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Tensegrity structures based on topological patterns have been developed greatly in recent years. Tensegrities
obtained from the same pattern are said to belong to a family. Two examples of tensegrity families are the
Octahedron and the X-Octahedron, whose members are composed of rhombic and X-rhombic cells, respectively,
which are collected in three groups. The general connectivity pattern of both families consists of three levels of
connectivity. This work analyzes the influence of the reduction of the level of connectivity on the members of
both families. The connection graphs corresponding to different levels of connectivity are defined based on the
new concept of “twin tensegrities”. Analytical computations have been performed to determine the force:length
ratios that satisfy equilibrium, stability, and super-stability conditions. In addition, the mathematical sequence
that follows the ratio between the force:length ratio of struts and cables of the X-Octahedron family that leads to
a super-stable equilibrium configuration is presented. The new tensegrities obtained in this work also belong to
the Octahedron and X-Octahedron families and could have promising engineering applications such as modular

constructions.

1. Introduction

Tensegrity structures are free-standing, self-equilibrated, spatial
structures composed of pre-stressed, pin-jointed compression and ten-
sion members (struts/bars and cables, respectively). Among others ad-
vantages, controllability and deployability of tensegrities structures
made them very interesting for applications in scientific fields such as
Civil Engineering [1,2], Mechanical Engineering [3], Robotics [4],
Aerospace [5], Biology [6] and Architecture [7,8].

The first step in designing a tensegrity structure is to find a self-
equilibrated configuration (known as the form-finding process). A re-
view of form-finding methods of tensegrity structures can be found in
[9]. The Force Density Method [10,11] (FDM) and the Dynamic Relax-
ation (DR) method [12] are the basis of most of form-finding methods
[9].

The FDM is based on the concept of force:length ratio or force density
q [10,11], which is defined as the ratio between the axial force and the
length of each member of the tensegrity (g is positive for cables and
negative for struts).

* Corresponding author.

Form-finding methods can be classified into two types: numerical
[13-19] and analytical methods [20-22]. Numerical methods are usu-
ally used for complex tensegrity structures with a high number of
members while analytical ones are typically employed for simple ten-
segrities with a limited number of elements or a high symmetry. The
advantage of the analytical form-finding methods of tensegrity struc-
tures is that they provide a thorough understanding of both the geom-
etry and the internal stress state of the tensegrity. By using analytical
form-finding methods based on FDM, a set of force:length ratios
expressed in a symbolic form is computed for which the shape of the
tensegrity structure is in equilibrium [20,23].

In order to simplify the computation in analytical form-finding
methods, symmetric properties of tensegrities can be considered. A
useful approach for identifying structural symmetry is proposed in [24].
In tensegrity structures that exhibit symmetry, the implementation of
group representation theory enables form-finding analysis based on
FDM to be simplified. This approach involves evaluating only a small
number of block matrices instead of the full force density matrix, D [25].
For the specific case of tensegrity structures with dihedral symmetry, a
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simple and efficient method to determine the self-equilibrated configu-
ration of tensegrity structures was proposed in [26]. In [19], a numerical
form-finding method is proposed where element grouping is used to
reduce the total number of variables of the optimization problem.

The connectivity between the nodes of a tensegrity structure is an
input to the form-finding problem. Tensegrity structures can be con-
structed based on geometric intuition supported by geometric bodies
[22,27,28] or by using topological patterns [23,29,30]. Tensegrities
obtained from a common topological pattern are grouped into tensegrity
families [23,31,32]. The Octahedron [23,33], the X-Octahedron [32]
and the Z-Octahedron [31,34] are examples of families of tensegrity
structures found in the literature. Recently, it was found that, based on
general topological rules, it is possible to generate an endless number of
tensegrities of the Octahedron family [33]. New full and folded forms of
tensegrities with a high number of nodes, cables and bars were discov-
ered, all of them super-stable (i.e. stable for all levels of pre-stress and
material properties of its members [35,36]).

The members of the Octahedron and X-Octahedron families are
composed of rhombic and X-rhombic elementary cells, respectively (see
Fig. 1). Due to the topology of these families, the elementary cells are
grouped into three groups (referred to as “rows” in this work). Each row
of elementary cells is connected to the other rows following the topology
of the family. The above implies that there are three connectivity levels
between these three rows of cells.

