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Abstract

Galois connections seem to be ubiquitous in mathematics. They have been used to model solutions for both pure and application-
oriented problems. Throughout the paper, the general framework is a complete fuzzy lattice over a complete residuated lattice. The
existence of three fuzzy Galois connections (two antitone and one isotone) between three specific ordered sets is proved in this
paper. The most interesting part is that fuzzy closure systems, fuzzy closure operators and strong fuzzy closure relations are formal
concepts of these fuzzy Galois connections.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Galois connections appear in several mathematical theories and in plenty of instances in the theory of relations [23].
Therefore, studying these structures is worthwhile. It is well-known that the derivation operators of Formal Concept
Analysis form a Galois connection [14]. Therefore, the research on Galois connections complements that on FCA. The
extension of the notion of Galois connection to the fuzzy framework was introduced by Bélohlavek [1]. A pointwise
equality of the preorder relations is the substitute for the so-called Galois condition, which is an “if and only if” in the
crisp case. This extension to the fuzzy framework provided a way to study Fuzzy Formal Concept Analysis.

Besides Galois connections and formal concepts, the main notion in this paper are closure structures. Closure
systems, also called Moore families, were introduced by E. H. Moore in 1910 [18]. They play a major role in computer
science and both pure and applied mathematics [11]. There is extensive literature on the extension of this concept to
the fuzzy framework, a non-exhaustive list would be the following [2,7,13,17,19,21]. However, the definition used in
this paper will be the one introduced in [21] that extends closure systems as meet-subsemilattices in the framework of
complete fuzzy lattices. The counterpart of closure systems, called closure operators, have also been extended to the
fuzzy setting, and the extension appears to be standard to most authors. Fuzzy closure operators were defined in [2,6]
and they appear naturally in different areas of fuzzy logic and its applications.
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In [21], the framework of the paper was a complete L-fuzzy lattice (A, p), where the infimum and the supremum
are denoted by M and LI, respectively and IL is a complete residuated lattice. Lattice type fuzzy orders were originally
introduced by Bélohlavek [5]. There are other definitions of lattice type orders in the literature, e.g., [24], but this
is also the case concerning fuzzy orders. The notion of fuzzy order is scattered through the literature; many distinct
definitions have appeared since the original one by Zadeh, but there is no exhaustive analysis or comparison among
them. The one used in this paper follows the spirit of Bodenhofer [8].

The topic in [21] was the search for a definition of fuzzy closure system. In that, there were two mappings that
turned fuzzy closure operators into fuzzy closure systems and vice versa. These mappings are defined as follows,
let ® € LA be a fuzzy closure system and c: A — A be a fuzzy closure operator. Then, ce: A — A is defined as
cop(a) =[@” ® ®) and ®.(a) = p(c(a), a). In [20], fuzzy closure operators are extended to the relational frame-
work. The problem of finding an appropriate definition of fuzzy closure relation is tackled by extending inflationarity,
isotonicity and idempotency to the relational framework. However, the problem is not considered solved if there is no
one-to-one relation with fuzzy closure systems. For this bijective correspondence to hold some additional conditions,
such as extensionality and minimality must be required. These fuzzy relations were called strong fuzzy closure rela-
tions and have several equivalent definitions, such as being the extensional hull of a fuzzy closure operator or being
a fuzzy function in the sense of [12] whose core is a fuzzy closure operator. The mappings that relate strong fuzzy
closure relations and fuzzy closure systems in that paper are the following ones. Let ® € L4 be a fuzzy closure system
and k1 A — A be a strong fuzzy closure relation. Then, k¢ : A x A — L is defined as k¢ (a, b) =[](a” ® ©) ~ b,
and &, (a) = px(a”, a).

In this paper, we elaborate on these mappings since their domains and codomains do not need to be the sets of fuzzy
closure structures. Actually, these mappings are well-defined for all fuzzy sets, all functions and all fuzzy relations on
A. The main goal of the paper is studying whether these mappings defined in the most general domains and codomains
form fuzzy Galois connections. The outline of the paper is as follows. First, a section of preliminaries recalls the main
results already in the literature that will be used throughout the paper. The next sectionstudies the nature of those
“bigger” sets, namely the set of all fuzzy sets with the subsethood order relation, the set of all isotone mappings on
A with a pointwise fuzzy relation and the set of total and isotone fuzzy relations with a preorder relation called p.
The following section proves that the first pair of mappings above indeed form a fuzzy Galois connection. In addition,
fuzzy closure structures are fixed points of this Galois connection, even though there are fixed points which are not
formed by closure structures. The core of Section 5 is proving that the second pair of mappings defined above, the
one relating fuzzy sets and fuzzy relations indeed forms a fuzzy Galois connection. In fact, fuzzy closure systems and
strong fuzzy closure relations are again fixed points, but there are fixed points which are not closure structures. The
following section studies the fuzzy isotone Galois connection that relates functions and fuzzy relations on A formed
by the pair (—!', =), where the first mapping is taking the one cut of the relation and the second one is taking the
extensional hull of the mapping as a crisp relation. Furthermore, the fixed points of these adjunction are studied and
some results on the commutativity of the diagram formed by the six mappings are given. Last, there is a section of
conclusions and further work where the results are discussed and some hints of future research lines are shown.

2. Preliminaries

Binary LL-relations (binary fuzzy relations) on a set U can be thought of as LL-sets on the universe U x U. That is,
a binary L-relation on U is a mapping p € LY*Y assigning to each x, y € U a truth degree p(x, y) € L (a degree to
which x and y are related by p).

Definition 1. Given a fuzzy poset A = (A, p), the symmetric kernel relation is defined as ~: A x A — L where
(xry)=pkx,y)Qp(y,x) forall x,y € A.

For p being a binary L-relation in U, we say that

p is reflexive if p(x,x) =1forall x € U.

p is symmetric if p(x,y) = p(y,x) forallx,y e U.

p is antisymmetric if p(x,y) ® p(y,x) =1 impliesx =y forall x, y e U.
p is transitive if p(x,y) @ p(v,2) < p(x,z) forall x,y,z€ U.
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Notice that this definition of antisymmetry differs from the original one by Zadeh. There is a wide variety of distinct
definitions in the literature. The one used in this paper follows the idea of Bodenhofer [8, Section 5] where the equality
relation =~ is defined by the preorder p, which matches Definition 1.

