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1. Introduction

A (continuous, linear) operator T' defined on a separable F-space X is said to be
hypercyclic if there exists f € X such that {T" f},>1 is dense in X'. We refer to [17] and
[4] for further information about hypercyclic operators.

The term A-commuting was introduced by J.B. Conway and G. Prajiturd in [14]. More
recently, a complex number ) is called an extended eigenvalue of an operator T if there
exists a non-zero continuous operator X, which is called an extended \-eigenoperator of
T, such that TX = AXT. Extended eigenvalues and extended eigenoperators are natu-
rally born to improve V. Lomonosov’s famous result on the invariant subspace problem
([13,19,24]) and their study is currently under development (see [21,26]).

Let H(C) be the space of entire functions endowed with the topology of uniform
convergence on compact subsets. G. D. Birkhoff ([10]) proved in 1929 that translation
operators on H(C) are hypercyclic. In 1952, G. R. MacLane ([25]) proved the same
result for the differentiation operator D on H(C). These results appear to be the first
hypercyclicity theorems for operators.

In 1991, G. Godefroy and J. H. Shapiro (see [16]) unified Birkhoff’s and MacLane’s
results by proving that each non-scalar operator that commutes with D is hypercyclic.
The simplicity and beauty of this statement is striking, and it is worthy to note that
there is no analogous result in the context of Banach spaces since contractions on these
spaces are never hypercyclic. This result has been improved and extended in different
directions, making [16] one of the most cited papers on hypercyclic operators. A step
further in Godefroy and Shapiro’s result arises with the following question:

Suppose that T is an operator on H(C) which is an extended A-eigenoperator of D;
that is, DT = XT'D. Is T hypercyclic?

At first glance, this question seems difficult because there are examples of non-trivial
extended eigenoperators of D which are not hypercyclic. The first one was discovered by
L. Bernal and A. Montes (see [7]), who showed that the composition operator C  f(z) =
f(Az + b) induced by the affine endomorphism ¢(z) = Az + b is hypercyclic if and
only if ¢ is a proper translation (A = 1 and b # 0). It is easy to see that Cy, is an
extended A-eigenoperator of D. From these facts, it can be suspected that there are
many extended eigenoperators of D that are not hypercyclic. But, is there a non-trivial
one that is hypercyclic? R. M. Aron and D. Markose answered this question affirmatively.
Denoting Ty, f(2) = f'(Az+b), then T is an extended A-eigenoperator of D, and T}
is hypercyclic if and only if |A| > 1 (see [1,15,23]).

Along the paper, ¢ will be a non-zero entire function of exponential type: there are
constants A, B > 0 such that |¢(z)] < AeBll for all z € C. We will denote by span A
the subspace generated by a subset A of a vector space.
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In this article, we fully characterize when an extended A-eigenoperator of D is hyper-
cyclic. Our main result characterizes the A— commutant of D on H(C) and summarizes
all the results on hypercyclicity and mixing properties. Let us recall that an operator T’
is called topologically mizing if for any non empty open subsets U, V, there exists N € N
such that T*(U) NV # @ for all n > N (equivalently for any subsequence of natural
numbers (ng) C N there exists a function f such that {T7* f},>1 is dense in H(C)).
Our Main Theorem is then stated as follows:

Main Theorem. An operator T : H(C) — H(C) is an extended A-eigenoperator of D if
and only if T factors as T = Rx¢(D), where Ryf(z) = f(Az) is the dilation operator
and ¢ is an entire function of exponential type.

Moreover, the following statements are equivalent for T = Ry¢(D) when X # 1:

a) The operator T is hypercyclic.
b) The operator T is topologically mizing.
c¢) The zero-set of ¢ is non-trivial (i.e., p~1(0) #0,C) and |\ > 1.

The paper is organized as follows. In Section 2, we introduce some preliminary results,
including the Hypercyclicity Criterion of C. Kitai [20], in a version formulated by J. Bés
and A. Peris in [9]. We show that an extended A-eigenoperator T" of D can be factorized
as T = Rx¢(D), where Ry f(z) = f(\z) and ¢ is an entire function of exponential type.
So we can study the hypercyclicity of T in terms of the properties of ¢ and A. We also
show that ¢ has no zeros if and only if Ryx¢(D) is a nonzero multiple of C 3, and it is
not hypercyclic in this case.

We divide the rest of the proof of the Main Theorem in cases (assuming that ¢ has
an isolated zero) which are treated in successive sections:

: |Al < 1and A" =1 for some n € N;
: |9(0)] > 1 and |A] > 1;

:0<|9(0)] <1and A >1;
:0<|9p(0)] <1and A =1;

»(0) =0 and |A] > 1.

=~

N O Ot

Thus, the main result is obtained by considering different cases for the values of A and
¢(0), which share a similar flavor to recent studies on algebras of hypercyclic vectors for
convolution operators by F. Bayart, J. Bés and coworkers [8,2].

Each particular case is solved by a different method. Using some arguments borrowed
from [16], we prove the cases when || < 1 and when A is a root of the unity. However,
new ideas are needed to solve the rest of the cases.