In previous works [23,31-34], tensegrities were defined using three
levels of connectivity. In this work, the concept of twin tensegrities is
first introduced. Two twin tensegrities are connected at different con-
nectivity levels to create a single tensegrity. New tensegrity structures of
the Octahedron and X-Octahedron families are obtained by modifying
the level of connectivity. The influence of the level of connectivity on the
stability of the resultant tensegrity is analytically studied. It has been
proved that the constructability of some members of the Octahedron and
X-Octahedron families improved with the reduction in the level of
connectivity. This is very important for the engineering application of
these tensegrity structures. Additionally, the general topological rule of
the X-Octahedron [32] family is presented. Hence, an endless number of
new super-stable tensegrity structures that belong to the X-Octahedron
family are defined.

2. Analytical form-finding method for tensegrity structures and
stability conditions

The equilibrium equations of a tensegrity with n nodes and m
members can be formulated as [23,37]:

Dx=0
Dy=0 (€9)
Dz=0

In Eq.(1) D = CTQC (eR™™) is the force density matrix and x,y, z
(eR™ are the nodal coordinate vectors. The symbol nr represents the
transpose operation of a matrix or vector. The connectivity matrix C
(eR™™ describes the connections between the n nodes of the tensegrity
in the following way: if a general member j connects nodes i and k (with
i < k), the ith and kth elements of the jth row of C are set to 1 and —1
respectively. Matrix Q (eR™™) is a diagonal square matrix that collects

— ==

(a) (b)

Fig. 1. Rhombic (a) and X-rhombic (b) elementary cells (black and grey lines
correspond to cables and struts respectively).
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the values of the force:length ratios q of each of the m members of the
tensegrity. The force:length ratio q of each member of the family and the
connectivity matrix C are the inputs of the form-finding methods based
on FDM [9,11]. Matrix D can be directly formulated from the values of
the force:length ratios of the members as shown in Eq.(2).

> ac fori=j

D. — kel (2)
i —q if nodes i and j are connected by member k

0 otherwise

In Eq.(2) I is the set of members connected to the node i.

It can be proved that a tensegrity structure is non-degenerate in a d-
dimensional space provided that the rank deficiency of its force density
matrix D is at least d + 1 [15,20]. This non-degeneracy condition is
achieved by imposing that the characteristic polynomial of D (p(A) = A"
+ ang AN+ a; A + ap) has d + 1 zero roots [20]. Given that, by
construction of D, the sum in each row or column always equals zero,
then coefficient ay of the characteristic polynomial is 0. Therefore, a
rank deficiency of matrix D of at least d + 1 (i.e. non-degeneracy con-
dition) is achieved by solving the system of equations shown in Eq. (3).

ﬂs(‘lh "'7qm) =0
02(417~~~7(1m):0 (3)
ai(gis - qm) =0

In the form-finding method proposed by Hernandez-Montes et al.
[20], Eq.(3) was analytically solved for all the cases studied. It can be
seen that the coefficients aj, az and as of Eq. (3) depend on the different
values of g considered for cables and struts. Hence, the complexity of the
form-finding problem is directly related with the number of different
values of g considered in the tensegrity. A more detailed description of
the analytical form-finding procedure used in this work can be seen in
[20,23].

The null space of D, or ker(D), is the subspace of all vectors v € "
that satisfy Dv = 0. The dimension of ker(D) coincides with the multi-
plicity of 0 as eigenvalue of D (which, due to the non-degeneracy con-
dition, is at least d + 1).

In the case of a three-dimensional (3D) tensegrity (d = 3), the co-
ordinate vectors X,y and z are of the form:

X = a1V1 + Q2V2 + A3V3 + a4Vy
Y =Pivi+ Byva+ favs + fvs )
Z=7V1+7V2+73V3+74V4

Being a;, f3;, and y; constants upon whose value the shape and position
of the final tensegrity depend.

Note that if the system of equations in Eq.(3) has more than d + 1
solutions with O as eigenvalue, then a larger number of eigenvectors v;
could be used to define the coordinate vectors. In this work, and without
loss of generality, it is considered that x = v, y = vp and z = v3 for all
the tensegrities, while ignoring the remaining eigenvectors.

