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Abstract

The objective of this master‘s thesis is to study and analyze the behavior of prestressed

concrete deep beams and how prestressing changes the strut and tie model.

The method used for analyzing the behavior is finite element modeling in ATENA. The strut
and tie models are developed by analyzing the principal tensile and compressive stresses for
the different models at yield. The models are analyzed without prestressed reinforcement,
with 25 MPa prestressed reinforcement and 100 MPa prestressed reinforcement. In order
to analyze how different load patterns affect the principal stresses, this paper analyzes

three different load patterns.

In total, two different models are analyzed, each containing three different load patterns.
The models are analyzed without prestressed reinforcement, with 25 MPa and 100 MPa
prestressing. The prestressed reinforcement is placed straight and curved. One of the

models is also analyzed with two openings with three different placements of the openings.

The results show a decrease in the distance between the bottom of the deep beam and the
tie when adding prestressed reinforcement. A proposed equation to calculate the distance
from the bottom of the deep beam to the tie is included in this thesis. The equation
takes both the height of the deep beam and the amount of prestressing into account. The

equation is based on the results gathered in this thesis.
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1 Introduction

The object of this master thesis is to study the behavior of prestressed concrete deep

beams and how prestressing changes the strut and tie model.

1.1 Background

When designing a tall building, a challenge is to achieve free spaces in the lower story,
this can be a reception, a parking garage, or a storage. The use of deep beams can help
minimize the number of columns. A reinforced concrete deep beam is a structural element

characterized by its height-to-span ratio. Eurocode states that the ratio is minimum three
3]

Compared to conventional reinforced concrete beams, which have a smaller height and a
larger depth, a deep beam has a much larger span, while the depth (thickness) is smaller
in the perpendicular direction. This unique geometry allows deep beams to resist higher
bending moments and shear forces than shallow beams. This makes a deep beam an ideal

choice for a long-span structure that requires a significant load-carrying capacity [4].

Reinforced concrete deep beams are commonly used for load-bearing structures that
need to distribute heavy loads over long spans. They are commonly used in a variety of
applications, such as pile foundation walls and shear walls which are designed to resist
lateral forces. Overall, reinforced concrete deep beams offer an effective and efficient

solution for a wide range of engineering and construction challenges.

The strut and tie model is an approach that represents the stress distribution in atypical
elements or sections of concrete, such as deep beams, beams with openings, and others. It

is a reliable tool for the treatment of discontinuity regions.

Reinforced concrete deep beams are subjected to multiple different factors, this includes the
clear span-to-height ratio, loading type, location of the applied loads, type of prestressed
reinforcement, amount and quality of web reinforcement, dimensions of bearing plates, and
the compressive strength of the concrete. Due to the multiple numbers of variables, this
thesis will have the same parameters for the type of prestressed reinforcement, quality of

web reinforcement, dimensions of bearing plates, and the same compressive strength of the



2 1.2 Scope/limitation

concrete through all models. The parameters that will be changed are the span-to-height
ratio, loading type, amount of prestressing, and how the prestressed reinforcement is

placed.

1.1.1 Objectives of the thesis

The main objectives for this thesis are:
e Analyze the behavior of a prestressed concrete deep beam

e Suggest an equation for calculating the distance from the bottom of the deep beam

to the tie, that includes the height of the beam and the jacking force

1.2 Scope/limitation

The scope of this master thesis is to analyze the behavior of prestressed concrete deep beams
and analyze how the strut and tie model changes when adding prestressed reinforcement.
In order to analyze how the strut and tie model changes when adding prestressing, the
principal stresses are compared across different models. Different parameters are changed;
this includes the height of the deep beam, load patterns, amount of prestressing, different

curvature of the prestressed reinforcement, adding openings, and changing their positions.

A limitation of this thesis is that there are done little work on this subject previously.
Ideally, it would include an actual prestressed concrete deep beam and test it with different
load patterns and amounts of prestressing. ATENA does not provide a method to analyze
the flow of forces through a member which would be the preferred method for analyzing

the deep beams.

1.3 Method

The aim of the thesis is to develop an understanding of how the principal stresses change
when adding prestressed reinforcement to a concrete deep beam. To do so, it is used finite

element software ATENA.

Finite Element Method (FEM) simulations are widely used in engineering research and

practice to study the behavior of structures, materials, and systems under different
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scenarios. They allow researchers to investigate complex phenomena, optimize designs,
and make predictions about the performance of a system. FEM simulations can also be
used to evaluate the effects of design changes, assess the structural integrity of components,

and analyze failure modes, among other applications [5].

Simulation based-research method is used in this thesis. Because simulation-based research
is a type of research method that involves using computerized or mathematical models
to simulate real-world situations, systems, or processes in order to study their behavior,
make predictions, or test hypotheses [6]. FEM simulations can be considered a type of
simulation-based research method. FEM is a numerical technique used in engineering and
other fields to approximate and solve complex problems involving physical systems, such

as structural mechanics, heat transfer, fluid dynamics, and electromagnetic fields [7].

FEM simulations typically involve defining the geometry, material properties, and boundary
conditions of the system, and then using numerical methods to solve the resulting equations,
such as the finite element method, finite difference method, or finite volume method.
The results of FEM simulations can include stress and strain distributions, displacement
fields, temperature profiles, and other relevant parameters, which can be analyzed and

interpreted to draw conclusions and make recommendations.

FEM simulations can be classified as linear or nonlinear, depending on the type of material

behavior or system response being modeled.

1.4 QOutline of the thesis

Chapter 1: Introduction

Chapter 2: Theory

Chapter 3: Material and Method

Chapter 4: Modeling in ATENA

Chapter 5: Results from ATENA

Chapter 6: Discussion and Conclusion



2 Theory

2.1 Deep beam

A deep beam is defined as a member which the span is less than three times the overall
section depth [8]. Deep beams can be used as a wall that is simply supported, this gives a
bending moment under the wall, which is different from a regular wall which is supported

under the entire wall.

2.2 Discontinuity regions

A structural member may be divided into B-regions or D-regions, in the B-region, which
applies that the Bernoulli hypothesis is valid. The Bernoulli-Euler beam theory makes

two primary assumptions [9]:
e Plane sections remain plain
e Deformed beam angles are small

Discontinuities regions, D-regions define areas of the structural members where the beam
theory does not apply. Where the assumption of linear distribution of strains is not valid.
Prior to any cracking, an elastic stress field exists; cracking interrupts the stress field,

causing a change in the internal forces [1].

2.3 Lower-Bound Theorem

Lower-Bound Theorem states, "if an equilibrium distribution of stress can be found which
balance the applied loads, and is everywhere below yield or at yield, the structure will not
collapse or will be just at the point of collapse" [10]. The theory has different versions
depending on the material. For a steel frame, the method is called the statically method,

for concrete structures the method is called the strut-and-tie model method [10].
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2.4 Strut and Tie modeling

Strut and tie model (STM) is an approach that efficiently represents intricate stress
distributions as triangulated models. This method is founded on the truss analogy and
can be employed for various components of concrete structures. It is commonly utilized
to design atypical elements or sections of concrete structures, such as pile caps, corbels,
deep beams, beams with openings, connections, and others, where standard beam theory

may not be applicable [11].

The STM is based on the lower bound theorem of limit analysis, which provide a safe
solution. The complex stress distribution in a structure is idealized as trusses carrying the
imposed loading through the structure to its support. An STM consists of compression
struts and tension ties. "STM is currently recognized as the most reliable tool for the

treatment of discontinuity regions (D-region)" [10].

The flow of forces can be traced through the structure using the load path method, then
the load path is replaced with polygons, and additional struts and ties are added to
achieve equilibrium of forces. However, the STM can be simplified using elastic finite
analysis and obtain the elastic stresses and principal stress direction, which is the method

used in this thesis [10].

The STM consists of three elements, struts, ties, and nodes. Strut is a compression
member which represents the compression field. Ties are the tension member where the
force is restrained by normal reinforcement, prestressing, or the concrete tensile strength.
Nodes are the point where strut and ties connect; the nodes are classified as a C-C-C node
which resists three compressive forces, or a C-C-T node which resists two compressive

forces and one tensile force. It could also be a C-T-T node and a T-T-T node [10].

In developing an STM, it is essential to control the equilibrium of forces in each node.
That is done using the formulas > F,, = 0 and ) F, = 0. It is also an objective to design

it with the least number of ties.
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2.5 Analyses and Behavior of Deep Beams

There are meaningful to analyze deep beams in an elastic state prior to cracking. Cracking
will occur at one-third to one-half of the ultimate load for a deep beam. After cracks

develop a redistribution of the stress because there is no tension across the cracks [1].
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Figure 2.1: Stress trajectories [1]

In Figure 2.1 a, the dashed lines are compressive stress trajectories drawn parallel to the
directions on the principal compressive stress, and solid lines are tensile stress trajectories
parallel to the principal tensile stress. The stress trajectories shown in Figure 2.1a can
be simplified and shown in Figure 2.1c, where the solid line represents tension ties and

dashed compression struts which results in the strut and tie model.
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2.5.1 Principal stress

Principal stresses of an element are, in general, maximum and minimum values of the
normal stresses when the shear stress is equal to zero [12|. Normal and shear stresses
are developed when the load is applied to any structure. “Due to this, applied loading
concentrated on a point where all three planes, X, Y, and Z, are perpendicular to that
point. The resultant stress on these planes is called principal stress” [13]. Maximum

principal stress are given as oy, which equals:

o1 = (0 +0,)/2+ /(00— 0,)/2)? + 7.2 (2.1)

Minimum principal stress are given as o, which equals:

02 = (02 + 0,)/2 = (02 — 0,) /22 + 7.2 (2.2)

o, — Stress in x-direction, o, = Stress in y-direction, 7,, — Normal shear stress.

2.6 Design guidelines

The STM is added into several design codes, the method is referred in Eurocode 2 -Design
of concrete sturctures - Part 1-1: General rules for buildings [3], Appendix A of ACI
318-02 [14] and the International Federation of Structural Concrete [14].
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3.1 ATENA-GiD

ATENA is a software developed by Cervenka Consulting, which is an "Advanced tool for
engineering nonlinear analysis. A user-friendly software for nonlinear analysis and design
of reinforced structures" [15]. ATENA simulates the real behavior of reinforced concrete,
including cracking, crushing, and reinforcement yielding. ATENA focuses on reinforced
concrete compared with software such as ABAQUS or ANSIS, but ATENA is in the same

category of advanced analysis software.

ATENA-GID is a finite element-based software that specifies for nonlinear analysis of
reinforced concrete, where there are predefined materials with their respective material

parameters. The program has three main functions|16]:

e Pre processing: Input of geometrical objects, loading, boundary condition, meshing,

and solution parameters
e Analysis: Real-time monitoring of the results
e Post processing: Graphical and numerical results

GiD is used for the preparation of the data and generating the mesh, and ATENA is used
for analyzing the data. GiD is a general-purpose finite element pre and post-processor

that is used for data preparation for ATENA [17].

3.2 Concrete

All models in the study have been constructed using C30/37 concrete, generated via the
"CC3DNonLinCementious2" model. The stress-strain relationship for this concrete is
illustrated in Figure 3.1a, 0¢/ is the effective stress and £° is the uniaxial strain, while
the material properties are detailed in Table 3.1. These parameters were automatically
generated using EN 1992 standards within GiD. The biaxial failure function for the
concrete is shown in Figure 3.1b, 0.; and 0.y are the principal stress in concrete, f/ is the

uniaxial cylindrical strength.
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Figure 3.1: Stress-strain law and Biaxial failure function for concrete [2]

Table 3.1: Input for Concrete Deep Beam

Deep Beam

Material

Concrete

Strength type

Cylindrical-Characteristic

Strength value

30 MPa

Safety format Mean
Young’s modulus 33550.6 MPa
Poisson ratio 0.2

Tension strength 2.9 MPa
Compression strength | -38 MPa

3.3 Steel plate and Reinforcement

The steel plates (bearing plates) were modeled using the "CC3DElastIsotropic" material

recommended by ATENA the model utilizes a Young’s modulus of 200 GPa and a Poisson

ratio of 0.3. The reinforcement was modeled using the "1D reinforcement" material

recommended by ATENA. This model utilizes an elastic-plastic material with a yield

strength of 500 MPa and a modulus of elasticity of 200 GPa.
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3.3.1 Prestressed reinforcement

Prestressed reinforcement is a term used for both pre-tensioned concrete and post-tensioned
concrete. When using tensioned reinforcement, you apply compression to the concrete to
counteract the stresses due to the service load, which leads to reducing or even eliminating

the deflection [18].

The prestressed reinforcement was modeled the same way as the reinforcement with the
use of "1D reinforcement", Young’s Modulus was set to 195 GPa, characteristic yield
strength of 1860 MPa. In order to differentiate how the prestressed reinforcement is fixed
at jacking vs after the concrete is hardened, it is necessary to define two materials with the
same properties except how they are fixed at ends. Therefore Prestressed reinforcement
and Prestressed reinforcement bar are added. In interval 2, the Prestressed reinforcement
is added to the prestressed line and has the properties of being jacked at the start and fixed
at the end. In interval 3, the conditions are set to activate the prestressed reinforcement
bar for the line, and the parameters for that prestressed bar are fixed at both ends. The

different intervals will be explained in Chapter 4.

Table 3.2: Input for Prestressed reinforcement and Prestressed reinforcement bar

Prestressed reinforcement | Prestressed reinforcement bar
Material Steel/Reinforcement Steel/Reinforcement
Type of reinforcement Reinforcement Reinforcement
Young‘s Modulus 195 GPa 195 GPa
Characteristic Yield Strength 1860 MPa 1860 MPa
Class if Reinforcement C C
Safety Format Mean Mean
Geometrical Non-Linearity Linear Linear
Geom Type Internal Cable Internal Cable
Bar End Fixed END Fixed BOTH

3.3.1.1 Pretensioned concrete

The tendons are initially tensioned, then the concrete is casted around the tendons and
cured. When the concrete has reached enough strength, the wires are released, leading to
the tendons compressing the concrete. The prestress is imparted in the concrete with the

bond between the concrete and the steel [18].
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3.3.1.2 Post-tensioned concrete

The procedure for post-tensioned concrete is to cast the concrete around a hollow duct.
Then the tendons are threaded through the ducts and jacked either from one or both sides
and then anchored. The ducts with the tendons are usually filled with grout which gives

a better bonding between the tendons and the concrete [18].

