + 77 (Vw, V{D)L2(Ql)2 .

Note that || - || 10, and || - [|71(q,) are equivalent norms on the space HE(Qy).

The continuity of the zero order trace operator H'(Q;) > u + you € HY*(T')
allows us to prove that HL(€;) is a closed subspace in H'(§2;). Therefore,
(HE (), (-, -)H%W(Ql)) is a Hilbert space for any 7 > 0.

Based on the expression (3.1]), the energy space or phase space is defined,
which is presented below. For n > 0, we set

o = {90 = (1,92, 03,01, 05) | € 23y 1 1 = 3 on I},

where 2, = HE(Qy) x Hf, () x H (Qy) x L*(2) x L*(€4). The energy
space is equipped with the inner product

(SO, w)% ::51 (SOI, wl)H%(Ql) + P1 <9027 wQ)Hll,n(Ql) + ﬁ2 (VSO?); v¢3)L2(Qz)2
+ p2 (@4, 1/14)L2(92) + po (9057 ¢5)L2(Q1)

for all ¢, € . It is easy to see that the operator T : Z; — HY*(I) given
by T'(1, 2, ©3, P4, P5) = 1 — 4,03‘[ is linear, and also continuous thanks to
the trace theorem. As 7%, = T~1({0}), then .7 is closed in 2;. By Theorem
and the trace theorem,

2 2 2
sl < € (Il + 19651 2,0)

for ¢ = (¢1, @2, p3, pa,5) € 4. This allows us to prove that there is C' > 0
such that [|¢| ,. < C'[[¢]] 4, for any ¢ € ;. From the definition of the space
2, follows immediately the inequality [¢| ,, < C|l¢| 4, for all ¢ € J7,. In

consequence, (%, (,9) A, ) is a Hilbert space.

3.1.1 Basic operators

At this point in the document, the contents of Section [2.6] and Section [2.7]
are necessary to obtain properties of the operators that will be part of the

abstract formulation of the problem ([1.1)-(1.9). The following definition is
taken from Subsection 7.1 of [29].
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Definition 3.1. Let H be a Hilbert space. An unbounded linear operator
A:D(A) C H— H is said to be monotone if and only if (Au,u), > 0 for
all u € D(A). If also R(Z + A) = H, then A is called mazimal monotone.

Throughout this document Z denotes the identity operator. The following
two results will allows us to show that certain operators that are of interest
to us are self-adjoint.

Lemma 3.2. Let H be a Hilbert space and A : D(A) C H — H a monotone
operator. If there exists \g > 0 such that R(MZ + A) = H, then A is a
mazximal monotone operator.

Proof. Let B = /\I—OA. Note that B : D(B) C H — H is an unbounded
linear operator with D(B) = D(A). As (Bu,u)y > 0 for all v € D(B) and
R(Z + B) = H, we have that B is a maximal monotone operator. The part
(c) of Proposition 7.1 from [29] implies R(Z + AB) = H for every A > 0. In
particular, taking A = A\g we get R(Z+ A) = H. O

Lemma 3.3 (cf. [29, Proposition 7.6]). Let A : D(A) C H — H be a
mazximal monotone symmetric operator. Then A is self-adjoint.

Proposition 3.4. If Ag : L*(Q1) D D(Ag) — L*(Q) is the Bi-Laplacian,
this is Ap == A?, with domain

D(Ap) = {w€H4(Ql):w:8yw:00nF and Zw = $Bow =0 on [},

then Ap is a positive self-adjoint operator.

Proof. By Proposition [2.17) we have (Apw, w) s,y = ||wH§{%(Ql) > 0 for all

w € D(Ag). The operator Ap is maximal monotone. In fact: According
to Lemma it is enough to prove that R(A\Z + Ap) = L*(Q;) for some
A > 0, this is, there is A\ > 0 such that for any f € L?(Q;) there exists
w € D(Ag) so that (A\Z + Ag)w = f and this in turn is equivalent to the
following formulation

Given f € L?(Qy) there exists w € H*(Q;) such that
w4+ A%2w = f in Q,

w=0d,w=0 on I,

PBrw = PBow =0 on I.

(3.6)
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Proposition [2.60] guarantees the existence of A > 0 so that (3.6) holds. It is
immediate from formula (2.4) that (Apw, W) 200, = (W, ApW) 2o for all
w,w € D(Ag). Thus, Ap is a symmetrlc operator. Due to Lemma (3.3 Ap is
a self-adjoint operator. Estimation (3.5)) implies the existence of C' > 0 such
that (Apw, w)p2q,) = C Hw||iz(91) for all w € D(Ap). O

The operator A% : D(A%) — L?(€2;) is a positive self-adjoint operator for
any s > 0, see Section2.6|and Proposition 3.4 Recall that D(A3) is endowed
with the scalar product (w, @)D(A%) = (Apw, AZw) 12(q,) for w,w € D(A%),
see (2.24)), and becomes a Hilbert space. For s; > sy > 0, we have

D(AR) < D(AR) < L(S). (37)

see part b) of Theorem [2.53] Characterization (2.29)) allows us to explicitly
write the domain of some fractional powers of the operator Ag. Hereinafter,
the symbol = means equality between sets and equivalence in norm. We have,

D(AY") = HE (),
D(AY?) = HE (), (3.8)
D(AYY) = {we H} () NHE(Q) : Brw=0on I},

1%

Due to (3.7), we have that D(Ap) is dense in D(AY?). I €,¢ € D(AY?),
there exist two sequences (&), ey and (Gn),ey contained in D(Ap) such that

& — Eand ¢, — (in D(A}B/Q). Taking into account (2.12)), part a) of
Theorem and the fact that A}B/Q is a self-adjoint operator, we obtain

<AB€na Cn>[D(A}3/2)]'xD(A}3/2) = (ABgm Cn)L2(Q1) = (AlB/2€n7 AlB/QCn)LQ(Ql) (39>

for each n € N. Note that Ag¢ € [D(A}B/Q)]’, see part ¢) of Theorem m
We compute that

‘ <AB§n7 Cn)[D(.AJlB/Q)]/XD( 1/2 - <AB§ <> 1/2 XD(AI/Q) ’
= [ (A& & = Qupayay conaf? <AB<§ =8 sy |
< ||AB€n||[D(A}5{2)}' ||Cn - CHD(A}B/Q) + HAB( n )”[D(.A}B/Q)]' HCHD(_A}B/Q) :

Now the continuity of the operator Ag : D(AY?) — [D(AY?)]" implies that
<-AB€n> Cn>[D(Ag2)]'><D(A1/2 <.AB§ C> 1/2 ><D(A}B/Q) . (310)
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By Proposition and the equivalence of norms of the second characteri-
zation in (3.8)), we get the convergence

(AB€n7 Cn)LQ(Ql) = (gnv Cn)H%(Ql) — (57 C)H%(Ql) . (311)
We find that

1/2 1/2 12, 41/2
(AB/ gnaAB/ Cn)L2(Ql) = (gna g”)D(A}B”) - (§7C)D(_A113/2) = (AB/ gaAB/ C)LQ(Ql)-
By (3.9)-(3.11)) and the last limit, we can write the following equalities
2. 41/2
<AB§ C> 1/2] XD(A1/2 (AlB/ £7°AB/ C)L2(Q1) = (67 C)HI%(QI) (312)

for all £,¢ € D(Agz).

Proposition 3.5. The operator Ar, : L*(€4) D D(AL) — L*() given by
A = —A is a positive self-adjoint operator, where

D(AL) ={we H* () :w=0onT and dw=0o0n/}.

Proof. Using the integration by parts formula ([2.1) and Friedrichs inequality,
one has that (Apu,u)psq,) = C HuHLQ oy for any u € D(Ar). Thus, Ay is
monotone. By elliptic regularlty theory (see e.g., Theorem 3.2 and Remark
3.3 in [14]) one has that for sufficiently large A > 0, the solution u of the
boundary value problem

A—Au=f in Q,
u=0 on T,
o,u=0 on I,

belongs to H%();) for any f € L*(2;). Thus, Aj, is maximal monotone and
it is easy to see that it is symmetric. O

The square root operator Ai/ > of A is self-adjoint and positive, and its
domain has the following characterization:

D(A)?) =~ HL (). (3.13)
It is clear that (Apw, w)LQ(Q )= (Vw, VW) 2,2 Yw,w € D(AL). Using the
density of D(AyL) in D(AL ), the equivalence of norms || - HH%(Ql) ~ ey

on HE(), (3.13) and an argument as in the previous page, we derive
(AL Oy eppatry = (AL 6 A Qe = (VE VO gy (3:14)
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for all £,¢ € D(A}?).

Now, we define the inertia operator M, = T + nA; with D(M,) =
D(Ar) if n > 0 and D(M,) = L*(Qy). For § € D(A}?), we have that
the part ¢) of Theorem implies AL¢ € [D (Az/ %)) and in consequence

M€ = & +nALE € Hp, () = [H}, ()] From (2.12), (.13) and (3.14)

it follows that
(M€, Q L@ XL () = (¢, C)Hl for all £,¢ € Hﬁn(Ql). (3.15)

By the Lax—Milgram theorem, see [40, Theorem 7 on p. 368], we obtain that
M, - Hf,(Q4) = Hyp, () is an isomorphism. In particular, M, exists for
n >0, where My is the identity in L2(£).

Proposition 3.6. The operator Ar : L?(Q1) D D(Ar) — L*(€) defined by
Ar = —A + 5L, with domain

D(Ar) = {9 € H*((4) : 9,9 + x) = 0 on 904 },
15 self-adjoint and positive.
Proof. Using integration by parts, see Theorem [2.11} it is easy to get that

(A1, 9) 120, = [V9IIZ20,2 + £ 10112200, + 5 Hﬁlle(Ql) (3.16)

for all ¥ € D(Az). Hence, (A7?9,9)12¢0,) > C’||19||%2(Ql) for any ¥ € D(Ar),
which is trivially true if ¢ > 0 and when o = 0 is also true thanks to Theorem
2.24| since k > 0. By Theorem 3.2 and part (b) of Remark 3.3 in [14]: For
sufficiently large Ay > 0, the boundary value problem

Au—Au = f in Qq,
ou+ru=0 on 0¥,

has a unique solution u € H?(2;) whenever f € L?*(€;). This allows to assert
that R(A\Z + Ar) = L*(€) for some A > 0. It is very simple to check that
Ar is symmetric. An application of Lemma and Lemma completes
the proof. n
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Chapter 3. Well-posedness and regularity of the solutions of a plate-membrane system

The same arguments used for the operators Ap and A, are considered for
the operator Az to obtain the following characterization

D(AY?) = HY(y). (3.17)

Therefore, one can establish via density and integration by parts the identity
o

(57 C)D(A;/Q) = (Vf, VC)L2(91)2 T K (57 C)L2(8Q1) + B (éa g)[ﬁ(ﬂl) (318)

for all £,¢ € D(AY?).

3.1.2 Abstract formulation of the problem

The operators Ap, Ar, Ar and M, together with others, will be part of
a matrix operator which will allow to write system - as a Cauchy
problem on the Hilbert space J7,. We will make use of two Green maps
introduced in [10, p. 158]. Let G; and G, be defined by the formulas Gz == w
and Gyy = v, where u and v solve the following problems

AQ’EI:O in Ql, AQ@JZO in Qh
ﬂzN&,ﬂzo on I and '17:~3y’17:0 on I (3.19)
Hu=x on I, $o=0 on I,
PBou=0 on I, PByv =y on 1.

We define the Neumann map N (introduced in [I1), p. 405]) given by Nz := w
where w is solution of the problem

Aw =0 in Ql,
w=0 on I, (3.20)
o,w=7z on I.

From elliptic theory, see Section 7.3 of Chapter 2 in [89], we obtain that
N : HS(I) — H*"2(Q) and G; : HS(I) — H2+i(Qy), with i = 1,2, are
bounded linear maps for any s > 0.

Lemma 3.7. For all f € D(Ag), we have that a) GiAgf = v1f on I and
b) GsApf = —7of on I, where yow = w!I, MW = 8,,w|1 and G denotes the
adjoint of G; in the sense

(gi907¢)L2(Ql) = (%g:?ﬂ)p([) for w e L*(I) and ¢ € L*(h).
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Proof. Let f € D(Ap) and g € L*(I). Note that Gig € H*?(Q;). Taking
into account ([2.12)) and the integration formula of Proposition 2.18] we obtain

(Azfa glg) L2() (f7 Azglg)Lz(Ql) - = (ﬂlfa aVQlQ)LQ(I)
+ (% f, glg)L2([) + (0, f, «%1g19)L2(1) —(f, 932919)L2(1) .