Definition 2. Given a non-empty set A and a binary L-relation p on A, the pair A = (A, p) is said to be a

e fuzzy preposet if p is a fuzzy preorder, i.e. if p is reflexive and transitive;
e fuzzy poset if p is a fuzzy order, i.e. if p is reflexive, antisymmetric and transitive.

A typical example of fuzzy poset is (LY, S).
The notion of extensionality was introduced in the very beginning of the study of fuzzy sets. It has also been called
compatibility (with respect to the similarity relation) in the literature.

Definition 3. A fuzzy set X € L4 is said to be extensional with respect to A if it satisfies X (x) ® (x & y) < X (y), for
all x,y e A.

The general framework throughout the paper is going to be a complete residuated lattice L = (L, A, V, ®, —,0, 1),
for the properties of complete residuated lattices we refer the reader to [4, Chapter 2].

Given a fuzzy relation u between A and B, i.e., a crisp mapping u: A X B — L, and a € A, the afterset a* is the
fuzzy set a’*: B — L given by a*(b) = u(a, b). A fuzzy relation p is said to be rotal if, for all a € A, the aftersets a"*
are normal fuzzy sets, i.e., there exists x € A such that a*(x) = 1. The composition of two relations p;: A X B — L
and pp: B x C — L is defined as (p; o pp)(x,y) = \/ZeB(pl (x,2) ® p2(z,y)). The so-called full fuzzy powering ps
is a fuzzy relation between two powersets that has been used in previous works [9,10]. Its direct extension to fuzzy
powersets is as follows: for all X, Y € LA,

poX, V)= \ (X(¥)®Y»)) — p(x, ).
X,y€A

A fuzzy set X € LA is said to be a clique if po(X, X) = 1. The relation p is not a preorder in general. However, it
satisfies a sort of transitivity.

Theorem 4. Let X, Y, Z € LA. If Y is normal then,
(X, Y)® px (Y, Z) < px (X, Z)

The definition of infimum, supremum and lattice-like fuzzy orders used throughout the paper is the standard one
in the fuzzy framework, originally introduced by Bélohlavek in [5], we write it out to ease the reading of the paper.

Definition 5. Let A = (A, p) be a fuzzy poset and X € LA. An element a € A is said to be infimum (resp. supremun)
of X if the following conditions hold:

1. px(a, X) =1 (resp. pc(X,a) =1).
2. px(x,X) < p(x,a) (resp. p« (X, x) < p(a, x)), forall x € A.

Hereinafter, suprema and infima in A will be denoted by Ul and M, respectively. As an straightforward consequence
we have that, if a =[] X, then X C a”.

Theorem 6. An element a € A is infimum (resp. supremum) of X € L* if and only if, for all x € A,
p(x,a) = po(x,X)  (resp. p(a,x) = pu(X,x)).

Definition 7. Let (A, p) be a fuzzy poset. The couple (A, p) is said to be a complete fuzzy lattice if [ | X and | | X
exist for all X e LA.
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The last definition was originally introduced by Bélohldvek under the name completely lattice IL-ordered set, and
has also been used by Zhang and Fan [26] under the name LL-fuzzy complete lattice or Kone¢ny [16] under the name
fuzzy complete lattice.

Fuzzy closure operators and systems were first introduced in the fuzzy framework by Be€lohldvek in [3]. The
definition of fuzzy closure operator used in this paper is the original, used also in [2-4], i.e., a mapping c: A — A
that is inflationary, isotone and idempotent. On the other hand, we will consider fuzzy closure systems on arbitrary
complete fuzzy lattices, not necessarily on the powerset, as defined in [21], where they are extensional hulls of crisp
sets which are closure systems.

Proposition 8. Let A = (A, p) be a complete fuzzy lattice. Let Y € L? be a normal cliqgue and xo € A. For all
yo € Core(Y) it holds

po(x0, Y) = p(x0, y0)-
Proof. Let Y € L4 be a normal clique and yg € Core(Y), xo € A. Then, by taking y = y,

poc(x0, ¥) = [\ Y(3) = p(x0.¥) <Y (30) > p(x0. Y0) = p(x0. 0.
yeA

Conversely,
p(x0, yo) =1 — p(x0, yo0)
(i)
< p(o,y) —> p(xo0, y0) ® p(yo, y)

(i)
<Y ®Y(y) = p(xo0,y)
=Y(y) — p(x0,y)

where the inequality (i) holds by (2.47) in [4] and the inequality (ii) holds by (2.43), (2.44) in [4], transitivity of p and
X being a clique.

Thus, poc(x0, y0) = Ayea Y () = p(x0. ) = poc(x0, ).
Therefore, px (x0, Y) = p(x0, yo). O

Remark 1. Analogously to last result, if X is a normal clique, X (xg) = 1 and yg € A we can prove p« (X, yo) =
p(x0, ¥0). A detailed proof can be found in [20].

Fuzzy Galois connections are a main concept in this paper as well. Let us recall the definition.

Definition 9 (/25]). Let A = (A, pa) and B = (B, pp) be fuzzy posets, f: A— B and g: B — A be two mappings.
The pair (f, g) is called an isotone fuzzy Galois connection or fuzzy adjunction between A and B, denoted by (f, g) :
A=B,if

oa(gb),a)=pp(b, f(a)) forallac Aandb € B.

Definition 10 (/25]). Let A = (A, p4) and B = (B, pp) be fuzzy posets, f: A — B and g: B — A be two mappings.
The pair (f, g) is called a fuzzy Galois connection between A and B, denoted by (f, g) : A = B, if

pala, gb))=pp(b, f(a)) forallaec Aandb € B.

A fixed point, also called fixed pair or formal concept, of a fuzzy Galois connection ( f, g) is a couple (a,b) € Ax B
such that f(a) =b and g(b) =a.

