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SEMI-SYMMETRIC ALMOST C(α)-MANIFOLD ON SOME
CURVATURE TENSORS

TUĞBA MERT1∗ , MEHMET ATÇEKEN2 AND PAKIZE UYGUN3

Abstract. In this article, semi-symmetry of almost C (α)-manifold is inves-
tigated on some special curvature tensors. First, the behavior of the almost
C (α)-manifold is investigated when the special curvature tensors discussed are
flat. Then, for these special curvature tensors, the behavior of the manifold in
the semi-symmetric condition is observed and for some special curvature ten-
sors, important properties such as the semi-symmetric almost C (α)-manifold
being Einstein and η−Einstein manifold are obtained.

1. Introduction

One of the most important concepts for Riemannian manifolds is the semi-
symmetric metric connection. Yano described the semi-symmetric metric con-
nection on a Riemann manifold in 1970 and showed that Riemannian curvature
tensor with respect to a semi-symmetric metric connection vanishes if and only
if the manifold is conformally flat [1]. Later, semi-symmetric metric connection
on different manifolds was investigated and many geometrical properties were
revealed by many geometers ([2]-[5]). It has been shown by Barua et al. that,
under some special conditions, the conformal curvature tensor corresponding to
the semi-symmetric metric connection on a Riemann manifold is invariant [6].
And again it was proved by U.C. De and J. Sengupta that the congruent and
projective curvature tensors on an almost contact metric manifold are invariant
with respect to the semi-symmetrical metric connection under certain constraints
[7].

Semi-symmetric metric connection also has very important contributions to
our daily life, physics and engineering. For example, if we are moving somewhere
on the earth’s surface, such as the North Pole, and we are always facing a certain
point, this displacement is semi-symmetrical and metric [8].

Again, many authors have investigated curvatures on different manifolds such
as para-contact metric manifolds, and many important properties such as semi-
symmetry and pseudo-symmetry ([9]-[16]). In addition, many mathematicians in
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many different spaces have obtained important properties and characterizations
of manifolds ([18]-[22]).

In this article, semi-symmetry of almost C (α)-manifold is investigated on some
special curvature tensors. First, the behavior of the almost C (α)-manifold is
investigated when the special curvature tensors discussed are flat. Then, for these
special curvature tensors, the behavior of the manifold in the semi-symmetric
condition is observed and for some special curvature tensors, important properties
such as the semi-symmetric almost C (α)-manifold being Einstein and η−Einstein
manifold are obtained.

2. Preliminary

Let’s take an (2n+ 1)−dimensional differentiable M manifold. If it admits a
tensor field ϕ of type (1, 1), a vector field ξ and a 1-form η satisfying the following
conditions;

ϕ2V1 = −V1 + η (V1) ξ and η(ξ) = 1,

then this (ϕ, ξ, η) is called an almost contact structure, and the (M,ϕ, ξ, η) is
called an almost contact manifold. If there is a g metric that satisfies the condition

g(ϕV1, ϕV2) = g(V1, V2)− η(V1)η(V2) and g (V1, ξ) = η(V1),

for all V1, V2 ∈ χ (M) and ξ ∈ χ (M); (ϕ, ξ, η, g) is called almost contact metric
structure and (M,ϕ, ξ, η, g) is called almost contact metric manifold. On the
(2n+ 1) dimensional M manifold,

g (ϕV1, V2) = −g (V1, ϕV2)

for all V1, V2 ∈ χ (M), that is, ϕ is an anti-symmetric tensor field according to
the g metric. The Φ transformation defined as

Φ (V1, V2) = g (V1, ϕV2)

for all V1, V2 ∈ χ (M) , is called the fundamental 2-form of the (ϕ, ξ, η, g) almost
contact metric structure, where

η ∧ Φn ̸= 0.

If the Riemann curvature tensor R of the M almost contact metric manifold
satisfies the condition

R (V1, V2)V3 =

(
c+ 3α

4

)
{g (V2, V3)V1 − g (V1, V3)V2}

+

(
c− α

4

)
{g (V1, ϕV3)ϕV2 − g (V2, ϕV3)ϕV1

+2g (V1, ϕV2)ϕV3 + η (V2) η (V3)V1

+g (V1, V3) η (V2) ξ − g (V2, V3) η (V1) ξ} .

