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1. Introduction and main results

Given a weight w, namely a non-negative locally integrable function we recall that w € A, for p > 1 if

p—1
1

[w] sup ! /w ! /w__ < o0
Ap = —_— —_— p—1
@ Q| Q)
Q Q
and that w € A, if

Muw
e < o0
w

[w}Al = ‘ .

where M stands for the usual Hardy-Littlewood maximal function, namely
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1
Mw(zx) = sup —/w

where each @ is a cube with its sides parallel to the axis. The quantities [w]4, are the so called A, constants.
The main feature of the A, classes is that they characterize the weighted L” boundedness of M and of non-
degenerate Calderén-Zygmund operators.

In the last decade quantitative weighted estimates in terms of the A, constants have been a topic that
has attracted the attention of a number of authors. First results in that direction were obtained in the early
90s in [5]. Years later Astala, Iwaniec and Saksman [3] conjectured the linear dependence on the Ay constant
for the Beurling transform. The fact that lead them to such a conjecture was the fact that if such a result
held, the solutions of the Beltrami equation would have improved integrability properties. That conjecture
was settled in [19]. Soon a natural question arised, whether the dependence on the A, constant was linear
as well for general Calder6n-Zygmund operators. That question was solved in the positive by Hytonen [11]
and lead to the development of sparse domination theory, which has been a very fruitful tool in the field.

Let us turn our attention now to the one-sided setting. We recall that w € A;r for p > 1if

c p—1

1 1 1
[w] 4+ = sup w w1 < 0.
AP
a<b<c € — @ C_ab
a

Note that this classes of weights characterize the weighted boundedness of the one-sided maximal function
M™. We recall that

x

x+h
1 _ 1
Mt pa) =swpr [y M s =sw s [ 170y
h>0 h 4 h>0 h
We say that w € A] if

< 00.

‘M‘w
W || e

[wlar = ’

This class of weights characterizes the weighted weak type (1,1) boundedness of M.
At this point we would like to recall some quantitative weighted estimates. In [18] de la Torre and
Martin-Reyes showed that

1
IV Fllo () S [w] 520 1 ) -
1
M fll Lpoe () S [w] s Il 2o ) - (1.1)

It is worth noting that this inequality matches the dependence in the classical setting. One may think that
the same should happen with the remainder of operators and, up until now for all the operators for which
a quantitative counterpart has been settled, that has been the case. Let us revisit some further results.
In [21] Riveros and Vidal showed that for one-sided fractional integrals, if as usual, 0 < a < 1,1 < p < é,
1

1_1_ +
il aandwEApvq then

M2 Fllzwuny < [0 1 ury

(1—a) max 1,%/
12 Alours S 0l ™ Ao,
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See Section 2 for the precise definition of Al and of I.

Besides those estimates, in [20] they also provide sharp Coifman-Fefferman estimates, and sharp A}
estimates and they also show that for every one-sided Calderén-Zygmund operator T+ (see Section 2 for
the precise definition of T'T)

17 Fll oy S [l ag 10g (&4 ] ) 1100 -

As we already mentioned above, the dependences in all the aforementioned estimates match their classical
setting counterparts.

In contrast to what happens with the scalar setting, the A5 conjecture for one-sided Calderén-Zygmund
operators remains an open problem. In that direction, the most recent advance is due to Chen, Han and
Lacey [6] who showed for the martingale transform G that

1Gf 2wy < [wlag 1f1lL2w)- (1.2)

Now we present our contribution. Quite recently in [1] sharp weighted estimates in terms of the A, classes
for the maximal function on weighted Lorentz spaces were settled. Here we provide the following one sided
counterpart.

Theorem 1. Let 1 < p < 0o and g € (0,00]. Then, if w € A; we have that

(14 A)o]

(14 A)o]

[w] if p<q<oo;

s+

oo

||M+||LP~Q(w)eLM(w) S

Y e N T
oSO T N

-

oo

. f0<qg<p
p

’

where o = w!~P .