Throughout the paper, the couple (A4, 5) consists of the set of (crisp) mappings on A and the pointwise L-order
defined as

A1 f2) =\ p(fi(x), f2(x)) forall fi, f> € A%

xeA
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@9

(LA, S) (Isot(A%), §)

(k. W)

(LA, 5) (IsotTot(LA*4Y, p)

.-

(IsotTot(LA*4Y, p) (Isot(A%), §)

Fig. 1. Antitone/isotone Galois connections.

Among the mappings in (A4, 5), the isotone (or “order preserving”) ones play an important role because they reflect
the idea of homomorphism between L-posets. We denote the set of isotone mappings on (A, p) as (Isot(A4), f).

In [22], it was proved that there is a fuzzy Galois connection between the sets (LA, S) and (Isot(A%), 0). This
discussion was done in the framework of complete Heyting algebras.

Theorem 11 ([22]). Let &: (LA, S) — (Isot(A%), p) defined as c(CIJ)(a) [(a” N ®) and U (Isot(A%), p) —
(LA, S) given by \IJ(f)(a) = p(f(a),a). Then, the couple (C, \I/) is a Galois connection between (L4, S) and
(Isot(A%), p).

The following theorem characterizes the formal concepts of this fuzzy Galois connection as a couple formed by a
fuzzy closure system and a fuzzy closure operator.

Theorem 12 ([22]). The following statements are equivalent:

1. The couple (D, f) is a fixed point.
2. The fuzzy set ® is fuzzy closure system and f = C(P). ~
3. The isotone mapping f is a fuzzy closure operator and ® = V().

Notice that the proof uses strongly the restriction of being in a Heyting algebra. However, in the general residuated
lattice case, where, as explored in [21], the natural construction of &(®) = c¢ is x > [ |(x” ® ®), the analogous result
does not hold. A counterexample of last theorem in the general residuated lattice case was also presented in [22].

3. Framework of the proposal

In this paper, we study fuzzy closure structures as formal concepts of certain Galois connections. The fuzzy Galois
connections taken into consideration will ideally be the couples of mappings defined in [20,21], that is, the mappings
that transformed fuzzy closure systems into fuzzy closure operators, fuzzy closure systems into fuzzy closure relations
and vice versa.

Hereinafter, the couple (A, p) is a complete fuzzy lattice. In order to extend the set of functions to the relational
framework, we can consider the couple (LAXA, 0), where p(k1, k3) = /\aGA Poc(@l, a*?), forall k1, kp: AX A— L.
As well as in the case of mappings, the isotone ones are the ones of interest to us. As a matter of fact, in order to
link this point of view with the one in [20], where the relationship between fuzzy closure relations and fuzzy closure
systems is considered, we will use only the total and isotone relations. This set will be denoted by (IsotTot(LA*4)Y, 0).

The main goal of the paper is to study the antitone/isotone fuzzy Galois connections in Fig. 1 and study the
relationship between their fixed points and fuzzy closure structures.

In this section, we study the ordered structures present in Fig. 1. It is well-known that (L4, S) is a complete fuzzy
lattice, so we omit the proof.

Proposition 13. The couple (A4, p) is a complete fuzzy lattice and (Isot(A), p) is a complete fuzzy sublattice.
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Proof. First of all, let us check that p is a fuzzy order. Reflexivity and antisymmetry are trivial since the relation is
defined pointwise. Let us check transitivity, let f1, f2, f3 € A4,

AU, )@ B(fr )=\ p(1(x), L)) ® J\ p(L2), ()

xeA yeA

2 A NACA®, L6) @ p(L0), 50

XeAyeA

= /\(P(fl (x), f2(x)) ® p(f2(x), f3(x))) < /\ p(f1(x), f3(x)) = p(f1, f3)

xeA xX€eA

where (%) holds due to (2.52) in [4].
Let F: A4 — L. Consider Xy : A — L* defined by

Xr@)M = \/ F().

feAA
fx)=y

We claim that the infimum and the supremum of F in (A%, §) are

(I_lF)(x)zl_lXF(x) and  (|]F) =[] xrx

we denote [ (X 7 (x)) by F(x). Then, for all x € A,

Fh= \ F©=Xr@)(fe) <o (F, f0) ()

gEAA

gx)=f(x)

Therefore, we get F(f) < /\ 0 (ﬁ(x), f(x)) = ,5(1:", f),ie., F is a lower bound of F.

xeA
We now prove that it is the biggest lower bound, that is,

/\ (F() = 5 (f.2) < p(f. F)

geAA

Starting from the right hand side we get

s B = N\ p(f@. F@)= o (r@.[Xr@n)

acA acA

EANEr@®B = pf@.n= N\ | '\ F@—pf@.b)

acAbeA a,beA | geal
g(a)=b
2A A F@-of@.nz= \ N F© - p(f@,g@)
abeA geph acA geAA
gla)=b
N E@= N\p@.s@)= )\ Fie)~ 59,
geAd acA geAd

where (i) holds due to Theorem 6, and (ii), (iii) are due to (2.53) and (2.51) in [4], respectively. Thus, F is the infimum
of F. The proof for |_|(X r(x)) being the supremum of F is analogous.

To prove (Isot(A4), p) is a sublattice let F € LISOt(AA), then we get

p(F@, F b)) =p (F@.[Xr®))
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DA Xr0)@) = pE@. 0= \| V F@—pF@.x
xXe€EA x€eA geIsot(AA)
g(b)=x

2N A F@ - pF@.0)

XEA gelsor(AA)
gb)=x

() ~ ~
>N\ N\ 0F@.g@)— pF@).x)

XEA gelsor(AA)
gb)=x

> /\ (p(F(a), g(a)) — p(F(a), gD)))
gelsot(A4)
(iii)
> N\ @, g®) = pla,b),
gelsot(A4)
where (i) is due to Theorem 6, (ii) is due to (2.52) in [4] and (iii) is by transitivity.