Within post-tensioned concrete there are two main types, it is either bonded or unbonded
post-tensioned. The bonded one means that there is a bond between the tendons and the
concrete, it is done by filling the ducts with grout. A bonded post-tensioned gives more
control over the crack development and a higher strength for the concrete. Unbonded
post-tensioned concrete allows the tendons to move freely in the longitudinal direction.
Since the ducts are not filled, it is essential to apply corrosion protection to the tendons

when using unbonded.
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4 Modeling in ATENA

The scope of the thesis is to get an understanding of how prestressing of a concrete
deep beam changes the strut and tie model. In order to get an understanding of how
prestressing changes the strut and tie model, different deep beams are studied. This
includes different sizes, load patterns, and amount of prestressing. In order to have a
system of which deep beam is analyzed with which load pattern, the different models are
named 1.1, 1.2, 1.3, 2.1, 2.2, and 2.3. The first number indicates the size of the deep beam,
so Model 1.1, 1.2, and 1.3 has the same dimensions. The second number indicates which
load pattern is used. 1 are two-point loads, 2 are uniformly distributed load, and 3 are
one-point load off center. The deep beams are analyzed with a straight prestressed cable
and a curved one, with a jacking force of 25 MPa and 100 MPa. There are four different
cases, Case 1 is without prestressed reinforcement, Case 2 is with straight prestressed
reinforcement, Case 3 is with curved prestressed reinforcement, and Case 4 is Model 1.1

with two openings.

4.1 Development of an accurate FEM simulation model

To make an accurate FEM simulation, the modeling needs to be correct, where all the
parameters regarding dimensions, material properties, boundary conditions, and loads

must be correct. The process is shown in the flow chart below (Figure 4.1):
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Figure 4.1: Process of generating models

4.2 Finite element method

In order to establish a good understanding of how a prestressed deep beam changes the
STM compared to a regular reinforced concrete deep beam, it is necessary to use the finite

element method (FEM) to get the correct answer.
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4.2.1 Solution parameters in ATENA

There are several methods for analyzing and solving nonlinear equations in ATENA. All

of the different methods need to solve a set of linear algebraic equations in the form:

A-xz=0b (4.1)

Where A,x,b stands for a global matrix and vectors of unknown variables and rhs of
the problem [2]. For analyzing the behavior of prestressed concrete deep beam Newton-

Raphson and Arc-length method is used.

4.2.1.1 Newton-Raphson method

The chosen method is Newton-Raphson (N-R) for intervals 1 and 2, which are boundary
conditions and dead load, respectively. N-R can be explained as "a way of extracting
a root of a polynomial" [19]. In other words, the N-R method is a quick way to find a
good approximation of the root of a real-valued function. "N-R method keeps the load
increment unchanged and iterates displacement until equilibrium is satisfied "[19]. The

Newron-Raphson method is illustrated in Figure 4.2

Loading
q

Loading increment

popp Deformation
o "1 T2

Figure 4.2: Newtons-Raphson method |2]

The N-R method employs incremental step-by-step analysis to establish the set of nonlinear

equations which is given in Equations 4.2, 4.3 and 4.4.
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K(p)-Ap=q— f(p) (4.2)
f(k-p)#k- f(p) (4.3)
K(p) # K(p + Ap) (4.4)

q is the vector of total applied joint loads

e f(p) is the vector of internal joint forces

Ap is the deformation increment due to the loading increment

p is the deformations of the structure prior to load increment
e K(p) is the stiffness matrix, relating loading increments to deformation increments

Equation 4.2 represents the out-of-balance force during a loading increment.

4.2.1.2 Arc-length method

For interval 3 which represents the vertical load, the method for the solution parameter
is Arc-Length. The Arc-Length method is a form of N-R iteration, “within each new
level of external load, iterative increments of load and displacement are adjusted in such
way to keep the process from doubling back on itself when the curve acquires a negative

slope”[19]. The Arc-length method is illustrated in Figure 4.3
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Figure 4.3: Arc-length method 2]
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The following equations are a set of nonlinear equations suitable for iterative solutions for

the arc-length method:

K(pi1) APi=XA-q— f(pi-1) =X-q— fi (4.5)
Pi=pic1 T AP =D 1 +mni_1-0i1 (4.6)

Ap; = Ap;i—1 + 11 i1 (4.7)

/\i = >\i—1 + A)\i—l (48)

e )\ defines the new loading factor

e 7 scalar used to accelerate solutions

4.2.1.3 Convergence criterion

Equation 4.5 is nonlinear, it is therefore necessary to iterate until the convergence criterion
is satisfied [2]. A convergence criterion is a criterion used to verify the convergence of a
sequence, it is used to determine when an iterative method has reached a solution with

sufficient accuracy [20]. ATENA supports the following possible criterion’s:

APiT - Ap;
piT *Di

\/ (g — Fpe))T - (g — f(pi1))
f)T - f(pi)

S Erel.disp (49)

< Erel.force (410)

max((¢* — f*(pi—1))) - maz((¢* — f*(pi-1)))
\/ mar(fHp)) man( i) oo (12

Condition 4.9 checks for the norm of deformation change during the last iteration,
condition 4.10 checks the norm of the out-of-balance force. Condition 4.11 checks out-of-
balance energy, and condition 4.12 checks the out-of-balance forces in terms of maximum

components. ¢ is the convergence limit set to 0.01.
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4.2.2 Interval data- Load steps

In GiD an assign intervals which corresponds to load steps in ATENA, the interval data
defines the loading history for the structure. This includes boundary conditions, the

definition of loading, and assigning the chosen solution parameters.

4.2.2.1 Interval 1

Interval 1 defines the boundary conditions, this includes the supports and how the plates
are connected to the deep beam. In interval 1 the measuring points are defined, this
includes external forces and displacement. The connection between the plates and the
deep beam is done with the use of masters and slaves, the deep beam is defined as the
master and the plates as slaves. The master-slave boundary condition specifies that "all
available degrees of one finite node is equal to degrees of freedom of another node" [2].
In order to connect the nodes from different materials to each other, the master-slave
connections are used. The generate multiple steps is activated with an interval multiplier

of 1 and the number of load steps is 1.

Figure 4.4: Conditions for interval 1
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Figure 4.4 shows which conditions are defined in interval 1, the supports are marked with
the line and circle at the bottom plates, and the master-slave connections are designated
with "Fixed Contact for Surface". The measuring points are displayed with a circle with
a cross in the middle, shown on the top left plate and in the middle of the bottom of the

beam.

4.2.2.2 Interval 2

Interval 2 defines the dead load and the initial loads before the external loads are applied,
the dead load is shown in Figure 4.5 with the red arrow and the red marks on the
reinforcement. This interval takes an additional load case into account, in this case, it is
load case 1. For the models with prestressed reinforcement, the initial stressing is taken
into account, in order to do this, the applied force is added in this interval, shown with
"Prestressing for Reinf Line". The generate multiple steps is activated with an interval

multiplier of 1, and the number of load steps is 1.

Figure 4.5: Conditions for interval 2
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4.2.2.3 Interval 3

Interval 3 defines the vertical loads as external loads and how the conditions for the
prestressed bar are, these conditions are shown in Figure 4.6 with the red arrows (vertical
loads) and red mark at the prestressed reinforcement. In interval 3, the Prestressed
reinforcement bar is activated to the prestressed reinforcement line, which is fixed at both
ends. The generate multiple steps is activated with an interval multiplier of 2, and the
number of load steps is 100. Interval 3 takes an additional load case into account, this
is load case 1. The solution parameters are also activated, the solution parameter for
interval 3 is arc length, the optimized band is Sloan, the stiffness type is Elastic Predictor

and the solver is Pardiso.

Figure 4.6: Conditions for interval 3

4.2.3 Meshing

In order to accurately simulate the behavior of the concrete a three-dimensional eight-node

hexahedral isoparametric element with a mesh size of 20mm was used.
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4.3 Model 1
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Figure 4.7: Dimensions of Model 1

Figure 4.7 shows the dimensions of Model 1. Model 1 is a deep beam with the dimensions
of a height of 1m, a length of 1.1m, a distance between supports of 1m, and a depth of
0.1m. The deep beam is supported at two plates, for the plate to the left it is supported
in Z-and X-direction, and for the plate to the right is supported in the Z- and Y-direction.
The plates have the dimensions of height of 0.012m, length of 0.05m, and depth of 0.1m.

Model 1 is reinforced with longitudinal reinforcement of 310 ¢260 on both sides, horizontal
reinforcement is 10 ¢235. The prestressed reinforcement is tendons with a diameter of

12.5mm.
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Figure 4.8: Reinforcement drawing of Model 1

Figure 4.8 shows the reinforcement drawing for Model 1 with a straight prestressed

reinforcement. P11 is the vertical reinforcement, P12 is the horizontal reinforcement and

P13 is the prestressed reinforcement.
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Figure 4.9: Reinforcement drawing of Model 1 with curved prestressed reinforcement

Figure 4.9 shows the reinforcement drawing for Model 1 with a curved prestressed
reinforcement. P14 is the vertical reinforcement, P15 is the horizontal reinforcement, and
P16 is the curved prestressed reinforcement with an eccentricity of 70mm. The same
parameters for both the web reinforcement and the prestressed reinforcement are used for

the one with curved and straight prestressed reinforcement.
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Eurocode 2 states the minimum and maximum reinforcement for a deep beam in Chapter
9.7 [3]. The calculations for maximum and minimum vertical reinforcement are as follows:

Ay omin = 0.002 - A, and A, ypmas = 0.04 - A,
e A, =10-10*mm?/m : Square section per meter
e A, ymin : Minimum vertical reinforcement
o A, ymar : Maximum vertical reinforcement

The spacing between the vertical bars is min(3 - b,,400mm), where b, is the depth
of the deep beam. The calculations give a minimum steel reinforcement area of
Ay ymin = 200mm?/m for both sides and a maximum of 4000mm?/m. Therefore the
chosen vertical reinforcement for Model 1 is 10c¢260 which equals a cross-section area of

A, = 302mm?/m.

The calculations for minimum horizontal reinforcement for a deep beam are as follows:

Ag hmin = max(0.025 - Ag ymin; 0.3 - A, - f;ﬁ)
e A, ymin = 200mm?/m : Minimum vertical reinforcement
o fum = 2.9MPa : Mean value of axial tensile strength of concrete
e fyr = 500MPa : Characteristic yield strength of reinforcement

The maximum spacing for the horizontal reinforcement is equal to 300mm. The chosen

horizontal reinforcement for Model 1 is ¢10c235 which leads to A, = 334mm?/m.
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4.3.1 Model 1.1

Model 1.1 is Model 1 with two-point loads (P) on top of the deep beam which is shown in
Figure 4.10. The two-point loads are located in the middle of the loading plates. The
loading plates have the same dimensions as the support plates, length is 0.05m, depth is

0.1m, and height is 0.012m.

' 0.333m . 0.333m y  0.333m i
Ll LI LI L}

im

# /."' I; .
mr ﬂ.ﬁ mr rL
0.05 0.012m
| im A
1.1m

Figure 4.10: Model 1.1
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4.3.2 Model 1.2

Model 1.2 is Model 1 with a uniform distributed load (q) along the top of the deep beam
shown in Figure 4.11. The loading plate has the same length and depth as the top of the
beam, height is 0.012m
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Figure 4.11: Model 1.2
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4.3.3 Model 1.3

Model 1.3 is Model 1 with one point load off center, Figure 4.12 shows the placement of
the point load (P). The placement of the point load is the same for Model 1.3 as the point
load to the left for Model 1.1.
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Figure 4.12: Model 1.3
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4.4 Model 2
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Figure 4.13: Dimensions of Model 2

Figure 4.13 shows the dimensions of Model 2. Model 2 has a length of 1.1m, a height of
0.3m, and a depth of 0.1m. It is supported at the two plates, where the right plate are
supported in X and Z direction. The right plate is supported in Y and Z directions.

The minimum reinforcement for Model 2 is the same as for Model 1 because it has the
same depth, concrete type (C30/37), and reinforcement type (B500NC). Therefore the
vertical reinforcement chosen for Model 2 is ¢10c260. The maximum spacing for the
horizontal reinforcement is 300mm, and the horizontal reinforcement selected for Model 2

is 910 in each corner.
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Figure 4.14: Reinforcement drawing of Model 2 with straight prestressed reinforcement

Figure 4.14 shows the reinforcement drawing for Model 2 with a straight prestressed
reinforcement. P21 is the vertical reinforcement, P22 is the horizontal reinforcement and

P23 is the prestressed reinforcement.
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Figure 4.15: Reinforcement drawing of Model 2 with curved prestressed reinforcement

Figure 4.15 shows the reinforcement drawing of Model 2 with a curved prestressed
reinforcement. P24 is the horizontal reinforcement, P25 is the horizontal reinforcement

and P26 is the prestressed reinforcement with an eccentricity of 70mm.

4.4.1 Model 2.1

Model 2.1 is Model 2 with two point loads (P), Figure 4.16 shows where they are located.
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Figure 4.16: Model 2.1
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4.4.2 Model 2.2

Model 2.2 is Model 2 with a uniform distributed load (q) over the entire top of the deep
beam, Figure 4.17 shows Model 2.2.
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Figure 4.17: Model 2.2

4.4.3 Model 2.3

Model 2.3 is Model 2 with one point load off center, Figure 4.18 shows the placement of
the point load (P).
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Figure 4.18: Model 2.3
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4.5 Model 1.1 with openings

Model 1.1 with openings contains three different scenarios, case 4.1, case 4.2, and case 4.3.
The positions of the openings are different, but the size of the openings remains the same.
The dimensions, boundary conditions, reinforcement, and load pattern are the same as
Model 1.1, which contains two-point loads. The openings have the dimensions of length

of 0.2m, height of 0.16m, and depth equal to the beam (0.1m) each.
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Figure 4.19: Case 4.1

Figure 4.19 shows the placements of the two openings in Model 1.1, in the analysis this
Model is case 4.1. The two openings are located 0.3m from the bottom of the beam and

0.06m from the side of the beam.
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Figure 4.20: Case 4.2
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Figure 4.20 shows the placements of the openings for case 4.2, where the openings are
located 0.54m from the bottom of the beam to the bottom of the opening. The x-positions

remain the same for case 4.2 as for case 4.1.

