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the cycle-averaged propulsive performance for harmonic pitching and heaving motion,
independently of their amplitude. Inertia may affect only the cycle-averaged moment if
the mean angle of attack is not zero, but without affecting the cycle-averaged power
input, and therefore the propulsive efficiency. When a small flexural deflection of the
foil is considered, although the cycle-averaged inertial thrust and lift also vanish for any
amplitude of the pitching and heaving harmonic motion, the cycle-averaged power input
does not. Thus, the foil inertia contributes through the moment and power to the time-
averaged propulsive performance for any flexural deflection of the foil, obtained her e
analytically in terms of the trailing edge location for general pitching and heaving motion
of any amplitude and phase and small flexural deflection amplitude. Simple analytical
results are also provided for inertia dominated deflection, characterizing the conditions
that minimize the power consumption. The results are valid for arbitrary chord-wise

distribution of mass, thickness and (sufficiently large) stiffness of the foil.
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1. Introduction

Inertia has been found to play a vital role in the structural dynamics of flapping foils, and therefore in their propulsive
performance, obviously more markedly in aerial than in aquatic propulsion due to the much lower fluid/foil density
ratio (Daniel and Combes, 2002; Combes and Daniel, 2003; Zhu, 2007; Michelin and Llewellyn Smith, 2009; Yin and Luo,
2010; Wuy, 2011; Kang et al., 2011; Bergou et al., 2015; Olivier and Dumas, 2016; Shkarayev and Kumar, 2016; Zhang et al.,
2017; Iverson et al., 2019). Although inertia is relevant for the instantaneous lift and thrust forces in aerial flapping flight
even for rigid foils, it is for flexible foils where its effect becomes more important because the foil inertia contributes,
together with the fluid forces, to the foil deformation, which in turn contributes to the unsteady aerodynamic forces and
moments on the foil, thus doubly influencing the propulsive performance.
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Characterizing the contribution of inertia to the propulsive performance of a flapping foil is not an easy task because the
complex, nonlinear fluid-structure problem which has to be solved numerically (Kang et al., 2011; Zhang et al., 2017; Goza
and Colonius, 2017; Brousseau et al., 2021). This characterization is relevant even in experimental measurements, where
the inertial forces and moments have to be subtracted from the measured reactions to obtain the aerodynamic force and
moment, which is not an easy task for flexible foils (Yeo et al., 2013; Shkarayev and Kumar, 2016; Lankford and Chopra,
2022; Sanmiguel-Rojas et al., 2023). Fortunately, in some situations one may use simpler inviscid models, sometimes
complemented with the small flapping amplitude assumption, from which the effect of inertia can be more easily
computed, even analytically (Zhu, 2007; Alben, 2008; Michelin and Llewellyn Smith, 2009; Moore, 2014; Fernandez-Feria
and Alaminos-Quesada, 2021).

In forward flapping locomotion one is mostly interested in the time-averaged propulsive performance, especially in the
cycle-averaged thrust force and propulsive efficiency for periodic flapping kinematics. For a rigid foil, though it is known
that the time-averaged power due to inertia vanishes for a purely heaving motion (Heathcote and Gursul, 2007; Kang
et al,, 2011), no general exact result for arbitrary flapping kinematics is available to the best of the author’s knowledge,
nor for the more general problem of a flexible foil. In the present work the inertial contributions to the flapping forces and
moments are obtained from the general, nonlinear formulation of the unsteady interaction with the surrounding fluid of a
thin, flexible, two-dimensional and non-uniform foil undergoing prescribed pitching and heaving motion of any amplitude
about an arbitrary pivot axis. The theory is valid for arbitrary chord-wise distribution of mass, thickness and stiffness of
the foil. Time averages of the inertial contributions to the thrust force and power input are obtained from these general
expressions for harmonic kinematics assuming small flexural deflection amplitude, valid for sufficiently large stiffness of
the foil.

2. Formulation of the problem

We consider a two-dimensional flexible foil of chord length ¢ (when at rest) immersed in a uniform fluid stream of
velocity U in the x direction and undergoing pitching and heaving motion about an arbitrary pivot axis located at x = x,
and z = h(t) in any instant of time t, where h(t) is the heaving motion. The tangent to the foil centerline at this point has
an angle with respect to the x axis «(t), corresponding to the pitching motion (see Fig. 1). The foil has variable density
ps(s) and thickness (s), where s is the Lagrangian coordinate along the foil centerline, —s;(t) < s < s¢(t), with s = 0
corresponding to the pivot axis, s = —s;(t) to the leading edge, and s = s;(t) to the trailing edge. The reference frame is
such that, in absence of pitching and heaving motion, the foil centerline lies on the x axis between —c/2 and c¢/2, with the
pivot axis at x = x,. When pitch and/or heave are applied at the pivot axis, the foil moves according to the fluid-structure
interactions but x, remains fixed in the reference frame (x, z). The instantaneous chord length of the foil is s;(t) + s¢(t),
approximately equal to ¢ for large extensional rigidity (defined below).