The proof for || X r being isotone as well is analogous. O

Proposition 14. The couple (IsotTot(LA*4), p) is a fuzzy preordered set. In addition, a* is a normal clique for all
a €A, p € IsotTot(LA*A).

Proof. Let k1, k2, k3 € IsotTot(LA*4). For reflexivity, by isotonicity of x| and reflexivity of p we get,

plerkc) = N\ pucla®.a) = N\ pla.a)=1.

acA acA

Let us prove now transitivity:

plict,2) ® plica, k3) = J\ po(@',a) ® [\ poc (B2, 1)

acA beA
(i)
= N\ /\(px(@.a) ® poc (62, 5) < /\ (pex(@!,a*?) ® po(a*?, a*?))
acAbeA acA
(ii) .
< )\ pocla@®',a) = pk1, k3),

acA

where (i) is due to (2.53) in [4] and (ii) is due to Theorem 4.
Let i € IsotTot(LA*4), a € A, then a* is a normal clique. By i being total we get a* is normal. By isotony we
get,

1=p(a,a) < pg(at,a")

Thus, a’* is a normal clique. O
In general, (IsotTot(L4*4), 5) is not a fuzzy poset. This is shown in the following example.

Example 1. Consider the Godel unit interval as the underlying algebra of truth values and the complete fuzzy lattice
(A, p) where A = {a, b} and

p|l a b
a 1 1
b |08 1

Consider the following two total fuzzy relations k| and «».

7
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K1 | a b Kk | a b
a 1 03 a 1 0.1
b |04 1 b |01 1

Both relations are isotone as po (x*i, y¥i) =1 forall i € {1,2} and x, y € A.
Likewise,

pA(Klﬂ K2) - )OO(((’IK1 9 aKZ) A pO((bKl ’ sz)
= /\ @@ A2 > pC DA\ G @) AB2G) = px,y))

x,yEA X, yEA
The only case where p(x,y) # 11is x =b and y = a. Hence,
p(k1, k2) = (@' (b) Aa**(a) — p(b,a)) A D' (b) AD*(a) — p(b, a))
=03A1-08)A(1A01—-0.8)=1.
Similarly for o(x3, x1). Nevertheless, k1 # k7, thus g is not antisymmetric.
4. The fuzzy Galois connection between L-sets and isotone mappings
In this section, the results in [22] are extended to the general case of complete residuated lattices.
Theorem 15. Let &: (L*, S) — (Isot(A*), 5) defined as &(®)(a) = cola) =[](@” @ ®) and U: (Isot(A%), p) —
(L4, 8) given by W(f)(a) = VYyr(a) = p(f(a),a). Then, the couple (C, W) is a fuzzy Galois connection between
(L4, S) and (Isot(A%), p).
Proof. First, we need to prove that the mappings are well-defined. The only thing to check is that ©(®) is an isotone

mapping for all & € LA.
Let x, y € A, we have that

plx,y) < /\(,O(y, 7) —> p(x,2)) by transitivity of o
ZEA

< /\((yp ® P)(2) > (x” ® P)(2)) by (2.47) in [4]
Z€A

< /\((y” Q@ ®)(z) = p(cop(x),2)) by Definition 5 and (2.43) in [4]

= ;E:ZQ(X), co(y) by Theorem 6.

Hence, ©(®) is isotone.
Now, to prove that the couple (G, W) is a fuzzy Galois connection, consider a fuzzy set ® € L# and an isotone

mapping f € (Isot(A4), ), we claim Naxea ((ap Q ®)(x) — ,o(f(a),x)) = Asea (CD(a) — ,o(f(a),a)). There-
fore,

Af, (@) = )\ p(f(@), co@)

acA

A (@ ® D)) = p(f@.x) by Theorem 6

a,xeA

N\ (@@ = p(f(@).a)) by claim

acA

= S(P, V()

To prove the claim,
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N (@ ®@@)(x) > p(f(@).x) < )\ (@ ® D)(a) > p(f(a).a))

a,xeA acA
= /\ (P(a) > p(f(a),a))
acA

Conversely, for all x € A

A (0@ = p(f@, @) 2 N (" ® B)@) > p(f(@), ) @ p(x, )
acA acA

QA (" ® D) @) = p(f (). f(@) ® p(f (@), )

acA

< A\ (& ®@ ®)(@) = p(f(x).a)),

acA
where (i) is due to (2.47) in [4] and (ii) is by isotonicity of f.
Therefore, A\ ,c4 (db(a) — p(f(a), a)) = Naxea ((ap Q D)(x) — ,o(f(a),x)). ]

As stated in the preliminaries section, the fixed points of the fuzzy Galois connection defined above are not fuzzy
closure systems and fuzzy closure operators in general. However, the next result shows that the formal concepts of the
Galois connection are in some sense related to those notions.

Lemma 16.

1. Forall ® € LA, the mapping G(®P) is inflationary.
2. Forall f € (Isot(A4), 0), the fuzzy set ‘-If(f) is extensional wrt ~

Proof. First, given ® € LA anda €A, by Theorem 6, we have that

pla,co@)=pa[ |@ & ®)= ) (@ &®D)x)— p,x)=

xeA

On the other hand, given f € (Isot(A4), p), for all x € A, we have that
V()2 ® p(z,x) @ p(x,2) = p(f(2), %) ® p(x,2)
(ii) P(f(2),x) ® p(f(x), f(2)) = p(f(x),x)=W(f)(x)
where (i) holds by the isotonicity of f. O
The next result shows that one of the implications in Theorem 12 still holds.

Theorem 17.

1. Let ® be a fuzzy closure system. Then, (@LE(QD)) is a fixed point of the Galois connection (C, CIi)
2. Let c be a fuzzy closure operator. Then, (¥(c), c) is a fixed point of the Galois connection (C, V).

