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Abstract
The Shor-Laflamme distribution (SLD) of a quantum state is a collection of
local unitary invariants that quantify k-body correlations. We show that the
SLD of graph states can be derived by solving a graph-theoretical problem. In
this way, the mean and variance of the SLD are obtained as simple functions of
efficiently computable graph properties. Furthermore, this formulation enables
us to derive closed expressions of SLDs for some graph state families. For
cluster states, we observe that the SLD is very similar to a binomial distri-
bution, and we argue that this property is typical for graph states in general.
Finally, we derive an SLD-based entanglement criterion from the purity cri-
terion and apply it to derive meaningful noise thresholds for entanglement. Our
new entanglement criterion is easy to use and also applies to the case of higher-
dimensional qudits. In the bigger picture, our results foster the understanding
both of quantum error-correcting codes, where a closely related notion of SLDs

" Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

1751-8121/23/335303+38$33.00 © 2023 The Author(s). Published by IOP Publishing Ltd Printed in the UK 1


https://doi.org/10.1088/1751-8121/ace8d4
https://orcid.org/0000-0003-2100-5612
https://orcid.org/0000-0001-5176-3073
https://orcid.org/0000-0001-5690-1981
https://orcid.org/0000-0002-0659-6699
https://orcid.org/0000-0003-3002-9878
mailto:d.miller@fu-berlin.de
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/ace8d4&domain=pdf&date_stamp=2023-7-31
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

J. Phys. A: Math. Theor. 56 (2023) 335303 D Miller et al

plays an important role, and of the geometry of quantum states, where SLDs
are known as sector length distributions.
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noisy entangled states, quantum error correction
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1. Introduction

In the quest toward fault-tolerant quantum computation, quantum error-correcting codes
(QECCs) are taking the main stage. A thorough understanding of QECCs is central to the
eventual success of realizing error-corrected quantum computers. In a landmark paper of 1997,
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Peter Shor and Raymond Laflamme pointed out that certain numerical invariants are partic-
ularly useful to characterize a QECC [1]. Their idea is most easily explained for the special
case of a stabilizer QECC [2], which is defined via a stabilizer subgroup S of the n-qubit Pauli
group P" ={i"X"Z* | q € Z/AZ,x,s € F}}, where F, = {0, 1} is the binary field and a Pauli
operator X*Z is defined via its action X*Z%|b) = (—1)P*%|b +r) on computational basis states
|b) € (C?)®". For a stabilizer group S, Shor and Laflamme define for each k € {0,...,n} the
integers

AS) = |{S eS| wi(S) = k| 1)

and  By(S) = |{P € N(S)/~ | wi(P) =k}, @)

where N(S) = {P € P" | VS € S : PSP' € S} is the normalizer of S in the Pauli group, and
N(8)/ ~ is the normalizer modulo global phases. In other words, Ax(S) counts Pauli operators
X"Z5 acting as the logical identity on the QECC for which the Pauli weight wt(X*Z®%) = |{i €
{1,...,n}|r; =1Vs; = 1}|isequal to k. Similarly, B;(S) counts weight-k Pauli operators that
act as any logical operations on the QECC. In particular, we have Ax(S) < Bi(S) for all k; the
smallest integer d with A4(S) < B4(S) is the distance of the QECC, i.e. the smallest weight of a
Pauli operator that maps some codeword of the QECC onto a different one. While the distance
d is one of the most important characteristics of a QECC, it is in general notoriously difficult
to compute. To tackle this problem, the quantities defined in equations (1) and (2) provide a
powerful handle: first note that d = min{k > 1 | A¢(S) < Bi(S)} can be reconstructed if A, and
By are known for all k. Strikingly, it is sufficient to know the A;’s because, surprisingly, they
uniquely determine the By’s through a quantum version of the MacWilliams identity [1]. This
reduces the problem of computing the distance of a stabilizer QECC to counting its weight-k
stabilizers, which is still challenging but at least it breaks down the problem.

1.1. Relevance of our developments

In this paper, we develop a formal approach (theorem 1) for counting weight-k stabilizers in
the special case of stabilizer states [2]. On the one hand, our work should be understood as a
first step toward tackling the challenge of computing the distance of stabilizer QECCs via the
quantum MacWilliams identity. On the other hand, computing A, (S) for a stabilizer state |1))
is interesting in its own right. For example, it is well known that A| = A, =--- =A4,,=01is
equivalent to [¢)) being an m-uniform state, i.e. all m-body marginals of |¢)) being maximally
mixed [3, 4]. This already shows that the Shor-Laflamme distribution (SLD) of a quantum
state contains information about its entanglement.

As a second important contribution, we apply the purity criterion [5] to derive a new entan-
glement criterion (theorem 4). The new criterion is very general as it also applies to higher-
dimensional qudits and non-stabilizer states. Furthermore, it allows the derivation of lower
bounds on the entanglement noise threshold (corollary 5) of quantum states for which we only
need to know the SLD. Importantly, all of this also works for the physically relevant case of
local white noise, a noise channel with many cross terms that render many other entanglement
criteria inapplicable.

Among other applications, to showcase the effectiveness of our approach, we derive the
SLD of cycle graph states. This enables us to improve the best previously-known lower bound
on the entanglement noise threshold of cycle graph states.
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12. Setting the stage

Before we begin the presentation of our theory in section 2, let us briefly review a generaliz-
ation of the definition in equation (1). For a general n-qubit state with density matrix p and
every k € {0,...,n}, let

Adpl = Y [Tilpx 2z, 3
r,scl;
swt(r,s)=k
where swt(r,s) = wt(X"Z®) is the symplectic weight of (r,s) € F; & F4. To honor the seminal
work [1] in which equation (3) was first defined, we will call

Alp] = (Ao[p], ..., Aup]) € R*T! 4

the SLD of the state p. Note that A [p] is sometimes referred to as sector length (SL) distribution
in the literature [1, 6-12] which conveniently has the same acronym. Because of Tr[p?] =
> i—oAklp] /2", the normalized SLD a = A /2" is a probability distribution, provided p is a
pure state.

To develop the theory of SLDs of stabilizer states, we can restrict ourselves to the case of
graph states [13, 14]

1
L) = Yo (=nEE ), 5)
\/2>r:(r1 ..... r.) EFY

which are defined via the adjacency matrix T’ = (7;)1<ij<n € Fy " of a graph. If I'' is a differ-
ent graph (we do not distinguish between a graph and its adjacency matrix) that arises from I
via local complementation [15], the states |T") and |T'’) are local-unitary (LU) equivalent [13].
Since equation (3) is invariant under LU transformations [1], the SLDs of |T') and T} coin-
cide. It is well known that every stabilizer state is LU-equivalent to some graph state [16].
For this reason, most of our results about SLDs of graph states will be directly applicable to
general stabilizer states.