For a thin beam (¢/c « 1) with structural bending rigidity EI, which in general depends on both s and ¢, and extensional
rigidity characterized by a structural tension T(s, t), the nonlinear equation of motion can be written as (Doyle, 2001)

r 9 [ _or 02 0’r ,
psé‘ﬁ_g |:T8$:| +£ (EI@> = f(s, t) + Fy8(s) — g6'(s), (1)
ar or\ "? E(s, t)e3(s)
T(s, t) = E(s, t)e(s) |:1 - (% : g) :| ) El(s, t) = — 1 (2)

where (s, t) is the position vector of any point of the foil centerline s at the instant t. In the above equations
f=t"-n"4+1 -n, T=—pl+u(Vu+(Va)), (3)

is the Lagrangian force (per unit area) exerted on the plate by the surrounding fluid, where t is the fluid stress tensor,
the fluid viscosity, | the unit tensor and n™ and n~ the unit normal vectors on each side of the plate at the given point r
(see Fig. 1). The fluid pressure p and velocity u satisfy the Navier-Stokes equations with appropriate boundary conditions.

The last two terms in the right-hand side of Eq. (1) account for a point force F, (per unit span) at the pivot axis, and for
a point torque My, modeled as a couple of opposite point forces +g at the pivot axis. Mathematically, the localized force is
modeled by Dirac’s delta function 8, and the localized torque by its derivative §’, as previously formulated by Fernandez-
Feria and Alaminos-Quesada (2021) in the linearized limit and by Sanmiguel-Rojas et al. (2023) for the particular case of
a purely pitching motion about the leading edge. Here arbitrary pitching and heaving motion about any pivot axis are
considered to obtain general expressions for the inertial forces and moments.

M, is the necessary torque to generate the pitching motion «(t), while the z—component of F,, F,,, generates the
heaving motion h(t). The x—component of F,, F,, fixes the location x,, of the pivot point on the x-axis of the reference
frame (x, z) (see Fig. 1). This reference frame can be a stationary frame for a tethered foil immersed in a uniform current
with velocity U along the x—direction at infinity, or a moving frame with the foil when it moves with velocity —Ue, in
relation to a stationary fluid at infinity. In the first case, Fy is the reaction force needed to keep x, fixed, and in the later
case F,y is the total thrust force applied at the pivot axis to propel the foil with velocity —Ue,. In either case, for given
Xp, h(t) and «(t), F, and M, must be such that they ensure the following constraint conditions at the pivot point s = 0:

ar
r = Xx,e, + h(t)e, = r,(t) and 35 = cosa(t)ey + sina(t)e, =e,(t) at s=0, (4)
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Fig. 1. Schematic of the flexible pitching and heaving foil (dimensional quantities).

where e, (t) is the unit vector tangent to the foil at the pivot point. On the other hand, the boundary conditions at the
free leading and trailing edges of the foil are

ds 0s 052 052

If the pivot axis coincides with either the leading or the trailing edge, i.e., if s; = 0 or sy = 0, the corresponding boundary
condition is modified to (4). The pivot axis location here is arbitrary, but inside the foil, excluding the exact locations of
the leading or trailing edges.

ar 9 3’r 3’r
—T—+—(EI—):0, — =0 for s=—5; and s=s;. (5)

2.1. Moment equations

Integrating Eq. (1) between s = —s; and s = sy and applying the above boundary conditions,

S 3%r(s, t s
/ 0sE %ds = F(t) + Fy(t), F(t) = f f(s, t)ds, (6)
=Si =Si
where F is the total force (per unit span) exerted by the fluid on the plate.

Likewise, multiplying Eq. (1) vectorially by r — r, and integrating, after using integration by parts and the boundary
conditions, one gets

N 2
/f.pss (r—rmp) A 9 g(tsz t)ds = M(t) + M,(t), (7)
where
5
M(t) = —M(t)e, = / .(r —1p) Af(s, t)ds, My(t) = —Mp(t)e, = e,(t) A g(t) (8)

are the total bending moment (per unit span) with respect to the pivot axis that the fluid exerts on the airfoil and the
external moment about the pivot axis, respectively. Both M and M, are positive when counterclockwise.

Notice that Eqgs. (6) and (7) are simpler than those obtained in Sanmiguel-Rojas et al. (2023), despite the fact that
now a heaving motion is also included in the formulation, because the pivot point is not located at the leading edge. No
structural terms associated to the extensional and bending rigidities enter into the moment Eqs. (6) and (7) if the external
point force and the external moment are localized at an interior pivot point, however close to the foil ends.

