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using a mixed finite element method (MFEM) based on the Timoshenko beam
theory. A two-noded curved mixed finite element has 12 field variables at each node.
These variables denote three displacements, three cross-sectional rotations, three
Functionally graded material forces, two bending moments, and torque, respectively. The functionally graded
material is composed of ceramic-particle material and metal-matrix material. The
volume fraction of ceramic and metal materials varies along the beam axis. The
effective material properties (modulus of elasticity, Poisson's ratio, and density) of
the functionally graded material are determined according to the rule of mixture. It
Free vibration analysis is aimed in the benchmark examples to present the influence of ceramic-particle
Mixed finite element method material and non-homogeneity index of material gradation, the minimum radius of
the elliptical beam, and boundary condition to the results of static and free vibration
analysis in detail.
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1. Introduction

Functionally graded materials are a new generation of composite materials that are widely used in aerospace,
energy, automotive, defense, and nuclear industries, civil engineering, as well as in optical, electronic, and
biomedical devices or chemical plants [1-11]. Due to abrupt changes in thermal conditions or mechanical
loads, problems of cracks or delamination can occur in structures having classical composite material
properties (e.g. laminated composites). Functionally graded (FG) materials are two-phase composite
materials with a continuously varying function in desired directions. The grading of material properties
increases the strength of functionally graded materials under sudden varying loads or temperature changes
[12,13]. Functionally graded materials are produced with low thermal conductivity, high hardness and wear
resistance, and other excellent mechanical and chemical properties such as low coefficient of friction [14].
Curved beams are commonly used structural elements in architecture, and civil and mechanical
engineering applications e.g. [15-18]. In the literature, most studies about the structural analysis of axially
FG beams are related to straight beam geometry. Some of the studies can be cited as follows [19-31] for the
static/buckling/dynamic analysis of axially FG straight beams/micro or nanobeams. Some studies about the
structural analysis of axially functional graded (AFG) curved planar beams can be summarized as follows:
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Rajesakaran [32] investigated the static and free vibration analyses of AFG curved beams using the
differential transformation method in which the shear effect was considered. Tsiatas and Charalampakis [33]
dealt with the optimization problem over the natural frequencies of AFG straight and circular planar beams
with material distribution described by a four-parameter exponential function or a five-parameter
trigonometric function. Noori et. al. [34] investigated the free vibration and forced vibration analyses of AFG
parabolic beams using the complementary functions method. Temel and Noori [35] investigated the free
vibration and forced vibration analyses of AFG cycloid beams with variable cross-sections using the
complementary functions method by considering the shear effects of the beam. Lee and Lee [36] investigated
the free vibration behavior of AFG circular beams using the direct integral method developed with the trial
eigenvalue method. Aribas et.al. [37] investigated the static response and normal/shear stresses of AFG exact
super-elliptical beams via a warping-included mixed finite element method. Akti et.al.[38] investigated the
behavior of the static analysis of AFG circular planar curved beams using a mixed finite element method
(MFEM) based on Timoshenko beam theory. Convergence analysis of AFG elliptical beams is investigated
over 3-D 2 node beam element (BEAM188) and 3-D 20-Node structural solid element (SOLID186) of
ANSYS finite element program for the static and free vibration analysis by Kir et.al. [39] and Aydogan et.
al. [40], respectively.

In this study, the static and free vibration of axially FG elliptical curved beams are investigated using
mixed FEM. The FG material is composed of a metal matrix reinforced with ceramic-particle material. In
the static analysis, the influence of ceramic material (Al,Os, ZrO,, and SiC), boundary conditions (fixed-
fixed and fixed free), and non-homogeneity index of material gradation on the response of axially FG
elliptical beam subjected to a vertical uniformly distributed load are investigated over the displacement,
cross-sectional rotations, and support reactions of the beam in detail. In the free vibration analysis, the out-
of-plane natural frequencies are examined for the same parameters as those considered in the static analysis.
As far as the authors know, this study is a new contribution to the literature and provides some benchmark
examples.

2. Formulation

2.1. Elliptical beam geometry
A planar curve is described by a position vector r(#) in an x-y plane in terms of a horizontal angle 6 as
follows:

r(6) ={x(),y(6)} 1)
For an elliptical beam (Fig. 1), the components in the x-y plane of the position vector x-y, are
x(@) =R, cos0, y@) =R, sing @)

where Rmin> 0 and Rmax > 0 are the minimum and maximum radii, respectively. The gradient of the arc length
c(#) is defined in terms of the position vector Eq. (1) as follows:

c(@)=|r,|, ds=c(o)de ©)

where the subscript after the comma denotes a derivative with respect to horizontal angle 9 [41], ds is the

infinitesimal arc length. The total length S of the elliptical beam is calculated using S = J-:BC(H)dH where

s is the subtended angle of the elliptical beam.
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Fig. 1. Axially functionally graded elliptical beam

Table 1. The material properties of ceramic particles and metal matrix.

