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Abstract
Abdominal aortic aneurysms are a degenerative disease of the aorta associated with high mortality. To date, in vivo informa-
tion to characterize the individual elastic properties of the aneurysm wall in terms of rupture risk is lacking. We have used 
time-resolved 3D ultrasound strain imaging to calculate spatially resolved in-plane strain distributions characterized by mean 
and local maximum strains, as well as indices of local variations in strains. Likewise, we here present a method to generate 
averaged models from multiple segmentations. Strains were then calculated for single segmentations and averaged models. 
After registration with aneurysm geometries based on CT-A imaging, local strains were divided into two groups with and 
without calcifications and compared. Geometry comparison from both imaging modalities showed good agreement with a 
root mean squared error of 1.22 ± 0.15 mm and Hausdorff Distance of 5.45 ± 1.56 mm (mean ± sd, respectively). Using 
averaged models, circumferential strains in areas with calcifications were 23.2 ± 11.7% (mean ± sd) smaller and significantly 
distinguishable at the 5% level from areas without calcifications. For single segmentations, this was possible only in 50% of 
cases. The areas without calcifications showed greater heterogeneity, larger maximum strains, and smaller strain ratios when 
computed by use of the averaged models. Using these averaged models, reliable conclusions can be made about the local 
elastic properties of individual aneurysm (and long-term observations of their change), rather than just group comparisons. 
This is an important prerequisite for clinical application and provides qualitatively new information about the change of an 
abdominal aortic aneurysm in the course of disease progression compared to the diameter criterion.
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1 Introduction

An Abdominal aortic aneurysm (AAA) is a degenerative 
disease of the aorta characterized by a permanent local 
dilatation. The major hazard is rupture of the aneurysm 
wall (Frömke 2006) which is associated with a mortality 
of approximately 52% (Torsello et al. 2016; Kühnl et al. 
2017). Clinical indications for surgical treatment are a 
maximum diameter of the AAA (>50 mm for women and 
>55 mm for men) and a growth rate greater than 10 mm/
year (Wanhainen et al. 2019). But the current criterion 
provides only a rough estimate of rupture risk because 
adverse events may occur in aneurysms that do not meet 
the surgical criteria (Nicholls et al. 1998), whereas large 
aneurysms may remain stable throughout life (Darling 
et  al. 1977; Farotto et  al. 2018). Thus, it is generally 
accepted that additional patient-specific decision criteria 
and/or new patient-specific information to characterize 
the elastic properties of the AAA vessel wall are needed. 
(Vorp 2007; Humphrey and Holzapfel 2012; Kontopodis 
et al. 2015). In the healthy state, the aortic wall can be 
described as an anisotropic, nonlinear elastic, and multi-
layered fiber-reinforced composite (Fung 1993; Humphrey 
2002; Nichols and McDonald 2011). A multifactorial 
process, that promotes pathologic remodeling like elastin 
degradation, leads to a weakening and enlargement of the 
vessel wall (Niestrawska et al. 2019). The mechanisms 
responsible for these changes are still not fully understood 
(Farotto et al. 2018). In addition, an intraluminal throm-
bus (ILT) and calcified wall regions are observed in many 
AAAs which may cause further complications. Calcifi-
cations are solid calcium deposits that are embedded in 
the soft matrix of the vessel wall and affect its integrity. 
Local stiffness is known to be significantly increased by 
calcifications (Volokh and Aboudi 2016) and associated 
with increased risk of rupture (Buijs et al. 2013; O’Leary 
et al. 2015). However, the exact influence of calcifications 
on biomechanics is also not yet fully understood (Farotto 
et al. 2018).

All of the mentioned changes lead to increased hetero-
geneity of wall properties and weakening of its structural 
integrity promoting mechanical failure (rupture). Rupture is 
a local event which requires local assessment of the changes 
in wall properties. Global parameters give only a rough indi-
cation and often fail to assess individual rupture risk (Gasser 
2016). The description of local strain as well as distensibility 
distributions have emerged as additional potential biomark-
ers for the assessment of local rupture risk. A decrease in 
distensibility over time is associated with a significantly 
reduced time to rupture (independent of age, gender, max. 
AAA diameter or diastolic blood pressure) (Wilson et al. 
2003; Hoegh and Lindholt 2009) and therefore would be 

a suitable biomarker for predicting rupture risk. Similarly, 
in addition to different strain limits, different regions of an 
AAA show severe overstretching, particularly in the sur-
rounding regions of calcification (Thubrikar et al. 2001; 
Barrett et al. 2018). These changes in local elastic proper-
ties are of particular interest because thoracic aneurysms 
are known to rupture not always in the area of highest stress 
but in weakened zones of the tissue in which strain locali-
zations and local thinning of the wall can be found (Romo 
et al. 2014). Both conditions are caused by a damage to the 
arterial wall, and similar risk factors such as hypertension, 
smoking, and genetic factors can promote the development 
of aneurysms in both regions (Golledge 2019), which may 
be an indication of related rupture behavior.

In recent years, time-resolved 3D ultrasound strain imag-
ing (4D-US) has been increasingly used to provide volu-
metric assessment of geometry and rupture risk of AAAs 
(Rouet et al. 2010; Long et al. 2013; Kok et al. 2015) and 
risk assessment based on the wall’s mechanical properties 
(Gasser et al. 2010; Wittek et al. 2013; van Disseldorp et al. 
2016a, 2019; Petterson et al. 2019) noninvasively. How-
ever, the results of biomechanical models rely heavily on 
an accurate description of AAA wall geometry on the one 
hand (making it one of the most important factors toward 
the robust prediction of individual AAA material behav-
ior (Gasser et al. 2022)), as well as on the boundary condi-
tions given (among others) by a robust motion tracking and 
strain mapping on the other hand. 4D US-based measure-
ment and reconstruction of the 3D geometries of the heart 
and of large blood vessels have been validated in vitro and 
in vivo (Soliman et al. 2008; Seo et al. 2009; Park et al. 
2011; Seo et al. 2011; Bihari et al. 2013; Kok et al. 2015; 
Alessandrini et al. 2016; Derwich et al. 2016). Limitations 
in the use of ultrasound to capture vessel geometry are the 
limited field of view, angular dependence, refraction, shad-
owing artifacts and low arterial wall contrast and resolu-
tion in the lateral direction. Especially the latter limitation 
affects in vivo imaging and leads to difficult segmentation 
and strain measurements, which ultimately affects the results 
of biomechanical models (Petterson et al. 2021a). Methods 
to improve image quality, measurement accuracy and motion 
tracking (Foster et al. 1993; Righetti et al. 2003; Shao et al. 
2019; van Hal et al. 2023) and multi-view/multi-perspective 
ultrasound imaging to improve anisotropic contrast and reso-
lution by increasing the signal/contrast-to-noise ratio (Zim-
mer et al. 2018; Peralta et al. 2018; de Hoop et al. 2020; 
Petterson et al. 2021b, a) have been introduced. However, 
these approaches often require specific changes to the data 
acquisition hardware and / or software which prevents their 
use in a current clinical setting.

Our group uses 4D-US strain imaging to measure the 
deformations of AAAs in vivo. Based on these imaging data, 
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the in-plane strain tensors could be calculated and in turn, 
the calculation of statistical distribution indices (DIs) such as 
mean and peak strain, heterogeneity index, and local strain 
ratio could be proposed to quantify differences between 
aortic and aneurysm wall motion. These new mechanical 
biomarkers capture the spatial heterogeneity of individual 
wall motion and local elastic properties in the physiological 
range for clinical purposes (Karatolios et al. 2013; Wittek 
et al. 2017, 2018; Derwich et al. 2016, 2020, 2021).