For a flexible foil, we shall also use an additional moment of the beam Eq. (1). Multiplying it by s?> and integrating

between s = —s; and s = sy, after using integration by parts twice and applying the boundary conditions, one obtains,
f 9%r(s, t) f or(s, t) f 0%r(s, t)
2 > , ,
es ds 2sT ds 2FI ds = D(t), 9
/s,.ps i +/ o +f L (0 ©)
s
D(t) = / s*f(s, t)ds . (10)
s
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2.2. Nondimensional equations

To nondimensionalize the problem we use c/2, U and p as scaling factors, keeping the same symbols for the
nondimensional variables, except for the fluid forces and moments, for which the usual coefficients are used:
F, —F, M Fpx

G= » G= s Gu=g—5s, Cp= : 11
t 3pU%c ! 3pU%c M 3pUc? Tr 3pU%c (1)

similarly C, and Cy,. Notice that the thrust coefficient Cr is positive when directed towards —x, as usual in propulsion
aerodynamics, but we keep the same sign of Cy, in relation to the x—component of F,. Thus, Cr, is the nondimensional
external force in the positive x direction that maintains the pivot point fixed at x = x,, or, equivalently, it is the component
in the direction —x of the total propulsion force exerted by the fluid plus the inertia of the foil. Additionally, we define
the flexural coefficients in the x and z directions as

Dy o __ D
pUAc/2P T pUAc/2P
with Dy and D, the components of D defined in Eq. (10).
However, to account for the chord-wise variation of the structural properties of the foil, they are not scaled with

p, ¢/2 and U, but with their characteristic values (marked with subscript “0”), keeping also the same symbols for the
nondimensional (order-of-unity) counterparts:

0s(8) <= ps(s)/ psg»  £(5) <= &(s)/€0, E(s, t) <= E(s, t)/Eo,  T(s, t) < T(s, t)/(Eogo). (13)

Thus, for a uniform plate with constant density, thickness and rigidity, the nondimensional functions ps(s) = &(s) =
E(s,t)=1and T(s, t) = [1 — |dr/ds|~!], with both r and s scaled with c/2.
Using these definitions, the nondimensional versions of Egs. (6), (7) and (9) are

Cr, = (12)

R [  8%(s,t)
2 f pie TR D s = (1 + e (G4 G (14)
s
R [¥ 3%r(s, t)
1 f poe (£ —p) A —g—ds = —(Cu + Cig ey, (15)
R [¥ , 9%r S ar(s, t Sf 9%r(s, t
ff DsE S s, )d +K/ sT (s )ds—l—S/ Ee3 s, )d s = Crey + Cre;, (16)
2 ) ot2 —s; as —s; 052
where

B 45,0 K= 4Eqe0 s 45083

pc T opU2c’ T pU2c3’

(17)

are the mass ratio (or effective inertia), the nondimensional extensional rigidity and the nondimensional bending rigidity,
respectively. Notice that for a uniform plate, f _pseds = sp + 5.

If K — oo, Eq. (16) implies that T — 0, so that the foil is inextensible (|dr/ds| = 1 for any s and t) and s; 4 s; = 2. If,
in addition, S — oo, that equation also implies that %r/ds*> = 0, and one has a rigid foil, where r(s, t) is a straight line
(it is a linear function of s) for any t. This case will be considered first for simplicity.

3. Rigid foil

For a rigid foil, i.e., when K and S are both very large, the nondimensional position vector and its local acceleration
can be written in terms of h(t) and «(t) as

(s, t) = rp(t) + se(t) = xp,ex + h(t)e, + s[cos a(t)ex + sinw(t)e,], (18)
a’r s . P .
o) =he, +s[— (¢’ cosa + & sine) e, + (—&*sina + d cosa) €] | (19)

where dots denote derivatives with respect to nondimensional time t. Note that in this case T = 0 as |dr/ds| = |e,| = 1.
Thus, in addition to the constraint (4) at the pivot point, Eq. (18) satisfies both boundary conditions (5), so that only
Egs. (14) and (15) are needed to relate the foil kinematics to the force and moment.

Substituting (19) into (14),

%R [+ 50 (& cosa — &*sina)] = C, + G » (20)

m
—ERSO (¢* cosa + @ sina) = —Cr + Cp, (21)
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where
Sf Sf
m= / pseds, msy = / psesds (22)
—=Si =S

with s the nondimensional position of the center of mass measured from the pivot axis at s = 0. Notice that mRsy/2 is
the nondimensional static moment. Remember that m = 2 for a uniform plate, with the center of mass at the center of

the foil, sp = (sf —si)/2. In classical aerodynamic notation (Theodorsen, 1935), s = —a in this case, or minus the location
of the pivot point from the foil center.
Substituting (19) into (15), and taking into account that e, A e, = —e,,
2R (so cosah+ I, &) = Cy + Cu, (23)
with
1 (7 2 1.5, 3 2, 1
Ia=m/Si,OSSSd.S:6(5f+5,‘)=50+3, (24)

where I, is the nondimensional moment of inertia, with the last two expressions in (24) corresponding to a uniform rigid
plate [sp = (s; — 5;)/2 and s; +5; = 2].

