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Abstract 

 A material with broadband light absorbing capabilities has the potential for much 

usefulness in devices such as photovoltaics and thermoelectrics. By energy conservation, a non-

transparent material with low reflectance will be highly absorbing. Thus, much research has been 

devoted to understanding what makes material having low reflectance across a wide wavelength 

spectrum.  

The importance of a material’s electronic structure in determining reflectance is well-

established. Current research is revealing the additional importance of surface architecture in the 

reflective properties of a material. A metasurface is a two-dimentional material with physical 

features at or smaller than the wavelength of light considered. These wavelength-scale features 

allow metasurfaces to exhibit uncommon light-matter interactions, such as having a negative index 

of refraction or generating light beams with orbital angular momentum. Natural or man-made 

metasurfaces with periodic or quasi-periodic surface features have been found to have extremely 

low reflectance, but the underlying mechanism has not been clearly established.  

Here, mode matching at the boundaries is used to solve a plane wave of light scattering 

from an array of apertures in a perfectly conducting metal. This approach provides numerical 

solutions of Maxwell’s equations, instead of the commonly used finite-difference-time-domain 

simulations which provide solutions but can vary with the setup parameters involved in the 

simulation. My results indicate that interference effects are the primary cause behind the dark 

nature of periodic metasurfaces. These results provide guidelines to design subwavelength 

structures that can achieve low reflectance over a broader range of wavelengths.   

Furthermore, this technique can be extended to quasi-periodic surfaces.  Similar to Fourier 

analysis, the surface structure could be represented by a distribution of periodic structures where 

reflectance from each periodic structure can be solved as detailed in this study. These quasi-

periodic structures are closer to many ultra-dark surfaces found in nature, such as the dark patches 

on the wings of some butterfly species. Thus, being able to analyze aperiodic structures could 

further advance our design of broadband absorbers.  
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1. Introduction  

 Humanity has always been fascinated by light. It is, quite literally, how we see the world. 

Ancient scientists in a few century BC, using glass lenses and bronze mirrors to bend and reflect 

light, wrote down their observations as some of the foundation of optics. As our understanding has 

advanced, we have gained greater knowledge of the principles that govern the function of optical 

devices such as lenses and mirrors. We now understand that the way a material reflects light is 

primarily a function of (1) the smoothness or roughness of the material's surface and (2) the 

electronic structures of the material itself.  

 For the former, consider parallel light 

rays incident on a perfectly reflecting, perfectly 

smooth surface as illustrated in Fig. 1(a).  Based 

on the Snell’s law of reflection1 the angle of 

reflection is equal to the angle of incidence, as 

measured with respect to the surface normal. 

Thus, light rays traveling parallel to each other 

before reflection will continue parallel after 

reflecting from this surface. Conversely, consider 

a surface that is perfectly reflecting, but very 

rough and jagged as illustrated in Fig. 1(b). 

Parallel incident rays will be scattered in all 

different directions upon reflection. These two 

types of reflection are known as specular and 

diffusive, respectively.  

 The physics of a material’s electronic structures are contained within its dielectric function. 

In a linear, isotropic medium, the dielectric function can be written as 

 𝜖௥ = 1 +
𝑁𝑞𝑥෤଴

𝜖଴𝐸଴
 ( 1 ) 

where 𝑁 is the number of electronic dipoles per unit volume in the material, 𝑞 is the electron 

charge, 𝜖௢ is the vacuum permittivity, 𝐸଴ is the amplitude of the driving electric field, and 𝑥෤଴ is 

the complex amplitude of electron oscillation, complex because of the phase difference between 

the electron displacement and the driving field strength.2 To get an expression for 𝑥෤଴, we can use 

Fig. 1 (a) Specular and (b) diffusive reflection on 
smooth and rough surfaces, respectively. 

(b) 

(a) 
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the Lorentz models of an electron as a damped, driven oscillator.3 In this approximation, Newton’s 

second law can be written as  

 𝑑ଶ𝑥

𝑑𝑡ଶ
+ 𝛾

𝑑𝑥

𝑑𝑡
+ 𝜔଴

ଶ𝑥 =
𝑞𝐸଴

𝑚
cos (−𝜔𝑡) ( 2 ) 

where 𝑥 is the electron’s displacement, 𝛾 is the damping coefficient, 𝜔଴ is the resonant frequency 

of the oscillation, 𝑚 is the electron mass, and 𝐸଴ cos(−𝜔𝑡) is the driving electric field. This 

differential equation can be solved, and the solution put back into equation 1 to obtain  

 𝜖௥(𝜔) = 1 +
𝜔௣

ଶ

𝜔଴
ଶ − 𝜔ଶ − 𝑖𝛾𝜔

 ( 3 ) 

where 𝜔௣
ଶ = 𝑁𝑞ଶ/𝑚𝜖଴ is known as the plasma frequency of the material. The reflectance of a 

material, i.e., the fraction of optical power reflected, is in general a function of 𝜖௥ for the incident 

and reflecting media.1 This can get rather complicated, but it will suffice to say that for light 

incident normally from air onto a material of dielectric coefficient 𝜖௥, the reflectance is given by  

 
𝑅 = ቤ

√𝜖௥ − 1

√𝜖௥ + 1
ቤ

ଶ

 ( 4 ) 

In air, 𝜖௥ ≈ 1, so the reflectance is approximately 0. This is consistent with our daily 

experience of light passing through air without reflecting. It is now easy to see that reflectance is, 

in general, a function of the frequency of the incident light. This makes the choice of material for 

perfect mirrors nontrivial; you must choose a mirror with a unit reflectance in the wavelength range 

in which you are working. No material perfectly reflects every wavelength. Figure 2 shows some 

reflectance spectra of common metals.  

 As beautiful and useful as mirrors are, 

modern technology often cares more about the 

absorptive properties of a material than its 

reflectance. For example, one possible way to 

increase the efficiency of a photovoltaic cell, the 

basic building block of solar energy harvesting, is 

to design the cell material and structure to have 

high absorptance over a wider range of 

wavelengths. Since the sun emits a broad 
Fig. 2 Reflectance spectra of common metals.1  
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spectrum, much of the intensity that reaches 

earth stretches across both the visible and the 

infrared regimes as depicted in Fig 3.4 A 

photovoltaic cell that can efficiently absorb all 

these wavelengths, a broadband absorber, 

would be able to produce more electricity from 

the same amount of incident sunlight. Another 

type of device, based on the physics of 

thermoelectrics, can convert a temperature 

gradient to a voltage or vice versa. The 

temperature gradient can be generated by 

thermal radiation from any heat source. These 

devices can be made more efficiently via a careful selection of the infrared absorption materials 

and the design of the absorption layer architecture.  

Absorption and reflectance are closely related via the principle of energy conservation,  

 
𝑅 + 𝐴 + 𝑇 = 1  ( 5 ) 

where 𝑅 is reflectance, 𝐴 is absorptance, and 𝑇 is transmittance. All incident energy must be either 

reflected, absorbed, or transmitted. Just like reflectance, transmittance and absorptance are also 

functions of the frequency of the incident light. This relation also holds true for matter waves in 

quantum mechanics. At each interaction of a photon with a material, it has a certain probability of 

being absorbed. This probability comes from the discrete energy levels the electrons in the material 

can occupy; a photon of energy 𝜖 = ℏ𝜔 can be absorbed only if the material has one electron at 

energy state 𝐸 and one unoccupied state at energy 𝐸 + 𝜖.  

 Given that photon absorption is a stochastic event, one can see how changing the 

architecture of the material can enhance light-matter interactions. The more chances a photon can 

interact with a material, the more likely it can be absorbed at some point during the interaction. 

The focus of my research is to find an architecture that minimizes reflectance, and thus maximizes 

absorption, even for a highly reflective bulk material, such as metal. One possible way to enhance 

photon-material interaction, which has been the subject of much recent investigation, are 

metamaterials.5–8 A metamaterial is a structure with features of length scale on the same order of 

Fig. 3 The intensity spectrum emitted by the Sun 

after passing through the atmosphere. 4 
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magnitude or smaller than 

the wavelength of an 

incident wave. Nature has 

provided us with some 

beautiful examples of this 

effect. The wings and 

feathers of some insects and 

birds contain nanostructures 

that increase light-matter 

interactions at certain 

wavelengths and give the 

animal macroscopic color.9 

For example, some species of butterflies have nanoscale, cell-like features on their wings that act  

as an optical metasurface to reduce reflectance to below 1% across nearly the entire visible 

spectrum as shown in Fig. 4(a).10 Drawing inspiration from this and similar studies with naturally 

occurring, optically dark, metamaterials, photovoltaic scientists at Caltech grew bioinspired, 

randomly patterned, thin films of hydrogenated amorphous silicon (a-Si:H) on glass substrates and 

measured the absorptance.11 They found that patterned, thin films of a-Si:H had higher absorptance 

across a wider range of wavelengths than unpatterned, thin films of the same material [Fig. 4(b)]. 

