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Abstract: Direct contact with specific contaminated body fluids is how both the human immunodeficiency virus (HIV) and the
human T-lymphotropic virus type I (HTLV-I) are transmitted from one person to another. Therefore, the two viruses can co-infect
same person. In the literature all the HIV/HTLV-I co-infection models assume that the infection rate is given by bilinear incidence.
However, for high concentration of pathogens, the bilinear incidence is not suitable. Therefore, this study will focus on the dynamical
behavior of an HIV/HTLV-I co-infection model with saturated incidence. The model includes the effect of Cytotoxic T lymphocytes
(CTL) immune response. Through the non-negativity and boundedness of the solutions, we demonstrated that our proposed model is
biologically acceptable. We calculate the threshold parameters which determine when the equibrium point exists and when it is
globally asymptotically stable. Utilizing the Lyapunov function and Lyapunov-LaSalle asymptotic stability, we demonstrate the global
asymptotic stability of all equilibrium. We performed numerical simulations to confirm the analytical solutions. The effect of
saturation on The dynamics of HIV/HTLV-I co-infection are discussed.

Keywords: HIV/HTLV-I co-infection, global stability, CTLmediated immune response, Saturation Incidence, Lyapunov function.

1 Introduction

In recent years, many viruses affect the human health and cause fatal diseases. Examples of these viruses are human
immunodeficiency virus (HIV), Type I human T-lymphotropic virus (HTLV-I), hepatitis C virus (HCV) and hepatitis
B virus (HBV). A retrovirus called HIV infects and deactivates vulnerable CD4™T cells. The advanced stage of HIV
infection is known as acquired immunodeficiency syndrome (AIDS). Direct contact with specific bodily fluids (blood,
semen (cum), pre-seminal fluid (pre-cum), vaginal fluids and rectal fluids) from an HIV-infected person can result in HIV
infection. The antiviral medications that are currently available can dramatically reduce HIV replication, but they cannot
completely eradicate HIV from the body. Globally, around 37.9 million individuals were living with HIV in 2018, and
770,000 people died from the disease, according to data from the WHO’s Global Health Observatory (GHO 2018) [1]. The
mathematical modeling of HIV infection within the host has advanced significantly during the past few decades . Various
mathematical models of pathogen infection have been developed and tested by mathematical biologists over the last few
decades [2]. These studies can aid in the understanding of pathogen dynamics within the host and the development of
drug therapy strategies. Cytotoxic T lymphocytes (CTL) play a significant role in pathogen dynamics. CTLs attack the
infected cells in order to eliminate or control the infection. The first mathematical model illustrating the impact of the
CTL immune response on pathogen infection was reported by Nowak and Bangham [3]. Furthermore, stability analysis
has emerged as one of the most important and useful methods for better understanding HIV dynamics within the host.

Mathematical modelling and analysis of HTLV-I infection has attracted the interest of many researchers, as shown in a
variety of papers [4]-[5], It acts as a model for the kinetics of the CTL-mediated immune response in the host for HTLV-I
[2]. HTLV-I is a retrovirus that infects the CD4 T cells and can progress to serious diseases, adult T-cell leukemia (ATL)
and HTLV-I-associated myelopathy/tropical spastic paraparesis (HAM/TSP).

Over the last decade, concurrent HIV and HTLV-I infection, as well as the aetiology of their disease outcomes and
pathogenic, has become a global health concern [6]. This highlighted the significance of researching HTLV-I/HIV co-
infection [7]. HIV and HTLV-I predominantly affect CD4" T cells, however these viruses exhibit distinct biological
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behaviours that have a variety of effects on ultimately and host immunity lead to a variety of clinical diseases [8]. Elaiw
and AlShamrani [9] developed a model that describes the co-infection of the viruses HIV-I and HTLV-I:

o =0—add —A K — AU,
D= A K —aD— WD,

U = QAU —SU — W ZU,
H =ED—ex,

W =W D—aV,

P = FU - ¥,

where (7,9, %, % W, %) = (A (), D), %), # (t),#(t),%(t)). The model describes the interaction of six
compartments among time f; susceptible CD4™T cells <, active HIV-infected cells &2, Tax-expressing (active)
HTLV-infected cells %, free HIV particles .#, HIV-specific CTLs % and HTLV-specific CTLs 2. The constant 0 is the
rate of creation of sensitive CD4™ T cells. Virus-to-cell transfer causes the HIV virions to replicate. The rate at which
new infectious viruses emerge as a result of virus-to-cell interaction between free HIV particles and vulnerable CD4+T
cells is defined to as 1,97 % . It is presumed that new infectious diseases emerge through cell-to-cell contact between
susceptible CD4™ T cells and Tax-expressing HTLV-infected cells at a rate of 1,.&7% . A fraction @ € [0, 1] of the newly
HTLV-infected CD4™ T cells survive the antibody response.The death rates of Tax-expressing HTLV-infected cells and
HIV-infected cells as a result of their unique immunity are denoted by the terms u; % 2 and u, Z % . The proliferation
rates of HIV-specific CTLs and HTLV-specific CTLs are given by 01 % & and 6, 2% , respectively. The rate of free HIV
virus generation is & 2. The death rates of the compartments </, 2, % , %, # and Z are given by oo/, a9, U , €4,
a W and ¢ %, respectively. Table 1 provides a summary of all parameters and their meanings.

We observe that, in the presence of a high pathogen concentration, the bilinear incidence rate does not effectively
represent the dynamics of the virus. As a result, it is reasonable to model the infection rate a saturated incidence [10]. As a
result, the goal of this paper is to develop an HIV/HTLV-I co-infection with saturation. By demonstrating that the model’s
solutions are nonnegative and bounded, we prove that it is well-posed. We determine a set of threshold parameters that
control the equilibria’s existence and stability. By creating the Lyapunov function and using Lyapunov-LaSalle asymptotic
stability, all equilibria are shown to be globally stable (L-LAS)[11]. To illustrate the theoretical results, we run a numerical
simulations.

2 Model formulation

In this part, The dynamics of HIV/HTLV-I with saturation incidence are described by a model that we study as:
mAd KX AU

e - - |
o =0—od 1+t 1+’ M
. T]]Mf . _

=T+ ad — oW, 2
,_¢mAU o,

=T SU — U %, 3
H =ED—eX, 4)
W =019V —a¥, )
F=0oUZ¥-qZ. (6)

where ; and o are the saturated incidence rate constants.

3 Biologically realistic domain
Let¥; >0, j=1,...,5 and define

S={(, DU H W Z)eR:0<A(1),2(t) <¥1,0<U(t) < ¥, 0< K (1) < ¥,
0<H (1) <¥4, 0< Z(1) <¥s5}
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Proposition 1. The compact set S is positively invariant for system (1)-(6).
Proof. We have

_ T]l,ﬁz)ff%/
7=0= 1+oy%
H | p—o=EP >0foreach 2 >0, W |y—o=0, Z|r—o=0.