0.333m . 0.333m | 0.333m

im 0.08m

0.3m

R ] z

0.06m 0.2m | 0.58m , 02m 0.06m
— + t +—

Figure 4.21: Case 4.3

Figure 4.21 shows the placements of the two openings; for case 4.3, the openings are unlike
cases 4.1 and 4.2, not placed at the same height. The opening on the left is set 0.54m
from the bottom, and the opening on the right is located 0.3m from the bottom.

The reason for analyzing a deep beam with openings is because in many situations there
are necessary, it could be for windows, electrical installations, ventilation, or pipes. In
order to find out if prestressed reinforcement will change the STM the analyses will regard

Model 1.1 with different locations of the two openings.

4.6 Case description

The results are categorized into different cases, case 1 to case 4.

4.6.1 Casel

Case 1 regards all the models without prestressed reinforcement. For Model 1, the
longitudinal reinforcement is ¢10 ¢260 (both sides), and the horizontal reinforcement of
910 ¢235 (both sides). For Model 2, the longitudinal reinforcement is the same as for
Model 1 (910 ¢260), and the horizontal is ¢10 in each corner.
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4.6.2 Case 2

Case 2 regards all the models with a straight prestressed reinforcement, for Model 1,
Figure 4.8 shows the placement of the reinforcement. Figure 4.14 shows the placement
of the reinforcement for Model 2. The models are analyzed with 25 MPa and 100 MPa

prestressing.

4.6.3 Case 3

Case 3 regards all the models with a curved prestressed reinforcement, Figures 4.9 and
4.15 show the reinforcement drawings for Model 1 and 2, respectively. The models are

analyzed with 25 MPa and 100 MPa prestressing.

4.6.4 Case 4

Case 4 regards Model 1.1 with two openings, this case includes without prestressed
reinforcement, 25 MPa straight prestressed reinforcement, and 100 MPa straight prestressed
reinforcement. The openings are placed in three different positions, as shown in Figures
4.19, 4.20, and 4.21. The models are reinforced similarly to cases 1 and 2, without

prestressed reinforcement and with straight prestressed reinforcement, respectively.
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5 Results from ATENA

5.1 Behavior of deep beams using FEM simulations

In order to find out if prestressed reinforcement changes the strut and tie model for
a concrete deep beam, this thesis will look at how the principal stresses change when
adding prestressing and increasing it. For the tensile part, ATENA defines it as maximum
principal stress, and the compression part is defined as minimum principal stress. The
results take the height of principal tensile stress at the load step just before yielding (lower
bound theory).
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Figure 5.1: Load VS Displacement step 3-7 (left), Principal tensile stress development
for Model 2.1 (right)

Figure 5.1 shows the load vs displacement from start to step 7 and how the principal
tension stress develops when further loading. From steps 4 to 5, there is a significant
difference in stress at the bottom of the beam; step 5 shows a decrease in stress at the
middle bottom, which indicates a crack propagation. Therefore for Model 2.1, step 4 is
just before yielding, and the results are taken into account. The load vs displacement
diagram indicates where the yield start, after step 4, the graph goes from a linear to a
curved form. The reason step 1 and 2 are not displayed is that they are taken into account

in interval 1 and 2, where the external load is not yet applied.
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The following results show the principal tensile and compressive stresses for all the models
right before yielding. It also shows a proposed strut and tie model from the principal
stress results. The color scale on the principal tensile stress is not the same as for principal
compressive stress. For the principal tensile stress, the red area is equal to 1.4 to 2.9 MPa,
for the principal compressive stress, the red zone is equal to 0 to -3.3 MPa. Therefore the

color scale can not be compared between tensile and compressive stresses.

5.2 Case 1

Case 1 involves the models which do not contain prestressed reinforcement, the models
are used as a reference, and the results will be compared to the ones with prestressed

reinforcement.

5.2.1 Model 1

The dimensions of Model 1 are shown in Figure 4.7.

5.2.1.1 Model 1.1

L. L.
Figure 5.2: Principal tensile stress (left), principal compressive stress (right) for Model
1.1 without prestressing

Figure 5.2 shows the principal tensile and compressive stress for Model 1.1 without
prestressed reinforcement. When analyzing the results, the peak of the red area for the
principal tensile stress (Figure on the left) is measured which equals a. For the principal
compressive stress (Figure on the right), the height of the top yellow area is measured,

which equals b. The reason for taking only the yellow area into account is because it
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propagates close to straight unlike the orange area, which propagates with an angle

towards the supports. The peak of the principal tensile stress area is equal to 7.9 meshes

which equals 158mm (a). The height of the yellow area of the principal compressive stress

(b) is equal to 106mm.
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Figure 5.3: STM for Model 1.1 without prestressed reinforcement

The strut and tie models are developed from the principal compressive and tensile stresses.
The locations of the strut and ties are at the center of the principal stresses. Therefore,
the distance a/2 equals the distance from the bottom of the deep beam to the center
of the peak of the principal tensile stress. The same rule applies to the distance b/2,
which equals the distance from the top of the deep beam to the center of the principal

compressive stress, which equals the distance from the top of the beam to the top strut.

Figure 5.3 shows the strut and tie model for Model 1.1 without prestressing. The solid
line represents the tie, and the dotted lines represent the struts. The distance a/2 equals
79mm from the bottom of the beam to the tie. The distance b/2 between the strut and
the top of the beam is equal to 53mm. The two vertical struts are placed directly under

the two-point loads, the same for the two vertical struts at the bottom for the support

loads.
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5.2.1.2 Model 1.2
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Figure 5.4: Principal tensile stress (left), principal compressive stress (right) for Model
1.2 without prestressing

Figure 5.4 shows the principal tensile and compressive stresses for Model 1.2 without

prestressed reinforcement. The height of the maximum principal tensile stress (a) is 164
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Figure 5.5: Strut and Tie Model for Model 1.2

Figure 5.5 shows the strut and tie model for Model 1.2, which does not involve prestressed
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reinforcement. The value of a/2 is 82mm, while b/2 is equal to 260mm. The distance
between the tie and the strut is 658mm. According to "Betongkonstruksjoner, [21]" the
z-value for a deep beam, where h=1 and a uniformly distributed load z = 0.62-h. However,
for Model 1.2, the z-value is 0.658, which is slightly higher than expected. This could
be due to how ATENA applies the load. If a finer load step is chosen (i.e., more steps),
the increase in load with each step would be lower, and the correct load step would be
selected just before yield. By using a finer load step evaluation, a and b values would

increase while z would decrease.

5.2.1.3 Model 1.3

L. [
Figure 5.6: Principal tensile stress (left), principal compressive stress (right) for Model
1.3 without prestressing

Figure 5.6 shows the principal tensile and compressive stress for Model 1.3 which does not
have prestressed reinforcement. The values for a and b are 168mm and 106mm respectively,
they are measured the same way as Model 1.1. Regarding the principal tensile stress as
Figure 5.6 on the left shows the stress development is uneven compared to both Model 1.1

and 1.2, the reason for this is the placement of the vertical load is off center to the left.
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b/2

a2

Figure 5.7: Strut and Tie Model for Model 1.3

Figure 5.7 shows the proposed strut and tie model for Model 1.3 without prestressed

reinforcement, a/2 is equal to 84mm, and b/2 is equal to 53mm. The distance between

the top node and the top of the beam (b/2) remains the same for Models 1.1 and 1.3.



5.2 Case 1 39

5.2.2 Model 2

The dimensions of Model 2 are shown in Figure 4.13.

5.2.2.1 Model 2.1

L.
Figure 5.8: Principal tensile stress (left), principal compressive stress (right) for Model
2.1 without prestressing

Figure 5.8 shows the principal tensile and compressive stress for Model 2.1 without
prestressed reinforcement. The analyses of the results give the distance a is equal to
102mm, and b is equal to 80mm. When comparing the principal compressive stress from
Model 2.1 with 1.1, there is a difference in how the compressive stress develops through
the deep beam. For Model 2.1, the orange area propagates through the beam to the area
around the supports. For Model 1.1, the orange area almost connects, the reason for this

is the height difference and the compressive area don’t go all the way through the beam.

Figure 5.9: Strut and Tie model for Model 2.1 without prestressed reinforcement

Figure 5.9 is the proposed strut and tie model for Model 2.1 without prestressed

b/2

a/2
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reinforcement, developed from the principal tensile and compressive stresses shown in
Figure 5.8. The distance between the bottom of the beam and the tie (a/2) is equal to
51mm, and the distance between the strut and the top of the beam (b/2) is equal to

40mm.

5.2.2.2 Model 2.2

I
LT

L. L
Figure 5.10: Principal tensile stress (left), principal compressive stress (right) for Model
2.2 without prestressing

Figure 5.10 shows the principal tensile and compressive stresses for Model 2.2 without
prestressed reinforcement. When comparing the principal tensile stress, the distribution
is similar to Model 1.2, on the other hand, the principal compressive stress develops
differently. The red area for the principal compressive stress ranges from 0 to -1 MPa,
thereby the smallest. The principal compressive stress for Model 1.2 has a compressive area
in the middle of the top of the beam, with a form close to a rectangle. The compressive
stress distribution for Model 2.2 is larger further from the center. A reason for this could
be that the beam for Model 2.2 is lower than Model 1.2, this gives a more significant
deflection which provides tension between the supports, which propagates all the way
through the beam. Therefore the distance b is measured from the top of the beam to
where the red area straightens out, which equals 60mm. The peak of the principal tensile

stress (a) is equal to 120mm.
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Figure 5.11: Strut and Tie model for Model 2.2 without prestressed reinforcement

Figure 5.11 shows the strut and tie model for Model 2.2 without prestressed reinforcement,

a/2 is equal to 60mm, and b/2 is equal to 30mm.

5.2.2.3 Model 2.3

[iEHH

L L.

Figure 5.12: Principal tensile stress (left), principal compressive stress (right) for Model
2.3 without prestressing

Figure 5.12 shows the principal tensile and compressive stress for Model 2.3 without
prestressed reinforcement. There is an uneven stress development for both tensile and
compressive stress, this is because there is only one point load which is placed off center
of the top of the beam as in Model 1.3. The height of the maximum principal tensile
stress (a) is equal to 90mm, and the height of the principal compressive stress (b) is equal

to 86mm.
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i I b2

Figure 5.13: Strut and Tie model for Model 2.3 without prestressing

Figure 5.13 shows the strut and tie model for Model 2.3 without prestressing, developed
from the principal tensile and compressive stresses shown in Figure 5.6. The distances

a/2 are equal to 4bmm and b/2 are equal to 43mm.
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5.3 Case 2

Case 2 involves all models with a straight prestressed reinforcement. The strut and tie
model is drawn with the color red and green. Red represents the models with 25 MPa

prestressing and green represents the models with 100 MPa prestressing.

5.3.1 Model 1

The dimensions of Model 1 are shown in Figure 4.7 and the reinforcement drawing for

Model 1 with a straight prestressed reinforcement is shown in Figure 4.8.

5.3.1.1 Model 1.1 with 25 MPa prestressing

L. L.

Figure 5.14: Principal tensile stress (left), principal compressive stress (right) for Model
1.1 with 25 MPa prestressing

Figure 5.14 shows the principal tensile and compressive stresses for Model 1.1 with a
straight 25 MPa prestressed reinforcement. The height of the principal tensile stress area
(a) is equal to 140mm. There is a decrease in the height of the maximum principal tensile
stress when comparing Model 1.1 without prestressing and this one, the difference is
18mm. The height of the yellow area for the principal compressive stress is the same for

the two models, b is equal to 106mm.
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T b2

a/2

Figure 5.15: STM for Model 1.1 with 25 MPa straight prestressed reinforcement

Figure 5.15 shows the strut and tie model for Model 1.1 with a straight prestressed
reinforcement with 25 MPa prestressing. From analyzing the results of the principal
stresses, the development of the STM is done. The distance a/2 is equal to 70mm, and
b/2 is equal to 53mm. The results show no change in the placement of the top strut
compared to Model 1.1 without prestressing, but the placement of the tie has decreased

by 9mm.

5.3.1.2 Model 1.1 with 100 MPa prestressing

L. L.
Figure 5.16: Principal tensile stress (left), principal compressive stress (right) for Model
1.1 with 100 MPa prestressing
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Figure 5.16 shows the principal tensile and compressive stress for Model 1.1 with 100 MPa
straight prestressed reinforcement. The distance a is equal to 118mm, and b is equal to

106mm.

[ b/2

T a2

Figure 5.17: Strut and Tie model for Model 1.1 with 100 MPa straight prestressing

Figure 5.17 is the strut and tie model for Model 1.1 with 100 MPa prestressing in a straight
line. The distance between the bottom of the beam and the tie (a/2) is equal to 59mm,
there is a decrease of 20mm compared to Model 1.1 without prestressed reinforcement
and a reduction of 11mm compared to Model 1.1 with 25 MPa prestressing. The distance

b/2 remains the same which equals 53mm.