(1)
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for all V1, V2, V3 ∈ χ (M) , at least one α ∈ R, then M is almost C (α)−manifold
with c−constant sectional curvature. If we choose V1 = ξ, V2 = ξ, V3 = ξ respec-
tively in (1) , then we get

R (ξ, V2)V3 = α [g (V2, V3) ξ − η (V3)V2] , (2)

R (V1, ξ)V3 = α [−g (V1, V3) ξ + η (V3)V1] , (3)

R (V1, V2) ξ = α [η (V2)V1 − η (V1)V2] . (4)

If we take the inner product of both sides of (1) by ξ ∈ χ (M), we have

η (R (V1, V2)V3) = α [g (V2, V3) η (V1)− g (V1, V3) η (V2)] . (5)

Lemma 2.1. For a (2n+ 1)−dimensional M almost C (α)−manifold, the fol-
lowing equations are provided.

S (V1, V2) =

[
α (3n− 1) + c (n+ 1)

2

]
g (V1, V2) +

(α− c) (n+ 1)

2
η (V1) η (V2) ,

(6)

S (V1, ξ) = 2nαη (V1) , (7)

QV1 =

[
α (3n− 1) + c (n+ 1)

2

]
V1 +

(α− c) (n+ 1)

2
η (V1) ξ, (8)

Qξ = 2nαξ. (9)

for all V1, V2 ∈ χ (M), where Q and S are the Ricci operator and Ricci tensor of
manifold M , respectively.

M. Tripathi and P. Gunam described a T curvature tensor of the (1, 3) type
in an n-dimensional (M, g) semi-Riemann manifold [17]. This curvature tensor is
defined as

T (V1, V2)V3 = a0R (V1, V2)V3 + a1S (V2, V3)V1 + a2S (V1, V3)V2

+a3S (V1, V2)V3 + a4g (V2, V3)QV1 + a5g (V1, V3)QV2

+a6g (V1, V2)QV3 + a7r [g (V2, V3)V1 − g (V1, V3)V2] ,

(10)

where R, S,Q, and r are Riemann curvature tensor, Ricci curvature tensor, Ricci
operator, and scalar curvature of manifold M , respectively. According to the
choosing of smooth functions a0, a1, ..., a7 the curvature tensor T is reduced to
some special curvature tensors as follows.
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If a0 = 1, a1 = −a6 = − 1
2n
, a2 = a3 = a4 = a5 = a7 = 0 are chosen in (10), the

T1−curvature tensor is defined as

T1 (V1, V2)V3 = R (V1, V2)V3 −
1

2n
[S (V2, V3)V1 − g (V1, V2)QV3] . (11)

If we choose V1 = ξ, V2 = ξ, V3 = ξ respectively in (11) , then we get

T1 (ξ, V2)V3 =
(α−c)(n+1)

4n
g (V2, V3) ξ +

α(3n−1)+c(n+1)
4n

η (V2)V3

−αη (V3)V2,
(12)

T1 (V1, ξ)V3 = −αg (V1, V3) ξ +
α(3n−1)+c(n+1)

4n
η (V1)V3

+ (α−c)(n+1)
4n

η (V1) η (V3) ξ,

(13)

T1 (V1, V2) ξ = α [g (V1, V2) ξ − η (V1)V2] . (14)

If a0 = 1, a1 = −a4 = − 1
2n
, a2 = a3 = a5 = a6 = a7 = 0 are chosen in (10), the

T2−curvature tensor is defined as

T2 (V1, V2)V3 = R (V1, V2)V3 −
1

2n
[S (V2, V3)V1 − g (V2, V3)QV1] . (15)

If we choose V1 = ξ, V2 = ξ, V3 = ξ respectively in (15) , then we get

T2 (ξ, V2)V3 =
α(5n+1)−c(n+1)

4n
g (V2, V3) ξ − αη (V3)V2

− (α−c)(n+1)
4n

η (V2) η (V3) ξ,

(16)

T2 (V1, ξ)V3 = −αg (V1, V3) ξ +
α(3n−1)+c(n+1)

4n
η (V3)V1

+ (α−c)(n+1)
4n

η (V1) η (V3) ξ,

(17)

T2 (V1, V2) ξ = −αη (V1)V2 +
α(3n−1)+c(n+1)

4n
η (V2)V1

+ (α−c)(n+1)
4n

η (V1) η (V2) ξ.