A | yeog=0>0, 9 >0 foreach &7, ¢ >0, %

U=0=— Oa

This insures that, (<7 (¢), 2(¢t), % (t), % (¢), # (t), Z (t)) € 9?620 for each ¢ > 0 when (<7 (0),2(0),% (0),
H(0),#(0),2(0)) € 93620. To show the boundedness of all state variables, we define the function:

Table 1: Modeling parameters (1)-(6) and their interpretations .

Parameter Description
0 Recruiting efficiency for the susceptible CD4 7T cells
o Constant natural deaths for the sensitive CD4™ T cells
m Constant incidence rate virus-cell between free HIV particles and susceptible CD4T T cells
Constant incidence rate cell-cell between Tax-expressing HTLV-infected cells and
2 susceptible CD4 " T cells
o The parameter of the saturation infection rate between susceptible CD4 T T cells
! and unbound HIV particles
o The constant of the saturation infection rate between Tax-expressing HTLV-infected cells
2 and susceptible CD4 " T cells
a Death rate constant of active HIV-infected cells
U Constant destruction of active HIV-infected cells by HIV-specific CTLs
U HTLV-specific CTLs destroy Tax-expressing HTLV-infected cells at a consistent rate
0 €(0,1) The potential for new HTLV infections through horizontal transmission could go dormant for a while
o Death rate constant of HTLV-infected cells that express Tax
£ Constant rate new HIV particle production
£ Constant free HIV particle death rate
o1 Constant rate of HIV-specific CTL proliferation
(o7} HTLV-specific CTLs proliferation rate constant
1 HIV-specific CTLs’ decay rate constant
1) HTLV-specific CTL decay rate constant
Hi Ha
V()=o) +2()+ OZ/( V4 og H (0)+ 5 (1) + L2 2(r).
28 Oj 902
Then
¥ =9 oo — @—é%—i%—&g%—@f
¢ 28 ol ¢02

<3—¢ ;zf+.@+1%+ %+“'W+ 2 x)=0-9¢¥,
¢ 2 (0]e))

§

where ¢ is the minimum of the set {&, §,8,€,61,6}. Then, 0 < W (r) < ¥ if ¥(0) < ¥, fort >0, where ¥ = % Since
A D, U, X, W, and Z are all positive, and 0 < o7 (1), 2(t) < ¥1, 0 < U (1) < ¥, 0 < H (1) <¥3, 0 < #(t) < ¥4,

2E¥
0< 2Z(1) <¥s5if /(0)+2(0) + g% (0) + 524 (0) + E-#/(0) + 52 2 (0) < ¥, where ¥, = @¥/, ¥3 = i L

o1¥ and ¥ — Q0¥
H Ha

.0

¥4 =
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4 Equilibrium

Here, We concluded at We concluded at a collection of criteria for thresholds that guarantee presence of the equilibrium
states in the model. Assume (<7, 9, % , ¢ , % , %) be any equilibrium point of the system (1)-(6) satisfying the following
equations:

ma X AU

0:870‘%714—&1%71-"-06202/’ @
_ T[]JZ%«%/ _ _
= rad a? — oW, (3)
_ AU
= ey Y -wuZ, )
0=(D—ex, (10)
026197/—@17/, an
0=U%%—q%. (12)

According to a simple calculation, system (1)-(6)admits nine equilibria.

(1) Infection-free equilibrium, Ly = (%,0,0,0,0,0), where <% = 9/ a. In this instance, HTLV and HIV are both missing,
illustrating the healthy state status.

(2) The equilibrium of HIV mono-infection without an active immune response, i, = (%, 2;,0,.#,0,0) with

_ae+08oy oE

=7 2T

where Q; = 1 + oy, Then 4 exists when aai—n; > 1. The immune system is not stimulated at equilibrium L{; where
persistent HIV mono-infection continues. The fundamental System (1)-(6) HIV mono-infection reproductive ratio is

provided by:
&M

aoe

The parameter R dictates whether or not it is possible to establish a chronic HIV infection..
(3) Chronic mono-HTLV-I infection with a weakened immune system , $l, = (2,0, %5,0,0,0), with

6+0¢p0n o
= 0T99% gy — YR ).
00, @ L=z,®i-D

(Ro— 1), = — (Ro—1).

)
: Qi

Ro =

oh

where Q2 = 12 + a0, Then LI, exists when % > 1. At the equilibrium {, The immune response is unstimulated where
the chronic HTLV single-infection continues. The foundational reproduction ratio of the system (1)-(6) for HTLV single-
infection is given as:

_09m

R; = .
T as
The parameter Ry determines the possibility of developing a chronic HTLV infection or not.
(4) Equilibrium of chronic HIV single-infection with just functional HIV-specific CTL, i3 = (.23, 5,0, 83, #3,0), where

deo, + g a a
«%:1—591, %Zg, «%/32@, W3=—(Ry—1).
aeoy +E¢1Q 0] €01 H

Then L3 exists when % > 1. In the event of HIV mono-infection, the HIV-specific CTL-mediated immunity

reproduction ratio is given as follows:
, = a&nio .
a(aeor +£61Q)
The parameter R, determines whether the absence of HTLV infection stimulates the HIV-specific CTL-mediated immune

response.
(5) Exclusively active HTLV-specific CTL equilibrium in chronic HTLV single-infection, ${4 = («%,0,%4,0,0, 2%), with

662+5Q2(X2 ) )
oy = ———"T= U=, Z%=—(R3-—1).
T amt Q) o T m(3 )
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It is clear that l4 exists when % > 1. In the event of HTLV single-infection, the HTLV-specific CTL-mediated

immunity reproductive ratio is given as follows:

S = 90202
(0o +6Qn)

The parameter Rz gets to decide whether or not the absence of HIV infection stimulates the HTLV-specific
CTL-mediated immune response.
(6) Having inactive HIV-specific CTL and HTLV-specific CTL, chronic HIV/HTLV co-infection equilibrium,
u5 = (%,95,%5,:%/5,0,0), with

%:50€1§O€2¢+GSO€2¢+5&1§7 %:émﬁf’%*%: Q> Ra—1),
& (0Qr +n20y) agoy 0Qr +moy
£Q, OMats — 0 Q
Ds=———""——(Ry—1), U= = Rs—1).
> 7 E(0uQ + man) Re—1), % Yo'} 0Q +mnoy (Rs=1)
It is clear that s exists when % >1, %&ME) > 1. It is stated as if or not patients with HIV also have the
HTLV-I virus:
R — ENi(0ong 4 9) Re — 20 (00§ + ae)
4 = ) 5= .
agPpQy 68Q

The parameter R4 > 1 identifies whether or not patients with HTLV-I infection may also have HIV. Thus, the parameter
Rs > 1 identifies whether or whether patients with HIV infection may also have HTLV-1.