46 5.3 Case 2

5.3.1.3 Model 1.2 with 25 MPa prestressing

T T

Figure 5.18: Principal tensile stress (left), principal compressive stress (right) for Model
1.2 with 25 MPa prestressing

Figure 5.18 shows the principal tensile and compressive stress for Model 2.2 with 25 MPa
straight prestressed reinforcement. The tensile and compressive stress distribution is quite
similar to Model 2.2 without prestressing, but the height of the maximum principal tensile

stress (a) has decreased to 152mm, which is a decrease of 6mm.
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Figure 5.19: Strut and Tie model for Model 1.2 with 25 MPa straight prestressing

Figure 5.19 is the Strut and Tie model for Model 1.2 with 25 MPa straight prestressed
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reinforcement. The distance between the tie and the bottom of the beam (a/2) is equal

to 76mm, and the distance b/2 is equal to 260mm.

5.3.1.4 Model 1.2 with 100 MPa prestressing

Figure 5.20: Principal tensile stress (left), principal compressive stress (right) for Model
1.2 with 100 MPa prestressing

Model 1.2 with 100 MPa straight prestressed reinforcement shows the principal tensile
and compressive stress, as illustrated in Figure 5.20. The values of a and b are 124mm
and 260mm, respectively. Notably, the height of the tensile stress (a) has reduced further
compared to Model 1.2 with 25 MPa prestressing and Model 1.2 without any prestressing.
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Figure 5.21: Strut and Tie model for Model 1.2 with 100 MPa straight prestressing
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The strut and tie model for Model 1.2 with 100 MPa straight prestressing is shown in
Figure 5.21. The distance between the bottom of the beam and the tie (a/2) is equal to

64mm, and b/2 is equal to 260mm.

5.3.1.5 Model 1.3 with 25 MPa prestressing

L. L.

Figure 5.22: Principal tensile stress (left), principal compressive stress (right) for Model
1.3 with 25 MPa prestressing

Figure 5.22 shows the principal tensile and compressive stress for Model 1.3 with 25 MPa
straight prestressed reinforcement. The distance a is equal to 158mm and b is equal to

106mm.

b/2

: ; a/2

Figure 5.23: Strut and Tie model for Model 1.3 with 25 MPa straight prestressing
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The strut and tie model for Model 1.3 with 25 MPa straight prestressing is shown in
Figure 5.23. The distance (a/2) is equal to 79mm and b/2 is equal to 53mm.

5.3.1.6 Model 1.3 with 100 MPa prestressing

L. -

Figure 5.24: Principal tensile stress (left), principal compressive stress (right) for Model
1.3 with 100 MPa prestressing

The principal tensile and compressive stress for Model 1.3 with 100 MPa straight prestressed
reinforcement at yield is shown in Figure 5.24. The peak of the principal tensile stress (a)
is equal to 128mm, and the distance b is equal to 106mm. The stress distribution has the

same form as Model 1.3 with 25 MPa prestressing and Model 1.3 without prestressing.

T bre

[ a2

Figure 5.25: Strut and Tie model for Model 1.3 with 100 MPa straight prestressing
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The strut and tie model for Model 1.3 with 100 MPa prestressing is developed from the
results of the principal tensile and compressive stress is shown in Figure 5.25. The distance
a/2 is equal to 64mm and b/2 is equal to 53mm. The distance a/2 has decreased by

20mm compared with Model 1.3 without prestressed reinforcement.
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5.3.2 Model 2

The dimensions of Model 2 are shown in Figure 4.13 and the reinforcement drawing for

Model 2 with a straight prestressed reinforcement is shown in Figure 4.15.

5.3.2.1 Model 2.1 with 25 MPa prestressing

L. L.
Figure 5.26: Principal tensile stress (left), principal compressive stress (right) for Model
2.1 with 25 MPa prestressing

The principal tensile and compressive stress for Model 2.1 with 25 MPa straight prestressing
is shown in Figure 5.26. The principal tensile stress distribution has a similar distribution as
Model 1.1, which has the same load pattern (two-point loads). The height of the maximum
principal tensile stress (red-area) (a) is equal to 90mm. The principal compressive stress
distribution develops in a similar way as Model 2.1 without prestressing, where the
compressive stress develops through the beam from the external load to the support. The

distance b is equal to 80mm.

J 1 I br

Figure 5.27: Strut and Tie model for Model 2.1 with 25 MPa straight prestressing
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The Strut and Tie model for Model 2.1 is shown in Figure 5.27, a/2 are equal to 45mm
and b/2 are equal to 40mm. The distance a/2 has decreased by 6mm compared to Model

2.1 without prestressed reinforcement.

5.3.2.2 Model 2.1 with 100 MPa prestressing

\

Figure 5.28: Principal tensile stress (left), principal compressive stress (right) for Model
2.1 with 100 MPa prestressing

Figure 5.28 shows the principal tensile and compressive stress for Model 2.1 with 100 MPa
straight prestressing. The maximum principal tensile stress distribution has a similar
shape as Model 2.1 with 25 MPa prestressing and without prestressing, on the other hand,
the principal compressive stress distribution is not. The compressive area does not go
all the way through the beam, it has a similar distribution as Model 1.1. The reason for
this is the amount of prestressing. The peak of the principal tensile stress (a) is equal to

78mm and the peak of the principal compressive stress (b) is equal to 80mm.

b/2

a/2

Figure 5.29: Strut and Tie model for Model 2.1 with 100 MPa straight prestressing
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The strut and tie model for Model 2.1 with 100 MPa prestressing developed from the
principal tensile and compressive stresses are shown in Figure 5.29. The distance a/2 is

equal to 39mm, which is a decrease of 12mm and b/2 is equal to 40mm.

5.3.2.3 Model 2.2 with 25 MPa prestressing

A,

L. L

Figure 5.30: Principal tensile stress (left), principal compressive stress (right) for Model
2.2 with 25 MPa prestressing

Figure 5.30 shows the principal tensile and compressive stress for Model 2.2 with 25 MPa
straight prestressing. The peak of the principal tensile stress (a) is equal to 118mm for
Model 2.2 with 25 MPa straight prestressed reinforcement, and the distance from the
top of the beam to where the principal compressive stress straightens out (b) is equal
to 44mm. The distance b is measured the same way as Model 2.2 without prestressed

reinforcement.

Fmmmmmmmmmmmmm—m e ———— H I b/2

i a/2

Figure 5.31: Strut and Tie model for Model 2.2 with 25 MPa prestressed reinforcement

Figure 5.31 shows the strut and tie model which is developed from the principal tensile

and compressive stress. The distance a/2 is equal to 59mm, and the distance b/2 is



54 5.3 Case 2

equal to 22mm. The distance a/2 has reduced by 1mm compared to Model 2.2 without

prestressed reinforcement, and b/2 remains the same.

5.3.2.4 Model 2.2 with 100 MPa prestressing

L - L.
Figure 5.32: Principal tensile stress (left), principal compressive stress (right) for Model
2.2 with 100 MPa prestressing

The principal tensile and compressive stress for Model 2.2 with 100 MPa straight prestressed
reinforcement is shown in Figure 5.32. The peak of the principal tensile stress is measured

similarly to the previous model, a is equal to 108mm and b is equal to 44mm.

S — H T b2

Figure 5.33: Strut and Tie model for Model 2.2 with 100 MPa straight prestressing

The proposed strut and tie model for Model 2.2 with 100 MPa prestressing is shown in
Figure 5.33. The distance a/2 is equal to 54mm and b/2 is equal to 22mm. Compared to
the STM for model 2.2 without prestressed reinforcement, the distance a/2 has decreased

by 6mm.
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5.3.2.5 Model 2.3 with 25 MPa prestressing

L.

Figure 5.34: Principal tensile stress (left), principal compressive stress (right) for Model
2.3 with 25 MPa prestressing

The principal tensile and compressive stress at yield for Model 2.3 with 25 MPa straight
prestressed reinforcement is shown in Figure 5.34. The distance from the bottom of the
beam to the peak of the maximum principal tensile stress (a) is equal to 80mm. The
principal compressive stress distributes the same way as Model 2.2 without prestressing,

the distance from the top of the beam to the yellow area (b) is equal to 86mm.
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Figure 5.35: Strut and Tie model for Model 2.3 with 25 MPa straight prestressed
reinforcement

The strut and tie model for Model 2.3 is displayed in Figure 5.35, a/2 are equal to 40mm
and b/2 are equal to 43mm. The distance a/2 has been reduced by bmm compared to

Model 2.3 without prestressed reinforcement.
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5.3.2.6 Model 2.3 with 100 MPa prestressing

Principe Stress

L= =
Figure 5.36: Principal tensile stress (left), principal compressive stress (right) for Model
2.3 with 100 MPa prestressing

Figure 5.36 shows the principal tensile and compressive stress for Model 2.3 with 100
MPa straight prestressed reinforcement. The peak of the principal tensile stress is equal

to 70mm, and the distance b is equal to 86mm.

i I b2

Figure 5.37: Strut and Tie model for Model 2.3 with 100 MPa straight prestressed
reinforcement

Figure 5.37 displays the STM for Model 2.3 with 100 MPa straight prestressed
reinforcement. The distance a/2 is equal to 35mm, it has decreased by 10mm and

b/2 is equal to 43mm.
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5.4 Case 3

Case 3 regards all models with curved prestressed reinforcement. The strut and tie models
are drawn with red and green colors that represent the amount of prestressing, red is 25

MPa and green is 100 MPa.

5.4.1 Model 1

The reinforcement drawing for Model 1 with a curved prestressed reinforcement is shown

in Figure 4.9.

5.4.1.1 Model 1.1 with 25 MPa prestressing

L.
Figure 5.38: Principal tensile stress (left), principal compressive stress (right) for Model
1.1 with 25 MPa prestressing (curved)

Figure 5.38 shows the results of the principal tensile and compressive stresses for Model
1.1 with 25 MPa curved prestressed reinforcement. The results of the principal stresses
show no change in the height of the stress development compared to Model 1.1 with 25

MPa straight prestressed reinforcement.
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T b/2

a/2

Figure 5.39: STM for Model 1.1 with 25 MPa curved prestressed reinforcement

Figure 5.39 is the strut and tie model developed from the results of principal tensile and
compressive stresses shown in Figure 5.38. The distance from the bottom of the beam to
the tie is 70mm and the distance from the top of the beam to the top strut is 53mm. The
distance a/2 remains the same compared to Model 1.1 with 25 MPa straight prestressed
reinforcement and decreases with 9mm compared to Model 1.1 without prestressed

reinforcement.

5.4.1.2 Model 1.1 with 100 MPa prestressing

L. L.
Figure 5.40: Principal tensile stress (left), principal compressive stress (right) for Model
1.1 with 100 MPa prestressing (curved)
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Figure 5.40 shows the principal tensile and compressive stress for Model 1.1 with 100 MPa
curved prestressed reinforcement. The height of a and b are measured the same way, a is
equal to 112mm and b is equal to 106mm. The distance between the top of the beam to

the strut remains the same for all Models 1.1.

b/2

-

Figure 5.41: Strut and Tie model for Model 1.1 with 100 MPa curved prestressed
reinforcement

Figure 5.41 shows the strut and tie model for Model 1.1 with 100 MPa curved prestressed
reinforcement. The distance from the bottom of the beam to the tie (a/2) is equal
to 56mm, this is a decrease of 2mm compared to Model 1.1 with 100 MPa straight
prestressed reinforcement. Compared to Model 1.1 without prestressed reinforcement a/2

has decreased by 23mm. The distance b/2 is equal to 53mm.
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5.4.1.3 Model 1.2 with 25 MPa prestressing

L. L.
Figure 5.42: Principal tensile stress (left), principal compressive stress (right) for Model
1.2 with 25 MPa prestressing (curved)

The principal stresses for Model 1.2 with 25 MPa curved prestressing are displayed in
Figure 5.42. The stress development is similar to Model 1.2 with straight prestressing.

The distance a is equal to 150mm.
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Figure 5.43: Strut and Tie model for Model 1.2 with 25 MPa curved prestressed

reinforcement

Figure 5.43 is the strut and tie model for Model 1.2 with a curved prestressed reinforcement.

The distance between the tie and the bottom of the beam a/2 is equal to 75mm, compared
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to Model 1.2 with 25 MPa straight prestressing it is an decrease of 1mm

b/2 is equal to 260mm.

5.4.1.4 Model 1.2 with 100 MPa prestressing

L.

. The distance

Figure 5.44: Principal tensile stress (left), principal compressive stress (right) for Model

1.2 with 100 MPa prestressing

(curved)

The principal tensile and compressive stress for Model 1.2 with 100 MPa curved prestressing

is shown in Figure 5.44. The distance a is equal to 122mm, and b remains the same.

v

v

Y

b/2

T a2

Figure 5.45: Strut and Tie model for Model 1.2 with 100 MPa curved prestressed

reinforcement
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The strut and tie model for Model 1.2 with 100 MPa curved prestressed reinforcement,
developed from the principal tension and compression stress results is shown in Figure 5.45.
The distance (a/2) is equal to 61mm, compared to Model 1.2 with straight prestressing
which is a decrease of Imm and compared to Model 1.2 without prestressed reinforcement

a/2 has decreased by 7mm.

5.4.1.5 Model 1.3 with 25 MPa prestressing

L. L.
Figure 5.46: Principal tensile stress (left), principal compressive stress (right) for Model
1.3 with 25 MPa prestressing (curved)

Figure 5.46 shows the principal tensile and compressive stresses for Model 1.3 with 25
MPa curved prestressed reinforcement. The peak of the principal tensile stress (a) is equal

to 156mm and b is equal to 106mm.
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[ b/2

a/2

Figure 5.47: Strut and Tie model for Model 1.3 with 25 MPa curved prestressed
reinforcement

The strut and tie model for Model 1.3 with 25 MPa curved prestressed reinforcement are
shown in Figure 5.47. The distance a/2 is equal to 78mm, which is a decrease of 1mm
compared to Model 1.3 with 25 MPa straight prestressed reinforcement. The distance b/2

is equal to 53mm.