Material E (GPa) v p (kg/m?3)
Aluminum (Al) [44] 70 0.3 2702
Alumina (Al203) [44] 380 0.3 3800
Zirconia (ZrOy) [44] 200 0.3 5700
Silicon carbide (SiC) [45] 302 0.17 3200

2.2. Axially functionally graded material

A two-phase composite beam is composed of a metal matrix and ceramic particles. The variation of the
material along the beam axis depends on the horizontal angle 6 (Fig.1). As a homogenization scheme, the
Voigt model [42,43] is used to predict the effective material properties of a two-phase composite beam as
follows:

Pt (H)ZPA+(PB_PA)(£j 4)
by
where Petr denotes the effective material properties of the modulus of elasticity (E), Poisson’s ratio (v), and
density (p), respectively. np> 0 is the non-homogeneity index of material gradation. The subscripts A and B
denote the metal and ceramic materials at the start and endpoints of the elliptical beam, respectively. In this
study, three different ceramic materials (Al>O3, ZrO,, SiC) are employed while the metal matrix (Al) is kept
the same. The material properties are given in Table 1.

The variation of the material constituents along the beam axis can be determined using Eq. (4) and the
material properties in Table 1. The material variation versus normalized horizontal angle parameter (6/6g) is
plotted for different non-homogeneity indices and three different ceramic materials (Al,Os, SiC, and ZrO5)
in Fig.2

2.3. Field equations, functional and mixed finite element formulation
The field equations in the Frenet coordinate system of axially curved beams are extended from the isotropic

spatial Timoshenko beam [46] as
~T.~a+pAl =0

M, —txT-m+plQ=0 ®)

} equations of motion
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Fig. 2. The effective material properties of axially functionally graded material composed of metal-matrix (Al)
reinforced by three different ceramic particles (Al20s3, SiC, and ZrOz2)

u{HXQ—CyT:O

6
Q,-C,M=0 ©)

} constitutive equations
where t, n and b are the tangent, normal and binormal unit vectors of Frenet coordinate. u(u:,Un,Ub) is the
displacement vector, (£, Qn,Qp) is the cross-sectional rotation vector, T(T:,Tn,Tp) is the force vector and
M(M;,Mn,My) is the moment vector, q(d:,dqn,0b) is the distributed load, m(m,m,,my) is the distributed moment,
p=p (0) is the material density of the axially FG beam, A is the cross-sectional area, I1(lt,In,l5) is the moment
of inertia vector, C,= C, (d) and C,= C, () are the compliance matrices of the axially FG beam.

The functional for free vibration and static analyses of the isotropic homogenous elastic spatial beam
exists in [46,47]. The functional for free vibration analysis of the axially functionally graded spatial beam is
given in Ermis 2021 [48]. Using the potential operator and Gateaux differential [49], the functional [46] in
terms of Eq. (5) and (6) yields to the necessary form for static analysis of the AFG spatial beam can be given
as follows:

I(y):—[u,Ts]+[txQ,T]—[M,S,QJ—%[CK(H)M,M}—%[Cy(a)T,T]
~[a.u]-[ma]+[(T-T).u] +[(M-M).@] +[0.T] +[am],

Considering the harmonic motion in the free vibration analysis, Eq. (7) can be rearranged by using g =m =
0 and the terms in the form  1p(0)[u,i]=-1p(0)e’[u,u],

%p(e)[ﬁ,ﬁ]=—§p(e)w2 [Q,Q] where w is the natural circular frequency. The parentheses in Eq. (7)

(7

inserting acceleration

indicate the inner product, the terms with hats are known values on the boundary and the subscripts ¢ and o
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represent the geometric and dynamic boundary conditions, respectively. It is noted that the unit vector b
coincides with the unit vector z for a planar beam defined in the x-y plane.

For the finite element formulation, the linear shape functions @; = (¢j-¢)/Ap and @&; = (p-pi)/Ap are
employed in finite element formulation. The subscripts represent the node number of the curved finite
element, ¢; > piand Ap =(pj- ¢i). The mixed type curved finite element has two nodes with 2x12 degrees of
freedom as follows: three displacements, three cross-sectional rotations, a normal force, two shear forces,
two bending moments, and a torque. The detailed information for the submatrices of the mixed-type finite
element matrix exists in [46].