We remit the reader to Section 2 for the definition of AZ.

In Subsection 3.2.2 we provide as well a result assuming that we have a pair of weights (v, w) that satisfy
the joint A} condition (see the definition in Section 2) and such that w P e AL,

Our second contribution in this work is related to commutators. Coifman, Rochberg and Weiss showed
in their seminal work [8] that b € BMO implies that the commutator

[0, T]f =T (f) = T(bf)

where T is a singular integral operator is bounded on LP. They provided two proofs of that fact. The first one
relied upon a rather involved good-\ type argument. The second one hinged upon a very general approach
which is nowadays known as the conjugation method. Such a method has proven to be a powerful tool to
provide sharp weighted estimates for commutators. We remit the reader to [4] and the references therein
for a thorough treatise on this method.

Our next Theorem is a one sided version of the conjugation method.

Theorem 2. Let 1 < pg,p,q < oo and let T be an operator such that for every w? € A;O

1T fllLaqwey S @[] ag Ml o wr)-

Then there exists k > 0 such that

TF < a q kmax{l’?olﬂ} bk
W5 fll oy S ¢ (Blwflag, ) [, [l Baroll f1 e wr)
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where T f = [b,T|f and T} f = [b,Tbk_l]f for k> 1.

We shall derive some corollaries from this result in Section 4.

The remainder of this paper is organized as follows. In Section 2 we gather some definitions and results
that will be useful for our purposes. We devote Section 3 to settle the main results. In the last section we
provide some corollaries and conjectures related to Theorem 2.

2. Preliminaries
2.1. One-sided singular integral operators

We recall that a function K € Ll (R \ {0}) is a Calderén-Zygmund kernel if the following properties
hold.

(1) There exists By > 0 such that

/ K(z)dz| < By

e<|z|<N

for all 0 < e < N. Also, lim,_,¢+ f€<|z|<N K (z)dx exists.
(2) There exists By > 0 such that

B3
|K(2)] < —
|z
for every x # 0.
(3) There exists B3 > 0 such that
||
K (z —y) — K(z)] SB3W (2.1)

for every x and y with |z| > 2|y| > 0.

We say that 7" is a one-sided Calderén-Zygmund singular integral operator if

o0

THf(z) = lim [ K(z—y)f(y)dy (2.2)

e—0+
z+e

where K is a Calderén-Zygmund kernel with support in R™.

Even though these operators are still Calderén-Zygmund operators, the fact that the kernel is supported
just in R~ allows to show that A;r which is larger than A, is sufficient for the boundedness of 7". That
result was obtained in [2].

We may replace (2.1) by some other smoothness conditions. We say that K satisfies an L"-Hérmander
condition if there exist numbers ¢, C;. > 0 such that for any y € R and R > ¢,|y],

Sl

2mR
2m R<|z|<2m+1R

S o | L / Kz —y) - K@)[de | <C, (2.3)
m=1
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if 1 <r < ooand

Z2mR sup |K(x —y) — K(z)| < Cx
m—1 2"'LR<|.’E|§27"+1R

if r = 0.

Given 1 < r < co. We say that T is a one-sided L™ -Hérmander operator if T" admits an expression like
(2.2) in terms of a kernel that satisfies the Calderén-Zygmund conditions but with (2.1) replaced by the
L"' -Hoérmander condition. This class of one sided operators and slightly more general ones was studied in
[15].