Regarding stability, a tensegrity is said stable if its tangent stiffness
matrix K is positive semi-definite (note that the potential energy is
minimum for the configuration for which the structure is stable
[23,36,37]). The stability of tensegrity structures, as well as the com-
plete definition of the matrix K, has been discussed in detail in
[23,36,37]. To study stability, the cross-sectional area A and the elastic
modulus E of the members of the tensegrity (i.e., cables and struts) must
be known. In [37], it is assumed that the magnitude of prestress in a
member of a conventional tensegrity structure is 1% of EA. In this work,
two cross-sectional areas of the members are considered (one for cables
and one for bars) such that the maximum prestress in both cases equals
1% of the product EA (E = 200.000 MPa), as in [23,37].

Super-stability is a most robust criterion. According to [35-37], a
tensegrity is considered as super-stable if it is stable regardless of the
material properties and prestress levels. The super-stability conditions
are the following: i) the rank deficiency of the force density matrix D
(Eq.(2)) isd + 1, ii) matrix D is positive semi-definite, and iii) the rank of
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the geometry matrix G is d (d + 1) / 2. An in-depth explanation on the
superstability and on the geometry matrix G can be seen in [23,36,37].

3. The Octahedron and the x-octahedron families of tensegrities

The Octahedron [23,33] and the X-Octahedron [32] are examples of
tensegrity families shown in the literature. These families are made up of
tensegrities that share a common topology or connectivity pattern. Each
member has a position into the family, denoted by p, with the first
member corresponding to p = 1, the second to p = 2 and so on. The
number of nodes, cables and struts in each member increase as its po-
sition in the family gets higher. The nodes in the full forms of tensegrity
structures have different positions in the equilibrium configuration,
while in the folded forms, some nodes share the same position in space
[20]. With the exception of the first member (p = 1), to obtain the full
form of each member in the family, the previous member is expanded by
duplicating each node, cable, and strut. So, in a tensegrity family, each
member (full form) contains all the previous members of the family as
folded forms [20,23,31-34].

The Octahedron family [23,33] and the first three members of the X-
Octahedron family [32] are examples of tensegrities based on topology
available in the literature. In [33] the topology of the Octahedron family
was presented. An endless number of tensegrities belonging to the Oc-
tahedron family can be obtained using an identical topological rule,
which is very easy to implement. This topology was defined based on the
expansion of a member to the subsequent one. As can be seen in [33], the
growth of a tensegrity from one member to the next involves duplicating
the number of rhombic cells and using a witty node numbering.

Each elementary cell in the Octahedron family is formed by four
nodes connected through four cables and one strut (see the rhombic cell
in Fig. 1.a). In the rhombic cell of Fig. 1.a two types of nodes can be
defined: principal (not connected by the strut) and secondary nodes
(connected by the strut). The general connectivity pattern presented in
[33] for the definition of the member p of the Octahedron family is re-
written as follows (see Fig. 2.b, which corresponds to p = 3):

(i) Draw a 3 x 202 matrix of paired rhombic cells, as shown in
Fig. 2.b, with each cell of the pair overlapping the other.

1 17
3 4

2

3
5 6

4

5
1 2

6

(a)
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(ii) Number the secondary nodes in consecutive order from the first
row to the third one.

(iii) Number the principal nodes of a row as the secondary ones of the
previous row (see lateral arrows in Fig. 2.b) in a consecutive
order from left to right and from top to bottom.

(iv) Swap the number of the nodes below the struts of each pair of
rhombic cells (see the bold numbers in Fig. 2.b).

Because the rules above are not valid for the octahedron, its con-
nectivity graph is depicted in Fig. 2.a. Note that the topology of the
Octahedron family shown in Fig. 2.b is exactly the same than that pre-
sented in [33].

If an extra cable is added in the rhombic cells of Fig. 2, a X-diamond
or X-rhombic elementary cell is obtained (see Fig. 1.b). This cell is the
elementary cell of the X-Octahedron family introduced in [32], whose
connectivity pattern is the same than that of the Octahedron family, as
shown in Fig. 3.b. So, the members of the X-Octahedron family are ob-
tained by replacing the rhombic cells of the members of the Octahedron
family with X-rhombic cells while keeping the connectivity pattern

6
(a) (b)

Fig. 3. Connection graph of the X-octahedron (p = 1) (a) and general con-
nectivity pattern of the X-Octahedron family (case of p = 3) (b).

19 20

(b)

Fig. 2. Connection graph of the octahedron (p = 1) (a) and general connectivity pattern of the Octahedron family (case of p = 3) (b).
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unchanged. This design method based on cell substitution has been used
in [22,31,38]. As in the case of the Octahedron family, the topology of
the X-Octahedron family is not valid for its first member (X-octahedron,
p = 1), whose connection graph is the one depicted in Fig. 3.a.