Proof. Let ® be a fuzzy closure system, that is, according to [21], min(a” ® ®) exists, for all @ € A and P is
extensional. Since (¢, \IJ) is a fuzzy Galois connection, Vot is inflationary by [15], then & C \If(c(d>)) For the
converse inclusion, let a € A and m = min(a® ® ®) =<C(a),
Y(E(®)(@) =p (m,a)
=®(m) @ p(m,a) R p(a, m) by m being a minimum
< ®(a) by extensionality of ®.
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For the secon(i item, let c: A — A be a closure operator. Since (&, \T/) is a fuzzy Galois connection, again by [15],
we have p(c, €(¥(c))) = 1. For the converse inclusion,

SW(e)(@) = |@ & ¥(c))=m.
The element m verifies
@ ® ‘Tl(c))(x) =p(a,x)® p(c(x),x) <p(m,x), forallx € A.
Thus, taking x = c(a), we get
1 =p(a,c(a) ® p(c(c(a)), ca)) < pm, c(a)),
where the first equality holds due to ¢ being inflationary and idempotent.
Therefore, ©(¥(c)) = ¢ and c is a fixed point of the fuzzy Galois connection. O

Let us recall that Theorem 12 proved an equivalence between the following three statements in a Heyting algebra.

1. The couple (@, c) is a fixed point of the fuzzy Galois connection (C, lTl).
2. The fuzzy set ® is fuzzy closure system and c = C(®). _
3. The isotone mapping c is a fuzzy closure operator and ® = ¥(c).

Last theorem proved that, in the general case, 2 implies 1 and 3 implies 1. In addition, by Corollary 19 in [20], we
have that 2 and 3 are also equivalent. However, the following example shows that 1 does not imply 2 nor 3.

Example 2. Let L. = ({0,0.5, 1}, A, V, ®, —, 0, 1) be a Lukasiewicz residuated lattice with three values, and (A, p)
be the fuzzy lattice with A ={L,a, b, c,d, e, T} and the fuzzy relation p: A x A — L is described by the following
table:

p| L a b c d e T
L1 1 1 1 1 1 1
al05 1 05 1 1 1 1
b 105 05 1 1 1 1 1
c |05 05 05 1 1 1 1
d| 0 05 0 05 1 05 1
e | O 0 05 05 05 1 1
T 0 0 0 05 05 05 1

For the fuzzy set ® = {a/1, b/0.5}, the mapping c¢ (x) = [ |(x” ® ®) = f(x), which is isotone and inflationary, is
fL)y=fa)=a; f(b)=c, f(c)= f(d)=d and f(e) = f(T)=T. However, f is not a closure operator since it
is not idempotent, p(f(f (b)), f(b)) =p(d,c) =0.5# 1.

5. The fuzzy Galois connection between L-sets and isotone total L-relations

Recall that a fuzzy relation x: A x A — L is said to be extensional if it is extensional when considered as a fuzzy
subset of A x A with the similarity relation defined pointwise as
(a1, b1) ®axa (a2, b2) = (a1 = az) ® (b1 = by).
It is easy to see that, due to the reflexivity of &, extensionality in A x A is equivalent to satisfying left and right
extensionality:
k(a1,b) ® (a1 =~ ax) <«k(ap,b), forall aj,ar,b e A.
k(a,b1) ® (b1 =~ by) <k(a,by), forall a, by, by € A.

The use of this binary fuzzy equivalence is a common approach which can be seen, for example, in [12, Remark 3.3].
Next result proves that the mapping « : (L4, S) — IsotTot(LA*4) is well-defined. Moreover, every fuzzy relation
in the image of « is inflationary and extensional.
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Proposition 18. Ler ® € L4 be a fuzzy set, then k (®) € LA*4, defined as k (®)(a, b) = ko (a, b) = ([ (@’ ® @) =~ b),
is total, inflationary, isotone and extensional wrt X g 4.

Proof. Throughout the proof, we will use the notation c(a) =[ |(a” ® ®) as in Section 4.
The fuzzy relation «¢ is total because cg(a) € A is an element of the afterset (a®) with degree 1, for all a € A:
ko (a,cop(a)) = (cola) X co(a)) =1.
On the other hand, given a € A, it holds
pocla,a*®) = [\ ko(a,x) — p(a,x)

x€eA

= (co(@) ~x) - p(a,x)

x€eA

> /\ p(ca(a),x) > pla,x)
xeA
> p(a, col@) 21,
where (i) is by adjointness and transitivity and (ii) is due to the first part of Lemma 16.

Therefore, k¢ is inflationary. Next, leta, b € A,

pxc(@®, b = [\ (@) @b (y) = p(x, )
Xx,yeA

A\ (co(@ ~x)® (cob) ~y) = p(x, )
x,yeA

/\ (x = cep(a) ® (co(b) = y) = plx,y))
x,yeEA

@

> A (p(ca(@,ca®) = p(x,y) = p(x, )
x,yeA

(i)

> N\ rlco(@),co®)

Xx,yEA
=p(co(a), co (b)) = pla,b),
where (i) is a consequence of
(x X co(a)) ® p(co(a), co (D)) ® (ca(b) ®y) < p(x,y)
being true by transitivity, and applying adjointness
(x ®cepa)) ® (co(b) ®y) < pcala), co(b) — plx,y),

item (ii) is the direct use of property (2.26) in [4] and the last inequality is due to c¢ being isotone according to
Theorem 15. Hence, k¢ is isotone.

Finally, let us prove that k¢ is extensional for all ® € L4:
kop(a,b)® (a=x)® (b~y)
=[N e ~b)@@~na®~y)
o~ ([l ee~b)eb~y)

LMoo ~[Nar e o) e (e e®)~b) e b~y

trans.

= (Mer e ~y) =rotx.y. O
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As k is well-defined, we can go one step further and show that («, @) is a fuzzy Galois connection between (LA, 8)
and (IsotTot(LA*4), ). This is proved in the next theorem.

Theorem 19. Let «: (L*,S) — (IsotTot(L***), p) defined as x(®)(a,b) = ko(a,b) = (M@’ ® &) ~ b) and
U (IsotTot(LA*4), p) — (LA, S) given by W(u)(a) = @, (a) = px(at, a). Then, the couple («k, V) is a fuzzy Galois
connection between (L?, S) and (IsotTot(LA*4), p).