For given foil kinematics h(t) and «(t), together with the expressions of the fluid force and moment, Cr, C; and Cy, in
terms of h(t) and «f(t), Eqs. (20) and (23) provide the total vertical force C;, and moment Cy, on the pivot point needed
to generate that kinematics, while (21) yields the total thrust force Cy, that propels the foil. All these forces and moment
are composed of a fluid component plus an inertial component,

CG,=-G+GC,. C,=C+Cy, Cuy=—Cu+Cy, (25)

where the inertial parts Cy,, Cr,, and Cy, are given by the right-hand sides of Eqs. (20), (21) and (23), respectively.
Alternatively, if one measures experimentally the reactions C,, Cr, and Gy, on the pivot axis together with the kinematics
h(t), a(t), Egs. (20), (21) and (23) provide the fluid force and moment C;, Cr and Cy,. In either case, it is essential to dispose
of explicit expressions for the inertial terms C;,, Cr,, and Cy, to evaluate the effect of inertia on the propulsive performance
of a (rigid in the present case) flapping foil, which is the aim of the present work. In particular, we are mostly interested
in the inertial contribution to the propulsion force

Cr,

m
= —ERSO (¢* cosar + éi sina) | (26)

and in the inertial contribution to the power input needed to generate that thrust. The nondimensional power input at
the pivot point can be written as

Cp, = hCy, +26Cy, = Cp + Cp,,  with Cp = —hC, — 26:Cy (27)
the fluid contribution and
Cp, = hCip + 26:Cy, = ER {R[h+so (@ coser — & siner)] + 6 (so coseh + I, &)} (28)

the inertial contribution. The quotient between Cr, and Cp, is related to the propulsive efficiency (see below), and therefore
one has to evaluate the inertial contributions (26) and (28) to find out the effect of inertia of the propulsive efficiency of
the foil.

Clearly, the inertial and fluid contributions to the propulsive performance are comparable to each other when R is of
order unity, as it usually occurs in aerial flapping propulsion.

3.1. Harmonic pitch and heave

Consider the nondimensional heaving and pitching harmonic motion
c
U’
where hg and ag are the heave and pitch amplitudes, respectively, os a mean angle of attack, ¢ the pitch-heave phase
lag and k the nondimensional (reduced) frequency associated to the physical flapping frequency w. Substituting (29) into
(26) and (28) one obtains the instantaneous inertial contribution to the propulsive performance, which is as relevant as
the instantaneous contributions of the fluid forces and moment if R is not small.
But, in the cruising regime with this periodic flapping, one is more interested in cycle-averaged quantities. For any
quantity Z(t), its time average is defined as

k t+2m [k

7=— Z(t)dt . (30)
27 J,

h = hgcos(kt), o = a5+ agcos(kt +¢), k (29)
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—Cp ||

Fig. 2. Power (a) and thrust (b) coefficients vs. t/T (T = 2n /k) for hg = 0.05, ap = 5°, ¢ =0, a5 = —5°, 5o = —a = 1/3, k = 1, and R = 20. The
horizontal lines are the corresponding time averages.

Interestingly, inserting (29) into Eqs. (26) and (28) and averaging, after some involved integrations of highly nonlinear

expressions, it results that both Cr, and Cp, vanish (see Appendix A). This is so for any amplitude and phase of the flapping

oscillations, even if the mean angle of attack is not zero, a5 # 0. Therefore, the propulsive efficiency, defined as the ratio

of Cr, and Cp,, is independent of inertia for any value of R:

n= & = g . (31)
Cp, Cp

This general result is very relevant because, despite the fact that instantaneous experimental measurements of the
thrust force and power input may be quite affected by the inertial effects, especially in a wind tunnel, the cycle-averaged
measurements are exactly the contributions coming from the fluid force and moment. Curiously, the time-averaged
inertial moment does not vanish for a combined pitching and heaving motion with o5 # 0 and a pivot axis that does
not coincide with the center of mass, so # 0 (see Appendix A):

Cup = n%RsokhQ]](ao)cos(qﬁ) sin(as) (32)

where J; is the first order Bessel function of the first kind [for small amplitude, ay < 1, J1(ap) =~ ao/2]. However, when
combined with C;, to obtain Cp, according to (28), this cycle-averaged moment does not contribute to the time-averaged
power input. Notice that these results are valid for any distribution of density and thickness of the foil, and therefore for
any moment of inertia I,.

