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Introductory Chapter: The
Generalizations of the Fourier
Transform

Mohammad Younus Bhat

1. Introduction

In the world of physical science, important physical quantities such as sound,
pressure, electric current, voltage, and electromagnetic fields vary with time t. Such
quantities are labeled as signals/waveforms. Exemplified by signals with examples
such as oral signals, optical signals, acoustic signals, biomedical signals, radar, and
sonar. Indeed, signals are very common in the real world. Time-frequency analysis is a
vital aid in signal analysis, which is concerned with how the frequency of a function
(or signal) behaves in time, and it has evolved into a widely recognized applied
discipline of signal processing. The signals can be classified under various categories.
It could be done in terms of continuity (continuous v/s discrete), periodicity(periodic
v/s aperiodic), stationarity(stationary v/s non-stationary), and so on. Most of the
signals in nature are non-stationary (i.e., whose spectral components change with
time) and apt presentation of such non-stationary signals need frequency analysis,
which is local in time, resulting in the time-frequency analysis of signals. Although
time frequency analysis of signals had its origin almost 70 years ago, there has been
major development of the time-frequency distribution approach in the last three
decades. The basic idea of these methods is to develop a joint function of time and
frequency, known as a time-frequency distribution, that can describe the energy
density of a signal simultaneously in both time and frequency domains. In signal
processing, time-frequency analysis comprises those techniques that study signal in
both the time and frequency domains simultaneously, using various time-frequency
representations/tools known as integral transformations. An integral transform maps
a function/signal from one function space into another function space via integration,
where some of the properties of the original function might be more easily character-
ized and manipulated than in the original function space. The integral transforms
are essentially considered from the functional analysis viewpoint and as a useful
technique of mathematical physics.

The classical Fourier transform (FT) is an integral transform introduced by Joseph
Fourier in 1807 [1], is one of the most valuable and widely-used integral transforms that
converts a signal from time versus amplitude to frequency versus amplitude. Thus FT
can be considered as the time-frequency representation tool in signal processing and
analysis. A fundamental limitation of the Fourier transform is that the all properties of a
signal are global in scope. Information about local features of the signal, such as changes
in frequency, becomes a global property of the signal in the frequency domain. In order
to circumvent these drawbacks of FT, authors in Ref. [2] introduced the generalizations
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of FT that includes short-time Fourier transform (STFT) by performing the FT on a
block-by-block basis rather than to process the entire signal at once. In spite of the fact
that STFT did much to ameliorate the limitations of FT, still in some cases the STFT
cannot track the signal dynamics properly for a signal with both very high frequencies
of short duration and very low frequencies of long duration. To overcome these draw-
backs of FT and STFT different novel generalizations of the classical Fourier transform
came into existence viz.: the fractional Fourier transform (FRFT), the Fresnal trans-
form, the linear canonical transform (LCT), the quadratic-phase Fourier transform
(QPFT), and so on. As a generalization of classical Fourier transform, the FRFT, the
LCT, the QPFT gained its ground intermittently and profoundly influenced several
branches of science and engineering including signal and image processing, quantum
mechanics, neural networks, differential equations, optics, pattern recognition, radar,
sonar, and communication systems.

2. Fourier transform and its generalizations
2.1 Fourier transform

Joseph Fourier [1] in 1822 published first work about Fourier transform, which is
an integral transform that converts a mathematical function from the time domain to
the frequency domain. Fourier transform measures the frequency component of a
given function. The Fourier transform has evolved into a widely recognized discipline
of harmonic analysis and has been successfully applied in diverse scientific and engi-
neering pursuits [3-6].

Let us begin with definition of the classical Fourier transform.

Definition 1. The FT of any signal x(t) € L*(R) is defined and denoted as

F®)(&) = % W%jkeiffx(t)da (1)

and corresponding inversion formula is given by

FUF)()(¢) = %27 JRel‘ff%[x@] (©)de. 2)

e for t>0,a>0,

j , then the Fourier
0 otherwise;

Example 1. Consider a function x(t) = {

transform of x(t) is obtained as

Flx(2)](€) = i Jo e e dt
_ 1 ro (cos & — isin &t)e “dt
2z Jo

J cos &te” “dt — iJ sin fte“tdt}
0

0
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Example 2. Consider the function

sin3t for —n<t<m,
) = { Jor -
0 otherwise.