These studies provide evidence to the idea that metamaterials can be used to enhance material 

absorptance and create a broadband absorber.  

Another metamaterial that has been explored for creating a broadband absorber is carbon 

nanotube (CNT) forests. Carbon nanotubes are a quasi-1D (one-dimensional) form of carbon, 

where the atoms arrange themselves in a tube-like structure with a diameter of ~1 nm and a length 

can be as long as a few centimeters. When millions of carbon nanotubes are grown vertically and 

simultaneously on the same substrate, they form what is known as a CNT forest. In addition to 

growth on a uniform substrate, the morphology of CNT forests can be modulated either randomly 

as shown in Figs. 5(a) and 5(b)12,13 or periodically as shown in Fig. 5(c).14  The modulated CNT 

forests are among the optically darkest materials known to humankind, with reflectance as low as 

0.0002 in the mid-infrared region (Fig. 6).12  Unfortunately, the optimal design of the forest 

patterns that is dark across a wide range of wavelengths, from visible to far-IR, has yet to be found. 

(a) 

(b) (c) 

Fig. 4 (a) The nanoscale patterning on 

the ultradark patches of some butterfly 

wings.10 Scale: 1 µm. (b) Patterned thin 

films of a-Si:H.11 and (c) absorption 

spectra of patterned and unpatterned thin 

films of a:Si:H.11 
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The results from these studies of metamaterials indicate that nanometer-structured surfaces 

could achieve higher absorption than their smooth counterparts and also extend the wavelength 

range of the absorption to create a broadband absorber.  Much theoretical work has been done on 

this topic using the effective medium approximation, which is valid with dilute, small particles in 

a medium, like aerosol particles in air, so one can treat the inhomogeneous mixture as an effective 

homogeneous medium. However, metasurface structures, such as CNT forests, can be of high 

density and much larger in one dimension than the wavelength scale, invalidating the effective 

medium approximation. Therefore, Dr. Shen and I decided to study light scattering directly, using 

Maxwell’s equations, for my capstone project.  Since CNTs are conductive and distributed 

randomly on a substrate, the first exercise is to consider an array of semi-infinite metal slabs 

arranged periodically in the 𝑥-direction. When a plane wave of light impinges on the 𝑧 = 0 plane, 

the symmetry of this array reduces the problem to a two-dimensional (2D) system as illustrated in 

Fig. 7(a). In this case, the mathematics is simple, because the electric and magnetic field depend 

only on 𝑥 and the wave propagation is in the 𝑧-direction.  After successfully solving the Maxwell 

equations for this system, the second structure I solved for is an array of semi-infinite rectangular 

metal tubes, or waveguides.  The top view of the interface, 𝑧 = 0, is a metallic grid with rectangular 

apertures of dimension 𝑎 × 𝑏. [Fig. 7(b)] With the solution of this system, I will explore the various 

parameters that affect the reflectance of periodic surfaces. I will discuss how my calculation can 

be extended to describe quasi-periodic surfaces, which may be a more effective way to extend the 

absorption wavelength range. 

Fig. 5 Top view of CNTs grown on (a) etched 
aluminum substrate12, (b) Al/Nb/Si 
substrate13, and (c) a catalyst-patterned Si 
substrate14.  

Fig. 6 Reflectance (red) from samples of Fig. 
5(a)12.  
 
 

R
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(b) (a) 

(c) 
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2. Floquet theorem and the mode-matching technique  

 The Floquet theorem15 is a powerful tool for analyzing wave functions in periodic systems. 

The theorem states that, in general, the solutions of a periodic system can be written as a linear 

combination of basis periodic functions. This concept, which is closely related to Fourier theory, 

has found many uses in mathematics, physics, and engineering. For our purposes, the Floquet 

theorem means that a light wave propagating in a structure with periodicity 𝐿 in the 𝑥-direction 

has a 𝑥-dependance that can be written as 

 
𝑈(𝑥) = ෍ 𝐴௠𝑒ି௜௞ೣ೘௫

ஶ

௠ୀିஶ

 ( 6 ) 

Similarly, in a 2D system, a light wave propagating in a structure with periodicity 𝐿௫ in the 𝑥-

direction and periodicity 𝐿௬ in the 𝑦-direction has 𝑥-𝑦 dependance that can be expressed as   

 
𝑈(𝑥, 𝑦) = ෍ ෍ 𝐴௠௡𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬

ஶ

௡ୀିஶ

ஶ

௠ୀିஶ

 ( 7 ) 

where 𝑈 might represent the electric field, magnetic field, or a Hertz potential, 𝐴௠௡ are the 

coefficients of the linear combination, and 𝑘௫௠ = 𝑘௫ +
ଶగ௠

௅ೣ
 and 𝑘௬௡ = 𝑘௬ +

ଶగ௡

௅೤
 are the 

wavenumbers of the spatial harmonics, with 𝑘௫ and 𝑘௬ being the incident wavenumbers in the 𝑥 

and 𝑦 direction, respectively. I will use the Floquet theorem in my solutions to describe the light 

scattered by a perfectly conducting structure with 𝑥 and 𝑦 periodicity.  

 
 Fig. 7  Schematics of semi-infinite metal slabs with (a) 1D periodicity and (b) 2D periodicity. 
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 Mode-matching is a common approach to 

solving discontinuous boundary problems when 

the solution on each side of the boundary can be 

written as a linear combination of orthogonal 

modes. As an example,16 consider a metallic 

waveguide with a discontinuous step in the 𝑥 

direction at 𝑧 = 0 (Fig. 8) and with a TEm0 

(transverse electric) mode incident on that 

discontinuity from the 𝑧 < 0 region. The 

transverse incident fields can be written as  

 𝐸௬௜ = sin ቀ
𝑚𝜋𝑥

𝑎
ቁ 𝑒ି௜ఉ೘

ೌ ௭ ( 7a ) 

 𝐻௫௜ = −
1

𝑍௠
௔ sin ቀ

𝑚𝜋𝑥

𝑎
ቁ 𝑒ି௜ఉ೘

ೌ ௭ ( 7b ) 

where 𝛽௠
௔ = ට𝑘ଶ − ቀ

௠గ

௔
ቁ

ଶ

 and 𝑍௠
௔ =

௞ఎబ

ఉ೘
ೌ   are the propagation constant and impedance of the TEm0 

mode, respectively, with 𝑘 being the incident wavenumber and 𝜂଴ being the impedance of free 

space. The discontinuity at 𝑧 = 0 will cause the wave to scatter into infinite TEm0 modes, some of 

which will propagate in the +𝑧 and/or −𝑧 directions, and many of which will not when 𝑚 is large 

enough to make 𝛽௠
௔  imaginary. The modes scattered in the −𝑧 direction may be written as 

 
𝐸௬௥ = ෍ 𝐴௡ sin ቀ

𝑛𝜋𝑥

𝑎
ቁ 𝑒௜ఉ೙

ೌ௭

ஶ

௡ୀଵ

 ( 8a ) 

 
𝐻௫௥ = − ෍

𝐴௡

𝑍௡
௔ sin ቀ

𝑛𝜋𝑥

𝑎
ቁ 𝑒௜ఉ೙

ೌ௭

ஶ

௡ୀଵ

 ( 8b ) 

while the modes scattered in the +𝑧 direction may be written as  

 
𝐸௬௧ = ෍ 𝐵௡ sin ቀ

𝑛𝜋𝑥

𝑏
ቁ 𝑒ି௜ఉ೙

್௭

ஶ

௡ୀଵ

 ( 9a ) 

Fig. 8 Rectangular waveguide with discontinuity at 
𝑧 = 0.  
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𝐻௫௧ = − ෍

𝐵௡

𝑍௡
௕ sin ቀ

𝑛𝜋𝑥

𝑏
ቁ 𝑒ି௜ఉ೙

್௭

ஶ

௡ୀଵ

 ( 9b ) 

where 𝛽௡
௕ and 𝑍௡

௕ are the propagation constant and impedance in the 𝑧 > 0 portion of the 

waveguide.  