5.4.1.6 Model 1.3 with 100 MPa prestressing

L. L

Figure 5.48: Principal tensile stress (left), principal compressive stress (right) for Model
1.3 with 100 MPa prestressing (curved)
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The principal tensile and compressive stress for Model 1.3 with 100 MPa curved prestressed
reinforcement is shown in Figure 5.48. The maximum stress development at yield has a
similar shape to the other Model 1.3, but the maximum height of the principal tension

stress (a) has decreased to 126mm. The distance b remains the same at 106mm.

b/2

a/2

Figure 5.49: Strut and Tie model for Model 1.3 with 100 MPa curved prestressed
reinforcement

The proposed strut and tie model for Model 1.3 with 100 MPa curved prestressed
reinforcement are developed from the principal tensile and compressive stresses as shown
in Figure 5.49. The distance from the bottom of the beam to the tie (a/2) is equal to
63mm. That equals a decrease of lmm compared to Model 1.3 with 100 MPa straight
prestressed reinforcement and a decrease of 21lmm compared to Model 1.3 without
prestressed reinforcement. The distance from the top of the beam to the top node (b/2)

is equal to H3mm.
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5.4.2 Model 2

The dimensions of Model 2 are shown in Figure 4.13 and reinforcement drawing for Model

2 with a curved prestressed reinforcement are shown in Figure 4.15.

5.4.2.1 Model 2.1 with 25 MPa prestressing

Figure 5.50: Principal tensile stress (left), principal compressive stress (right) for Model
2.1 with 25 MPa prestressing (curved)

The peak of the principal tensile stress is equal to 90mm for Model 2.1 with 25 MPa curved
prestressed reinforcement. The height of the yellow area from the principal compressive

stress (b) is equal to 80mm.

| T H I be2

T ez

Figure 5.51: Strut and Tie model for Model 2.1 with 25 MPa curved prestressed
reinforcement

Figure 5.51 illustrates the proposed strut and tie model of Model 2.1, with 25 MPa curved

prestressed reinforcement. The tie is placed at a distance of 45mm from the bottom of the
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beam (a/2), while the strut is located at a distance of 40mm from the top of the beam.
Compared to Model 2.1 with 25 MPa straight prestressed reinforcement, the distance b/2

has not changed.

5.4.2.2 Model 2.1 with 100 MPa prestressing

i L
Figure 5.52: Principal tensile stress (left), principal compressive stress (right) for Model
2.1 with 100 MPa prestressing (curved)

The principal tensile and compressive stresses for Model 2.1 with 100 MPa curved
prestressed reinforcement, are shown in Figure 5.52. The height of the peak of the
principal tensile stress (a) is 74mm, while the height (b) of the yellow area representing

the principal compressive stress is 80mm.

S H F b2

Figure 5.53: Strut and Tie model for Model 2.1 with 100 MPa curved prestressed
reinforcement

The strut and tie model for Model 2.1 with 100 MPa curved prestressing are shown in
Figure 5.53. The distance a/2 is equal to 37 mm and b/2 is equal to 40mm. The distance
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a/2 has been reduced by 2mm compared to Model 2.1 with 100 MPa straight prestressed

reinforcement.

5.4.2.3 Model 2.2 with 25 MPa prestressing

L. L.
Figure 5.54: Principal tensile stress (left), principal compressive stress (right) for Model
2.2 with 25 MPa prestressing (curved)

Figure 5.54 shows the principal tensile and compressive stress for Model 2.2 with 25 MPa
curved prestressed reinforcement. The peak of the principal tensile stress is equal to
98mm, and the distance b is measured the same way as Model 2.2 without prestressing
and straight prestressed reinforcement and equals 40mm. The principal compressive stress

development has the same propagation as Model 2.2.

S mmmmmmmmmmmmmmmmm——— H I b2

Figure 5.55: Strut and Tie model for Model 2.2 with 100 MPa curved prestressed
reinforcement

The distance a/2 equals 49mm and b/2 equals 22mm, and the strut and tie model for

Model 2.2 with 25 MPa curved prestressed reinforcement are shown in Figure 5.55.
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5.4.2.4 Model 2.2 with 100 MPa prestressing

—

L.

L.

Figure 5.56: Principal tensile stress (left), principal compressive stress (right) for Model
2.2 with 100 MPa prestressing (curved)

The peak of the principal tensile stress is equal to 80mm for Model 2.2 with 100 MPa

curved prestressed reinforcement shown in Figure 5.56, and the distance b is equal to

44mm.

I b/2

Figure 5.57: Strut and Tie model for Model 2.2 with 100 MPa curved prestressed

reinforcement

The strut and tie model for Model 2.2 with 100 MPa curved prestressed reinforcement is

displayed in Figure 5.57. The distance a/2 is equal to 40mm and b/2 is equal to 22mm.
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5.4.2.5 Model 2.3 with 25 MPa prestressing

i i
Figure 5.58: Principal tensile stress (left), principal compressive stress (right) for Model
2.3 with 25 MPa prestressing (curved)

Figure 5.58 displays the principal tensile and compressive stress for Model 2.3 with 25
MPa curved prestressed reinforcement. The peak of the principal tensile stress (a) is equal
to 80mm, and the height of the yellow area for the principal compressive stress (b) is

equal to 86mm.

: T b2

Figure 5.59: Strut and Tie model for Model 2.3 with 25 MPa curved prestressed
reinforcement

The distance from the bottom of the beam to the tie a/2 is equal to 40mm and the
distance from the top of the beam to the top node (b/2) is equal to 43mm. The proposed
STM for Model 2.3 with 25 MPa curved prestressed reinforcement is shown in Figure 5.59.
a/2 has decreased by 3mm compared to Model 2.3 with 100 MPa straight prestressed

reinforcement and 10mm compared to Model 2.3 without prestressing.
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5.4.2.6 Model 2.3 with 100 MPa prestressing

L L
Figure 5.60: Principal tensile stress (left), principal compressive stress (right) for Model
2.3 with 100 MPa prestressing (curved)

The peak of the principal tensile stress is equal to 68mm for Model 2.3 with 100 MPa curved
prestressed reinforcement. The height of the yellow area for the principal compressive

stress (b) is equal to 86mm.
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Figure 5.61: STM for Model 2.3 with 100 MPa curved prestressed reinforcement

Figure 5.61 shows the strut and tie model for Model 2.3 with 100 MPa curved prestressing
developed from the principal tensile and compressive stress. The distance a/2 is equal to

34mm and b/2 is equal to 43mm.
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5.5 Summary of the results for cases 1, 2, and 3

Table 5.1: Table of the distances a/2 for all cases with all models

a/2 [mml]
Model 1.1 | Model 1.2 | Model 1.3 | Model 2.1 | Model 2.2 | Model 2.3
0 MPa Case 1 79 82 84 Hl 60 45
Case 2 70 76 79 45 59 40
25 MPa =~ 3 70 75 78 15 19 10
Case 2 59 64 64 39 54 35
100 MPa =~ 3 56 61 63 37 10 33

Table 5.1 shows all the results for the distance a/2 which represents the distance from the

bottom of the beam to the tie.

The results from Model 1.1 shows a decrease in the height a/2 from case 1 through case 3
with 100 MPa prestressing. The results show a decrease of 9mm from case 1 to cases 2
and 3 with 25 MPa prestressing. It is a further decrease from case 1 to case 2 with 100
MPa with the value of 20mm and 23mm from case 1 to case 3 with 100 MPa prestressing.
The same development is for Models 1.2 and 1.3 where there is a decrease in the height
a/2 when adding prestressing and increasing the jacking force. The results show that the
curved prestressed reinforcement changes the distance a/2 slightly more than the straight

prestressed reinforcement.

The results from Model 2.1 shows a similar evolution as Model 1.1 where the decrease
from case 1 to case 2 with 25 MPa prestressing is 6mm, the result shows no change in a/2
from case 2 to case 3 with 25 MPa. Further, the decrease from case 1 to case 2 with 100

MPa is 12mm and from case 1 to case 3 with 100 MPa the decrease is 14mm.

The following Equation 5.1 is a proposed equation for calculating the distance a/2, it
consists of a number of different variables, H is the height of the deep beam and J is the

jacking force for the prestressed reinforcement.

a/2=b+c-H+d-J+e - H* +f-H-J+g-J*+h-H-J*+i-H*-J* (5.1)
e H: Height of deep beam [mm]

e J: Jacking force [MPa)
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Equation 5.1 is developed with multivariate regression, based on the results given in
Table 5.1. A multivariate regression model establishes a relationship between a dependent
variable and more than one independent variable [22|. The dependent variable is a/2 and
the independent variables are H and J. This equation is valid for cases 1 to 3, for a deep

beam with a height of 1000mm and one with a height of 300mm.

The input parameters that vary on behalf of which load case is applied are b, ¢, d, e, f, g,
h, and i. The calculations for the input parameters are shown in the appendix. The input

parameters are shown in Table 5.2 and 5.3.

Table 5.2: Parameters for calculating a/2 for all models for cases 1 and 2

Two-point loads | Uniform distributed load | One-point load

b 0 0 0

c 0.209 0.25057 0.17829

d 0.23429 0.06381 -0.24762

e -0.00013 -0.00016857 -9.4286e-05

f -0.000647762 -0.00032381 4.7619e-05

g 0 0 0

h -8.5333e-06 -1.6127e-06 6.3492e-06

i 1.0667e-08 2.4127e-09 -6.3492e-09

Table 5.2 shows the values of b to i for all the models for cases 1 and 2, which are the

models without prestressed reinforcement and with a straight prestressed reinforcement.

Function a/2, Two-point loads, case 1 and 2
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Figure 5.62: Plot of function a/2, two-point loads for cases 1 and 2

Figure 5.62 shows the plot of Equation 5.1 with the input parameters for two-point
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loads shown in Table 5.2 for cases 1 and 2. The coordinates marked on the function
are the results of a/2 with the different heights and jacking force, shown in Table 5.1.
X-coordinates represent the height of the beam [mm]|, Y-coordinates represent the jacking
force [MPa| and Z-coordinates represent the distance a/2 [mml].

Function a/2, Uniform distributed load, case 1 and 2
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Figure 5.63: Plot of function a/2, uniform distributed load for cases 1 and 2

Figure 5.63 shows the plot of the Equation 5.1 with the input parameters for uniform
distributed load shown in Table 5.2 for load cases 1 and 2.

Function a/2,0ne-point load, case 1 and 2
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Figure 5.64: Plot of function a/2, one-point load for cases 1 and 2

Figure 5.64 shows the plot of the Equation 5.1 for one-point load with the reinforcement

for cases 1 and 2. The coordinates that are marked on the plot are the results of a/2
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shown in Table 5.1.

Table 5.3: Parameters for calculating a/2 for all models for cases 1 and 3

Two-point loads | Uniform distributed load | One-point load

b 0 0 0

c 0.209 0.25057 0.17829

d -0.21762 -0.61286 -0.24048

e -0.00013 -0.00016857 -9.4286e-05

f -0.00018571 0.00030952 -9.5238e-06

g 0 0 0

h 5.6063e-06 1.4838e-05 8.0825e-06

i -3.873e-09 -1.3905e-08 -7.6825e-09

Table 5.3 displays the values of b to i for all models for cases 1 and 3, which is the one

with a curved prestressed reinforcement and without prestressed reinforcement.

J (MPa)

Function a/2, Two-point loads, case 1 and 3
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Figure 5.65: Plot of function a/2, two-point loads for cases 1 and 3

Figure 5.65 shows the plot of Equation 5.1 with the parameters from two-point loads with

cases 1 and 3 shown in Table 5.3.
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Function a/2,Uniform distributed load, case 1 and 3

100 —

X 1000
Y 100
1261

90

X 1000
Y25
Z75

a/2 (mm)

900
//(auo

50
40 / 700
30 o 600
20 / 500
1o>\< 400

0 300 H (mm)

Figure 5.66: Plot of function a/2, uniform distributed load for cases 1 and 3
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Figure 5.66 shows the plot of the Equation 5.1 with the parameters for uniform distributed

load with cases 1 and 3 shown in Table 5.3.

Function a/2, One-point load, case 1 and 3
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Figure 5.67: Plot of function a/2, one-point load for cases 1 and 3

Figure 5.67 shows the plot of the Equation 5.1 for one-point load with the reinforcement

for cases 1 and 3. The coordinates that are marked on the plot are the results of a/2

shown in Table 5.1.
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Table 5.4: Table of the distance b/2 for all cases with all models
b/2 [mml]
Model 1.1 | Model 1.2 | Model 1.3 | Model 2.1 | Model 2.2 | Model 2.3

0 MPa | Case 1 53 260 53 40 22 43
Case 2 53 260 53 40 22 43

25 MPa == 03 53 260 53 40 2 43
Case 2 53 260 53 40 22 43

100 MPa =="3 53 260 53 40 2 43

Table 5.4 shows all the distances between the top strut or node to the top of the beam for

the models. The results show no change in the distance b/2 for each model with the same

load parameters.
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5.6 Case 4

The following results regard Case 4, which is Model 1.1 with different openings. There are
three different cases where the positions of the openings change, the different cases contain
two openings, and their x-position remains the same but the z-position change. The STM
has the same color description as previously, with black representing the models without
prestressed reinforcement, red representing 25 MPa prestressing, and green 100 MPa
prestressing. The following results of Case 4 show the principal tensile and compressive
stress for the models, then a proposed STM is added. The STM is developed similarly
to previously, for the principal tensile stress, the red area is measured, and the ties are
placed at the center. The same method is used for the principal compressive stress for the
placements of struts, where the compressive areas are divided, and the struts are placed.
The developed STM is controlled by placing a unit load of 100 kN for the top struts and
supporting at the bottom, then the equilibrium of forces is controlled, the calculations are

shown in the appendix.

5.6.1 Case 4.1

Case 4.1 are Model 1.1 with two openings, the openings are placed 0.3m from the bottom
to the bottom of the opening. Figure 4.19 shows the placement of the two openings.

5.6.1.1 Case 4.1 without prestressed reinforcement
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Figure 5.68: Principal tensile (left) and compressive (right) stress for Case 4.1 without
prestressed reinforcement
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Figure 5.68 shows the principal tensile and compressive stress for Case 4.1 without
prestressed reinforcement. The principal tensile stress distribution at the bottom of
the beam is similar to the results of Model 1.1. The area around the openings has a
concentration of tensile stress, the reason for this is there comes a local deflection in
the openings, which results in tensile stresses. The tensile stress distribution under the
openings can be explained by the deformation of the deep beam results in a rotation that

becomes tensile stress towards the end of the beam and compressive stress towards the

middle.