On account of A%Gig = 0 in O and B, f = Bof = $,G1g = 0 on I, we
deduce

(gTAva g)LQ(I) = (ABf7 glg)LQ(Ql) - (A2f7 glg)L2(Q1) = (71f7 g)LQ(I) .
This last one shows a). The proof of b) is similar. O
Proposition 3.8. For any w € D(AY?) and g € L*(I), we have

i—1
<~ABgigv w>[D(A}3/2)}'><D(A}3/2) = (97 (_1) 72—iw) L2(I) (3'21)
fori=1,2.

Proof. Let w € D(.A}f) and g € L*(I). As D(Ap) is dense in D(A}B/Q), then
there is (wy), ey C D(Ap) such that lim, . w, = w in D(A}B/Q). For any
n € N, the part a) of Lemma implies

<ABQ19,wn>[D(,4}3/2)]’xD(A}g/2) = (G19, ABwn) 120 = (9 MWn) 2y - (3.22)
As Gig, w, € D(A}?), then identity (8.12) allows us to write the convergence
nh_{{,lo <ABglga wn>[D(_Ag2)]/><D(A}3/2) = nh_>r20 (9197 wn)D(A]lB/Q) (3 23)

= (glg7 w)D(.AlB/2) - <~/4-Bg197 w>[D(AlB/2)]/><D(A}3/2) .

The continuous embedding H'/2?(I) < L*(I), see Theorem and the con-
tinuity of the trace operator v, : H2(Q) — HY?(I) imply

”71wn - 71w|’L2(]) < ¢ Hwn - w”HQ(Ql) < ¢ Hwn - wHD(Ag/Q)

because || - ”H%(Ql) and || - [| yz(q,) are equivalent norms on H2(Qy). Therefore,
lim,, 00 V1w, = Y1w in L?(1). Thus,

nh_{lc}o (9771wn)L2(1) = <9771w)L2(I) : (3.24)
From (3.22))-(3.24) it follows (3.21)) when ¢ = 1. Using the same arguments
as before, :3.21; is proved when ¢ = 2. [
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Lemma 3.9. The L*(Q)-adjoint N* of the Neumann map N is given by
(%N*@b)m([) = (N907¢)L2(Ql) for ¢ € L*(I) and ¢ € L*(). Then, for any
f € D(AL), we have

NALf =70f. (3.25)

Proof. Let g € L*(I) and f € D(AL). Note that Ng € H%?(Q;) satisfies
ANg € L*(€;). Applying the generalization of Green’s first formula (see
Theorem [2.14]) twice, we may write

(NALS, 9)L2(1) = (ALf, Ng)L2(Ql)
=(V/, VNg)L2(Ql)2 - (allfaNg>L2(I‘) - (al/faNg>L2(I)
== (£, ANG) 120,y + (£, ONG) 120y + (f, 0N G) 21y
= (f g>L2(I)‘

Above we have considered the definitions of D(Ar) and N, see Proposition

3.5 and (3.20)). Therefore, (3.25) is true. O
Proposition 3.10. For all w € D(AY?) and g € L*(I), it holds
VALN g, ) 1 12y payrz) = (95700) ey - (3.26)

Proof. Similar to the proof of Proposition 3.8 Here we use the fact that
D(Ap) is dense in D(A};/ %) and apply Lemma , also consider (3.14). O

Proposition 3.11. For g € L*(I), we have
ApGog + ALNg =0 in Hp'().

Proof. Let g € L*(I). Note that Gyg € D(.A:;/A‘) and Ng € D(AlL/Q). So,
Af;{“gQg,AlL/ *Ng € L2(€). Parts a) and ¢) of Theorem and the first
characterization of (3.8]) imply

ApGag = A}B/4A%/4gzg € H:' ().
Similar arguments allows to affirm
ArNg € HZH ().

Let f € D(A]lg/4). Now, we will argue analogously as in the proof of Proposi-
tion . The density of D(Ag) in D(A}BM) implies the existence of a sequence
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3.1. Existence and uniqueness of the solutions

(fn)nen € D(Ap) such that lim, o f, = f in D(A}BM). Using the fact that
-’433/4 is self-adjoint and part b) of Lemma , we get that

3/4 1/4
<A39297 fn>[D(A}3/4)]/><D(A}B/4) = (AB/ g2g7 AB/ fn)LQ(Ql) = <97 _’YOfn)[P(I)
for all n € N. Now, putting A#A}B/Q instead of A%M below, we obtain that
3/4 1/4 1/2
<ABg2.g7 fn)[D(A}s,/4)]IXD(AlB/4) = (AB/ g297 AB/ fn)L2(Ql) - (AB/ g2.g7 fn)D(AlB/4)'
for any n € N. Taking limit as n — oo in the two equalities above, we have
<ABg297 f>[D(Ag/4)]'><D(A}3/4) = (g, _’Y(Jf)L2(I) : (327)

To end, let w € HL(Qy). An application of identities (3.26) and (3.27) to-
gether with the characterizations (3.8)), the first of them, and (3.13]) allows

us to write the following equalities

(ApGag + ALN, w)Hgl(Ql)lel,(Ql)
= (AsG2g, W) aiytyepatyty T AN G W)y patry
= (9, —0w)2(ry + (g, v0w) L2(ry = 0.
This shows what we wanted. O]

Now, let u,0 : Rt x Q; — C and v : RT x Qy — C be three arbitrary
functions with sufficient regularity. Taking into account the definition of the
operators G; and G in (3.19)), it follows in €2; that

Bidu = BN+ aN’G0 — yA?Go0,uy — miA*Ga0,uy

3.28
+ aA?Gy0,0 + 52A2gzayv + m2A2g28VUt = ApV, ( )

where U = 51u+ozg19 —'yggﬁ,,utt —m1g28VUt+Oég281/0+52g28,ﬂ]+m2g281,1)t.
The first conditions of are equivalent to ¥ = 9,¥ = 0 on R* x I" and
the transmission conditions on the interface and can be replaced
by %,V = %,¥ = 0 on R* x I. As Ap is a positive self-adjoint operator, it
follows from that it has a standard extension Ap : L*(Q;) — [D(Ag)]".
For simplicity of notation, we shall write Ap instead of JZ(B, with no fear of
confusion. From it follows that

51A2U = b1 Apu + aApGi0 — Y ABG20,uy — m1ApGa0,uy

3.29
+ aApG20,0 + B2 ApGa0,v + maApGe0,v, ( )
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Chapter 3. Well-posedness and regularity of the solutions of a plate-membrane system

in [D(Ap)]". Let uy € H*(Qy) with uy = 0 on I'. Note that AN, uy = 0
in Q;, No,uy = 0 on I and 0,N9,uy = O,ux on I. Then, uy — N0, uy = 0
on I' and 9, (uyy — NOyuy) = 0 on I. So, uyy — NOyuy € D(Ap). Using the
standard extension of Ay, writing in the last equality below Ay instead of
Ap, we get

Autt = Autt — AN@Vutt = _AL(utt —N@l,utt) = —ALUtt+ALNayutt (330)
in [D(AL)]". Let u, € H?(;) with u, = 0 on I'. Reasoning similarly as above,
Auy = —Apu + ALNOu;, in [D(AL)]. (3.31)

The equalities @ — together with Proposition allow us to
rewrite the problem (]E]_'D— as
prMyuy + BiApu + aApGivl — akApGayl + BoApGoyiv
+moApGoyivy + miApuy — a(AT - %I)@ =0,
pobs + BATO + aAru; — a AN O, uy = 0,
p2vy — PoAv — myAvy = 0.

(3.32)

If w == (u,us,v,v;,0) 7 is in an appropriate space, we can write (3.32) together
with the initial conditions (|1.8)) and ([1.9)) as the following Cauchy problem

Oww(t) = yw(t), t >0, and w(0) = wy, (3.33)
where wq = (ug, u1, vo,v1,0) . For n > 0, the operator <7, is given by
0 T 0 0 0
—p1Ap —miAg —B2ApGot —maApGoy1  aP
oy =D 0 0 0 z 0
0 0 ﬂgA mgA 0
0 —OéAL(I—N’)q) 0 0 _B-AT

where D is the diagonal matrix given by diag(I, p—ll./\/l; 1.7, piQI, piOI) and
P = Ar — 7L — ApGiv + kABGayy. Now, introducing the term W =
BrApwy + BaApGayiws + maApGoyiws + aApGiyows — akApGayows allows

us to write

Wa
_1Aq-1 _ mi A1 o A1 _ a0 Aq-1
len 4% P M P ALws + m/\/l,? Arws 6[)1/\/177 ws
A = Wy ,

B m
p—;A’wg + p—;A’LU4B
_%AL(I - N%)“& - p_OATw5
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3.1. Existence and uniqueness of the solutions

where w = (wy, wy, w3, wy, ws) . The domain of the operator <7, is defined
in the following way

77777

D(ty) = {w = (w))]_5 € Hoy: wy € HAQ), wy € H'(%),w5 € D( A7),

W € Hy, (1), BaAws + maAwy € L*(€) and wy = wy on I},

Remark 3.12. If w = (wy,we, w3, wy,ws)' € D(47,), then w € . In
effect, since wy € HE(Q)) we get from and part ¢) of Theorem
that Apw, € H{%(Ql) As wy € HE(Q) we have that 81,11)2|891 € HY2(0Q,)
and so Nyywy € H?(;). Therefore, wy — Nyywy € H?*(;). From the
definition of the Neumann map N it follows that wy — Nyjws = 0 on I" and
0, (wy — Nyiws) = 0 on I. Thus, Ap(Z — Ny)wy € L*(Qy).

When 7 = 0, we not consider structural damping (i.e., m; = 0). Under
these conditions, we define the operator < : 7% D D() — 74 as follows

w1 . w2
Wy _p_l'ABWO + pa—l.ATIU5 — Ba—;lwg,
| ws | = , wy : (3.34)
Wy p—;Awg + %AUM
Ws

—%AL(I — N’}/l)lUQ — p%.AT’LU5

where Wy = Biwy + B2Gav1ws + maGayiws + aGiyows — akGayows. The
domain of . is given by

.....

D(s) = {w = (w;)]_5 € DAL x [H ()] x D(Ar) : Wy € D(Ap),

BaAws + moAwy € L*() and w; = wjte on I for j = 1,2}.

3.1.3 The semigroup approach

We will prove that the linear operator 7, : D(<,) C 7, — 5¢,, for n > 0, is
dissipative. This result is associated with the derivative of the energy of our
system ((3.1)), which is given by

2 2
QL (t) = — my [V 72,2 — m2 [[Vol|72 g,
2 2 2
-0 HOHLQ(Ql) —p HVHHLQ(Ql)Q — Bk H9HL2(691)
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Chapter 3. Well-posedness and regularity of the solutions of a plate-membrane system

and for this reason the energy of the system decreases as time passes. Phys-
ically, the system is said to be dissipative. The Lumer—Phillips theorem,
see Theorem will establish that .7, is the generator of a Cy-semigroup
of contractions on 7, and as a consequence we will have that the Cauchy
problem has a unique solution.

Proposition 3.13. Let n > 0. For w = (wy, w2, ws, wy, ws)' € D(,), we
have

2 2

Re (an?w)% = ||vw2||L2(Ql)2 — M2 ||Vw4||L2(Q2)2
5 5 ) (3.35)

-0 ||w5||L2(Ql) - B ||vw5||L2(Ql)2 — Bk ||w5||L2(891) :

Therefore, <7, is dissipative.

Proof. We first assume that > 0. If w = (wy, ws, ws, wy,ws)" € D(),
then it follows from the inner product of JZ, that

(Ayw, w)% = p1 (wo, wl)]{l%(gl) + (B2Aws + maAwy, w4)L2(Q2)

+ (= MW+ M= miApws + aArws — G ws), wQ)H%W @) (3.36)

+ 52 (VU}4, VU}3>L2(92)2 + (—O./.AL(’LUQ — N(‘)ng) — 5AT’LU5, w5)L2(Ql) .
Using the first Green’s formula (2.3)) and the fact that wy = wy on I, we get

(B2Awsz + maAwy, wa) (g,

= — (V(Baws + maws), Vwa) 12,2 — (9, (Bows + mowa), wa) 27

= =2 (Vws, Vws) 12,2 — M2 [ Vwull120,0 — B2 (Dws, ws) 2y (3.37)

— Mo (allw47 w2>L2([) .