2.2. One-sided weights

2.2.1. Some definitions
Analogously as A; was defined, we may define A just “reversing” the real line. We say that w € A if

c b p—1
] 1 / 1 / L <
w|,~ = su w w P 00
Ap a<bEcC_a c—a
b a
and that w € A7 if
M*w
w] - = < 0.
1 w Lo

Note that the main feature of those classes is that they characterize the weighted strong and weak type
boundedness of M.
We recall that the one sided A, , classes are defined by

b c 'Y
1 q 1 —p
[w] 4+ = sup w w < 00,
P a<b<c C— @ c—a
a b
q
c b I

1 1 /
[w] .- = sup /wq /w_p < 0.
pd a<b<cc_a/b c—a

a

Note that these classes of weights characterize the weighted boundedness of the one-sided fractional integrals
I} and I, and of the maximal functions M} and M, respectively as it was shown in [17].
A fundamental property of those classes of weight is that if r = 14 % then [w],4 = [w?],+ and also
// B L ’
[w]i;‘i = [w™? ]A;,-
2.2.2. Reverse Hdélder inequality
Since A, classes are increasing it is natural to define A = J,5; Ap. It was shown in [10,22] that

1
[w]a,, = sup WQ/M(XQW) < 00

characterizes the A, class. In [12] a suitable sharp reverse Holder inequality, namely
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™
1./ 146 ]~/
— [ w <2— | w
Q) Q)
Q Q

provided 0 < § < m, where 7, is a constant depending on the dimension of the space R", was settled
and used to derive a number of mixed constant quantitative estimates. It was also shown in [12] that this
A, constant is the smallest among the known ones characterizing that class.

In the one sided setting the one sided Ao, constants were provided in [18]. We have that w € A if

wag =50p 2 / M* (x1w)
and analogously, w € A% if
1
(W] 4+ = sup ——= “(xrw) < o00.
oo I I
T

Note that as in the classical case for every p

[wlag < cplwlays [w]az < Cp[w]A;- (2.4)

Furthermore, a reverse Holder type inequality was obtained as well in [18, Theorem 3.4]. We recall it in the
following Lemma.

Lemma 3. There exists 7 > 0 such that if w € A7 and 0 < e < W, then for every a < b < ¢,
A%

c c 1+e

@l | [wre) <2 [u (2.5)

b a

and if w € AL, and 0 < e < , then for every a < b < c,

T[w]

b c 14-¢

(b, )| /w“’e <2 /w : (2.6)

a a

It will be useful for our purposes to have the following A, version of the reverse Holder inequality type
above.

Lemma 4. There exists T, > 0 such that if w € A and 0 <e < W, then for every a < b < c,
p A;

c c 1+¢

@l | [wrre) <2 [u (2.7)

b a

and if w € A} and 0 <e < Tl then for every a < b < ¢,

b c 14-¢

.o | [u) <2 fu] (28)

a a
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Note that this Lemma is an straightforward consequence of the preceding Lemma and of (2.4).

2.2.3. A quantitative extrapolation result
We end this section recalling a quantitative extrapolation result that was settled in [21].

Theorem 5 (/21, Theorem 4.1]). Let T be a sublinear operator defined on C°(R). If the inequality
17 flzsogunmy S [y, fllzsoguroy

holds for some pair (po,qo) with 1 < pg < qo < 0o and for all weights w in the class A;{o,qo, then for any
1 1

pair (p,q) with 1 < p < q < 00, satisfying % — = qio and for any weight w € A;Cq the inequality

'ymax{l,%ol%/}
T fll oqwe) S [w]A;q 1l o wr)

holds, provided the left hand-side is finite.
3. Proofs of the main results
3.1. A key lemma

In this section we present a result that essentially says that if the one-sided A, condition holds with a
“gap” then it actually holds.

Lemma 6. Let p > 1 and let t > 2 be an integer. Let (v, w) be a pair of weights. If for every interval I = (a,b)
we have that

! p—1

w\:‘| —
—
4
H-‘:| —
—
)
AN
=
w
=

where [y =b—a and o = wl_pl, then
[v,w]a, < K.