3. Numerical examples

This section aims to investigate the effect of different ceramic particle materials, the non-homogeneity index
(nn), minimum radius (Rmin), and boundary conditions on the static and dynamic responses of the AFG
elliptical beam. Firstly, the convergence and comparison problems are handled between MFEM and ANSY'S
[50] for static and free vibration analyses in Sec.3.1. Next, some benchmark examples are introduced to the
literature in Sec.3.2. Throughout the numerical examples, the common geometric parameters are as follows:
the maximum radius Rmax = 10m and the subtended angle 6z = 180° of the elliptical beam. The width and
height of the rectangular cross-section is 0.48 m and 0.36 m, respectively. For the static analysis, the vertical
distributed load is q(z) = 1 N/m.
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Fig. 3. The convergence analysis for natural frequencies of AFG elliptical beams
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Fig.4. The convergence analysis for the static response of the AFG elliptical beam (Al- Al,O, ) having fixed-fixed BC

3.1. Convergence and comparison study

In this section, convergency analysis and comparison between MFEM and ANSYS-BEAM188 are carried
out for the free vibration (Sec.3.1.1.) and static analysis (Sec.3.1.2.) of AFG elliptical beams. The minimum
radius is considered as Rmin= 7.5 m, the non-homogeneity index is n,= 3 and the boundary condition is fixed
at both ends of the beam. In ANSYS analysis, the BEAM188 element, two noded beam elements in 3D, is
used. BEAM188 has six degrees of freedom at each node. Three of them are translations along x, y, and z-
directions. The remaining ones are rotations about x, y, and z-directions.

3.1.1. Free vibration analysis

Three different ceramic particles are considered as: Al,Os, ZrO,, and SiC. The convergence analysis MFEM
and ANSYS for the first three out-of-plane natural frequencies of the AFG elliptical beam is plotted against
the number of elements between n.= 20 and 100 in Fig.3. The percent differences of the results are

calculated using diff.%= (1— flMFEM/flANSYS)xloo and are given in Fig. 3 for ne = 100 finite elements. The

maximum percent difference is 0.1%. The convergence rate of the first natural frequency of AFG elliptical
beams calculated by MFEM is considerably faster than the results obtained by ANSYS-BEAM188 for all
the considered ceramic-particle materials.

3.1.2. Static analysis
Al>O3 ceramic material is employed. The convergence analysis MFEM and ANSYS for the static responses

(um™, TA, M2, and M f ) of the AFG elliptical beam is plotted against the number of elements between ne

max
z

= 20 and 100 in Fig. 4. It is noted that the maximum displacement u™ occurs at 0.432 which is the

normalized arc length of the AFG beam for n. = 100. The results obtained by MFEM are compared to those
of ANSYS, and the percent differences for ne= 100 finite elements are given in Fig. 4 for each static response



Journal of Structural Engineering & Applied Mechanics 28

(u™, T2, M}, and M;"). The maximum percent difference is 0.23%. It can be said that the convergence
rate of the maximum displacement u)™ of AFG elliptical beams calculated by MFEM is faster than the
results obtained by ANSYS-BEAM188 whereas the convergence rate of the static response (T*, M, and
M f ) of AFG elliptical beams calculated by ANSYS-BEAM188 is significantly faster than MFEM.

For both free vibration and static analyses, it is observed that the results of MFEM and ANSYS are
consistent with each other in Sec. 3.1.1 and 3.1.2, respectively. n. =100 finite elements provide enough
precision results for the dynamic response (the first three out-of-plane natural frequencies) and static

responses (u™, T*, M%, and MYA) of the AFG elliptical beam. In the following benchmark examples,
the results of static and free vibration analyses, ne =100 is used.

Table 2. The fundamental natural frequencies f (in Hz) of the AFG elliptical planar beam. (Al-Al203)

The non-homogeneity index ( hn)

contitan Rrin () 05 1 15 2 3 5
5 0734 0605 0547 0519 0496  0.489
fixed-free 75 0584 0481 0436 0415 0398  0.394
10 0477 0393 0357 0340 0326 0323
5 4941 4558 4360 4226 4039 3.808
fixed-fixed 7.5 3.477 3.230 3.122 3.054 2.955 2.814
10 2.488 2.326 2.265 2.230 2.176 2.085

Table 3. The fundamental natural frequencies f (in Hz) of the AFG elliptical planar beam. (Al-SiC)