Once the elementary cells of each member of the Octahedron or the
X-Octahedron family have been defined based on topology (see Figs. 2
and 3), the corresponding matrix C can be easily constructed.

As can be observed in Figs. 2 and 3, the connectivity pattern is
composed of nodes connected by links or lines. Hence, the connectivity
between the nodes of the members of the tensegrity families can be
treated as a graph. In fact, structures with regular patterns, like the ones
considered in this study, can be interpreted as the result of Boolean
operations (graph products) involving multiple simple graphs or sub-
graphs. Indeed, the principles of graph theory have proved to be very
useful for describing pin-jointed structures such as in [39,40].

The analytical form-finding method shown in Section 2 is used here
to compute the force:length ratios that lead to equilibrium configura-
tions of the tensegrities fulfilling the non-degeneracy condition.

The computational complexity of the analytical form-finding method
increases as the number of different values of force:length ratios
considered also increases. In this study, without loss of generality, just
two values of q are going to be considered: g, for cables and g, for struts/
bars.

Once the characteristic polynomial p(A) of the resulting matrix D is
computed, the resolution of the system of equations shown in Eq.(3)
{a1(qc, @p) = 0, az(qc, gp) = 0, as(q, gp) = 0} leads to the values of force:
length ratios for which configurations of equilibrium of the 3D ten-
segrity structure exist. The solution of the previous system of equations
which leads to full forms of tensegrities for thep=1,p=2,p=3 andp
= 4 members of the Octahedron family are gp/q. = -2, —3/2, —4/3 and
—5/4, respectively [33]. It is worth noting that, if the same element
grouping and connectivity pattern are considered, both the analytical
method proposed in [20] and the numerical methods, such as the one
presented in [19], should lead to the same solutions.

The solutions of the form-finding problem of the Octahedron family
(in terms of the ratio gp/q.) follow a certain mathematical sequence that
depends on the position of the tensegrity in the family (p). The sequence
of values of qp/q, solutions for Eq.(3) for tensegrities of the Octahedron
family [30] is shown in Eq.(5) (proposed in [33]). On the other hand, in
[32] only the first three members of the X-Octahedron family are pre-
sented. It can be verified that the solutions of Eq.(3) corresponding to
the full forms for thep = 1, p = 2 and p = 3 members of the X-Octahedron
family are qp/q. = -3, —5/3, —7/5, respectively [32]. Operating in the
same way as in the case of the Octahedron family, the sequence of values
of gp/q. solutions for Eq.(3) corresponding to the X-Octahedron family is
the one indicated in Eq.(6). Consequently, an endless number of

-
A Ty
- “h’:’,ﬁl!'
! %}/lﬁ?;‘"

N '__.q T

Five-time-expanded X-octahedron
p=6; qr/qc=-13/11; 192 nodes,
480 cables and 96 struts

Six-time-expanded X-octahedron
p="T;qr/qc=-15/13; 384 nodes,
960 cables and 192 struts
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tensegrity structures that belong to the X-Octahedron family can be
obtained (see the examples shown in Fig. 4). Moreover, the values of
ratio gp/q. obtained from Egs.(5) or (6) for the p-th member of each
family lead to a super-stable full-form tensegrity.

1
Z_b: _P_; 5)
9 2p+1
b _ 6
qc 2p—1 ©

Since the ratio q/q. can be determined using Egs.(5) and (6), for the
Octahedron and X-Octahedron families, respectively, the form-finding
problem is reduced to the calculation of the eigenvectors of matrix D
(Eq.(2)), and the resolution of the system of equations in Eq.(3) is no
longer necessary.

The mathematical sequences shown in Egs.(5) and (6) are depicted in
Fig. 5, where the super-stable equilibrium configurations of the full-
forms of the members p = 2 and 3 have been represented.

Fig. 5 and Eqgs.(5) and (6) show that both the Octahedron and the X-
Octahedron families have an endless number of super-stable
tensegrities.

4. Influence of the level of connectivity: disconnected, partially
connected and full connected patterns in tensegrities of the
Octahedron and X-Octahedron families

As seen in the previous section, in both the Octahedron and X-Oc-
tahedron families, each member comes from the expansion of the pre-
vious one from duplication of its elementary cells (and consequently, the
number of nodes, cables, and struts is also doubled). Indeed, it might be
said that each member is made up of two previous members connected
between them following the connectivity pattern of the family. For
example, the double-expanded octahedron (which has 12 rhombic cells)
is made up by merging or connecting two expanded octahedrons (each
of which has 6 rhombic cells).