(7) Equilibrium of persistent HIV/HTLV dual infection with active HIV-specific CTL only, s = (%%, Zs, %, K6, #5,0),
with

ORg S s a
g = —, D=, Hg=—>, Wg=—(Ry7—1),
*Tme’ T o o 7O M( =1
1 (oot 1
U = — —1])=—(Rg—-1).
o= (7% o (Re—1)

i . ¢pm(eo+Eang) 1101 (992 +9) i i
Itis cle.ar tha.t g exists wh.en “255# > 1and - STt 0521(@11 s ﬁz) o) 1. In the presence of HIV infection, the
HTLV infection reproductive ratio is given as:

Ry — apm(eo1 +Eaug) R, — EMmo1 (09 +9)
0énio ’ ad(Eci(aQi+ o) +€01Qa)

The parameter Rg determines whether or not HIV-infected persons may also have HTLV-1. The parameter R7 determines
whether the presence of HTLV-I infection enhances the HIV-specific CTL-mediated immune reaction.

(8) In having exclusively active HTLV-specific CTL, chronic HIV/HTLV co-infection equilibrium ,
L[7 = (%7-@77%7“%[7707 %)7 with

0(0r+ %) <) 0oy +£5(Qn
% =, % = —, .@ - R 71 )
7 0120, T o ! 5(@1(a2€2+02)+712€2al)( s=1)
00y + Qs 0
_ Rs—1), 2%5=—(Ro—1).
7 62Q1+a1ngz+n1az€z( 8= 1) 7 Mz( =1

: : §0n (o +m6) 9107 (ae+0, £D) : PN
It is clear that {7 exists when 2E (@0, 75, 05) > 1 and B30 (0, + B 0) + G0 > 1. When HTLYV infection is present, the HIV

infection reproductive ratio is given as:

Ry— SOM(2t@&) oo ¢Mmo(ae+ald)
ag(0oy +6Qa) ES(Qi(or+ &) +Mmean)

The parameter Rg determines whether or whether patients with HTLV infection may also have HIV. The parameter Rg
determines whether the presence of HIV infection stimulates the HTLV-specific CTL-mediated immune response.
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(9) Balance of active HIV-specific and HTLV-specific CTL during chronic HIV/HTLV co-infection,
LLSZ(%’-@&%ég)’%/&%v%)aWith

60(0or + o
oy = (02 + 2€2)7%8:2’ Py =21 = 5@1
6(])1‘[20'2 (e} 0' EO
15} . a
Z=—Ryp—1), /3= —Ri1—1).
Mo H
: : apmoy (o1t égr) Eni1019(or+om6p)
It is clear that g exists when AT > 1 and AEc 0101 o) +e0, (00r+ Q3 T EBTICIG) > 1. Now we define
Ry = YMoa(e0 +arde)
s&Emoi(or+ )
Rus — EMo1d(o + 0s)
1=

a((61Qi (0 + ) + €01 (acr + Q) +Eaimeia)

It is clear that ${g exists when Rjg > 1 and Ry; > 1. The parameter R refers to the ratio of HIV-specific CTL-mediated
immunity to reproduction when HIV and HTLV-I are both present. Furthermore, the parameter Ry refers to the ratio of
HTLV-specific CTL-mediated immunity to reproduction when HIV and HTLV-I are co-infected.

5 A study of global stability

In this part by creating the Lyapunov function and using Asymptotic Lyapunov-LaSalle stability, we demonstrate that all
equilibria are globally asymptotically stable (L-LAS) [12]-[13]. The relation between the arithmetic and geometric mean

inequality will be use here:
1 n n
=Y Ce>¢/T]Ck. Ci>0. k=12, (13)
g k=1

D(W¥)=03—-1-Ind.
Define a function f ; (<7, 2,% , %, % , %) and suppose X;’ where is the greatest invariant subset

‘We establish a function

Y;: {(M7@7%7<%/7W7g) : ddFtl 0},!0,17,8

Theorem 1. If Ry < 1 and R < 1, then iy is globally asymptotically stable (G.A.S).
Proof. Define f o (/,2,% , 0, W, %) as:

o 251
Fo= 29 + 9+ — %+ J£/+ 7//+ D@‘o
0 ! <%) ¢ ¢ o1 (4%

Clearly, f o (o, 2,% , %, W,Z) >0 foreach &, 2, %, % ,%,Z >0,and I ¢ (%,0,0,0,0,0) = 0. Calculating < ‘”0
existence the solutions of system (1)-(6) as:

dFo 1_% 35— oo/ — mod KX AU ma
dr o 1+ 1+o% 1+ %
1 (pnzﬂ%

. _
+§DG (O'sz’f% C_,'sz)

—a@—/.tﬂ/@

+ g(&@—&){) Koo —aw)

= map X | Mm% O M6 713
(1 JZ{>(6 ad)+1+a1<}i/ 1+ % (p% &C%/ Glyﬂ (posz

Using <% = 0/ o, we obtain

dfF o (.52/—4270)2 CISOth()Jf/2 0625R1g2/2 a€ o H1G1 127X%)
Z0- - - T Ro-DA+ER - -5y B2 g
d o E(rad) e(itmz) g R NGRS
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Therefore, d‘l;to <0 for each &7, %, %, % ,% > 0, moreover, dgto =0when &7 (t) = and K (t) =U () =W (t) =
Z(t) = 0. The solutions of system (1)-(6) converge at Y. The items in the set X have ¢ () = 0. Then, ¢ = 0 and using

system (1)-(6)fourth equation, we have
0= =bt),

This yields, Z(r) = 0 for each 7. Therefore, X ={ tlo} and applying L-LAS we get that £ly is G.A.S .0J

Theorem 2. Assume that Rp > 1, R; <1 and R, <1, then 4, is G.A.S.
Proof. Let us define the function [ (szf DU, H W, QF ) as:
2 KA\ | Mo
( ) <@)+ ?/4-5%/@(%)—&- 7/+¢ng.
Calculating dt' as:
dFl B med x B MU T]lﬂf v y
< >< A e S 1+a1% aZ =77
oAU H
(p(1+a2% SU — HZQF%> z <1 Ji/>(§@ ex)+ (617/9 W)

(;L; (O ZU - %)

el mahX | U  mAdH D

(1 d) (O-aa)+ 1+a1<%/ lt? 1t g T
0 ae 16 H262

VR E S -
¢ g . Jf/ 5 ol 00,

Utilizing the 4(; equilibrium conditions:

_ M N2/ ) ag
0=+ 0w Tram 0T 5‘%’
we obtain
ary _ (., B mendt (o G\ | mAX AU
dr (1 ﬂ)wm “d)+1+a]xfl< M) It A 1+

MAM NAH (k)  MmAS o S, MK K
4o (I + ) T+ 0} 1+ oy
MmN DA M LG, e,

1+ 9  14+0q (o] ©oy
__a(,@f—mf .4 (%(1+a11f1)_1 H (1+oc1Jif)>
- o 1+o16, ,%/1(1—%051«%/) H ( —|—(le)
LM (DA () DA (1)

1+ 014 7 9 +uA) A (1+oA)

MU 6 ( c.n) W6

—U 9 W ——%
+1+a% o + Ui 11— o1 00,
We have
H(ton) | H  (tad) ou (A —06)?
H(1+ o) K (1+a) H(1+ o) (1 +oytq)’
aeo; +S6GlA
%—2: 1+¢a 1(R271).