Proof. Given an interval (a,c). Let x € (a,c). We call g = a, Tj41 — 2 = +(z — x3). Then we have that

(a,z) = U (Tk, Thy1]-

k=0

Now we fix k and let y < x such that © — y = ;411 — x. Hence, by (3.1),

T —y p=l
v(zk, Tpt1) < K(Tpg1 — xk) (U(y x))

< K(%g11 — o) (Ma (%Xm@) (l‘)>p_1~

Summing in k,
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v(a,z) < K(z — a) (Mo (%X(M)) (x));n—l

and consequently

)i (e (v ) @)

Now let a < b < ¢. For every = € (b, c) we have that

Note, that since

(h.0) € {x PACRIEE (K((_b)))}

by the weak type (1,1) of M, we have that

owazefo o ()= (722) )
< (Rlemay™ | b - (Koo,

from what readily follows that

and hence [v,w]4, < K and we are done. 0O
3.2. Proof of weighted Lorentz estimates for the maximal function

In [1] the authors provided a rather general result that included the maximal function as a particular
case, which is the following.

Theorem 7. [1, Theorem 2.1] Let (2, p) be a o-finite measure space. Let p € (1,00), q € (0,00], r € (1,p),
A > 0, and let v,w be weights in Q. Suppose T is a positive sublinear operator in L°() satisfying the
following properties:

(1) T is defined on the constant function 1 with |T1| < Al;
(2) T is bounded from LP/"(w) to LP/™(v).

Please cite this article in press as: M. Lorente et al., Some quantitative one-sided weighted estimates, J. Math. Anal. Appl.
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Then

1 1 .
(U4 AV NT Ny P <0 < 005

1T\ Lo (wy—Lra(w) S o ,
1+ A)(T) a ||T||£p/r(w)_>Lp/r,oo(1,) if0<q<p.

As a consequence of this result, combined with the weak type (p,p) for the maximal function

1M fll oo wy S [w] 4 Il w)

and the reverse Holder inequality they derive sharp estimates for ||M||1.q(w)— L4 (w)-

3.2.1. Proof of Theorem 1
For one sided weights the following result was obtained in [18].

jan
(1+9)

Lemma 8 ([18, Theorem 1.8]). Let 1 < p < 4oc0. Ifw € A} and o = w0 <8< S and s =

7ol

then w € AY and
P
[w]ap <2 [w]A;ﬁ
Armed with that result we are in the position to give our proof of Theorem 1.
Proof of Theorem 1. Observe that for some r > 0
p p

S=— & r=-—.

Then

_p(1496) 1+6, 1\
= wos - s PE\its)r

In particular if we choose § = W we have that
A%

1
= (1 + 5) P =(1+2r00l,2 )0 S04

Summarizing, we have that for r = £

s

and

[w]ar, <2° [w]A;-

p/r

Hence, plugging all these estimates in Theorem 7 and taking into account (1.1), we arrive to the desired
conclusion. 0O
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8.2.2. A result in terms of the joint A;‘ condition and A7
It is possible to provide a result assuming the joint A; condition on the pair of weights (v, w) and that
c=w""? ¢ AZ, . The precise statement is the following.

Theorem 9. Let 1 < p < 0o and q € (0,00]. Then, if (v,w) € A;r and o = w' P ¢ A we have that

. e uly, ip<a<o
Lra(w)—»Lra(w) S

noRle s S
81

g1l

LN NS

(14 A)o]?_ [v,w] 5 if0<q<p.

In order to settle that result we will rely upon the following Lemma.

Lemma 10. Let p > 1 then, if (v,w) satisfies the A; condition for pairs of weights, namely

c p—1

1 1 __1
[v,w] 4+ = sup v w” =1 < 00
r a<b<cC—aQ c—a
a b

and o = w'* € A3 we have that

[v,W] 4+ < prl[v,w]A;

p/T
forr > 1 such that Z:ll =ry <14 —>~4
T {wiﬁ} 2T
Aso
Before settling the Lemma, note that if
p—1
P 1456
T
then we can show that
1
r=p (1+=
P 5
hence, choosing 6 = ——————— we have that
[wiﬁ] 2T
Aso