In the case when |A| > 1 and |¢(0)| > 1, we analyze the action of T on the exponentials

az

e**, and we show that T has a dense generalized kernel. Then we construct the right
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inverse required by the Hypercyclicity Criterion using the triangularity of 7" and a linear
algebra argument.

When |[A| > 1 and 0 < |¢(0)] < 1, the operator T' = Rx¢(D) is not injective. So
the right inverse needed to apply the Hypercyclicity Criterion is not unique, and the
construction in the previous section does not provide a right inverse in this case. However,
using the Pélya representation of an entire function, we obtain an integral representation
of the powers of the operator which allows us to find a sequence of right inverses for the
powers of the operator. With this sequence of right inverses and the Hypercyclicity
Criterion we prove the desired result.

The case 0 < |¢(0)] < 1 and A an irrational rotation is the most intriguing one. When
A is a root of unity, the problem can be solved using a result on powers of hypercyclic
operators, but when A is an irrational rotation the solution is different. In many cases;

z

e.g., when ¢(z) is a polynomial p(z) or ¢(z) = p(z)e?, we can deduce the result by
standard arguments. However, as far as we know, these arguments cannot be used in the
general case, and the problem requires an argument involving normal families. Montel’s
Theorem plays an important role in guaranteeing the universality of a family of functions
on the complex plane: it is the key of the proof.

A different treatment is needed also in the case ¢(0) = 0, including the operator T) ,
which is different from those used in [1,15,23]. We need to refine the computations in the

case |¢(0)] > 0 and || > 1 using the complex Volterra operator.
2. Some preliminary results

We will need the following version of the Hypercyclicity Criterion formulated by J.
Bés and A. Peris in [9]. Although the original Kitai-Gethner-Shapiro criterion and the
Bés-Peris version are equivalent (see [17] p. 81), the latter is easier to use in practice.

Theorem 2.1 (Hypercyclicity Criterion). Let T be an operator on an F-space X satisfying
the following conditions: there exist Xy and Yy dense subsets of X, a sequence (ny) of
non-negative integers, and (not necessarily continuous) mappings Sy, : Yo — X so that:

i) T™ — 0 pointwise on Xj.
ii) Sp, — 0 pointwise on Yy.
iii) TS, — Idy, pointwise on Y.

Then the operator T is hypercyclic.

Observe that if T satisfies the Hypercyclicity Criterion for the full sequence of natural
numbers, then T is topologically mixing.

In many cases, we obtain that the operators we study are chaotic in the Devaney
sense, that is: they are hypercyclic and have a dense set of periodic points (see [17,
Section 1.2]). Moreover, we will prove that these operators are frequently hypercyclic in
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several cases. Recall that an operator T' defined on an F-space X is said to be frequently
hypercyclic if there exists some f € A such that for any non-empty subset U, the subset
{n €N : T"f € U} has a positive lower density in N, that is:

< T
i inf card{n < N, : T"f € U} S 0.

To obtain frequently hypercyclicity, we will use the following sufficient condition dis-
covered by F. Bayart and S. Grivaux (see [3]). The next version was formulated by A.
Bonilla and KG. Grosse-Erdmann in [12]:

Theorem 2.2 (Frequently Hypercyclicity Criterion). Let T be an operator on an F'-space
X if there is a dense subset Xy and a map S : Xg — X such that, for any x¢ € Xy

i) Y02 T™xy converges unconditionally.
ii) D07, S™xg converges unconditionally.
iii) TSZL'O = Xy-.

Then T is frequently hypercyclic.
Next, we give a result inspired by [22] that will be central in our discussion.

Proposition 2.3. Let T' be an operator on H(C). Then DT = XTD for some 0 # X € C
if and only if T = Rx¢(D) with Ryxf(z) = f(Az) for z € C and ¢ an entire function of
exponential type.

Proof. Suppose that DT = AT'D with A # 0. Given f € H(C) and A € C \ {0}, the
operator Ry, is an extended (1/))-eigenoperator of D, that is, DR/, = %RUAD.
Besides,

1 1
Rl/)\TDf = XRl/)\DTf = X)\DRl/)\T = DRl/)\Tf

Hence, Ry/,T commutes with D. By Proposition 5.2 in [16], there exists an entire func-
tion ¢ of exponential type such that Ry ,\T = ¢(D). Since R,/ is invertible with inverse
Ry, we deduce that T = Ry¢(D). Conversely, if there exists an entire function ¢ of
exponential type such that T' = Ry¢(D), since Dop(D) = ¢(D)D, DT = T'D. 0O

The following result deals with the case in which ¢ has no zeros. Thus we can assume
that ¢ has an isolated zero in the remaining sections.