o1 EoiA
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Moreover

MAU 0 5<H2J271(P > 0 1-Ry
— — — Y < MAU — —U = — 1\ =—|Ri|14++—]|-1|¥%
I+ ¢ S M) P P 5 ¢ 1 +

S 1—-Rop
=— | (R —-1D+Ry [ —— .
¢(<1 ) (M))

IfRy <1,thenR; —1<0,and if Rg > 1, then 1 — Ry < 0. It follows that

R, <1_RO> <0
Eoy0 -
SRy

then AU 5
)
T Ty <
14+ % (p% <0,
we obtain
by (S —A) M oK =)
dt o 1+a,4 %(1—}—()61%)(14‘061%)
n men (e DhdH(1+ud) 220 (1+ax)
1+ o0y o  gah(1+ax) DX (1+o7)

8 1-Ry wi(aeor +EG1A) J1iYs)
+— (R |1+ | -1 |7+ Ro— )W -2
? ( : ( é‘)"a—kRo> ) §o1A; R 1) 902

a€

Using inequality (13), we have dd% < 0 for each &, 2, %, ,W,% > 0, furthermore, % = 0 when
A =N, D=, = and % =W =2 =0. The system (1)-(6) solutions tend to 17 it includes elements
A (t) =, D(t) =D, H (t)=Hand % (t) =W (t) = Z(t) = 0. The result is, Y] = {&l; }. Then, &, is G.A.S. using
L-LAS.O

Theorem 3. If Ry < 1, R; > 1 and R3 < 1, then 4, is G.A.S.
Proof. a potential Lyapunov function is

o I w
Fo(d DU XN ) = D (ﬂ) S () A By B2 g
2

We calculate % as:

mad x AU mod 2

dt:<1_42/> (6_a%_1+a1%_1+a2%> 1+a1%_a@_“17/9
L%\ (omd¥ s, g
+(p<1 %><l+aﬂ/ U ugf%)—ké(é.@ eX)
H _ 2 _
+ o1 (0'17/9 gﬂ/) + 00, (Ggf% nglf) (14)

Collecting terms of Eq. (14), we find

dr» g7} Mmeh X  Mmeh¥ AU
Teio(1-=) - _
d < d>(6 )yt Tt mw  +a
_§%+§%2+&Qp%2_ﬁx_ﬂlglw_ QU g
® o) ® g o 90,

Utilizing the 4, equilibrium conditions:

772%%2 T]z%%z . 5%
-~ %2,

0= a9+ , =
v vl ¢
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we obtain
dra _ (| _ (s — et ) + WA (| D\ | MDBH | bl U+ aul)
dt o 1+0% o L+t 1+ %(1+ )
Mmhl J(\+th) Mmhl U | Wbl L H1G1 (%Y1
- Lz - 9 g MLy, b,
1+ % 4272(14—062@/) 1+ % U 1—|—062% 2 I3 O] 0o,
_ (W*%)2+ﬂ2£7262/2 62/(14’(12%2)_%_ +1+O£2?/
- o 1+ \2t1+0m%) % 1+ %
MU _ % B A (1 + %) B 1+ %
1+ g Hh(l+m¥%) 1+u%
MmahA  ag M2 ) e,
1+o.0 5% (%2 Gz)f o]
But also
U +w%) U l+ou (% —%)?
U(l+%) 9 l+m?2 B0+ %)(1+unu%)’
S 0o+ A d¢n202 ) 00y + GA2
% —_—_—= — l - R - 1 9
o A (5(a02+€2A2) 00A> Rs=1)
and

(e §) < (v ) = (BU2 )= (o oty ) 1) >

a€é 1—-R;
= (Ro—14Ro [ -] | 2.
¢ ( <¢§23+R1>>

IfRp <1thenRy—1<0.andif R; > 1 then 1 —R; <0, and its follows that

Then

and we obtain

di 5 _ (o —oh)  mehth (U — W)
dr o 1+ \ %1+ 0% )(1+ %)
Mah U 3_%_%(1-1-0627/2)_ 14+ %
1+ g h(l+m¥%) 1+m%

+CZS<R0<1+1R1 )—1>J£/+“2(a62+gz‘42)( 1)z Holy,

@‘;26 +Ry P0rA, (9]

Using inequality (13) and R; > 1, Ry < 1 and R3 < 1, we have d;—tz <O0foreach &, 2,%, ¢, %W, % > 0, furthermore,
% =0 when &/ (t) = @, % (t) = % and K (1) = W (t) = Z(t) = 0. The system (1)-(6) solutions tend to Y it includes
elements <7 (1) = ah,% (t) = U and # (t) = # (t) = 2 (t) = 0. From Egs. (4), we get

0= =(D(t)—eX (1),

which leads to 2(t) = 0. The result is, I; = {4l }. Then, £, is G.A.S. using L-LAS.J
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Theorem 4. Suppose that Ry < 1 and R, > 1, then L3 is G.A.S.
Proof. a potential Lyapunov functionis f3(&/, D, %, % , W , %) as:

o 2 1 195 A W W M2
F3 =59 )4—@’}3()4—%4—%@( )—i— W@( )4—3?
3T (m N\ ) T Telrans) T s 7)o

We calculate dt’ as:

drs ( %) (5_(1’2{_ nlﬂ% _ leﬂi% > <1_%> <W—a@—u17/@)

1=
dl‘ o 1+ 14+0p% 9 1+

;<¢”2”%5%u2y%>+”‘% (1 "%>(zg@ eX)

1+ % e(l+o0y.) 4
o7 _ M _
+ o (1 W)(G]W@ QIW)+(PG2 (0 ZU —0%). (15)

We collect the terms of Eq. (15) as:

drs 3 mahs A MmaBU D mAdxH
- (0-aw — a9 ?
dr ( 42%)(5 LSRR vl w7l Al R
N2 £ meh x M3
e(l+a3)°" 1+o  e(l+a5)0
MABA Gl €1N1 282 4
W — D /£
1+a1% (o]} i v 73T (P62

£

1)
+H17/‘@376%+

Utilizing the 443 equilibrium conditions:

M3 M3
l+onos’  1+a14

6:(%5%3"‘ :a@3+u1(539@37 @3:%7 %:é@:%:@
1

€ o

we obtain

dF ot o N5 o A BU

7= (1-9) eon-an+ RS (-2 )+ e+ s

_ MBHs ZJFM%@ mahHs Dd H(1+a i)  mehits 8
1L+t 75 lta 5 25651+ 2)  1+ad; @
mas ity 9 mahds X mah Az 3D M Hs
1+(11e/"i/3.@3 lJr(XlJﬁ/gz% 1+ D5 1+

Sk WD + GIMW ,uzgzg
o5 0fe)

(o —a55)’ mﬂs%@(l A (1 + o) 1+m%>

< — 1
STy 1+ o4 Bt d) 1t

mehsts (B BY DBIKH(1+uA) 1+oud
1+ ot

o KDy D1+ H) 1+t

MWABU 6 U262
- —Y - =7 16
vuZ o7 oo (16)