To visualize how the instantaneous inertial thrust Cr, and power Cp, may be comparable to the fluid thrust and power,
but only the fluid components contribute to their time averages, Fig. 2 shows, as an illustration, results for small pitch
and heave amplitudes in a uniform rigid foil, for which the fluid contributions C; and Cp are also obtained analytically
(see Appendix B). A mass ratio R = 20 is used, corresponding to a typical aerial flapping propulsion with ps/p = 10* and
g/c = 5 x 1073, Further comparisons can be made using Cr and Cp computed numerically for higher pitch and heave
amplitudes, and for any other set of the flapping parameters, since the analytical expressions for the inertial contributions
Cr, and Cp, remain valid for any amplitude of the pitch and heave motions. But this is out of the scope of the present
analysis, focused on the general analytical characterization of the inertial effects on the propulsive performance of a
pitching and heaving foil.

4. Flexible foil

For a flexible foil we need at least an additional degree of freedom to characterize the foil motion, and, therefore, at
least one more moment equation such as (9), or its nondimensional form (16), to characterize this new degree of freedom.
A simple quadratic function of s like, for instance, r(s, t) = rp(t)—i—sea(t)—i-szd(t), with new nondimensional vector d scaled
with 2/c, would be enough to account for the bending rigidity (EI) term in Eq. (9), and thus characterize the deflection

6
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d in terms of the fluid forces through D. However, such a quadratic function, though satisfying the constraints (4) at the
pivot point, cannot met the boundary conditions at the foil edges (5). To satisfy the boundary conditions at one of the foil
edges (e.g., the trailing edge) one needs at least a quartic function of s. The simplest approximation is to assume that the
pivot point is sufficiently close to the leading edge, so that for —s; < s < 0 one may assume a rigid foil (which therefore
satisfies automatically the boundary condition at the leading edge), and a quartic polynomial for s > 0O:

(s 0) = {r"m B0 SRR y  aEs=l (33)
Ip(t) + se(£)(1 + £15° + 65°) + s°d(£)(1 + dqs + dps°), 0<s<sy,
where t1, t, di and d, are nondimensional constants selected to satisfy the boundary conditions (5) at s = s;; i.e,,
=~ (oreatm).,: v~ (oreemm).,
$2T + 2(g,/c)?Ee3 =5 253T + 4(g,/c)*sEe3 s=r
dy = _ﬁ <ST+(8°/C)2E‘93/S> . dy = _i é < ST + (&0/C)Ee? /s ) . (35)
3 \ s2T 4 2(g,/c)2Ee3 o= 6s7 3 \25°T + 4(eo/c)*sEe? o

Although this is just an approximation for small deflection d, actually the simplest one satisfying all the boundary
conditions, valid for sufficiently large bending stiffness S and pivot axis close to the leading edge, it allow us to obtain
simple analytical expressions for the effect of flexibility on the inertial terms, and therefore to understand explicitly how
flexibility may modify the above conclusions on the effect of inertia on the propulsive performance of a rigid foil. As shown
in Fernandez-Feria and Alaminos-Quesada (2021), this approximation captures almost exactly the first natural frequency
of the foil, but not the higher resonances. However, it is known that the best propulsive performance of a flexible flapping
foil in terms of maximum time-averaged thrust and propulsive efficiency is reached at or near the first resonant mode of
the foil for large enough bending stiffness, and for pivot axis close to the leading edge (Alben, 2008; Floryan and Rowley,
2018). The model can be simplified even further from the fact that, for a thin foil, &9/c < 1, the extensional stiffness is
much larger than the bending stiffness, K > S, so that one may assume that T >~ 0, and, consequently,

2 1

t;j~0, tb~0, dy>~———0m7, >~ —
! 2 ! 3ss 2 6513

(36)
Thus, Eq. (33) with (36) is the simplest approximation that takes into account the flexibility of a general nonuniform foil
satisfying the boundary conditions (4)-(5), valid for large K and S, and a pivot point near the leading edge.

Defining the components of the nondimensional flexural deflection as

d(t) = di(t)ex + d,(t)e;, (37)
substituting the above expressions into (14)-(16) and taking into account that

e, Ad+dAé, =e [—d, cosa+dysina — dy(d cosa — &*sine) — d(d sina + & cos )], (38)

dAd=e/(—dd, +d,dy), (39)

one obtains three equations similar to (20), (21) and (23) for a rigid foil, but with additional flexural deflection terms,
plus two additional flexural equations for the components of d:

%R [+ 50 (@ cosa — &*sina) + gd; ]| = G+ G, (40)
gR [—so (¢ cosa + & sine) + gady| = —Cp + C, (41)

%R { o cosa h + e + gohdy + ha(dyd, — d,dy)

+g3 [az cosa — dysina + dy(é cosa — &% sina) + d, (& sine + &2 cos )] }: Cu + Cu, (42)
m . .
ER [Iah + fa (& cosa — &* sina) + gad; | + Sd; = Cp, (43)
m ..
ER [—fi (@® cosa + @ siner) + gady ] + Sdy = C, (44)

where the new nondimensional coefficients are

1 [ 2s 1 2 26 +n(17 + 3
gnZ*/ pees’ | 1— =+~ () |ds= AT e 2234, (45)
m 0 12(

35 6 \s; n+1)n+2)n+3)7

7
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2
1 (¥ 25 1[5\ 13
hy= — stl1— =+ - (= ds = —s?2, 46
. m/o pse [ 3sf+6<sf)} 4057 (46)
1 [¥ 1
fa=— / pses’ds = —(sf —s}), (47)
mJ_g 2
2 (¥ s\’ 2
5275/ E&? (1_7 ds=—s:S, (48)
3 0 Sf 9

with the rightmost expressions of these coefficients corresponding to a uniform plate. From Eqs. (43) and (44) it is clear
that the foil may be considered rigid (i.e., dy, d, — 0) if the nondimensional bending stiffness S — oc.