(v o] ) et
r=p ( + |w - TSP |w .
Proof. Observe that if given
a<b<ec<d

where

we have that

Please cite this article in press as: M. Lorente et al., Some quantitative one-sided weighted estimates, J. Math. Anal. Appl.
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P
b d w1

1 1 e 1
L < 6P .
d—a/v d—a/w <677 v, w] 44 (3.2)

a c

a direct application of Lemma 6 ends the proof. Hence it will suffice to settle the latter. We argue as follows.
Observe that

b d 71 b d ) %(1’*1)
1 __1 p= r
[l = o et
b d %(P‘l)
(o
b d (p—1)
< (c—b)_%(p_l)Q(pr_"l)/” /w_ﬁ
a b
b d __1 .\ (p—-1)
_re=1(p_1), =D Lo ([, w 7
<(c—p)~ 5 =D (g — q)P La b
<(c—b) (d—a)f 2| Fo—

<(c—b)~ T PV (d — a)P[v,w] ¢

d—a —Tjra;l(ll—l)
= < > 2”_1((1—a)p[uw]A;r

3

ro—1 roe—1

=(d—a)P % (p=1) g% (p—l)gpfl[v’w]A;

=67"1(d - a)g[v,w]A;r
and we are done. O

We do not provide a full proof of Theorem 9 but some hints. To settle that result it suffices to follow the
argument that we provided in the proof of Theorem 1 just replacing Lemma 8 by Lemma 10 and the role
of (1.1) by the following estimate

1
[MF Fllzeee ) S [0, w] 3 I F 1]z )
that was obtained, although not explicitly stated, in [16].

3.8. Proof of Theorem 2

To settle Theorem 2 we begin settling a lemma that tells us that if we perturb a weight A;‘ by et where
b is a BMO function and t is small enough, then the weight remains an A; weight.

Lemma 11. Let 1 < p < oo. If w € A} and b € BMO then there exists €, > 0 such that for 0 < |t| <
€p

r— we have that

l6llBaro

ax
[w] A;

[ew] 45 < [w] ay-
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Proof of Lemma 11. We are going to prove that if

a<b<m<e<d

where
b—a—i—d_a o _d—a
B 4 N 4
and
i d+a
2
we have that
b d p—l
! / ety | / ()71 | <l (3.3)
d—a d—a ~ A
a C

Observe that provided we can settle such an estimate, in virtue of Lemma 6 with ¢ = 4 we will be done. Let
us settle (3.3) then. To this end we are going to follow ideas in [13,7]. First we observe that

b d p—1
1 1
d_a/etbw d_a/(etbw)—ﬁ

d p—1
1 th—tb 1 tb—tb -
= (a,d) (a,d) =
d—a /6 “la—a (e w)"?
a (&
and hence, it suffices to show that
b d p—1
1 /et(b—b<a,d>)w 1 / (et(b—b(a,d))w> T < [w] 4 -
d—a d—a ~ AR
a C
Let 7 = max{7,, 7, } where 7, and 7, are chosen as in Lemma 4, and let
1 1
€= = .
B 1 ~ max{l,ﬁ}
Fmax q [w] 4+, [w pilLr, T[W}A;r
P
Observe that by the Holder inequality
b b e

a a

(1-&5)' b
/ b))y < / ot b=b(a.)(1+e) / wite
a
For the second term by the reverse Holder inequality in Lemma 4,
1
b a+eo

/lerE S 2%/,‘1}
|(b,m)| T+

a

Please cite this article in press as: M. Lorente et al., Some quantitative one-sided weighted estimates, J. Math. Anal. Appl.
(2022), https://doi.org/10.1016/j.jmaa.2022.126943