1.3. Outline of our paper

This paper is organized as follows. We begin in section 2 by formulating and investigating a
graph-theoretical color assignment problem, which the SLD of the corresponding graph state
solves. In section 3, we numerically examine SLDs of cluster states and random graph states.
In section 4, we generalize some of our findings to SLDs of graph states for higher-dimensional
qudits, and we present a simplified version of the purity criterion that can be tested already on
the level of SLDs. Afterward, in section 5, we derive formulas for how SLDs change under
the influence of global or local depolarizing noise, and we investigate implications for noise
thresholds of entanglement. Finally, in section 6, we summarize the central results of this work
and provide a short outlook about related research avenues.

2. Graph-theoretical formulation for SLDs

Every n-qubit graph state |I'), as defined in equation (5), is a stabilizer state whose stabilizer
group S = (S,...,S,) is generated by operators of the form [13, 14]

s, = x0 H(Z(j))%j‘ (6)
j=1
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Table 1. Correspondence between black-white color assignments, binary vectors r € F5,
and stabilizer operators (up to sign) X*Z'" for the path-graph P, with n=3 vertices.
White and black vertices correspond to zeros and ones in r, respectively. Thus, every
black vertex is associated with an X-operator on the corresponding qubit. Likewise,
a Z-operator is induced on each neighbor of a black vertex. Since a vertex can have
multiple black neighbors, the induced Z-operators may cancel, e.g. r = (1,0,1). The
weight swt(r,s) of a Pauli operator £X"Z° counts the number of non-identity tensor
factors. The only possibility for 1 to occur as a tensor factor of an operator X*Z'™ is if
the corresponding vertex is white (no X) and has an even number of black neighbors (no
Z). The SLD (A07A1 ,A2,A3) = (1,0,3,4) coincides with the Pauli-weight distribution
of the operators in the stabilizer group of |P3).

Color assignment r=(r1,r2,r3) Xz swt(r,I'r)
O—0——0 (0,0,0) 1911 0
O0——0 (0,0,1) 1028 X 2
Oo—0——0 (0,1,0) Z9X®Z 3
®_H (0,1,1) ZRXZRXZ 3
0006 (1,0,0) X®Zo1 2
0040 (1,0,1) Xe1eX 2
G_9_® (1,1,0) XZRXZQZ 3
Q_H (1,1,1) XZRXQXZ 3
Therefore, every operator in S can be written as
HS” = or(r)X*Z'™ @)

i=1

for some bit string r = (r1,...,r,) € F4. Note that the prefactor op(r) =[], <J( 1) in
equation (7), which arises from the anti-commutativity relation of X and Z, is irrelevant for
our purposes as we are only interested in the Pauli weight of X*Z'™, which is equal to the
symplectic weight of (r,I'r) € F; & F4. By counting all weight-k Pauli operators in S, we
obtain the k-body SL,

Ay = |{r € F} | swt(r,I'r) = k}|, (8)

of the graph state |I'). We can interpret a given bit string r € F4 as a color assignment of the
graph I' by declaring vertex i to be white if ; = 0, and black if r; = 1. The symplectic weight
of (r,I'r) is then given by the sum of the number of black vertices (r; = 1) and the number of
white vertices having an odd number of black neighbors (r; = 0 but the ith entry of I'r is equal
to 1). In other words, we have swt(r,I'r) = k if and only if (iff) there are exactly n — k white
vertices with an even number of black neighbors, see table 1 for an illustrative example. This
shows:

Theorem 1 (graph-theoretical formulation of SLDs). Let |I') be an n-qubit graph state and
A = (Ay,...,A,) its SLD. For each k € {0,...,n}, Ay is equal to the number of black-white
color assignments of I for which exactly n — k white vertices have an even number of black
neighbors.
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2.1. General insights

While theorem 1 does not alleviate the exponential complexity of computing the entire SLD
of an arbitrary graph state |I'), we can exploit it to express A for small values of k in purely
graph-theoretical terms:

In the trivial case, k = 0, the theorem only addresses the color assignment for which all n
vertices are white; we obtain the well-known normalization condition Ag = 1.

For k=1, the situation is more interesting: in order for a color assignment to contribute
to Ay, there have to be n — 1 white vertices that are disconnected from the black vertex. Thus,
every color assignment with a single black, isolated vertex contributes; other color assignments
do not contribute. Therefore, we find

A =1, ®

where [ is the number of isolated vertices of the graph. This number is efficiently computed
as the number of rows of the adjacency matrix I' in which all entries are equal to zero. After
potentially reordering the qubits, we can write |I') = |+)®41 @ |I") where T is a graph without
any isolated vertices.

To express the 2-body SL in graph-theoretical terms, we note that only color assignments
with one or two black vertices can contribute to A,. If there is only one black vertex, it has to
be connected to exactly one other (automatically white) vertex to ensure that there are exactly
n — 2 white vertices with an even number (automatically zero) of black neighbors; thus, the
black vertex has to be a leaf. For the color assignments with exactly two black vertices, how-
ever, all other vertices have to be connected to either both or none of the black ones. Otherwise,
one of the white vertices would have an odd number of black neighbors; thus, the two black
vertices must form a twin pair, i.e. have the same neighborhood. Therefore,

Ay=L+T (10)

is the sum of the number of leaves L= |{i e {1,....n} | 3je{l,...,n}:7;;=1}| and
the number of twin pairs T'= |{{i,j} C{1,...,n} | i#j,Vke {l,....n}\{i,j} : yix =Y}
where ‘3!” denotes the unique existential quantification. It has been pointed out before that
L+ T is invariant under local complementation [15]. Our interpretation of this number as the
2-body SL establishes the stronger [17, 18] fact that L 4 T is an LU invariant of graph states.

In principle, one could continue in a similar manner and also express A for k > 3 in graph-
theoretical terms. By counting all color assignments contributing to A; which have exactly

>

b € {0,...,k} black vertices, we obtain the formal expression
k
A= Z Z 6swt(r7Fr),k7 (1D
b=0reB,

where B), C IF} is the subset of bit strings having a Hamming weight of b. For k > 3, how-
ever, the graph-theoretical interpretation of equation (11) becomes increasingly complicated.
Nevertheless, it immediately yields that the cumulative binomial distribution is an upper bound
for the k-body SL, i.e.

k k
Aol < 1B, =3 (! (12)
Aeyim=3 ;)

b=0

for every graph state p = |I")(I'|. Since every stabilizer state is LU-equivalent to a graph state
and Ag[] is convex and LU-invariant, the bound in equation (12) is also fulfilled for mix-
tures p = > . pi|1;) (1| of stabilizer states |¢;). For k > 1, we can drop the term with =0 in

6
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equation (12) because B, only contains the trivial color assignment that contributes to Ay but
not to Ay for k> 0.