Pt 0 <(P772 (58614-5561061) )

U =— == |4

( 0 ) e\ 6 \$aQi+aeo

( 1 <sam+§glaal+églm égﬂh) > _ 8 <R1 (1_R2> _1> z,
b1Qi + aeo (0]

Since we have

AU 5
Tt 9"
0
9
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Hence, if R; <1 and R, > 1 then % (Rl (1 — “gl R ) — 1) % <0 Then, Eq. (16) becomes

dﬂ__Jd%f_m%xg( i (A =) )

dt o 1+ o017 %(1—&-061%/)(1—1—061(%/3)
5 H5 (4_%_ D DA K (1+ ) 1+a1,/"i/>
1+ 0,5 o HDy D +ouH) 1+t

+§ (R1 (1—R2> —1)02/ 2% 4
(0] oo (PC72

Therefore d‘% < 0 for each & D,%, %, W,% > 0, furthermore, d{% = 0 when «(t) = A,

D(t) = D3, K (t) = 3,9 (t) = W3 and % (t) = Z(t) = 0. The system (1)-(6) solutions tend to 13 which contains
elements with o7 (1) = 43,9(t) = D3, % (t) = 3, W (t) = #3 and % (t) = Z(t) = 0. The result is, 1 = {43}. Then,
i3 is G.A.S. using L-LAS.[J

Theorem 5. Let Ry < land R3 > 1, then $l4 is G.A.S.
Proof. Define f 4 (o/,2,% , % W, %) as:

of w\ a_  w <§f>
— D 9+ Lo vy B oy
! <=!274) o (7/4) 3 o (ofep} 2

Calculating =; 14 as:

dF 4 % _ _ 1’]1,527% _ 112,52702/ T]lﬂf%/ B .
ar (1 sz)(6 L At ) 1rae LMY

1(,_ %)\ (emd¥ «, _ [P

(p(l %>(1+a% SU — W ZU +§(§@ ex)

Mo —gry+ 2 (1oL crw - o). a7)
(o3} (pGg <

Collecting terms of Eq. (17), we obtain

dr 4 e Ml MU  MAU S 0
dr <1 >(6 )+1+ocj£’ 4% 1+u% (p% (p%4
gg’%4_ g, Mo, e, Hzg%+ .uz€2c%
<P ¢ o1 po2 9 Q02
Utilizing the $l4 equilibrium conditions:
MdyUs — MU O J1%) %)
0= o = —U+ —Z%Us, U=,
YA Tty Tvaats @ Tt AT,
we obtain
drF 4 oy Mo 4 Us oy Mt MAsU
dr <1 %>((XJZ{4 aﬂ)+l+o¢z% (1 d) 1+ %  1+o%
M dyU A (1 +U) MY | b My Uy
- - — U + ———— — —=
L+ (1 + ) 1+ocz%+<p ! +1+a2%4 9oy
+“2g255/€,7(%/ s, % 4 HzG@p%Jrﬂzgza@.it
(Yo ¢ o1 ¢02 o 902

) Mt (AN MU

- o 1+ o o 1+ %

MU A (L +U) MDY | AU
1+ d(1+ %) 1+ 1+

L M d  Ea,, fie, (18)
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We have
MmhH g Emoty ) ea (ém <6cz+6gzaz> )
< H=— (22 (=22 -0 o
I+ & & ( €a €\ ea \ ao+6oQ
€a Qo+ Qo0+ 6N — N Ea 0¢ ) )
= — (R 1) =—|(Ro|1~— R; )17,
3 ( 0( a0y + 6 Q2 ) ) g < 0( 900,

Hence, if Rp <1 and R3 > 1 then %“ (RO (1 — (D%géz R3) — 1) J < 0. Furthermore, Eq. (18) will be in the form:

di s _ (o =) il 00 (U — Us)*
dr o L+ o \ Us(1+ % ) (1 + o)
Mo s U < Ay A1+ o) B 1+O£2?/)

I+ \™ o

o A(l+) 1+

€a 8¢ ) > Hi61
+—(Ro(1———"R H - =Y.
g < 0 < pdo, 3 o1

Therefore ¢ dl 4 <0 foreach &7, 9,%, %, W ,% >0, Furthermore, df4 =0when & (t) =y, U (t)=Us, Z(t) = 24
and 9(t) = H(t) = #(t) = 0. The system (1)-(6) solutions tend to Y, which includes elements with
o (t) =y, U (t) = Us, Z(t) = 23 and D(t) = K (t) = # (t) = 0. The result is, 1] = {&l4 }.Then, s is G.A.S. using
L-LAS.OO

Theorem 6. Let R4 > 1, Rs > 1, R; < 1 and Rg < 1, then $l5 is G.A.S.
Proof. Define f 5 (o7, D, %, % W, %) as:

2\ 1 w o H
+@5©(>+¢%5©< >+(”15)xf5©< >+“W+“29f5.

= of-
ks 5D ( 9 Us e(l+ o075 Hs [0Jep)

SR

Calculating df as:

ars _ (1—?) (c’)—owzf— mAH s U >+ (1—95) <m'd%/ —a@—uﬂf/g)

l+o X 1+ 9 140y %

LB\ (omdY s, _ mes (A _
+<p<1 %><1+aﬂ/ O~ |+ oy |~ ) 87
+%(017/9 ng)—i—(pu—(GgQ“Z/ %)
5 mas A | 5w A KA Ds
(1 42%)6 Nt tvar v Y Tvar 7 T
6 AU 8 Mo mes £
+ U DsH (pﬁzz 1+aﬁ/+ ?/5+(p62/59f+1+a1%/5 .
Mes KA MmAsHs §F  mAHs G, e,
]—I—Otl% 1+ 5% 140405 (o1 (1)) '
Utilizing the s equilibrium conditions:
8:(142%54—”'&{5%/5 o5 Us ¢nzﬂfs%:5%

1+ar s 1+ 1+
59 M5 A5

= a%s,
"1 4oy s Ao
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we obtain

dFs s s 1975 K5 2505 Us 125 K 255U
dr (1 a .52/) oty — o) + (1 a 42%) <1n+ o s 1n+ az%) 1n+ 4 1n+ %
mesHs 9 masHs dXDs(1+ouHs)  MmasHs T M5 Us U
4o s Ds N+ s s A D(1+on ) | 1+ ot RN
M5 Us A (L +U) | A5 Us +&%5§0+ mesHs I s Hs A
1+ 51+ %) 1+ ¢ (M+a45) s (1+ay.45) Hs
_ M5 Hs HsD | msHs G, e,
l+os s 1+ouHs O 0oy}
_a(@%—%)z B (% — Us)? B o (A —H5)*
o Us(\+ %) (1 + o) Hs(1+oa2)(1+ o 75)
0195 K5 <4 %+ﬂ%95(1+a1%)_%@_1+a1%>

14+ oy s o s HsD(1+o k) HDs 1+a1H5s
N lsUs <3 s A1+ ) 1+O£262/)

+7 J—
14 o %s o ds(1+u%) 1+

+ Uy <95—>W—|-(P <%5 O_z)ff.