Proposition 2.4. Let 1 # X € C. Then T = Rx¢(D) is a multiple of Cxp for some scalar
b if and only if ¢ has no zeros on C. In this case T is not hypercyclic.
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Proof. If ¢(z) # 0 for all z € C, we can define the logarithm of ¢(z) (see, e.g., p. 226
in [18]), and there exists an entire function g such that ¢(z) = e9*). Since ¢ is entire
of exponential type, g(z) = az + b for some a,b € C. Thus T'f(z) = e’ f(A\z + a), which
is not hypercyclic when A # 1 (see [7]). Indeed, set ¢ = a/(1 — A), the fixed point of
the map Az + a. If f is hypercyclic for T then, the orbit 7" f(c) should be dense in C.
However the sequence T™f(c) = €™ f(c) is either bounded (if |¢®| < 1) or diverges to
infinity (if |e®| > 1), a contradiction. Conversely, if Ry¢(D) = uC), for some scalars u
and b, then

¢(D) = Ry uChp = pClhp.
So, ¢(z) = peb® for all z € C. Clearly, ¢ has no zeros on C, and this finishes the proof. 0

Propositions 2.3 and 2.4 provide a way to study our problem by looking at the prop-
erties of ¢ and A.

3. The cases |A| < 1 and A is a root of 1

In the first case, we will show that T' = Ry¢(D) is not hypercyclic. At first glance,
one may think that the cases of Fréchet spaces and Banach spaces are similar. However,
using some ideas of [5], we will show that in the Banach space setting, an extended
A-eigenoperator with |A| < 1 is not hypercyclic. This is no longer true for Fréchet spaces.

Proposition 3.1. Let A and T be two operators on a Banach space. If T is an extended
A-eigenoperator of A and |\| < 1 then T is not hypercyclic.

Proof. Assume that T is hypercyclic. Then there exists © € X such that {T"z},>1 is
dense in X. Hence, {A"T™x},>1 is also dense in A™(X) for each m > 1. Since |[A| < 1,

we can choose m > 1 such that |[A\|™||T]| < 1. Observing that A™T™ = A"™T"A™, we
have:

AT || = A" | T" A" 2| < A" T || A™ ]| < |A™z]].
Hence, we get a contradiction, and T' cannot be hypercyclic. O
Proposition 3.1 is not true in Fréchet spaces:
Example 3.2. Let us recall the operator Th,f = f/(Az + b) introduced by Aron and
Markose. For |A| > 1, T\ 4 is hypercyclic. On the other hand T ;D = (1/A\)DT) 3. Hence

D is a hypercyclic extended (1/\)-eigenoperator of T, with [1/A] < 1.

However, our case is not one of these examples:
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Proposition 3.3. If |A\| < 1 and T is an extended A-eigenoperator of D then T is not
hypercyclic.

Proof. First, we give a representation of 7" similar to one in the proof of Proposition 5.2
n [16]. We consider A € H(C)* defined by Af = T'f(0). By the Hahn-Banach theorem
and the Riesz Representation theorem, there exists a complex Borel measure p with
compact support in C such that

AF=T50) = [ f(w)dutu

for all f € H(C). For each o € C we consider the translation operator T, defined by
Tof(2) = f(z + ). Since

fle+a) =3 195 = (Z HD’C) ()
k=0

k=0

we have T,T = ( o 5T Dk) T=T (ZZO:() )‘Z—?ka) = T'Ty,. Therefore

Tf(z) = (t.Tf)(0) = (Ttr.f)(0 /f (Az 4+ w) du(w)

for each f € H(C). Iterating the above equality we get:

" f(2 / /f N2+ A"y 4wy du(wy) - - - dp(wy).
Thus, if the disc D(0, R) contains the support of p, since

L= [A"

X724 Ay ] < M(J2]) = NIz + T

R,

for |z| < r each element of the argument of f in the above integral lies in the disk
D(0, M(r)). Hence, for f € H(C) and |z| < r we get:

T f(2) S‘ sup [f(2)] [[ull",

z|=M(r)

where ||u|| denotes the total variation of p.

Assume there exists f € H(C) such that {T"f},>1 is dense in H(C). Since |A| < 1,
there exists m € N such that |A\[" < 1/||u||. Since D has dense range, {D™T" f},>1 is
dense in H(C). However, for |z| < r we get

(DRI f(2)] = DT DT )] < A" | e D™ F(2)]

which goes to 0 as n — 0o, a contradiction. Thus T is not hypercyclic. O
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When A is a root of 1, the result of Godefroy and Shapiro for A = 1 allows us to prove
the following result.

Proposition 3.4. If A" =1 # X and for some scalar b the operator T = Rx¢(D) is not
a multiple of Cp then T is hypercyclic.

Proof. If A" =1 then R\" = I. Hence,

" f = (Rag(D))" f = (¢(D)(AD) - - $(A" "' D)) f.

Thus, if ¢(z) = H;ﬁgl (N 2) is zero then T = 0, and if ® is a nonzero constant function,
then ¢ has no zeros, and 7' is a multiple of C} ; by Proposition 2.4. On the other hand
if ®(z) is not constant, then T"° = ®(D) is hypercyclic by [16, Theorem 5.1]. O

Remark 3.5. The previous proof entails a stronger result: the operator T' in Proposi-
tion 3.4 is frequently hypercyclic, chaotic, and topologically mixing. Indeed, from [12],
we have that 7™ = ®(D) is frequently hypercyclic, chaotic, and topologically mixing

whenever ® is non-constant. The following claim leads straight to the conclusion.

Claim. If a power T™ of an operator T in a F-space X is (i) frequently hypercyclic, ()
chaotic or (iii) topologically mizing, then the operator T has the same property.