(18)

If a0 = 1, a1 = −a3 = − 1
2n
, a2 = a4 = a5 = a6 = a7 = 0 are chosen in (10), the

T3−curvature tensor is defined as

T3 (V1, V2)V3 = R (V1, V2)V3 −
1

2n
[S (V2, V3)V1 − S (V1, V2)V3] . (19)

If we choose V1 = ξ, V2 = ξ, V3 = ξ respectively in (19) , then we get

T3 (ξ, V2)V3 =
(α−c)(n+1)

4n
[g (V2, V3) ξ − η (V2) η (V3) ξ]

−α [η (V3)V2 − η (V2)V3] ,
(20)

T3 (V1, ξ)V3 = α [−g (V1, V3) ξ + η (V1)V3] , (21)
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T3 (V1, V2) ξ = α(3n−1)+c(n+1)
4n

g (V1, V2) ξ − αη (V1)V2

+ (α−c)(n+1)
4n

η (V1) η (V2) ξ.

(22)

If a0 = 1, a3 = −a4 = 1
2n
, a1 = a2 = a5 = a6 = a7 = 0 are chosen in (10), the

T4−curvature tensor is defined as

T4 (V1, V2)V3 = R (V1, V2)V3 +
1

2n
[S (V1, V2)V3 − g (V2, V3)QV1] . (23)

If we choose V1 = ξ, V2 = ξ, V3 = ξ respectively in (23) , then we get

T4 (ξ, V2)V3 = α [η (V2)V3 − η (V3)V2] , (24)

T4 (V1, ξ)V3 = α [−g (V1, V3) ξ + η (V1)V3]

+ (α−c)(n+1)
4n

[η (V3)V1 − η (V1) η (V3) ξ] ,
(25)

T4 (V1, V2) ξ = α(3n−1)+c(n+1)
4n

g (V1, V2) ξ − αη (V1)V2

+ (α−c)(n+1)
4n

η (V2)V1.

(26)

3. Flatness of T−Curvature Tensors on Almost C(α)-Manifolds

In this section, let’s investigate the flatness of the T−curvature tensors defined
as above on almost C (α)−manifold.

Theorem 3.1. Let M be a (2n+1)−dimensional almost C (α)−manifold. If M
is T1−flat, then M is an η−Einstein manifold.

Proof. Let’s assume that M is T1−flat. So, we can write

T1 (V1, V2)V3 = 0

for every V1, V2, V3 ∈ χ (M) . That is

R (V1, V2)V3 =
1

2n
S (V2, V3)V1 −

1

2n
g (V1, V2)QV3. (27)

If we choose V1 = ξ in (27), we get

R (ξ, V2)V3 =
1

2n
S (V2, V3) ξ −

1

2n
g (ξ, V2)QV3.

If we use (2) and (8) in the last equation, we have

αg (V2, V3) ξ − αη (V3)V2 =
1
2n
S (V2, V3) ξ

−α(3n−1)+c(n+1)
4n

η (V2)V3 − (α−c)(n+1)
4n

η (V2) η (V3) ξ.
(28)

If we take inner product both sides of (28) by ξ ∈ χ (M) and make the necessary
adjustments, we obtain

S (V2, V3) = 2nαg (V2, V3)−
(α− c) (n+ 1)

2
η (V2) η (V3) .

This completes the proof. □
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Theorem 3.2. Let M be a (2n+1)−dimensional almost C (α)−manifold. If M
is T2−flat, then M is an η−Einstein manifold.

Proof. Let’s assume that M is T2−flat. So, we can write

T2 (V1, V2)V3 = 0

for every V1, V2, V3 ∈ χ (M) . That is

R (V1, V2)V3 =
1

2n
S (V2, V3)V1 −

1

2n
g (V2, V3)QV1. (29)

If we choose V1 = ξ in (29), we get

R (ξ, V2)V3 =
1

2n
S (V2, V3) ξ −

1

2n
g (V2, V3)Qξ.