We have

- S _ §61(Q1 +oumn) +€01Q2 ( Enio1 (09 +6) B 1)
o §o1(Qi +oun) a¢(E61(Q1+ain) +€01Q) ’
i & = Qi(o+me)+Mmao ( ¢1M202(age + 1 £0) B )
o) 02( Q1 +oumny) §6(Qi(02+006) +mGou) '

Finally, we obtain

dfs (o —oh)  oo(U ) (N —H5)
dt o Us(1+ o)1 +?s)  Hs(1+oq2)(1+0q.%5)
19575 s AKX Ds(1+uHs) AP  1+ax
1—1-061%/5( o %95/5@(1-&-(11«%/)_%/@5_14-061%/5)
N lsUs s A1+ o) 14+ %
s )

o (1 +%) 1+

(861 (Qi +oum) +e01Q2) ., w(Qi(o+me) +hmaw) .
§o1(Qi +aumny) R =D#+ 00 (0 Q1 + a1 1m2) Ry—1) 2.

+

Therefore d[% < 0 for eah AU W,Z > O, Furthermore, dd# = 0 when

o (t) = o5, D(1) :@5,%(t) = U, (t)= 5 and Z(t) = # (t) = 0. The system (1)-(6) solutions tend to 17 which
has elements with o7 (t) = o5, D(t) = Ds, U (t) = Us, K (t) = 5 and Z(t) = # (t) = 0. The result is, Y = {4ls}.
Then, s is G.A.S. using L-LAS.[J

Theorem 7. If Rg > 1, R7 > 1 ,and Rjg < 1, then g is G.A.S.
Proof. Define f ¢ (o7, 2,% , % W, %) as:

4 9 1 w N1 v 4 15 (W> 13
= D De® UsD — D — — WD — %
Fo=% <%>+ ¢ (@)*w 00 (%>+g<1+a1%) ¢ (%) P\ ) 9o
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Calculating df as:

dFe _ (. _ - MmAH AU D6\ ( mIH
dt _<1 ) O—od = rar Trew ) T\ 7 ) \ixae 9 MTY

e e L
50-2)

1_7 (O at) + MU MAH o MAK T
1+o%Z 1+o% l+061¢%/@
M Us 5%6+.112Qp%Jr mes &9  MAeHs bD | M Hs M,

(oW 2 — gl”//)Jr(p—(szf% %)
(7]

o
+a%e+ W De — 6%

1+a202/ 0} [0) (I+ot) € 1+ Aeet  1+aH o
M X M1 H26
- WeD —7/ - —==Z.
(14 o Hs) ke (0]ep)
Utilizing the i equilibrium conditions:
MAeHe | MU M AeHs e g £
= 0.9 = i Chad Ul _ st _
0= At oty rantle 1tardy LT T (P%’ TS T
we obtain

df e (1_4276> (a%—aﬂi)+<l—%> (m%% Th%%s) WU | MAeH

dr o o 1+t 14+ 0% Y% 1+ot
M Hs D ©?q_ Mo He AKX Ds(1+01Hs) = MoK _ Mg,
lJrOC]% -@6 s 1+ o0y s %%9(1“”(1]%) 1+ o0y % O]
| MU U AU A1+ 0U) MW B2 g N MAeHe 7
1+ U 1+0% d(1+0%) 1+0% ¢ 1+ o146 D
Mo He H6D = MAeHe — MAeHe H N1€1 11
s X Ds 1+ (H—%%)y_ szt (Pffzgf
_ _Ot(ﬁf*ﬂé)2 3 oo (% —U)* B a (%*st)
o Us(1+ )1+ %) He(1+ o4 ) (14 oy )
M oK (4_%_ A Ds(1+ 1K)  HeD 1+061Jf)
14 oy % o g KD+ H) H Dy 1404
Mo Us ( %d(lJrocz%)lJraz%) [Jz( gz)
+—13 Us Z.
1+ 0 o dg(l+m¥%) 1+ (0] o2
We have
Yg— 2 = 12(Qi€s1(02 + o) + €01 (0 + Q2 g) +Eaimg €2)( Rio—1).
02 ¢ (Eciam+Qiégion +Qreo)
Then
dte _ (A —a) oUW o (H — He)?
dt o 02/6(1-1-06202/)(1—"-05202/6) %(1—&-0(1%)(1—1—(11&%/6)
n M oK (4_%_ﬂ«75/-@6(1+061%/6) R 1—1—061%/)
1+ 0% o KD+ X)) H Dy 1+

N2 Us 3_%_%(1-&-&2%@_ 1+
14+ % o %(14—062@/) 14+ %
#2(@159(02+€2062)+861(0662+@2€2)+§O€1n2€1€2)

¢ (Eciam+Qiégion+Qreo)

(Rio—1)Z.

Hence, if Rg > 1, R7 > 1 and Rjp < 1, then d[% <0 foreach &, 9,%,%,%,% >0, and dd% =0 when &/(t) =
s, D(t) = Do, H (1) = He and Z (1) = 0. The system (1)-(6) solutions converge to 1y which contains element with
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A (t) = g, U (t) = U, D(t) = Ds, H (t) = Hg and Z(t) = 0. Hence, &/ = 9 = 0 and from the system (1)-(6) second
equations, we have

0=9= % aD(t) = mPOW (1),

which gives #/(t) = € for all t. Therefore, Y = {l¢}. Applying L-LAS we get s is G.A.S.

Theorem 8. If Rg > 1, Rg > land Rj; < 1, then U7 is G.A.S .
Proof. Define [ 7 (o, 2,% , %, W, %) as

7\, 1 m (%’) t (Qp)
= 4D +D9D | — | + =D +— 0| V/—i——ff@
! (m) ! (%) 0" ( ) et " \) T e T\
Calculating dr7 as:
dF 7 _ % ma X AU 7 nlﬂf
dt _(1 ﬂ)(a Lt twz) T\ "7 )\ T

L%\ (omd¥ s, _meh (4 _
+(p(l %)(l—i—aﬂ/ OU ~ 2 +8(1+a1«1/7) =7 (67 —eX)
Hu

1

W (2 _
"rG (617/.@ §1W) Y. <1 f'f) (szf% QZD@‘O)
o 7 mes A MU ma xZ
<1 42%)(5 YN e Y ivww Y  Trar 7 7Y
4 M. U meh X 8 M2 mes &9
WD — U o+ By T 57
TH ! 0} 1+ % (1+oc1,)£/7) [0) 7 0} 7+(1+oqj£/7) €

mehH 9 mehH; g 151 Mo H2G
_BSlyy P22 50 2 g2 gy %
Tt e  Itud o 90 07" 90 7T

Utilizing the 417 equilibrium conditions:

meh Xy | MmhU  dmhU & ey o)
0= o = 8U U, H=>G, —— = Uy = 2=
YN s rwts 1+ as TR =D T e T T Gy

we obtain

df7(1%7)(amad)+<lﬂ7><m%7% leﬂfﬂh) mes A | MU

dt o o 1+t 14+00% 1+t 1+p%
mehH 9 meh s d A D(1+on ) Nl D U U Hz%gp
Tt 7 At g0 var) ras M T w6
%% < (1+ %) nmeh Ay KX MU J15) mehots 9
- - - e LU+ o
It A +u) (+ah) 4 +u2s ¢ ¢ " (I+of) %
maeht; %92  MmehH G U262 ) WS
- By, 2524 Ploy o %
I+ A 1+ad; o 90 0 T pe, 7
_ (- e U-wm)P w(H )
4 U+ )(1+m?)  (1+a) (14 o067)
Mk ok AHP( i) DL+
1+ o4y o %:%/7@(14-061%) KD 1+o0q%,

1
n N7 <3_m_d( + o) +a2%>+u1 (@ gl)W.