 We can solve for 𝐴௡ and 𝐵௡ by applying boundary conditions. We know that each field 

must be continuous across 𝑧 = 0 in the 𝑥 ∈ (0, 𝑏) region and that the 𝐸௬ field must be 0 in the 

𝑥 ∈ [𝑏, 𝑎] region at 𝑧 = 0. Due to a surface current, the 𝐻௫ field might not be continuous in this 

region. Thus, we have 

𝐸௬ = sin ቀ
𝑚𝜋𝑥

𝑎
ቁ + ෍ 𝐴௡ sin ቀ

𝑛𝜋𝑥

𝑎
ቁ

ஶ

௡ୀଵ

= ൞
෍ 𝐵௡ sin ቀ

𝑛𝜋𝑥

𝑏
ቁ

ஶ

௡ୀଵ

,  𝑥 ∈ [0, 𝑏]

0, 𝑥 ∈ [𝑏, 𝑎]

 
( 10a ) 

𝐻௫ = −
1

𝑍௠
௔ sin ቀ

𝑚𝜋𝑥

𝑎
ቁ − ෍

𝐴௡

𝑍௡
௔ sin ቀ

𝑛𝜋𝑥

𝑎
ቁ

ஶ

௡ୀଵ

= − ෍
𝐵௡

𝑍௡
௕ sin ቀ

𝑛𝜋𝑥

𝑏
ቁ

ஶ

௡ୀଵ

,     𝑥 ∈ [0, 𝑏] ( 10b ) 

We now have something in the form of two linear equations for two infinite sets of 

unknowns, 𝐴௡ and 𝐵௡. Taking advantage of the mutual orthogonality of the sinusoidal functions, 

we multiply each side of Eq. (10a) by sin ቀ
ℓగ௫

௔
ቁ and integrate ∫ 𝑑𝑥

௔

଴
, yielding 

 𝑎

2
𝛿௠ℓ +

𝑎

2
𝐴ℓ = ෍ 𝐵௡𝜙௡ℓ

ஶ

௡ୀଵ

 ( 11 ) 

where 𝜙௡ℓ = ∫ sin ቀ
௡గ௫

௕
ቁ sin ቀ

ℓగ௫

௔
ቁ 𝑑𝑥

௕

଴
 and 𝛿௠ℓ is the Kronecker delta. Similarly, we multiply 

each side of Eq. (10b) by sin ቀ
ℓగ௫

௕
ቁ and integrate ∫ 𝑑𝑥

௕

଴
 to get  

 
𝐵ℓ =

2𝑍ℓ
௕

𝑏
൭

𝜙ℓ௠

𝑍௠
௔ + ෍

𝜙ℓ௡

𝑍௡
௔ 𝐴௡

ஶ

௡ୀଵ

൱ ( 12 ) 

We can then substitute this expression for 𝐵ℓ into Eq. (11), after changing the variable of 

summation to 𝑘, and get  
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 𝑎

2
𝐴ℓ − ෍ ෍

2𝜙௡ℓ𝑍௡
௕𝜙௡௞

𝑏𝑍௞
௔ 𝐴௞

ஶ

௞ୀଵ

ஶ

௡ୀଵ

= ෍
2𝜙௡ℓ𝑍௡

௕𝜙௡௠

𝑏𝑍௠
௔

ஶ

௡ୀଵ

−
𝑎

2
𝛿௠ℓ ( 13 ) 

The values of 𝐴ℓ can be approximated from this equation by truncating the infinite sums to 𝑁 

terms, then rewriting the equation in matrix form so that  

 𝐴ℓ
ሬሬሬሬ⃗ = ቀ

𝑎

2
𝑰ே − 𝑽ℓ௞ቁ

ିଵ

𝑃ℓ
ሬሬሬ⃗  ( 14 ) 

where 𝑰ே is the 𝑁 × 𝑁 identity matrix and  

 
𝑽ℓ௞ = ෍

2𝜙௡ℓ𝑍௡
௕𝜙௡௞

𝑏𝑍௞
௔

ே

௡ୀଵ

 ( 15a ) 

 
𝑃ℓ = ෍

2𝜙௡ℓ𝑍௡
௕𝜙௡௠

𝑏𝑍௠
௔

ே

௡ୀଵ

−
𝑎

2
𝛿௠ℓ ( 15b ) 

Keep in mind that the incident mode is TEm0, so in practice 𝑚 will be known and fixed. Once the 

𝐴ℓ are known, the 𝐵ℓ can be found using a truncated Eq. (12). These truncations are known to be 

valid as long as 𝑁 ≫ 𝑚, though for many geometries and incident 𝑚 they are valid as long as 𝑁 

is even a few integers greater than 𝑚. It is quite easy to implement this matrix calculation 

computationally, which is why I have chosen to use this mode-matching technique for my 

solutions.  

 Now that we’ve introduced the basic ideas of the 

Floquet theorem and mode matching analysis, we can 

examine light scattering from a perfectly conducting structure 

that is periodic in 1 direction.  

3. Light scattered from one-dimensional periodic 

structures  

 Consider an array of metal plates extending infinitely 

in the 𝑦 and 𝑧 < 0 directions with periodicity 𝐿 in the 𝑥 

direction and spacing 𝑊 as depicted in Fig. (9).  For 

simplicity, I will consider only a light wave of TE polarization 

X 

Z 

+
𝑊

2
 −

𝑊

2
 

+
𝐿

2
 −

𝐿

2
 

𝑘 
𝜃௜ 

Fig. 9 Semi-infinite metal slabs 
extending infinitely in the 𝑦 and 𝑧 <
0 directions and with periodicity 𝐿 in 
the 𝑥 direction and spacing 𝑊.  
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(𝐸ሬ⃗ = 𝐸௬𝑦ො), incident from 𝑧 > 0 with angle 𝜃, scatters from this structure. The treatment of a TM-

polarized wave, where 𝐻ሬሬ⃗ = 𝐻௬𝑦ො, would follow a similar derivation. For any arbitrary polarization, 

you can write the wave as a linear combination of a TE and a TM wave, solve individually for 

each component’s scattering, and then recombine linearly to obtain the total scattering results.  

 The TE incident wave is given by  

 𝐸௬௜ = 𝐴଴𝑒ି௜ఉ௫ା௜௤௭ ( 16a ) 

 𝐻௫௜ =
𝑞𝐴଴

𝜔𝜇
𝑒ି௜ఉ௫ା௜௤௭ ( 16b ) 

 𝐻௭௜ =
𝛽𝐴଴

𝜔𝜇
𝑒ି௜ఉ௫ା௜௤௭ ( 16c ) 

where 𝛽 = 𝑘 sin 𝜃 and 𝑞 = 𝑘 cos 𝜃 with 𝑘 being the incident wavenumber. The primary 

reflected wave is  

 𝐸௬௥ = −𝐴଴𝑒ି௜ఉ௫ି௜௤௭ ( 17a ) 

 𝐻௫௥ =
𝑞𝐴଴

𝜔𝜇
𝑒ି௜ఉ௫ି௜௤௭ ( 17b ) 

 𝐻௭௥ =
−𝛽𝐴଴

𝜔𝜇
𝑒ି௜ఉ௫ି௜௤௭ ( 17c ) 

Using the Floquet theorem, we can write the scattered wave in the 𝑧 > 0 region as  

 
𝐸௬௦ = ෍ 𝐵௡

ஶ

௡ୀିஶ

𝑒ି௜ఉ೙௫ି௜௤೙௭ ( 18a ) 

 
𝐻௫௦ =

−1

𝜔𝜇
෍ 𝐵௡

ஶ

௡ୀିஶ

𝑞௡𝑒ି௜ఉ೙௫ି௜௤೙௭ ( 18b ) 

 
𝐻௭௦ =

1

𝜔𝜇
෍ 𝐵௡

ஶ

௡ୀିஶ

𝛽௡𝑒ି௜ఉ೙௫ି௜௤೙௭ ( 18c ) 
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where 𝛽௡ = 𝛽 + మഏ೙

ಽ
 and 𝑞௡ = ±ඥ𝑘ଶ − 𝛽௡

ଶ. Notice that for a given incident 𝑘 and 𝜃, there will 

only be a finite number of values of 𝑛 such that 𝑞௡ is real. These are the grating modes which will 

propagate away from the surface in the +𝑧 direction, and for them we choose the positive square 

root in 𝑞௡. The larger 𝑛 modes, where 𝑞௡ is imaginary, are surface waves confined to near 𝑧 = 0, 

which are called evanescent waves. To ensure that the field contribution from these modes 

becomes negligibly small far away from the 𝑧 = 0 interface, we choose the negative imaginary 

root.  