Given Cr, and Cg, as functions of h(t), «(t), dx(t) and d,(t) and their temporal derivatives, and given the pitching
and heaving motion, Eqs. (43)-(44) yield the flexural deflection components d,(t) and d,(t). Notice that to the flexural
deflection contributes both the fluid force through Cr and the inertial force through the pitch and heave terms multiplied
by R, being both contributions comparable in aerial propulsion. In fact, for some insect species it has been shown that
wing deformation is mainly due to the wing inertia (Dudley, 2000; Combes and Daniel, 2003). Once d is known, together
with the functions C;, Cr and Cy in terms of h(t), a(t) and dy ,(t), Eqs. (40) and (42) provide the reactions C;, and Cy,,
and consequently the power input

Cp, = hCy, + 26Cy, = Cp + Cpy (49)
with

Cp = —hC, —24Cy and Cp, = hCyy, + 24Cy , (50)
while Eq. (41) yields the thrust coefficient at the pivot point,

Cr, = Cr + Cry . (51)

In these expressions, Cp,, Cr, and Cy, are the left-hand sides of Eqs. (40)-(42). The linearized limit of these equations,
i.e,, for small pitch and heave amplitudes, |¢| <« 1, |h| < 1, and with small deflection only in the z direction, dy = O,
|d;| « 1, coincide with the equations derived in Fernandez-Feria and Alaminos-Quesada (2021) in the case of a uniform
foil. In that work the problem was solved analytically for a harmonic motion with o = 0. For the equivalence between the
two sets of equations one has to take into account that in the linearized limit of the mentioned reference x, = a,s = x—a,
so = —a,s; = 14a, s; = 1—a, and that the sign of & has been changed. The present problem cannot be solved analytically
owing to the nonlinear inertial terms in the left-hand sides of Egs. (40)-(44) and, more importantly, because no general
analytical expressions of the fluid coefficients in the right-hand sides of the equations are known analytically for large
amplitudes of h, @ and d [for small amplitudes these expressions were obtained in Alaminos-Quesada and Fernandez-
Feria (2020)]. However, the time averages of the inertial terms in the left-hand sides of Eqs. (40)-(44) can be obtained
analytically for a general harmonic motion, which is the main aim of the present work.

4.1. Inertial terms for a harmonic motion

For a harmonic pitching and heaving motion like (29), the flexural deflection (37) may eventually reach also a harmonic
form, which in general can be written as

dy = dygcos(kt + ¢x), d, = dyqcos(kt + ¢,). (52)
Using these expressions and (29) one may compute the time averages of the inertial terms, resulting:

C, =0, Cr,=0, (53)

— R

Cup = Ehokz [Sojl(ao)cosq) sinag — %dxa cos ¢>1] , (54)

- = R
Cp, = hC, + 26Cy, = —518 [g2hod,q sin ¢, +
2g3(J1(ao) — 2aqJ2(ao))(dxa Sin s Sin(¢p — @) — dzq COS a5 sin(gp — ;)] , (55)

where J; and J, are the first and second order Bessel functions of the first kind, respectively. Therefore, for a flexible foil,
the cycle-averaged inertial thrust remains zero for any small flexural deflection, independently of its origin, passive or
forced, but the propulsive efficiency is affected by the inertia through a non-vanishing mean inertial power input. In the
linearized limit, when dy, >~ 0 and ay < 1,

— R . .
Cpy §k3dza [—&2ho sin ¢, + gzap cos as sin(¢p — ¢,)] . (56)
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So even without a mean angle of attack «; there is a contribution of flexibility to the time-averaged power input from
both heaving and pitching motions, provided that there is a phase shift of the flexural deflection in relation to any of
them (remember that all the phase shifts are measured in relation to the heaving motion). This contribution may vanish
or be negative for particular combinations of pitch and heave, thus enhancing the propulsive efficiency by minimizing the
total power consumption. In the linear limit, when the power is given by (56), one may compute d,, and ¢, analytically
for given pitching and heaving motion through Eq. (43) (Fernandez-Feria and Alaminos-Quesada, 2021). In general, the
deflection amplitudes and phases, dy,, d,q, ¢x and ¢,, can be obtained by just tracking the trailing edge position either
numerically or experimentally. In the present nondimensional form the trailing edge location can be written as