The non-homogeneity index (nn)

conditions R () 05 1 15 2 3 5
5 0.746 0.626 0.571 0.543 0.520 0.509
fixed-free 7.5 0.597 0.500 0.457 0.436 0.419 0.411
10 0.489 0.409 0.375 0.358 0.344 0.338
5 4.867 4.459 4.240 4.095 3.902 3.685
fixed-fixed 75 3.428 3.162 3.036 2.955 2.846 2.711
10 2.454 2.276 2.200 2.153 2.089 2.000

Table 4. The fundamental natural frequencies f (in Hz) of the AFG elliptical planar beam. (Al-ZrO2)

Boundary The non-homogeneity index (nn)
.- Rmin (m)

conditions 05 1 15 2 3 5
5 0.490 0.446 0.429 0.423 0.425 0.439

fixed-free 7.5 0.392 0.356 0.343 0.338 0.339 0.350
10 0.321 0.291 0.280 0.277 0.277 0.286
5 3.254 3.245 3.281 3.319 3.364 3.371

fixed-fixed 75 2.305 2.311 2.352 2.391 2.440 2.457

10 1.655 1.666 1.703 1.737 1.780 1.798
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3.2. Benchmark examples

Throughout the analysis, the following parameters are used: the minimum radius is Rnin=5m, 7.5 m, and
10 m. The metal matrix (Al) is reinforced by three different ceramic particle materials Al,Os, ZrO,, and SiC,
respectively. The non-homogeneity index of the functionally graded material is nn=0.5, 1,1.5,2,3 and 5,
respectively. The boundary conditions are fixed-fixed and fixed-free, respectively.

3.2.1. Free vibration analysis
The fundamental natural frequencies f of AFG beam are tabulated in Tables 2-4 for the minimum radius

Rmin=5m, 7.5 m, and 10 m, respectively. By considering the results for all of the considered minimum radii
cases (Tables 2-4): In the case of fixed-free BC, when the non-homogeneity index (nn) increases, the
fundamental natural frequencies decrease for all the considered ceramic-particle cases. In the case of fixed-
fixed BC, when the non-homogeneity index (nn) increases, the fundamental natural frequencies decrease for
Al;Ozand SiC whereas the fundamental natural frequencies increase for ZrO,. The conclusions of parametric
studies are handled in the following three sub-sections in detail.

3.2.1.1. The effect of the non-homogeneity index (nn)

To investigate the effect of the non-homogeneity index on the fundamental natural frequencies (f ) of AFG
elliptical beam, the results of the cases n, = 1, 1.5, 2, 3, and 5 are compared with the results of the case nn =
0.5byusing B, ;i = f, / f, 05 Where (i=1,15,2, 3, and 5) for each boundary condition, minimum radius,

and ceramic material. For the fixed-fixed boundary condition, the ratio S, _; is plotted against Rmin= 5 m,

7.5 m, and 10 m in Fig.5a, b, and ¢ for the ceramic materials Al,Os, SiC, and ZrO, respectively. It should
be noted that when the non-homogeneity index (nn) decreases, the constituent of functionally graded material
along the beam axis becomes ceramic-rich material (Fig. 2a-c). On the other hand, when the non-
homogeneity index (nn) increases, the constituent of functionally graded material along the beam axis
becomes metal-rich material (Fig. 2a-c). The following outcomes can be stated for each value R . over the

By
1. For the fixed-fixed boundary condition, the maximum fundamental natural frequencies of the cases
Al;03 and SiC (see Fig. 5a and b) are obtained for the n, = 0.5, and the values of f, are less than 1.

Also, when the non-homogeneity index (nn) increase, the ratio /3, decreases.
ss—ep,=1 e—o—onm=1.5 Hp=2 % xpp=3 asap=5
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Fig. 5. The effect of the non-homogeneity index on the fundamental natural frequencies of AFG elliptical beam having
fixed-fixed BC, B, ;= f, _;/f, s where (i=1,15,2,3, and5).
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2. The maximum fundamental natural frequencies for ZrO> (see Fig. 5c) are obtained for the n, =5. When

the non-homogeneity index (ny) decreases, the ratio /3, decreases.
3. Asthe ratio S, becomes closer to 1, the fundamental natural frequencies of the non-homogeneity

indices approach the results of n, = 0.5. It means when S, —1, the effect of the constituent ceramic-

rich or metal-rich functionally graded material on the fundamental natural frequency results of AFG

beams is less influential for the case ZrO; (e.g. the cases Rmin= 5 m and in Fig. 5c). The effect of the

constituent ceramic-rich or metal-rich functionally graded material on the fundamental natural frequency

results of AFG elliptical beam is more influential for the cases Al,O3 and SiC (e.g. the cases Rmin=5m

and in Fig. 5a and b).