 Since we are assuming the structure to be a perfect conductor, only the TE modes of a 

parallel plate waveguide will be excited in the 𝑧 < 0 region. Therefore, the transmitted field is of 

the form  

 
𝐸௬௧ = ෍ 𝐶௡

ஶ

௡ୀଵ

sin
𝑛𝜋൫𝑥 + ௐ

ଶ
൯

𝑊
𝑒௜௣೙௭ ( 19a ) 

 
𝐻௫௧ =

1

𝜔𝜇
෍ 𝐶௡

ஶ

௡ୀଵ

𝑝௡ sin
𝑛𝜋൫𝑥 + ௐ

ଶ
൯

𝑊
𝑒௜௣೙௭ ( 19b ) 

 
𝐻௭௧ =

−𝑖

𝜔𝜇
෍

𝑛𝜋

𝑊
𝐶௡ cos

𝑛𝜋൫𝑥 + ௐ
ଶ

൯

𝑊
𝑒௜௣೙௭

ஶ

௡ୀଵ

 ( 19c ) 

where 𝑝௡ = ±ට𝑘ଶ − ቀ
௡గ

ௐ
ቁ

ଶ

. Clearly, for the TEn0 mode to propagate down the grating, we must 

have 𝑘 >
௡గ

ௐ
. Otherwise, the mode will be confined to near 𝑧 = 0 and we must again choose the 

negative imaginary root to prevent the field contributions from these surface modes from blowing 

up at large |𝑧|.  

 Along the 𝑧 = 0 interface, we enforce boundary conditions to solve for 𝐵௡ and 𝐶௡. On the 

metal region, |𝑥| ∈ ቂ
ௐ

ଶ
,

௅

ଶ
ቃ, the transverse electric field and the 𝑧 component of the magnetic field 

must be 0. Because of surface currents, this may not be true for the 𝐻௫ field. In the gap, |𝑥| <
ௐ

ଶ
, 

all the fields must be continuous. These boundary conditions lead to the set of equations 
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𝐸௬ = ෍ 𝐵௡

ஶ

௡ୀିஶ

𝑒ି௜ఉ೙௫ =

⎩
⎪
⎨

⎪
⎧෍ 𝐶௡

ஶ

௡ୀଵ

sin
𝑛𝜋൫𝑥 + ௐ

ଶ
൯

𝑊
, |𝑥| <

𝑊

2

0, |𝑥| ∈ ൤
𝑊

2
,
𝐿

2
൨

 
( 20a ) 

 
𝐻௫ = 2𝑞𝐴଴𝑒ି௜ఉ௫ − ෍ 𝐵௡

ஶ

௡ୀିஶ

𝑞௡𝑒ି௜ఉ೙௫ = ෍ 𝐶௡

ஶ

௡ୀଵ

𝑝௡ sin
𝑛𝜋൫𝑥 + ௐ

ଶ
൯

𝑊
, |𝑥| <

𝑊

2
  ( 20b ) 

 

𝐻௭ = ෍ 𝐵௡

ஶ

௡ୀିஶ

𝛽௡𝑒ି௜ఉ೙௫ =

⎩
⎪
⎨

⎪
⎧෍ −𝑖

𝑛𝜋

𝑊
𝐶௡ cos

𝑛𝜋൫𝑥 + ௐ
ଶ

൯

𝑊

ஶ

௡ୀଵ

, |𝑥| <
𝑊

2

0, |𝑥| ∈ ൤
𝑊

2
,
𝐿

2
൨

 ( 20c ) 

We will continue with Eqs. (20a) and (20b), but after finding 𝐵௡ and 𝐶௡ one can show that Eq. 

(20c) is automatically satisfied.  

Multiply both sides of Eq. (20a) by 𝑒௜ఉ೘௫ and integrate ∫ 𝑑𝑥
௅ ଶ⁄

ି௅ ଶ⁄
. Then multiple both sides 

of Eq. (20b) by sin
௠గቀ௫ାೈ

మ
ቁ

ௐ
  and integrate ∫ 𝑑𝑥

ௐ ଶ⁄

ିௐ ଶ⁄
. This will lead to  

𝐵௠𝐿 = ෍ 𝐶௡

ஶ

௡ୀଵ

𝜙௠௡
ା  ( 21a ) 

𝐶௠ =
2

𝑊𝑝௠
൭2𝑞𝐴଴𝜙଴௠

ି − ෍ 𝐵௡𝑞௡

ஶ

௡ୀିஶ

𝜙௡௠
ି ൱ ( 21b ) 

where 𝜙௠௡
± = ∫ 𝑒±௜ఉ೘௫ sin ൬

௡గ

ௐ
ቀ𝑥 +

ௐ

ଶ
ቁ൰ 𝑑𝑥

ௐ/ଶ

ିௐ/ଶ
. These equations can easily be solved 

numerically, as discussed in Sec. 2. Substitute Eq. (21b) into Eq. (21a), truncate the infinite sums 

to 𝑁 terms such that 𝑛 ∈ [1, 𝑁] in Eq. (21a) and 𝑛 ∈ ቂ−
ேିଵ

ଶ
,

ேିଵ

ଶ
ቃ in Eq. (21b), and rewrite the 

problem as a matrix equation with unknown vector 𝐵௠
ሬሬሬሬሬ⃗ . Once 𝐵௡ is known, use Eq. (21b) to obtain 

𝐶௡. An appropriate 𝑁 can be found by trial and error, ensuring that the resultant 𝐵௡ and 𝐶௡ satisfy 

Eqs. (20a)-(20c). In my implementation, I found that 𝑁 = 19 was adequate for 𝑊 = 700 nm, 𝐿 =

1000 nm, 𝜆଴ = 343 nm, and any incident angle.  
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 Once the coefficients are known, the incident, reflected, and transmitted power in the 𝑧 

direction can be calculated as  

 |𝑃௭௜| =
−1

2
ℜ𝑒ൣ𝐸௬௜ × 𝐻௫௜

∗ ൧ =
𝑞

2𝜔𝜇
|𝐴଴|ଶ 

 

( 22a ) 

 |𝑃௭௥| =
−1

2𝐿
ℜ𝑒 ቈන ൣ൫𝐸௬௥ + 𝐸௬௦൯ × (𝐻௫௥

∗ + 𝐻௫௦
∗ )൧ 𝑑𝑥

௅ ଶ⁄

ି௅ ଶ⁄

቉ 

=
𝑞

2𝜔𝜇
[|𝐴଴ − 𝐵଴|ଶ + ෍

ℜ𝑒[𝑞௡]

2𝜔𝜇
|𝐵௡|ଶ

(ேିଵ)/ଶ

௡ஷ଴
௡ୀି(ேିଵ)/ଶ

 

 

 

( 22b ) 

 
|𝑃௭௧| =

1

2𝐿
ℜ𝑒 ቈන ൣ𝐸௬௧ × 𝐻௫௧

∗ ൧ 𝑑𝑥
௅ ଶ⁄

ି௅ ଶ⁄

቉ =
𝑊

4𝐿
෍

ℜ𝑒[𝑝௡]

𝜔𝜇
|𝐶௡|ଶ

ேିଵ

௡ୀଵ

 

 

( 22c ) 

In the sums, only propagating modes, where 𝑞௡ or 𝑝௡ are real, will contribute to the reflected or 

transmitted power. The modes for which 𝑞௡ or 𝑝௡ are imaginary will not carry away any power; 

instead the power in these modes will be stored in surface currents along the 𝑧 = 0 interface. Thus, 

the complete power conservation equation can be written as  

 |𝑃௭௜| = |𝑃௭௥| + |𝑃௭௧| + |𝑃௭௦| ( 23 ) 

where |𝑃௭௦| is the stored power.  

3.1 One-dimensional results 

 I conducted this calculation in MATLAB. An 

example result is shown in Fig. (10). Reflectance and 

transmittance are defined as 𝑅 = |𝑃௭௥|/|𝑃௭௜| and 𝑇 =

|𝑃௭௧|/|𝑃௭௜|, respectively. The stored power is 

negligible, 𝑅 + 𝑇 ≈ 1, for all wavelengths. For 

simplicity, I will only show reflectance results from 

now on.  

 At 𝜆 = 2𝑊, the structure becomes totally 

reflective. This is a direct result of the cutoff 

Fig. 10 Results of 1D calculation for 𝑊 = 0.7 
μm, L= 1.0 μm, 𝜃 = 30°. In all my results, 𝑅 +
𝑇 ≈ 1 across the spectrum.  
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wavelength of a parallel-plate waveguide, which is 2𝑊. Light with a longer wavelength cannot 

propagate in the waveguide region (𝑧 < 0), so it will be reflected entirely.  

 Moving towards shorter wavelengths, the reflectance drops quickly then begins to oscillate. 

These oscillations are caused by interference between scattered waves. Basic interference theory 

tells us that far-field intensity oscillations, or fringes, due to interference from point sources are 

strongest when 𝜆 ≲ 𝑑, where d is the source spacing. This is the exact result we see for metal slabs 

with various periodicities, 𝐿 as shown in Fig. (11). We can thus deduce that these oscillations are 

due to interference.  

 In the shortest wavelength, the reflectance approaches the geometric limit, i.e., the ratio of 

metal to gap at the interface, 
ଵିௐ

௅
. The geometric limits are marked in Figure 12. Indeed, the 𝜆 →

0 limit is valid for geometric optics, so we expect that the reflectance should approach such a value 

in this limit.  