Proof of the Claim. The case (i) follows from [17, Theorem 9.27]. If xq is periodic for
T™ then by definition z is also periodic for T', therefore (i7) follows directly. Finally to
show (iii), let U,V be two non-empty open subsets, then since the rank of T is dense,

we get that T—7(U) is an non-empty open subset for each j = 0,--- ,ng. Now, since T
is topologically mixing, there exist Ng, Ni,---, Ny, such that

T (VYNT(U) # 0
for all m > Nj, 5 =0,--- ,ng. Hence,
Tt (VYNU # ()

for all n > N;. Let N = max{Ny,---, Ny, }. For all, m > N(ny + 1), we obtain that
m = nng + j for some 0 < j < ng, n > N > N, therefore

T™(VYNU =T (V)NU # 0,

which means that T is topologically mixing as desired.
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4. The case |¢(0)] > 1 and |A\| > 1
This case can be dealt with by using a standard argument.

Proposition 4.1. Assume |¢(0)] > 1, |A\| > 1, and X is not a root of the unity. If T =
Rx¢(D) is not a multiple of Cy then T is topologically mizing.

Proof. By Proposition 2.4, there exists a € C, a # 0, such that ¢(a) = 0. We consider
the subset Xy = span {e(¢/A")%: n > 0}.

Since |A] > 1 and A is not a root of the unity, the set {a/\" : n € N} has an accumu-
lation point in C; hence Xy is dense in H(C). On the other hand, since Tre@/A)= = ¢
if n > k, T™ converges to zero pointwise on Xj.

We will construct a mapping S on a dense subset Yy such that S™y — 0 for all y € Y,
and T'S = Idy,. First, observe that the subspace P,, of polynomials of degree less or equal
than n is invariant under T' = Rx¢(D), and the action of T on P,, can be represented by
a finite triangular matrix with diagonal entries ¢(0)A\*, k > 0. Since A # 1, T has n + 1
different eigenvalues in P,,. Thus, there exists a sequence {py : k > 0} of polynomials
with degree of py, equal to k such that Tpr = ¢(0)\*py for all k& > 0, and

Yo = span {pi(z) : k >0}

is the subspace of polynomials, which is dense. We define Spy = ka and extend
S to Yy by linearity. Since |¢(0)] > 1, S"pr — 0 as n — oo for every || > 1, hence
S™y — 0 asn — oo for all y € Y. Therefore, the Hypercyclicity Criterion implies that T
is hypercyclic. Moreover, we have shown that the Hypercyclicity Criterion is satisfied for

the full sequence of natural numbers, therefore the operator T is topologically mixing. O

Remark 4.2. Note that when |¢(0)] > 1 and |A| > 1, the proof of the above result
yields the frequent hypercyclicity of T. As a consequence, T is also chaotic and topo-
logically mixing. Let us check that T satisfies the Frequent Hypercyclicity Criterion.
For that, set ex(z) = e/ with a € #~1(0). Since a\* has an accumulation point
X, = span {e(@/*")%; n > 0} is dense in H(C). Since T"e*/*" = 0 for n > k, it follows
that if f € X

Sy
n=0

is a finite sum, therefore it converges unconditionally for any f € Xg. Let us define the
linear mapping

Sex(z) = mekﬂ.
>\k

The linear mapping S satisfies that T'S = I on Xj. It remains to show that
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S s
n=0

converges unconditionally for any f € Xy, and this fact follows if we show that for any
R>0and k>0

Z pR(Snek)a
n=0

converges for every seminorm pr(f) = max . <g |f(2)|. Indeed, since

‘(ﬁ(%)) — p(0)] > 1, as r— oo,

there exist e > 0 and r¢ € N such that for any r > rg |¢ (%) > 1+ &. Thus,

oo oo 1 .
(S" ) = a a a AeFE
n§+kpR o n:TZo+kpR <¢(Ak+1)¢(m)"'¢(m)e >

N 1 o
= 2 A oA >”R(“ )

'r’L=T‘0+k Ak+n

la|R

<C INLEED
AP D vy s ey ey L

n=ro+k NEFn

> 1

> 1
< (Cy Z 7(1+€)k+n_ro < 00,
n=ro+k

for some constants C7 and Co which are independent of n. Hence T is frequently hyper-
cyclic

5. The case 0 < |¢(0)| < 1and |A| > 1

In this case, if we use the inverse defined as in the previous section; that is Spy =
ka, then |¢(0)A™| > 1 for n > ng for some ng. This implies that S*p,, — 0 for all
n > ng. However on the subspace of polynomials of degree less or equal than ng we do
not have convergence to zero.

It was pointed out in [6] that ¢(D) is injective if and only if it is a multiple of Cl .
Thus our operator 7' is not injective, so its right inverse is not unique, and we will
overcome the obstacle by defining a different right inverse.

Let f be an entire function of exponential type f(z) = >~ janz". The Borel trans-

form of f is defined as

<l
Bi(x) =3~

n=0
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It is well known that Bf(z) is analytic on |z| > ¢ for some ¢ > 0. In particular, for
the monomials f,(z) = 2"/n! we have Bf,(z) = 1/2z"*! which is analytic on |z| > 0.