By (2.12)), (3.14)), (3.15)) and integration by parts, we obtain

( — M;IW + M;l( —miArwy + aArws — %"wkg),wg)H%m(Ql)
= <W7w2>H;j7(Ql)xH§m(m) —my (Arws, w2>HF’j7(Ql)><H%m(Ql)
+a (Arws, wa) 2,y = G (Ws, Wa) 20y
= = Wowa) a2y payzy) — ™ IVwsl 720, (3.38)

+ « (VU}E), VUJQ)LQ(QI)Q — (81,11)5, wQ)LQ(I) .
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3.1. Existence and uniqueness of the solutions

We have used that W € Hg () C [D(AZ?)] and —Aw; = (Ar — $T)w;
(see definition of D(,), (3.8) and Proposition [3.6). On the other hand,
OV w2 ip oy epqay?) = 1 (ABWL ) pageyp pialf?
+ B2 (ApGamiws, w2>[D(A}B/2)]’xD(AlB/2) + my (ApGamiwy, w2>[D(AlB/2)]/XD(A]19/2)

+ <ABgl"}/(]UJ5, w2>[D(.Ag2)]/><D(A}3/2) — QR <ABQQ’Y()/LU5, w2>[D(.A}3/2)],XD(Ag/2) .

Due to (3.12) and ({3.21]), we get

<W7 w2>[D(AlB/2)]/><D(A}3/2) = ﬁl (U)l, w?)H%(Ql) - 62 (auw?n w2)L2(I) (3 39)

— my (O, wy, wg)LQ(I) + a (ws, &,wg)Lg([) + ak (ws, wg)Lz(I) .

From (3.16)), (3.30) and integration by parts it follows that
( — aAL(wy — NO,ws) — BArws, ws)Lz(Ql)
= —a(Vws, Vws) 12,2 + @ (w2, ws) 2y — B va5\|i2(nl)2 (3.40)
2 2
— Bk ||w5||L2(8§21) =0 Hw5||L2(Q1) :
A combination of equalities (3.36))-(3.40]) implies
(etyw, w)jﬁ] = 1231 Im (w, wl)H%(Ql) + i2a Im (G wa, ws) 2 )
+i2a Im (Vws, Vws) 2q,y2 + 202 Im (Vws, Vws) 12,02 — ma ||Vw2||ig(91)2
2 2 2 2
— M2 ||Vw4||L2(92)2 i ||w5||L2(Ql) -8 ||vw5||L2(Ql)2 — Pk ||w5||L2(891) :

Taking real part above we see that (3.35) holds. For n = 0 and m; = 0 the
proof is similar. [

Proposition 3.14. Let &2 be as in the definition of <, see page . For
wy € D(.Agﬂ) and ws € H' (), we have

<@w5,w1>[D(A}3/2)],XD(A}3/2) = (Vw5, V'LU1)L2(91)2 - (w5, &,wl)LQ(I) . (341)
Proof. Let w; € D(.A}g/z) and ws € H'(;). Characterization (3.17) implies
that ws € D(A%,,/Q) and thus Arws € [D(A%F/Q)]’. As D(A}B/Q) C D(A%F/Q), we
have that Apws € [D(Ag/Q)]/. Note that Giyows, Gayows € D(.A}B/Q) and thus
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Chapter 3. Well-posedness and regularity of the solutions of a plate-membrane system

ApGinows, ApGoyows € [D(AY)]'. Hence, Pws € [D(A}*)). Using [2.12),

we obtain

a

— 3 (w5’w1)L2(Ql)

(P50 patfypnay®y = (AT U1 bty

~ (ABG190ws, Wil payeyppiay?) 8 (ABI2Y0WS: W) pay iy

Now, (3.18)) and (3.21)) leads to the identity (3.41]). ]

Theorem 3.15. For all n > 0 and my, mo > 0, the operator <7, generates a
Co-semigroup (T (t)),~, of contractions on s€,. Therefore, for any wy € H,
there ezists a unique mild solution w € C([0, 00), 5, of (3.33)). Furthermore,
for any wy € D(%’“) with k € N, there exists a unique classical solution w to
the problem that belongs to N5_,C*~I([0, 00), D(4])).

Proof. Because of Proposition [3.13] Theorem [2.31] and Theorem [2.30)] it is
sufficient to prove that Z — 47, : D(%,) — %, is a surjective operator. Let
f=(f1, fo, 3, fu, f5) T € . We will find w = (wy, wa, w3, wy, ws) " € D()
such that (Z — o7,)w = f, this is,

wi—wy = fi in D(A),

Wy + p_llMgl(W +miArws — aArws + %"ws) = fo in H%,W(Ql)a
wy —wy = f3 in H'(Q),
Wy — @Awg — %AUM = fi in LQ(Q2)7

p2

Ws + %AL(I — Ny)w; + :%ATUA% = fs in L*().

Plugging in w;; = w; — f; for j = 1, 3, we have the following matrix equation

len + 1A + mi Ay (62 + mg)ABle —aP w1
0 pQI - (62 + mg)A 0 Ws
CYAL(I — ./\/”71) 0 poZ + BAT Ws
0 piMy fi + mi AL fi + pi M, fa + meApGayi fs
+ | mAfs | = p2f3 + p2fa

QAL(Z = Nw)fi + pofs

in Hp2(Q1) x L2() x L2(Q4). We set Y := X x H'(Q;), where the Hilbert
space

X = {(wl,wg)T € D(.A}E,/Q) x H'() : w; = w3 on I} (3.42)
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3.1. Existence and uniqueness of the solutions

is equipped with the scalar product
(w1, ws), (W1, w3)) p = B (wr, @1)D(Ag2) + B2 (Vws, V@?))LQ(QZ)Q .
The sesquilinear form b : Y x ) — C, defined by

b((w1, w3, ws), (b1, ¢3, ¢5)) = p1 (w1, ¢1)H%m(gl) + B (wr, ¢1)Hg(91)
+ma (Vwi, Vo) 2,2 — @ (Vws, Vou) 2,y + @ (ws, 0y01) 121
+ p2 (W3, 93) 12(qy) + (B2 + ma2) (Vws, V3) 12,0 + @ (Vwi, Vs) 12,
— a(Qyw1, §5) 121y + Po (W5, 95) 2,y T B (Vws, Vos) 12,
+ Bk (ws, @5) 12(90,) + 0 (Ws, &5) 1200, »
is continuous. The coercivity of b is immediate, i.e.,
Re b((wy, w3, ws), (wy, ws, ws)) > C'||(wy, ws, w5)||§,
for all (wy,ws,ws) € Y. The mapping K : Y — C given by
K(¢1, d3. ¢5) = p1 (f1 + fa, d)l)H%,n(Ql) +m1 (Vf1, Vo) 2,
+ 02 (fs + fa, 03) 12 () + M2 (Vs Vis) 12,
—a(Af1,05) 12, + P (f5: 05) 12

is antilinear and continuous. By the Lax—Milgram theorem, there exists a
unique (wy, ws, ws) € Y such that

b((wr, w3, ws), (b1, P3, ¢5)) = K(¢1, @3, ¢5) (3.43)

for all (¢1,¢3,¢05) € V. By (3.12)), (3.14), (3.15)), (3.18), (3.21)), Proposition
3.14] the first Green’s formula and (3.43]), we obtain the matrix equation and
its third row implies

Arws = §ALT — Ny)(fr — wi) + 5 (fs — ws) € L*()

and as Ar : D(Ar) — L?(€;) is a bijection because it is a positive self-
adjoint operator, see Remark , then ws € D(Ar). We set we = w; — fi
and wy = w3 — f3. From the first and second rows of the matrix equation,
it follows that W € H{%(Ql) and BoAwsz + maAwy € L*(Qy), respectively.
Note that wy = wy on I. Hence, w = (wq, wa, w3, wy, ws) € D(e7,). Finally,
we have proven that the range R(Z — 47,) is equal to 7.

The unique solution of the Cauchy problem , classical or weak, is of
the form w(t) = 7, (t)wy (t > 0) and its regularity depends on the choice of
the initial datum (see Theorem [2.34] Theorem and Theorem 2.37). O
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Chapter 3. Well-posedness and regularity of the solutions of a plate-membrane system

Remark 3.16. The statement of the previous theorem is also true when
n=my; = 0 and my > 0. The proof is analogous to that presented above.

3.2 Regularity

The section starts with a regularity result which contains a useful estimate
that we will use in the next two chapters. Said result will allow the proof of
Theorem |3.18] This theorem indicates that when the initial data have good
regularity, then some components of the solution of the problem —
gain regularity.

Remark 3.17. Let O be a bounded domain in R” with a C?! boundary. We
recall that the classic map

H*(O)3>uwrs (—Au,u‘ao) e L}(0) x H*?(90O)

is an isomorphism, see [123, p. 253], which implies that for each f € L*(O)
and g € H??(00) there exists a unique u € H?*(O) such that Au = f in O
with u‘ 00 Moreover,

ull 20y < CU I r20) T 19l m372(50))- (3.44)

Theorem 3.18. Let n > 0 and my,my > 0. Ifw € D(JZ/nQ), then w; €
HY(), we € H3(S), fows + mowy € H*(Qy) and ws € H*(Qy). Therefore,
if wo € D(e7?) then w(t) == Fy(t)wy (t > 0) is the unique solution of the
problem —, which belongs to D(%Q) and satisfies the boundary and
transmission conditions, and , in the strong sense of traces.

Proof. & = (€1,&2,83,84.&5)" € D(,)), we have that 31 Ap&14+62AG27183+
maoApGoi&a+aApGivés —arApGayols = We € [D(A}BM)]'. It is well known
that Ap : D(.A:;/A‘) — [D(Ag4)]' is an isomorphism, see part ¢) of Theorem
.53 Thus, A5'W; € H?(92) due to the third characterization in (3.8). Due
to the trace operators ;1 and the regularity of the Green maps G;, 1 = 1, 2,
we obtain

& = %A;Wé - %9271(5253 +maéy) — %(917055 — £G2%085) € Hg(Ql)'

Let w = (wy,ws, ws, wy, ws)" € D(e?). Since ow € D(<), then the
above allows us to affirm that wy € H?(Q;). We also have

= 9‘6@'

LMW + miApws — aAzws + %Fws) = ¢ € D(AJY). (3.45)

62



3.2. Regularity

Note that Goy1¢ € D(A?]BM) and so ApGoy1¢ € HF_}?(Q ). Taking ¢ € D(A 1/2)
and applying integration by parts together with (2.12)), (3.14]) and (3.21f), we
get the following equalities

<A¢+ ApGav10, ¢> Ql xHE  (Q1)
= (A9, ¢)L2 () t <ABQW1¢ ¢> AY2)) X D(AY?) (3.46)
—(AL9, ¢> L)X} (1)

and thus

Myd = ¢ —nAd —nApGond in Hp,(Qy). (3.47)
Doing wj, = fow; + mowy, we obtain that Awsy = f € L?*(). Note
that w3y = wig on I with ywo € H3/2(I) By Remark (3 - there exists a
unique w3y € H?(€)y) such that Aws, = f in 2, and w34|1 = w12|1 Since

wsg — W34 € H(S2) is a weak solution of A(wsy — wsz4) = 0, we immediately

obtain w4 = W34, which leads to Bowsz + mowy € H*(€)y). From - -
it follows that

W —miApGoniws + YABGa19 = p1d — YAG + myAwy — aAws € LZ(QI>-
In consequence,

Brwy —myGayrws + Goyi (Bows +mowy) + a(Gr — kGa)Yows + G219 € D(Ap)

because Ap : D(Ap) — L?(Q;) is bijective, see Remark . Once again,
appealing to the regularity of the operators +;_; and maps G; we obtain that
wy € HY(Qy). Now, the last expression above leads us to that the boundary
and transmission conditions and hold in the strong sense of the
traces with wy and w, instead of u; and vy, respectively. On the other hand,
we have that

25— & Arws = ¢ € D(Ar), (3.48)

where ¢ = —AL(I—N71)w2. This is also due to the fact that @,w € D(47,).
As wy € H3(Q), then § = Awy € H'(Qy). Because of ¢ € H*(Qy), we get

from (3.17)) and ([3.48) that

Arws = 53 — 86 € D(A®).

Finally, since the operator Ay : D(A3T/ ) = D(AlT/ %) is bijective (see again
part ¢) of Theorem [2.53) we conclude that ws € D(ABT/Z) C H3(S).
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Chapter 3. Well-posedness and regularity of the solutions of a plate-membrane system

If wy € D(2?), then wy € D(2,) and @wy € D(7,)). By Proposition
2.27, T, (t)wy € D(e,)) and o, T, (t)wy = T, (t)tywe € D(<7,). Hence, the
unique solution of the problem (L.1)-(1.9) satisfies w(t) = 7, (t)wy € D(4})
for any t > 0. [

Remark 3.19. Let n > 0. Due to the proof of Theorem |3.18 we have: If
w = (wy, wy, w3, wy, ws) € D(,) then Bows+maw, € H() and moreover
w e HX(Q) x H* () x [H'(Q2)]* x H*(), where X = X(0,00)(7) stands
for the characteristic function of (0, 00).
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Chapter 4

Asymptotic behavior of the
solutions of some
plate-membrane problems

In this chapter the reader will find an extensive study of the asymptotic
behavior of the solutions of the plate-membrane transmission problem (1.1))-
. We will see that for v > 0 and my > 0 the solutions will have strong
stability, see Corollary and Corollary When the structural damping
on the plate is not considered (m; = 0) it will be the thermal effect that will
help to obtain the strong stability, see part b) of Remark and Remark
We prove by contradiction the exponential stability of the energy of
the system when the plate has rotational inertial (7 > 0) and the structure
is damped (m; > 0 and my > 0), see Theorem [4.8, When we remove the
Kelvin—Voigt damping (mq = 0) and the inertial term is present, an absence of
exponential stability is caused (see Theorem [4.15)). In this case, the solutions
have polynomial stability when we add a geometric condition (see Theorem
4.16]).