 All these results vindicate the mode-match assumption used for describing light scattering 

from a 1D, perfectly conducting, periodic structure. Next, we will extend this model to describe a 

surface of 2D periodicity.  

 

4. Light scattered from two-dimensional periodic structures 

 For the 2D case, consider a perfect metal structure with a periodic array of rectangular 

holes extending infinitely in the 𝑥-𝑦 plane and semi-infinitely in 𝑧 < 0. Light is incident on the 

structure from 𝑧 > 0 with polar angle 𝜃 and azimuthal angle 𝜙 as illustrated in Fig. 13. We will 

Fig. 11 Results of 1D calculation with metal thickness 
𝐿 − 𝑊 = 0.05 μm and 𝜃 = 1°.  

Fig. 12 Results of 1D calculation with 𝐿 = 1.0 
μm and 𝜃 = 1°. The geometric limit of each 
calculation is marked on the 𝑦 axis.  
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once again consider a TE incident wave, where 𝐸ሬ⃗ = 𝐸௫𝑥ො + 𝐸௬𝑦ො, but a similar analysis can be 

performed for a TM wave, where 𝐻ሬሬ⃗ = 𝐻௫𝑥ො + 𝐻௬𝑦ො. The results of any arbitrary polarization can 

then be built as a linear combination of the two.  

The TE incident wave is given by 

   
𝐸௫௜ = sin 𝜙 𝐴଴𝑒ି௜௞ೣ௫ି௜௞೤௬ା௜௞೥௭ 

( 24a ) 

 𝐸௬௜ = − cos 𝜙 𝐴଴𝑒ି௜௞ೣ௫ି௜௞೤௬ା௜௞೥௭ 
( 24b ) 

 𝐻௫௜ = − cos 𝜃 cos 𝜙 
𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ା௜௞೥௭ ( 24c ) 

 𝐻௬௜ = − cos 𝜃 sin 𝜙 
𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ା௜௞೥௭ ( 24d ) 

 𝐻௭௜ = + sin 𝜃  
𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ା௜௞೥௭ ( 24e ) 

where 𝑘௫ = −𝑘 sin 𝜃 cos 𝜙, 𝑘௬ = −𝑘 sin 𝜃 sin 𝜙, and 𝑘௭ = 𝑘 cos 𝜃 and 𝜂 = ඥ𝜇 𝜖⁄  is the 

impedance of the medium. The primary reflected wave is  

 𝐸௫௥ = − sin 𝜙 𝐴଴𝑒ି௜௞ೣ௫ି௜௞೤௬ି௜௞೥௭ ( 25a ) 

 𝐸௬௥ = cos 𝜙 𝐴଴𝑒ି௜௞ೣ௫ି௜௞௬ି௜௞೥௭ ( 25b ) 

 𝐻௫௥ = − cos 𝜃 cos 𝜙 
𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ି௜௞೥௭ 

( 25c ) 

𝜃

 
 
 
Fig. 13 Setup for 2D case. The 𝑧 > 0 region is free 
space. The blue regions in 𝑧 < 0 are waveguides and 
the white regions are a perfectly conducting metal.  
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 𝐻௬௥ = − cos 𝜃 sin 𝜙
𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ି௜௞೥௭ 

( 25d ) 

 𝐻௭௥ = − sin 𝜃 
𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ି௜௞೥௭ 

( 25e ) 

Using the 2D Floquet theorem discussed in Sec. 2, we can write the scattered wave in the 𝑧 > 0 

region as  

 
𝐸௫௦ = ෍ 𝐵௠௡

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬ି௜௤೘೙௭ ( 26a ) 

 
𝐸௬௦ = ෍ 𝐶௠௡

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬ି௜௤೘೙௭ ( 26b ) 

 
𝐻௫௦ =

−1

𝜔𝜇
෍ 𝑞௠௡

ஶ

௠,௡ୀିஶ

𝐶௠௡𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬ି௜௤೘೙௭ ( 26c ) 

 
𝐻௬௦ =

1

𝜔𝜇
෍ 𝑞௠௡𝐵௠௡

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬ି௜௤೘೙௭ ( 26d ) 

 
𝐻௭௦ =

1

𝜔𝜇
෍ ൫𝑘௫௠𝐶௠௡ − 𝑘௬௡𝐵௠௡൯

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬ି௜௤೘೙௭ ( 26e ) 

where 𝑘௫௠ = 𝑘௫ + మഏ೘

ಽೣ
 , 𝑘௬௡ = 𝑘௬ + మഏ೙

ಽ೤
 , and 𝑞௠௡ = ±ඥ𝑘ଶ − 𝑘௫௠

ଶ − 𝑘௬௡
ଶ .  For 𝑚, 𝑛 such that 

𝑞௠௡ is imaginary, we once again choose the negative square root to ensure that those modes die 

off far away from 𝑧 = 0. The 𝐻 fields are obtained from the Maxwell relations 

 𝐻௫ =
𝑖

𝜔𝜇
൫𝜕௬𝐸௭ − 𝜕௭𝐸௬൯ =

−𝑖

𝜔𝜇
𝜕௭𝐸௬ 

 

( 27a ) 

 𝐻௬ =
𝑖

𝜔𝜇
(𝜕௭𝐸௫ − 𝜕௫𝐸௭) =

𝑖

𝜔𝜇
𝜕௭𝐸௫ ( 27b ) 
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 𝐻௭ =
𝑖

𝜔𝜇
൫𝜕௫𝐸௬ − 𝜕௬𝐸௫൯ ( 27c ) 

 In the 𝑧 < 0 region, the waves will take the form of TE modes propagating in a perfectly 

conducting, rectangular waveguide.  

 
𝐸௫௧ =

𝑖𝜔𝜇𝜋

𝑏
෍

𝑠𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

cos
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
sin

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
𝑒௜௣ೝೞ௭ ( 28a ) 

 
𝐸௬௧ =

−𝑖𝜔𝜇𝜋

𝑎
෍

𝑟𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

sin
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
cos

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
 𝑒௜௣ೝೞ௭ ( 28b ) 

 
𝐻௫௧ =

−𝑖𝜋

𝑎
෍

𝑟𝑝௥௦𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

sin
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
cos

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
𝑒௜௣ೝೞ௭ ( 28c ) 

 
𝐻௬௧ =

−𝑖𝜋

𝑏
෍

𝑠𝑝௥௦𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

cos
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
sin

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
𝑒௜௣ೝೞ௭ ( 28d ) 

 
𝐻௭௧ = ෍ 𝐷௥௦

ஶ

௥,௦ ୀ଴
(௥,௦)ஷ(଴,଴)

cos
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
cos

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
𝑒௜௣ೝೞ௭ ( 28e ) 

where 𝑝௥௦ = ±ඥ𝑘ଶ − 𝐾௥௦
ଶ  and 𝐾௥௦ = ටቀ

௥గ

௔
ቁ

ଶ

+ ቀ
௦గ

௕
ቁ

ଶ

  . As discussed before, the negative 

imaginary root of 𝑝௥௦ should be taken. Notice that these equations still follow the Maxwell’s 

relations of Eqs. (27a) - (27c) in addition to the relations  

 𝐸௫ =
−𝑖

𝜔𝜖
൫𝜕௬𝐻௭ − 𝜕௭𝐻௬൯ ( 29a ) 

 𝐸௬ =
−𝑖

𝜔𝜖
(𝜕௭𝐻௫ − 𝜕௫𝐻௭) ( 29b ) 
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Applying boundary conditions at 𝑧 = 0, similar to the 1D case, we get two pairs of 

equations that we can use to solve for 𝐵௠௡, 𝐶௠௡, and 𝐷௥௦, as well as a fifth equation we can use to 

check the validity of our solution. The first pair of equations come from the 𝐸௬ and 𝐻௫ boundary 

conditions. 

 
𝐸௬ = ෍ 𝐶௠௡

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬

=

⎩
⎪
⎨

⎪
⎧−𝑖𝜔𝜇𝜋

𝑎
෍

𝑟𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

sin
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
cos

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
, gap

0, metal

 

 

 

 

( 30a ) 

 
𝐻௫ = −2 cos 𝜃 cos 𝜙 

𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ −

1

𝜔𝜇
෍ 𝑞௠௡

ஶ

௠,௡ୀିஶ

𝐶௠௡𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬

=
−𝑖𝜋

𝑎
෍

𝑟𝑝௥௦𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

sin
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
cos

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
,               gap 

 

 

( 30b ) 

Here, “gap” denotes the region |𝑥| <
௔

ଶ
, |𝑦| <

௕

ଶ
 , while “metal” denotes the portion of 

 |𝑥| <
௅ೣ

ଶ
, |𝑦| <

௅೤

ଶ
 that is not in the gap. The second pair of equations come from the 𝐸௫ and 𝐻௬ 

boundary conditions.  