Pélya representation of f (see [11] p. 78) asserts that if Bf(z) is analytic on |z] > ¢
then for any R > ¢, we have

F) = —— & etBr@) at

211
[t|=R

Using this representation, if (D) = > ° | ¢, D™, then

Ry¢(D) qun : yf e B (t) dt

\t|=R

- 27m <Z¢"tn> Zth (t) dt

t)=r "
)\zt
- 7{ (B (1) dt

[tI=R

And iterating the above formula, we get:

(Bag(D))" F(2) = 5§ o(000)-+ 6" )N B (1)

[tI=R

On the other hand, denoting w = 1/, if for some R > ¢ we define

SUC) = 5m § Sage B0 (1

[tI=R

arguing as in the above computation of Rx¢(D)f(z) we get Ra¢(D)S1f = f. Let us
point out that R > c¢ is chosen such that ¢(z) has no zeros on the circle |z| = R|\|,
because the zeros of ¢ are isolated. That is, the integral in equation (1) is well defined.

The next result will be needed to prove this case.

Proposition 5.1. Let P(z) = ¢(1 — z/a) with ¢ # 0 # a. Then there exists a sequence
(Rg) of positive numbers converging to oo such that for each n >0,

Bt = 505 b P B0 &)

[t|=R

converges to zero, uniformly on compact subsets, as k — oo.
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Proof. Since |w| < 1 the subset X = span {e®"* : n > 0} is dense in H(C). Moreover
for each z¢ € Xo, T"xo = 0 for n large enough. We choose My > 1 such that |P(z)| > 2
for |z| > My, set Ry, = |A\|¥ My, define Ly on f,(z) = 2™/n! by

1 1 kot
Lifo(2) = 5= ]{ mﬁw B fn(t)dt.

T o
[t|=Rx

If [t| = R, = [A*Mp and 1 < j < Kk, then |wit| = [AF=9|My > M. Therefore
|P(wit)| > 2 and

1 eMolz|
= —
2kRZ+1 2kRZ

1
|Lifr(2)| < %Qﬂ-Rk oMol2| 0

uniformly on compact subsets as k — co. O

Proposition 5.2. Suppose that ¢ vanishes at some a € C and 0 < |¢(0)] < 1. If|A| > 1
then T = Ry¢(D) is hypercyclic.

Proof. Again, since |w| < 1, the subset Xy = span {e®"* : n > 0} is dense in H(C),
and if zg € Xy then T"xg = 0 for n large enough. Let ng be the first natural number
satisfying |#(0)A"F1| > 1. The proof will be finished if we can define a sequence of
mappings Sy on the monomials f,, (n =0,...,ng) satisfying

1. Sk fn — 0 uniformly on compact subsets as k — oo, and
2. (Raé(D))*Skfn — fn uniformly on compact subsets as k — oo.

We denote P(z) = ¢(0)(1 — z/a). First we define Sy, on fy. By Proposition 5.1, there
exists a sequence of positive numbers Ry — oo such that

1 1 k
Lifn(z) = z— — e F'Bf () dt = 0
efn(2) = 55 7{ Pt P B
[t|=Ry
uniformly on compact subsets as k — oo for n =0,...,ng.

Taking Sy, fo = Li.fo, we get (Raé(D))kSkfo = fo. Indeed, denoting

pwt)  p(wht)
Plwt)  P(wkt)’

Dy (t) =
and observing that ®;(0) = 1, we get

(R (D) Sio(2) = 5 74 oy (1)t 2 =
[t|=Rx
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where the last equality follows from the fact that the function ®(t)e*! is analytic: the
integral is equal to the residue of ®(t)e*t(1/t), which is 1.
Next we define Sy on fi. Since ®x(t) is an entire function and ®4(0) = 1, we can

write @ (2) = Z;io a§k)tj with a((]k) =1 for all k. Also, the second term of the Cauchy

product (Z;io %tj) . (Zoo a(-k)tj) coincides with

j=0"j

1 dt
: ?{ @k(t)eZtt—2:2+a(1k).

So defining

| ot
Skfi(2) = 5 7{ (1) 5 — a8,
[t|=Rx

we get (Raé(D))*Sifi = f1, and (Skf1) converges uniformly to zero on compact sets
provided (agk)) is bounded. By the chain rule, agk) = (w+ ...+ wk)e, where ¢ is the
derivative at zero of the function ¢(z)/P(z). Since |w| < 1 the sequence (agk)) is bounded.