In an in vitro validation study performed by our group 
(Wittek 2020), the uncertainty and reproducibility of a single 
4D US measurement was quantified, as common in clinical 
practice. Using an inflation-extension device, a tubular spec-
imen of porcine aorta was loaded physiologically by axial 
pre-stretch and cyclic pressure change. Cyclic deformations/
strains were measured in parallel by 4D-US and optically 
using an orthogonal two camera setup. The measurement 
accuracy in the lateral direction showed no significant differ-
ence to the beam direction. Although no systematic error in 
repeated measurements of different subjects was observed, 
a considerable random error (IQR > 1% for circumferential 
strain) was identified. This may result in a relative error of 
≥ 100% in AAAs where mean strains between 0.5 and 3.0% 
are observed, usually (Batagini et al. 2016; Wittek 2020; Li 
et al. 2021; Derwich et al. 2021). Global group differences 
between young, older atherosclerotic, and aneurysmal aortas 
were successfully determined (Derwich et al. 2016; Wittek 
et al. 2018). But single measurements, like done in clinical 
practice, cannot be used for reliable assessment of individual 
cases/patients or results of biomechanical models. They are 
valid for group comparisons only, where the random error is 
averaged out by the number of included patients.

This study aims to develop a method to combine multiple 
motion functions based on one ultrasound measurement into 
an averaged function, since averaging is a suitable way to 
minimize statistical noise. This should reduce the random 
error of local strain measurements and allow discrimination 
of individual patients and not only patient groups. Further-
more, the influence of different tissue composition on the 
deformation behavior of AAAs is investigated using single 
4D-US measurements and averaged models. For this, cal-
culated local strains are then divided into areas with and 
without calcifications, because the rigid structure of these 
should result in significantly smaller strains in these areas. 
Subsequently, it is investigated whether significant differ-
ences can be found among individual patients based on a 
single ultrasound measurement and averaged models. This is 
a basic requirement for future clinical applications and also 
the validity of biomechanical models.

2  Methods

2.1  Overview and data structure

An overview of the data is given here first, before the details 
are discussed in the following sections.

For each patient: 

1. Computed tomography angiography (CT-A) and 4D 
ultrasound imaging (4D-US) of the AAA was done 
(Ch. 2.2).

2. In the CT-A images, aneurysm wall and the calcifica-
tions were segmented (Ch. 2.3.1 and Ch. 2.3.2).

3. In the 4D-US images, aneurysm wall was segmented ten 
times in the end-diastolic configuration f 0 (Ch. 2.3.3), 
followed by a speckle tracking (Ch. 2.4). Each segmen-
tation thus contains an estimate of the AAA motion 
function for one cardiac cycle.

4. An averaged model was built from these ten segmen-
tations of the same ultrasound data set (Ch. 2.5 and 
Appendix A).

5. For the ten segmentations as well as for the averaged 
model, the in-plane strain tensor was calculated in local 
coordinates with end-diastole as reference configuration 
f 0 (Ch. 2.6 and Appendix B).

6. The US geometries were registered to the CT-A geom-
etries (Ch. 2.8).

7. After manual subdivision of strains into areas with and 
without calcification, distribution indices (DIs) were 
calculated and statistically compared (Ch. 2.7, 2.8, 2.9 
and 2.10).

The following chapters describe the individual steps in 
detail.

2.2  Study group and data acquisition

Data of ten AAA patients (eight male, two female) with age 
74 ± 8 years (mean ± sd) presented at the Clinics for Vas-
cular and Endovascular Surgery of the University Hospital 
Frankfurt am Main were evaluated for this study. The study 
was approved by the local ethics committee. An abdominal 
aorta was defined as aneurysmal when its maximum diam-
eter exceeded 30 mm. Maximum diameter of included AAAs 
as determined by clinical measurement using 2D ultrasound 
was 49.6 ± 8.3 mm (mean ± sd). 4D Ultrasound imaging of 
the AAAs and Computed Tomography Angiography (CT-A) 
for the abdomen were performed for each patient. Ultra-
sound imaging was done at the University Hospital Frank-
furt am Main in Germany by the same experienced observer. 
Examination of patients was carried out in supine position 
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after 5 min of rest. 4D ultrasound data were acquired by 
use of a commercial real-time 3D-echocardiography sys-
tem (Artida, Toshiba Medical Systems, Otawara, Japan) 
that was equipped with a 3D transthoracic probe (Toshiba, 
PST-25SX, 1-4 MHz phased array matrix transducer). The 
measurement was triggered by ECG with end-diastole as 
starting point (reference) of each cardiac cycle. In each case 
six subvolumes of 90◦×15◦ were recorded over six consecu-
tive heart cycles and merged by embedded Toshiba software 
resulting in a ECG triggered full volume data set of 90◦×90◦ . 
Wavelength of the ultrasound signal was 0.39 mm at a fre-
quency of 4 MHz, frame rate was 27.1 ± 4.9 fps allowing 23 
± 7 different deformation states of the AAAs to be collected 
over one cardiac cycle at a heart rate of 63 ± 18 bpm and 
a resolution of 0.54 ± 0.10 mm/voxel (mean ± sd, n = 10 , 
respectively). Field of view between patients differs because 
of variations in the depth position of the aneurysm (mainly 
due to increased BMI). The length and width of the field of 
view vary between 8.8 and 12.9 cm at 6.1−11.8 cm depth.

Except for the patients 5 and 7 CT-A imaging was also 
performed at the University Hospital Frankfurt am Main. 
Mean slice thickness of the CT-A images was 1.53 ± 
0.6 mm.

Patients were included if image quality showed no arti-
facts, wall and surrounding tissue contrast allowed success-
ful segmentation and post-processing (speckle tracking) 
using the Toshiba ACP package, there was a CT-A scan in 
addition to the ultrasound measurement, and a maximum 
of 8 weeks elapsed between US and CT-A imaging (mean 
duration between CT-A and ultrasound imaging were 17 ± 
22 days).

2.3  Segmentation of patient specific geometries

2.3.1  Segmentation of the vessel wall from CT‑A images

The Vascular Modeling Tool Kit (VMTK, version 1.4.0, 
www.vmtk.org) was used to reconstruct the blood vessel 
walls. All AAAs showed a moderate to severe thrombus 
around the lumen. Because of the very low difference in 
contrast between the thrombus and the surrounding tissue, 
no automated segmentation method was used. The vessel 
wall was segmented piece by piece using the Colliding 
Fronts method with manual input of the local Hounsfield 
units (HU). This results in a fine demarcation of the ves-
sel wall and a resulting geometry which consists of approx. 
60,000 points. After segmentation, the extracted vessel 
structure was converted into a surface using the Marching 
Cubes algorithm (Lorensen and Cline 1987). The resulting 
surfaces were smoothed using the Taubin algorithm, which 
keeps the geometry from shrinking during smoothing (Tau-
bin 1995) (see Fig. 2b, c).

2.3.2  Segmentation of calcifications from CT‑A images

Software tools for automated determination of calcifica-
tion from CT-A images are generally designed to measure 
coronary artery calcification or have been validated only for 
this purpose. There is no evidence for the reliability and 
accuracy of these methods for measuring abdominal aortic 
calcification because differences in coronary and abdominal 
CT acquisition may influence the results of these tools (Buijs 
et al. 2018). Additionally, the presence of intravascular con-
trast agent has a serious impact, as it results in significant 
volume and mass differences (Buijs et al. 2018). Likewise, 
small calcifications are prone to mismeasurement, as one 
voxel of a CT scan may contain multiple tissue regions, but 
only one HU value is determined by averaging. Automated 
tools most commonly operate with a threshold of 130 HU, 
which has been used in studies in coronary artery calcifica-
tion (Agatston et al. 1990; Budoff et al. 2007; Carr et al. 
2017), thoracic aortic calcification (Cury et al. 2004; Allison 
et al. 2009), and abdominal aortic calcification (Davila et al. 
2006; Allison et al. 2009). In this study, we used a region 
growing algorithm in VMTK, which has the advantage that 
HU levels can be set manually for segmentation to avoid 
volume and mass differences, instead of tools which use a 
fixed HU value. In patients for whom CT-A images with-
out contrast agent were available, the established threshold 
of 130 HU was chosen for reconstruction of the calcifica-
tions. For the two patients 9 and 10, for whom only CT-A 
images with contrast medium were available, the threshold 
was increased to 210 HU and 235 HU on a patient-specific 
basis, as suggested by Buijs et al. (2018) (see Fig. 2b, c, d).