If we use (2) and (9) in the last equation, we have

αg (V2, V3) ξ − αη (V3)V2 =
1

2n
S (V2, V3) ξ − αg (V2, V3) ξ. (30)

If we take inner product both sides of (30) by ξ ∈ χ (M) and make the necessary
adjustments, we obtain

S (V2, V3) = 4nαg (V2, V3)− 2nαη (V2) η (V3) .

This completes the proof. □

Theorem 3.3. Let M be a (2n+1)−dimensional almost C (α)−manifold. If M
is T3−flat, then M is an Einstein manifold.

Proof. Let’s assume that M is T3−flat. So, we can write

T3 (V1, V2)V3 = 0

for every V1, V2, V3 ∈ χ (M) . That is

R (V1, V2)V3 =
1

2n
S (V2, V3)V1 −

1

2n
S (V1, V2)V3. (31)

If we choose V1 = ξ in (31), we get

R (ξ, V2)V3 =
1

2n
S (V2, V3) ξ −

1

2n
S (ξ, V2)V3.

If we use (2) and (7) in the last equation, we have

αg (V2, V3) ξ − αη (V3)V2 =
1

2n
S (V2, V3) ξ − αη (V2)V3. (32)

If we take inner product both sides of (32) by ξ ∈ χ (M) and make the necessary
adjustments, we obtain

S (V2, V3) = 2nαg (V2, V3) .

This completes the proof. □

Theorem 3.4. Let M be a (2n+1)−dimensional almost C (α)−manifold. If M
is T4−flat, then M is an Einstein manifold.
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Proof. Let’s assume that M is T4−flat. So, we can write

T4 (V1, V2)V3 = 0

for every V1, V2, V3 ∈ χ (M) . That is

R (V1, V2)V3 =
1

2n
g (V2, V3)QV1 −

1

2n
S (V1, V2)V3. (33)

If we choose V3 = ξ in (33), we get

R (V1, V2) ξ =
1

2n
g (V2, ξ)QV1 −

1

2n
S (V1, V2) ξ.

If we use (4) in the last equation, we have

αη (V2)V1 − αη (V1)V2 =
1

2n
η (V2)QV1 −

1

2n
S (V1, V2) ξ. (34)

If we choose V2 = ξ in equation (34) and we take inner product of both sides of
the equation by V3 ∈ χ (M) , we obtain

S (V1, V3) = 2nαg (V1, V3) .

This completes the proof. □

4. Semi-Symmetric Almost C(α)−Manifold

In this section, the semi-symmetry condition of almost C(α)−manifold will be
investigated for some special T−curvature tensors described above.

Theorem 4.1. Let M be the (2n+1)−dimensional almost C(α)−manifold. If M
is T1-semi-symmetric, then M is either a co-Kaehler manifold or an η−Einstein
manifold.

Proof. Let’s assume that M is T1−semi symmetric manifold. Then we can write

(R (V1, V2)T1) (V4, V5, V3) = 0,

for each V1, V2, V4, V5, V3 ∈ χ (M). That is, we can write

R (V1, V2)T1 (V4, V5)V3 − T1 (R (V1, V2)V4, V5)V3

−T1 (V4, R (V1, V2)V5)V3 − T1 (V4, V5)R (V1, V2)V3 = 0.
(35)

If we choose V1 = ξ in (35) and use (2) , we get

α {g (V2, T1 (V4, V5)V3) ξ − η (T1 (V4, V5)V3)V2

−g (V2, V4)T1 (ξ, V5)V3 + η (V4)T1 (V2, V5)V3

−g (V2, V5)T1 (V4, ξ)V3 + η (V5)T1 (V4, V2)V3

−g (V2, V3)T1 (V4, V5) ξ + η (V3)T1 (V4, V5)V2} = 0.