Assume that Sy f; has already been defined for 0 < j < m, satisfying Sif; — 0 as
k — oo uniformly on compact subsets, (Rx¢(D))*Sif; = f;, and (a§-k))keN bounded.
Let us construct Sk f,,,. Since

Lefn() = 50 § @l = o
[t|=R
m j m—1
=5 5aW) = )+ Y al i),
P j=0

here ¢, is the term m of the Cauchy product (Z;io j—ftﬂ) . (Z;io a§k)tj). Thus, defining

m—1
Skfm = Lifm — Y aw ;Skf;
=0

we get (Ryo(D))Skfm = fm by construction, and Sif,, — 0 uniformly on compact
subsets provided the sequence (agf)) is bounded for all k£ € N, which follows directly by
Leibniz rule. Indeed, denoting ¢(z) = ¢(z)/P(z),

laF)| = % ‘[w(wz),...7(p(wkz)](m)(0)‘
_ i m k wtz .
o h1+.,§k:m (hl, . ,hk> t:Hl(SO( )")(0)
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1
<Ly ( )HW“ ) (0))
hi+...+hr=m

C k

— (lw] + -+ |w[)™

Sl )
where C' = maxJ_, |7 (0)]. Since ¢(0) = 1, we can construct a sequence of mappings Sy
acting on f,, n =0,...,ng, satisfying all the requirements we desired, and this finishes
the proof. O

Remark 5.3. Notice that the proof of Proposition 5.2 provides that when |A| > 1 and
0 < |¢(0)| < 1, the operator T' = Rx¢(D) satisfies the Hypercyclicity Criterion for the
full sequence of natural numbers. Hence, T is topologically mixing.

Remark 5.4. Following the proof of Proposition 5.2, we can show that T = Ry¢(D) is
frequently hypercyclic whenever 0 < |¢(0)| < 1 and |A\| = 1 an irrational rotation. Indeed,
let us check that T satisfies the Frequent Hypercyclicity Criterion. For that, consider X
the subset of polynomials. Since 0 < |¢(0)] < 1 and A is an irrational rotation, we see
that T restricted to the polynomials of degree n, is a triangular operator with different
diagonal entries ¢(0)A*, k = 0,--- ,n. If {po,---p,} are the eigenvectors of this matrix
then

1T prell = |¢(0)"™" = 0.

Thus, for each k the series

o0
Z T"pi(z) = D 6(0
m=0
is unconditionally convergent.

On the other hand, inductively, we can construct the sequence of mappings Sy acting
on f,(z) = 2"/n! as in the proof of Proposition 5.2. That is, Sk fo = Lk fo here

Lifn(z) = 7{ Pt P e ' Bfn(t)dt

It\ Ry,

where P(z) = ¢(0)(1 — z/a) and Ry = My is chosen such that

and

m—1
Skfm = Lifm — Y aw’ ;Skf;
j=0
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k
for some constants agn)

which satisfy:
C kK™
) < Sl o) = 0
m! m!

Now we see that T*Sy, f,, = f,, by construction, and Sy, f,,(z) converges quickly to zero.
Indeed

ISk fo(2)| = |Lifo| < Csrg

and

1 1
|Skfi(z)| < C <— + ) Molz|
2k ME 2k M

For each m,
m—1
1

+

Jj=0

m—

<.

o~

Mo|z|

2k Mg 2k M ‘

as k — o0o. Therefore, for each m, the series

> Skfm
k=0

is unconditionally convergent. Thus T is frequently hypercyclic.
6. The case 0 < |¢(0)| < 1land |A| =1

We take A = >™ with @ an irrational number, since the case X is a root of the unity
has already been studied in Section 3, and we set w = A~!. Let us show the following
result:

Proposition 6.1. Let \ be a scalar of modulus one and that is not a root of unity. Let ¢
be entire and of exponential type, and so that it is not a scalar multiple of an exponential
(i.e., not of the form ¢(z) = ae’®, (z € C) where a and b are fived scalars). Then
T = Rx¢(D) is topologically mixing.

To do this, we will distinguish the cases in which ¢~1({0}) is finite (Proposition 6.2)
or $~1({0}) is infinite (Proposition 6.4). The case where ¢~1({0}) is empty was settled
with Proposition 2.4. We show that T is topologically mixing whenever ¢~1({0}) is
non-empty. Standard arguments are used to prove Proposition 6.2. However, the proof
of Proposition 6.4 follows by using a normal families argument. Specifically, the proof



16 I.F.Z. Bensaid et al. / Journal of Functional Analysis 282 (2022) 109391

follows by showing that a certain family of maps acts transitively on the complex plane.
The following consequence of Montel’s Theorem is needed:

Corollary. (Montel’s Theorem). Let us suppose that F is a family of meromorphic func-
tions defined on an open subset D. If zyg € D is such that F is not normal at zy and
z0 € U C D, then

U ro)

feFr

is dense for any non-empty neighborhood U of zg.

Proposition 6.2. If $~1({0}) is finite (and non-empty), then T satisfies the Hypercyclicity
Criterion for the full sequence (ng) = (k).

Proof. Set w = 1/) and fix a € ¢~1({0}). To apply the Hypercyclicity Criterion, we
consider the dense subset

Xo =span {e % : n > 1},

where the powers of T'= Ry¢(D) are eventually zero.

To see that T satisfies the Hypercyclicity Criterion with respect to a sequence (ny)
it is sufficient to find a subset of the form Yy = span {e¢%* : b € U} for some non empty
open subset U satisfying:

i) U has a cluster point in C.
i) WU CU
iii) @(wd)p(w™d)--- p(w™ b) — 0o as k — oco.

Indeed, since U has a cluster point in C, Yj is a dense subset. And if we consider
S : Yy — Y, defined by Seb* = ¢(ib) e“’? we get that S™ converges pointwise to zero
on Yy and T'S = Idy,.