2.3.3  Segmentation of the vessel wall from 4D ultrasound 
images

Post-processing of the 4D ultrasound data was performed 
using the commercial Advanced Cardiac Package (ACP, 
Toshiba Medical Systems, Otawara, Japan). Spatial position 
of the tissue region was determined from the measured time 
of flight on the assumption of a constant speed of sound of 
1540 m/s, which holds well for tissues in the human abdo-
men (Goss et al. 1980). Transition between aortic wall and 
lumen could be identified clearly due to the difference in 
acoustic impedance between tissue and blood. However, this 
difference does not hold between wall and surrounding tis-
sue, why wall thickness cannot be measured. Tissue close 
to the luminal border of the aortic wall as region of interest 
for later motion tracking was segmented manually in two 
longitudinal cross sections of the volumetric image (A and B 
Fig. 1a). Based on this segmentation, the software completed 
the three-dimensional region of interest automatically. Three 
additional transversal cross sections of the volumetric data 
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set (C3, C5 and C7 planes in Fig. 1a) allowed the observer 
to control the automatic completion of the segmentation.

2.4  3D wall motion tracking

In the US images, the aneurysm wall was segmented ten 
times each for every of the ten patients by an experienced 
observer. Thus, one ultrasound segmentation consists of a 
manual geometry segmentation in the end-diastolic configu-
ration and a subsequent estimation of the motion function 
of the AAA based on the speckle tracking algorithm. For 
each of these ten segmentations, several different deforma-
tion states result for one cardiac cycle. Since they are from 
the same ultrasound image, the number of deformation states 
in these ten segmentations is identical, but can be differ-
ent for each patient. In terms of continuum mechanics, the 

deformations states can be interpreted as configurations f. 
End-diastole can be interpreted as the reference configura-
tion f 0 , while the following deformation states can be inter-
preted as current configurations f t . Thus, one configuration 
(reference f 0 or current f t ) of one of these ten segmentations 
represents one of ten deformation estimates of the identical 
time point within the cardiac cycle.

The speckle tracking algorithm provided by the com-
mercial ACP used cubic template volumes of approxi-
mately 10×10× 10 mm3 for pattern recognition by means 
of 3D-correlation in subsequent time steps (Chen et al. 
2005). The centroid of these template volumes was used 
for motion estimation (Seo et al. 2009, 2011) for each time 
step throughout the cardiac cycle. Fields of 1296 position 
vectors of motion estimation points in Cartesian coordinates 
were exported. After removal of the artificial pseudo-apex 

Fig. 1  AAA of patient 3 with a maximum diameter of 64.0 mm. a 
Shows five 2D cross section of a volumetric ultrasound data set, two 
longitudinal cross sections in the sagittal (A) and frontal (B) plane 
and three transversal cross sections (C3, C5, and C7) at different posi-
tions along the AAA. Segmentation of the vessel wall area as region 
of interest for the wall motion tracking was performed manually in 
the A and B planes and then automatically completed by the algo-

rithm in the whole image volume. The false masking inside the vessel 
is called pseudo-apex and will be removed in the further model setup. 
b The same AAA as in image a) based on CT-A imaging. The com-
plete AAA is highlighted. The darker areas are the ILT, the light area 
is the blood perfused lumen with contrast agent, and the bright shin-
ing areas around the vessel wall are calcifications. c Same image as in 
b) with the reconstructed vessel wall as surface plot after smoothing
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Fig. 2  Comparison of ultrasound and CT-A AAA geometries for 
patient 3. a Ultrasound wall geometry after removing of the pseudo-
apex. b CT-A geometry showing the vessel wall (small points, black) 
and calcification (big points, red). c Ultrasound geometry (big points, 
blue) and CT-A geometry (small points, black) after registration (cf. 

Ch.  2.8) d Calcification segmented from CT-A images (red points) 
and ultrasound geometry represented as 2D elements after registra-
tion (rectangle mesh, gray). The dimensions of all three coordinate 
axes are given in [mm], resolution of wall and calcification from 
CT-A imaging are down-sampled for better presentation
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(see Fig. 1a), fields of between 504 and 828 motion estima-
tion points remained. These can be understood as discrete 
material points X in a continuum mechanical sense (Ogden 
1997; Holzapfel 2010) that describe different deformed con-
figurations (here referred to as current configurations f t ) 
of the aortic and aneurysmal wall throughout the cardiac 
cycle. The material points Xi,j defining the aortic wall geom-
etry were arranged into subsets of 36 points for different 
‘heights’ along the longitudinal axis of the aortic segments. 
Xi,j is the jth discrete material point within the ith ‘height’ or 
subset along the length of the imaged segment, j = 1, ... , 36 
and i = 1, ... , n, n < 36 (Wittek et al. 2018) (see Fig. 2a,c, 
d). Resulting lengths of the blood vessels after trimming the 
pseudo-apex where approximately 38.8−64.1 mm.

In the following chapters, the first segmentation is 
referred to as M1 , the reference configuration of the first 
segmentation is referred to as M0

1
 and a current configuration 

of the first segmentation is referred to as Mt
1
 . For the other 

segmentations, the lower index is adjusted.

2.5  Creation of averaged models

Averaging multiple segmentations can be done by combin-
ing the closest points of each segmentation into one point. 
However, this often results in a highly distorted mesh and 
has a negative effect on subsequent calculations. Therefore, 
we propose a more elaborate method here, which guarantees 
a homogeneous mesh. The method works with any number 
of segmentations, which can contain different numbers of 
nodes. For a better overview, the example shown uses only 
two segmentations. The method can be found with detailed 
formulations and mathematical descriptions in Appendix A, 
only a brief description is given here, to condense the main 
part of the paper.

Let us consider two segmentations M1 and M2 from 
Fig. 3a. The geometries of the reference frame f 0 of both 
segmentations are transformed into polar coordinates and 
then interpolated (see Fig. 3b) to create new points H0

x,y
 at 

identical positions in both segmentations, which then form 
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Fig. 3  a Ultrasound-based AAA geometries of patient 1 from two dif-
ferent segmentations M1 and M2 in global Cartesian x-y-z coordinates 
in the reference configuration f 0 . b) Unwinding of segmentations M1 
and M2 of the AAA geometries from image a) in cylindrical coor-
dinates (small dots). The large dots show the homogeneous re-mesh 
of segmentation M1 based on interpolation function in the x-� and 
R-� planes for equally distributed coordinates in the reference con-
figuration f 0 . c An arbitrary element (connected points) of the seg-
mentation M1 with vertices N0

1
-N0

4
 in the reference configuration f 0 

in global Cartesian coordinates. Inside the element the assigned point 
of the homogeneous mesh H0

x,y
 with coordinates xH and yH . d Isopara-

metric geometry transformation of both element and homogeneous 
point from image c) into a local r-s coordinate system located at the 

centroid of the element for the reference configuration f 0 . The homo-
geneous point H here has coordinates rH and sH in the limits -1:1. e 
The same element from image (c) and (d) in the following due to the 
blood pressure distorted current configuration f t with vertices Nt

1
-Nt

4
 

(continuous lines). The homogeneous point H0

x,y
 from image (c) cre-

ated in the reference configuration f 0 moves through the linear shape 
functions proportionally based on the ultrasound measured deforma-
tion of the element to position Ht

x,y
 in the current configuration f t . 

f The two initial segmentations M1 and M2 from figure (a) and the 
averaged model created from these two segmentations with a homo-
geneous mesh after back transformation into Cartesian coordinates 
for the current configuration f t
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a homogeneous mesh. Each of these new points is then 
assigned to an original element measured by ultrasound 
(see Fig. 3c, N0

1
-N0

4
 ). The basic idea of the method is to 

maintain this relative position of a point H0
x,y

 in the assigned 
element over the cardiac cycle. For this purpose linear shape 
functions according to Eq. 12 are used. After isoparametric 
geometry transformation of homogeneous point and associ-
ated element (see Fig. 3d), the tracking of the point over one 
cardiac cycle (configurations f t ) is described by the defor-
mation of the element measured by ultrasound (see Fig. 3e, 
Nt
1
-Nt

4
 , Eq. 13). After back-transforming and averaging the 

respective identical homogeneous points of all segmen-
tations in all configurations f t , an averaged model based 
on the ultrasound measured element deformations results, 
which is exactly what we want (see Fig. 3f).

2.6  Calculation of Biot’s in‑plane strain tensor

4D ultrasound data define the discrete motion function

where xi,j is the position vector of a discrete material point at 
the time t of the cardiac cycle, � is the motion function, Xi,j 
is the position vector of the same material point Xi,j in the 
chosen (deformed) end-diastolic reference configuration, and 
ui,j is the displacement vector which describes the motion 
from the reference f 0 to any imaged current configuration f t.