Figure 5.69: Strut and Tie model for Case 4.1 without prestressed reinforcement

Figure 5.69 shows the STM developed from the principal tensile and compressive stress.
The struts and ties are placed in the middle of the stress development. As in previous
models without openings, a tie is placed towards the bottom of the beam, since there
develop tensile stresses around the openings, ties are allowed to be placed there. The struts

connect the ties and are placed where there is principal compressive stress distribution.
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5.6.1.2 Case 4.1 with 25 MPa prestressed reinforcement
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Figure 5.70: Principal tensile (left) and compressive (right) stress for Case 4.1 with 25
MPa prestressing

Figure 5.70 shows the principal tensile and compressive stress for Case 4.1 with 25 MPa
prestressed reinforcement. When comparing these results to Figure 5.68 the only notable
difference is the height of the principal stress distribution at the bottom of the beam
(a). The tensile stress distribution around the openings is similar, and the principal

compressive stress distribution is also similar.

Figure 5.71: Strut and Tie model for Case 4.1 with 25 MPa prestressed reinforcement

The strut and tie model for Case 4.1 with 25 MPa prestressing is shown in Figure 5.71,
the difference between this STM and the previous is the distance a/2 which has decreased
with 8mm. This also changes the angles between the struts and ties slightly.
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5.6.1.3 Case 4.1 with 100 MPa prestressed reinforcement
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Figure 5.72: Principal tensile (left) and compressive (right) stress for Case 4.1 with 100
MPa prestressing

The principal tensile and compressive stress distribution for Case 4.1 with 100 MPa
prestressing has the same change as for Case 4.1 with 25 MPa prestressing compared to

the one without prestressing, the principal stresses are shown in Figure 5.72.
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Figure 5.73: Strut and Tie model for Case 4.1 with 100 MPa prestressing

The STM for Case 4.1 with 100 MPa prestressing is shown in Figure 5.73, it is developed
the same way as the previous STM. The distance a/2 has decreased by 15mm compared

to Case 4.1 without prestressing.
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5.6.2 Case 4.2

Case 4.2 has the same openings as Case 4.1 but they are located 0.54m from the bottom
of the deep beam compared to Case 4.1 where the openings are located 0.3m from the
bottom of the deep beam. The following results are the principal tensile and compressive
stress for Case 4.2 and the developed STM for each model, Case 4.2 contains three different
models, without prestressing, 25 MPa, and 100 MPa prestressing.

5.6.2.1 Case 4.2 without prestressed reinforcement
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Figure 5.74: Principal tensile (left) and compressive (right) stress for Case 4.2 without
prestressed reinforcement

Figure 5.74 shows the principal tensile and compressive stress distribution for Case 4.2
without prestressed reinforcement. The tensile stress distribution is similar to Case 4.1,
but the compressive stress distribution is not. When the openings are moved upward the

compressive stresses can distribute straight from the external loads to the supports.
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Figure 5.75: Strut and Tie model for Case 4.2 without prestressed reinforcement

The strut and tie model for Case 4.2 without prestressed reinforcement is shown in Figure

5.75, it is symmetrical about the z-axis.

5.6.2.2 Case 4.2 with 25 MPa prestressed reinforcement
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Figure 5.76: Principal tensile (left) and compressive (right) stress for Case 4.2 with 25
MPa prestressed reinforcement

The principal tensile and compressive stress distribution for Case 4.2 with 25 MPa

prestressed reinforcement is similar to Case 4.2 without prestressing, the principal stresses

are shown in Figure 5.76. The peak of the tensile stress a has decreased by 14mm from

Case 4.2 without prestressing. The compressive stress distribution is similar.
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Figure 5.77: Strut and Tie model for Case 4.2 with 25 MPa prestressing

The strut and tie model for Case 4.2 with 25 MPa prestressing is shown in Figure 5.77. It
is similar to the STM for Case 4.2 without prestressing, the difference is the placement of

the bottom tie, and the distance a/2 has decreased by 9mm.

5.6.2.3 Case 4.2 with 100 MPa prestressed reinforcement
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Figure 5.78: Principal tensile (left) and compressive (right) stress for Case 4.2 with 100
MPa prestressed reinforcement

As for Case 4.2 without prestressing and with 25 MPa prestressing, the stress distribution
is similar for Case 4.2 with 100 MPa prestressing, the principal tensile and compressive
stress are shown in Figure 5.78. The distance a has decreased by 38mm compared to Case

4.2 without prestressing.
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Figure 5.79: Strut and Tie model for Case 4.2 with 100 MPa prestressing

The proposed STM for Case 4.2 with 100 MPa prestressing is displayed in Figure 5.79

and is developed similarly to the others.

5.6.3 Case 4.3

Case 4.3 are Model 1.1 with two openings, the two openings are now placed at different
heights from the bottom of the beam to the openings. The opening on the left is placed
0.54m from the bottom of the beam, and the opening on the right is placed 0.3m from
the bottom.
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5.6.3.1 Case 4.3 without prestressed reinforcement
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L
Figure 5.80: Principal tensile (left) and compressive (right) stress for Case 4.3 without
prestressed reinforcement

The principal tensile stress distribution is not evenly distributed for Case 4.3 without
prestressing as it was for Case 4.1 and Case 4.2, the peak (a) has moved to the right. The
tensile stresses around the opening to the right have increased slightly when compared to
the stresses around the opening on the left. The principal compressive stress distribution
is not evenly distributed, it has a distribution which is similar to the sum of Case 4.1 and
Case 4.2. If the beam is divided in half on the x-axis, the stress distribution on the left is

similar to Case 4.2, and the right is similar to Case 4.1.

Figure 5.81: Strut and Tie model for Case 4.3 without prestressing
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The proposed STM for Case 4.3 without prestressing is shown in Figure 5.81. The STM
is the sum of the STM for cases 4.1 and 4.2, there are also added two struts to connect

the nodes and follow the principal compressive stress.

5.6.3.2 Case 4.3 with 25 MPa prestressed reinforcement

Cilia

L.
Figure 5.82: Principal tensile (left) and compressive (right) stress for Case 4.3 with 25
MPa prestressing

The principal tensile and compressive stress distribution for Case 4.3 with 25 MPa
prestressing is shown in Figure 5.82. The stress distribution is similar to Case 4.3 without

prestressed reinforcement, but the distance a has decreased by 14mm.

Figure 5.83: Strut and Tie model for Case 4.3 with 25 MPa prestressing

The proposed strut and tie model for Case 4.3 with 25 MPa prestressing is shown in
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Figure 5.83, it is developed the same way as the previous cases.

5.6.3.3 Case 4.3 with 100 MPa
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Figure 5.84: Principal tensile (left) and compressive (right) stress for Case 4.3 with 100

MPa prestressing

Figure 5.84 shows the principal tensile and compressive stress for Case 4.3 with 100 MPa

prestressing. The stress distribution for both tensile and compressive stresses is similar to

prestressed reinforcement

Case 4.3 with 25 MPa prestressing. The distance a has decreased by 30mm compared

with Case 4.3 without prestressed reinforcement.
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Figure 5.85: Strut and Tie model for Case 4.3 with 100 MPa prestressing

Figure 5.85 shows the proposed STM for Case 4.3 with 100 MPa prestressing.
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6 Discussion and Conclusion

The results from the principal tensile stresses show a decrease in the peak of the stresses
when adding and increasing the prestressing, the reason for this is that when applying
prestressed reinforcement, it applies compressive force. This will decrease the deflection,
which reduces the tensile stresses. The amount of change in (a) varies for which load case
and the height of the deep beam. Therefore when using prestressed reinforcement and

increasing the amount of jacking force, the distance a/2 will decrease.

The results for principal compressive stresses show that there is no change in the peak
of the stresses when applying prestressed reinforcement, the reason for this is that the
prestressed reinforcement is used at the bottom of the beams where the tensile stresses

are.

The results from case 4, where model 1.1 are analyzed with openings, show a similar
change in principal tensile stresses at the bottom of the deep beams, where the peak
decreases when applying and increasing the prestressed reinforcement. When adding
prestressed reinforcement, the tensile stress distribution surrounding the openings remains
the same. As for cases 1, 2, and 3, the principal compressive stress distribution remains

the same when applying prestressed reinforcement.

The equilibrium of forces for the strut and tie models are calculated and shown in the
appendix. The calculations are done for all the models without prestressed reinforcement.
The calculations are done with an external load of 100 kN. The placement of the bottom
ties changes slightly when applying and increasing the prestressed reinforcement. Since the
change in ties is minor, the angle between the struts and ties will not change drastically.
Therefore, the calculations are only done for the models without prestressed reinforcement.

The equilibrium of forces is close to zero for all the calculations.

The conclusion is; when adding and increasing the prestressed reinforcement, the distance
from the bottom of the deep beam to the bottom tie decreases. While the placement
of the top strut or node will not change when adding and increasing the prestressed

reinforcement.
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6.1 Suggestion for further work

The models analyzed in this thesis are meshed with a mesh of 20mm, a suggestion for
further work is to change the mesh size to 10mm in order to see if the change is significant
or not. It would also be interesting to change the amount of prestressing force to see how
significant the difference would be and try different models with different dimensions to

find out if Equation 5.1 is still valid.
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Appendix

A1l Principal tensile stress with cracks

The following results are the principal tensile stresses with the crack development before
and after yield. The applied load is shown for each model. The cracks are displayed with

black lines.
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A1l Principal tensile stress with cracks

A1.1 Case 1, without prestressed reinforcement

Figure A1.1: Model 1.1 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 254.8kN and after 259.7k N

Figure A1.2: Model 1.2 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 226.3kN/m? and after 237kN/m?



2 A1l Principal tensile stress with cracks

Figure A1.3: Model 1.3 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 208.5kN and after 216.4kN
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Figure A1.4: Model 2.1 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 48.51kN and after 57.45kN

Figure A1.5: Model 2.2 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 110kN/m? and after 125.5kN/m?

Figure A1.6: Model 2.3 without prestressed reinforcement, before (left) and after (right)
yield
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Applied load before yield is 53.77kN and after 63.14kN

A1.2 Case 2, straight prestressed reinforcement

Figure A1.7: Model 1.1 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 259.7kN and after 272.2kN

Figure A1.8: Model 1.1 with 100 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 265.3kN and after 278.6kN



4 A1l Principal tensile stress with cracks

Figure A1.9: Model 1.2 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 230.1kN/m? and after 241.4kN/m?
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Figure A1.10: Model 1.2 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 234.1kN7m? and after 246.3kN7m?



A1l Principal tensile stress with cracks )

Figure A1.11: Model 1.3 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 209.8k N and after 217.9kN

Figure A1.12: Model 1.3 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 215.3kN and after 224k N

Figure A1.13: Model 2.1 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 50.95kN and after 63.19kN
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Figure A1.14: Model 2.1 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 54.51kN and after 70.54k N
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Figure A1.15: Model 2.2 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 144.7kN/m? and after 156.1kN/m?
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Figure A1.16: Model 2.2 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 151.3kN/m? and after 163.2kN/m?
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Figure A1.17: Model 2.3 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 54.35kN and after 64.53k N
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Figure A1.18: Model 2.3 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 55.05kN and after 66.42kN

A1.3 Case 3, curved prestressed reinforcement

Figure A1.19: Model 1.1 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 258.4kN and after 270.8k N

—

Figure A1.20: Model 1.1 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield
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Applied load before yield is 263kN and after 276.1kN

Figure A1.21: Model 1.2 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 229kN/m? and after 240.2kN/m?
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Figure A1.22: Model 1.2 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 232.3kN/m? and after 244.2kN/m?
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Figure A1.23: Model 1.3 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 210.7kN and after 218.8k N

Figure A1.24: Model 1.3 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 213.5kN and after 222.1kN

Figure A1.25: Model 2.1 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 50.97kN and after 63.32kN
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Figure A1.26: Model 2.1 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 54.56kN and after 70.83kN
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Figure A1.27: Model 2.2 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 113.3kN/m? and after 132.4kN/m?

7

Figure A1.28: Model 2.2 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 117kN/m? and after 142.5kN/m?
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Figure A1.29: Model 2.3 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 54.35kN and after 64.62kN
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Figure A1.30: Model 2.3 with 100 MPa prestressed reinforcement, before (left) and
after (right) yield

Applied load before yield is 55.26kN and after 67.56k N

Case 1 Case 2 Case 3

0 MPa 25MPa 100MPa 25 MPa 100 MPa

Before | After | Before | After | Before | After | Before | After | Before | After

Model 1.1 [kN] 254,8 | 2569,7 | 259,7 | 272,2 | 265,3 | 278,6 | 2584 | 270,8 | 263 | 276,1

Model 1.2 [kN/m?[ | 226,3 | 237 | 230,1 | 2414 | 234,1 | 246,3 | 229 |240,2 | 232,3 | 2442

Model 1.3 [kN] | 208,5 | 2164 | 2098 | 217,9 | 2153 | 224 | 210,7 | 218,8 | 213,5 | 2221

Model 2.1 [kN] | 48,51 | 57,45 | 50,95 | 63,19 | 54,51 | 70,54 | 50,97 | 63,32 | 54,56 | 70,83

Model 2.2 [kN/m?[ | 110 | 1255 | 144,7 | 156,1 | 151,3 | 163,2 | 113,3 | 1324 | 117 | 1425

Model 2.3 [kN] 93,77 | 63,14 | 54,36 | 64,63 | 55,05 | 66,42 | 54,34 | 64,62 | 55,26 | 67,56

Table A1.1: Applied force before and after yield for case 1, 2 and 3

Al.4 Case 4
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Figure A1.31: Case 4.1 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 181.8kN and after 193.5kN
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Figure A1.32: Case 4.1 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 185.6k/N and after 197.5kN

Figure A1.33: Case 4.1 with 100 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 189.1kN and after 202.8k N
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Figure A1.34: Case 4.2 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 185.7kN and after 198.3k N

Figure A1.35: Case 4.2 with 25 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 188.4kN and after 201.8kN
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Figure A1.36: Case 4.2 with 100 MPa prestressed reinforcement, before (left) and after
(right) yield

Applied load before yield is 191.2kN and after 205.7k N

Figure A1.37: Case 4.4 without prestressed reinforcement, before (left) and after (right)
yield

Applied load before yield is 183.6kN and after 194.8k N
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Figure A1.38: Case 4.3 with 25 MPa prestressed reinforcement, before (left) and after

(right) yield
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Applied load before yield is 186.4kN and after 198.6kN
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Figure A1.39: Case 4.2 with 100 MPa prestressed reinforcement, before (left) and after

(right) yield

Applied load before yield is 189.7kN and after 203.6kN

Case 4
OMPa 25MPa 100MPa
Before | After | Before | After | Before | After
Case 4.1 | 181,8 | 193,5 | 185,6 | 197,5 | 189,1 | 202,8
Case 4.2 | 185,7 | 1983 | 188,4 | 201,8 | 191,2 | 205,7
Case 4.3 | 183,6 | 1948 | 186,4 | 198,6 | 189,7 | 203,6

Table A1.2: Applied force [kN] before and after yield for Case 4
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A2 Equilibrium of forces for the Strut and Tie models

The following calculations are the equilibrium of forces for the strut and tie models. The
calculations are done by applying a unit load of 100 kN for models 1.1 and 1.2, for model
1.3 it is 100 kN/m. The results show that the equilibrium is close to zero for all the nodes.