(36)
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If we use (12),(13),(14) in (36) , we have

α {g (V2, T1 (V4, V5)V3) ξ − η (T1 (V4, V5)V3)V2

− (α−c)(n+1)
4n

g (V2, V4) g (V5, V3) ξ − α(3n−1)+c(n+1)
4n

g (V2, V4) η (V5)V3

+αg (V2, V4) η (V3)V5 + η (V4)T1 (V2, V5)V3

+αg (V2, V5) g (V4, V3) ξ − α(3n−1)+c(n+1)
4n

g (V2, V5) η (V4)V3

− (α−c)(n+1)
4n

g (V2, V5) η (V4) η (V3) ξ + η (V5)T1 (V4, V2)V3

−αg (V2, V3) g (V4, V5) ξ + αg (V2, V3) η (V4)V5

+η (V3)T1 (V4, V5)V2} = 0.

(37)

If we choose V4 = ξ in (37) and make use of (12) , we obtain

α
{
− (α−c)(n+1)

4n
g (V5, V3)V2 + T1 (V2, V5)V3

−α(3n−1)+c(n+1)
4n

g (V2, V5)V3 + αg (V2, V3)V5

}
= 0.

(38)

Substituting (11) in (38) , we have

α
{
− (α−c)(n+1)

4n
g (V5, V3)V2 +R (V2, V5)V3

− 1
2n
S (V5, V3)V2 +

1
2n
g (V2, V5)QV3

−α(3n−1)+c(n+1)
4n

g (V2, V5)V3 + αg (V2, V3)V5

}
= 0.

(39)

If we choose V5 = ξ in (39) , we get

α
{
− (α−c)(n+1)

4n
η (V3)V2 +

1
2n
η (V2)QV3

−α(3n−1)+c(n+1)
4n

η (V2)V3

}
= 0.

If we choose V2 = ξ in the last equation and take inner product both sides of the
last equation by V5 ∈ χ (M), we can write

α
{

1
2n
S (V3, V5)− α(3n−1)+c(n+1)

4n
g (V3, V5)

− (α−c)(n+1)
4n

η (V3) η (V5)
}
= 0.

(40)

From (40) , we have

S (V3, V5) =
α (3n− 1) + c (n+ 1)

2
g (V3, V5) +

(α− c) (n+ 1)

2
η (V3) η (V5) ,
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or

α = 0.

This completes the proof. □

Theorem 4.2. Let M be the (2n+1)−dimensional almost C(α)−manifold. If M
is T2-semi-symmetric, then M is either a co-Kaehler manifold or an η−Einstein
manifold.

Proof. Let’s assume that M is T2−semi symmetric manifold. Then we can write

(R (V1, V2)T2) (V4, V5, V3) = 0,

for each V1, V2, V4, V5, V3 ∈ χ (M). That is, we can write

R (V1, V2)T2 (V4, V5)V3 − T2 (R (V1, V2)V4, V5)V3

−T2 (V4, R (V1, V2)V5)V3 − T2 (V4, V5)R (V1, V2)V3 = 0.
(41)

If we choose V1 = ξ in (41) and use (2) , we get

α {g (V2, T2 (V4, V5)V3) ξ − η (T2 (V4, V5)V3)V2

−g (V2, V4)T2 (ξ, V5)V3 + η (V4)T2 (V2, V5)V3

−g (V2, V5)T2 (V4, ξ)V3 + η (V5)T2 (V4, V2)V3

−g (V2, V3)T2 (V4, V5) ξ + η (V3)T2 (V4, V5)V2} = 0.

(42)

If we use (16),(17),(18) in (42) , we have

α {g (V2, T2 (V4, V5)V3) ξ − η (T2 (V4, V5)V3)V2

−α(5n+1)+c(n+1)
4n

g (V2, V4) g (V5, V3) ξ − αg (V2, V4) η (V3)V5

+ (α−c)(n+1)
4n

g (V2, V4) η (V5) η (V3) ξ + η (V4)T2 (V2, V5)V3

+αg (V2, V5) g (V4, V3) ξ − α(3n−1)+c(n+1)
4n

g (V2, V5) η (V3)V4

− (α−c)(n+1)
4n

g (V2, V5) η (V4) η (V3) ξ + η (V5)T2 (V4, V2)V3

+αg (V2, V3) η (V4)V5 − α(3n−1)+c(n+1)
4n

g (V2, V3) η (V5)V4

− (α−c)(n+1)
4n

g (V2, V3) η (V4) η (V5) ξ + η (V3)T2 (V4, V5)V2

}
= 0

(43)
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If we choose V4 = ξ in (43) and make use of (16) , we obtain