In this work, the term “twin” refers to the two tensegrities from the
same position of the family that are connected to each other in order to
make up the subsequent member. Thus, the p member of the family is the
result of connecting two twin (p-1) members.

The tensegrity members of both the Octahedron and X-Octahedron
families studied in this work have elementary cells grouped in three
rows, as shown in Figs. 2 and 3. These three rows are connected to each
other, resulting in three levels of connectivity (as indicated by the ar-
rows in Fig. 2.b and 3.b). Up to this point, the tensegrities of both
families have been built based on these three levels of connectivity.
However, as shown below, different tensegrity structures of both

Nine-time-expanded X-octahedron
p=10; gp/g. =-21/19; 3072 nodes,
7680 cables and 1536 struts

Fig. 4. Five-time-expanded X-octahedron (a), six-time-expanded X-octahedron (b), and nine-time-expanded X-octahedron (c).
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Position in the family p

0 1 2 3 4

5 6 7 8 9 10

1 1 1 1 1 J

0 vl ~| L 1

-1,5 1

q/qc
2

p =2 X-expanded
octahedron

p =2 Expanded
octahedron

- -0 - X-Octahedron family (Eq.(6))
—o0—Octahedron family (Eq.(5))

p =3 X-double-
expanded octahedron

p =3 Double-expanded

octahedron

Fig. 5. Sequence of solutions of gp/q. of the Octahedron and X-Octahedron families shown in Egs.(5) and (6) respectively.

families can be obtained by modifying the connection level between the
rows of the cells. In this work, the level of connectivity is indicated as a
subscript in the position of the family. Hence, the tensegrity of the Oc-
tahedron family p = 3, corresponds to a double-expanded octahedron
made up by two expanded octahedrons connected at two levels. The full
connection (three levels of connectivity) cases do not have any subscript.

For the sake of simplicity, only two values of q are going to be
considered in all the tensegrities shown in this section: g, for cables and
gp for struts. Furthermore, the stability analysis is conducted considering
the material properties described in Section 2, and q. = 1 (whose force
and length units are in accordance with the units of the elastic modulus
and of the cross-sectional area) is adopted.

4.1. Disconnected or zero level of connectivity in the Octahedron and X-
Octahedron connectivity patterns

Fig. 6 shows two twin expanded octahedrons (p = 2), A and B, with
nodes connected according to the connectivity pattern of the Octahe-
dron family indicated in Fig. 2.b. As can be seen in Fig. 6, no connection
exists between the cells of the two twins, indicating a zero connectivity
level (p = 3). Fig. 6 can also be applied to the X-Octahedron family by
adding a cable between the principal nodes of each cell (see Fig. 3).

It can be proven that the equilibrium configuration of the two twin
tensegrities shown in Fig. 6, A and B, can be obtained from Eq.(3) once
the force density matrix D corresponding to the two twin tensegrities is
built. Table 1 summarizes the results of the form-finding problem for a
zero level of connectivity for four different cases: two twins expanded
and double-expanded octahedrons, and two twins expanded and double-
expanded X-Octahedrons.

As can be seen in Table 1, some stable equilibrium configurations are
obtained, all of them corresponding to the lowest value of qp/q, in each
case. It is worth noting that the ratios qp/q. obtained for both the
expanded octahedron and the X-expanded octahedron follow the se-
quences given by Egs.(5) and (6), respectively.

4.2. One and two levels of connectivity in the Octahedron and X-
Octahedron connectivity patterns

Let us now connect the two twin tensegrities A and B of Fig. 6 at one
and two levels of connectivity (see dotted lines in Fig. 7 and Fig. 8,
respectively). As can be seen in Fig. 7 (corresponding to one level of
connectivity), the principal nodes of row 2 are numbered as the

Tensegrity A Tensegrity B

9A 10A 9B 10B
Q ® ®

O O
8A TA 8B 7B

Fig. 6. Two twin expanded octahedrons (A and B) with zero connectivity level
p = 3o (i.e. there is no connection between them).

Table 1
Solutions of the form-finding problem of twin tensegrities belonging to both the
Octahedron and the X-Octahedron families with zero level of connectivity.