Since ¢ is of exponential type and ¢~!({0}) is finite we can suppose that ¢(z) =
e**p(z), for some a € C and for some non constant polynomial p(z).

Since |p(z)] — oo as |z| = oo we select R > 0 so that |p(z)| > 2 for all |z] > R. Let
us consider U = {b € C : |b| > R}. Clearly U satisfy i) and ii). To show iii) for the full
sequence of natural numbers, let us observe that

|p(wb) -+ p(w"D)| = [T |p(wb) - - p(w"D)|

w—m'”+1

> eRe“ 55— on

—2[a|R

> eT=wr 2"
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which diverges to oo as n — oo. That is, T satisfies de Hypercyclicity Criterion for the
full sequence of natural numbers as desired. O

At first glance, one might think that the above ideas can be applied to prove the
case in which ¢ has infinitely many zeros, simply by cutting the infinite product into a
polynomial by a tail. However, to control the tail of the product, we must consider z
away from the zeros of the tail. But at the same time, to get divergence of the iteration
of the polynomial, we must choose z larger than the zeros of the polynomial. Since both
requirements are not compatible, we need a new proof for the case of infinite zeros.

Lemma 6.3. Let 0 < r < R, and let ¢ be an entire function of exponential type that has
no zero on the annulus:
A={z€C : r<|z| <R}

2701

and which has a zero of modulus r. Let w = e with 6 an irrational scalar. For each

n € N let

gn(2) = p(w2)p(w?z) - d(w"z) (2 €C).

Let (ny,) such that ny — 0o and zy € A so that

G ={gk}r>1
is normal at zo and Supy>y |gn, (20)| < 0o. Then G is uniformly bounded on D(0, |zol).

Proof. By assumption, there exists e > 0 such that D(zp,e) C A and G is uniformly
bounded on D(zg,¢). Therefore, there exists M > 0 such that for each k£ > 1 whenever
w2 —w I 2| = |z — 20| < & we have

M > |gnk (Z)|
= [p(wz)p(w?z) - (W™ 2)]
= [p(w' ™ (w7 2))p(wH (W 2)) - (W™ (wT2))

_ w2 - b(w™ (I 2))| - |¢)(wnk+1 (w—jz)) - ¢(wnk+j(w—jz>)|
= |p(w(w™2)) - p(w™ (w7 2))| @ T2) T @)

Thus, for each 2 such that |2 —w 72| < € and k > 1 we obtain

(™ +12) - p(w™ i (2)]
[P(wz) - - - p(w’2)]

M = |gn,.(2)] -

> Cgn, (2)]
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e e

n
<

«n
o
o
n
n

Fig. 1. w = e‘/ﬁ’”7 and m = 100.

_ min{|o(2): [zl=Iz0l)
where €' = lis@n: =l € (01)

Hence G is uniformly bounded on D(w™7zg,¢) for each j > 1. By the compactness of
C(0, |zg|) there exists m such that

C(0, |z0|) C D(w 2, ¢).

-

j=1

Therefore G is uniformly bounded on the above finite union, and hence on C(0, |z|).
By the Maximum Modulus Principle, G is uniformly bounded on D(0, |zo|) as desired
(see Fig. 1). O

Proposition 6.4. Suppose ¢p~1({0}) is infinite. Then for each sequence (ny) converging
to oo, there exists a subsequence (ng;) such that T' satisfies the Hypercyclicity Criterion
with respect to (ng;). In particular, T = Rx¢(D) is topologically mizing.

Proof. Let 0 < rg < r1 < 79 < --- be the radii of all those circles centered at 0 that
contain zeroes of ¢. Since ¢~1({0}) has no accumulation point in C we may assume that
rn — 00 as n — oo. Let a € ¢~1({0}) with |a| = 9. By Hadamard’s Theorem we have

6(2) = 9(0) (1= ) ()

a
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with ¢ of exponential type satisfying ©(0) = 1. Now, for each n € N let f,, and g,, the
functions defined by

fu(2) = p(wz)p(w?2) - G(w"2)

n

p(wz)p(w?z) - p(w"2).

gn(2)

Let R > 0 be large enough so that

(M - 1) lp(0)] > 1 for |z| > R.
To
Let ko large enough so that r, > R for k > ko. Then for |z| > R we have
z
[6(2)] = 16(0) (1= 2) (2)|
d
> (5= 1) Ol
|al
> [ (2)]-
So for each n € N and |z| > R we have
[fn(2)] = [p(wz) - - p(w"2)| > [p(wz) - - p(w"2)| = |gn(2)]-
It suffices to show the following claim.

Claim 1. There exists 20 € Ay, = {2z € C : 1 < [2| < The1} such that

lim supy,_, o0 |gn,, (20)] = 00.