(s =7, t) = [Xp + Sy cos[as + ag cos(kt + ¢)]] e, + [ho cos(kt) + sf sin[es + ag cos(kt + ¢)]] e,
2
s
+ % [dxq cOS(KE + dy)ex + dzq COS(KE + B2 )e,]

(1—ay
~ ey + {ho cos(kt) 4+ (1 — a)[as + ap cos(kt + ¢)]} e, +

dyq cos(kt + ¢;)e; , (57)

where the first two terms correspond to the motion as a rigid foil, and the last approximation is valid in the linear limit
(dya @ 0,hg < 1,00 € 1, %, = a, sf ~ 1 — a). Measuring the trailing edge location and knowing h(t) and «(t), from
this expression one may easily obtain dyg, dz, ¢ and ¢,, which inserted into (55) or (56) provides the cycle-averaged
contribution of the inertia to the power input, independently of the origin of this flexural deflection.

4.2. Inertia dominated deflection

To gain more insight about the particular conditions for which deflection affects the time-averaged power, we consider
here the simplest case when the flexural deflection is mainly determined by the inertia of the foil, as it often happens
in aerial flapping locomotion (Dudley, 2000; Daniel and Combes, 2002). This situation occurs when the mass ratio R is
sufficiently large and one may neglect the fluid contributions Cg, and Cg, to the deflection in Eqgs. (43)-(44). To simplify
further, we consider harmonic motion in the linear limit, so that only Eq. (43) is needed. Inserting (29) and (52) in complex
form into (43), one obtains explicitly

B k? (Iaho + faaee™®)

dye't? = ——— 58
a8 ( 55 2) (58)
84 —k
g4 MR
For any pitch an heave, the deflection amplitude peaks at the frequency
28 280 S
k=ko= = =, (59)
g4 MR 71(1—a)*R
which corresponds to the first resonant frequency of the foil about the pivot axis in vacuum, the last expression for a

uniform foil (in dimensional form, w,o ~ (¢/c?)+/E/ps for a pivot axis located at the leading edge, a = —1).

For a pure heaving or pitching motion, from Eq. (58) it results that ¢, = 0 or ¢, = ¢, respectively, so that the time-
averaged power input vanish according to (56). Therefore, a combination of pitching and heaving motion with phase
¢ # 0 is needed for the inertia to contribute to the time-averaged power input. Substituting (58) into (56) it turns out
that EPR < 0 for k < kyo and EPR > 0 for k > k;q if ¢ < 180°, and the opposite behavior is found if ¢ > 180°. Thus, for a
given pitch-heave motion with a phase shift smaller than 180° in a foil with structural properties and pivot point location
characterized by a resonant frequency ko, to minimize the power consumption with the help of the inertial power one
has to flap with a reduced frequency slightly smaller than k.o. Conversely, if the reduced frequency k is fixed, one has
to choose the structural properties and pivot point location of the foil such that k; is slightly larger than k. This general
trend does not change much if the fluid contributions Cr, and Cg, to the flexural deflection is not negligible within the
present approximation.

5. Conclusions

The following general results have been obtained for the cycle-averaged inertial effects on the propulsive performance
of a foil undergoing harmonic pitching and heaving motion of any amplitude and phase about an arbitrary pivot axis and
passive small flexural deflection. The cycle-averaged inertial contribution to the propulsive performance, if any, is of the
order of the mass ratio R in relation to the fluid contribution.

e Inertial thrust and lift always vanish, ETR = ELR = 0, even for non-zero mean angle of attack (s # 0), for any
pitching any heaving motion and small flexural deflection.

9
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e For a rigid foil, the time-averaged inertial moment does not vanish when a non-zero mean angle of attack is present,
but it is negligible (it is quadratic in the heaving and pitching amplitudes) in the linear limit. In any case, this moment
never contributes to the inertial cycle-averaged power input, Cp, = 0. Therefore, for a rigid foil, the inertia does not
contribute to the cycle-averaged propulsive performance: both cycle-averaged thrust and propulsive efficiency come
only from the fluid forces and moment, which simplifies the experimental measurement of these quantities with
force/torque sensors.

e When some degree of flexibility is present in the foil, both the time-averaged moment and power input do not
vanish even for null mean angle of attack, being both proportional to the flexural deflection amplitude. This flexural
deflection can be computed from the analytical expressions given here by just following (either numerically or
experimentally) the amplitude and phase of the trailing edge motion, thus allowing a straightforward computation
of the inertial effects in the power input. In the linear limit the deflection can be obtained analytically.

e The cycle-averaged inertial power input does not vanishes when the flexural deflection is out of phase with the
heaving and/or the pitching motions, and may become negative for certain kinematics, thus enhancing the propulsive
efficiency by reducing the total power consumption. For inertially dominated deflection, reduction in the power
consumption can be achieved only with combined, out of phase pitching and heaving motion, with a reduced
frequency smaller (larger) than the first resonant frequency of the foil for phase shift smaller (larger) than 180°,
the closer to the resonant frequency the larger the power reduction.