By equation (11), A; can be computed with runtime O(n*), which is efficient for small
values of k. In the opposite case, where k =n, theorem 1 simplifies to the following prob-
lem: ‘A, is equal to the number of color assignments of T" for which every white vertex has
an odd number of black neighbors’. Hence, a color assignment r € I} contributes to A, iff
every vertex i € {1,...,n} is either black (r; = 1) or has an odd number of black neighbors
(ZJ'.’:I 7ij1j = 1), or both. In other words, r contributes to A, = |V| iff it lies in the intersection,
V =(;_, V., of the n quadric hypersurfaces V; that are defined as

Vi={reF: | (1+r) 1+Zmrj =0,. (13)

Note that V contains the affine subspace

A=rekF;

vie{l,...n}: > =1 (14)
j:

of the color assignments with the property ‘every vertex has an odd number of black neigh-
bors’. For a large class of graphs, we can make the lower bound A, > |.A| explicit:

Corollary 2 (lower bound on the full-body SL of certain graph states). Let I' be a graph
that admits a color assignment with the property ‘every vertex has an odd number of black
neighbors’. Then, the full-body SL of the corresponding graph state |T") can be lower bounded
as A, > 24imker(1) o here ker(T") is the null space of the adjacency matrix T

Proof. Letr € I} be the color assignment with the property I'r = 1 = (1,...,1). Then, each
of the 24im(ker(1) yectors of the form r + s with s € ker(I") has the same property, I'(r +s) = 1,
and therefore contributes to A,,. ]

2.2. Formulae for mean and variance of normalized SLDs

For a pure n-qubit state |¢) the normalized SLD a = A /2" can be regarded as a probability
distribution over the set {0,...,n}. In the special case where |¢)) is a stabilizer state with
stabilizer group S, the SLD coincides with the Pauli-weight distribution (PWD) for S, i.e.
ay is the probability that an operator S € S (drawn uniformly at random) has Pauli weight k.
Information about the PWD is relevant in the context of simultaneous measurements of all
operators in S [19]. It is possible to infer mean and variance of a from A; and A, alone by
exploiting the MacWilliams identities

é(: )A“‘mZ( 5 ()

which hold for all m € {0,...,n} and for all pure n-qubit states [1, 11, 12, 20, 21]. Inserting
m =1 into equation (15) yields the first moment of the normalized SLD,

3 A
)a = Zkak -, (16)
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Figure 1. Example of the SLD (left) for a graph state (right) with n =135 vertices and
I =L =T=1.Here, vertex 1 is an isolated vertex, while vertex 2 is a leaf. Vertices 3 and
4 form a twin pair because they share the same neighborhood; this fact would not change
if the edge between them was removed. By corollary 3, the mean of the normalized SLD
a is given by (k)a = 7/2 and its variance is given by (k*)a — (k)2 = 5/4.

and inserting m = 2 yields the second moment,

- 9 +3n — (6n—2)A; + 24,
= Ka = . 17
)a=Y Ka G (17
k=0
Similarly, it is possible to express (K'), in terms of Ay,...,A; for all j <n. By combining

equations (16) and (17), we obtain the variance of the normalized SLD,

2 _ 3n— (A] —2)A] —|—2A2

(K*)a — (k)2 T (18)

Using the bounds 0 <A; <n and 0 <A, < (’;) from [12], we can infer from equations

(16)—7(18) that all pure states obey (k)a € [4,3], (K*)a € [3”21725”, %}, and (k?), — (k)2 <
W. Here, the minimum mean (k), = 5 is attained iff 1) is fully separable because A; = n
is equivalent to all 1-body marginals being pure [12]. Combining equations (9) and (16), yields
that the maximum mean (k), = %" is reached for all graph states without any isolated vertices
and, more generally, for all genuinely multipartite entangled (GME) stabilizer states [5]. Note
that equations (16)—(18) do not generalize to states that are not pure, e.g. the maximally mixed
state p = 1/2" has A| = A, = 0 but (k), = (k*), = 0.

To compute the mean and variance of the normalized SLD for an arbitrary stabilizer state
|1}, one can efficiently compute a graph state |I') that is LU-equivalent to |1)) by exploiting
theorem 1 of [16]. Then, one can read off 1, L, and T from I' and exploit equations (9)—(18),

see figure 1 for an example. This shows:

Corollary 3 (mean and variance of the normalized SLD of a graph state). Let [ be a graph
with nvertices, I isolated vertices, L leaves, and T twin pairs. Then, the mean of the normalized
SLD a of |T') is given by (k)a = (3n — I) /4. Furthermore, its variance is given by (k*), — (k)2 =
Bn—(I—-2)I+2(L+T))/16.
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2.3. Analytical SLDs of various families of graph states

The graph color assignment problem, as formulated in theorem 1, constitutes a powerful tool
for understanding the geometry of quantum states. In this section, we introduce families of
graph states with certain symmetry properties which allow us to derive analytical formulas of
their SLDs.

The complete graph K, has n vertices and each pair of vertices is connected by an edge,
i.e. all off-diagonal entries of its adjacency matrix are equal to 1. Its complement K,, is appro-
priately called the edgeless graph and the corresponding graph state |K,) = [+)®" is fully
separable. For every color assignment of K,, it is vacuously true that every white vertex has
zero black neighbors. Thus, the graph-theoretical problem from theorem 1 can be simplified
as follows. For each k € {0,...,n}, Aiep(") is equal to the number of color assignments with

exactly n — k white vertices. This immediately yields the well-known [6] SLD A} = () of
a fully separable, pure n-qubit state.

The star graph K ,_ arises from K, via local complementation [15] at one of the vertices,
say vertex 1. Vertex 1 is then connected to all other vertices via an edge and there are no
further edges. Both |K,,) and |K; ,—1) are LU-equivalent to the Greenberger—Horne—Zeilinger
state |GHZ(n)) = %(|0>®” + [1)®") [22]. Let us rederive its well-known [6] SLD

n n e
AR = (k) Stoven + 2" 6, (19)

where 0k even = 1+(2_ D* , by applying theorem 1 to the star graph. If vertex 1 (the central vertex)

is black, there are no white vertices with an even number of black neighbors. Thus, all of
the 2"~! color assignments r € I} with r; = 1 contribute to A,. Now assume that vertex 1 is
white. Then, all other vertices have zero black neighbors, which is even. There are (";1) color
assignments for which exactly k of the vertices 2,...,n are black. If k is even, vertex 1 also
has an even number of black neighbors, i.e. such a color assignment contributes to Ay (because
n — k vertices are white and all of them have an even number of black neighbors). If k is odd,
however, the color assignment contributes to A4 as only the n —k — 1 white vertices with
index i € {2,...,n} have an even number of black neighbors. Therefore, the SLD of the star
graph state is given by Ay = ({—]) + (') = (}) if k<n is even, Ay = 0 if k <n is odd, and
A, =214 On,even- This proves equation (19).