For the fixed-free boundary condition, the maximum fundamental natural frequencies of all the
considered ceramic particles and minimum radius Rmin Value are obtained for the n, = 0.5. It is also observed
that the ratio S, _; has nearly the same values for each value of minimum radius. For the selected minimum

; = 0.838, 0.765, 0.728, 0.696,

h =1

radius Rmin=5m, f, _; = 0.825, 0.746, 0.707, 0.676, and 0.667 for Al,Os; S,
and 0.683 for SiC; £, _; = 0.909, 0.875, 0.863, 0.866 and 0.896 for ZrO,.

3.2.1.2. The effect of the material properties of ceramic material

To investigate the effect of the ceramic material on the fundamental natural frequencies (f) of AFG elliptical
beam, the results of the cases SiC and ZrO, are compared with the results of the case Al,Os using
B. = fc/fA|203 where (c = SiC and ZrO,) for each boundary condition, minimum radius, and the non-

homogeneity index. For the minimum radius Rmin="5 m and both boundary conditions, the ratio . is plotted
againstn, = 0.5, 1, 1.5, 2, 3, and 5 in Fig.6 a and b for the ceramic materials SiC and ZrO,, respectively.

In the case of SiC (Fig. 6a), the ratio B4 <1 of the fixed-fixed boundary condition is less than 1 for all
considered non-homogeneity indexes. It means the maximum fundamental natural frequencies of the fixed-
fixed BC case are obtained for ceramic material Al,Os. On the other hand, the ratio S >1 of the fixed-

free boundary condition is greater than 1 for all considered non-homogeneity indexes. It means the maximum
fundamental natural frequencies of the fixed-free BC are obtained for ceramic material SiC.

-6 fixed-fixed &-5© fixed-free

1.06 e SiC Be 710
09
1.04 ©
0.84
1.02
0.78
1
0.72
0.66
0.96 T \ \ T \ 1
0 1 2 3 4 5 0 1 2 3 4 5
(a) (b)
ny, iy

Fig. 6. The effect of ceramic particles on the fundamental natural frequencies of AFG elliptical beam with Rmin="5 m.
B, = 1./ fa,0, (Wherec: SiC and ZrO).
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In the case of ZrO; case (Fig. 6b), the ratio /3, <1 of fixed-fixed and fixed-free boundary conditions

is less than 1 for all considered non-homogeneity indexes. It means the maximum fundamental natural
frequencies of the fixed-fixed BC are obtained for ceramic material Al;Os.

When the non-homogeneity index increases, the ratio S, increases for both boundary conditions. It

means the fundamental natural frequencies results of ZrO, case approach the results of Al,Oj3 case.

For both boundary conditions, the cases Rmin= 7.5 m and Rmin= 10 m show a similar trend to the case
Rmin=5 m in Fig.6.

Astheratio S, becomes closer to 1, the fundamental natural frequencies of cases SiC and ZrO approach
the results of Al,Os. It means the effect of the type of the constituent ceramic material of functionally graded
material on the fundamental natural frequency results of AFG elliptical beam is less influential for the case
SiC (e.g. the case np = 0.5 in Fig. 6a).

3.2.1.3. The effect of the boundary condition

To investigate the effect of the boundary conditions on the fundamental natural frequencies (f) of AFG
elliptical beam, the results of the fixed-fixed boundary condition are compared with those of the fixed-free
one by using Bac = fretriee/ Trixeasices TOF €aCh minimum radius and the non-homogeneity index in Fig.7. By

considering each ceramic particle, the minimum ratio S,. occurs at the case Al2O3 for all considered

minimum radii and the non-homogeneity indexes.
By considering each case, e.g., the non-homogeneity index and ceramic-particle materials, the minimum
ratio B, occursat Rmin="5 m. Also, by considering each case, e.g., ceramic-particle materials, the maximum

ratio S, . occurs at the case n, = 0.5.