The analytical results given here for the inertial contributions to the propulsive performance of a two-dimensional
flapping foil are valid for large extensional and bending rigidities and for a pivot axis location sufficiently close to the
leading edge. These restrictions are in fact not very relevant because it is known that the best propulsive performance of
a flexible flapping foil in terms of maximum time-averaged thrust and propulsive efficiency is reached at or near the first
resonant mode of the foil for large enough bending stiffness, and for pivot axis close to the leading edge (Alben, 2008;
Floryan and Rowley, 2018; Fernandez-Feria and Alaminos-Quesada, 2021). In fact, the quartic approximation used here for
the small flexural deflection captures almost exactly the first natural frequency of the foil (Fernandez-Feria and Alaminos-
Quesada, 2021). Obviously, the results are not directly applicable to a supper flexible foil, where higher resonances may
play a relevant role. But the present analysis adds further insight, through analytical results, about the qualitatively
different role played by the inertia on the propulsive performance of a foil undergoing small flexural deflections in relation
to its rigid-foil counterpart. If the smallest flexural deflection modifies the inertial effects qualitatively, it is expected that
larger and more complex flexural deflections would reinforce these differences quantitatively. The present results are
valid for any chord-wise distribution of the foil density, thickness and stiffness (i.e., Young’s modulus, provided that it is
large enough) of the foil, and for any pitch and heave amplitude.
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Appendix A. ETR, EpR and EMR for the harmonic motion of a rigid foil

The following integrals are performed with the help of the Mathematica software package. The integrals correspond-
ing to the cycle averages of the two terms inside the parentheses in Eq. (26) for Cr, are, when using the harmonic motion
(29),

le
/ [agk sin(kt + ¢)]? cos[es + ag cos(kt + ¢)] dt = 2mkag cos(as)f1(ag), (A.1)

0
2

/T [—aok? cos(kt 4+ ¢)] sin[as + ag cos(kt + ¢)] dt = —2mkag cos(ez)1(do) s (A.2)
0

where J; is the first order Bessel function of the first kind. Thus, the two terms cancel each other and Cr, = 0.
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The integrals for the cycle averages of the five terms inside the curly brackets in Eq. (28) for Cp, are

2
/ - hik? sin(kt) cos(kt)dt = 0, (A3)
’ 2
/ ‘ aghok®sg sin(kt) cos(kt + ¢) cos[as + ag cos(f + kt)] dt = 2 hok?so[agf2(ao) — J1(ag)] cos(es) sin(¢) (A.4)
’ 2
f ’ azhok?so sin(kt) sin?(kt 4 ¢) sin[as 4 ag cos(kt + ¢)] dt = —2waghok?saJ2(ao) cos(as) sin(¢) (A.5)
’ 2
/ ’ aghok3sg cos(kt) sin(kt + ¢) cos[es + ag cos(kt + ¢)] dt = 2 hok?sg cos(ess ) sin(¢p)J1(do) , (A6)
/O I,a%k? sin(kt + ¢) cos(kt + ¢)dt = 0, (A7)

where J, is the second order Bessel function of the first kind. The three non-vanishing terms cancel each other, resulting
Cp, =0.
Finally, from Eq. (23), the inertial contribution to the moment is

Cum

R

= %R (so cosarh + 1, &) . (A8)
The time average of the second term vanishes for a harmonic motion, while that of the first term is given by Eq. (32).
Appendix B. Cp and Cr for a pitching and heaving rigid foil from linear potential flow theory

The following expressions for Cp and Cr are from Theodorsen (1935) and Fernandez-Feria (2016), respectively, but

they are reproduced here because include the contributions from a mean angle of attack o # 0, not considered in those
works. In addition, they are written with both « and the moment positive when counterclockwise.

G = —h{n (—& — h+ ad) — 2wa, + R[Toc(k)]}

—a {Z [— (% — a) & + ah — (a2 + %) 62] + <a+ %) Tt — % (a+ %) §H[Foc(k)]} , (B.1)

. . . 2i
Cr=aC —na(h—ad +a)+ (h—ad + o) 2mas — (h—ad + o) R |:1FOC1(I<)]
b
) .
—an | o (=1 +ikeik) + ~ck)) | (B.2)
wk k
with
G =7 (—& —h+ad) — 2mos + N [Toc(k)] (B.3)
being Theodorsen’s lift coefficient (here positive upwards), Iy given by
. 1
Iy= 27 |:h +(a —ag) — <a - 5) d:| , (B.4)
and the complex functions of the reduced frequency k
HEZ)(’() %efik

c(k) (B.5)

=, CK)= 7
iH$ (k) + HP (k) iHG (k) + Hy? (k)

with C(k) the well known Theodorsen’s function.
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