 
𝐸௫ = ෍ 𝐵௠௡

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬

=

⎩
⎪
⎨

⎪
⎧𝑖𝜔𝜇𝜋

𝑏
෍

𝑠𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

cos
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
sin

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
, gap

0, metal

 

 

 

( 31a ) 
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𝐻௬ = −2 cos 𝜃 sin 𝜙 

𝐴଴

𝜂
𝑒ି௜௞ೣ௫ି௜௞೤௬ +

1

𝜔𝜇
෍ 𝑞௠௡𝐵௠௡

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬

=
−𝑖𝜋

𝑏
෍

𝑠𝑝௥௦𝐷௥௦

𝐾௥௦
ଶ

ஶ

௥,௦ୀ଴
(௥,௦)ஷ(଴,଴)

cos
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
sin

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
,               gap 

 

 

( 31b ) 

The fifth equation, which describes the 𝐻௭ field boundary condition, can be used to verify the 

validity of a 𝐵௠௡, 𝐶௠௡, 𝐷௥௦ solution.  

 
𝐻௭ =

1

𝜔𝜇
෍ ൫𝑘௫௠𝐶௠௡ − 𝑘௬௡𝐵௠௡൯

ஶ

௠,௡ୀିஶ

𝑒ି௜௞ೣ೘௫ି௜௞೤೙௬

=

⎩
⎪
⎨

⎪
⎧

෍ 𝐷௥௦

ஶ

௥,௦ ୀ଴
(௥,௦)ஷ(଴,଴)

cos
𝑟𝜋(𝑥 + 𝑎 2⁄ )

𝑎
cos

𝑠𝜋(𝑦 + 𝑏 2⁄ )

𝑏
, gap

0, metal

 

 

 

( 32 ) 

 Taking advantage of the orthogonality of sines, cosines, and complex exponentials, similar 

to what was done in the 1D case, we can transform the first pair of equations, Eqs. (30a) and (30b), 

into the relation 

 
𝐶௠௡ =

−𝑖𝜔𝜇𝜋

𝑎𝐿௫𝐿௬
෍ ෍

𝑟𝐷௥௦

𝐾௥௦
ଶ

ஶ

௦ ୀ଴

ஶ

௥ୀଵ

𝜓௠௥
ା (𝑎)𝜙௡௦

ା (𝑏) ( 33a ) 

 𝐷௥௦ =
−𝑖4𝐾௥௦

ଶ

𝜋𝑏𝑟𝑝௥௦(1 + 𝛿௦଴)
൭2𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙

𝐴଴

𝜂
𝜓଴௥

ି (𝑎)𝜙଴௦
ି (𝑏)

+
1

𝜔𝜇
෍ 𝑞௠௡𝐶௠௡𝜓௠௥

ି (𝑎)𝜙௡௦
ି (𝑏)

ஶ

௠,௡ୀିஶ

൱ 

 

( 33b ) 

where 𝜓௠௥
± = ∫ 𝑒±௜௞ೣ೘௫ sin ൬

௥గ

௔
ቀ𝑥 +

௔

ଶ
ቁ൰ 𝑑𝑥

௔/ଶ

ି௔/ଶ
 and 𝜙௡௦

± = ∫ 𝑒±௜௞೤೙௬ cos ൬
௦గ

௕
ቀ𝑦 +

௕

ଶ
ቁ൰ 𝑑𝑦

௕/ଶ

ି௕/ଶ
. 

To solve this system, plug Eq. (33b) into Eq. (33a), appropriately truncate the infinite sum, and 

rewrite it as a matrix equation that can be solved for 𝐶௠௡
ሬሬሬሬሬሬሬ⃗ . All of 𝐷௥௦ excluding 𝐷଴௦, can then be 

found from Eq. ( 33b).  

 A similar procedure can be followed for the other pair of Eqs (31)a and (31b), to find 𝐵௠௡ 

and 𝐷௥௦ excluding 𝐷௥଴. Use Eq. (32) to check the validity of the solution. 
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 Once the coefficients are all known, the incident, reflected, and transmitted power can be 

calculated using  

 
|𝑃௭௜| =

−1

2𝐿௫𝐿௬
ℜ𝑒 ቎න 𝑑𝑥

௅ೣ ଶ⁄

ି௅ೣ ଶ⁄

න 𝑑𝑦
௅೤ ଶ⁄

ି௅೤ ଶ⁄

ൣ𝐸௫௜ ∙ 𝐻௬௜
∗ − 𝐸௬௜ ∙ 𝐻௫௜

∗ ൧቏ =
|𝐴଴|ଶ

2𝜂
cos 𝜃 ( 34a ) 

 
|𝑃௭௥| =

1

2𝐿௫𝐿௬
ℜ𝑒 ቎න 𝑑𝑦

௅೤ ଶ⁄

ି௅೤ ଶ⁄

න 𝑑𝑥
௅ೣ ଶ⁄

ି௅ೣ ଶ⁄

ൣ(𝐸௫௥ + 𝐸௫௦) ∙ ൫𝐻௬௥
∗ + 𝐻௬௦

∗ ൯

− ൫𝐸௬௥ + 𝐸௬௦൯ ∙ (𝐻௫௥
∗ + 𝐻௫௦

∗ )൧቏ 

=
1

2
቎
| 𝐴଴|ଶ

𝜂
cos 𝜃 +

1

𝜔𝜇
෍ (|𝐵௠௡|ଶ + |𝐶௠௡|ଶ)

(ேିଵ)/ଶ

௠,௡ୀି(ேିଵ)/ଶ

⋅ 𝑞௠௡തതതതത

+
2𝐴଴

തതത cos 𝜃

𝜂
(cos 𝜙 𝐶଴଴

തതതത − sin 𝜙 𝐵଴଴
തതതതത)቏ 

 

 

 

 

( 34b ) 

 
|𝑃௭௧| =

−1

2𝐿௫𝐿௬
ℜ𝑒 ቎න 𝑑𝑦

௕ ଶ⁄

ି௕ ଶ⁄

න 𝑑𝑥
௔ ଶ⁄

ି௔ ଶ⁄

ൣ𝐸௫௧ ∙ 𝐻௬௧
∗ − 𝐸௬௧ ∙ 𝐻௫௧

∗ ൧቏ 

=
𝑎𝑏𝜔𝜇

8𝐿௫𝐿௬
෍

𝑝௥௦തതതത |𝐷௥௦|ଶ

𝐾௥௦
ସ

ஶ

௥,௦ ୀ଴
(௥,௦)ஷ(଴,଴)

൭ቀ
𝑠𝜋

𝑏
ቁ

ଶ

(1 + 𝛿௥଴) + ቀ
𝑟𝜋

𝑎
ቁ

ଶ

(1 + 𝛿௦଴)൱ 

 

( 34c ) 

where the bar denotes the real part. As in Sec. 3.1, the stored power is negligible.  

4.1 Two-dimensional results 

 Typically, reflectance is measured at normal incidence. Due to numerical issues at 𝜃 =

0°, results were calculated using 𝜃 = 1°, unless otherwise specified. Assuming that the solution 

is stable, normal incidence would produce approximately the same spectrum results.  

 The cutoff wavelength for a rectangular waveguide is 𝜆 = 2𝑎, where 𝑎 is the longest 

dimension of the rectangular cross-section. The geometric ratio of metal per unit cell for this 2D 

geometry is 1 −
௔௕

௅ೣ௅೤
. Both of these ideas are consistent with my 2D solutions, as shown in Fig. 

14. There are strong oscillations in the reflectance spectra at 𝜆 ≲ 𝐿 (Fig. 15), indicative of 

interference between the scattered waves, as we saw in the 1D solutions.  
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 In all these results, we see that reflectance 

depends heavily on the wavelength of light in 

question. This phenomenon is also responsible for 

“structural color”, found in the feather barbules of 

the bird of paradise and other bird and insect 

species.9 Since we are considering a bulk material 

that reflects all colors perfectly, like the long 

wavelength limit of Fig. 2, the wavelength 

dependence of color must be due to the physical 

structure of the material. The results of my 

solution illustrate that structural color is largely an 

interference effect.  

 In the basic case of specular reflectance from 

a flat interface, reflectance increases with 𝜃. We 

would expect a similar result from this 

calculation, and indeed reflectance does increase 

with incident polar angle, as shown in Fig. 16. 

Changing the incident azimuthal angle affects the 

way that the incident light couples into the 

transmitted waveguide modes (Fig. 17). 