α
{
−α(5n+1)+c(n+1)

4n
g (V5, V3)V2 +

(α−c)(n+1)
4n

η (V5) η (V3)V2

+ (α+c)(n+1)
4n

g (V2, V5) η (V3) ξ +
(α+c)(n+1)

4n
g (V2, V3) η (V5) ξ

− (α−c)(n+1)
2n

η (V3) η (V5) η (V2) ξ + T2 (V2, V5)V3

+αg (V2, V3)V5} = 0.

(44)

Substituting (15) in (44) , we have

α
{
−α(5n+1)+c(n+1)

4n
g (V5, V3)V2 +

(α−c)(n+1)
4n

η (V5) η (V3)V2

+R (V2, V5)V3 − 1
2n
S (V5, V3)V2 +

1
2n
g (V5, V3)QV2

+ (α+c)(n+1)
4n

g (V2, V5) η (V3) ξ +
(α+c)(n+1)

4n
g (V2, V3) η (V5) ξ

− (α−c)(n+1)
2n

η (V3) η (V5) η (V2) ξ + αg (V2, V3)V5

}
= 0.

(45)

If we choose V3 = ξ in (45) , we get

α
{
−nα+c(n+1)

2n
η (V5)V2 +

1
2n
η (V5)QV2 +

(α+c)(n+1)
4n

g (V2, V5) ξ

+ (α+c)(n+1)
4n

η (V2) η (V5) ξ − (α−c)(n+1)
2n

η (V5) η (V2) ξ
}
= 0.

If we choose V5 = ξ in the last equation and take inner product both sides of the
last equation by V3 ∈ χ (M), we can write

α

{
1

2n
S (V2, V3)−

nα + c (n+ 1)

2n
g (V2, V3) +

c (n+ 1)

n
η (V2) η (V3)

}
= 0.

From the last equality, we have

S (V2, V3) = [nα + c (n+ 1)] g (V2, V3)− 2c (n+ 1) η (V2) η (V3) ,

or

α = 0.

This completes the proof. □

Theorem 4.3. Let M be the (2n+1)−dimensional almost C(α)−manifold. If M
is T3-semi-symmetric, then M is either a co-Kaehler manifold or an η−Einstein
manifold.

Proof. Let’s assume that M is T3−semi symmetric manifold. Then we can write

(R (V1, V2)T3) (V4, V5, V3) = 0,
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for each V1, V2, V4, V5, V3 ∈ χ (M). That is, we can write

R (V1, V2)T3 (V4, V5)V3 − T3 (R (V1, V2)V4, V5)V3

−T3 (V4, R (V1, V2)V5)V3 − T3 (V4, V5)R (V1, V2)V3 = 0.
(46)

If we choose V1 = ξ in (46) and use (2) , we get

α {g (V2, T3 (V4, V5)V3) ξ − η (T3 (V4, V5)V3)V2

−g (V2, V4)T3 (ξ, V5)V3 + η (V4)T3 (V2, V5)V3

−g (V2, V5)T3 (V4, ξ)V3 + η (V5)T3 (V4, V2)V3

−g (V2, V3)T3 (V4, V5) ξ + η (V3)T3 (V4, V5)V2} = 0.

(47)

If we use (20),(21),(22) in (47) , we have

α {g (V2, T3 (V4, V5)V3) ξ − η (T3 (V4, V5)V3)V2

− (α−c)(n+1)
4n

g (V2, V4) g (V5, V3) ξ + αg (V2, V4) η (V3)V5

+ (α−c)(n+1)
4n

g (V2, V4) η (V5) η (V3) ξ − αg (V2, V4) η (V5)V3

+η (V4)T3 (V2, V5)V3 + αg (V2, V5) g (V4, V3) ξ

−αg (V2, V5) η (V4)V3 + η (V5)T3 (V4, V2)V3

−α(3n−1)+c(n+1)
4n

g (V2, V3) g (V4, V5) ξ + αg (V2, V3) η (V4)V5

+η (V3)T3 (V4, V5)V2 − (α−c)(n+1)
4n

g (V2, V3) η (V4) η (V5) ξ
}
= 0.