1+ o o %(1+O€2%)_1+OC2?/7 o
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Finally, we obtain

dt; _ (A —eh) o) (X —4)
dt o 02/7(1-1-06202/)(1—&-05202/7) %(1—}-&1%)(1—1—061,%/7)
" %7 (4_£f7+ﬂ«75/@7(1+061%/7) 47 1+061=/"i/>
1+ o0t d - DN+ ) A D 1+

N2t7 % 3_ﬁ_%(1+a203/7)_1+06202/
14+ 7 o ﬂf7(1+0€2@/) 1+ o00%
#1(561@1(02-5-@062)+801(a62+€2Q2)+§0¢1n2€1€2)

§o1(Qi(om+ o)+ mea)

Ry — D)W

Hence, if Rg > 1, Rg > land Rj; < 1, then d‘% <0 foreach &7, 2,% , ¢, W ,% >0, and d‘% =0 when /(1) = o4,
D(t) = Dq, U (t) = U, K (t) = 7 and # (t) = 0. The system (1)-(6) solutions converge to Y. For each element of
Y we have o (1) = <5, D(t) = P57, H (t) = 7 and hence % = 0. The of system (1)-(6) third equation implies that

¢Mt7U

0=%= 1+ 7%

— 80U — M Z

which ensures that 2°(r) = 27 for all 7. Therefore, 17 = {tl7}. Applying L-LAS we get {l7 is G.A.S.

Theorem 9. If Ry; > 1, then g is G.A.S .
Proof. Define f g (7, D,% , % W, %) as:

of 9 1 U T[]Jng H A Y/ o %
Fg= R0 )—l—@@()—k@/@()%—%@( )—|— 7/@( )—FQF@ — .
8 8 («Q/g 8 7 [0} § U e(l14+o0y%) § R § Wy 00, 8 2

Calculating dt8 as:

drs _(,_ % _MmAH mAU S\ (mAX
dr _(1 sz)(ﬁ e rwmn) VT2 ) e MY

L, _ %\ (emad” ., _mek [ A _
+<p<1 %><1+aﬂ/ O~ |+ iy |~ ) 57

oy 7% _ & _
+61 <1 W)(G]W@ a?)+ (p62<1 ff)(azﬁf’% o)

o mak At MaRU ma x g

1— = _ — =
( ;z/)w JZ{)JrlJroch)if 1+o% “ 1+a1f@+ aZs
5 MAU O 12 mak £
DRW — —U — U Z U
+ s P 1+Oc202/+go +(p +1+a1%£

nmak A  MmakAy ED  mekAy G

1+ o735 1+oy 0 et 1+ o3 o1 v Hl-@%
+N1€1W_#2€25_&%%+N2€2%.

3
o1 02 ¢

Utilizing the g equilibrium conditions:

NMak Ay MR  ONrRU

= quatk = 0 U 23
0 (04 8+1+a]% 1+a2%8’ 1+a2%8 8+u2 88,

& mekAy ) gl
«/"i/s— S o e ag + W D Ws, %—02> -@8—61,

we obtain

dFs o MmaRAR  MaRU mas At — MmaABRU
. _ 2
dr < %>(a% a%)+( .52/>(1+061<%/8+1+062%8 +1+OC1<%/+1-|—06252/
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MRty I My X D3(1+ouAs)  MmakHz Gl

W — Z_ %
HMIS o s T l+on s a2 +ond)  1+ads o °
G MaRU U 2 MaRU A (1+0U) MR Us
W A Py
* o1 L+ ¢ NN Rl+m%) 1+ww

G g MG, MR T MmekHs X MmokHs ST
g0 " g T (I ds) T (I oands) Ay 1ty DA

Nk Ay WG WGl U262 153 262
MARAS MGy gy My 292 g B2gy g 129 4
1+ o4/ ol M 3 o1 8 00> p 8 00, 3

(o — k)’ (% — W) on (A — Hg)?
a o WA+ )1 +a) (1 +ax)(1+a4)
At <4_%+M%@8(1+a1%) R 1+oc1</”i/>
1+ oy o RRD(1+ou ) KDy 1+o4
Moy U (3 oty A1+ W) 1+0¢2”2/)

1t ™ o oK(l+u%) 1+au

Hence, if dﬁ% <0 for each &7, 2,% , %, W ,2Z > 0, Moreover, d‘% = 0 whend/ (¢) = R, % (t) = U, D(t) = Dy
and ¥ (1) = 3. The system (1)-(6) solutions tend to 1 it includes elements <7 (t) = o, % (t) = U3, Z(t) = Z3 and

H(t) = . It follows that 9 =% =0 and from the system (1)-(6) second and third equations, we have

gy MR o
0=9= 1+OC1<%/8 a.@g #1@87/8,
L Mm% .,
0=% = T+ oo OU — WU 23,

which ensure that #/(t) = #3 and 2 (1) = 23 for all . The result is 13 = {3} and applying L-LAS we get {lg is G.A.S.
using.[]

6 Numerical simulations

In this section, we clarify the results of Theorems 1-9 by carrying out the numerical simulations. In order to solve the
system (1)-(6) numerically, several parameters’ values will be fixed and taken from the literature (see Table 2). To ensure
that the night equilibria described in Theorems 1-9, We alter a few factors that have an impact on the threshold parameter
values, which in turn regulate the existence and stability of the equilibria.

Table 2: the model(1)-(6) parameters values and their sources.

Parameter  Value Source Parameter Value Source Parameter Value Source

] 10 [14],[15] 3 0.1 [16] 3 5 9]
a 0.0 [171,[18] ) 0.1 [9] 5 0.2 [19]
a 0.5 [20] 1L 0.2 [19] 3 2 9]
0 0.2 21] m 0.2 9]

6.1 Stability of the equilibria

In this subsection, we illustrate our global stability results given in Theorems 1-9. Therefore, for systems (1)-(6), we
select the following three beginning conditions:
Initial-1 : (27 (0), 2(0),% (0),.¢(0),#°(0),%(0)) = (600,1.5,1,5,1,0.2),

bt R B ]
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Initial-2: (<7 (0), 2(0),% (0),.#(0),#(0), Z(0)) = (500,1,1.5,2,2,0.1),

Initial-3: (<7 (0),2(0),% (0),.#(0),#(0), Z(0)) = (300,0.5,2,1.5,3,0.05).