Then the Fourier transform of x(t) is obtained as
Fx®)](&) = —J (cos &t — i sin &) sin 3tdt
R

= _f J sin & sin 3tdt
JT

_ i3v/2sin En
Va(&—9)

Next, we shall study some properties of FT.
Theorem 1 (Translation). The Fourier transform of any function x(t — k) is given by

-7

Fle(t —k)](&) = e Fx(0)](9). (3)

Proof. From Definition 1, we have

Flx(t — k)] (&) = \/iz_ﬂ ()
_ \/% e
= \/% | Re”"fke’i‘f”)x(u)du
_ \/%eikaRei‘f")x(u)du
= e F[x(1)](9)-
This completes the proof. O

Theorem 2 (Modulation). The Fourier transform of any function ¢o'x(t) is given by

F [0 (1)] (&) = Flx(@)](£ — &) (4)

Proof. From Definition 1, we have

; 1
F ezéfot 1§t 1§0t
[ ~Vanle
LJ pilE-Ety
V2r
= Fx @& = So)-
This completes the proof. O

Theorem 3 (Orthogonality relation). The Fourier transform of the functions x(t) and
y(t) in L*(R) satisfies the following orthogonality relation
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(Fle@)], Fly@)]) = (x(2),y(u)).

Proof. We have

(Fle@), Fly@)])

This completes the proof.
Note: If we take x(t)

Flx@N)Fy(w)](§)ds

JR

Fl()](2) ij e_i‘f”y(u)du>d§

R 27 Jr

el (s

(—( f>d5) dtdu
J y(u)6(u — t)dtdu
| Rx(t)y (u)dt
(x(2), y(u))

(5)

[

= y(t), the orthogonality relation yields Plancherel’s Theorem

for the Fourier transforms that states the energy of a signal In the time domain, is the
same as the energy in the frequency domain given as

Next, we show that the inverse Fourier operator is the adjoint of the Fourier

operator.

[F @) = [x@)]]-

Theorem 4. Let x(t) and y(t) in L*(R), then

(Fle®)](9),2(8) = (x(0), F I (2))-

Proof. We have

(Fle@hyen =

This completes the proof.

)& (6)de
=R( ;JR )ﬂ—@dﬁ
<fJ -
= | x®)F )t
<() “h)-

(6)

()
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Theorem 5. Let x(t) and y(t) in L*(R), then

Flxxp)I(6) = v2r Flx@)|(E)F ()](S)s (8)

where x *y denotes the convolution of the functions x(¢) and y(¢) and is given by

()e) = | wleytu—o)dr

Proof. By applying definition of Fourier transform to the convolution of the func-
tions x(¢) and y(t), we obtain

Fllxxp)(6) = (x 5y) (w)e ™" du

JR

JRx(t)y(u - t)dt) e "du

x(2)y(v)e € ddt

A
J

This completes the proof. I
2.2 Windowed Fourier transform

Definition 2. Let ¥ be a given window function in L*(R), then the window Fourier
transform (WFT) of any function x(t) € L*(R) is defined and denoted as
1

Vel O)(b,6) == JRefffx(t)\P(t “Dbydt, b,E€R. 9)

Further, the WFT (9) can be rewritten as

Valx(0)](b,¢) = F |x(6)¥E—b)|. (10)
Applying inverse FT (2), (10) yields

x(O)¥( —b) = F  Velx(@)](, )]
1 .
=—| " Velx(®)](b,&)d
= | veisore, s
Multiplying (11) both sides by ¥(¢ — /) and then integrating with respect to db,
we get

(11)
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x| = j j Vg ()] (b, E)¥(¢ — b)dedb.

V2r JrIr

Equivalently, we have

x(t) = ! J J e Vylx(t)](b, E)¥(t — b)dédb. (12)

V27||P))? Jr )R

Eq. (12) gives the inversion formula corresponding to WFT (9).
Theorem 6 (Orthogonality relation). For any two functions x(t),y(t) in L*(R), we
have following relation

Vel (@)])(b, ), Valy ()] (B, ) = IPII* (x(2), 3 (1)) (13)

Proof. By Definition (2), we have

Vale(©)](b, &), Valy(0)] (5 €))

= || Vel@lb, Vel ()](b, E)dedb
= hRny [x()](b, &) (\/% JReiffy(t)‘P(t - b)dt) dédb (1)
1 ict T
= || (5a ] evebeton. e )eete - ba,
By virtue of Eq. (11), (14) yields
Valx(@)](b, ), Vel (1)](b, )
J W(t —b)¥(t — b)y(t)dtdb
(15)
- J J W — 5%t — b)db
(1))
This completes the proof. ]

Next, we introduce the fractional Fourier transform as a generalization of the
classical Fourier transform.