(48)

If we choose V4 = ξ in (48) and make use of (20) , we obtain

α
{

(α−c)(n+1)
4n

g (V2, V3) η (V5) ξ − (α−c)(n+1)
2n

η (V3) η (V5) η (V2) ξ

+αg (V2, V3)V5 +
(α−c)(n+1)

4n
g (V5, V2) η (V3) ξ

+ (α−c)(n+1)
4n

η (V5) η (V3)V2 +R (V2, V5)V3

− 1
2n
S (V5, V3)V2 +

1
2n
S (V2, V5)V3

− (α−c)(n+1)
4n

g (V5, V3)V2

}
= 0.

(49)

If we choose V3 = ξ in(49) , we get

α

{
−(α− c) (n+ 1)

4n
η (V2) η (V5) ξ +

(α− c) (n+ 1)

4n
g (V5, V2) ξ +

1

2n
S (V2, V5) ξ

}
= 0.
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If we take inner product both sides of the last equation by ξ ∈ χ (M) in the last
equation, we can write

α

{
−(α− c) (n+ 1)

4n
η (V2) η (V5) +

(α− c) (n+ 1)

4n
g (V5, V2) +

1

2n
S (V2, V5)

}
= 0.

This completes the proof. □

Theorem 4.4. Let M be the (2n + 1)−dimensional almost C(α)−manifold. If
M is T4-semi-symmetric, then M is either a co-Kaehler manifold or an Einstein
manifold.

Proof. Let’s assume that M is T4−semi symmetric manifold. Then we can write

(R (V1, V2)T4) (V4, V5, V3) = 0,

for each V1, V2, V4, V5, V3 ∈ χ (M). That is, we can write

R (V1, V2)T4 (V4, V5)V3 − T4 (R (V1, V2)V4, V5)V3

−T4 (V4, R (V1, V2)V5)V3 − T4 (V4, V5)R (V1, V2)V3 = 0.
(50)

If we choose V1 = ξ in (50) and use (2) , we get

α {g (V2, T4 (V4, V5)V3) ξ − η (T4 (V4, V5)V3)V2

−g (V2, V4)T4 (ξ, V5)V3 + η (V4)T4 (V2, V5)V3

−g (V2, V5)T4 (V4, ξ)V3 + η (V5)T4 (V4, V2)V3

−g (V2, V3)T4 (V4, V5) ξ + η (V3)T4 (V4, V5)V2} = 0.

(51)

If we use (24),(25),(26) in (51) , we have

α {g (V2, T4 (V4, V5)V3) ξ − η (T4 (V4, V5)V3)V2

−αg (V2, V4) η (V5)V3 + αg (V2, V4) η (V3)V5

+η (V4)T4 (V2, V5)V3 + αg (V2, V5) g (V4, V3) ξ

− (α−c)(n+1)
4n

g (V2, V5) η (V3)V4 − αg (V2, V5) η (V4)V3

+ (α−c)(n+1)
4n

g (V2, V5) η (V4) η (V3) ξ + η (V5)T4 (V4, V2)V3

−α(3n−1)+c(n+1)
4n

g (V2, V3) g (V4, V5) ξ + αg (V2, V3) η (V4)V5

− (α−c)(n+1)
4n

g (V2, V3) η (V5)V4 + η (V3)T4 (V4, V5)V2

}
= 0.

(52)

If we choose V4 = ξ in (52) and make use of (24) , we obtain

α {T4 (V2, V5)V3 − αg (V2, V5)V3 + αg (V2, V3)V5} = 0 (53)
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If we choose V3 = ξ in (53) and we take inner product both sides of the last
equation by ξ ∈ χ (M), we get

α

{
1

2n
S (V2, V5)− αg (V2, V5)

}
= 0.

This completes the proof. □
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