Calculation of Biot’s in-plane strain tensor was imple-
mented in-house in MATLAB and verified by the commer-
cial finite element solver Abaqus 6.12 (Simulia - Dassault 
Systèmes, Vélizy-Villacoublay, France). The end-diastolic 
position identified by ECG-triggered ultrasound serves as 
a reference configuration f 0 , which does not describe an 
undeformed configuration in blood vessels due to axial 
and circumferential pre-strain (Horny et al. 2012; Sokolis 
et al. 2017). The deformation was quantified by the Biot’s 
strain tensor, which is free of rotations and suitable for 
large deformations. It was defined as

where I is the second-order identity tensor and U is the right 
strain tensor. Linear 2D shape functions according to Eqs. 
(11) and (12) were also used here with integration point 
at r = s = 0 (element centroid). The in-plane components 
of the strain tensor were calculated for each configuration 
in local element coordinate systems, each localized at the 
element centroid. Here, the 1-axis corresponds to the lon-
gitudinal and the 2-axis to the circumferential direction of 
the blood vessel. These in turn were recalculated for each 
deformed configuration to account for solid body motion 
during the cardiac cycle. A detailed design description of 
the coordinate systems can be found in Wittek et al. (2016). 

(1)xi,j = �(Xi,j, t) = Xi,j + ui,j(t),

(2)� = U − I

A detailed mathematical representation of the calculation of 
the in-plane Biot’s strain tensor � can be found in Appendix 
B.

2.7  Distribution indices

To characterize the strain distribution of the aneurysmal 
wall quantitatively, we introduced simple statistical distri-
bution indices (DIs) (Karatolios et al. 2013; Derwich et al. 
2016; Wittek et al. 2018):

Mean and max strain: The arithmetical mean and maxi-
mum of the strain distribution.

Local strain ratio: It was defined as the ratio of local 
maximum and mean strain.

Heterogeneity index: The coefficient of variation, i.e., 
the ratio of the standard deviation and the mean of the 
strain distribution.

To obtain one strain value for each element describing 
the whole cardiac cycle, DIs were calculated from strain 
peak-to-peak amplitudes. These strain amplitudes are the 
difference between the largest and smallest local longitudi-
nal and circumferential strain occurring for each element. 
This may compare different points in time, but this value 
reflects the actual locally occurring strain or elastic behav-
ior of the vessel wall over one cardiac cycle, in which we 
are primarily interested in this study.

2.8  Registration of ultrasound and CT‑A geometry

Since both geometries are from different imaging modali-
ties, registration of blood vessel geometries must be per-
formed for assignment. For geometry comparison of the 
segmented blood vessels from both imaging modalities, a 
rigid body registration is performed, which preserves the 
shape. For subsequent mapping of calcified areas, an affine 
registration is applied, which changes the (global) shape 
until the best possible match is found. To do so, an in-
house extended variant of the Iterative Closest Point (ICP) 
algorithm, originally presented by Besl and McKay (1992) 
as well as Chen and Medioni (1992), was implemented 
in MATLAB R2021b. In performing the algorithm, an 
attempt was made to make a moving point cloud (US) 
coincide with a static point cloud (CT-A) as well as possi-
ble. To find the needed transformation � and translation Tt , 
the algorithm iteratively performs the four steps: 1. Deter-
mination of the closest points of both clouds 2. Calculate 
the sum of the distance squares of these pairs 3. Estima-
tion of the necessary transformation � and translation Tt 
4. Applying the found transformation � and translation Tt.

In case of a rigid body registration the whole transfor-
mation is described by a translation vector
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as well as a rotation matrix

where tx , ty and tz are translational motions in x-, y- and 
z-direction as well as Rx(�) , Ry(�) and Rz(�) are the 3D rota-
tion matrices around the x, y and z axes for the angles � , � 
and � , respectively (Goldstein 1981).

In case of affine transformation scaling matrix Ms and 
shear matrix Mh must be added by

where sx , sy and sz are scale factors for the x, y and z direc-
tions and hxy - hzy are shear factors in the given plane. By 
means of these matrices the rigid body transformation �R 
and the affine body transformation �A in 3D space are fea-
sible by

In order to coincide the moving ultrasound point cloud PUS , 
containing n × 3 points (3 represents the x-, y- and z-coor-
dinates), and the static CT-A point cloud PCT , containing 
m × 3 points, in the best possible way, the algorithm mini-
mizes the error functions

until �2
Rigid

 or �2
Affine

 does not change any more. Because the 
rough alignment of both geometries is known, parameter 
space for rotation and translation are limited to avoid 
unphysiological registration results for nearly symmetric 
fusiform aneurysms. Therefore, the determination of the new 
transformation parameters (step 3) was implemented using 
the nonlinear least-squares fitting function lsqnonlin 
allowing parameter boundaries. Vessel pre-alignment was 
performed manually and the centroids of the two vessel 

(3)Tt =
[
tx ty tz

]T

(4)Mr = Rx(�) ⋅ Ry(�) ⋅ Rz(�),

(5)Ms =

⎡⎢⎢⎣

sx 0 0

0 sy 0

0 0 sz

⎤⎥⎥⎦

(6)Mh =

⎡⎢⎢⎣

1 hxy hxz
hyx 1 hyz
hzx hzy 1

⎤⎥⎥⎦
,

(7)�R =Mr

(8)�A =Ms ⋅Mr ⋅Mh.

(9)�2
Rigid

=

n∑
i=1

‖‖(�RPi US + Tt) − Pi CT
‖‖2 ⇒ min

(10)�2
Affine

=

n∑
i=1

‖‖(�APi US + Tt) − Pi CT
‖‖2 ⇒ min

geometries were superimposed as initial values for the algo-
rithm. For efficient determination of the closest points (step 
1), the MATLAB function knnsearch with selected k-d 
tree procedure was used, as suggested by Zhang (1994). 
Rigid body registration was used for the subsequent geom-
etry comparison. For the classification of the elements as 
“calcified element” or “non-calcified element” an affine reg-
istration was used.

To quantify the geometric agreement between US and 
CT-A geometries, the Root Mean Squared Error (RMSE) 
between the assigned points of both geometries and the 
Hausdorff Distance, which describes the largest local devia-
tion, were calculated. Because the exact point in the car-
diac cycle is not known for the CT-A images, all time steps 
of the ultrasound geometries were registered to the CT-A 
geometry and the one with the smallest RMSE was used for 
further evaluations. In the further course, for each patient 
the segmentation with the smallest RMSE is called “best 
segmentation” and the one with the largest RMSE is called 
“worst segmentation”.

2.9  Assignment of ultrasound elements to calcified 
areas

The final assignment of which element of the ultrasound 
geometry is declared as “calcified element” and which as 
“non-calcified element” was decided manually by eye using 
the segmented and superimposed ultrasound geometries and 
calcifications. Assessment was carried out by an engineer 
specialized in biomechanics working >5 years with this type 
of data. Ultrasound elements with less than half of the ele-
ment area covered by calcification were declared as “non-
calcified element”. Very small calcifications, which could 
not cover at least one element, were neglected (mean ele-
ment edge length 3.33 ± 1.16 mm (mean ± sd)). For each 
patient, this resulted in two groups with the longitudinal 
and circumferential strains for areas with calcification and 
without calcification, which were then statistically evaluated.

2.10  Statistical evaluation

Statistical analysis of group differences was performed with 
MATLAB R2021b. Using the Kolmogorov–Smirnov test 
kstest in MATLAB, none of the groups showed a nor-
mal distribution. Therefore, a tail left Mann–Whitney U test 
was performed for all significance tests using the ranksum 
function. Thereby the null hypothesis was tested, that strains 
in areas with calcification and in areas without calcifica-
tion showed equal medians, against the alternative that the 
median in areas with calcification was less than in areas 
without calcification.
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3  Results

3.1  Geometry comparison

In Fig. 4 the worst single segmentations for each patient 
compared to the mean value of all segmentations (each given 
as mean ± sd) and the averaged models are shown. The mean 
RMSE of the ten segmentations of all patients with 1.22 ± 
0.15 mm compared to the mean RMSE of all averaged mod-
els with 1.22 ± 0.11 mm shows a good agreement between 
both geometries, but a larger dispersion for the single seg-
mentations. The differences of the RMSE between the best 
and worst segmentation range from 0.12 to 0.52 mm in the 
best and worst case with a mean of 0.24 ± 0.13 mm. In the 
case of the worst negative outlier in patient 3, the RMSE 
is 1.63 mm compared to 1.11 mm for the best segmenta-
tion and 1.29 mm for the averaged model. The mean values 
of the maximum locally occurring deviations, given by the 
Hausdorff Distance (HD), are 5.45 ± 1.56 mm for the single 
segmentations and 4.66 ± 0.81 mm for the averaged models. 