Tensegrity Solutions of Eq. (3) Stability
Double expanded octahedron p = 3¢ Q/qc = -2 Unstable
qv/qc = -3/2 Stable
Triple expanded octahedron p = 4, qp/qc = -2 Unstable
qp/qc = -3/2 Unstable
q/qc = -4/3 Stable
X-double expanded octahedron p = 3, qp/qc = -3 Unstable
qv/qc = -5/3 Stable
X-triple expanded octahedron p = 4, q/qc = -3 Unstable
qv/qc = -5/3 Unstable
qp/qc = -7/5 Stable
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Tensegrity A

Tensegrity B

9B 10B

8B

Fig. 7. Two twin expanded octahedrons (A and B) connected at one connec-
tivity level (which corresponds with p = 3;).

Tensegrity A Tensegrity B

9A  10A 9B 10B
Q @) Q

Fig. 8. Two twin expanded octahedrons (A and B) connected at two connec-
tivity levels (which corresponds with p = 3).

secondary ones of row 1 following the rule presented in Section 3 and
Fig. 2.b. On the other hand, in the case of two levels of connectivity, the
connectivity pattern is extended to two rows, so the principal nodes of
rows 2 and 3 are numbered as the secondary ones of rows 1 and 2,
respectively (see Fig. 8).

Given that the connectivity pattern of the X-Octahedron family is the
same than that of the Octahedron family, Figs. 7 and 8 are also appli-
cable to the X-Octahedron family just adding a cable between the
principal nodes of each cell. Table 2 summarizes the results of the form-
finding problem for one level of connectivity (as shown in Fig. 7) for the

Engineering Structures 296 (2023) 116927

Table 2

Solutions of the form-finding problem of the double-expanded octahedron (p =
31) and the triple-expanded octahedron (p = 44) considering one level of con-
nectivity. Red and blue struts correspond to each twin tensegrity and green struts
correspond to two overlapped struts (for the interpretation of the references to
color, the reader is referred to the online version of this article).

Tensegrity Solutions of  Stability = Equilibrium configuration
Eq. (3)
Double- qp/qc = -2 Unstable
expanded q/qc = -3/2  Unstable
octahedron (p
=31
Triple-expanded Q/qc = -2 Unstable
octahedron (p qp/qc = -3/2  Unstable
=4) qv/qc = -4/3  Stable

double-expanded octahedron (p = 3;, made up by two twin expanded
octahedrons) and for the triple-expanded octahedron (p = 4;, made up
by two twin double-expanded octahedrons).The same cases are
considered for the X-Octahedron family, and the results are presented in
Table 3. Values of the ratio gp/q. in Tables 2 and 3 have been obtained by
solving the system of equations shown in Eq.(3). It can be observed that
the ratios qp/q. shown in Tables 2 and 3 follow the mathematical se-
quences given by Egs.(5) and (6) for each family of tensegrities and for
the value of p of each twin tensegrity connected.

The equilibrium configurations corresponding to the lowest value of

Table 3

Solutions of the form-finding problem of the X-double-expanded octahedron (p
= 3,) and the X-triple-expanded octahedron (p = 45) considering one level of
connectivity. Red and blue struts correspond to each twin tensegrity and green
struts correspond to two overlapped struts (for the interpretation of the refer-
ences to color, the reader is referred to the online version of this article).

Tensegrity Solutions of  Stability  Equilibrium configuration
Eq. (3)
X-double- qp/qc = -3 Unstable
expanded qp/qc = -5/3 Unstable
octahedron (p
=32)
X-triple- Q/qc = -3 Unstable
expanded q»/qc =-5/3  Unstable
octahedron (p qv/qc = -7/5 Stable
=42)
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the ratio qp/q. (i.e., the full form [20]) are depicted in the fourth column
of Tables 2 and 3. In these configurations, the struts of each of the two
twin tensegrities connected have been drawn in different colors to allow
the identification of each twin tensegrity.

Tables 2 and 3 show that, when considering one level of connectivity,
a significant number of tensegrities of both the Octahedron and the X-
Octahedron families are unstable for the materials properties and the
level of prestress considered in this study.