4.1 Strong stability

First we will prove that the operator .7, is continuously invertible, this is,
0 is in the resolvent set p(27,). This result will be key to prove the strong
stability of the solutions of our problem for when v > 0 and my > 0.
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Proposition 4.1. 0 € p(4,)) if a) n >0 and my,my >0 or b) n=my =0
and mq > 0.

Proof. Due to the similarity between the proofs of the two cases a) and b),
we will only prove part a).

We show that the operator <7, : D(4,) — J¢, is bijective. Let f =
(f1, fas f3, [1, f5) T € £, We will find a unique w = (wy, ws, w3, wy, ws)' €
D(«,) such that @,w = f. Conveniently we set wy = fi, wy = f3 and
ws = —AL [%AL(I — Ny)fi + %).]%}. We recall again that Remark [2.52

implies that A7 is bijective. We now consider the following system
BiApw; + BoApGoyiws = h in  Hp2(€),
—BoAws — maAfs = —pafs in L*(Qy),

where h :i—mlALfl—leifg—m2Anglf3+oz<@w5. With X asin (3.42)),

we deﬁneé : X x X — C by b((w1,ws), (¢1, ¢3)) = ((w1,ws), (¢1, ¢3)) . The

function K : X — C given by

K (61, ¢3) = —m1 (Vf1, V1) 120,y — p1 (fo, 1)y ) T @ (Vs Vo) g,
—Q (w5> al/gbl)[?([) — My (Vfiia V¢3)L2(92)2 — P2 (f47 ¢3)L2(92)

(4.1)

is an element of the antidual space X’. By the Riesz’s representation theorem
there exists a unique (wy,ws3) € X such that

b((wy, ws), (61, 63)) = K(¢1, b3) (4.2)

for all (¢1,¢3) € X. From (3.12)), (3.14)), (3.15), (3.21]), Proposition the
first Green’s formula and (4.2)), we obtain that (4.1)) is true. Reasoning as in

the last part of the proof of Theorem , we get w = (wy, Wy, w3, Wy, ws) ' €
D(«,). Thus, 47, is surjective. As the constructed w above is unique, then
<7, is injective.

Since @7, : D(4,)) — ; is a closed linear operator (due to Theorem [3.15]
and Proposition and bijective, we conclude that o7, ' € L(4). O

The following proposition together with Theorem [2.39| allow us to affirm
that (.7,(t)),s is strongly stable in .7, when there is Kelvin—Voigt damping
on the membrane.

Proposition 4.2. Letn > 0, my > 0 and my > 0. The itmaginary axis s
contained in the resolvent set of o7, this is, iR C p(a7,).
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4.1. Strong stability

Proof. Let n and my be positive, and m; be non-negative. As 0 € p(%7,) and
p(<,) is open in C, see Proposition and Theorem 1 in [124], p. 211], then
there is R > 0 such that B(0, R) C p(%,). For real § such that 0 < § < R, we
have i[—6,0] C p(2,). Thus, R = {A > 0:i[-\,A] C p(«,)} is not empty.
Let \* :== supR. If \* = oo, we have nothing to prove. Let us suppose
A < oo. If A* € R, then i[—\*, \*] is contained in p(.7,) and so it is possible
to find r > 0 such that i[—\* — r, \* + 1] C p(%,). The above indicates that
A"+ r € R which contradicts the assumption that A* is the supremum of R.
Hence, \* € R. Then, there exists (\,),cy C R such that lim, ,. A, = A*
and lim,, oo [|(1ALZ — %)_1”“%) = 00, see proof of Theorem 4.1 in [105].

Hence, there exists (f,)nen C S, with

”ﬁl”}f;, =1 and n11_>r£10 |(iN T — %)Aﬁz”&% = 0.

Here putting w,, == (i)\nI—%)*lﬁL, Wy, = Wy /|| Wy ||, and f, == ﬁl/||@n| Aoy
we get that
(iIAZ — oy wy, = [ (4.3)
with
[wnl] 5, =1 (4.4)
and
(O AN p—— (45)
It is clear that (wy), .y C D(4,). From it follows that
iIANwl —wy = f1', (4.6)
Mprwy + MWV + i Apwy — aApwy + G ws) = pify), (4.7)
iNgwy —wy = f3, (4.8)
IAppowy — BaAws — moAwy = pafy, (4.9)
iAnpows + @AL(Z — Ny)why + BArws = pofy, (4.10)

where W" = B1 Apw} + ApGoyi (fowl +maw}) + aApGiyows —akAgGayow?.
Moreover,

10T = )l = B L ny + 20 13 sy + B2 IV S5 g

n 2 n 2
+ 02 | 212200y + Po 115 1 22000 -
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

The limit (4.5]) and (4.6)-(4.10) imply that

iNw —why — 0 in HE(Q),  (4.11)
iIAprMywy + W* + miApwly — o Ar — %)wg‘ — 0 in Hﬁ;(ﬂl), (4.12)
i\, Vwy —Vwyj — 0 in L*(Qy),  (4.13)
iIAppoW] — BoAwly — maAw} — 0 in L*(Qy), (4.14)
iAppows + aAL(T — Ny)wh + BArwy — 0 in L*(Q).  (4.15)
Due to the dissipativity of the operator 47,, we have

. ni|2 ni2
Re ((iAnZ — @) wn, wa) 4 = my Vw372, + me [Vwill7ag,)e (4.16)
2 2 2 :
+ o [lwg |72,y + BIIVWS 720, + BE w5 |72 00, -

By Theorem Cauchy—Schwarz inequality and (4.4)), we get the estimate
18 510y < CRe (((AT — @y)wn, wn) 4 < C|(iAT — p)wnl , -

In consequence,

we — 0 in H'(Q). (4.17)
Assuming my > 0, from (4.5)) and (4.16]) we obtain
Vwy —0 in L*(€;) and Vwj — 0 in L*(Q). (4.18)

The limits A, — A*, (4.13]) and the right-hand side of (4.18)) imply
Vwi — 0 in L*(Qy). (4.19)
On the other hand,

(IAnpow) — BoAws — maAwy, wi) 2 g, (4.20)
. nn2 n n n :
= iAyp2 ||wy HLQ(QQ) — (B2Awg + m2Aw4>w4>L2(Q2) :

Using integration by parts and the fact that wi = w) on I, we compute

(B2Awy + maAwy, w)) 120, = —B2 (Vwy, Vwy) 12, (421)
n||2 n n n :
—ma [|[Vwi[[720,02 — (Ou(Baws + mowi), wy) sy s
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4.1. Strong stability

by Remark we have Sow} +mowy € H?(y). Thanks to Cauchy—Schwarz

inequality and the trace theorem,

} (O (Bowsy + mawy), w3 )2 ) ‘

- ! ) (4.22)
< C||Bawg 4+ mawy || g2y 105 | 10y -

Note that wj € H{(Q:1) and in consequence ||wh| 1 q,) < ClIVWy| 12,2
see Theorem [2.24] By the left-hand side of (.18,

wy — 0 in H'(Q). (4.23)

As A(BowE +mow]) = iA,pow} — p2 1 in Qo and Sow] +mow}] = fow] +mowl

on I, see (4.9), Remark implies

| B2ws + maw || 20,

< C(llidnpawy = p2fill 2y + 1820 + mawy || yaser) )

< C(IMalllwg 20 + 12 2y + 10T |20y + 105 20,y ) (4:24)
We know that fI' — 0 in L?(Q). By ({4.4)), the sequences (w),,ey and

(w}), ey are bounded in H?*(Q;) and L?*(), respectively. The limit (4.11))
implies that (w}), .y is bounded in H?(;). Hence,

| B2y + meZ”HQ(Qg) <C (4.25)

From (4.14), (4.18)-(4.23) and (4.25)), it follows that

wy — 0 in L*(Q). (4.26)
Now, let us consider the following equality
<i)\np1./\/lnw§ +W" + miApwy — aArws + afgwgv w?>HE1anlln
= i\ p1 (Mywy, w’{b>Hl:j]><H%m +W", wﬁH;j?xH%m (4.27)
o (AL, ) sy (= @ATwf + Gk o) o
where HF_,I7 x Hf, = HF_}?(Ql) x Ht, (). By (3-15), we have the following

‘ <M"7w37w?>HITj](Ql)><HI1‘m(QI) | = | (wg,wqf)H%m(Ql) | <C ngLHHl(Ql) - (4.28)
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

Proceeding as in the proof of Proposition [3.13] we obtain

n o,.n n||2 n n n
W 7w1>HE}7xH1¥7n = b1 [Jwy ||H12(Ql) — (Ou(Bowy + m2w4)7w1)L2(1)

(4.29)
+ o (wg, Owy) pa gy + ok (W5, W) 2y -
Arguing as in and considering 7
| (0 (Bowy +maw§), w) oy | < Cllwillga,) - (4.30)
The equivalence of norms |- |2,y ~ || Iz, and |- [[10y) ~ I o)

on HZ(Qy) and HL(), respectively, together with Theorem allow to
obtain immediately the continuous embedding HE(Q:) < HE(;). Now, the

limits (4.11)) and (4.23)) imply
wi — 0 in H'(Qy). (4.31)

By the trace theorem, we get

‘ (wQ,@,,w{‘)LQ(I) | <cC HwQHHl(Ql) Hw?Hm(ﬂl) <C HwQ”Hl(Ql) (4.32)
and
| (w751>w?)L2(1) | <cC nguyl(m) : (4.33)
From (3.14)), it follows that
| (Aszname—lel | = | (Vwy, quf)y(m)? ‘ <C ||Vw§||L2(Ql)2 . (4.34)
Tin Tn

Using integration by parts,

= — (Vwg, Vw?)m(gm + (Qywyg, w?)L2(891) : (4.35)

Applying Cauchy-Schwarz inequality,
| (Vwy, Vw?)LQ(Ql)Q ‘ < vaguﬁ(mp va?HLQ(Ql)Q‘ (4.36)
As 0,w! + kw? = 0 on 02, then
| (auwng?)m(am) | <C HwQHHl(Ql) Hw?HHl(Ql) : (4.37)
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4.1. Strong stability

From (4.12), (4.17), (4.23) and (4.27)-(4.37), we can affirm
wl — 0 in H*(Q). (4.38)

The limits (4.17), (.19), (4.23), (£.26) and imply w,, — 0 in 7, this
contradicts . Hence, \* = o0.

Let us now consider m; = 0. In this case, we initially only have the right-
hand side of and consequently holds. Note that ,
and are true here too. The boundedness of the sequence (w3),, oy in
H?(€2;), the trace theorem and Corollary allows us to write

| (0 (Bow} + maw}), w) |
n nnl/2 1/2 n
< C)|Baw} + mowf |l ) IV (Bawh + maw]) |5k, e 105 ]| 1 )

< C(IIVwh g, + Vw1 o, )- (4.39)
By (4.4), (4.14)), right-hand side of (4.18)), ([4.19)-(4.21) and ([4.39) we get
wi — 0 in L*(Qy). (4.40)

From (4.15) and (4.17)), it follows that
aAwy 4+ BAwE — 0 in L*().

The integration by parts formula (2.1]) allows the calculation
n n o, mn n||2 n ,n
(aAwy + 5Aw5>w2)L2(91) = —a|[Vw; HLQ(QI)Q +a (8Vw27w2)L2(I)
- ﬁ (vwgu vw;)L2(Ql)2 + ﬁ (al’wg7 w;)L2(I) :
It is easy to see that
(Vwg, Vwy) 2q,ye = 0 and  (wy, wy) 2y — 0.
Since wf = wy on I,

‘ (ang,wg)p([) | = | (ang,wZ)Lz(I) ‘ < ||auw§‘|L2(1) HwZHH(I)

<C ||w§||H2(QI) ||wff||H1/2(1) <cC ||w4T1L||H1(QQ) : (4.41)

The limit of the right part of (4.18)), (4.40) and (4.41)) imply

(Qywy, w3) 2y — 0. (4.42)

Therefore, Vwy — 0 in L*(€);). Reasoning as in the previous case, we obtain
again the same contradiction. [
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

Corollary 4.3. Letn >0, my > 0 and my > 0. Then (Z,(1))
stable in JE;,.

i>0 s strongly

Remark 4.4. a) In absence of temperature on the plate we also have strong
stability when the rotational term is present and the structure is damped.

b) The thermal effect on the plate guarantees the strong stability when
we remove the structural damping on the plate and leave the Kelvin—Voigt
damping on the membrane and there is presence of the rotational term.

c) With an appropriate geometric condition on 2, see (4.99), for the
situation 1,m; > 0 and ms = 0 we also have strong stability (see the proof
of Theorem .