Interestingly, 𝜙 = 0° and 𝜙 = 45° incidence 

produce nearly the same reflectance spectrum, 

while 𝜙 = 30° has higher overall reflectance. The 

𝜙 = 0° case is particularly interesting, because 

this is a similar system to the 1D-periodicity 

calculation. The electric field is entirely in the 𝑦-direction, but rather than an uninterrupted aperture 

in that same direction for 𝑧 < 0, as in the 1D-periodic case, the transmitted wave is now broken 

up by periodic metal plates. This changes the allowed modes that can be transmitted, but for thin 

enough plates the reflectance results are very similar to the 1D case (Sec. 4.2).  

Fig. 14 Results of 2D calculation with 𝐿௫ = 𝐿௬ =

1.0 μm and 𝜙 = 45°. The geometric limit of each 
calculation is marked on the 𝑦 axis.  

Fig. 15 Results of 2D calculation with metal 
thickness 0.05 μm and 𝜙 = 45°. Just as in the 1D 
case, reflectance begins to oscillate when 𝜆 = 𝐿௫ 
or 𝐿௬, whichever is greater. A secondary 
oscillation begins when the wavelength equals the 
smaller of the two periodicities.  



22 
 

One issue to keep in mind is that the metal slabs or grids are infinitely deep, so all the 

transmitted light into the gaps will not be reflected. In reality, no systems can be infinitely deep, 

so some reflection from the bottom of the gaps will occur. Arbitrarily wide cells will minimize 

reflectance in my solution, but in actuality designing a broadband absorber with arbitrarily wide 

cells would increase substrate reflectance. These two competing factors must be balanced to 

achieve the lowest possible total reflection.  

My solutions offer guidance for designing a broadband absorber. A periodic, cellular 

surface with thin walls has minimal area for specular reflectance. The 𝑥 and 𝑦 periodicity of the 

cells can be adjusted so that the wavelength 

reflected with the highest constructive 

interference (the first maximum below 𝜆 = 𝐿) 

from one direction’s periodicity is a wavelength 

reflected with highly destructive interference 

(one of the minimums around 𝜆 = 𝐿) from the 

other direction’s periodicity. As an example, Fig. 

18 shows that light reflected from an 𝑎 = 𝑏 =

0.95 μm, 𝐿௫ = 𝐿௬ = 1.0 μm square grid 

experiences constructive interference at 𝜆 = 637 

nm. Conversely, light reflected from an 𝑎 = 𝑏 =

0.55 μm, 𝐿௫ = 𝐿௬ = 0.6 μm square grid 

Fig. 16 Results of 2D calculation with 𝑎 = 𝑏 = 0.95 
μm, 𝐿௫ = 𝐿௬ = 1.0 μm, and 𝜙 = 45°.  

Fig. 17 Results of 2D calculation with 𝑎 = 𝑏 = 0.95 
μm and 𝐿௫ = 𝐿௬ = 1.0 μm.   

Fig. 18 Result of 2D calculation with metal thickness 
0.05 μm and 𝜙 = 45°. Appropriately combining 
multiple periodicities yields a broader region of low 
reflectance in wavelengths below 1.0 μm.  
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experiences destructive interference at that same wavelength. An 𝑎 = 0.55 μm, 𝑏 = 0.95 μm, 

𝐿௫ = 0.6 μm, 𝐿௬ = 1.0 μm grid, which combines the two periodicities, has lower reflectance 

across a wider range of wavelengths.  

4.2 A special case 

If we fix 𝑎 but expand 𝑏 in Fig. 13, the walls of the grid in the 𝑦-direction will become 

smaller and smaller and eventually Fig. 13 will be identical to Fig. 9.  Therefore, it is interesting 

to see how the 2D results discussed in Sec. 4.1 approach the 1D results discussed in Sec. 3.1.  To 

be consistent with the grating conditions used in Sec. 3, I will consider the TE wave impinging on 

the interface with 𝜙 = 0.  As a result, 𝐸௜௫ = 𝐻௜௬ = 0 and the equations are significantly simplified. 

Assuming no 𝐸௫ or 𝐻௬ components are excited in the scattered or transmitted waves, 𝐵௠௡ = 0 for 

any 𝑚, 𝑛 in Eq. (26) and only the 𝐷௥଴ coefficients are nonzero in Eq. (28). Under this condition, 

Eq. 28(b) dictates that the 𝐸௬௧ field has no 𝑦-dependance. Since boundary conditions require 𝐸௬௧ =

𝐸௬௦, only the 𝐶௠଴ coefficients are nonzero in Eq. (26).  

These greatly simplified equations can be solved using the technique outlined in Sec. 3. 

Reflectance results for the solution when 𝑎 = 0.95 μm and 𝐿௫ = 𝐿௬ = 𝑏 = 1.0 μm are shown in 

Fig. 19, alongside results from a 1D calculation with the same geometry and a calculation using 

the formalism of Sec. 4 with 𝜙 = 0. That the three results are nearly identical verifies the validity 

of my methods and solutions.  

 When 𝜙 = 0° and 𝑏 = 𝐿௬, Fig. 13 is 

exactly Fig. 9. When 𝑏 ≲ 𝐿௬, the grating is no 

longer uniform in the 𝑦-direction, but is instead 

divided by thin metal partitions. As 𝑏 continues 

to decrease, we eventually arrive at the case of 

𝜙 = 0° incidence on square, 𝑏 = 𝑎, apertures 

(Fig. 17). The question then remains, what affect 

does this changing 𝑏 have on the reflectance of 

an 𝐸௫ = 0 wave? 
Fig. 19 Result of calculation using the methods of 
Sec. 4.2, Sec. 3, and Sec. 4 with 𝑎 = 0.95 μm, 𝐿௫ =
𝐿௬ = 𝑏 = 1 μm, and 𝜙 = 0°.  
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 Figures 20 and 21 demonstrate that the 𝑏 = 𝐿௬ and the 𝑏 = 𝑎 case have remarkably similar 

reflectance spectra when 𝐸௫ = 0. Apparently, metal partitions in the 𝑥-𝑧 plane don’t have a 

significant effect on an electric field polarized perpendicular to that plane. From the perspective 

of the boundary conditions dictated by Maxwell’s equations, this makes sense. While the 

transverse components of 𝐸ሬ⃗  must be zero on a metallic interface, the normal component has no 

such restraint; charge accumulating on the surface of a conductor can generate a discontinuity in 

the normal component of the electric field. Thus, a wavelength-thin, perfectly conducting metal 

slab in the 𝑥-𝑧 plane should appear nearly transparent to the 𝑦-component of an electric field. 

Figure 21 has higher overall reflectance than Fig. 20 because the incident angle is glancing, a result 

consistent with Fig. 16 and fundamental reflectance theory.  

5. Other geometries 

 The methods I’ve used can be extended to other geometries, such as circular apertures or 

aperiodic surfaces. To solve reflectance from an array of completely dark circular apertures, one 

can use the circular waveguide modes as the transmitted waves in the 𝑧 < 0 region16  

 
𝐻௭௧ = ෍ 𝐹ఔ௡ sin(𝜈𝜙) 𝐽ఔ ቀ

𝜏ఔ௡𝜌

𝑎
ቁ 𝑒௜ఉഌ೙௭

ஶ

ఔ,௡ୀ(଴,ଵ)

 ( 35 ) 

where 𝐹ఔ௡ is the amplitude of the 𝜈, 𝑛 mode; 𝐽ఔ(𝑥) is the Bessel function of the first kind of order 

𝜈; 𝜏ఔ௡ is the nth zero of 𝐽ఔ(𝑥); 𝑎 is the radius of the waveguide; and 𝛽ఔ௡ = ±ට𝑘ଶ − ቀ
ఛഌ೙

௔
ቁ

ଶ

. The 

other TE field components can be found using the Maxwell relations in Eqs. (27a)-(27c) and (29a)-

Fig. 20 Results of 𝐸௫ = 0 calculation with 𝑎 = 0.7 μm, 𝐿௫ = 𝐿௬ = 1.0 μm, and (a) 𝜃 = 1°, (b) 𝜃 = 80°.  

(a) (b) 
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(29b). Then, apply boundary conditions at the 𝑧 = 0 interface and solve for the mode amplitudes, 

as previously shown. The power can then be calculated using Eqs. (34a)-(34c).  

 Many of the dark surfaces found in nature and in the laboratory, such as ultradark butterfly 

wing patches and carbon nanotube forest crusts, are not perfectly periodic. What advantages are 

there to aperiodic surfaces over periodic ones, and how might my methods be extended to predict 

the reflective spectra of such materials?  

 Aperiodic structures could achieve lower overall reflectance over a wider wavelength 

range. As discussed in Sec. 4.1, structures with a constant, definite periodicity experience 

interference resonances that create large jumps and drops in reflectance, as seen in many of my 2D 

results. Structures with a periodicity that is different in the 𝑥-direction versus the 𝑦-direction 

experience less of these oscillations and exhibit a more-or-less smooth reflectance spectrum, as 

can be seen in Fig. 16. One might then hypothesize that aperiodic structures could have fewer to 

no resonances and a very smooth reflectance spectrum. That would be desirable for a broadband 

absorber.  