Overall, there is good agreement between US and CT-A 
geometries. No correlation of maximum or mean RMSE/
HD with AAA diameter was found.

3.2  Comparison of strains in areas 
with and without calcifications

Only seven of the ten aneurysms showed calcifications, 
which is why only these were considered in the strain 
evaluation. Affine registration decreased the mean RMSE 
to 0.88 ± 0.09 mm between both geometries. The strain 
distribution indices for longitudinal and circumferential 
strains based on the worst/best segmentation and aver-
aged models are given in Table 1. Using the worst seg-
mentation, the mean circumferential strains in areas with 
calcifications are nearly identical to the strains in areas 
without calcifications. With the best segmentation they 
are 17% smaller and in the case of the averaged models 
23% smaller in areas with calcifications. Also for the strain 
ratio, the worst segmentations show the smallest strain 
difference with -14% compared to -31% and -23% for 
the best segmentation and the averaged models. For the 
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Fig. 4  RMSE values for the geometry comparison between ultra-
sound and CT-A based on a rigid body registration. The left column 
is the worst segmentation, in the middle the mean value of all ten seg-

mentations and the standard deviation as error bars, and on the right 
the averaged model, respectively

Table 1  Strain values for the 
four different Distribution 
Indices (DIs) based on the worst 
(W) and best (B) segmentation 
(Seg.) as well as for the 
averaged models (A) in areas 
with calcification (Calc.) and 
without calcification (No calc.). 
The results are given for the 
circumferential and longitudinal 
strain components as Median 
[ Q1 , Q3 ], where Q1 and Q3 are 
the first and third quartile, 
respectively

DIs Seg. Circumferential strain �22 Longitudinal strain �11

Calc No Calc Calc No Calc

Mean strain W 3.3 [2.6, 3.9] 3.3 [2.7, 3.8] 3.9 [3.5, 5.2] 4.6 [2.9, 4.9]
[%] B 2.6 [2.4, 3.2] 3.2 [3.0, 3.9] 3.4 [3.3, 5.1] 3.9 [3.4, 4.6]

A 2.2 [2.1, 2.9] 2.9 [2.6, 3.5] 3.0 [2.7, 3.6] 3.4 [2.5, 3.9]
Maximum W 8.1 [6.4, 10.2] 10.1 [7.6, 11.9] 8.0 [7.2, 11.3] 13.4 [8.6, 15.3]
strain [%] B 5.7 [4.4, 8.4] 11.2 [8.0, 13.6] 11.9 [6.8, 12.3] 12.9 [9.7, 15.0]

A 6.6 [4.7, 5.2] 8.4 [6.8, 9.0] 7.3 [5.7, 7.8] 8.1 [6.1, 11.3]
Local strain W 2.7 [1.8, 3.1] 3.2 [2.6, 3.6] 2.1 [1.9, 2.7] 2.9 [2.6, 3.9]
ratio [-] B 2.0 [1.4, 2.5] 2.9 [2.6, 4.0] 2.2 [1.9, 2.7] 2.8 [2.7, 4.1]

A 2.3 [1.8, 2.9] 2.9 [2.4, 3.2] 2.1 [2.0, 2.4] 2.7 [2.2, 2.8]
Heterogeneity W 0.5 [0.4, 0.5] 0.5 [0.4, 0.6] 0.4 [0.4, 0.5] 0.5 [0.4, 0.6]
index [-] B 0.4 [0.2, 0.5] 0.5 [0.5, 0.7] 0.5 [0.4, 0.5] 0.5 [0.5, 0.5]

A 0.4 [0.3, 0.5] 0.5 [0.4, 0.6] 0.4 [0.4, 0.5] 0.5 [0.4, 0.5]
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heterogeneity index, it even shows a 9% larger value than 
in the areas without calcifications compared to -31% and 
-21% for the worst segmentation and the averaged mod-
els. In general, the models based on the best segmentation 
and the averaged models show similar strain results when 
compared to each other. This applies to both calcified and 
non-calcified areas and to the differences between both 
types of wall areas. In contrast, the models based on the 
worst segmentation show divergent strain results in most 
cases. Interquartile range of the areas with and without 
calcifications shows a smaller dispersion for the averaged 
model in most cases, while it is nearly similar for the worst 
and best segmentations.

A similar picture emerges for the longitudinal strains. The 
dispersion is similar for the best and worst segmentation, 
while it is smaller for the averaged models (cf. Table 1).

Using a tail left Whitney–Mann U test, it can be seen that 
the circumferential strains based on the averaged models in 
areas with calcifications can be significantly differentiated 
from areas without calcifications for all patients. More pre-
cisely, strains in areas with calcifications are significantly 
smaller than in areas without calcifications for all individual 
patients at the 5% level (86% of patients are significant at the 
1% level and 71% of patients at the 0.1% level). In compari-
son, 71% of patients could be significantly differentiated at 
the 5% level using the best segmentation and only 29% using 
the worst segmentation.

For longitudinal strains based on the averaged models, 
calcified and non-calcified areas could be significantly dif-
ferentiated at the 5% level by means of the strain values in 
six out of seven patients (86%), compared with 29% for the 
best and 0% for the worst segmentations. Significance levels 
for all patients and segmentations are given in Table 2.

4  Discussion

In this paper, we present a method to create averaged models 
from multiple ultrasound segmentations and used full-field 
4D ultrasound strain imaging to significantly distinguish 
strains in areas with and without calcifications for individual 
patients. In an in vitro study carried out by our group (Wittek 
2020), no systematic error but a random error (IQR of cir-
cumferential strains greater than 1%) was found for repeated 
US measurements. In single US measurements, however, 
a systematic error greater than 2% (absolute value) was 
found. The mean circumferential strain in this study is 1.19 
± 0.51%, which can result in a relative error greater than 
100%. Thus, averaging multiple motion functions (cf. Equa-
tion (1)) from different segmentations is a suitable method 
to minimize the random error in order to be able to signifi-
cantly discriminate individual patients. This was previously 
only possible for group comparisons (Derwich et al. 2016; 
Wittek et al. 2018; Derwich et al. 2020).

To test this hypothesis, the in vivo strains of AAAs meas-
ured with 4D ultrasound strain imaging were divided into 
areas with and without calcifications and statistically com-
pared. The respective reconstructions from CT-A images 
were used as the geometry reference for calcifications and 
aneurysm wall. CT-A is considered a gold standard for 
geometry reconstructions mainly because it is a suitable 
tool for imaging the entire aneurysm and accurately meas-
uring AAA size with high reproducibility (Cho et al. 2020) 
and has been established in the past as a suitable means 
for measuring and detecting AAA growth (diameter and 
volume) with high accuracy and reproducibility (Bargellini 
et al. 2005; Kauffmann et al. 2011; Parr et al. 2011; Kauff-
mann et al. 2012) and is thus a suitable reference geometry. 
Also 3D ultrasound could be found to be a suitable method 
to determine maximal diameter, vessel area as well as vessel 
and thrombus volume with excellent agreement compared 
to CT imaging (Cho et al. 2020). The median Hausdorff 
Distance found here between the US and CT-A geometries 

Table 2  Significance levels for 
differences of circumferential 
and longitudinal strains in 
calcified and non-calcified areas 
for a tail left Mann–Whitney 
U test

 *, ** and *** indicate that differences are significant at the 5%, 1% and 0.1% level. W and B represent the 
worst and best segmentation while A represents an averaged model

Circumferential Longitudinal

Patient W B A W B A

1 – ** * – *** ***
2 – ** *** – – ***
3 ** *** *** – – *
4 – – ** – *** ***
6 – *** *** – – ***
9 – – *** – – ***
10 *** *** *** – – –
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of 5.1 [4.5, 6.1] mm is in good agreement with 4.6 [4.0, 5.9] 
mm from van Disseldorp et al. (2020), 7.3 [6.5, 10.1] mm 
from Kok et al. (2015), and 10.8 [9.1, 11.8] mm from van 
Disseldorp et al. (2016b) (median [ Q1 , Q3 ], respectively), 
who also compared in vivo AAA geometries based on 3D 
ultrasound measurements with CT reconstructions. Aver-
aged models could achieve a significant reduction in geom-
etry deviation ( p < 0.041 ) compared to the worst segmenta-
tions, which prevents from accidentally evaluating a negative 
outlier like in the case of patient 3 (see Fig. 4).