Now we will see the second strong stability result of the system ((1.1])-(|1.9)
when both the inertial term and the structural damping are not present, but
there is Kelvin—Voigt damping on the membrane.

Proposition 4.5. If n = my = 0 and my > 0, then the imaginary axis s
contained in the resolvent set of <, i.e., iR C p(2).

Proof. Arguing as in Proposition , there exists (A,), oy C R and A* € RT
such that lim,_,o A, = A*. Moreover, there are sequences (wy), oy C D(%)
and (fy),eny C 2% such that

(iMT — ) Wy = f (4.43)

with
lwnll g =1 and (AT — ), — 0. (444)

From (3.34) and (4.43)) it follows that
Ay —wy = f',
IAnprwy + ApWi — aApwi + %"w? =pfs,
I\ws —wy = f3,
iAnpows + @ AL(Z — Ny )wy + BArw? = pofs,

where Wy = Siw] + Bo2Goyiwy + maGomwy + aGryows — axGayowy. Notice,
. 2 n|12 n|12 ni2
(AT — %)wnﬂ% =Bl A ||HI%(QI) + o1l ||L2(Ql) + B2V f3 ||L2(QQ)2

n 2 n 2
+ 02 |2 12200y + P0 115 1 22000 -
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4.1. Strong stability

The limit of (4.44) and (4.45))-(4.48) imply that

iMw] —wh — 0 in HE(Q),
IMprwy + AWy — aArws + Fwi — 0 in L*(Q),
i\, Vwy — Vwyj — 0 in L*(Qy),
iApows + @ AL(T — Ny wy + BArws — 0 in L*(€).
Due to the dissipativity (3.35]) of the operator <7, we have

. n 2 n 2
Re ((iAnZ — %)wn,wn)% = ma || Vuwy ||L2(Qg)2 + o [Jwg ||L2(Ql)

I 2 (4.53)
+ BIIVws 20,2 + BE wg 7200, -
In consequence,
w? — 0 in HY(Qy). (4.54)
As my > 0, from (4.44]) and (4.53) we obtain
Vuwi — 0 in L*(£y). (4.55)
The limits A, — A*, (4.51]) and (4.55) imply
Vwy — 0 in L*(£y). (4.56)

Here, we can make use of (4.39)), (4.40) and (4.42). Now, we will work on the

following equation

(iAnprwly + ApW§ — aAzw? + ac B~ wl, wh)

L2 (4.57)
. n||2 n o.n n o.n ’
= iAnp1 [lw3 ||L2(Ql) + (AW, wz)]ﬁ(gl) + o (Awg, w2)L2(Q1) :
Using integration by parts, Cauchy-Schwarz inequality, d,wl = —kw?! on I,
the trace theorem and (4.54]) we get
(Awg', w3) 29,y — 0 (4.58)

Due to Proposition [3.8],

(ABW6L7wg)L2(Ql) =B (wal7wg)H12(Ql) — (0, (Bowy + mawy)), wg)p([)

+ a (wg, O,wy) popy + ak (W, w5) o) - (4.59)
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

The trace theorem and (4.54) imply
(wg, 0w3) oy = 0 and  (wg,wy) 2y — 0. (4.60)

Joining (4.39)), the left-hand side of (4.44)), (4.50]) and (4.55))-(4.60]) we obtain

the following convergence

. ni2 n n
iAnpr |0y 720, + Br (i, w2)H1%(Ql) — 0. (4.61)
From (4.49), it follows that
. n||2 n ., .n
iAn [lwf ”HI%(QI) - (w2>w1)H§(ﬂl) — 0. (4.62)

Taking into account (4.54) and adding (4.50) with (4.52)), we have
iMBp1wy + BARWY — & Awly — 0 in L*(Qy)
and thus

5 [anl w5 1720 + B (w?awg)ﬂg(gl)] — o (Awy, wy) 2,y — 0. (4.63)

By (4.61]) and (4.63)),

(Awy, wy) 2,y — 0

and in consequence

IVwh 72,2 — (Do, wh) sy — 0. (4.64)

From (4.42)) and (4.64), it follows that Vwj — 0 in L?(Q;). By Friedrichs
inequality, we obtain
wy — 0 in L*(Qy). (4.65)

From (4.61)), (4.62)) and (4.65)), it follows that

wl — 0 in H*(Qy). (4.66)

Because of (4.40)), (4.54), (4.56), (4.65) and (4.66|) we have w, — 0 in J#4.
This contradicts the first assertion in (4.44]). O]

Corollary 4.6. Let = my = 0 and my > 0. Then (F(t)),, is strongly
stable in 4.

Remark 4.7. The temperature on the plate played a very important role in
obtaining the result of Proposition [4.5]
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4.2. Exponential stability

4.2 Exponential stability

The main result of the section is the exponential stability of our problem
— when v > 0 and we maintain all dampings on the structure. In
consequence, for the solutions w(t) = .7, (t)wy of this system, we will have
that [lw(t) ,, < Ce [[woll 4, for all ¢ > 0, being C' and § positive constants.
We will use the characterization of Theorem The proof will be done by
contradiction.

Theorem 4.8. Ifn >0, my > 0 and my > 0, then the semigroup (F,(t)),s,
generated by <7, is exponentially stable. -

Proof. From Proposition we have iR C p(<,). Let us suppose ([2.15))
is not true. Then, there exists a sequence (\,,wy), oy C R x D(27;) with
|wall 4, =1 such that

|(IAZL — @) wn||,, —— 0.

T n—oo

As the resolvent of 7, is holomorphic (see Theorem 1 in [124] p. 211]) and
therefore bounded on compact subsets of the imaginary axis, we see that the

sequence (A, ),y is unbounded, thereby we may assume lim,,_,o A, = 00. If
fn = (NI — o))w,, then (4.6])-(4.18) hold. Note that in this proof we can

make use of —. From ,
iVwy — N\ 'Vw) — 0 in L*(€y).
By the right-hand side of , we obtain
Vwi — 0 in L*(Qy). (4.67)

From (ET1),

iw — M\ twy — 0 in H2(Q)

and in consequence (A, 'ws), .y is bounded in H?(). On the other hand,

using (4.24)) we get
At | Bawy + meZHHQ(Qg) <C (4.68)

A combining of (4.14]), (4.20))-(4.23]) and (4.68]) causes that

wi — 0 in L*(Qy). (4.69)
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

From (ET1),

i ||w?||12Lfg(Ql) A (wng?)ng(Ql) — 0. (4.70)

Now, let us consider the following equality

<z’)\np1./\/lnw’§ +W" +miApwy — aArws + aab’_lw’g, w§>H_
r,

1 1
x H
n In

= iAnp1 (Mywy, wg>HI?7}]><Hllm + (W, wg)H;ﬂl?xHI{m (4.71)
+my (Apwy, wg)HE}}xH%m + <_O‘Ang +aof g, wg>HF_j]><Hllm :
By (3.15)),
‘ <an3aw§>HF—j](Ql)xH§m(Ql) | = HWSHZ;M(QI)' (4.72)
Proceeding as in the proof of Proposition [3.13]
w", w721>HITj7><H1lm = B (Wi, w3) 2,y — (O (Baws + mow}), wy) sy (4.73)
+ o (wg, Oywy) oy + ok (W5, w3) 2y -
Taking into account and ,
X (D (Bawy + maw]), wh) 2y | < Cllwh]| 1 - (4.74)

By the trace theorem,
At (w5, 0,w5) 2y | < CNHW3 | gy (05 ey < C 1w,y (4:75)
and
})‘;1 (wngg)LQ(l) ‘ <CON HwQLHHl(Ql) ngLHHl(Ql) <C ||w?||H1(Ql) - (4.76)
From ,
A (Apws, w721>H;j](Ql)><H1¥m(Ql) =0 ||Vw3||i2(91)2 : (4.77)

Using integration by parts,

< — Arws + %w?, wg>HF7jz(Ql)XH%,n(Q1) = (Awg, wg)LQ(Ql)
= — (Vwg, ng)m(gm + (Qywyg, wg)LQ(aﬂl) : (4.78)

Applying Cauchy—Schwarz inequality,

|>\;1 (ng>vwg)L2(m)2 | <A vagum(ﬂm ”VU’QHLz(my : (4.79)
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4.3. Lack of exponential stability

As J,w? + rwl = 0 on 0, then
A (Qywg, w5) 290, | <ON w3 |1 00y 105 1| 120y - (4.80)
From (4.12), (4.17), (4.23) and (4.71))-(4.80), we get

At (W', wy) g,y = 0

and therefore

w? =0 in H*(Qy), (4.81)
see (4.70). Combining (4.17)), (4.23), (4.67)), (4.69) and (4.81), we can write
[|wn |l , — 0. This is a contradiction to [|wyl| ,, = 1. O

Remark 4.9. In the previous proof we took into account the temperature.
However, Theorem continues to be true when we remove the temperature
on the plate. But when we remove the structural damping on the plate and we
leave the other conditions of the theorem, we know nothing about exponential
stability, even with temperature in the plate.

Remark 4.10. In the next chapter we will see that if n = m; = 0 and
my > 0, then the semigroup (J(t)),s, is exponentially stable.

4.3 Lack of exponential stability

In this section, we will prove that our system — is not exponentially
stable, if we remove the Kelvin—Voigt damping on the membrane and we leave
the rotational term on the plate. Our proof is supported by the following
theorem.

Theorem 4.11 (cf. [59, Theorem 3.1)). Let Hy be a closed subspace of a
Hilbert space H. Let (Ty(t)),cp be a unitary group on Hy and (T'(t)),~, be a
Co-semigroup over H. If the difference T'(t) — To(t) : Hy — H is a compact
operator for all t > 0, then (T'(t)),s, s not exponentially stable.

We define 57 = {0} x {0} x H}(Qy) x L*(2) x {0} endowed with the
norm @)%, = Bs ||Vﬁ73||i2(92)2 + p2 ||/l/l74||ig(92). Let us consider the system
determined by the wave equation with zero Dirichlet boundary condition

pgi)\tt — ﬂzAi)\ =0 in R" x QZ,
=0 on Rt xI, (4.82)

5(0,) =%, 5(0,-) = 0" in Q,
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

where the initial data 9° and 9! lie in appropiate Hilbert spaces. We introduce
the operator

0 0

0 0
Ay . D(dy) C H — A given by oy | Wy | = Wy

Wy 22 Ny

0 0

with domain D() = {0} x {0} x H?(Q2) N H}(Q2) x Hy () x {0}. Putting
W = (W;),—,.. 5 = (0,0,0,0;,0)" we have that the system (4.82) can be
written as the Cauchy problem

O, (t) = eyw(t) (t > 0) with @(0) = (0,0,2°,3",0)".

The operator isly : D(oly) — H is densely defined due to H*(Qg) N HJ($2s)
and H}(€y) are dense in H} () and L?(€y), respectively, symmetric because
(1929w, W) € R for any w € D(y), see [TT, p. 534], and surjective (Remark
allows to conclude that). Proposi¢ao 5.122 in [32] implies that iy is
self-adjoint and therefore 7 is skew-adjoint. By Theorem [2.50, we obtain
that <7 generates a unitary group (%(t));er on 2.

Lemma 4.12. Let v be a sufficiently reqular solution of ([4.82) with v° €
H'(Q3) and v' € L*(Qy). Fort > 0 the following estimate holds

10,0172 01,207 < C (10120 + IVl Z2(002) (4.83)

with C' being a positive constant that depends on py, Ba,$2 and t but indepen-
dent of the solution and the initial data.

Proof. Let t > 0. Multiplying the differential equation in (4.82)) by the con-
jugate of vy, integrating over (25, employing integration by parts and after
taking real part yields

1d (
2ds
for 0 < s <t. The initial data in (4.82) and (4.84) imply

P2 [04(3) | 72(20) + B2 [IV0(5) 7202 ) = O (4.84)

/ p2[Bu()|? + Bl VB (s) [P = / o'+ Bo| VIO Pz (4.85)
Qo

Q2
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4.3. Lack of exponential stability

Let fi: Q9 — R2 be a vector field of class C' in Qy with h}l = —v. Using the
conditions that satisfy A and © on I, theorem of divergence and the identity

h-V[5,(s)[2 = div(h[o,(s)]?) — (div h)[5,(s)|?, we obtain

_ 1
Re(Dy(s)h - Vo(s))dr = = [ (div h)[T;(s)|*dw

+ d% Re(ﬁt(s)h -Vu(s))dx.