Proof. Let ;1 € IsotTot(LA*4) and & € (L4, S). First of all, observe that « is well defined as a consequence of
Proposition 18. Let us show now an equivalent expression for p(u, k¢) which will be used during the proof.

AU ko) = [\ pulah,a )

acA

= /\ (M(a, x) — plx, |_|(ap ® @))) by Proposition 8
a,x€eA

= /\ wia, x) — /\ ((a” ® ®)(y) = p(x,y)) by Theorem 6
a,xeA yeA

= /\ ((M(a, x) ® (@’ @ P)(y) — plx, y)) by (2.51),(2.33) in [4]
a,x,yeA

= /\ (@ x)®pa y) @)= p, ).
a,x,yeA

Notice that taking y = a we get

plu.ke) < [\ (@, x)® pla,a) ® ®(a)) > p(x,a))

a,xeA

= /\ (CD(a) — /\ (n(a,x) — p(x, a))) by (2.51),(2.33) in [4]
acA xX€EA

= /\(<I>(a) — &y (a)) =S(®,Dy)
acA

Conversely,
S(@, @)= /\ (P(@) > Pu@) = /\ () = p (3", 7))

acA yeA

<\ (@ @ D)(y) > pa.y) ® p(y*, y)) by (2.47) in [4]
yeA

<\ (@ @ D)) = pula, y) @ pu (3", 1)) by isotonicity
yeA

< /\ ((@” ® ®)(y) = pulat, y)) by Theorem 4
yeA

= /\ ((p(a,y) ® ®(y) ® u(a, x)) = p(x, y)) by (2.51),(2.33) in [4]
Xx,yeA

=p(1k, ko).

Thus, S(®, &) = p(u, ko), and these mappings form a fuzzy Galois connection. O

Analogous to previous sections, fuzzy closure systems and strong fuzzy closure relations are fixed points of this
fuzzy Galois connection.



M. Ojeda-Herndndez, 1.P. Cabrera, P. Cordero et al. Fuzzy Sets and Systems 463 (2023) 108458

Theorem 20.

1. Let ® be a fuzzy closure system. Then, (P, k (P)) is a fixed point of the Galois connection (k, ’\I\l).
2. Let u be a strong fuzzy closure relation. Then, (¥(u), 1) is a fixed point of the Galois connection (k, V).

Proof. Let ® be a fuzzy closure system, that is, according to [21], min(a® ® ) exists, for alla € A and P is
extensional. Since (k, \IJ) is a fuzzy Galois connection, Tok is inflationary by [15], then ® C \I/(K(@)) For the
converse inclusion, let a € A and m = min(a” ® ®) =7<(a),

@)@ = pu@® )= N\ ([ @ @) ~x) > (. ))

xeA

(<p(m a) <I>(m)®p(a m) ® p(m, a) < <I>(a)

where (i) holds by taking x = m and (ii) holds by applying that m is the minimum of (¢” ® ®) and (iii) holds by
extensionality. Therefore, ® = Wi (D).
For the second item, let u: A x A — L be a strong fuzzy closure relation. Consider the composition,

k(B(w)(a.b) =[ @ @ W(u) ~b

Since w is a strong fuzzy closure relation, there exists a closure operator ¢ such that p(a, b) = (c(a) = b), [20].
Furthermgre, this closure operator is defined by c(a) = Core(a*). Then, it suffices to show a* € Core(a*) is exactly
M@ ® B(w)). .

By definition of infimum, m = [ |(a” ® W(u)) satisfies,

(@ ® U(w))(x) = p(a,x) ® pu(x*, x) < p(m, x) forallx € A.
/\p(a,y)®po<(y“,y)—>p(x,y)fp(x,m) forall x € A.
yeEA

Using Proposition 8, inflationarity and idempotency of u we have that, p«(a, a") = p(a,a™) =1 and
1= poc(a™, at)

= /\ (@ (x) @at(y) = p(x,y)

X, yEA

= A\ @@ ed () pk,y) by (2.52) in [4]
X,y,2€A

< \ (@ @) ® @) x) ®@a" @) > p(x,a*) by takingy=z=a"
X€A

= N\ @)*(x) > p(x,a*) = pula™, a*).
X€A

Hence, using the first inequality with x = a™ we have that p(m, a*) = 1.
In addition, using the second inequality we get

pa*,m)= N\ p(a,y) ® poa(y", y) = p(a*, y)
yeA

> N\ pocl@. ") ® po3*. y) > p(a*.y)

yeA

> N\ pula”, y) = pa*, y)
yeA

= N\ p@,y)—pa =1

yeA
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Thus, p(a*,m) =1 and aA* = m. Therefore Core(a*) = Core(a® q’(“)) and, since they are vague descriptions of their
core, we also have u =«W¥(u). O

Last theorem shows that closure structures are fixed points of the fuzzy Galois connection. However, there are fixed
points that are not formed by closure structures. This is illustrated in the next example.

Example 3. Let A be the complete fuzzy lattice from Example 2. For the fuzzy set ® = {4/1, b/0.5}, the fuzzy relation
k(D)(x,y) = (|—|(x" ® D)~ y), which is total, isotone, extensional and inflationary. We will show that it is not
idempotent. It is only a matter of calculation to reach the explicit expression of « ().

k(®)| L a b c d e T
05 1 0 05 05 0 O
05 1 0 05 05 0 O
05 05 05 1 05 05 05
0 05 0 05 1 05 05
0 05 0 05 1 05 05
0 0O O 05 05 05 1
T 0 0O O 05 05 05 1

S ST S N

Consider now the following, by taking y =z = ¢ and x = d we get

P D ) = [\ B (0) @b (1) = p(x,y)
Xx,yeA

= /\ P*@Q®F®b () >,y
X,y,Z€A

<\ ) = px.0) <c(d) > p(d.c)=05<1.
xX€EA

Therefore, even though « (®) is a fixed point of the fuzzy Galois connection, it is not a strong fuzzy closure relation.
6. The fuzzy adjunction between isotone total L-relations and isotone mappings

In this section, we focus on the fuzzy adjunction in Fig. | formed by the 1-cut mapping, or core, and the extensional
hull mapping. These mappings are isotone and form a fuzzy adjunction. Proving this statement is the goal of the
section. Additionally, there is some discussion on the fixed points of this fuzzy adjunction.