Table 2 shows that for the triple-expanded octahedron p = 4; (made
up by two twin double-expanded octahedrons at one level of connec-
tivity), the solution g/q. = -4/3 leads to a stable equilibrium configu-
ration. On the other hand, the triple-expanded octahedron p = 4 defined
in [33] and built using three levels of connectivity or full connection (see
the connectivity pattern shown in Fig. 3.b), has a super-stable equilib-
rium configuration for the solution g,/q. = -5/4. However, in this
configuration some struts line up on top of each other [33], making it
impossible to construct. This is not the case for the p = 4; tensegrity, in
which no bar is overlapped with another one. Hence, the reduction of
the level of connectivity from three to one has a negative effect on the
stability of the triple-expanded octahedron but improves its construct-
ability given that the struts are not lined up. The above represents an
important step towards the construction of the members of the Octa-
hedron family.

In Table 3, it can be seen that the full form of the X-triple-expanded
octahedron p = 4; has a stable equilibrium configuration for q,/q. = -7/
5. Moreover, in this equilibrium configuration, neither the struts nor the
cables are lined up, which is an important advantage for construction
purposes. This is in contrast to the X-triple-expanded octahedron con-
nected at three levels of connectivity (p = 4), where some struts and
cables are lined up one on top of each other.

The results for the Octahedron and X-Octahedron families with two
levels of connectivity (as shown in Fig. 8) are summarized in Tables 4
and 5, respectively. In both tables, the results corresponding to the
double-expanded and triple-expanded tensegrities are summarized.

Tables 4 and 5 show that the solutions obtained for the two levels of
connectivity also follow the mathematical sequences given in Egs.(5)
and (6) for each family of tensegrities. However, in this case, the solu-
tions correspond to a tensegrity one level above each twin tensegrity,

Table 4
Solutions of the form-finding problem of the double-expanded octahedron (p =
32) and the triple-expanded octahedron (p = 45) considering two levels of
connectivity. Red and blue struts correspond to each twin (for the interpretation
of the references to color, the reader is referred to the online version of this
article).

Tensegrity Solutions Stability Equilibrium configuration
of Eq. (3)
Double- qp/qc = -2 Unstable
expanded q/qc = -3/2  Stable
octahedron (p qp/qc = -4/3  Super - =

=37) stable >< =

I
i

Triple-expanded Q@/qc = -2 Unstable
octahedron (p q»/qc =-3/2  Unstable LZ
=4,) q/qc = -4/3  Stable
qv/qc = -5/4  Super -
stable
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Table 5
Solutions of the form-finding problem of the X-double-expanded octahedron (p
= 35) and the X-triple-expanded octahedron (p = 4,) considering two levels of
connectivity. Red and blue struts correspond to each twin (for the interpretation
of the references to color, the reader is referred to the online version of this
article).

Tensegrity Solutions of  Stability Equilibrium configuration
Eq. (3)

Double- av/qc = -3 Unstable =
expandedX- qv/qc = -5/3 Stable 7\
octahedron @/qc = -7/5 Super -
=32 stable

Triple- Qv/qc = -3 Unstable
expandedX- qv/q. = -5/3 Stable
octahedron /9. =-7/5 Stable
=42 qv/qc =-9/7  Super -

stable

obtaining the same solutions as those for the cases of three levels of
connectivity (i.e., full connection pattern, see Fig. 2.b and 3.b). In other
words, an additional solution is obtained compared to the case of one
level of connectivity and the same solutions are obtained compared to
the full connectivity case.

As with previous tables, the equilibrium configurations shown in
Tables 4 and 5 correspond to the lowest value of the ratio qp/q. (which
corresponds to the full form configuration). A comparison of Tables 2
and 3 with Tables 4 and 5 shows that increasing the level of connectivity
results in an improvement of the stability conditions of the tensegrities.
Furthermore, Tables 4 and 5 show that, with two levels of connectivity,
super-stable configurations are achieved for all the full form of the
tensegrities studied.

As stated in Section 2, the coordinate vectors for all the equilibrium
configurations of the tensegrities in Tables 4 and 5 has been adopted as
X =Vj,y = Vg and z = v, with v4 and any other possible eigenvectors
corresponding to the O eigenvalue has been ignored. However, it has
been observed that the choice of the coordinate vectors can directly
impact the stability of certain tensegrities. For example, the triple-
expanded octahedron p = 45 with gp/q. = -3/2 shown in Table 4 is
unstable when x = vy, y = vy and z = vg, but becomes stable if the
coordinate vectors are defined as: x = v4, y = va and z = vs. Similar
cases have been observed for other tensegrities, which can be either
stable or unstable depending on the choice of coordinate vectors. It is
worth noting that in the tensegrities studied, the selection of coordinate
vectors has not affected super-stability.