On the other side, using the convention of summation over repeated indices
and integration by parts, we have

/ Re(Av(s)h - VU(s))dr = —Re/ (0,0(s))(0jhy) (0xv(s))dx
2 2 (4.87)
;/%(dlvh)WM o)Pdz + = /|a 3(s)ds.

Multiplying the differential equation in (#.82) by % - Vo and using (4.86))
together with (4.87)), we get

/\av ]dS_QEE/QQ Re(3i(s)h - Vo(s))da +E/ (div 1)[7:(s) 2

+2Re /Q (0;5(5)) (9 ) (w(s) ) — /Q (div B)|V3(s) [2dz.

Note that |A|, | div A| and |9;h| are bounded scalar fields on Q. Integrating
above with respect to the variable s from 0 to ¢, and then using the inequali-
ties of Cauchy—Schwarz and Young together with equality (4.85)), we deduce
(£.83). 0

We next state and prove a result that will be useful in the proof of the
next theorem. Moreover, we take the opportunity to introduce Remark
which will be important for the next section.

Proposition 4.13. Ifn > 0, my > 0 and my = 0, then the operator <7, has
compact resolvent.

Proof. Let n > 0, m; > 0 and my = 0. By Remark and Lemma 3.5 in
[14], we have the continuous embedding

D(aty) — H*() x H*(Q) x H*(Q) x H'(Qa) x H*(Qy).
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

Reasoning as in Proposition 3.9 from [14], we get that id : D(4,) — 2, is
compact. Now, the statement is a consequence of Proposition 5.8 in [48| p.

107). O

Remark 4.14. Thanks to the previous proposition and Corollary 1.15 in [48]
p. 162], we have that the spectrum o(<,) is composed only by eigenvalues
when 1 > 0, m; > 0 and mqy = 0.

Theorem 4.15. Forn > 0, m; > 0 and my = 0, we have that the system

(1.1)-(1.9) does not have exponential decay.

Proof. 1t is very simple to see that .7 is a closed subspace of .77,. We will
show that 7, (t) — %y (t): A — 2, (t > 0) is compact. It is enough to prove
that F,(t) — Uy (t) : 9 — H; is compact because Z = {0}* x [2(22)]? x {0}
is a dense subspace of 7. For wg €  and t > 0, we set

1
E(t) = 3l Ty (O)wo — % (t)woll,.
Note that D(<7,) 3 w(t) = Z,(t)wy and D(ely) 3 W(t) = Uy (t)wy because
wy € D(7,) N D(y), see Theorem [2.27, By (3.33)), we can write

L o(t) = Re (Aw(t), w(t)) . + Re(y@(t), D(1)) 1, (4.88)

dt
— Re (w(t), (1)) ,, — Re(yw(t), w(t)).r

From (3.35) we know Re (%w(t),w(t))% < 0. Using integration by parts
and taking into account that w,(t) = 0 on I, we get the following expression

(g (t),W(t)) s, = 1202 T (V4(t), VW3(1)) 12 ()2

and thus Re(aw(t),w(t))», = 0. From the definition of the operator 27,
see Subsection [3.1.2] it is immediate that

(%w(t), ﬁ)(t))% = 62(Vw4(t), V@g (t))L2(92)2 — BQ(ng(t), va4(t))L2(QQ)2.
Employing integration by parts, we obtain

(g w(t), w(t)) e, = P2(Vwa(t), Vws(t))L2(y)2
— 52(V’&73(t), vw4(t))L2(Q2)2 — 52(8,,’&73(15), w4(t))L2(1).
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4.3. Lack of exponential stability

The last two equalities produce the following expression

— (Fyw(t), w(t)) 4, — (Hyw(t), w(t))n, = 126 Im(Vws(t), Vwa(t)) r2(0,)
+ 1282 Im(Vws(t), Vu(t)) 20,2 + B2(0,Ws(t), wa(t)) r2(r).-

Taking real part in the last equality, inserting this into (4.88]) and integrating
over (0,t), we obtain the estimate

g(t) < /62 Re (81,1/173, wz)LQ((O,t),LQ(I)) . (489)

The equality &(0) = 0 was used and the fact that wy(t) = wy(t) on 1.

Let (w§)ren C 2 be a bounded sequence in . We must prove that
(T () wk — Uy (t)wl)rew possesses a convergent subsequence in %,. This
would show the compactness of 7, (t) — %y(t): 9 — ;. We set w"(t) =
Tp(twf and @W*(t) = Uy (t)wf. Due to Lemma ,

Let ¢ c % = Hé(Ql) X Hg(Ql) X Hg(Qz) X H&(QQ) X Hg(Ql) Taklng
w € D(47,) and reasoning as in the proof of Proposition [3.13] we get
(%U% 925)% = f1 (wy, ¢1)Hg(91) — B (wy, ¢2)Hg(gl) —my (Vw,, V¢2)L2(91)2
— a(ws, A¢2)L2(Ql) — B2 (wa, A¢3)L2(92) — B2 (Vws, V¢4)L2(92)2
- (VWQ, V¢5)L2(Ql)2 + 51 (w57 A¢5)L2(Ql) —0 (w57 ¢5)L2(Ql) .
Let @ € H*(Qy) with @ = 0 on 0€2;. We have that 0fww = 0 on 9, for
any k € N. Because of Propositions 3C.7 and 3C.11 in [87], we obtain
By = 02w + pu(divy)d,w, (4.91)
Boyww = 0w + (2 — p)020,@ + [0,(div )]0, + (div )9 w. (4.92)
Indeed: (4.91)) is immediate. Thanks to the part (ii) of Corollary 3C.10 in
[87], we obtain 8,0, = 0,0, and 0,0*w = 0,0,0,w. Introducing these
last equalities in (3C.69) from [87], we get (4.92)).
As ¢1 € Hi(Qy), then di¢y = 0 on 9 for j = 0,1,2,3 (see Theorem

2.8). From ([4.91) and (4.92)), it follows that ;¢ = PBop1 = 0 on 9. So,
Proposition [2.17| implies

(¢17w2)HI%(Q1) = (A2¢1,w2)L2(QI) :
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

Therefore,
‘ (Apw, Cb);f;] ‘ <Cy ||w||% )

where C, == C'||¢]|, . In consequence, the linear application A : D(<,) — C
defined by Aw = (,w, gf)):% is continuous. As D(«7,) is dense in .77, there

exists a unique extension linear and continuous of A to .7, which is denoted

by A : H; — C. Note that ¢ € 7, and for w € D(4,) we have
(@, A) sy = AT = AT = (Ay0,0) . = (g, $) .0

Thus, ¢ € D(/,). With this it is shown that %" C D(%). We will now use
the interpolation-extrapolation scales theory presented in Section Let
Xo =, Xy = (Xo, |, - ||lg)™ and X_5 = [Xo, X_4]5 for @ € (0,1),
where [-, -]z stands for the complex interpolation functor. We have that

XoS X = X4

for & € (0,1). The embedding above is compact because o7, ' : 7 — I, is
a compact operator, see Proposition 4.13} As X | = [D(&,)]’, we can insure
that the embedding

X_ 1= H Q) x H2(Qy) x H2(Q) x HH(Qy) x H () (4.93)
holds and since from the definition of .7, we have
Xo = H*() x HY(Q1) x H' () x L*(Q) x L*(Y), (4.94)
then (4.93), and Theorem 2.4 in [89] imply that
X_g = H>7%(0) x H'73%(Q) x H73%(Qy) x H™%(Qy) x H2(). (4.95)

Let ¢ > 0 be fixed. For s € [0,¢] we have that ||%(s)||£(%) < 1. Therefore,

t t
2
0 B0y = [ 10 s < [ 1706 i, o Bgds < €.
0 0

Thus, the sequence (w*)ien is bounded in the Hilbert space L*((0,t), 7).
Now, we use dyw" = o,w* to get the following

sup [|0sw"(s)|lx_, = sup [[uw"(s)llx_, = sup [[w*(s)].4 < C.
s€[0,t] s€[0,¢] s€[0,¢]
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4.4. Polynomial stability

So, (9yw*)gen is bounded in L2((0,¢), X ;). We have proven that the sequence
(w"*)ken is bounded in the space Wh »((0, t); Xo, X_1). By Aubin-Lions-Simon
lemma, see Theorem yields that there exists a subsequence (w");en of
(w*)ren, which is convergent in L?((0,t), X ). From (4.95) we see that

the second component (wh’);en converges in L2((0,t), H*~33(£);)). Choosing
& < & and taking the trace on I we obtain convergence in L2((0,1), Hz38(]))
and therefore in L2((0,t), L2(I)) for the subsequence (w}’);en of (wh|ren-

Note ((7,(t) — %g(t))ng)jeN is a subsequence of (F, (t)wh — Uy (t)wE) ren.
We write an, = a, — a,, for any sequence (a,),en. With this notation, we
have

W (8) = @ (1) = T () (wf — wy') — Ua () (wp' —wg’).  (4.96)

For i,5 € N and ¢ > 0, we now consider

Lo opr o g
E(t) = é\lwkl’“’ () — @ " ()], . (4.97)

By (4.89)) and (4.90), we compute that

E(t) < Bl (O, W5"  wy"™ ) L2 ((0,0),22(1)|
< Bol| 005" || 20,0y L2 llwa ™ [ L2 ((0.),22 (1)

< Cllwht — wy’ || 20,22y = 0 (as i, j — 00). (4.98)

Thanks to (4.96)-(4.98), we get that ((.Z,(t) — g%g(t))ng)jg\] is a Cauchy
sequence in 7, and therefore converges in this Hilbert space. Accordingly,
Iy(t) — Uy(t) is a compact operator from 7 to 7, for any ¢ > 0. In
consequence, Theorem leads to the conclusion of the present theorem.

O

4.4 Polynomial stability

In this section we will prove that our system — is polynomially stable
under certain geometric condition, imposed on the domain {25, when we do not
have the Kelvin—Voigt damping on the membrane, but the inertial term and
structural damping are present. For the proof, we will use the characterization

of Theorem 2.44l
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

In order to establish the polynomial stability, we need the following usual
geometrical condition: There exists a point xy € R? such that

q(z) -v(z) <0 for x€l, (4.99)

where ¢ is the vector field defined by ¢(z) = x — x for x € Q.

Theorem 4.16. Let n > 0, my > 0 and ms = 0 and assume that (4.99)
is satiesfied. Then, the semigroup (<7,7(t))t20 decays polynomially of order at

least 1/25. Furthermore, if wy € D(ﬁfn’“), k € N, then there exists a constant

C). > 0 such that c
k

for allt > 0.

Proof. First we will prove that the intersection iR No(<7,)) is empty, then we
will look for an estimate of the type and this will allow us to obtain
an inequality like (2.19). Finally, a standard argument leads to (4.100).
Since 0 € p(<7,) there is Ay > 0 such that {i¢ : —X\g < ¢ < Ao} C p(7)).
Let A € R with [A] > Ag. To prove that iRNo (<) = 0 it is sufficient to show
that i\ ¢ o(e7). Taking w = (wy, wa, ws, wy, ws)" € D(2?) and setting

[ = (i T — o)w, (4.101)
we derive that f € D(4,) and further

iAwy —wy = f1 in HE(Qy), ( )

iIANpiMuwy + W + mi Apws + aAws = pi M, fo in H;;(Ql), ( )
iAws —wy = f3 in H' (), (4.104)

iApawy — PolAws = pafy in L*(Qy), ( )

iApows + AL (L — Ny )ws + BArws = pofs in L*(Qy). ( )

Here we set f == (f1, f2, f3, f1, f5) . From (4.101]), we get the following

— Re (Fyw,w) 5 < |1 1]l (4.107)
By (3.35)) and (4.107),
leally o) < CIFISE ol (4.108)
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4.4. Polynomial stability

and
1/2 1/2
lwsll g,y < C ||f||,;%7 IIWIIJQ, : (4.109)

Replacing (4.102)) in (4.103)) and (4.106)), we obtain

— NpMuwr + W + idmi Apwy — aArws + oS ows

) 4.110
= iAot My fi + i Apfi + pr M, fo ( )
and
iApows — iAaAw; + BATws = —aAf1 + pofs. (4.111)
Inserting (4.104]) into (4.105)) leads to
— N powz — PolAws = ipaf3 + pafa. (4.112)

Multiplying (4.110) by w;, under the duality between H{%(Ql) and Hf., (Q1),
considering the identities (3.12))-(3.15]) and (3.21]), using integration by parts

and knowing that 0,ws + kw; = 0 on I, we get

2 2
- Apy lequm(Ql) + b1 Hw1||Hg(Ql) — B2 (Qyws, wl)L?(z)

+ a (ws, Oywr) g2y + iAmy ||Vw1||ig(91)2 — a(Vws, Vwi) g2, (4.113)
= i\p1 (f1, wl)H%,n(Ql) +mq (Vf, le)Lz(Ql)z + p1 (f2, wl)H%,n(Ql) .