A major influence on the results is given by the seg-
mentation of the calcifications and the resulting volume. It 
has been reported in the past that automated segmentation 
methods have a sensitivity of 84% and that contrast agent 
administration leads to an increase in HU limits and thus 
most likely to deviations. Komen et al. (2011) found that 
calcification scores with lower HU levels between 130 and 
1000 HU did not produce comparable results and more 
research is needed. We therefore decided to use a semiau-
tomatic segmentation method based on individual HU lev-
els to counteract volume overestimation by averaging the 
voxels and contrast agent administration (see Ch. 2.3.2). 
Especially contrast agent administration can lead to HU 
levels which are higher than in or close to calcified areas. 
Adequate thresholding and segmentation, as chosen here, 
using the established 130 HU level for CT without contrast 
and patient-specific enhancement with contrast, should mini-
mize but not completely prevent overestimation. However, 
the determination of the “correct” HU level and the influ-
ence of volume overestimation on the results of this study 
cannot be precisely determined, but should be reduced by 
considering the above measures. Also, in the two patients 
for whom only contrast CT was available, no significant 
differences could be found compared to the other patients, 
which also suggests an increase in HU levels. In summary, 
the reconstruction of calcifications depends more on post-
processing than on CT-A imaging per se.

However, in addition to geometry comparison, the detec-
tion and reliability of local deformations is also necessary. 
The capabilities of 4D ultrasound to determine local defor-
mations could also be demonstrated by us in a controlled 
in vitro inflation-extension experiment with porcine aortas 
under physiological loads (Wittek 2020). The local absolute 
deviations in circumferential strains there ranged between 
0.1 [1.2] and 0.6 [1.1] (given as median [IQR], in %). Seo 
et al. (2009) have performed in vivo measurements of the 
left ventricle of ovine hearts. Local reduction of apical wall 
motion was inducted by occluding the distal left anterior 
descending coronary artery. Local varying strains were 
measured by 4D ultrasound speckle tracking and sonomi-
crometry. Areas with artificially reduced wall motion could 
be identified clearly and gave evidence of the capability of 
4D US speckle tracking to capture local varying and hetero-
geneous strain fields.

If mean circumferential strain amplitudes are calculated 
from the difference of global mean maximum and global 
mean minimal strain (same time point, as calculated in our 
previous studies), they show mean circumferential strains for 
all aneurysms of 0.9 [0.6, 1.1] (median, [ Q1 , Q3 ] in %). This 
is in good agreement with our previous findings for AAAs of 
0.9 [0.5, 1.2] (median, [ Q1 , Q3 ] in %) (Derwich et al. 2016; 
Wittek et al. 2018; Derwich et al. 2020), and also the find-
ings of the global AAA circumferential strains of 1.88 ± 
0.62 (mean ± sd, in %) for large aneurysms reported by (Li 
et al. 2021) measured using 3D ultrasound, 1.2% reported 
by (Brekken et al. 2006) and 1.0 [1.0, 2.1] for small and 
1.0 [1.0, 1.8] (median, [ Q1 , Q3 ] in %, respectively) for large 
aneurysms reported by (Batagini et al. 2016) using 2D ultra-
sound. This suggests stability of strain-based measures for 
in vivo wall characterization. Although the qualitative strain 
distributions match, averaged models underestimates the 
maximum strains occurring compared to the single segmen-
tations. Therefore, the difference in the maximum strains and 
in the strain ratio is larger for the best segmentations than 
for the averaged models. However, this again underlines the 
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Fig. 5  Ultrasound AAA geometries of patient 4 represented as ele-
ments based on the (a) worst and (b) best segmentation as well as the 
(c) averaged model. The colors correspond to the locally occurring 
circumferential strain amplitudes �22 ranging between 0.70−11.91%. 

The local areas with large strain amplitudes can be most sharply 
delineated in the best segmentations. Large strain amplitudes are 
damped by averaging
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usefulness of the averaged models, since significant differ-
ences were found despite attenuation of the maximum strains 
as shown in Fig. 5. Whether reduced wall thickness in non-
calcified areas correlates with high strains cannot be deter-
mined here, as ultrasound imaging to date does not provide 
the ability to determine wall thickness. Also, the volume/
thickness of calcifications cannot be measured based on US.

Barrett et al. (2018) performed uniaxial tensile tests on 
calcified AAA specimens and found mean strain differences 
of 19% in areas with and without calcifications. This is in 
good agreement with value of 17% found here for the best 
segmentation and 23% for the averaged models. The aver-
aged models show a larger difference than the best segmen-
tations. In our opinion, this is due to the fact that the defini-
tion of “best” or “worst” masking is based purely on the 
comparison of both geometries after rigid registration, the 
strains are not taken into account here. This means that the 
geometry with the smallest RMSE does not necessarily have 
the “best strain distributions” or has the strain distribution 
that corresponds best to the “true” strain distribution, which 
we do not know. But the smoothing of the strain curves, 
which results from the averaging of the motion functions, 
seems to allow a sharper distinction. The main reason for 
this is that local outliers are smoothed and thus a sharper 
subdivision is possible, especially in areas with small cal-
cifications. One possible reason for the fact that the values 
observed in our study are higher is that we used maximum 
locally occurring peak-to-peak strain amplitudes, the values 
reported by Barrett et al. (2018) are at a reference strain. 
Likewise, strain peaks could be found in the marginal areas 
of the calcifications. These could be a possible explanation 
for the partly high strains in the calcified areas found in this 
study. These may have been caused by only slight uncertain-
ties by the registration routine or in the strain fields of the 
respective segmentation, but which can lead to high strains 
because of the adjacent strain peaks.

4.1  Limitations and future work

A limitation of this work is that the exact time in the cardiac 
cycle at which the CT-A scan was taken is not known and 
blood pressure is not measured during the scan. In addition, 
there are up to 8 weeks between US and CT-A acquisition, 
so the relationship between deformation and blood pressure 
may be different. We therefore made the assumption that 
the US configuration with the lowest RMSE corresponds 
to the time of CT-A images taken. Since we used the local 
maximum element strain from the difference between the 
maximum and minimum strains to calculate the DIs, this 
assumption has no influence on the resulting strain curves 
and does not require knowledge of the time course of the 
blood pressure curve. However, the greatest influence is 
on the assignment of the US elements to the calcifications, 

which is why we used an affine registration. The resulting 
geometries of all US configurations after affine registration 
to the CT-A geometry are almost identical, which is mainly 
due to the low strains in AAAs. Due to the mentioned points, 
the influence of our assumption should be reduced to a large 
extent, but cannot be quantified here.

Another point is that averaging from multiple ultrasound 
images rather than multiple segmentations could reduce the 
random error even more reliably. However, this was in a con-
trolled in vitro experiment and not in vivo (Wittek 2020), 
where idealized conditions do not exist. However, if the posi-
tion of the transducer is changed at each measurement and 
an averaged model is built from this, there is the advantage 
that, because of the angular dependence of ultrasound, some 
areas of the AAA can be better visualized than with constant 
transducer position. The disadvantage, however, lies in the 
then necessary registration of the individual recordings using 
the CT geometry, since they no longer have an identical coor-
dinate basis. It is difficult to assess whether the inaccuracies 
of the then needed registration negate any benefit of multiple 
images, since most aneurysms showed a more fusiform and no 
saccular geometry. This can lead to incorrect alignment of the 
individual ultrasonic geometries. Therefore, we have chosen 
to base the analysis on a single ultrasound measurement with 
multiple segmentations to reduce the random error, which also 
remains the clinical standard.