The Pusteblume graph [23] is a close cousin of K ,,_1, see figure 2. It has n > 5 vertices and
n — 1 edges. Vertex 1 has three neighbors: 2,3, and 4. Vertex 2 has n — 3 neighbors: 1,5,6,...,
n. An elementary but lengthy analysis, which we provide in appendix A, shows that the SLD
of the n-qubit Pusteblume graph state, |Pust(n)), is given by

n -3 -2 -3 e e
AEUSt( ) = <(Z3) +3<Zz> + (n k )) 5k,even+3 x 2 45k,n—2+5 X2 46k,n7 (20)

where we set (Z) =0 if n or k is a negative integer. In figure 3, we plot the normalized SLD
a=A/2" for a GHZ state (blue) and for a Pusteblume graph state (yellow). The two distri-
butions have a significant amount of overlap (lavender), which we attribute to the similarity
between star graphs and Pusteblume graphs. In both cases, we observe a; = 0 for all odd &,
a property that a graph state exhibits iff all of its vertices have an odd number of neighbors
[20, 23]. It is well known that a,, is maximized by the GHZ state, i.e. anGHZ(") > ay|p] for every
n-qubit state p [9, 11]. In figure 3, we can see that the process of moving two leaves from the
central vertex to one of the other leaves (a process which turns |K; ,—_;) into |[Pust(rn))) has the

effect that aS™2" ~ 0.5 splits into &M ~0.31 and aiuf;(") ~ 0.19. Since, by corollary 3,

9
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LI1TYL

Figure 2. Pusteblume (German for dandelion) graphs with n € {5,6,7,8} vertices.

0.5 ufHZ(n:w)
Pust(n=40)
ay ¢
0.4 1 overlap
0.3 1
0.2 1
0.1 u
[ ]

0.0 + T = T T T T T T

0 5 10 15 20 25 30 35 40

Figure 3. Normalized SLDs a; = 27 "A, of |GHZ(n)) and |Pust(n)) for n =40 qubits.

both distributions have the same mean, (k), = 3n/4, this splitting of a,, must be compensated

somehow. Here, this compensation is ensured by akGHZ(") < afu“(") for n/2 < k < n, whereas

aSHZ(") > ai"“(") for k < n/2. This explains why the yellow bars in figure 3 are enclosed from
both sides by blue bars.

The cycle graph C, has n vertices, where vertex i € {1,...,n} is connected to vertices i — 1
(mod n) and i + 1 (mod n), see figure 4. The corresponding cycle graph state, |C,) = |RC(n)),
is also known as the ring cluster (RC) state [24], which is a prototypical resource state for
measurement-based quantum computation (MBQC) [25, 26]. By exploiting periodic boundary

conditions of C,, we show in appendix B its SLD is given by Agc(") =1and

LkEIJ n—k
k n{k—2m-—1 k—3m l+m—1
ARem - 2 2 21
k k\n—k + mz=:1 m m—1 ; n—k—1 l @D

foralln >3 andall k € {1,...,n}. Note that ARE™ i minimal among all n-qubit graph states
with a connected graph of n < 8 vertices [27]; for n =9, however, there is already a graph state
with an even lower n-body SL [28]. As we portray in figure 5 for the example of n = 100 qubits,
the normalized SLD aR¢(") (blue) has a very large overlap (lavender) with the asymmetrical
binomial distribution b(p) for success probability p = 3/4 (yellow). By applying corollary 3,

10



J. Phys. A: Math. Theor. 56 (2023) 335303 D Miller et al

Figure 4. Cycle graphs C, with n € {3,4,5,6} vertices.
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Figure 5. Comparison of the normalized SLD afc(") = 2_"AEC(") of the ring cluster

state from equation (21) to an asymmetric binomial distribution bx(p =3/4) =
(1)3*47" for n=100.

we find that the mean (k) = 3n/4 and the variance (k*) — (k)?> = 3n/16 coincide for both dis-
tributions. Still, there are minor differences between them: At the left tail, k € {0,...,66}, the
normalized SLD of the RC state dominates, with the exception of alfc(loo) = agc(loo) =0. At
the right tail, k € {82,...,100}, the binomial distribution takes larger values. Around the peak,
the behavior is reversed: The binomial distribution dominates left of the peak, k € {67,...,74},
whereas the SLD of the RC state is larger for k € {75,...81}. These minor differences have
profound implications on the robustness of the entanglement in [RC(n)), see section 5.2 and

appendix C.

3. Numerical investigation of SLDs of graph states

In the previous section (see figure 5), we noticed how the normalized SLD a = (ay,...,a,)
of an n-qubit RC state visually matches a binomial distribution b(p = 0.75), where b;(p) =
(Z) p*(1 — p)"~*. In this section, we turn such qualitative statements into quantitative ones by
investigating the difference of the distributions in terms of the total variation distance

TVD(ab(p) = 53 las — bulp)| € [0,1]. (22)
k=0

The TVD is equal to O iff the two probability distributions coincide, and equal to 1 iff the
supports of a and b(p) are disjoint.

1
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bbb b

m

Figure 6. Graph of a 2D cluster state |C(/,m)) with n = [ X m qubits.
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(
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1072 = |C(4,n/4))
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Figure 7. Total variation distance, see equation (22), between the normalized SLD a of
various families of n-qubit states and a corresponding binomial distribution b(p) with
success probability p = 3 /4 for all states with the exception of |W(n)), where we instead
use p = 1/2 for reasons explained in appendix D.

3.1. SLDs of cluster states

An important family of well-studied graph states are cluster states, which are crucial resource
states for MBQC [25, 26]. For example, the 2D cluster state |C(I,m)) has an / x m grid as
its graph, see figure 6. To contribute to the theoretical understanding of cluster states, we now
investigate their SLDs as this provides new insights about their stabilizer groups. Furthermore,
when applied to corollary 5 in section 5.2, this will yield insights into the noise robustness of
the entanglement that is exhibited by these states.