The following theorem proves that these mappings are indeed well-defined and form a fuzzy adjunction.

Theorem 21. Let —!: (IsotTot(LA*4), p) — (Isot(A4), p) defined as u— n' = {(a,b) € A x A | u(a,b) =1} and
—~: (Isot(A%), p) — (IsotTot(LA*A), p) defined as f — f~(a,b) = (f(a) ~ b). Then, the couple (—', —~) is a
fuzzy adjunction between (IsotTot(LA*4), 5) and (Isot(A%), p).

Proof. First, we prove that the mappings above are well-defined.
Let ;1 € LA*4 be total and isotone, it is shown below that u! is a crisp function from A to A, i.e., Core(a®) is a
singleton, for all a € A: if u(a, b1) = u(a, by) =1, then

l=p(a,a) < p«(a",a") = /\ ((a"(x) @ a"(y)) = p(x,y)) <

x,yeA
((@"*(by) ® a*(b2)) = p(b1, b2)) A ((a"(b2) @ a”(b1)) — p(ba, b1)) =
p(b1,b2) A p(by, by).

Hence b1 = b,, by antisymmetry.
Since ;,Ll is a mapping, we will denote it with the standard function notation. Next, we show that ,ul is isotone, that
is, for any u € IsotTot(LA*4) the mapping u': A — A defined by u!(a) = Core(a*) for all a € A, is isotone:

14
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pla,b) < pocla®, by =\ ((a"(x) ®b"(y)) — p(x.y)) <

Xx,yEA
(" (1 (@) @b (' (b)) = p(u' (@), 1! B)) = p (' (@), ' (B)).
On the other hand, let f € Isot(A4), we recall that f~: A x A — L is defined by
[F(a,b)=(f(a)~b)=p(f(a),b) ® p(b, f(a)).

First observe that ¢/~ is normal for all a € A, as f(a) e Core(afx) by reflexivity. In addition, f™ is an isotone
relation:

p(a,b)® f~(a, x)® f~(b,y) < p(f(a), f(B) ® p(x, f(@) ® p(f(b),y) < p(x,y)

for all a, b, x, y € A. Hence,

plab)< N\ (f¥@.x)® [, y) = px. ) = pxa’ b
x,yeA
Now it is proved that the couple (—!, —7) is a fuzzy adjunction, that is,
VAT E TG aNnE
On the one hand,
pUT W= )\ pulal” a")

acA

= A\ (@ ®ed ()= pk.y)

a,x,yeA

= A\ (@ (f@) ®a" (' @)) = p(f(@). u' (@)))

acA

= A\ p(f@), ' @) =p(f, u").

acA

On the other hand, for all a, x, y € A,
p(f@), n' (@) ® (fla)~x) ®a"(y) < p(x, u' (@) ® a"(y)
= p(x, ! (@) ® a* (' (@) ® a(y)

(%)
< p(x, 1 (@) @ ('@~ y)
<p(x,y),

where (x) holds due to Proposition 14.
Hence,

p(f@), 1 (@) < @™ (x) ® a"(y)) > p(x.y)

and, as a consequence,
Afuy <p(f5 ). O

As in previous sections, the answer to whether fuzzy closure operators and strong fuzzy closure systems are fixed
points of the fuzzy adjunction is affirmative. This is proved in the following proposition.

Proposition 22.

1. Let c be a fuzzy closure operator. Then, (¢, c) is a fixed point of the fuzzy adjunction (—', 7).
2. Let i be a strong fuzzy closure relation. Then, (i1, j1') is a fixed point of the fuzzy adjunction (—', =7).

15
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Proof. Let c: A — A be a fuzzy closure operator. Then, we define the fuzzy relation c™(a, b) = (c(a) ~ b). This
fuzzy relation satisfies (c®Ya,b) = {(a,b) e Ax A|(c(a)~b)=1}={(a,c(a)) | a € A} = c. Therefore, (c~, c)
is a fixed point of (—=!, =7%).

For the second item, let u: A x A — L be a strong fuzzy closure relation. By one of the characterizations of strong
fuzzy closure relation [20, Proposition 20] there exists a closure operator c: A — A such that u(a, b) = (c(a) = b).
Then, as in the previous item u! = c and (u")~(a, b) = (u'(a) ~ b) = (c(a) ~ b) = u(a, b). Hence, (1, n') is a
fixed point of (=1, =%). O

The converse does not hold. There are fixed points of the fuzzy adjunction which are not closure structures. An
example of such a case is given below.

Example 4. Let A be the complete fuzzy lattice from Example 2. Consider the isotone function f(x) = L, for all
x € A. It is clear that f is not a closure operator because it Nis not inflationary, e.g., o(T, f(T)) = 0. Nevertheless,
R, y)=(f)~y)=(Lay)and (f¥)!(x) = Core(x/ )= L = f(x), forall x € A. Hence, (f~, f) is indeed
a fixed point of (—!, =) but f is not a fuzzy closure operator. The fuzzy relation f™ is not a strong fuzzy closure
relation either since it is not inflationary, pu (T, T/ Yy =p(T,L)=0+#1.

Remark 2. Notice that last example does not depend on the expression of the particular f. For any isotone mapping
g: A— Awehave g¥(x,y) = (g(x) ~ y) and (g“)l(x) =Core(x¢ )={y e A|(g(x)~y) =1} =g(x). Therefore,

the composition —!' o —~ is the identity mapping.

However, —~ o —! is not the identity mapping since Im(—~) is formed by extensional fuzzy relations and there

are fuzzy relations in IsotTot(LA*4) which are not extensional.
7. Looking for commutative diagrams

In this section we wonder whether the fuzzy Galois connections in Fig. | describe a commutative diagram such as
the following.