However, the method for averaged models presented here 
also works for multiple images, but requires an uniform coor-
dinate base, which can be achieved (with restrictions) by 
registration.

In future work, we want to confirm the results on a larger 
number of patients. The results of this work also offer further, 
more comprehensive evaluation possibilities using averaged 
models. We were previously able to significantly distinguish 
neck and bulge regions of AAAs in a group of 56 patients 
using DIs (Derwich et al. 2020), which should now also be 
possible for individual patients. This could also make it pos-
sible to identify regions of an AAAs with noticeably altered 
DIs (calculated based on distensibilities), which could indicate 
local vulnerabilities or stiffening. Especially in regard of the 
fact that the stiffness and local wall thickness of AAAs with 
diameters >50 mm seems to be a better measure of the risk 
of rupture (Di Martino et al. 2006) and the time to rupture is 
shortened with increased distensibility (Wilson et al. 2003). 
The latter evaluated global distensibilities, the use of local 
distensibilities has the potential to increase the significance 
even further, but this needs to be investigated in future studies.

4.2  Conclusion

This study demonstrates that averaged motion functions 
based on in vivo 4D ultrasound strain imaging are capable 
to significantly differentiate local strains in areas with and 
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without calcifications. Without averaged models, this was 
previously only possible for group comparisons. In addi-
tion, since it is not possible to identify the best segmentation 
in a conceivable clinical case without a large segmentation 
effort, the use of averaged models prevents negative outliers. 
This is an important prerequisite for clinical application and 
the validity of biomechanical models. The use of significant 
local information about wall properties has the potential to 
provide qualitatively new information about the change of 
an AAA in the course of the disease.

Appendix A: Mathematical formulation 
for creating averaged models

The presented method works with any number of segmen-
tations, which can contain different numbers of nodes. 
For a better overview, the example shown uses only two 
segmentations.

So let us consider two segmentations M1 and M2 shown 
in Fig. 3a, both can have any number of nodes but at least 
two time steps (a reference configuration f 0 and at least one 
current configuration f t ) for one heart cycle. Each node is 
described in 3D space by an x-, y- and z-coordinate. Since 
they originate from the same recording, both segmentations 
already have the same coordinate base.

Step 1: Remeshing of the reference configuration f 0
In the first step we remesh only the reference configu-

ration f 0 where t = 0 of each segmentation. To do so, we 
first calculate the necessary displacements of the centroid 
of the vessel to the origin of the coordinate system as well 
as the necessary rotation angles around the y- and z-axis, 
so that the centerline of the vessel is parallel to the x-axis 
(here the x-axis corresponds to the longitudinal direction 
of the blood vessel and the centerline is a straight connec-
tion between the two endpoints of the vessel). Once this has 
been done for all segmentations, an averaged translational 
displacement is calculated from this, as well as the aver-
aged rotation angles about the y and z axes. The resulting 
translational and rotational transformation is then equally 
applied to all segmentations. This guarantees that there is no 
incorrect overlapping of the segmentations. For later use the 
x-range is determined, which is given by a minimum and a 
maximum x-coordinate between which data points from all 
segmentations are available. We now consider segmentation 
M1 and transform its Cartesian coordinates into cylindrical 
coordinates which results in an unwinding of the blood ves-
sel. To ensure a smooth interpolation the unwinding itself 
is appended to both edges. For each height, first a spline 
interpolation is performed in the �-R plane (new radial com-
ponent) and then a spline interpolation in the �-x plane (new 

x component). While the interpolation is also done for the 
appended unwindings, the interpolation function is evaluated 
in each case at 36 equally distributed points only in the limits 
of - �:� (here for orientation to the original 36 degrees of 
the ultrasonic mesh). Now interpolation is performed along 
the x-axis for each degree position. From the minimum and 
maximum x-coordinates determined before, the equally dis-
tributed new x-coordinates must be determined, at which 
the interpolation function is evaluated. Again for orientation 
to the original mesh, 36 new x-positions were determined. 
After these interpolations have been done for each segmen-
tation, all segmentations show a homogeneous mesh with 
identical � - and x-coordinates, but different radial coordi-
nates. Last, these radial components of each segmentation 
are averaged for each point, resulting in a homogeneous 
mesh for the reference configurations f 0 of the segmenta-
tions M0

1
 and M0

2
 as shown in Fig. 3b.

Step 2: Assignment of the homogeneous nodes in the ref-
erence configuration f 0

So far, only the averaged reference configuration f 0 has 
been created. However, the displacement fields for the cur-
rent configurations f t differ for each segmentation, so the 
newly created homogeneous points of the reference configu-
rations f 0 of all segmentations must be tracked over time. In 
order to meaningfully track the newly created nodes of the 
homogeneous mesh over one heart cycle, each node must 
be assigned to a native element of the corresponding seg-
mentation. We first consider only segmentation M1 again. 
For each point of the homogeneous mesh, we compute the 
Euclidean distance to the four nodes of all native elements 
on the segmentation. The native element with the smallest 
Euclidean distance of the nodes is assigned to this point 
(Fig. 3c). This also has to be done for each native mesh of 
every segmentation.

Step 3: Relative position of the homogeneous points in the 
assigned element of the reference configuration f 0

Now we need to calculate the relative location of each 
homogeneous point within the assigned native element of 
the corresponding segmentation for the reference configu-
ration f 0 . The basic idea is to keep the relative position of 
this homogeneous point within the native element. So if 
the native element deforms in the current configurations, 
the resulting position of the homogeneous point in the new, 
deformed element is calculated based on the relative posi-
tion of the reference configuration f 0 . This can be done by 
using the isoparametric finite element formulation, which 
basic procedure is to describe element coordinates and dis-
placements in the form of interpolations using the natural 
coordinate system of the element. Considering an arbitrary 
two-dimensional element, the coordinate interpolations are, 
according to Bathe (2014)
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where xP and yP are the local coordinates of an point P inside 
the element and xi , yi , i = 1,… , q , are the coordinates of 
the q element nodes N0

1
-N0

4
 . The interpolation functions hi 

are defined in the natural coordinate system of the element, 
which has coordinates r and s that each vary from −1 ∶ +1 . 
The fundamental property of interpolation function hi is that 
its value in the natural coordinate system is unity at node i 
and zero at all other nodes (Bathe 2014). More specifically, 
the interpolation functions for a 2D element with four nodes 
can, again according to Bathe (2014), be expressed in the 
form

Using Eqs. (11) and (12) we can calculate the coordinates 
of any point inside the element. If we transform the element 
into the plane where a local coordinate system is located 
in the centroid of this element and then further relate Eqs. 
(11) and (12) to our problem, we declare that xP and yP are 
the now local coordinates of an assigned homogeneous 
point H as a function of r and s, and xi and yi are the also 
now local coordinates of the four element nodes, we get the 
formulations

where x0
1,l

-x0
4,l

 and y0
1,l

-y0
4,l

 are the positions of the element 
nodes in local coordinates, x0

H,l
-y0

H,l
 is the position of the 

homogeneous point H0 in local coordinates, and r-s are the 
isoparametric parameters of the homogeneous point H0 
describing its relative position within the element for the ref-
erence configuration, respectively (Fig. 3d). The parameters 
r-s are unknown and may vary for every element. Though 
the calculation of r-s must then be done iteratively but can, 
by a simple subtraction, be put into the form

(11)xP =

q∑
i=1

hixi ; yP =

q∑
i=1

hiyi

(12)
h1 =

1

4
(1 + r)(1 + s) ; h2 =

1

4
(1 − r)(1 + s)

h3 =
1

4
(1 − r)(1 − s) ; h4 =

1

4
(1 + r)(1 − s).