M. Lorente et al. / J. Math. Anal. Appl. ses (seee) eseees 13

and hence we have that

1
b b (1+¢)’ m
1
/et<b—b<a,d>>w <9 /et<b—b<a,d>)<1+s)’ S
|(b,m)| T
a a a
Arguing analogously
d p—1
1
/(et(b*bm,d))w)—ﬁ
c
-1
d (1p+s)' d p—1
t(b=b(q, q))(1+e)’ 1 1
<2 e p—1 — [ w r-1
|(m, ¢)| T+
c m
Combining the estimates above
b d L
L[ttty | A [0t )
d—a d—a
a (&
1
b (1+e)’
<1 1 /et<b—b<a,d>><1+e>'
~J
(d—a)r \ |(b,m)]
a
p—1 —1
m d (1+e) d P
1 t(b—b(a’d))b(lﬁ»s)’ 1
X fw| 77— [ e p=1 w1
|(m, ¢)]
a (& m
m p—1

([

1 p—1

b ey d (te)

t(b—b 1+
/ t(b b(a d)) 1+6) / ( (a d))( DY
-1
b (1+s>’ (1p+s)/
t(b b a,d )(1+5)
<l | o [ et tey E teapt
> A; b
|(b,m)]| (m,c |
a
Finally, choosing [t| < ——— {Lz} for some suitable €, > 0, it is possible to show arguing as in [13]
wl,s P bllsmo
that
1 p—1
d (1+e)’ S\ G+
t(b-b Y(14¢)
1 ot (b—b(aa)) (1)’ ——— <1 (3.4)
|(a,d)| (a, d |
a

We include here an argument showing this estimate holds for reader’s convenience. A version of John-
Nirenberg inequality (see [14, p. 31]) states that there exist dimensional constants A > 0 and ¢ > 1 such
that for every b € BMO(R™)
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Alb—bs|
— eltlemo < c.

. . . . . A
Bearing that estimate in mind we observe that choosing |t| < T tTemo

d (1+ls)’ d (1+ls)’
1 / t(b—b ! - '
e (a.a))(1+€) < eltb=b(a,a)[(14¢) (3.5)
d)l d)|
a a
1
ey
1b=b(q, )l .
< Tlemo < c+e) < . 3.6
|\ d Tadl /e <c <c (3.6)
On the other hand, choosing [¢| < % we have that
_p=1 _p=1_
d (1+e)’ d (1+e)’
/ t(b— b(a d))(1+5) 1 / [t11b=b(q gyl (1+e)’
< e p—1
d)|
a
s (3.7)
ey
[b— 10=b¢q a)1A d) 1A p—1
< /e “TeTemo < Oty < P
“\ @ d| < <
~ max{l,p—il} .
Consequently, since (1 +¢)" < 27[w] ., we have that taking
p
] = min{p—l,l})\ 1 B €p
o 2T max{l,p%l N max{l,ﬁ}
[w] o+ bllzrro ], bl Baro
: p—1 . ‘ Ca A
clearly |t| < min { (1+6)( HbHr);Mo ) TEy ||bHBMO }, and hence both (3.5) and (3.7) hold which in turn implies

that (3.4) holds as well, as we wanted to show. 0O
Now we are in the position to settle Theorem 2.
Proof of Theorem 2. Let
T.f(z) = @2 T(e7% f)(x), zeC.

Observe that

k k! T,.f(x)
k _ e R z
T, f(z) = R T.f . (x) = 57 / o dz.
|z|=6
Now, integrating
k! T.f
1T £l ey < o / ZkHdZ
‘Z‘:‘S Lq(wq)
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|dz|
S 9 / HT f”Lq(wq)' k‘-l—l‘

k!
< =% sup T2 fllpagws
0 2= (w?)
k! ez —0z
= 5k sup ||€ wfe=) (e b f) HLP(w‘I)
|z|=0
k! be
5—k sup IT (e ) | La(erreraga)-
Observe that by the Lemma above, choosing § = {1 Epl" } for a suitable ¢,,, we have that
max 1 po—T

[w] bl Baro
Ay

hea (e—bzf) ||L<1 PRe(awa) S <o ({ebRe(z)qwq} ) He_bRe(Z)f||Lp(ebRe(z>pwp)