(Isot(A%), f)

="

(LA, 5) — % (IsotTot(LA*4), j).
The next Proposition shows some positive results.
Proposition 23.
1. Let ® € L4, then (€(®))~ =k (®) and x(®)' =T(P).
2. Let f €Isot(A%), then U(f~ )= qf( R
3. Let ju € IsotTot(LA*A)Y, then U (ul) = W(w).

Proof. Let ® € L4, then we need to prove (G(®))~ = k (®) and k (P)! = E(P). These both equalities hold trivially
since just applying definition, for all a, b € A, we get

@) (@, b) = @(@)(@) ~ b) = ([|a” ® &) ~ b) = (®)(a, b) and
(@) (a) = Core(a“®) = Core (|_|(a'° ® D)~ _) = |—|(ap ® D) =C(P)(a).

Let f € Isot(A4), then we need to prove @( = \TJ( f). This is a direct consequence of using Remark 1 and
Core(f~) = f to get,



M. Ojeda-Herndndez, 1.P. Cabrera, P. Cordero et al. Fuzzy Sets and Systems 463 (2023) 108458

U(f¥) (@) = pola!,a)=p(f(a),a) =T(f)(a)

foralla € A.
Lastly, let u € IsotTot(LA*4), we need to prove @(ul) = @(u). For all a € A, by Proposition 14, a** is a normal
clique and using again Remark | we get

U(u) (@) = p(u'(a), a) = p(Core(a"), a) = pu(a*, a) = W(u)(a).

This concludes the proof. 0O

Thus, the above proposition ensures that the following diagrams commute.

(Isot(A™), p) (Isot(A%), p)

kSl

L= L=

(LA, §) —= (IsotTot(L**%), p) (LA, §) <Y — (IsotTot(LA*4), p)
The following example shows that the equalities with the other compositions, i.e. kU= —~ and U = —!, do not
hold in general.

Example 5. Let A be the complete fuzzy lattice from Example 2. Consider the isotone function f(x) = L for all
x € A. This mapping is tr1v1ally isotone. Then, on the one hand, f~(x,y) = (f(x) y)=p(y,Ll),forall x,y € A.

On the other hand K(\IJ(f))(x = [1(x” ® \IJ(f)) ~y. But notice that \ll(f)(z) p(f(2),z2)=p(L,z)=1 for
all z € A. Hence, \Tl(f) = A and K(\Il(f))(x, »=(1x"® \I/(f)) ~y) = (1(xP) = y) = (x = y). These relations
are clearly distinct since f~(T, T) = p(T, L) =0 and K‘Tl(f)(T, TH=(T~wT)=1.

A similar example can be given for fuzzy relations, again on the basis of Example 2. Consider u: A x A — L
defined by (1 (x, a) = 1 for all x € A and O otherwise. It is clear that u is isotone and total. Since w is crisp, we have that
/,Ll = u. However, 6(@(M))(x) =[](x" ®®(/L)). It is an easy exercise to check that (E(a(u)))('l') =Tz#a= ,ul (T).
Therefore, (E(@(M))) #pul.

For the sake of completeness, we examine in which cases the equalities « o U=—"andCoW=—!hold.

Corollary 24.

1. Let f € Isot(A%), then (k o E’)(f) = [~ if and only if there exists X € LA such that (X, f~) is a fixed point of
(k, V).

2. Let u EIsotTot(LAXA), then (C o W) () = ! if and only if there exists Y € LA such that (Y, i) is a fixed point
of (G, V).

Proof. Let f € Isot(A%) be such that i (U( f)) = f~. By the compositions proved in Proposition 23, we have that
(k o W)(f™) =k (W(f)) = f~. Thus, (U(f~), ) is a fixed point of («, V).

Conversely, let (X, f7) be a fixed point of («, @). Then, by Proposition 23, we have that K(Cl}(f)) = K("I)(f%)) =
fr.

Slmllarly, letu e IsotTot(LAXA) such that c(\D(M)) = ,u Then we have, usmg the compositions in Proposition 23,
that C(‘I/(/,L ) = c(\I/(,u)) = u!. Therefore, (lIJ(pL ), ub) is a fixed point of (C, \IJ)

Conversely, let Y, u ) be a fixed point of (¢, ‘1’) Then, by Proposition 23, we have that c(\l-’(u)) = c(\l-’(u ) =
% 1 Hence, (Co ‘-IJ)([L) . O

This hints the following result.
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Theorem 25. The following diagram is commutative

(Im(3), p)

1=

(LA, §) =2

(Im(x), p).

Proof. First of all, we have to prove that if f is an isotone mapping such that f € Im(c), then f”~ is an isotone and
total fuzzy relation such that f~ € Im(x). Since f € Im(C), there is a fuzzy set X € LA such that 3(X) = f- Hence,
by Proposition 23, f~ = (S(X))~ = «(X). Therefore, f~ € Im(x) and —~ is well-defined. As a consequence, and
by («, ’\I\I)Nbeing a Galois connection, we have that (@( ), f7) is a fixed point of («, @), and by Corollary 24, we
get (k0 W) () = f~.

The converse can be proved similarly. O
8. Conclusions and further work

This paper continues the line of work which initiated in [21], where fuzzy closure systems were introduced in
the framework of complete fuzzy lattices. The mappings that take fuzzy closure systems to fuzzy closure operators
and vice versa are studied in a more general setting and are proved to form a fuzzy Galois connection. Similarly,
the mappings used in [20] that relate fuzzy closure systems to strong fuzzy closure relations form a fuzzy Galois
connection between the lattice of fuzzy sets (L4, S) and the set of total isotone fuzzy relations with the relation 5. In
order to finish this study, we consider the 1-cut and the extensional hull as mappings from the isotone mappings in
A to the total isotone fuzzy relations in A with their preorder relations. These mappings form a fuzzy adjuntion. In
addition, fuzzy closure systems, fuzzy closure operators and strong fuzzy closure relations are formal concepts of the
fuzzy Galois connections studied in the paper.

As a prospect of future work, since we know the images of the mappings introduced in [21] are not closure operators
and fuzzy closure systems in general, this analysis can be continued and study the nature of its fixed points and examine
whether they are interesting for solving some problems as some sort of pre-closure structures.
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