The red number represents the nodes, while the green the members.



Equilibrium of Forces

Green number : member
Red number : node

Tension: positive,
compression: negative

Model 1.1 v v
L e 0
el:=100 kN Compression (C) j &
e2:=107.1 kN C ;
e3:=100 kN C
e4:=38.36 kN C W, "
€5:=100 kN C i
e6:=107.1 kN C
e7:=100 kN C
e8:=38.36 kN Tension
l."' 8 “‘. v
! ?
7y Iy
Node 1
0,:=atan p4770.79 =69.011 deg Angle between e8 and e2
3.83—-0.5
SFy=0 -> el —e2-+sin (6;) =0.006 kN
YFz=0 -> e8—e2-cos (6,) =—0.002 kN
Node 2
0:=atan (M) =69.011 deg Angle between e2 and
3.83-0.5 horizontal axis
2Fy=0 -> e2.sin (9)—63:—0.006 kN
YFz=0 -> €2-cos (9)—64:0.002 kN



Model 1.2 4 \ 4 \
el:=100 kN Compression (C) 3 y ¥ b/2
€2:=106.97 kN C 2] 3
e3:=100 kN C /
e4:=37.98 kN C /
e5:=100 kN C 2/ 4
e6:=106.97 kN C ';"
e7:=100 kN C / ‘
e8:=37.98 kN Tension / g Y
1 4y 11
1 ? a/2
[y T
r 1
Node 1
.4—0.82
0:=atan (ﬂ) =69.196 deg Angle between e8 and e2
2Fy=0 -> el —e2-sin(0)=0.004 kN
YFz=0 -> e8—e2-cos(6)=-0.012 kN
Node 2
4—-0.82
0 :=atan (ﬂ) =69.196 deg Angle between e2 and
T horizontal axis

2Fy=0 -> e2-sin(6)—e3:—0.004 kN

YFz=0 -> e2-cos(0)—e4=0.012 kN



Model 1.3 i

3 A
el:=66.7 kN Compression (C) TN
e2:=71.49 kN C /
e3:=100 kN C ;
e4:=42.08 kN C / Sl
€5:=33.3 kN C t
€6:=25.73 kN Tension ]
i " g
iy y
Node 1
A47—-0.84
6:=atan F47-p-34 =68.9 deg Angle between e6 and e2
3.83—0.5

2Fy=0 -> el —e2-sin(0)=0.003 kN

YFz=0 -> e6—e2-cos(6)=-0.006 kN
Node 2

0,:=atan (M) =21.1 deg Angle between e2 and
9.47-0.84 vertical axis
10.5-3.

0,:=atan (M) =37.7 deg Angle between e4 and
9.47-0.84 vertical axis

2Fy=0 -> e2+cos (91> —e3+ed-cos <92> =-0.008 kN

YFx=0 -> e2-sin (0,) —e4+sin (6,) =0.003 kN




Model 2.1

el:=100 kN Compression (C)
e2:=187.73 kN C
e3:=100 kN C
e4:=158.88 kN C
e5:=100 kN C
e6:=187.73 kN C
e7:=100 kN C
e8:=158.88 kIN Tension
Node 1
9 = atan M
3.83—-0.5
2Fy=0 ->
Y Fx=0 ->
Node 2
0:=atan M
3.83—-0.5
>Fy=0 ->
YFx=0 ->

S
S
.

):32.114 deg

):32.114 deg

Angle between e8 and e2

el—e2-sin(0)=0.203 kN

e8—e2-cos (6) =-0.127 kN

Angle between e2 and
horizontal axis

e2.sin (6) —e3=-0.203 kN

e2.cos (9) —e4=0.127 kN




Model 2.2

el:=100 kN Compression (C) ‘L ¢ ¢

e2:=159.82 kN
e3:=100 kN
e4:=124.67 kN
e5:=100 kN

€6:=159.82 kN
e7:=100 kN
e8:=124.67 kN Tension

OO0O0O0OO0

Node 1

2.6-0.6

0:= atan( ):38.66 deg Angle between e8 and e2

2Fy=0 -> el—e2-sin(0)=0.161 kN

YFz=0 -> e8—e2-cos(6)=-0.128 kN
Node 2
0:=atan (M) =38.66 deg Angle between e2 and
—05 horizontal axis

2Fy=0  -> e2-sin(0)—e3=—-0.161 kN

Y Fx=0 -> e2.cos (9)—6420.128 kN



Model 1.3

~.,

Angle between e6 and e2

e6—e2-cos(6)=-0.138 kN

Angle between e2 and
horizontal axis

Angle between e4 and
horizontal axis

e2-sin (0;) +e4+sin (6,) —e3=—0.33 kN

el:=66.7 kN Compression (C)
e2:=123.83 kN C
e3:=100 kN C
e4:=109.5 kN C )
e5:=33.3 kN C e
€6:=104.32 kN Tension T
Node 1
0:=atan F57-p45 =32.482 deg
3.83-0.5
2Fy=0 -> el —e2-sin(0)=0.198 kN
Y Fx=0 ->
Node 2
6,:=atan 2577045) _ 29 482 deg
3.83—-0.5
0, :=atan 2577045) _ 17 639 deg
10.5—3.83
2Fy=0 ->
Y Fx=0 ->

e2-+cos (91> —ed-cos <92> =0.102 kN




Case 4.1 Equilibrium of forces
16
P
8/ 19§ g
s, ? 3 17 :
3 N
g Y
i il
1
1
el:=100 kN Compression (C)
e2:=59.87 kN C
e3:=53.06 kN C
e4:=0.4 kN Tension (T)
e5:=60.28 kIN C
e6:=53.06 kIN C
e7:=40.15 kN T
e8:=72.32 kN C
€9:=39.93 kN C
el0:=100 kN C
ell:=el C
el2:=e3 C
el3:=e2 C
eld:=e4d T
el5:=e6 C
el6:=eb C
el7:=e7 T
el8:=e8 C
el9:=e9 C
e20:=¢l0 C
e21:=34.84 kN C
e22:=34.48 kN T

Green number : member
Red number : node

Tension: positive,
compression: negative



Node 2

0:=atan 9.28-0.96 =49.185 deg
0.24—0.05
2Fy=0 -> el —e2—e3-sin (9) =-—0.027 kN
YFz=0 -> e22—e3-cos(6)=—0.201 kN
Node 3
e6—e3=0N
Node 5
0:=atan 99048 =56.592 deg
0.36—0.05
2Fy=0  -> e5—e8-sin(6)=—0.091 kN
Y Fx=0 -> e7—e8.cos (9):0.331 kN
Node 7
f:=atan| 2207048 _ 6 599 deg
0.36 —0.05
2Fy=0 -> e5—e8-sin(0)=-0.091 kN
YFz=0 -> e7—e8-cos(0)=0.331 kN



Node 10

0,:=atan

0.42 —
0, :=atan ( 0.957
2Fy=0 ->
YFx=0 ->

0.95—

0.36—

0'48) =82.725 deg

0.36

0.48

=56.592 deg
0.05

€9 -sin (91> +e8+sin <92> —el0=-0.021 kN

e8-cos <92> —e9-cos (91> —e21=-0.077 kN

Equilibrium of forces are about zero



Case 4.2 Equilibrium of forces

P L 4.8 Green number : memeber (e..)
# Red number : node

, E s ; Tension: positive,
S 6 IS 16 compression: negative

23

\
‘\
10

el:=100 kN Compression (C)
e2:=31.39 kNN C

e3:=79.27 kN C

e4:=0.38 kN Tension (T)
e5:=31.72 kN
€6:=79.18 kN
e7:=48.29 kN
e8:=57.54 kN
€9:=69.67 kIN
el0:=100 kN
ell:=el
el2:=e3
el3:=e2
eld:=e4
elb:=eb
el6:=eb
el7:=e7
el8:=e8
el9:=e9
e20:=¢l0
e21:=33.77 kN
e22:=6.6 kN
e23:=39.77 kN

oOoooooooo-Hdoo0oH4dHo0000004d00



6 :=atan (22;07) =59.982 deg Angle between €23 and e3
2Fy=0  -> el—e2—e3-sin(0)=—0.027 kN
YFz=0 -> e23—e3-cos(6)=0.113 kN
Node 5
0:=atan Da-72 =33.451 deg Angle between e7 and e8
3.83—-0.5

Fy=0  -> e5—e8-sin(0)=0.002 kN

YFz=0 -> e7—e8-cos(0)=0.281 kN
Node 6
7.2—-5.2
0,:=atan (4—) =59.036 deg Angle between e6 and e7
94-7.2
0, _atan(4 3 ): 77.941 deg Angle between e7 and €9

2Fy=0 -> €6 - sin <91> —e9-sin <92> =-0.236 kN

YFx=0 -> €6« cos <91> —eT—e22+e9-cos <92> =0.403 kN
Node 7
9.4-7.2
0,:=atan | ——— | =77.941 deg Angle between €9 and e21
4.3—-3.83
9.4—-7.2 . .
0,:=atan (38—) =33.451 deg Angle between e8 and horizontal axis

2Fy=0 -> e8-sin <92>—610+69°Sin (91>:—0.15 kN

YFz=0 -> e8-cos <92>—e9-cos <91>—€21:—0.317 kN



Case 4.3 Equilibrium of forces
8 16
20 .22 0K
- /" ?. ““h /”’ :: \\\
S E 'l:'\, Iq :" \“18
E 6 /’I \\‘ :' “\‘
: ; r 26 i \
—_ g
E Y 4 294 oy M
1 6
i /3 ‘ a
P it
P iR
i 23 o
1 ]
1 q
el:=100 kN Compression (C)
e2:=28.9 kN C
e3:=81.69 kN C
e4:=0.77 kN Tension (T)

eb:=28.49 kN
e6:=83.06 kN
e7:=41.71 kN
e8:=51.02 kN
€9:=73.19 kN
el0:=100 kN
ell:=100 kN
el2:=61.13 kN
el3:=53.78 kN
el4:=0.51 kN
el5:=61.15 kN
el6:=54.18 kN
el7:=39.61 kN
el8:=66.96 kIN
el9:=39.14 kN
€20:=10.36 kNN
e21:=11.24 kN
e22:=27.28 kN
e23:=40.17 kN
e24:=3.54 kN

o400 o0o0o0-4Ho00Hd000000 400

Green number : memeber (e..)
Red number : node

Tension: positive,
compression: negative



Node 2

5.2—-0.6

0:= atan(3 o 5):60.524 deg Angle between e23 and e3

2Fy=0 -> el—eQ—eS-sin(Q):—0.0lG kN

YFz=0 -> e23—e3-cos(6)=—0.026 kN
Node 5
4-7.2
0:=atan PA-T2] =33.451 deg Angle between e7 and e8
3.83-0.5

2Fy=0 -> e5—e8-sin(0)=0.366 kN

YFx=0 -> e7—e8.cos (9):—0.859 kN
e27:=48.8 kKIN
Node 6 Angle between e7 and €9
0,:=atan 9472 =77.941 deg
4.3—-3.83
A4-7.2
0, :=atan u) =37.472 deg Angle between e21 and
7.17-4.3 horizontal axis
7.2—4.8 .
05 :=atan 7) =43.831 deg Angle between horizontal
6.8—4.3 axis and e20
7.2—5.2
0,:=atan TR =59.036 deg Angle between e7 and e6

2Fy=0 -> e6-sin <(94> +e20-sin <03> —e21-sin <02> —e9-sin (91> =—0.015 kN

YFr=0 -> —eT+eb-cos (94> —e20-cos <93> —e2l.cos <92> +e9-cos <01> =—0.079 kN



Node 7

A4-17.2
0,:=atan (49—73) =77.941 deg Angle between e22 and 29
0,:=atan (M) =33.451 deg Angle between e8 and
3.83—0.5 horizontal axis
SFy=0 -> —e10+ €8 +sin (6,) +€9-sin (0,) =—0.302 kN
YFx=0 -> e8-cos (92> —e9.cos (91> —e22=-0.002 kN
Node 15
9.4—-7.2
0,:=atan| ————|=37.472 deg Angle between e22 and e21
7.17—-4.3
6,):=atan M) =8.099 deg Angle between e19 and
9.4-6.8 vertical axis
0,:=atan [92748 =54.099 deg Angle between e18 and
10.5—-7.17 horizontal axis
2Fy=0 -> —el0+e21-sin (91> +el9-.cos <92> +el8-sin <93> =-0.173 kN
YFz=0 -> €22+ €21+ cos (6,) +e19-sin (6,) —el18+ cos (6;) =2.45 kN
Node 14
9.4—4.8
0:=atan| —————|=54.099 deg Angle between el7 and e18
10.5-7.17
Fy=0 -> el6—el8-sin(0)=—0.06 kN