In figure 7, we plot the TVD between the normalized SLD a of certain n-qubit states and the
binomial distribution b(p) for an appropriately chosen probability p. For the W state (lavender
W’s), we choose p = 0.5 as this causes TVD(a"") b(p = 0.5)) — 0 for n — oo; for readers
that are interested in the important case of SLDs of non-stabilizer states, we provide more
details in appendix D. For all other states, we use p=0.75 as this ensures that a and b(p)
have the same mean, recall corollary 3. We observe in figure 7 that the TVD converges to 1
for GHZ states (brown G’s) and Pusteblume graph states (yellow P’s). This is because their
normalized SLDs are far from being binomial distributions, recall figure 3. As expected, the
TVD for RC states (blue R’s) is smaller than for GHZ states and Pusteblume graph states.
With equation (21) at hand (the solution of the graph-theoretical problem for cycle graphs),

12
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we compute TVD(aRC™ b(p = 0.75)) for all n < 1000 and find that 0.15//x fits the data
very well for large n.

For the broader class of general cluster states (red to blue), we lack the solution of the graph-
theoretical problem, thus, we are limited to n < 30. Aside from finite size effects, we can see
that the TVDs decrease with n. Hereby, the TVD is smaller for 2D cluster states |C(/,m)) than
for |RC(n)) and 1D linear cluster (LC) states |LC(n)) = |C(1,n)) (red L’s). For 2D cluster
states, the TVD tends to be smaller for broader cluster patches, e.g. for n =30 qubits, the TVD
of the width-2 cluster state (blue crosses) is three times as large as that of the width-5 cluster
state (pink pentagons). We also compute the SLD of an analogously-defined 3D cluster state
|C(3,3,3)) for n=27 qubits and find an even smaller TVD of 0.00138 (not plotted)°.

In conclusion, the normalized SLD is very similar to a binomial distribution for some
graph states (cluster states), while for others (GHZ, Pusteblume) it is not. To identify which
of the two is the exception and which is the norm, we will next investigate random graph
states.

3.2. SLDs of random graph states

To further solidify our understanding of the geometry of quantum states, we now illustrate the
behavior of random graphs states. To this end, we employ the Erdds—Reényi graph model [29],
however, we expect that similar results hold true for other common random graph models
as well. Given a probability g € [0,1], a random ErdSs—Rényi graph with n vertices is cre-
ated as follows: for each i € {1,...,n} andj € {i+ 1,...,n}, an edge between vertex i and j

is created with probability g. We denote the resulting random variable as Ffﬂ). The probab-

ility of drawing a specific graph I" ~ ri? only depends on its number of edges ¢(T") and is

given by
Pr{D(#) =T = g0 (1 — g) &) O, (23)

In particular, (A;), = n(1 — g)"~" is the expected number of isolated vertices. Thus, by corol-
lary 3, the expected mean of the SLD of a random graph state is given by
3n n(l—gq)"!
(o) = - ML= o4)
which is approximately equal to 3n/4 if g and n are large enough.

In a numerical experiment, we sample ErdGs—Rényi graphs with n € {5,10, 15,20} vertices
and compute the normalized SLD a of the corresponding random graph states. Then, we cal-
culate the TVD between a and a binomial distribution b(p) with the same mean, i.e. for each
sample holds (k), = np. In figure 8, we plot the result over the whole interval g € [0, 1] with a
step size of 0.01. For complexity reasons, we vary the number of samples from 10° for n =75
(blue) to 10? for n =20 (brown). Overall, the curves show a similar behavior albeit less pro-
nounced for n =35 due to finite size effects. For ¢ =0, there are no edges and every sampled
graph state is equal to |T") = |+)®". Since the normalized SLD of such a fully separable state
is equal to a symmetric binomial distribution, the TVD between the two distributions van-
ishes. As g 2 0 grows, the TVD first begins to increase before it drops again and stagnates at a
very small value over a wide range of g. The latter observation implies that random graph states
with (TVD(a,b(p))), =~ 0 are abundant. We attribute the small initial peak at small ¢ > 0 to the

3 Digital feature: For the graph of |C(3,3,3)) and its SLD, please click on this link.
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Figure 8. Total variation distance, see equation (22), between the normalized SLD a of
random graph states and a corresponding binomial distribution b(p), where p is selected
for every individual graph such that the two distributions have the same mean. In the
generation of the random graphs, an edge between each pair of qubits is created with
probability g. The shaded region marks the range in which the TVD lies with probability
68% (1 sigma). For better readability, the curves have an offset spacing.

existence of tensor factors that are LU-equivalent to |[GHZ(m)) for small values of m < n.° The
position of the peak is consistent with ¢ ~ In(n) /n, which is the threshold below (above) which

I'~ F,(qq) is almost surely disconnected (connected) [29]. Around g ~ 0.8 the TVD suddenly
starts to grow again and eventually, at ¢ =1, the complete graph is reached and |T") = |K,,)
is LU-equivalent to |GHZ(n)), which has a very large TVD to the corresponding binomial
distributions; recall figure 7. For larger n, we observe a decline of TVD at intermediate val-
ues of ¢, e.g. at ¢=0.5 we find the values ((k)a), = 0.10(6) for n=5, ((k)a), = 0.02(2) for
n=10, ((k)a)q = 0.004(3) for n=15, and ((k)a), = 0.0007(4) for n=20. Also, the plateau
of small TVD values is broader for larger n as both the small initial peak and the final steep
are sharpened.

To explain the emergence of the plateaus in figure 8, we show in appendix E that the expec-
ted k-body SL of an n-vertex Erdos—Rényi graph state with edge-probability ¢ is given by

k

o, = (3) 3 (5)2a+ 020ty ta-a-2t e

b=0

6 If the edge probability ¢ is small, there will be many graph components with a small number m of vertices. For
m=2 and m =3, every graph state is LU-equivalent to a GHZ state, and for m =4, GHZ and cycle graph are the
only LU equivalence classes. The SLDs of GHZ states are far from the binomial distribution, see figure 7. This (total
variational) distance is inherited by SLDs of product states that contain a considerable amount of GHZ states.
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For n>> 1, we can use the approximation (;)2°(1+ (1 —2¢)?)" (1 — (1 —2¢)*)**> ~ (;)2°
at a wide range around g =~ 1/2. This allows us to simplify equation (25) using the binomial
theorem, which yields

(), ~ <Z>4—"§k: (Z) 2 = <’Z) 34— = B (p=3/4). (26)

b=0

The plateaus in figure 8 show for which values of n and ¢ the approximation in equation (26)
is valid.