3.2.2. Static analysis
The static responses (u;™, @™, QU™ T}, M*, and M?®) of AFG beam having fixed-fixed BC and

z z

minimum radius Rmin= 10 m are plotted against the non-homogeneity index in Fig. 8. M” and M ® are the
resultant of the moments at points A and B, respectively (Fig.1).
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max
z

The normalized arc length coordinates for the maximum displacement u™ of AFG planar curved beam

with Rmax = 10 m for the fixed-fixed case are given in Table 5. The static responses (u;™, Q7™ , Q™) of

an AFG beam with a fixed-free BC are plotted versus the non-homogeneity index in Fig. 9. For fixed-free
BC, the static responses of T and M” are the same values for all of the considered non-homogeneity

indices and ceramic particles. T and M* are found to be -24.221 N and 256.89 Nm for Rmin=5 m, -27.629

N and 308.94 Nm for Rmin= 7.5 m, and -31.415 N and 372.42 Nm for Rmin= 10 m, respectively.
As the non-homogeneity index decreases, the constituent of functionally graded material along the beam
axis becomes ceramic-rich material (Fig.2a-c). Each ceramic particle has both higher elasticity modulus than

max
z

that of the metal matrix (Al). Thus, the absolute minimum value of u™, Q7™, Q™ occurs at non-

max
4

homogeneity index nn = 0.5 whereas the absolute maximum value of uy™, @7, Q™ occurs at non-

homogeneity index n, = 5. Also, the ratio " of elasticity modulus between ceramic and metal material is

calculated using 'S =I“CE/1"/EAI where c¢: Al;0s, SiC, and ZrO; as follows: 'y o =543, I'5c =431,

F;roz =2.86, respectively. As the ratio of elasticity modulus I increases, the absolute values u;™, Q7™

z

Q7™ decrease. The absolute minimum value of u™, Q7™ Q™ is obtained for the Al,Os case whereas
the absolute maximum value of u;™, Q7™ , Q™ is obtained for ZrO,.

e==Al03 e=eSiC sooZiO2
(Rmin=10m, fixed-fixed)

u:nmx. M 10-6 (m) Q(max % 10'6 (rad) » f‘,)yml’\ x 10_7 (rad)

0 0
(@) ", (e) ", 4 "

Fig. 8. The static responses of AFG circular beams (Rmax = Rmin = 10 m) having fixed-fixed BC
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max

Table 5. The normalized arc length coordinates for the maximum displacement u,™ of AFG planar curved beam with

Rmax = 10 m for the fixed-fixed boundary condition.

Minimum  Ceramic The non-homogeneity index (nn)
radius materials 0.5 1 15 2 3 5

Al20s3 0.448 0.448 0.435 0.435 0.435 0.448

Rmin=5m SiC 0.474 0.448 0.448 0.448 0.448 0.461
ZrO2 0.474 0.461 0.461 0.461 0.461 0.474
Al203 0.455 0.443 0.432 0.432 0.432 0.443

Rmin=7.5m SiC 0.455 0.455 0.443 0.443 0.443 0.455
ZrO2 0.477 0.455 0.455 0.455 0.455 0.466
Al03 0.460 0.440 0.440 0.440 0.440 0.440

Rmin=10m SiC 0.460 0.460 0.440 0.440 0.440 0.450
ZrO2 0.480 0.460 0.460 0.460 0.460 0.460

=== AlO3 e=-8iC sssZrQn
(Rmin=10m, fixed-free)

TR 1074 (m) ) max 10—6 rad Q‘max v ]0.7 rad
: g AT 107 (rad) 336 ° (rad)
-6
4.2 -2.88
-5-
36 -24
4
-1.92
3 9
-3 144
-2.4
-2 f T 1 f T T T T 1
@ 0 1 2 3 4 5 {b) 0 1 2 3 4 5 (C)O 1 2 3 4 5
ny, ay, Iy

Fig. 9. The static responses of AFG circular beams (Rmax = Rmin = 10 m) having fixed-free BC

3.2.2.1. The effect of the non-homogeneity index (nn)
To investigate the effect of the non-homogeneity index on the static responses of AFG elliptical beam, the
results of the cases n, = 1, 1.5, 2, 3, and 5 are compared with those of the case n, = 0.5 using

B 0, /@)nh:ol5 where (©:u,T,M andi =1, 1.5, 2, 3, or 5) for each boundary condition, minimum

n, =i =
radius, and ceramic material.

ma
z

For u™* , the minimum and maximum ratios /3", are obtained as i = 1 and 5, respectively (Table 6).

z Ny =

When the non-homogeneity index increases, the ratio /3;:1 increases. The values /3“:1 are greater than 1.

Also, the ratio ,Bn:zm " of the fixed-free BC case is greater than that of the fixed-fixed BC case.