4.3. Three levels of connectivity (full connection pattern) in the
Octahedron and X-Octahedron connectivity pattern

Finally, if two twin tensegrities are connected at three levels of
connectivity according to patterns depicted in Figs. 2 and 3, depending
on the family of tensegrities considered, the tensegrities already pre-
sented in [32,33] are obtained. To allow for comparison, results ob-
tained from the connectivity patterns depicted in Figs. 2 and 3 are
summarized in Tables 6 and 7, respectively.

Comparison of Table 4 with Table 6 and Table 5 with Table 7 shows
that, for the cases studied, there is no difference between two and three
levels of connectivity in the topological patterns and in the tensegrities
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Table 6

Solutions of the form-finding problem of the double-expanded octahedron (p =
3) and the triple-expanded octahedron (p = 4) considering three levels of con-
nectivity (full connection).

Tensegrity Solutions Stability Equilibrium configuration
of Eq. (3)

Double- q/qc = -2 Unstable
expanded qv/qc = -3/2  Stable
octahedron (p q»/qc = -4/3  Super -
=3) stable

Triple-expanded Qp/qc = -2 Unstable
octahedron (p qv/qc =-3/2  Stable
=4) qp/qc = -4/3 Stable

9v/qc = -5/4  Super -
stable
Table 7

Solutions of the form-finding problem of the X-double-expanded octahedron (p
= 3) and the X-triple-expanded octahedron (p = 4) considering three levels of
connectivity (full connection).

Tensegrity Solutionsof  Stability Equilibrium configuration
Eq. (3)
Double- qp/qc = -3 Unstable
expanded X- q/qc = -5/3  Stable
octahedron (p qv/qc = -7/5  Super -
=3) stable
Triple-expanded Qv/qc = -3 Unstable
X-octahedron q»/qc = -5/3 Stable -
=4 q/qc =-7/5  Stable
qp/qc =-9/7  Super -
stable

obtained. So, the gp/q. ratios that are solution of Eq.(3), and the equi-
librium configurations of the tensegrities of the Octahedron and X-Oc-
tahedron families are the same for both two and three levels of
connectivity. Furthermore, the stability does not even improve when the
level of connectivity is increased from two to three.

To sum up, all the tensegrities studied in this work not only generate
theoretical interest, but they are also of practical interest for engineering
applications as a result of their cubic symmetry. For instance, they could
be used as tensegrity metamaterials in impact protection systems, en-
ergy dissipation systems, and in adaptive load-bearing structures
[41-43]. In addition, they could be used as modules for the design of
structures such as pedestrian bridges [44,45].
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5. Conclusions

The members of the Octahedron and of the X-Octahedron tensegrity
families are composed by elementary cells (thombic and X-rhombic
cells, respectively). These cells are collected in three groups that are
connected between them. Hence, the connectivity pattern of both fam-
ilies consists of three levels of connectivity.

In this work, the effect of the connectivity level on the membersp = 2
and p = 3 of the Octahedron and X-Octahedron tensegrity families have
been studied. Two tensegrities of the same position in the family (called
“twins”) have been connected between them considering different
connectivity levels (zero, one and two). An analytical form-finding
method has been used to compute the equilibrium configuration of the
tensegrities. It has been verified that the ratio between the force:length
ratios of struts and cables (gp/q.) leading to equilibrium configurations
of the tensegrities follow the same mathematical sequence regardless of
the level of connectivity, meaning that tensegrities of the same family
can be obtained using partial connectivity patterns. Equilibrium con-
figurations and stability conditions have been studied for the two fam-
ilies of tensegrities, as well as and for the cases of zero, full, one-level and
two-levels of connectivity of two twin tensegrities. It has been proved
that at least two levels of connectivity are required to obtain a (p + 1)
tensegrity from two twin p tensegrities of both the Octahedron or X-
Octahedron families.

On the other hand, the mathematical sequence that follows the ratio
between the force:length ratio of struts and cables of the X-Octahedron
family that leads to a super-stable equilibrium configuration is pre-
sented. In addition, it has been observed that the linear combination of
the eigenvectors corresponding to the 0 eigenvalue, adopted as coordi-
nate vectors, has a significant impact on the stability of the tensegrity.
However, in the tensegrities studied here, the selection of the coordinate
vectors has not affected super-stability, which happens for the lowest
values of qp/q.. Further research is needed in this line. Results have
interesting practical implications in the context of modular construction.
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