A direct physical consequence of the results in figure 8 is the following: if we prepare the
state |+)®", where n > 5, and apply to each pair of qubits a controlled-Z gate with probability
0 < g < 1 (and do nothing with probability 1 — g), then we should expect that the SLD of the
resulting state is approximately given by A; ~ (Z) 3k2=" However, this approximation should
be applied with care, see footnote 7 in appendix C for an example of what can go wrong
otherwise.

Now, we are finally in the position to answer the question raised at the end of section 3.1:
there is an abundance of random graph states for which the normalized SLD is remarkably
close to an asymmetrical binomial distribution; we call SLDs with this property generic. In
that sense, cluster graphs have generic SLDs (recall figure 5), whereas star, complete, and
Pusteblume graphs do not (recall figure 3). Hence, we will say that SLDs of the latter graph
states are special. Also note that among the 4" Pauli operators of the form X*Z5, there are
exactly (})3* operators with wt(X"Z%) = k. This shows that the PWD of the stabilizer group
of a graph state with a generic SLD closely resembles the PWD of the full Pauli group.

4. Generalization to higher-dimensional qudits

In this section, we extend the scope of our investigation to the case of n-qudit states, where
every qudit has a Hilbert space dimension of d > 2. For studying such states, we find it con-
venient to label the computational basis by elements of the free module (Z/dZ)" over the ring
Z/dZ ={0,1,...,d— 1} of integers modulo d. In this way, any pure state can be written as
a superposition of states of the form |j), where j € (Z/dZ)". Moreover, a general mixed state
for n qudits can be written as

1
p=a D Xz 27)
r,se(Z/dzZ)"
for unique coefficients py s € C, where the generalized Pauli operators can be defined as
Xizo= Y wli+ndl (28)
je(z/dz)"

and w, = exp(27i/d) [30]. Then, the n-qudit k-body SL of p is defined as

2
Al = > Tz = > pesl (29)
r,s€(Z/dL)" r,s€(Z/dZ)"
swty(r,8)=k swty(r,s)=k

where swty(r,s) = [{i € {1,...,n} | r; #0Vs; # 0} is the symplectic weight for qudits [11].
Note the similarity between equations (3) and (29). If p is a pure state, the normalized SLD
a=A/d" is a probability distribution, and equation (15) generalizes to
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" (n—k e (n—k
Z(m_k>Akd2 Z( ” )ak (30)
k=0 k=0

forallm € {0,...,n} [11, 12, 21]. After inserting m = 1 and m = 2 into equation (30), and after
a little algebra, we find

(K)a = W 31
_ dn? —d(2n—1)n+nn—1) +(2(n—1) —d*(2n— 1))A; + 24,

and  (K%), (32)

A
Note that equations (31) and (32) generalize equations (16) and (17) to the case of pure n-qudit
states; to the best of our knowledge, both results are new.

4.1. Known results about SLDs of qudit states

For every Abelian subgroup S C P} of the n-qudit Pauli group
Pl ={wi,X"Z° | g€ Z/2dZ, r,s € (Z/dZ)"} (33)

with |S| = d" and z1 € S for z € C\{1}, there exists a unique stabilizer state b)) € (C4)®"
which, by definition, fulfills S|¢)) = |¢) for all S € S [2, 31]. In this case, the k-body SL is
equal to the number of stabilizer operators S € S which have a Pauli weight of k [8]. For
example, the n-qudit GHZ state

1
|GHZ4(n)) = ﬁ(\m@" o+ d=1)%") (34)
is a stabilizer state for which & is generated by X, ®...® X; and ZL(;)Z((JHI)T for all i €
{1,...,n—1}. In proposition 10 of [27], we have derived its SLD
GHZ, n\ (d— 1D+ (=1)*d—1) -
AR — <k> y + 8en(d— 1" (35)

by counting all weight-k operators in S (see [11] for an alternative proof). For every symmetric
matrix I' = (v;;) € (Z/dZ)"*" with zeros on the diagonal, a qudit graph state

0o
>0 >0 v
i=1j=it1

Wy

1
r) = V‘T"rez r) (36)

(Z./dz)"

is defined [32-34]. An important example is |+,4)®" = ﬁ Zke(Z Jdz)yn |k), which is the graph

state with the trivial adjacency matrix I' = 0. As the stabilizer group of |+,)®" is given by
S ={X | r € (Z/dZ)"}, its SLD follows as A" = () (d — 1)k,
Since SLs are convex and LU-invariant, the k-body SL of a fully separable state cannot

exceed A}iep” ™ In other words, every n-qudit state with

Adlp] > (Z) (d— 1) 37)

is entangled [9, 10]. We refer to equation (37) as the k-body SL criterion. In all examples
we know of, the n-body SL criterion is stronger than other k-body SL criteria. To experi-
mentally verify that a state p is entangled, it is therefore sufficient to measure the expecta-
tion values Tr[pP;] for an increasing number N of weight-n Pauli operators Py,...,Py € P}

until Zf’\,:] |Tr[pP;]|? exceeds the full-separability bound (d — 1)" with high confidence. This
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approach is particularly promising for qubits, where estimating only N =2 Pauli expectation
values can be sufficient. For D > 2, on the other hand, this entanglement test is not scalable as
an exponential (in n) number of Pauli expectation values would need to be estimated exper-
imentally. Note that for every ideal, i.e. noise-free, graph state |I"), the n-body SL is lower
bounded as

A [[IDVN(T]] = AP = (@ — 1) (38)

because (up to a global phase) X*Z!' is a weight-n stabilizer operator of |I') for every r €
{1,...,d—1}". For a technical discussion how the bound in equation (38) can be improved,
see appendix B in [27]. It is well known that in the case of qubits, A, is maximized by the
GHZ state, but for higher-dimensional qudits, A, is maximized by a biseparable state [9, 11].
Furthermore, some GME states with A,, = 0 have been identified [35]. These two facts demon-
strate that A,, only contains limited information about the entanglement of a state. If the SLD is
considered as a whole, however, it is possible to establish that a state is GME in a few cases [7].
For these reasons, here we will also adopt the mindset that the SLD should be considered as a
whole.

4.2. A novel entanglement criterion for multi-qudit states based on SLDs
By exploiting the purity criterion [5], we can derive the following entanglement criterion.

Theorem 4 (purity criterion applied to SLDs). Let A = (Ao, ...,A,) be the SLD of an n-qudit
state, p, with qudit dimension d > 2. If

> ((d=1)n—dk) Alp] <0, (39)

k=0
then p is entangled.