2.3 Fractional Fourier transform

It is well known that when one performs the FT two times, the time-reverse opera-
tion is obtained. When one performs the FT three times, the inverse FT is obtained.
Furthermore, performing the FT four times is equivalent to performing an identity
operation. Now, one may think what will be obtained when the FT is performed a non-
integer number of times The fractional Fourier transform (FRFT) can be viewed as
performing the FT {2a/z} times, where {2a/7z} can be a non-integer value. The frac-
tional Fourier transform (FRFT) has played an important role in signal processing [7]
optics [8, 9], image processing [10], and quantum mechanics [11]. As a generalization of
the conventional Fourier transform (FT), the FRFT implements an order parameter
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which acts on the conventional Fourier transform operator and can process time-
varying signals and non-stationary signals. With variation of the fractional parameter,
the FRFT transforms the signal into the fractional Fourier domain representation, which
is oriented by corresponding rotation angle with respect to the time axis in the counter-
clockwise direction. Using a global kernel, the FRET shows the overall fractional Fourier
domain contents. Hence, the time-frequency representation should be extended to the
time-fractional Fourier frequency domain. Let us define fractional Fourier transform.

Definition 3. Let x(t) be a signal in L*(R), then the fractional Fourier transform of x(t)
is defined as

Ful0)0) = | Kale, (o, (16)
R
where a is a angular parameter and K, (t, ¢) is the kernel of the FRFT and is given
by
1-— ;'COt ae%<t2+§2) cot a—iétcsca fOV a 7£ n,

V n
Ka(t,8) = 5t —¢&) for a=2nnz, (17)

5(t + &) for a=2n+1l)z, neZ.

and the corresponding inversion formula is also a FRFT with angle —a and is given

x(t) = F_o{ Fulx ()] (O)}0) = jﬂ[x(t)](«:m(t, £)de. (18)

It is easy to see that, when @ = 0,7/2, 7 and 3z/2, the FRFT is reduced to the
identity operation, the FT, time-reverse operation, and the IFT, respectively.

Assuming that u(z) = ¢it’ cota/ 2x(t), then for a # nx the FRFT (16) can be rewritten as

Fale(®)]()

n—i (19)
— meigzcota/2< 1 J eigtcscau(t))
2 V27 Jr
- \/1 o fesca). (20)
/A

It is clear from (20) that the FRFT can be viewed as a chirp-Fourier-chirp
transformation.
Next, we highlight some properties of FRFT.

Theorem 7. Let x(t),y(t) € L*(R) and k, &, € R, then the FRET satisfies following
properties:

1. Translation: F ,[x(t — k)|(&) = i’ cosasina—ikésina gy [x(£)](€)(E — kcosa).
2.Modulation: F,[¢“0'x(t)] (&) = e'cofcos a—yosinacosa gz I (1)](£ — &, sina).

3. Orthogonality Relation: (F,[x(t)], Fo[y(t)]) = (x(2),y(2)).



Time Frequency Analysis of Some Generalized Fourier Transforms

Proof. For the sake of brevity, we omit proof of translation and modulation prop-
erties and prove only orthogonality relation.
We have

(Falx(@)]; Faly(@©)]) = | Fale®))(E)Faly(@)](£)dE

JR

_ J Kalt, £)x(6)Ka(s, Oy (s)dsdrde

[ [ x50 ([ Kute e s

RJR

= x(t)y(s)6(t — s)dsdt

This completes the proof. O

Since the FRFT is a generalization of the FT, many properties, applications, and
operations associated with FT can be generalized by using the FRFT. The FRFT is
more flexible than the FT and performs even better in many signal processing and
optical system analysis applications.

In the sequel, we introduce linear canonical transform, which is a generalized
version of the classical Fourier transform with four parameters.

2.4 Linear canonical transform

The linear canonical transform (LCT) introduced by Moshinsky and Quesne [12]
has a total of four parameters. It is not only a generalization of the FT, but also a
generation of the FRFT, the scaling operation. As the FRFT, the LCT was first used for
solving differential equations and analyzing optical systems. Recently, after the appli-
cations of FRFT were developed, the roles of the LCT for signal processing have also
been examined. Due to the extra degrees of freedom and simple geometrical manifes-
tation, the LCT is more flexible than other transforms and is as such suitable as well as
powerful tool for investigating deep problems in science and engineering [13-16].
Now, we shall define linear canonical transform (LCT).

a
Definition 4. Consider the second ovder matrix My, = [ d} . Then the linear
c

canonical transform of any x(t) € L*(R) with respect to the uni-modular matrix M, =

b
{j d] is defined by

JRICM(t, E)x(t)dt b#0

Lulr(e))(6) = - (1)
Vd exp{%}f(daf) b=0.
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where Cp(t, £) is the kernel of linear canonical transform and is given by

Km(t, &) = eb(ar2Eds) - p 4, (22)

1
V2mib
When b # 0, the inverse LCT is given by

o) = ng{S’M{x((t)](cf)}(t) - [ PeoiekaGaE 03

R
where the kernel Iy (¢, &) = Ky 1 (£, £) and M~ denotes the inverse of matrix M.
For typographical convenience we write the matrix M = (a; b;¢;d).