+
Apo

S @ (sl ag, ) 1l

Hence

k! —bz
ITF fll paqwey S o Sup 1T (e £) | Lo (ebrerana)

1
S (klwag, ) 560l

A

q q kmax{l,polfl} b k
o (K[w] 1 ) [w }A+ [0l Basoll fll Lo wr)
PO PO
and we are done. O
4. Corollaries of Theorem 2

In this section we derive some corollaries of Theorem 2. We begin with the following one-sided counterpart
of the bound obtained in [4,9]

Corollary 12. Let 0 < aa < 1, 1<p<a, zé—a andweA;q. Let b € BMO. Then

1
q

((k+1)—a) max 1,%/
S Hb”%Mo[w]A;q { }||f||LP(wP)~

||

Proof. We follow ideas in [9]. We begin settling the case

La(wa)

2
—=1+a.
p

Note that in this case we have that ¢ = p’ and hence

/

[w }A:p = [w? ],42+ = [wipl]A;-

We also know that

||I(irf||Lp’(wp’) SJ [w]lA:_a/ ”fHLP(wP)a
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or equivalently

I A1l o wrry S 10" Ty 1 o -
Observe that by Theorem 2, choosing p = p, ¢ = p’ and py = 2, we have that

]1 Oé+k

~ ”bHBMO[wp ”f”LT’(wP)

oy

which in turn is equivalent to

[Ceory A

k+1)—
Sl a0l TNl -
Now extrapolation in Theorem 5 shows that

((k4+1)—a) max{

l@ons| . S Wblaolel,y 11l am

La(w?)

and hence we are done. 0O
Our next result provides a quantitative estimate for the martingale transform G studied in [6].

Corollary 13. Let 1 < p < co and w € A. Let b€ BMO. Then

(k+1) max{l,ﬁ}

IGE SNy S NbllBarolw] 1l 2e (w)-

Proof. First we observe that by Theorem 5 combined with (1.2) we have that for every p > 1 and every
we Al
P )

max l,p%
HGf”LP(w) SJ [w]A; { 1}Hf”Lp(w)'

Observe that this says that for every wP € A;,"

maxi 1, -
G FllLe ey S [wP] 4+ b 1}||f||LP(wP)°
Now we have that using Theorem 2 with p = p, ¢ = p, pp = p, we have that for every w? € A;)r,

(k+1) max l,p%
IGEF Loy S TbllBarow”] ,+ { 1}||fHLP(wP)

and hence we are done.

Using the Theorem 2 we can provide as well estimates for commutators of b € BMO and one-sided
L"' -Hoérmander operators or Calderén- Zygmund operators even though the precise dependence on the Ap Ir
constant remains an open problem. Since in particular Calderén-Zygmund operators are L°°-Hérmander

operators we may provide an unified statement. O

Corollary 14. Let 1 <r < p < c0. Let b € BMO and T an L™ -Hérmander operator. If for every w € A;'/r
we have that
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1T fll o w) S er(fwlar IFllze ),
then

k max 1,p—ZT
1T f o) S Hb”%MO@T([w]A:/r)[w]A;r/T { }”f”LP(w)-

+

Proof. Using Theorem 2 with p = p, ¢ = p, po = p/r, we have that for every w? € Ap/r7

k max 1,p—:T
IT)5 £l o gury < IIbII%Mowr([w”]A;/r)[w”]A;/r { }Ilfllmwp)

and hence we are done. O

In view of the known results from the classical setting, namely, that if T" is an L"' -Hoérmander operator,
we have that

+ max{l,p—ir}
1T flle(w) S [w]AZ/T 1 £ 1l L (w)
It is natural to conjecture that

k maxq 1, > t+max 1,%1”
||(T+)’§f||Lp(w)§||b||’feMo[’w]A+/ {gtz s }||f||LP(w)~

Note that if » = 1 the dependence would be the same as in [7,13].
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