The proof of a generalized version of this theorem is stated in appendix G. To apply the-
orem 4, the only information needed about a state is its SLD. In the special case where |I')
is an n-qudit graph state, we can relate the SLD to a graph-theoretical problem that general-
izes theorem 1. For this, we associate every element r € Z/dZ with a color. Then, each color
assignment (with d colors) of I" corresponds to a stabilizer operator X*Z'™ (up to phase) and
contributes to Ay, iff exactly n — k white (r; = 0) vertices i € {1,...,n} have the property

Z’yiljrj = 0 (40)
j=1

Only for qubits, equation (40) simplifies to the property ‘the number of vertices j with y;; = 1
and rj = 1 is equal to 0 modulo 2, i.e. even’. In the qudit case, the situation is more involved.
This is because computing A; amounts to counting solutions to equations in modular arith-
metic, see appendix F for a more detailed treatment. Here, we restrict ourselves to presenting
only some of our less-technical results: If d is a prime number, we find

A =(d-1DI 41)
as a generalization of equation (9), where / again denotes the number of isolated vertices of
I'. Furthermore, we find for d prime that the 2-body SL obeys

n—2
To(d—12+(L+T)(d—1) < Ay < Told—1)>+ <L+ ZT,,,) (d—1), (42)
m=1
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where L is the number of leaves and T, denotes the number of (twin) vertex pairs with exactly
m common neighbors and zero non-shared neighbors, e.g. Ty = (é) For a given graph state
|T"), one can efficiently compute the exact value of A, by exploiting the formula

k
A=) Saern b (43)
b=1rED,
which generalizes equation (11) and holds for arbitrary d > 2 and k > 1. Here, D), C (Z/dZ)"
denotes the subset of ‘dit’ strings with exactly b nonzero entries. The evaluation runtime of
equation (43) is given by O((dn)¥), which is efficient for small values of k. This also enables
the efficient computation of the mean and the variance of the normalized SLD of a qudit graph
state for arbitrary d via equations (31) and (32). Finally note that, if d is prime, every n-qudit
stabilizer state is LU-equivalent to a qudit graph state [33], which further extends the applic-
ability of our results.

5. SLDs of noisy states

Until this point, we have exclusively focused on SLDs of pure quantum states. In reality, how-
ever, experimental imprecision and decoherence always lead to some uncertainty about the
state of a quantum system. This necessitates that we extend our discussion to the more general
case of mixed states. In section 5.1, we investigate the impact of noise on the SLD of a gen-
eral n-qudit state. Then, in section 5.2, we apply our insights for the derivation of noise levels
below which entanglement is preserved.

5.1. The impact of noise on qudit SLDs

The n-qudit depolarizing channel of strength p € [0, 1], which is defined via

1
EXL ol =(1-p)p o (44)

is a very simplistic model that describes global white noise acting on all qudits simultaneously.
Since there are only two terms in equation (44), global white noise is easy to treat theoretically
and, therefore, often used as a first approximation. A more realistic error channel, which takes
spatial separation of qudits into account, is the local white noise channel

Xn
EXlel = (£7) 1o, (45)

where £?) denotes the single-qudit depolarizing channel of strength p. Both the global and
the local white noise channel are generalized Pauli channels,

Euncl )= D2 PEMC(XZ3) (X2 (46)
r,se(Z/dz)"
where a discrete Pauli error X},Z5 occurs with probability

glob_{l_p"_d{z’z; if r=s=(0,...,0)

- : 47)
" s otherwise

and
oc p swiy(r,s) p n—swty(r,s)
= (%) (1-r+ %) : (48)
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respectively [36]. To establish the influence of any given quantum channel £ on the Bloch
decomposition of an n-qudit state p as in equation (27), it suffices to compute how £ acts on
individual Pauli operators. This is because £ is a linear map,

1 1
Elg D psXiZil =5 Y pesEIXZI). (49)
r,s€(Z/dZ)" r,s€(Z/dZ)"

By exploiting Tr[X5Z5] = 0005 0d”, we find

1 1 ifr=s=0
EVVIXNZS] = (1 — p)XSZS + pTe[X5Zs) — = { 50
wlob(XaZa) = (1 — p)X5Z3 + pTr[Xy d]d,, (1—p)XTZ5, otherwise (50)
for the global white noise channel and
n
i 7Si i 7S8i ]l SWI
& K52 = @ ((1 ~P)XiZ] +pTr[sz']d) = (1-p)™"9XiZ5 (1)
i=1

for local white noise. Inserting this into equation (29) yields the k-body SLs,
A [ERM] = (1=p)Ac] (52)

and Ay {gl(jg[p]] = (1—p)*Ac[o] (53)

of the noisy states Eg(f:))b [p] and & ) [p]. Since the prefactor (1 —p)*

loc is exponentially sup-
pressed, the correlations between large numbers of subsystems are strongly diminished in the
presence of local white noise. This is unsurprising because, by equation (48), Pauli errors X},Z5
that jointly affect a large number k = swt,(r,s) of subsystems are very unlikely to occur. In a
recent work [37], where equation (53) was independently derived, this insight played a role in
establishing stringent limitations on the experimental feasibility of quantum error mitigation

protocols on near-term quantum computers.

5.2. Lower bounds on entanglement noise thresholds

Quantum entanglement is a crucial resource for many quantum information protocols, espe-
cially in quantum communication [5, 38]. Here, we address the question ‘how much noise can
an entangled state tolerate before it becomes fully separable?’.

For example, if |¢) is an n-qudit stabilizer state that is not fully separable, then the noisy

state Eg(ﬁ))b [|1)(w]] is also entangled for all values of p that are smaller than
stal 1
Pitta =1 = 2= (54)

as we show in [27] for arbitrary d and n by exploiting the positive partial transpose (PPT)
criterion [39, 40]. While equation (54) is both simple and general, its physical relevance is
questionable since pf,‘f,}iglob — 1 for n — oo. In other words, entanglement can be preserved
arbitrarily well by adding more and more qudits in state |0) to a system that is affected by
global white noise. This behavior is clearly unphysical in a quantum communication setting,
in which the qudits are spatially separated. For this setting, the local white noise model is more
appropriate.