Multiplying (4.111]) by ws, using integration by parts, (3.16) and (3.18) we

get the following equality
’L)\po Hw5Hig(Ql) + 1A (le, V’LU5)L2(91)2
— ida (Qywy, ws) oy + B ||w5\|;(A1T/2) = a(Vf1,Vws) o, (4.114)
— a9y fr,ws) 2y + Po (fs, W) 2(0,)

Multiplying (4.112]) by w3 and using integration by parts, we obtain

— X?py Hw3||i2(92) + B2 ||sz||i2(92)2 + B2 (Ouws, ws) pay
= iAp2 (fs, w3) pa(q,) + P2 (fa, ws) 2y -

Multiplying (4.114)) by —iA™!, adding together with (4.113)) and (4.115)), and

taking into account that w; = w3 on I, we see

(4.115)

2 2 .
— X lwill () + Br ez q,) + 2adm (ws, Gyuwn) 2
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

+idmy [|Vwr |72, 2 + 120 Im (Y, Vas) 12,2 + £o llws]|72 o)
—iAT'g ||w5|| A2y T N pa w2, + B2 I Vwsllf2q,)

= iAp1 (flawl)Hl @) T (Vf1, Vi) a2 + o1 (f27w1)H1 ()
—ix"a (Vi vw5)L2(Ql)2 +ida (an17w5>L2(]) — X" po (f57w5)L2(§21)
+iAp2 (f3,w3) r2(qy) + P2 (1, w3) 120y -

Because of Friedrichs’s inequality there exists a constant C' > 0 such that
@3]l 12,y < C Rl for any & = (P, 2, @3, Py, P5) € 7. Taking real
part above, using (#.109) and remembering that 1 < \;*|\| we achieve

B w3y + B2 Vsl aqyye + oo llwslFay) < Mo ol )
+ X2 [wsll 220,y + C UM N FlLg, Il + 1A Tl )
By , we find
p2 wall 20y = P2 iXws = fall 72y < C (N wsllfa, + 115, ). (4.117)
By and , we derive
N il g = 1A+ el ay < CUF I, + 11l llly, ). (4.118)

Combining (4.108) and (4.116))-(4.118), we obtain

(4.116)

[wll%, < C O lwslZagay + I L, 1wl + A ool + /15, ).
(4.119)
Now, we will establish an estimate for A\? ||w3||i2(92). Thanks to the Rellich
identity, see Theorem [2.16| choosing there h = ¢, we can write

1
Re/ Aws(q-Vws)dr = —Re/ang(q-vwg)—ﬁ(q-y) |Vws|® dS. (4.120)
o I

Multiplying (4.112)) by the scalar field g - Vws, integrating, taking real part

and using (4.120)) we get

— \2py Re/ ws(q - Vws)dz + Ps Re/@,,wg(q - Vws)dS
Qs I

_ b
2

(4.121)
/ (¢ 1)|VusdS = Re / (iNosfs + pof)(q - VT)da
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4.4. Polynomial stability

Making use of identity ¢ - Vws = div(qws) — 2wz and employing integrating
by parts, it holds

Re/% ws(q - Vi)ds = — [lws|2ae,) — %/,@ D)wsl2dS. (4.122)
By (CI21) and (£123),
Ao ||w3||12(92) = Re /Q2 (iAp2fs + pafa)(q - Vws)dx — %A2P2 /I(CI -v)|ws|dS
— [ Re/j&,wg(q - Vws)dS + %62 /I(q V)| Vws|*dS.

Keeping in mind that ¢- v <0 on I, w; = w3 on I and (4.118)), we obtain

2 Jualany < C(N UL, [l + 11, + [ VBediunla - Fwlas)
(4.123)

(f1, fa, fs, fa, f5) and f = Hw. Since w € D(;z{f), we have that f, € H2(,
and also

Brwy —miGoy1ws + BaGay1ws +a(Gr — kGa ) yows —Gay1 f2 € D(Ag), (4.124)
see the proof of Theorem In consequence,
Bodyws = 0, fo — B1.Bow; + mid,ws + akws on I.
By (4.101), idw — ]7: f. Thus, ]72 = 1 Awy — fy. Therefore,
S = /I|628,,w3||q-VE3|dS < C|B200ws | p2p) [Vwsl| 2y
< C(W ||al/w2||L2(I) + ||al/f2||L2(I) + Hf%)2w1||1;2(1) + ||w5||L2(I)) ||vw3||L2(I)2 :

From (£.105)), Aws = i\B; ' pows — By 'pafs in Qy and as ws = w; on I, then
by Remark and the trace theorem we get

lwsll g2y < C([[iN3y " pows = B3 pafall gy + l0rllgrarery )
< (A ||w|;ﬂ,+‘|f||%,) (4.125)
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

Applying Theorem to the partial derivatives of first order of ws, we
obtain

1/2 1/2
va3HL2(I < CHU);J,”]_;Q(QQ Hw3HH/1(Qz)

1/2
< C(IA2 wll ., A

1/2
wl|%). (4.126)

By (£.102),

lwall g2,y < Cllidws = fill gaa,y < CUA Wl +11flLg ). (4127)

Applying Corollary to we and considering (4.108)) together with (4.127]),
we get

1/2 1/2
A8l 2ry < CIA el lwellifi o,

< (P2 A5 Il + NIl ). (4.128)

~ N N A~ A~

Doing f:: <, f with f: (f1, f2, f3, fa, f5), we have that ﬁ = fy and by the
trace theorem

100 foll 2y < C el = Cllfillizcany < Cllfll, - (4.129)

By (3C.53) in [87], we can write Bow; = 0,0,w;. Applying Corollary
to Aw; and Theorem to the partial derivatives of third order of wy, and
then using Sobolev’s interpolation inequality, we deduce that

|Bowi | 20y < C (110, Aw| 12 gy + [[0:0,0-w1]] 12y )

1/2 1/2 1/2 1/2
< C([lAwllzg,, HVAleLé(Ql s+l lolaa,))
5/6 1/6
< Cllwillyran ol - (4.130)

Using the definitions of M,, W, Ar, Ag, (3.30), (3.31)), Proposition and
(4.124) we can establish that equation (4.103]) is equivalent to the following

system

2wy = By (pofa — idprws + YA fo + My Awy — alAws) = f. in Qi
w; =0 on I,
O,w; =0 on T,
PBrw, = —a6f1w5 on I,
| Bywy = BT (¥, f2 + madyws — Badyws + akws) on 1.

88



4.4. Polynomial stability

By Proposition m there are positive constants )\(()2) and C' such that

2 rs _
le”H‘l(Ql) < C(H)‘(() )wl + f*“LQ(Ql) + H_aﬁl 1w5HH3/2(I)

_ (4.131)
+ ||6;1(76uf2 + mlﬁng - 628]/,['03 + Oé/ﬂU5)||H1/2(I)).
From (4.127)), (4.129) and the fact that 0 € p(o7,) it follows that
1A follz2) < Cllfellaz, = Cllidws — f2||H%(Ql)
< O [lwll g, + A2 f Iy, )- (4.132)

As Aws = B Hidpows — alAwy + ocws — pofs) = f* in Q; and 0, ws + Kws =
0 on 0%, this is due to w;s satisfies (4.106]) and is an element of D(A7), by
regularity theory there exist positive constants )\63) and C' such that

3)
[[ws]| g2 (a,) < O ws — Fill 2y < C(

sy Hf I, ). (4133)

In the last inequality it was used (4.127)). By (4.125)), (4.127)), (4.129)), (4.131))-
(4.133) and the trace theorem we see that

lwill a0,y < COXMwlg, + A £y, )-
By (4.118),
will iy < CINT (£, + I F 15 1wl )

From (4.130)),
1/6 5/6 1/12 11/12
1Bow || 21y < CUNP L f 1150 1wl + A2 L 1 el

(4.134)
+ AP L Il + AP L 152 (] 5.
By the trace theorem and (4.109|), we get
1/2 1/2
lwsll 2y < C llwsllmayy < CIAE Tl (4.135)

Due to (4.126)), (4.128)), (4.129)), (4.134)), (4.135) and Corollary we write

I < eClwly, + CAN® | fIl5, for any &> 0. (4.136)
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Chapter 4. Asymptotic behavior of the solutions of some plate-membrane problems

Due to (4.119)), (4.123]) and (4.136)) we obtain that

[wll e, < CINP ], - (4.137)
n l

Let w € D(%,) and f=(ixT — o )w = 0. In this situation, we have that
Ay = i\ € D(e7,)) and so w € D(2?). Now, an application of
allows us to obtain w = 0. In consequence, Ker(iA\Z — .o7,) = {0} and thus i\
is not an eigenvalue of @, By Remark [£.14] we get that i) ¢ o(<7).

Let us consider .# € D(g,) and A € R with |A| > Ao. Asi) € p(47,), then
iNT — o, . D(o,) — ) is invertible and so there exists Z € D(<,) such
that (INL —,))% = F. Since U = i\U —F € D(o,), then % € D()
and thus holds replacing w and f by % and %, respectively. Hence,

|GAZ — )" 7|, < CIAP 9,7 ||, -

From Theorem with o/ =1 and ' = 24 it follows the first statement of

our theorem,

|70y | 1y < CEH2 for all ¢ > 0. (4.138)

Let £ € N, wy € D(;zf'k) and fo = ﬂ%kwo Note that f, € J#,. Since
%k is invertible, we have that wy = Ak f(] Using part c) of Theorem 24 in
[T09, p. 5], one can prove that F*(t ) “Fo = [T (1), ¢ for any ¢ € I,
and for all £ > 0. Thus, from it follows that

17 woll , = [ (Fa(t/ k), fOH,;» (CRM2YM2 g
for any ¢ > 0. [

Remark 4.17. a) The estimate (4.100)) indicates that the more regular are
the initial data, the decay of the energy @ is faster. Indeed: If wy € D(,szf?f),

then (4.100]) implies that

Cr
B, (1) = 3 1730wy, < i hwofgy for all £ 0,

where Cj, == C2/2.

b) The result of the previous theorem continues to be true if the plate is
isothermal, i.e., the temperature is not necessary to obtain the decay rate of
Theorem [4.16]

c) If we remove the structural damping (m; = 0) of our thermoelastic
plate-membrane system, we do not know anything about asymptotic polyno-
mial behavior for parameters n > 0 and my > 0, and when also n = my = 0.
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4.4. Polynomial stability

Remark 4.18. In the proof of Theorem [4.16] we did not aim at optimal
polynomial rate.
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Chapter 5

Analyticity of the semigroup
assoclated with a transmission
problem

The goal of this chapter (Theorem is an analytical result when both
the inertial term and the structural damping are not present, but there is
Kelvin—Voigt damping on the membrane and temperature on the plate. As
a consequence we will have that w(t) = Jo(H)wy € D(F®) = N D(F)
for wy € 4, i.e., no matter how irregular the initial data always the corre-
sponding solution is of class C* (see [51, p. 2] and [104, p. 179]). Other
implications of the analyticity of a semigroup can be found in [94]. We will
achieve our analytical purpose by making use of the well known result of

Theorem [2.46| The proof will be done by contradiction.

Theorem 5.1. If n = my = 0 and my > 0, then the semigroup (F(t)),>q
generated by <, is analytic.

Proof. From Proposition 4.5 we have that iR C p(). Let us suppose ([2.20)
is not true. According to Remark 2.7 in [39], there are sequences (A,), oy C R

with |A,| = 0o and (fy)nen C % with || fu]l = 1 such that
nh_{go [An(iAT — %)Aﬁszfb = 00.

Without loss of generality, we will assume that A, is positive for each n € N.
The opposite situation, A, < 0 for any n € N, is discussed in Remark [5.2
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Setting @, = M(iAZ — )y Wn = @/ ||l and frn == Fou/|@nll 5,
we obtain the following

Jwnll o =1 and (i — A\, ' %) wy = fn (5.1)
with
|GZ = Ay o )wnl| . —— 0. (5.2)

Note that (w,), .y C D(%). From the second assertion in (5.1)),
) —Atwy = T (5.3)
iprwy + )\;1 (ABVV(’)1 — aArw? + %w?) =p1fy, (5.4)
g — A\l = 7, (5.5)
i — Pa  Awy — maX AWy = paf] (5.6)
ipowy + aX, PAL(Z — Ny)wh + BN, L Arwl = pof2 (5.7)

where W = frw] + B2Gamiwi + maGoyiwy + aGiyows — axGyyow?. Note
that

n(2 n(|2 ni2
|(GZ — X, ) wn”,f Bl Nz + P 12 20y + B2 IV 5 20,2
n 2 mn 2
+ 02 /¥ | 2200y) + P 1S5 122000 -

Then, the limit (5.2)) and (5.3))-(5.7) imply that

iw — N twy — 0 in HE(Qy), (5.8)

imwy + A, (ApWy — adrwl + %Fwy) — 0 in L2H(Qy), (5.9)
iVwy — AP Vwy — 0 in L), (5.10)

ipow} — Bo A FAWE — mo TAwWY — 0 in L2(Qy), (5.11)

ipows + aX, ' AL(Z — Ny)wh + BA P Arwl — 0 in L2 (). (5.12)

Due to (3.35)),

. _ mo n o n
Re ((ZI - )\nl%)wmwn)% - [ Vwy "%2(92)2 + ~— [Jws Hi?(m)
" 3 (5.13)

s
+ I |Vwy I|L2(Ql)2 + ||w 1z2(00,) -

By the first assertion in and (| - we get

P Hw’gH?{l(Ql) < CRe ((ZI — N Y wn, wy) L, < C||GZ — N, )w,

0 e
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Now, (5.2)) implies

AUQ”%Om}f@ﬂ (5.14)
For being ms positive, it follows from ((5.2]) and (5.13)) that
MWVM—WinﬁKm. (5.15)
The limit and imply
Vwy — 0 in L*(€y). (5.16)

We will obtain a key convergence in this proof through the following equality.
(ipows + aX, " AL(T — Ny)wh + BA T Arw?, wl)

o) (5.17)
_ || n||2 o )\_1<A n n) +6>\_1(-A n n) ’
LPo ||Ws |l 2(0,) — An Wy, Ws ) 12(0) n TWs, Wy ) 12(0) -
Integration by parts implies
(Awgaw?)m(m) = — (Vwy, ng)m(gl)? + (avwg?wg)LQ(I) : (5.18)
As (w}), e is bounded in H?(Q), the limit (5.8) implies that (A, 'wg) . is

also bounded in H?(€2;). By interpolation inequality (2.11)), we compute that

| [
N w3 gy < CT w3 |2,y < C. (5.19)

Using Cauchy—Schwarz inequality and ({5.19)),
A (Vwg, Vug) a2 | < CXY2 w5 || a,) (5.20)

Next we will apply Theorem to wf and Corollary to wy. Considering
again ([5.19)), we have

’)‘ (Owy, wy) L2(I) ‘ <A ! 10, w2HL2 I Hw?Hm

wd |z 0,y w17y I s
o m2(0) 121l g0 1V @) 172
~ 2
)\}L/z )\31/4 )\1/4 L2()
— nnl/2
gc&”ﬂ@ﬂémn- (5.21)

Thanks to the fact that AIT/ ? is self-adjoint and to (3.17), we can write

1, 2 1), 2
‘)‘ 'ATwE)vwE))L?(Q ) ‘ At s HD(AlT/Z) < ON!wy HHl(Ql) : (5.22)
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Due to boundedness of (w?), v in L*(4), (5.12), (5.14), (5.17), (5.18) and

(5.20)-(5.22]), we conclude

wf — 0 in L*(Qy). (5.23)
On the other hand,

(ZPQwZ - BQ)‘;LlAng - mQ)‘;LlAwATlLa wZ)Lz(QQ)

. n|(|2 -1 n n o, mn (524>
= ips ||w] HL2(§22) = A (BAws + maAwy, w4)L2(92) :

By Remark [3.19] integration by parts and the fact that w) = w} on I we
derive

At (BeAwy + maAwi, wi) o,y = =Byt (VW5, VW) 2o, (5.25)
— n||2 - n n n ’
—ma, !t [[Vw) ||L2(Q2)2 — A (0, (Bawy + maw}), wz)L2(1) :
Obviously,
A (Vws, Vg s g, | < A IVWwg][ 20,2 A VWil 2,2 - (5:26)

As A(Bawy +mawy) = ipgAywy — paAn 1 in Qg and Sowy + mow} = Sowi +
mow}j on I, see (j5.6), Remark implies

[Baws 4+ mowy || 20,
< C(lliparnwy = p2n [l 12y + 18207 + maws ]| ysery )
< C(Anllwill 2y + An 12 120y + 0T 2y + 103 1 2g0y) )-

Because of (w}), oy and (f1'),cy are bounded sequences in L?(€2,), then
A 1 Baws +maw] | gaq,) < C. (5.27)

Thanks to Cauchy—Schwarz inequality, Theorem and (5.19)) we obtain

‘)\ 0, (Bawg + mowy), wg)ﬁ([) |
n 1/2 nil/2
< ON40,(Baw + maw) oy An M 1w i,y 103 1oy
< O 0, (Bawl + maw) || sy - (5.28)

Taking into account (5.27)) and applying Corollary to fawf + mow},

A0, (Baws + maw§) 2y
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1 1/2 1/2
< Cy7a 182w + mauf| @) 1/4 IV (Baw +maw)| e,

< (Y| Vw ”||;/3922+A V4 | Vw n||1L/392 ). (5.29)

From (5.11)), (5.15), (5.16)), (5.24)-(5.26), (5.28) and (5.29), it follows that

wy — 0 in L*(Qy). (5.30)
Now, let us consider the following equality

(ip1wh + M\ ' (AW — aArwl + o ow?) awy)m(m)

. n|2 -1 n o..n -1 n .n (531)
=ip1 ||wy “L2(Ql) + A, (AW, w2)L2(Ql) +aX, (Aw57w2)L2(Ql) :
Applying integration by parts,
(Aw?,wg)pml) (szavwz)m( a2 T (0, w57w2)L2(I) : (5.32)

Because of 0, w} + kwf = 0 on I, the trace theorem and ([5.19) we obtain that
P‘g (Oywy , wy) L2(1 } < CA, ! ||wg||L2 ”ngL?(I)

|wg HHl(Ql) HwSHHl(Ql)

NE INE
< ONV? lwg |1y -

Gathering (4.59)), (5.9), (5.14)-(5.16), (5.20), (5.21)), (5.28)), (5.29) and (5.31)-
(5.33]) we have that

<C

(5.33)

ip1 ||wg||i2(91) + 6 (i w5) 2,y — 0-
Multiplying by w}, we obtain
i Hw?Hi{g(Ql) - (w3, w)) g2,y = 0-
The last two limits allow to write
pillws 12y = B 1wt 2y — 0. (5.34)

Our goal now is to show that the sequence (w3),.y converges to zero in
L?(£2;). Developing an analogous argument as in the limit (4.64)), taking into
account that A\, — oo, we find that

A Vw3 [, = Ant (Gvws, w5) pagry — 0. (5.35)
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Using the fact that w} = w} on I, Theorem Corollary [2.22[ and (5.19)
we obtain that

‘)‘ (Owy, wy) L2(I) ‘ <A, ! 10, wg”m (I ||w4HL2

gl a ) 13l i e
< ORI ol A
- 2
)\1/2 )\711/4 )\1/4 L2(Q2)
nnl/2
< ON gy (5.36)

Due to (An?w)pen and (An /> V) ey are sequences that converge to zero
in L?(Qy), see the first assertion of (5.1)) and (5.15]), then

M2 =0 in HY(Qy). (5.37)
From ([5.35)-(5.37)), it follows that
M2Vl — 0 in L2(Q). (5.38)

By (5.4),

AWi = p1 )\ f3 —ipt \wy — aAw?.

Since (wy),,cy C D(), it is immediate from the definition of the domain of
the operator % that W} € D(Ap). Because of the latter and the definitions
of the Green maps G; and G, given in , we have that the last equation
is equivalent to the following elliptic boundary value problem

(AQw? = By oSy — BT pidwl — Bt Aw? = f* in
wi =0 on I,

{duw? =0 on T, (5.39)
Brwy = —aﬂflw’g on I,
(| Bowy = —B710, (Bow} 4+ mow?) + aBy tkw? on 1.

By Proposition m, there are two positive constants /\((]1) and C' that satisfy

n 1), .n * — n
[[wi ||H4(Ql) < O(”)\(() )w1 + 2 + || — aB; Lwp | 3/2(1)
+ ” - ﬁl_lau(ﬁfwg + mQWZ) + Oéﬂl_lliwgnhnm([))
< C(Mwillzzgyy + M 12 1 z2any + Ao 103 [ g (5.40)

+ ngHhﬂ(Ql) + || Bawy + m2wZHH2(Qg) )
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From and the fact w? € D(Ayr), it follows that: Aw? =i~ poA,wl —
afTAWY + o7 wl — poSTIALfE = ¢* in Q; and 9, wE + kwl = 0 on 9.
By regularity theory, see for instance part b) of Remark 3.3 in [14], there are
constants )\(()2) > 0 and C' > 0 such that

n 2 n *
102l 20,y < CINT W — 6|22y
< C(llwgllzz0,) + A llws |2,y + 105 |20, + A 15 22y )-

Therefore,
A Hw?HHQ(Q <C. (5.41)

Thanks to (5.27), (5.40) and (5.41)) we can affirm that (A, 1) is bounded
in H*(£2;). By interpolation inequality,

1/2
L [ RS —
N [0l s,y < CT [y || 20y < C- (5.42)
Due to the first equation in ([5.39)),
iwy = —BNTAM] + f3 - SN Awg in Q. (5.43)

Taking the inner product in L?(€);) of ((5.43]) with w? and applying integration
by parts, we obtain

. n|2 n n n ,mn
iflws 2@ = G- (VAWY, Vwy) 12,2 + (O, AW}, w5) 2y ]

S mn

o o (5.44)
+(fs 7w2)L2(Ql o1 >\n (Awg, wz)rﬁ(m) :

Due to (5.42), we can write
A (VAW Vwg) o, | S A IVAWE 20,02 VW05 || 20, 2
< C)\Em [|wy ||H3(Q1 N | Vwy \|L2(91)2
< ONV2 [ Vuy HL2(§21)2 : (5.45)

The boundedness of the sequences ( in H*() and (w}), oy in
L?(£2;) together with Theorem [2.21] m Corollary Frledrlchs inequality and

(5.42)) allows us to write
A @AWY, ws) oy | < A 0, AWT | Ly 1ws || 2y
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et 2 ) 1wi gy, s e

< oMl 1T, 192 oy | oo

— )\1/2 )\1/4 )\711/4 H Wy ”L2 (Q1)

< ON V4|V ”HlL/le (5.46)

The limit (5.38) together with ((5.45)) and (5.46]) imply

A, <VA'LU1,V'LU2)L2( o2 0 and A7 (8,,Aw?,w§)L2(I) — 0. (5.47)
Because fi — 0 in L*()) and w3120,y < C foralln €N,

(f3.w8) 2y — 0. (5.48)

By (5.14), (5.20), (5.32) and (5.33),

M (Aw?, wy) 12,y — 0. (5.49)

Because of ((5.34)), (5.44)) and ((5.47)-(5.49) we obtain the convergences
w — 0 in H*(Qy) and wj —0 in L*(£). (5.50)
Joining the limits (5.16]), (5.23), (5.30)) and (5.50) we get w,, — 0 in J&), this
contradicts the first assertion in @ [

Remark 5.2. If A\, < 0 for all n € N, we multiply (5.13) by -1. From this
point on, the proof is similar to the one presented above with the difference
that some \,, would now be —\,,.

Corollary 5.3. If n = my = 0 and my > 0, then the analytic semigroup
(%(t)),0 generated by o, is exponentially stable. Thus, there exist constants
M > 0 and w < 0 such that E(t) < Me“*E(0) for all t > 0, where £ = E

and Ey is as in (3.1)).

Proof. By Remark [3.16] .« is the infinitesimal generator of the Cy-semigroup
of contractions (Jy(t)),so- Due to Corollary 3.6 in [109, p. 11], we have that
p(y) D {A € C:ReX >0} and as iR C p(a), see Proposition 4.5 then

o(h) CC{AeC:ReX>0}.

Now, Theorem and Theorem 5.2 in [38] imply the exponential stability of
the semigroup (J5(t)),>- O
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Another consequence of the analyticity of the solutions is the impossibility
of localization. That means that the only solution that can be identically zero
after a finite period of time is the null solution. This can be found in [20, p.
162].

Corollary 5.4. Let n = my = 0 and my > 0. Let us assume that w =
(u, ug, v,v4,0) is a solution of the system - that satisfies —
with initial conditions and such that w =v = 60 = 0 after a finite
time to > 0. Then, u=v =60 =0 for every t > 0.

Remark 5.5. In the proof of Theorem [4.16] it was shown that if we assume
condition with n > 0, m; > 0 and my = 0, then iR C p(<,). On
the other hand, Theorem [4.15| implies that the Cy-semigroup of contractions
(F(t)),>o generated by o7, does not have exponential stability. Consequently,
under the given conditions, we have that (.7,(t)),-, is not analytic.
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