By changing the matrix parameter M = (a;b;c;d), the LCT boils down to various
integral transforms such as:

e When M = (0,1, -1, 0), the LCT turns out to be Fourier transform (FT):

Pulx(t)] = V—iFx(t)).

* When M = (0, —1,1,0), the LCT turns out to be inverse Fourier transform (IFT):
Lulx(t)] = ViF x(t)).
* When M = (cosa, sina, — sina, cosa), the LCT becomes the FRFT:
Lulx(t)] = Ve aF [x(t)].

e When M = (/1, 0,0, }1), the LCT becomes a scaling operation:

1 /¢
Fulx()] = Ex (ﬁ)
* When M = (1,0, $,1), the LCT becomes a chirp multiplication operation:

Lulx(t)] = 7 x(8).

Moreover Fresnel transform can be viewed with matrix (1,5,0,1) and the Laplace
transform can be obtained with (0, 1,7, 0).
From (21), we have forb # 0

Iulx@)](&) = | Km(t, )x(t)dt

%
~

_ J (R 2E142) () iy
! (24)

= ezl_éd‘fzj e i <x(t)(3211-_2“t2 ) dt
R

2

7 Fg(1))(£/D),
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Thus, it is clear from (24), that LCT can be regarded as a chirp-Fourier-chirp
transformation.
Next, we investigate some basic properties associated with LCT.

Theorem 8. Let x(¢),y(t) € L*(R) and k, & € R, then the LCT satisfies following
properties:

1. Translation: Ly x(t — k)|(&) = e*ee=*ac 2y Lo (1)) (€ — ak).
2.Modulation: Ly [¢*0'x(t)] (&) = g deot—hE L x (8] (€ — b&y).

3. Parity: Lpx(—1)](&) = Lmlx(t)](—=E).
4.Orthogonality Relation: (Lmx(t)], Zmy(t)]) = (x(t),y(¢)).

Proof. To be specific, we shall only prove the translation property, the rest of the
properties follows similarly.
For any real k£, we have

Lumlx(t —k)|(E) = JRICM(t’ E)x(t — k)dt

_ 1 J eﬁ(at2—2t§+d§2)x(t)dt
R

\27rib
1 i
~ V2zib JReﬁ(“<f+k>2—2<f+k>f+dfz)x(s)ds
_ iket—Wac 1 J (a5t =2s(6—ak)+d(—ak?) ) . (5)ds
R

v 2rib

= eMEH Ly (1)) (& — ak).

This completes the proof. ]
Finally, we will define quadratic-phase Fourier transform.

2.5 Quadratic-phase Fourier transform

The most neoteric generalization of the classical Fourier transform (FT) with five
real parameters appeared via the theory of reproducing kernels is known as the
quadratic-phase Fourier transform (QPFT) [17]. It treats both the stationary and non-
stationary signals in a simple and insightful way that are involved in radar, signal
processing, and other communication systems [18-25]. Here, we gave the notation and
definition of the quadratic-phase Fourier transform and study some of its properties.

Definition 5. For a real parameter set A = (a,b,c,d,e) with b # 0, the quadratic-
phase Fourier transform of any signal f € L*(R) is defined as

Oulx()](&) = JRKA (t, &)x(t)dr, (25)

where k, (¢, £) is the kernel signal of the QPFT and is given by

1 .
K (t, g) = E et (at2+b§t+c§2+dt+ef> , (26)
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and corresponding inversion formula is given by
(1) = QL (Qu(OI(E) () = | RaltDQakx(0)](E)de @)

The novel QPFT (5) can be considered as a cluster of several existing integral
transforms ranging from the classical Fourier to the much recent special affine Fourier
transform. Nevertheless, many signal processing operations, such as scaling,shifting
and time reversal, can also be performed via the QPFT (5).

Now, we will establish some properties of the quadratic-phase Fourier transform.

Theorem 9. Let x(t),y(t) € L*(R) and k, &y € R, then the QPFT satisfies following
properties:

1. Modulation: Qp [¢x(1)] (£) = ¢/(“(? @2 "¢0) = "%0) 0, [ (1)] (£ — b 1&,).

2. Parity: Qplx(—1)](€) = On|x(2)](—E), where N = (a,b,c, —d, —e).

3.conjugation: Qx [ﬁ] (&) = Q_Ax(®)](E), where —A = (—a, —b, —c, —d, —e).

4. Orthogonality Relation: (Qalx(t)], Qaly(2)]) = £ (x(t),y(2)).

Proof. For the sake of brevity, we avoid proof. I
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