Choosing the values of 1, 12, 01, 02, ajand @ as the following scenarios:

Scenario 1: 11 = 0.0001, 1, = 0.0002, 61 = 0, = 0.2, 01 = 0.05 and o = 0.07. For this set of parameters, we have
Rp=0.5 < 1and Ry =0.2 < 1. Figure 1 shows that the trajectories starting from Initial-1,Initial-2 and Initial-3 achieve
the equilibrium £y = (1000,0,0,0,0,0). This proves Theorem 1 statement that Iy is G.A.S. Both HIV and HTLV-I will
be eliminated in this scenario.

Scenario 2: 1, = 0.001, n, = 0.0001, o7 = 0.003, 6, = 0.2, a; = 0.00002 and o, = 0.00001. With such choice we
getRp=5>1,R; =0.1 < 1and R, =0.5 < 1. Figure 2 illustrates that the trajectories starting from Initials 1, 2, and 3
tend to LI; = (200.16,15.99,0,40.02,0,0). As a result, Theorem 2 is supported by the numerical findings. This example
shows a CTL-mediated immune response to a chronic HIV mono-infection that is not triggered.

Scenario 3: 11 = 0.0001, n, = 0.0023, o1 = 0.001, 0>, = 0.01, ¢&¢; = 0.00002 and &, = 0.00001. Then, we calculate
Rp=0.5 < 1,R; =2.3 > land then Rz = 0.69 < 1. Figure 3 illustrates that the trajectories starting from Initials 1, 2,
and 3 tend to LI, = (434.80,0,5.65,0,0,0). Thus, Theorem 3 can be supported by the numerical results. This evidence
indicates that there is a chronic CTL-mediated immunological response to HTLV mono-infection.

Scenario 4: n; = 0.001, 7, = 0.00032, 61 = 6, = 0.01, ; = 0.00002 and o, = 0.00001. Then, we calculate R =
0.32 <1 and Ry = 1.42 > 1. Figure 4 shows that the trajectories starting from Initials 1, 2, and 3 tend to tend to i3 =
(285.81,9.968,0,24.92,1.072,0).445 is therefore G.A.S which is consistent with Theorem 4. With an HIV-specific CTL-
mediated immune response, a chronic HIV mono-infection has been obtained.

Scenario 5: 11 = 0.000025, n, = 0.005, o1 = 0.05, 0, = 0.02, ; = 0.00002 and o = 0.00001. Then, we calculate
Ro =0.125 < 1 and R3 = 1.42 > 1. Thus, {4 exists with £l4 = (285.71,0,4.998,0,0,0.42). In Figure 5, We demonstrate
that the trajectory with the three initials tends to $l4, and that G.A.S. then conforms with Theorem 5. As a result, a chronic
HTLV-I mono-infection with an immunological response mediated by CTLs unique to HTLV is achieved.

Scenario 6: 1n; = 0.0004, 1, = 0.0025, o7 = 0.0001, o, = 0.002,¢; = 0.001 and op = 0.2. Then, we calculate
Ry = 133 > 1 ,Rs = 128 > I,R; = 0.027 < land Rg9 = 0.11 < 1. Hence, 5 exists with
s = (508.877,7.098,1.3609,17.7711,0,0). In Figure 6, We demonstrate that the initial-1, initial-2, and initial-3
trajectories tend to s, and that G.A.S. therefore agrees with Theorem 6. There is a chronic co-infection with HIV and
HTLV-I as a result, Thus neither the HTLV-specific CTL-mediated immune response nor the immunological response
specific to HIV are activated..

Scenario 7: n; = 0.002, 1, = 0.0026, o1 = 0.043, 0> = 0.001, 0y = 0.001 and o = 0.0017. Then, we calculate
Re =1.0028 > 1, R7 =3.83 > 1,and Rj9p = 0.0911 < 1. Theorem 7 is supported by the numerical findings in Figure 7,
which reveal that g = (385.71,2.3255,1.683,5.813,7.087,0) is real and that it is G.A.S. The HIV-specific the
immunological response mediated by CTL is consequently activated but the HTLV-specific CTL-mediated immune
response is not triggered, leading to a persistent co-infection with HIV and HTLV-I.

Scenario 8: 11 = 0.007, n, = 0.005, 7 = 0.005, 6, = 0.1, a; = 0.001 and o, = 0.001. We compute Rg =2.33 > 1,
Rg = 1.46 > 1 and Ry; = 0.68 < 1. Based on these conditions, the equilibrium ${; = (293.72,11.18,1,27.98,0,0.46)
exists. Additionally, the numerical outcomes presented in Figure 8 demonstrate that {7 is G.A.S which supports Theorem
8. As a result, HIV-specific CTL-mediated immune response is passive, compared to the active immunological response
against HTLYV, leading to a persistent co-infection with HIV and HTLV-1.

Scenario 9: 11 = 0.002, n, = 0.00257, 01 = 0.04, 0o = 0.1, ; = 0.001 and o = 0.001. These data give Rj| =
3.97 > 1. This condition guarantees that the equilibrium i3 is present. The trajectories starting with Initial-1, Initial-2,
and Initial-3 tend to g = (400,2.5,1,6.24,7.44,0.036)., as seen in Figure 9. Figure 9 numerical findings demonstrate
that 4l is G.A.S based on Theorem 9. HTLV-I and HIV-specific Immune responses through CTLs are both in play in this
instance, leading to chronic co-infection.

6.2 Effect of saturation on the dynamics of HIV/HTLV-I co-infection

In this subsection, we investigate the effect of the saturation on HIV/HTLV-I co-infection dynamics. We take the values
11 = 0.002, 2 = 0.00257, 61 = 0.04 and 0, = 0.1. Figure 10 shows the effect of saturation parameters ; and &, on the
solutions of the system with initial condition Initial-3. We observe that, as o and oy are increased, both HIV and HTLV-1
infection rates are reduced. Moreover, the concentration of CD47 T cells is increased, while the concentration of infected
cells and free HIV-1 particle are decreased.
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Fig. 10: The evolution of trajectories of model (1)-(6) with different saturation parameters o, 0.
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7 Conclusion

In this paper, we proposed an HIV/HTLV-I co-infection model describing the interaction of the HIV/HTLV-I with
CD47T cells taking into account the CTL immune response. The infection rate is given by saturation functional
response. We formulated the model via six nonlinear ordinary differential equations. It was demonstrated that the model
is both mathematically and biologically acceptable. We found nine stable states in the HIV/HTLV-I co-infection model.
The global stability of the nine steady states of the model has been established by constructing suitable Lyapunov
functional and using LaSalle’s invariant principle. We derived twelve threshold parameters Ri;i = 0, 1, ...,11: which
govern the existence and global asymptotic stability of the nine steady states. The numerical simulation was done to
verify the viability and applicability of the theoretical hypotheses. The necessity of including a saturated incidence in the
HIV/HTLVI dynamics model was discussed.
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