Luckily, it is also possible to derive noise thresholds for the case of local white noise, e.g. we
can insert equation (53) into equation (37) and solve for p. For every n-qudit state p, this yields

that the noisy state & (¢)

oo Lp] 1s entangled for all values of p below
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PnSL,loc = 1— (55)

Recall from equation (38) that every n-qudit graph state |I') has A, > (d — 1)". Hence, for
a nontrivial threshold p,si.1oc > O it is sufficient that the graph I' admits a color assignment
contributing to A, with at least one white vertex. Furthermore, we can exploit equation (53)
in combination with our new entanglement criterion from theorem 4 to derive the following
result:

Corollary 5 (local-white-noise threshold for entanglement). Let p be an n-qudit state that
is entangled by theorem 4. Then, the polynomial function

fi00,1] — R, pr—Y " ((d—1)n—dk)(1—p)*Ap] (56)
k=0

has a root pyujoc € (0,1) at which the sign of f changes from minus to plus. Moreover, every

such solution is a lower bound on the local-white-noise threshold for entanglement, i.e. El(opc) [o]

is entangled for every value of p < ppur,ioc-

Proof. By assumption, we have f{0) < 0. Because of f(1)=(d—1)n >0, a solution of
f(ppur,loc) = 0 with 0 < ppurioc < 1 and the desired sign change is guaranteed by the intermedi-
ate value theorem. Without loss of generality, ppuroc 1 the largest (polynomials have finitely

many roots) such solution. Now, let p < ppurioc and consider the state p’ = Elg’c) [p]. By construc-
tion, it is possible to select p” € [p, ppurioc) With f(p”) < 0. Because of 0 < p < p’ < 1, we have

0< pll%,f’ < 1. Thus, we can apply a depolarizing channel of strength g = pl%pp to every qudit of

p'. Because of £V [ [p]] = £LF4779) (], this results in the state £\ [p'] = 51(0’;/) [p], which
is entangled by f(p’) < 0. Since local operations cannot create entanglement, the initial state

p’ must have been entangled as well. O

Note that corollary 5 is constructive as ppurjoc > 0 can always be found algorithmically, for
instance via the bisection method. For example, we can apply corollary 5 to the logical states
[0}, [1)L, |+)L, and | =)L of the [[n, 1, 1/n]] rotated surface code [41, 42], all of which have the
same SLD A" pecause the logical operators X; and Z; are transversal. For the smallest
nontrivial instance of the rotated surface code, we find

ATO) = (1,0, 4, 12, 22, 52, 100, 148, 129, 44), (57)

which yields p;frffzg ~ 0.28, whereas the bound pfgr{(?gc ~ 0.19 from equation (55), which is

based on the previously-known n-body SL criterion, is weaker. Both bounds show that the
entanglement-noise threshold for |0), etc lies well above the error-correcting threshold ~1%
of the surface code [43]. Similarly, we compute

A5 — (1,0, 8, 0, 72, 80, 534, 984, 3715, 8776, 25816, 62160, 158448,
386416, 782532, 1561984, 2726047, 3951328, 5115376, 5666352,
5136632, 3919936, 2437206, 1141160, 390829, 78040), (58)

which yields p;‘l’frfl(zf) ~0.31 and p;“Srﬁ(ifg ~ 0.20. This indicates that entanglement is better pre-
served in states of QECCs with larger code distances. We find similar results for other families

of stabilizer states and refer the interested reader to appendix C.
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6. Conclusion and outlook

In this paper, we developed the theory of SLDs of graph states, which has its historical origins
in [44, 45]. The starting point of our exploration was theorem 1, which relates SLDs to a graph
color assignment problem. By solving this problem in the special case of Pusteblume graph
states and RC states, we derived explicit formulas for their SLDs. In this way, we extended the
list of analytically known SLDs, which to our knowledge was hitherto limited to fully separ-
able states, GHZ states, Dicke states, and tensor products thereof [6]. For graph states based
on random Erdds—Rényi graphs, we discovered that the normalized SLD is remarkably close
to an asymmetrical binomial distribution; hence, we proposed to call such SLDs generic. This
discovery was spurred by a visualization tool that we report separately in [23]. While SLDs of
GHZ states and alike are not generic, those of cluster states are. Hence, RC states now consti-
tute the only family of states with analytically-known, generic SLDs. Further consequences of
theorem 1 are captured in corollaries 2 and 3, which provide simple formulas for a bound on
the full-body SL for certain graph states and for the mean and the variance of the normalized
SLD for arbitrary graph states, respectively. Additionally, we formulated similar results for
the more general case of higher-dimensional qudits.

While our theoretical developments have their own intrinsic academic relevance, we can
also apply them to tackle difficult relevant problems in other branches of quantum information
theory. To accomplish this, in theorem 4 we reformulate the purity criterion [46] such that (a
potentially weaker form of) it can be tested based on knowledge of the SLD alone. After having
derived formulas for the decline of SLDs in the presence of noise, we deduce corollary 5 and
apply it to compute lower bounds on noise thresholds for entanglement. In some cases, this
approach allows us to outperform the best previous results based on other criteria [47].

By definition, the SLDs are invariants of degree two in the quantum state. Analogous to
other hierarchies of entanglement criteria [48], we expect more information on the state to
be embodied in higher-degree invariants. Thus, further research could focus on investigating
higher-degree generalizations of SLDs. Similarly, it could be fruitful to extend the discussion
of qudit graph states to the case of continuous variable systems [49, 50], and search for easily-
applicable entanglement criteria that are similar to our theorem 4.

We envision that our graph-theoretical formulation of the SLD problem will facilitate the
discovery of SLDs for a wider range of quantum states, e.g. for certain logical states of quantum
error-correcting (QEC) codes or for cluster states that appear in MBQC. As QEC and MBQC
are fields that heavily rely on the stabilizer formalism, we anticipate that our results will find
applications there. Last but not least, we hope that our work will stimulate the investigation of
SLDs in a more general setting, e.g. for Dicke states for which the SLDs are available [6], or
for qubit (or qudit) hypergraph states for which a theory of SLDs is not developed yet [51].
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Appendix A. Solution of the graph-theoretical problem for the Pusteblume
graph

Here we solve the color assignment problem for Pusteblume graphs, see figure 2, which will
prove equation (20) from the main text. To accomplish this, we distinguish the four cases where
vertices 1 and 2 are black and white, respectively. Note that, in each case, there are 2”2 color
assignments that contribute to certain SLs.

e If both vertex 1 and 2 are black, see figure 9(a), there cannot be a white vertex with an even
number of black neighbors because all remaining vertices are leaves with a black neighbor.
Thus, all 2”2 color assignments of the leaves contribute to A,,.

e If vertex 1 is white and vertex 2 is black, see figure 9(b), the colors of the n — 4 neighbors
of vertex 2 do not influence the number of white vertices having an even number of black
neighbors; only the colors of vertex 3 and 4 do. If both of these vertices are black, vertex 1
has three black neighbors, and all 2"~* color assignments of vertex 5,...,n contribute to
A,,. Otherwise, there are two white vertices with an even number of black neighbors, i.e. the
remaining 3 x 2"=4 color assignments contribute to A, _;.

The first of these four cases has a contribution of 2”’25,(7,, to Ay, while the second case con-
tributes 3 x 2”*45/{,,,,2 + 2"*45;(,”. