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Abstract Recent pulsar timing array (PTA) experiments
have reported strong evidence of the stochastic gravitational
wave background (SGWB). If interpreted as primordial grav-
itational waves (GWs), the signal favors a strongly blue-tilted
spectrum. Consequently, the nonsingular cosmology, which
is able to predict a strongly blue-tilted GW spectrum with
nt =~ 2 on certain scales, offers a potential explanation
for the observed SGWB signal. In this paper, we present
a Genesis-inflation model capable of explaining the SGWB
signal observed by the PTA collaborations while also over-
coming the initial singularity problem associated with the
inflationary cosmology. Furthermore, our model predicts dis-
tinctive features in the SGWB spectrum, which might be
examined by forthcoming space-based gravitational wave
experiments.

1 Introduction

Inflation is the standard paradigm of the primordial Universe,
providing a natural way to explain the formation of large
scale structure and the observation of cosmic microwave
background (CMB). Nonetheless, it is argued that inflation
suffers from the initial singularity problem [1,2] (see, e.g.,
[3,4] for recent development). Therefore, it is interesting to
investigate nonsingular cosmologies, i.e. cosmological mod-
els that do not suffer the initial singularity problem, such
as the bouncing cosmology [5-38] and Genesis cosmology
[39-55] (see also [56,57]).
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The standard slow-roll inflation predicts a nearly scale-
invariant tensor spectrum with a tensor spectral index ny ~
0. On the contrary, many nonsingular scenarios predict
strongly blue-tilted tensor spectra with 2 < ny < 3 on cer-
tain scales [58—61], provided the initial state of perturbation
mode is set as the Bunch-Davis vacuum. By introducing
additional mechanisms during inflation, such as an interme-
diate null energy condition violation or a diminishment of
propagating speed of Gravitational Waves (GWs), we can
also obtain blue tensor spectra with 0 < ny < 2 [62-68].
Therefore, the primordial gravitational wave (PGW) signal
could be a promising tool for distinguishing canonical slow-
roll inflation and its competitors or modifications, including
certain nonsingular cosmologies.

Recently, pulsar timing array (PTA) collaborations, includ-
ing NANOGrav [69,70], EPTA [71], PPTA [72], and CPTA
[73], have reported strong evidence for an isotropic stochastic
GW background with a strain amplitude of order O(10~1°)
at the reference frequency f = 1year—!. The PTA result
strongly supports a blue tensor spectrum withny = 1.8+£0.3
(see e.g., [69,74,75]). This value of nr still falls within the
range predicted by various primordial cosmological scenar-
ios (see [76] for the spectra index of various expanding and
contracting phases). It is then natural to ask if it is possible
to interpret the PTA signals to be originated from PGWs in
nonsingular cosmology.!

In the minimal setting, nonsingular cosmologies like
Ekpyrotic bounce and Genesis cosmology predict blue ten-
sor spectra on all scales, which is not realistic: the power
spectrum of tensor perturbation (i.e., Pr) is either too small
to be observed on the PTA scale or grows too large on smaller

! The PTA results can of course have different origins. Shortly after the
release of the PTA data, an abundant paper appears and tries to explain
the PTA signals, see, e.g., [77-110].
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scales to invalidate the perturbation theory. Additionally, for
a power law like Pr ~ k"7 in inflationary scenario, there
is a very low upper limit on the reheating temperature (i.e.,
T < 10 GeV [75]) due to the constraint on the e-folding
number of inflation implied by Pr < 1. A realistic candidate
for an early universe model might be a combination of non-
singular cosmology and inflation, which is able to naturally
terminate the blue nature of Pr on certain scales as well as
resolve the cosmological singularity problem.

As a start, we begin with a Genesis-inflation model
[111], due to its relative simplicity. We construct a spe-
cific Genesis-inflation model such that the scalar spectrum
is scale-invariant in both the quasi-Minkowskian epoch and
the inflation epoch, consistent with CMB observations. The
tensor spectrum is blue-tilted across a broad frequency range
from the observational window of CMB to that of PTA, and
scale-invariant on smaller scales, with oscillatory features
on a short range of scales corresponding to the transition
epoch. We find that the PGW generated in this model can
successfully explain the PTA data, while its tail in the higher
frequency band might be accessible to future GW detectors
such as LISA [112], Taiji [113] and TianQin [114].

This paper is organized as follows. In Sect. 2, we introduce
our toy model of Genesis-inflation. We analyze the dynam-
ics of perturbation in Sect. 3, then numerically evaluate the
tensor perturbation and confront it with PTA observations
in Sect. 4. We conclude in Sect.5. We take the sign of the
metric as (—, 4+, 4+, +) throughout. The canonical kinetic
term of the scalar field ¢ is defined as X = —%Vﬂ¢v#¢,
which is simply X = ¢2/2 at the background level. The
d’Alembert operator is I = V,V¥. We have also set
M, = (87G)~1/? = 1 for simplicity.

2 A simple Genesis model
2.1 Action

The “no-go” theorem, as proven in [115,116], indicates that
spatially flat nonsingular cosmologies constructed within
Horndeski theories are plagued by ghost or gradient instabil-
ities. However, it has been demonstrated within the frame-
work of effective field theory (EFT) that these instabilities
can be eliminated through the use of “beyond Horndeski”
operators [111,117-120] (see also [53-55,121] for develop-
ments in Genesis cosmology). Notably, it is demonstrated in
[111] with the least set of EFT operators that a fully stable
nonsingular Genesis-inflation model can be implemented.
In this paper, we start with the action

R
S = /d“x«/—g (5 +Lur+ Luz + EEFT) , (1)
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where R/2 is the standard Einstein—Hilbert action, £ and
L 3 are the Horndeski Lagrangian. Specifically, we take

L = g1(0)X + g2(p)X* — V(¢9),
£H3 = —)/X2|:|¢. (2)

The EFT Lagrangian Lgpr in (1) represents the “beyond
Horndeski” operators, which are able to stabilize the scalar
perturbations. As we primarily focus on primordial GWs in
this paper, we will not delve into the details of Lgpr, see e.g.
[111].

In a spatially flat FLRW universe

ds? = —di® + a(t)*dx>, 3)
the Friedmann equations are

2 I ., 3 . 5
3H™ = pp = Z819" + ;820" + 3Hy ¢ + V(9), “)

H = —> (0 + pp)

N =

L DT RS VO B VO S
= o’ — Sadt -2yt GeH . )

where H is the Hubble parameter, pgs and py are the density
and pressure of the matter field ¢. An overdot represents the
differentiation with respect to the physical time 7.

As we will show in Sect. 2.2, a Genesis solution with a
scale-invariant scalar spectrum can be realised by the follow-
ing choice of auxiliary functions

3k%e* 1 — tanh w (¢ — ¢1)

g9) = - . ,
1+ e
@) = (©)
2
1, »? 1 + tanh o (¢p — )
V) = gm (1_45_8) ( ” ) ™

2.2 The Genesis solution

Assuming the universe adopts a Genesis solution in the past
infinity with ¢ — —oo, we expect the auxiliary functions to
have the following asymptotic behavior:

i — E 2,40 i — 2 1 _
¢11r11 g1(p) = 2/< e ¢11r11 () =e ¢11111 V(g) =0.
(®)

Moreover, to have a late-time slow-roll inflationary epoch,
we need a flat potential:

lim gi(¢) =0, lim g (¢) =1,
¢——+00 ¢——+o0

2
. 1, ¢°
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Fig. 1 The auxiliary functions

Therefore, we choose the explicit functions (6) and (7) to
smoothly connect the asymptotic forms (9) and (9).

The Friedmann equations in the far past, with the asymp-
totic behavior (9), gives

3 3 .
3H? = — S22 + Zez%“ +3Hyd>, (10)

4

which permits a quasi-Minkowskian solution

. 1
:|s¢:_9

—t

. 1
2 —2¢ __ 2 —
Pe =Kk° — ¢_ln|:/c(—t)

The second Friedmann equation reads

42ty

) 1+2c2y 1
g~ o LHekTy
42 (—1)®

H~ 0.
- 062 (=15

12)

We will use (11) and (12) as the initial condition for the
numerical evaluation.

2.3 Tlustration of background dynamics

We numerically evaluate the background dynamics in this
section. We adopt the parameter setting

1
K = P y =72, m =0.08; (13)
w1 = 18, wy =20, ¢g = 2000, ¢ =2.1, ¢ = 2.6.

(14)

The parameter set (14) ensures the asymptotic behavior (9)
and (9), and has little influence on the relevant physics. We
plot the auxiliary functions g;, g2 and V in Fig. 1.

On the other hand, the parameters (13) determine the
physics of Genesis cosmology. From (12) we see that « and y
determine the Hubble parameter in the quasi-Minkowskian
epoch. Moreover, in Sect. 3.4 we will show that the sound
speed of scalar perturbation cf in the quasi-Minkowskian
epoch is also determined by « and y, and we choose (13)

such that cf = 1.2 The parameter m determines the height of
“cliff” in the inflationary potential V (¢), and thus the Hubble
parameter in the inflation stage.

We illustrate the background dynamics of our model in
Fig.2. The quasi-Minkowskian epoch is characterized by the
H — 0 behavior when ¢t < 0. After a short transition epoch
around ¢ = 0, the universe enters an inflation epoch with a
nearly constant H.

3 Perturbation

3.1 Dynamic equation

The scalar and tensor perturbations at the quadratic level can
be expressed as

2
Sry = fdrde% [;’2 —cf(a,-;)z] , (15)

2
a
Sor = /drd3x§ [yl/f _c%y,%.] , (16)

where ¢ is the curvature perturbation and y;; represents the
tensor perturbation. Here for simplicity, we suppress the
polarization tensor for the tensor sector. We have

Ty 9081430287 + 18Hy§® — 6H?

=3 - , 17
2a* (2H —y¢°)? 4
and

2 2d
s 2 a
——2 CS = 1 —_ - —5
2a adt \2H —y¢
_ 00 -2y H — W0y¢le HaH o

QH — y¢*)?
in the quasi-Minkowskian epoch and the inflation epoch
[122].

2 In nonsingular cosmology with a consistency relation between the
tensor-to-scalar  and cs2 like matter bounce, interpreting the PTA data
would result in an extremely small 7, and thus a highly suppressed csz,
which in turns give an unsuppressed non-Gaussianity, inconsistent with
observations [75]. In our case however, r depends on other parameters
as well as csz, so it’s possible to acquire the required r with 652 =1

@ Springer
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Fig. 2 The background dynamics of our Genesis-inflation model with parameter setting (13), (14). The upper panel shows the dynamics of the
scalar field, while the lower panel shows the dynamics of the background evolution

Notably, the behavior of cs2 is dependent on the EFT action
in the transition epoch. However, in our case we are interested
in the scale-invariance behavior: the scale invariance in the
quasi-Minkowskian epoch can be used to interpret the CMB
result, while the scale invariance in the inflation epoch guar-
antees the scalar perturbation does not grow on small scales
and invalidate the perturbation theory. Therefore, let’s simply
assume that the EFT action is delicately designed, such that
cf > 0 in the transition period, and no gradient instability
occurs.

The dynamical equation of the scalar and tensor perturba-
tion 18

Z//

v + (kch - —S> v =0, (19)
s
al/

v + <c%k2 — ;> v =0, (20)

where vy = z5¢ and vy = 1/2ay, are the correspond-
ing mode functions and a prime denotes differentiation with
respect to the conformal time dt = dt/a.

@ Springer

3.2 Effective horizon

Since the expression zf in the quasi-Minkowskian epoch,
(17),is non-trivial, let’s define the effective “Hubble horizon”
for scalar and tensor perturbation:
H}?=7'/7z5, H} =d"/a. (21)
From the dynamical equations (19) and (20), we see the effec-
tive Hubble parameters determine the evolution of perturba-
tions.

Let’s first come to the tensor mode. The effective Hubble
parameter behaves as

lim H7 =a’QH>+ H) o« (-1)"°~0,
t——00

: 2 2452 2
tgmHTzaH(2—e)_7. (22)
o] T
Therefore, the tensor perturbation will remain in the vacuum
state in the quasi-Minkowskian epoch, and thus the tensor
spectra index is simply nr = 2. In the subsequent infla-

tionary epoch, modes crossing the effective horizon would
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be redshifted and get a nearly scale-invariant tensor spectrum
withny = 0, as predicted by the standard slow-roll inflation.

Denoting the minimal value of H% in the inflationary
epoch to be Hr min, We can estimate

nyr =2, k<kr; ntr=0, k>kp; kr = HT,min~
(23)

The behavior of H S2 is more complicated. However, as we
shall elaborate in Sect. 3.4, for modes crossing the effective
Hubble horizon during the quasi-Minkowskian epoch and the
inflationary epoch, their corresponding scalar spectra index
is ng >~ 1. Thus, we expect the scalar spectrum to be almost
scale-invariant, except for a possible feature at scales corre-
sponding to the transition epoch.

3.3 Tensor spectra

In the quasi-Minkowskian epoch, H% is approximately zero,
so the dynamical equation is simply

1
NOT
after imposing the vacuum initial condition. The correspond-
ing tensor spectrum is

43 > 2 [k
Pr=— ~—|— , 25
=72 a2 2 ao) @)

wi+ =0 - |l = (24)

where ag represents the scale factor during the Genesis epoch,
k/ay is the physical wavenumber. Apparently, for the modes
that exit the horizon during the Genesis epoch, the tensor
spectral index is ny = 2.

During the inflationary epoch, the dynamic equation takes
the form

wy + e S wr =0 (26)
g (T — 7)? ’

where 7, is an integration constant. Denoting the start time
of inflation as 7;, we find
V2
kr = Hr min = —— . 27
ITI - Te|
For modes with k < kr, they are already superhorizon
at the start of inflation, and thus their amplitude remains
constant. The corresponding spectrum is described by (25),
where a = a(ty), with t); denoting the end of the quasi-
Minkowskian state. On the other hand, for modes with
k > kj, the general solution with vacuum initial conditions
is given by

V|t — 7|
2

=i —kIT — Tel jpjr—q,|
=——"—%¢ el (28)
V2327 — 7|

[y = Hy) (klz — 7.|)

where Hv(l) represents the Hankel function of the first kind.
Utilizing the inflationary background given by

a(t) = —— (29)

where H; ~ Const represents the Hubble parameter during
the inflationary epoch, the corresponding tensor spectrum
becomes

43 i 2H7
PT = = —2 s
T

P (30)

at the super-horizon scale k|t — 7| < 1.
In conclusion, we estimate the features of the tensor spec-
trum as follows
2 Kk 2H?

= —— — k<kr; Pr=—L k>kp. 31
TS Sy K Sk b= an k> ke (D

3.4 Scalar perturbation

In the quasi-Minkowskian epoch, the universe is almost
static, and dt = dt/a o dt. By properly redefining the
conformal time, we can interchangeably use agt and . More-
over, the EFT operator is negligible, along with the asymp-
totic behavior (9) and (11), the parameters reduce to

600k 2 600k2al
2 2 4 0 4 2
= _—(—t = — (= s
SR, ) T gy m et 6
8k2y — 1
=—F—= %, (32)

where we keep only the leading term. Equation (19) then
becomes

2
v + <k2c§0 — ﬁ> v =0, (33)

whose solution, equipped with the vacuum initial condition,
is

w0 = D il ke (34)

and for —k7 < 1, we have

1

3/2 ’
V23265 (—)

Hence, the scalar power spectrum can be evaluated by

e (D) = (35)

Py = 1l By — 1)
{ = — =
2m2 3 240072c] (i 2af(—1)°
3Cs,0

80072k 2(—1)0 36)
Notice that, the quasi-Minkowskian epoch ends at a spe-
cific time 1)y < 0. It is pointed out in [40,51] that, for
Lpz « X*O¢ with @ > 1/2, the curvature perturbation
grows on super-horizon scales, which is consistent with our
result (36). In view of that, we shall use the end time of

@ Springer
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the quasi-Minkowskian epoch, )7, to evaluate the amplitude
of scalar spectrum.3 The modes with —k1); < 1 will cross
the horizon and have the power spectrum described by (36),
while modes with —kt); > 1 remain sub-horizon in the
whole quasi-Minkowskian epoch.

In the inflationary epoch, modes with —kty; > 1 will
cross the horizon and acquire a scale-invariant spectrum. The
only tricky mode is —kty; =~ 1, whose evolution is hard to
trace analytically. Fortunately, the corresponding modes are
in a small range of scales, which shall generate features in
the power spectrum for a limited k. Thus the scalar power
spectrum is almost scale-invariant, as expected.

One final issue remains to be addressed. To ensure numer-
ical robustness, we adopted a very flat potential (13), lead-
ing to a slow-roll parameter ¢ <« 1 during the inflation-
ary epoch (see Fig. 2). Unfortunately, in canonical inflation,
the consistency relation dictates that r €, resulting in an
extremely small 7 on small scales. Consequently, the scalar
spectrum exhibits a magnitude much larger than unity, lead-
ing to the breakdown of perturbation theory. While our cur-
rent manuscript focuses on the possibility of the PTA signal
being a hint of nonsingular cosmology and mainly empha-
sizes the tensor spectrum, we should address this issue in
future works involving a concrete realization of nonsingular
scenarios. This could be achieved by either constructing an
inflation epoch with moderate € or employing non-canonical
kinetic terms to break the consistency relation.

4 Numerical evaluation

In this section, we will perform numerical evaluations of the
primordial tensor perturbations and compare them with the
most up-to-date PTA data. We will utilize the specific param-
eter settings given by (13) and (14). Additionally, to com-
pare our results with observations, we need to transform the
primordial tensor spectrum into the spectral energy density
parameter observed today. For simplicity, we assume that the
inflationary epoch is followed by instantaneous reheating, as
well as the standard radiation, matter, and dark energy eras.
Consequently, the spectral energy density parameter Qg w (k)
is related to the primordial tensor spectrum Pr by

Qaw (k) ~ 1070 Pr (k). (37)

Besides, we need to specify the scale factor in (25). The
scale factor ag in the Genesis epoch is related to today’s scale
factor ayoday = ape™N, where N is the e-folding number from

3 Following the convention of [40], we have Q =~ Ai(—t)“, where
A% >~ 100k%/(3¢2 ). The end time of the quasi-Minkowskian epoch
can be approximatély evaluated with Q ~ 1. As a result, we find 7y, ~
—(cs.0/k)"/%. With Eq. (36), we find P; ~ k /c2 ), which s nearly scale-
invariant, for the perturbation modes exiting horizon during the Genesis
epoch. For simplicity, we will not delicately design the magnitude of
the scalar power spectrum in this paper.
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Fig. 3 The spectral energy density parameter predicted by our model.
The violin represents the NANOGrav result, and the dashed curves on
the right represent the sensitivity of ongoing space-based GW detectors,
including LISA [112], Taiji [113] and TianQin [114]

the end of Genesis epoch to today. Insert back the M ,’s which
has been set to unity, the tensor spectrum (25) is accordingly

2k
) 2 ¢
T atoday Mp

Y\
Pr N~ 5.8% 1071032V (—> , (38)

nHz

To explain the PTA results, we need Py (nHz) ~ 1073, which
implies N ~ 114.*

We present the spectral energy density parameter in Fig. 3.
Our model not only exhibits a blue spectrum on the nHz
scales, explaining the recent NanoGrav data, but also gener-
ates significant PGW signals on smaller scales, which might
be probed by upcoming space-based GW detectors such as
LISA, Taiji and TianQin. This distinctive feature could set our
scenario apart from others. For instance, in the scalar-induced
gravitational waves interpretation of PTA data [125,126], the
peaked gravitational wave signals are typically redshifted on
scales smaller than the PTA scale, leading to undetectable
signals on smaller scales. Consequently, our scenario could
be distinguished from others through future experiments.

5 Conclusion and outlook

We examine whether the most up-to-date PTA results may
offer insights into nonsingular cosmology. To achieve this,
we investigate a toy Genesis-inflation model described by
the action (1), which is able to yield a nearly scale-invariant
scalar power spectrum. The tensor spectrum exhibits a blue
tilt with n7 = 2 over a wide frequency range, spanning
from the observational window of the CMB to that of PTA.
This characteristic allows for a direct comparison with PTA
observations. Additionally, the amplitude of GWs could be

4 This might lead to the trans-Planckian problem at high frequency
[123,124].
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substantial enough to be detectable by forthcoming space-
based GW detectors, making our scenario potentially testable
in the near future.

In this paper, we explore the aforementioned possibility
through a toy Genesis-inflation model. There are many inter-
esting questions to address in the forthcoming studies.

We need to account for scalar perturbations in the model.
In Sect. 3.4, we argue that the inflation epoch must be care-
fully treated to ensure a sizable PGW signal on the PTA scale
while keeping the scalar perturbation small. This necessitates
a relatively large tensor-to-scalar ratio r or a breakdown of
the consistency relation in canonical inflation. Thus, we will
pay meticulous attention to the inflation (and the transition)
epoch to ensure the safety of the scalar perturbation.

Additionally, we interpret the PTA observation as a result
of amplified PGWs. As pointed out by [127], if the primor-
dial scalar spectrum is amplified to certain scales, the back
reaction at a non-linear level might be too strong to break the
perturbation theory. Although the study focuses on scalar
perturbation, a similar issue can potentially arise in our sce-
nario. More specifically, to explain the PTA result through
amplified PGWs, the tensor spectrum must have a minimal
amplitude on PTA scales and smaller scales. It is essential to
address, whether this minimal amplitude will always result in
model-independent large back-reaction, or the back-reaction
issue is dependent on the model construction.

Furthermore, we find that in our toy model, there is a
potential trans-Planckian issue at high frequency band. It’s
also known that Genesis cosmology might suffer from the
strong coupling problem [128—-130]. Further examination of
healthier realization in nonsingular scenarios, such as the
Ekpyrosis-bounce-inflation scenario, is necessary.
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