 Another consideration is the cutoff wavelength of aperiodic surfaces. My 2D results with 

square apertures have a sharp cutoff at 𝜆 = 2𝑎, with reflectance rising quickly to 1 at 𝜆 ≲ 2𝑎. 

However, my results with rectangular apertures have a more gradual rise to the cutoff wavelength. 

Thus, one might expect that structures with random aperture shapes would experience a more 

gradual cutoff wavelength.  

 The question then, is how to parameterize and model a surface with randomized periodicity 

and aperture size. Consider a structure with an independent random variable distribution for each 

of the four parameters 𝐿௫, 𝐿௬, 𝑎, and 𝑏. If the standard deviation of these variables are small, we 

might call such a structure “quasi-periodic”. One simple way to approximate the reflectance 

spectrum from this structure would be to form a linear combination of known, periodic reflectance 

spectra,  

 𝑅(𝜆) = ෍ ෍ ෍ ෍ 𝐴௅ೣ,௅೤,௔,௕𝑅(𝐿௫ , 𝐿௬ , 𝑎, 𝑏; 𝜆)

௕௔௅೤௅ೣ

 ( 35 ) 

where the coefficient 𝐴 is the probability of a given aperture being of size 𝑎 × 𝑏 and having spacing 

𝐿௫ with its neighbors in the 𝑥 direction and 𝐿௬ with its neighbors in the 𝑦 direction, normalized so 

that ∑ ∑ ∑ ∑ 𝐴௅ೣ,௅೤,௔,௕௕௔௅೤௅ೣ
= 1. If 𝐴 is known, the spectra 𝑅(𝐿௫ , 𝐿௬ , 𝑎, 𝑏; 𝜆) could be found using 
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the same methods as in Sec. 4. One can optimize the distributions of the physical parameters to 

achieve lowest 𝑅(𝜆) across a wide wavelength spectrum.  

6. Conclusions 

 The techniques that I have developed here can be used to find light scattering from a 

periodic or quasi-periodic, perfectly conducting, array of infinitely deep holes. Rather than using 

simulation, e.g. finite-element-time-domain (FDTD) methods, I solved Maxwell’s equations 

numerically by applying mode-match boundary conditions between the incident, scattered and the 

transmitted waves at the interface. I assumed the transmitted waves to be modes of a perfect 

conducting waveguide. This has allowed me to directly observe the causes of structural color and 

what makes certain periodic and quasi-periodic materials dark. I have shown that interference is 

the primary factor in the wavelength dependence of reflectance from metallic metasurfaces. I have 

also shown how quasi-periodic materials can be dark over a wide spectrum of wavelengths by 

overlapping the constructive, bright interference due to certain periodicities with destructive, dark 

interference from other periodicities.  

 These solutions can be used to design a broadband absorber in the laboratory. For example, 

the issue of high infrared reflectance from carbon nanotube forests could be mitigated by growing 

the forests in a periodic or quasi-periodic cellular structure with thin walls and periodicity such 

that the infrared reflectance can be mitigated. A broadband absorbing material such as this would 

be useful for many applications including higher efficiency solar panels and thermoelectric 

devices.  
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Reflective writing 

 This project truly has served as the capstone of my undergraduate education. I have had to 

use my knowledge of mathematics, including complete, mutually orthogonal sets of functions; 

vector analysis; and probability theory, to develop the solution. The MATLAB platform has given 

me an opportunity to apply the programming skills I have gained from various computer science 

classes. Most critically, I have had to “think like a physicist” and combine mathematics, numerical 

methods, and an understanding of the physical reality and Maxwell’s equations to tackle this 

problem.  

 My next goal is to earn a Ph.D. in optics and photonics, with the long-term goal of 

becoming a research scientist in the field. This Capstone experience has prepared me for that in 

many ways. Being a Ph.D. student is a delicate balance of coursework, reading papers, and 

conducting research. I presume that a professional researcher must balance the latter two as well 

as the other duties of his/her life. During the course of this capstone project, I have had to do 

exactly that. I have acquired time management and prioritization skills, including sticking to a 

daily, process-oriented schedule and regularly examining and refreshing my to-do list in light of 

my overarching end goal. These lessons will help me in every future endeavor, professional and 

otherwise. Additionally, the topic of my Capstone project is very relevant to my chosen field of 

study; the mathematics, physics, and even computer programming I have learned over the course 

of this project will benefit my future education and career.  

 Working with Dr. Shen has been a great opportunity for me to learn from and develop a 

relationship with an experienced mentor figure. I have learned how to communicate my ideas to 

him in a way that makes sense, as well as how to receive and act on communication from him. 

That includes mathematical ideas as well as feedback on my writings and presentations. While 

working with Dr. Shen, I have been able to get a close-up examination of how a professional 

physicist thinks and works through problems, which has been immensely insightful in helping me 

develop my own intuition. I have seen that nothing is easy, even for a professional, which has 

allowed me to be more patient with myself through difficulties, setbacks, and mistakes. 

Additionally, Dr. Shen knows the terrain of optics and photonics research much better than I do, 

and was able to point me towards interesting graduate programs and potential future mentors to 
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further my education after I depart USU. I wouldn’t have known which schools were good to apply 

to without his direction.  

 The undergraduate physics curriculum basically focuses on four topics: classical 

mechanics, electromagnetism, thermodynamics, and quantum mechanics. This capstone project 

has allowed me to have an incredibly in-depth experience in electromagnetism, something I never 

could have gotten in a classroom. I have gained a greater understanding of Maxwell’s equations 

and how to manipulate and interpret their results, for example, the boundary conditions used in my 

solutions. I can use the principles of Fourier theory and modal analysis almost in my sleep. I 

understand what it means to check my results with dimensional analysis and order-of-magnitude 

approximations, such as, “is the magnetic field smaller in amplitude than the electric field by the 

correct ratio?” These are all critical skills to have in physics. I have come to understand, from my 

own experience, what it means to say that the more you know about a topic, the more interesting 

it becomes.  

 Along, the way, the journey has been anything but easy. At the beginning of my project, I 

was used to learning through lectures and notetaking in a classroom, but it quickly became apparent 

to me that learning through a literature review is a very different challenge. Once I learned how to 

parse the handful of graduate-level textbooks and professional papers Dr. Shen gave me to start 

with, I had to learn how to find additional resources on my own, determine whether or not they 

were interesting and relevant to my work, and then read them for understanding. For me, this was 

among the most difficult parts of my Capstone project, but I feel it will also be among the most 

important lessons I am still learning as I go forward as a researcher.  

 Before beginning my Capstone project, I had taken some introductory computer science 

classes, so gratefully I didn’t have to build my knowledge of coding entirely from the ground up. 

However, I had never coded in MATLAB before, so that presented a new opportunity for me to 

learn and grow my skills. Additionally, the problems introduced in basic computer science 

coursework are very different from the problems we need to solve in physics. I learned how to 

blend my knowledge of mathematics and programming to write something that was both elegant 

and, eventually, correct. The critical word there is “eventually”, because it took many, many hours 

of debugging, talking to myself, and combing through my code line by line before it actually 
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worked. All that, however, I can accept now as an important lesson in patience and an initiation 

that every computational physicist must pass through over and over again.  

 During the course of this project, I’ve learned how to use many resources that are used by 

researchers across every discipline. Perhaps foremost among those is the citation manager Zotero. 

That program saved me so many headaches and I will laud its praises until the end of time. As I 

mentioned previously, I also learned how to write code in MATLAB, which is a very common 

language among engineers, but less so among physicists. Since my graduate degree program is in 

an engineering department, MATLAB knowledge will very likely be a handy skill to have in my 

future. On a similar note, I have also had to learn a lot of computational math skills during my 

Capstone project, such as error propagation, numerical stability, and vectorization of array 

operations. I have never formally taken a computational math course, but through my research I 

have gained many of the basic proficiencies of the field. Because I learned these skills via my own 

mistake-ridden experience, I will remember them longer than if I had just learned it in the 

classroom.  

  Finally, this Capstone research experience has given me the ability to aid in the education 

of other future researchers. I might call them the “next generation”, but in reality, these young 

researchers are only a year or two behind me. As I have tried to pass on the knowledge I have 

gained, I have been able to grow my appreciation for how much this Capstone project has truly 

taught me. I’ve grown proficient in many areas of mathematics, computer science, and physics 

that will be important to me as I continue my studies and future research. I have learned important 

lessons about priorities, time management, and science communication. And, since I am not too 

far away from the students I have trained to carry on after I graduate, I have been able to share 

what I have learned in a way that perhaps is more meaningful and understandable. For all of these 

many reasons, I am grateful to have had this Capstone experience.  
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