In the fixed-fixed case, the value of each ratio ﬂn::i , ﬂn':": and ﬂnt": remains approximately the same

- - - . . . . —TA _ A - B
for each ceramic material and minimum radius. The average and standard deviations /3“:1 , M and /i'n:"

M

over the non-homogeneity index are calculated for the static responses ﬂn}; , ﬂn""A. and ﬂnt": of the AFG

=i
elliptical planar beam, respectively. For each minimum radius and ceramic material, the values /i'nh are

tabulated in Table 7.
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Table 6. The ratio ﬂn‘f " of AFG elliptical planar beam for fixed-fixed and fixed-free boundary conditions

oo EZ{:H];IZ Rmin=5m Rmin=7.5m Rmin=10 m
n, =1 n, =5 n, =1 N, =5 n, =1 N, =5
Al203 1.264 2.149 1.245 1.941 1.229 1.804
fixed-fixed SiC 1.229 1.931 1.211 1.769 1.196 1.660
Zr0Oz 1.160 1.583 1.147 1.488 1.138 1.424
Al203 1.513 2.663 1.513 2.595 1.512 2.568
fixed-free SiC 1.441 2.315 1.444 2.281 1.446 2.273
ZrOz 1.285 1.748 1.282 1.723 1.280 1.714

Table 7. The average and standard deviation ﬁnh for the static responses (T,*, M* and M ®) of an AFG elliptical

planar beam having fixed-fixed BC

Parameters ﬁg{:ﬂ:g Rmin=5m Rmin=7.5m Rmin=10m
Al203 0.958 £0.007 0.953 £0.006 0.947 +£0.007
TZA SiC 0.967 £ 0.006 0.963 £ 0.005 0.959 £ 0.005
ZrO2 0.997 £0.010 0.979 £ 0.004 0.977 £0.004
Al20s3 0.934 £0.039 0.923 £0.033 0.914 £0.030
MA SiC 0.950 £0.035 0.940 £ 0.029 0.932 +£0.027
ZrO2 1.003 £0.029 0.965 £0.021 0.960+£0.019
Al203 1.111 £0.021 1.091 £0.015 1.082 +£0.015
M B SiC 1.092 £0.017 1.076 £0.013 1.069 £ 0.014
ZrO2 1.011 £0.023 1.050 £0.010 1.045+£0.011

To investigate the effect of the non-homogeneity index and ceramic inclusions on the resultant moments
of support reactions at points A and B (Fig.1), the ratio M* /M® is calculated for each minimum radii as
follows: The maximum M* /M ® occurs at ceramic-rich material case (nn = 0.5) for all considered ceramic
inclusions and minimum radii. For Rmin =5 m, it is calculated as 0.750, 0.676, and 0.648 for ZrO,, SiC and
Al>QOs, respectively. For Rmin=7.5 m, we have the values of 0.736, 0.658, and 0.627 for ZrO,, SiC, and Al,Os,
respectively. For Rmin = 10 m, the results become 0.720, 0.639, and 0.605 for ZrO,, SiC, and Al,Os,
respectively.

The minimum M*/M?® for all considered ceramic inclusions and minimum radii occurs at ny = 1.5
except Rmin =5 m and Al,O3 case (nh = 2.0). For Rmin =5 m, the minimum ratios of ZrO,, SiC and Al.Os;
cases are 0.672, 0.568, and 0.525, respectively. For Rmin = 7.5 m, these are 0.661, 0.556 and 0.511,
respectively. For Ryin = 10 m, they are 0.645, 0.538 and 0.492, respectively.

3.2.2.2. The effect of the material properties of ceramic material
To investigate the effect of the ceramic material on the static responses of the AFG elliptical beam, the results

of the cases SiC and ZrO, are compared with those of Al,O3 using A = @c/@A,ZOS where (®:u,T,M , and

¢: SiC and Zr0O,) for each boundary condition, minimum radius, and the non-homogeneity index.
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Table 8. The ratio ,b’cuzmax of AFG elliptical planar beam for fixed-fixed and fixed-free boundary conditions

Case Ceramic Rmin=5m Rmin=7.5m Rmin=10 m

materials nh=0.5 nh=>5 nh=0.5 nh=5 nh=0.5, nh=5

) . SiC 1.197 1.075 1.192 1.086 1.191 1.096
fixed-fixed

ZrO2 1.672 1.232 1.648 1.264 1.639 1.293

. SiC 1.159 1.007 1.147 1.008 1.140 1.009
fixed-free

ZrO2 1.548 1.016 1.533 1.018 1.528 1.020

Table 9. The average and standard deviation /?C for the static responses (TZA , M” and M ®) of an AFG elliptical
planar beam having fixed-fixed BC