(13)

x0
H,l

=
1

4
(1 + r)(1 + s)x0

1,l
+

1

4
(1 − r)(1 + s)x0

2,l

+
1

4
(1 − r)(1 − s)x0

3,l

+
1

4
(1 + r)(1 − s)x0

4,l

y0
H,l

=
1

4
(1 + r)(1 + s)y0

1,l
+

1

4
(1 − r)(1 + s)y0

2,l

+
1

4
(1 − r)(1 − s)y0

3,l

+
1

4
(1 + r)(1 − s)y0

4,l

and thereby a minimization problem with the constraint that 
the r-s coordinates must run in the bounds −1 ∶ +1 occurs. 
To solve Eq. (14) for r and s, we use the nonlinear least-
squares fitting function lsqnonlin which is implemented 
in MATLAB R2021b (The MathWorks, Inc., Massachusetts, 
USA) and accepts parameter bounds. Initial values for the 
algorithm are 0 for both coordinates. These r-s coordinates 
will remain stable for the following configurations f t . We 
assume that the radial position of the homogeneous point 
in the z-axis does not change during all operations. This 
determination of the r-s coordinates must be carried out for 
each homogeneous point of the reference configurations in 
both segmentations M0

1
 and M0

2
.

Step 4: Tracking the homogeneous points of the reference 
configuration f 0 over one heart cycle

Since the assignment of homogeneous point and native 
element does not change, the r-s coordinates found in the 
reference configuration f 0 for a homogeneous point H0 can 
be used to calculate the new positions Ht in every follow-
ing current configuration f t using Eq. (13) by inserting the 
x- and y-coordinates of the assigned native element with 
nodes Nt

1
-Nt

4
 of the respective current configuration xt

1,l
-xt

4,l
 

and yt
1,l

-yt
4,l

 . Movement of this homogeneous point Ht is than 
always based on the deformation of the assigned native ele-
ment measured by ultrasound, what is exactly what we want 
(Fig. 3e).

Step 5: Averaging of the newly created homogeneous 
points

After steps 2 to 4 have been performed for all segmenta-
tions, the resulting new positions Ht have to be averaged. A 
newly created point H0 of the reference configuration f 0 has 
identical coordinates in all segmentations. However, since 
each of these points moves individually over time based 
on the respective segmentation, the tracked points Ht

1
 and 

Ht
2
 may have slightly different coordinates. To ultimately 

obtain an averaged model, the spatial coordinates of the 
tracked points Ht of each segmentation are averaged in the 
last step. This results in an averaged point motion based on 

(14)

0 =
1

4
(1 + r)(1 + s)x0

1,l
+

1

4
(1 − r)(1 + s)x0

2,l

+
1

4
(1 − r)(1 − s)x0

3,l

+
1

4
(1 + r)(1 − s)x0

4,l
− x0

H,l

0 =
1

4
(1 + r)(1 + s)y0

1,l
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1

4
(1 − r)(1 + s)y0

2,l

+
1

4
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3,l

+
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4
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4,l
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two segmentations measured by ultrasound (Fig. 3f). Like 
initially mentioned, this technique can be applied to any 
number of segmentations with different number of nodes.

Figure. 6 shows in detail the results for the averaged 
model at three different locations along the longitudinal axis 
of the aneurysm, while Fig. 3 gives an overall view of the 
individual steps for creation as well as showing the averaged 
model of the entire aneurysm.

Appendix B: Mathematical formulation 
of Biot’s in‑plane strain tensor

In order to calculate local 2D element strains, the centroid of 
each element (origin of the local coordinate system) is first 
dragged to the origin of the global coordinate system with 
base ( 0 ∣ 0 ∣ 0 ) and then rotated so that it lies in the global x-
y plane. Following Ogden (1997), the resulting nodal coordi-
nates NPk

 , k = 1, ..., 4 of the element can be calculated using

since the scalar product of normalized vectors provides the 
cosine of the spatial angles and thus describes the required 
rotations. Here êi , i = 1, 2, 3 are the local basis unit vectors 
in the element centroid, ei , i = 1, 2, 3 are the global basis 
unit vectors for basis ( 0 ∣ 0 ∣ 0 ), R0−1

tot
 is the transformation 

matrix and NPk ,loc
 is the connection vector between element 

centroid and the respective element node in local coordi-
nates. The local 1–2 plane is thus transformed into the global 
x-y plane, and the 3- or z-components disappear. For the 
linkage of the geometry of a 4-node element lying in the 
physical 2D space with that in the isoparametric space, the 
interpolation functions according to Eq. (12) are also used 
here. The elements lying in the physical space are trans-
formed into the isoparametric space by means of a Jacobi 

(15)

NPk
=R0−1

tot
⋅ NPk ,loc

=

⎡⎢⎢⎣

ê1e1 ê1e2 ê1e3
ê2e1 ê2e2 ê3e3
ê3e1 ê3e2 ê3e3

⎤⎥⎥⎦

−1

⋅ NPk ,loc
, k = 1, ..., 4
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Fig. 6  Both segmentation M1 and M2 as well as the averaged model 
(AM). Each column shows one of three chosen heights of the aver-
aged model along the longitudinal direction of the blood vessel as 
well as the assigned elements from both segmentations M1 and M2 at 

the systolic configuration f sys . The upper row shows the height as 2D 
slice (z-y-plane) and the lower row in 3D space. The dimensions of 
all three coordinate axes are given in [mm]
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transformation. The Jacobi matrix acts as a “deformation 
gradient” of an arbitrarily shaped element into an isopara-
metric element. However, since the interpolation functions 
must be derived according to the coordinates in physical 
space and not according to the isoparametric parameters r 
and s, the Jacobi matrix must be shaped like

according to Bathe (2014). Here x0 and y0 are the coordinate 
interpolation functions according to Eq. (11) in the refer-
ence configuration f 0 and xt and yt correspond to Eq. (11) 
in the following current configurations f t . The expression 
�x0

�r

�y0

�s
−

�x0

�s

�y0

�r
 is the determinant of the Jacobian matrix. By 

using the Lagrangian formulation, these need to be calcu-
lated only once for each element of the reference configura-
tion. The resulting distortions of a material point between 
two time steps from the reference configuration f 0 to the 
current configuration f t is described by means of the defor-
mation gradient Ft

0
 . For transformation into an isoparametric 

element, it is derived from the derivatives of the coordi-
nate interpolations of the current configuration xt and yt to 
the coordinates of the reference configuration x0 and y0 by 
(Bathe 2014)

Since the four entries of the deformation gradient are also 
derivatives of the interpolation functions according to coor-
dinates of the physical space, the same prescription as for 
Eq. (16) must be used here in each case (Bathe 2014). The 
deformation gradient Ft

0
 is not objective due to its contained 

rotation and needs a left polar decomposition by means of

into the (unknown) rotation part Rt
0
 and the stretches Ut

0
 . 

The right Cauchy–Green distortion tensor corresponds by

to the square of the stretches contained in the polar decom-
position (18) and must, because of the existing values on the 
minor diagonal, first be transformed into the principal axis 
system via the solution of the eigenvalue problem

(16)

[
�f (r,s)

�x0
�f (r,s)

�y0

]
=
1

D

[
�y0

�s
−

�y0

�r

−
�x0

�s

�x0

�r

][
�xt(r,s)

�r
�yt(r,s)

�s

]

where
1

D
=

1
�x0

�r

�y0

�s
−

�x0

�s

�y0

�r

(17)Ft
0
=

[
�xt

�x0
�xt

�y0

�yt

�x0
�yt

�y0

]
.

(18)Ft
0
= Rt

0
Ut

0

(19)Ct
0
= FtT

0
Ft
0
= Ut

0

2

(20)Ct
0
pt
0
= �pt

0
.

Here we obtain the right Cauchy–Green distortion tensor Ct
p0

 
and the matrix of eigendirections pt

0
 in the principal axis 

system. On the diagonal of Ct
0
pt
0
 the squared principal 

stretches �2
1
 and �2

2
 are included as calculated eigenvalues. 

The secondary diagonals are equal to zero here, so the Biot’s 
strain tensor in the principal axis system can be calculated 
with Eq. (19) and subtraction of the unit tensor I to the form

where �P1
 and �P2

 are the principle strains (Bathe 2014). To 
find our way back to the global system, a 2D total transfor-
mation matrix can be formed similar to R0−1

tot
 in Eq. (15), 

whose components are calculated via the scalar product of 
the eigenvectors ê1,p and ê2,p of the right Cauchy–Green dis-
tortion tensor and the unit vectors e1 and e2 of the global 
system (Ogden 1997). Finally, the Biot’s strain tensor in the 
global system can then be described by

Here �11 , �22 and �12 are the strains in longitudinal and cir-
cumferential direction and in-plane shear, respectively.
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