Indeed, suppose Claim 1 holds. Then there exists a subsequence (ng,) of (nj) such
that

|, (20)] 2 |gns, (20)] = 00,

as | — 0o. Then A = {wizy : j > 1} satisfies wA C A and has an accumulation point in
C, therefore

Yy = span{e®® : b€ A}

is dense in H(C). Moreover, the linear mapping S : Yy — Y, defined by S(eb?) :=

¢(}ub) e*?? (b € A) clearly satisfies that T'S = I on Y and

S — 0
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pointwise on Yj. Indeed, to see the latter it suffices to show that for each b € A we have
S™ki(eb*) — 0 as | — o0. So let b = w"zy € A. Let us denote by 0 < m; < mo the
minimum and maximum of |¢| on the circle C'(0,|zo]). Then for any R > 0 and |z| < R
we have

1 Wk 0®
H(wh)d(w?b) - p(w™ib)
Cr
P(wHt120)P(w!H220) - - - w1 T zg)

CR mo "
= o 20)] <m_>

where Cr = Sup|,|<pg|s, |€*]. Therefore S™* (e¥*) — 0 as | — oo, and T satisfies the

|S"’€L (ebz)| _

Hypercyclicity Criterion with respect to the sequence (ng,) as we wanted to prove. So it
remains to show Claim 1.

Proof of Claim 1. By means of contradiction, suppose G = {gn,}r>1 is pointwise
bounded on A, . Notice first that G is normal at no point of A, . To see this, suppose
that G is normal at a point zo € A, then by Lemma 6.3 G should be uniformly bounded
on D(0, |zg]), and by Montel’s Theorem (see [27, p. 35]) there exists a holomorphic func-
tion g on D(0,|2|) and a subsequence (ny,) of (ny) such that

gn, =g as j— o0 (3)

locally uniformly on D(0, |zo|). So pick a root b of ¢ with |b| = ry,. Then for each l € N
and n > [ we have g, (w™'b) = 0.

Thus by (3) we have that g vanishes at each w~'b for (I > 1), which implies that g is
identically zero. However |g,(0)| = 1 for each n > 1, hence |¢(0)| = lim,_, \g"kj 0) =1,
a contradiction.

So G is normal at no point of A,, . Hence by a consequence of Montel’s Theorem, for
each non-empty open subset U of A,, = the set

U 9ni (U)
k=1

is dense in C. That is, for each non-empty open subsets U of Arko and V of C there exists
k € N such that g,, (U)NV # 0. Since A, has no isolated points and is homeomorphic
to a complete metric space, by Birkhoff’s Transitivity Theorem there exists zg € Amo
such that {gn, (20) : k¥ € N} is dense in C, which contradicts that G is pointwise bounded
on Ark0~ So Claim 1 holds, and the proof of Proposition 6.4 is now complete. 0O
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7. The case ¢(0) =0 and |[A\| > 1

The operator Ty, of Aron and Markose is included in this case with ¢(2) = ze®*.

Theorem 7.1. Assume ¢(0) = 0. If |A\| > 1 then T = Rx¢(D) is hypercyclic.

Proof. We write ¢(z) = z™(z) with ¢(0) # 0 and we denote by X, the set of complex
polynomials p(z). Note that T"p(z) = 0 for n > deg(p).

Set Ay = R)y(D) so that T = AyD™. Since ¥(0) # 0, as in the proof of Proposi-
tion 4.1, the subspace of polynomials of degree less or equal to n is invariant under the
operator Ay and the eigenvalues are simple on that subspace. We denote pg, p1,- - - Pk
the polynomials of degree < k which are the eigenvectors associated to 1(0)\¥, that is,
Axpr, = ¥(0)\Fpy for k> 0.

Let V' be the complex Volterra operator defined by

V() = / [, (zeC).
0

The equation TV™py, = Axpr = ¥(0)\*py gives us the key to construct the maps Sy
required by the Hypercyclicity Criterion. Indeed, let us define

mG "
Skpn = P )
AmN\2m ... )\(k—l)m(w(o))\n)k
and extend Sy to Yy = span{px(z) : k > 0} by linearity. Since J(Tk)lk — 0 uniformly on

compact sets as k — oo, we obtain that WVm’“pn — 0 in H(C). Hence, since |A| > 1,

V"™ P (2)]
[ (0)}*

1Sk (pn)(2)] < =0

uniformly on compact sets. To check that T*Sy = Idy,, note that
TF = A\D™A\D™--- AxD™, (k times).

Since A, is an extended M-eigenoperator of D, D™Ay = A" A,D™. Therefore TF =
ANz \(B=1m AR DEm hence

mGpn Alf\pn
AmA2m . )\(Icfl)m(q/}(o))\n)k

Tk — Tk el =
SkDn < TZJ(O)k)\nk Pn,

and the Hypercyclicity Criterion implies that T is hypercyclic. O
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Remark 7.2. Here again, when ¢(0) = 0, we can show that T is frequently hypercyclic
by applying the Frequent Hypercyclicity Criterion. Therefore, T is also chaotic and
topologically mixing.

Let us finish with a question. As the reader can see, in many cases scattered parts
of the manuscript (Remarks 3.5, 4.2, 5.4 and 7.2) it has been established the frequent
hypercyclicity of T'= Ry¢(D). There exist only one case unsolved.

Problem 7.3. Suppose A is an irrational rotation and |¢(0)] > 1. Is T = Rx¢(D) fre-
quently hypercyclic?
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