YFx=0 -> el8-.cos (9)—617:—0.345 kN



Node 10

0:=atan 248-0.6 =49.185 deg Angle between e23 and el2
10.5—-8.6
>Fy=0 -> ell—el3—el2-sin(0)=-0.045 kN

YFz=0 -> el2-cos(0)—e23=-0.214 kN
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A3 Input parameters for equations

The following calculations are of the input parameters to the equations to calculate a/2

for each model and cases one to three.



clc
cl ear al

Two-point loads, case 1 and 2

Given data

H = [1000; 1000; 1000; 300; 300; 300]; % Heights in nm
J = [0; 25; 100; 0; 25; 100]; % Jacking forces in MPa
a =1[79; 70; 59; 51; 51; 39]; % Unknown val ues

% Create the design matrix
X = [ones(size(H)), H J, H"2, H*J, J.~2, H*J.~"2, H"2.*]."2];

% Performthe regression anal ysis
coefficients = X\ a;

% Extract the coefficients
coefficients(l);
coefficients(2);
coefficients(3);
coefficients(4);
coefficients(b);
coefficients(6);
coefficients(7);
coefficients(8);

% Di splay the coefficients

disp(['b = nunstr(b)]);
disp(['c = nunstr(c)]);
disp(['d ="' nun2str(d)]);
disp(['e = nunstr(e)]);
disp(['f = nun2str(f)]);
disp(['g =" nunEstr(g)]);
disp(['h = nunstr(h)])
disp(['i = nunstr(i)]);
b=0

c = 0.209

d = 0.23429

e = -0.00013

f = -0.00064762

g=20

h = -8.5333e-06

i = 1.0667e-08

Create agrid of pointsfor H and J
[H mesh, J nmesh] = neshgrid(min(H:10: max(H, min(J):1: max(J));

% Eval uate the quadratic equation using the estinmated coefficients




amesh =b+c¢c* Hmesh +d * J nesh + e * Hnmesh."2 +f * Hnesh .*

J mesh + g * J nesh.”2 + h * H nesh
J_mesh. "2;

% Pl ot the function

figure;

mesh(H nmesh, J_mesh, a_nesh);
xlabel (" H (mm)");

ylabel ("J (MPa)");

zlabel ("a/2 (mm");

title(' Function a/2, Two-point |oads,
hol d on;

% Pl ot raw data

scatter3(H, J, a, 'filled");
xlabel (" H (mm)");

ylabel ("J (MPa)");
zlabel ("a/2 (mm");
grid on;

hol d of f;

.* J _mesh. "2 + i

case 1 and 2');

* H mesh.~2 . *

Function a/2, Two-point loads, case 1 and 2

J (MPa) 0 200
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H {mm)

1000




clc

clear al

Uniform distributed load, case 1 and 2
Given data
H = [1000; 1000; 1000; 300; 300; 300]; % Heights in nm
J = [0; 25; 100; 0; 25; 100]; % Jacking forces in MPa
a = [82; 76; 64; 60; 59; 54]; % Unknown val ues

% Create the design matrix
X = [ones(size(H)), H J, H*2, H*J, J.~2, H*J."2, H"2.*]."2];

% Performthe regression analysis
coefficients = X\ a;

% Extract the coefficients
coefficients(l);
coefficients(2);
coefficients(3);
coefficients(4);
coefficients(5);
coefficients(6);
coefficients(7);
coefficients(8);

% Di splay the coefficients
disp(['b " nun@str(b)]);
disp(['c nunstr(c)]);
disp(['d nunst r ( d)
disp(['e " nunstr(e)
disp(['f nunstr(f)
disp(['g nun2str (g)

)

)

1)
1)
1)
1);
1)
1)

disp(['h " nungstr(h
disp(['i nunstr (i

b=0

0. 25057

0. 06381

- 0. 00016857
- 0. 00032381
0
-1.6127e-06
2.4127e-09

= (o Bl O B o B @]
1 I T 1 A | I |

% Create a grid of points for Hand J
[H mesh, J nesh] = neshgrid(min(H:10: max(H, min(J):1: max(J));

% Eval uate the quadratic equation using the estinmated coefficients
a nesh=b+c¢c* Hnesh +d * J nesh + e * Hnesh.”2 + f * H nesh .*
J mesh + g * J nesh.”2 + h * Hmesh .* J nesh.”2 + i * H nmesh.”2 .*
J_nesh. "2




% Pl ot the function

figure;
mesh(H_nesh, J_nesh, a_nesh);
xl abel (" H (nm)"');

ylabel ("J (MPa)");

zlabel ("a/2 (mm");

title(' Function a/2, Uniformdistributed | oad,
hol d on;

% Pl ot raw data

scatter3(H, J, a, 'filled);
xlabel (" H (mm)");

ylabel ("J (MPa)");
zlabel ("a/2 (mm");
grid on;

hol d of f;

case 1 and 2');

Function a/2, Uniform distributed load, case 1 and 2

100 -

al2 (mm)

J (MPa) 0 200
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clc

clear al

One-point load, case 1 and 2
Given data
H = [1000; 1000; 1000; 300; 300; 300]; % Heights in nmm
J = [0; 25; 100; 0; 25; 100]; % Jacking forces in MPa
a = [84; 79; 64; 45; 40; 35]; % Unknown val ues

% Create the design matrix
X = [ones(size(H)), H J, H*2, H*J, J.~2, H*J."2, H"2.*]."2];

% Performthe regression analysis
coefficients = X\ a;

% Extract the coefficients
coefficients(l);
coefficients(2);
coefficients(3);
coefficients(4);
coefficients(5);
coefficients(6);
coefficients(7);
coefficients(8);

% Di splay the coefficients
disp(['b " nun@str(b)]);
disp(['c nunstr(c)]);
disp(['d nunst r ( d)
disp(['e " nunstr(e)
disp(['f nunstr(f)
disp(['g nun2str (g)

)

)

1)
1)
1)
1);
1)
1)

disp(['h " nungstr(h
disp(['i nunstr (i

b 0

0.17829
-0.24762

- 9. 4286e- 05
4.7619e-05
0

6. 3492e- 06
- 6. 3492e-09

= (o Bl O B o B @]
1 I T 1 A | I |

% Create a grid of points for Hand J
[H mesh, J nesh] = neshgrid(min(H:10: max(H, min(J):1: max(J));

% Eval uate the quadratic equation using the estinmated coefficients
a nesh=b+c¢c* Hnesh +d * J nesh + e * Hnesh.”2 + f * H nesh .*
J mesh + g * J nesh.”2 + h * Hmesh .* J nesh.”2 + i * H nmesh.”2 .*
J_nesh. "2




% Pl ot the function

figure;
mesh(H_nesh, J_nesh, a_nesh);
xl abel ("H (mm)");

ylabel ("J (MPa)");

zlabel ("a/2 (mm)");

title(' Function a/2, One-point |oad, case 1 and 2');
hol d on;

% Pl ot raw data

scatter3(H, J, a, 'filled);
xlabel ("H (nm)"');

ylabel ("J (MPa)");
zlabel ("a/2 (mm");
grid on;

hol d of f;

Function a/2,0ne-point load, case 1 and 2

1000

J (MPa) 0 200 H (mm)
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clc
cl ear al

Two-point loads, case 1 and 3

Given data

H = [1000; 1000; 1000; 300; 300; 300]; % Heights in nm
J = [0; 25; 100; 0; 25; 100]; % Jacking forces in MPa
a =[79; 70; 56; 51; 45; 37]; % Unknown val ues

% Create the design matrix
X = [ones(size(H)), H J, H"2, H*J, J.~2, H*J.~"2, H"2.*]."2];

% Performthe regression anal ysis
coefficients = X\ a;

% Extract the coefficients
coefficients(l);
coefficients(2);
coefficients(3);
coefficients(4);
coefficients(b);
coefficients(6);
coefficients(7);
coefficients(8);

% Di splay the coefficients

disp(['b = nunstr(b)]);
disp(['c = nunstr(c)]);
disp(['d ="' nun2str(d)]);
disp(['e = nunstr(e)]);
disp(['f = nun2str(f)]);
disp(['g =" nunEstr(g)]);
disp(['h = nunstr(h)])
disp(['i = nunstr(i)]);
b=0

c = 0.209

d = -0.21762

e = -0.00013

f = -0.00018571

g=0

h = 5.6063e-06

i = -3.873e-09

Create agrid of pointsfor H and J
[H mesh, J nmesh] = neshgrid(min(H:10: max(H, min(J):1: max(J));

% Eval uate the quadratic equation using the estinmated coefficients




amesh=Db+c¢c* Hnmesh +d* J mesh + e * Hnesh.~2 +f * Hnmesh .*

J mesh + g * J nesh.”2 + h * H nesh
J_mesh. "2

% Pl ot the function

figure;
nesh(H_nesh, J_nesh, a_nesh);
xlabel (" H (nm)");

ylabel ("J (MPa)");

zlabel ("a/2 (mm");

title(' Function a/2, Two-point |oads,
hol d on;

% Pl ot raw data
scatter3(H, J, a, 'filled);
xlabel ("H (nmm)")

yl abel (" J (MPa)'

)
zl abel (" a/2 (mm)’

)
grid on;
hol d of f;

.* J _mesh. "2 + i

case 1 and 3');

* H mesh.~2 . *

Function a/2, Two-point loads, case 1and 3

J (MPa) 0 200
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H {mm)

1000




clc
cl ear al

Uniform distributed load, case 1 and 3

Given data

H = [1000; 1000; 1000; 300; 300; 300]; % Heights in nm
J = [0; 25; 100; 0; 25; 100]; % Jacking forces in MPa
a = [82; 75; 61; 60; 49; 40]; % Unknown val ues

% Create the design matrix
X = [ones(size(H)), H J, H"2, H*J, J.~2, H*J.~"2, H"2.*]."2];

% Performthe regression anal ysis
coefficients = X\ a;

% Extract the coefficients
coefficients(l);
coefficients(2);
coefficients(3);
coefficients(4);
coefficients(b);
coefficients(6);
coefficients(7);
coefficients(8);

% Di splay the coefficients
disp(['b " nunkstr(b)]);
disp(['c nunstr(c)]);
disp(['d " nungstr (d)
disp(['e nunstr(e)
disp(['f nunstr(f)
disp(['g " nun@str(9)

)

)

1);
1);
1);
1);
1)
1)

disp(['h nunstr(h
disp(['i nunstr (

0

0. 25057
-0.61286

- 0. 00016857
0. 00030952
0

1. 4838e-05
-1.3905e-08

- OoKQ "D Q0T

Create agrid of pointsfor H and J
[H mesh, J nmesh] = neshgrid(min(H:10: max(H, min(J):1: max(J));

% Eval uate the quadratic equation using the estinmated coefficients




a_mesh = b +c¢c* Hnmesh +d * J_mesh + e * Hnesh.”2 + f * H mesh
J_mesh + g * J_nmesh.”2 + h * H_mesh

J_mesh. "2;

% Pl ot the function
figure;

mesh(H nmesh, J_nmesh, a_nesh);

xlabel ("H (mm)");
ylabel (' J (MPa)');
zlabel ("a/2 (mMm)");

title(' Function a/2,Uniformdistributed | oad,

hol d on;

% Pl ot raw data
scatter3(H, J, a, 'filled);
xlabel ("H (mm)");
yl abel (" J (MPa)'
2 (

5.
zl abel (" a/ m) '

)
grid on;
hol d of f;

.* J _mesh. "2 + i

* H mesh. "2

case 1 and 3');

Function a/2,Uniform distributed load, case 1 and 3

al2 (mm)

J (MPa)
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clc
cl ear al

One-point load, case 1 and 3

Given data

H = [1000; 1000; 1000; 300; 300; 300]; % Heights in nm
J = [0; 25; 100; 0; 25; 100]; % Jacking forces in MPa
a = [84; 78; 63; 45; 40; 38]; % Unknown val ues

% Create the design matrix
X = [ones(size(H)), H J, H"2, H*J, J.~2, H*J.~"2, H"2.*]."2];

% Performthe regression anal ysis
coefficients = X\ a;

% Extract the coefficients
coefficients(l);
coefficients(2);
coefficients(3);
coefficients(4);
coefficients(b);
coefficients(6);
coefficients(7);
coefficients(8);

% Di splay the coefficients
disp(['b " nunkstr(b)]);
disp(['c nunstr(c)]);
disp(['d " nungstr (d)
disp(['e nunstr(e)
disp(['f nunstr(f)
disp(['g " nun@str(9)

)

)

1);
1);
1);
1);
1)
1)

disp(['h nunstr(h
disp(['i nunstr (

0

0. 17829

- 0. 24048

- 9. 4286e- 05
- 9. 5238e-06
0

8. 0825e- 06
-7.6825e-09

- OoKQ "D Q0T

Create agrid of pointsfor H and J
[H mesh, J nmesh] = neshgrid(min(H:10: max(H, min(J):1: max(J));

% Eval uate the quadratic equation using the estinmated coefficients




a_nmesh = b +c * Hmesh +d * J_nmesh + e * Hnesh.”2 + f * H mesh
J mesh + g * J nesh.”2 + h * Hnesh .* J nesh.”2 + i * H nmesh.”2

J_mesh. "2

% Pl ot the function

figure;
mesh(H_mesh, J_mesh, a_mesh);
xl abel ("H (mm)");

ylabel ("J (MPa)");

zlabel ("a/2 (mm");

title(' Function a/2, One-point |oad, case 1 and 3');
hol d on;

% Pl ot raw data

scatter3(H, J, a, 'filled);
xlabel ("H (mm");

ylabel ("J (MPa)");
zlabel ("a/2 (mm");
grid on;

hol d of f;

Function a2, One-point load, case 1and 3

J (MPa) 0 200 H (mm)
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