Parameters ﬁg{:ﬂ:g Rmin=5m Rmin=7.5m Rmin=10m
TA SiC 1.013 £0.004 1.014 +0.005 1.016 £ 0.005
! ZrO2 1.043 £0.011 1.047 £0.012 1.052 +£0.014
MA SiC 1.042 £0.009 1.046 £ 0.009 1.051 £0.009
ZrO2 1.132 £0.025 1.142 £ 0.025 1.155+0.026
M ® SiC 0.971 £0.008 0.970 £ 0.006 0.969 + 0.005
ZrO2 0.908 £0.019 0.907 £0.015 0.905+0.014

For /S’C“ZW , the maximum and minimum ratios ﬂc“lm are obtained for n, =0.5 and 5, respectively (Table
8). When the non-homogeneity index increases, the ratio ﬁc“zmax decreases. The values ﬁc“zw are greater than

1. The ratio ﬂculm " of the fixed-free BC is less than that of the fixed-fixed BC, and the ratio ﬁc“zm " of the Zr0,

case is greater than that of the SiC case.
In the case of fixed-fixed BC for the n, = 0.5,1,1.5,2,3 and 5 values of the non-homogeneity index, the

values ,BCTZA , ﬁCMA and ﬁCMB remains approximately the same for each ceramic material (c: SiC and ZrO,)
and minimum radius. The average and standard deviation BCTIA , BCMA and /?CMB over the non-homogeneity

index are calculated for the static responses ﬂCTZA , ﬂCMA of the AFG elliptical planar beam, respectively. For

each minimum radius and ceramic material (SiC and ZrO,), the values ﬁc are tabulated in Table 9.

4, Conclusions

The static and free vibration responses of axially functionally graded elliptical beams are investigated using

a mixed finite element method. Functionally graded material is composed of metal-matrix (Al) and ceramic

inclusions (Al;O3, SiC, and ZrO;). The effect of the non-homogeneity index, ceramic-particle material,

minimum radius, and boundary conditions on the static and dynamic response of the AFG elliptical beam is

discussed in detail (Sec. 3.2). The main outcomes of the parametric analysis can be summarized as follows:

a) Free vibration analysis (Sec.3.2.1):

= As the minimum radius Rmin increase, the fundamental natural frequencies decrease for all the considered
ceramic particles, the non-homogeneity indices, and boundary conditions cases.

=  When the effect of ceramic particle materials is considered for all the considered non-homogeneity
indexes, minimum radii, and boundary conditions, the maximum fundamental natural frequencies of the
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fixed-fixed boundary condition are obtained for the Al,O3 case whereas the maximum natural frequencies
of the fixed-free boundary condition are obtained for the SiC. The minimum fundamental natural
frequencies are obtained for ZrO, for both boundary conditions.

When the non-homogeneity index nnincrease, the fundamental natural frequencies of the fixed-free beam
increase for all the considered ceramic-particle and minimum radii cases.

In cases Al,Oz and SiC, since the constituent of the fixed-fixed AFG beam becomes metal-rich (nn 1), the
fundamental natural frequencies decrease, and more ductile behavior can be obtained. However, in the
case of ZrOy, it is quite the opposite.

As the ratio Rmin / Rmax decreases, the change of non-homogeneity index is more influential on the results
of fundamental natural frequencies of Al,Ozand SiC cases whereas the change of non-homogeneity index
is less influential on the results of fundamental natural frequencies of ZrO; case.

b) Static analysis (Sec.3.2.2):

As the non-homogeneity index (np) increases, the constituent of functionally graded material along the
beam axis becomes metal-rich material. Each ceramic-inclusions Al,O3, SiC and ZrO, has both higher

elasticity modulus than that of the metal matrix (Al). Thus, the absolute value of static responses u)™,
Q7™ and Q7™ increases for both fixed-fixed and fixed-free boundary conditions, respectively.

In the case of the fixed-fixed boundary condition, the absolute maximum and minimum values of u™

z 1

QF, QU are obtained for the ceramic materials Al,O3 and ZrO,, respectively. When the non-

homogeneity index increases, the change in the absolute values of T*,M”*, and M® has an opposite
trend. Also, by considering the support reactions of points A and B, the maximum resultant moments M
of the AFG beam occurs at point A for all considered non-homogeneity indices, the minimum radii, and
ceramic inclusions.

In the case of the fixed-free boundary condition, as the constituent of the AFG beam becomes metal-rich

(nn 1), the effect of different ceramic materials on the static responses u;™, Q7™ , QU™ quickly

z

decreases. Each static response u;™, Q7™ , QT approaches the same values for each ceramic material

Al;O3, ZrO,, and SiC by increasing the non-homogeneity index(np).
As far as the knowledge of the authors, the static and free vibration analysis of axially FG elliptical beam

using mixed FEM is an original example for the literature.
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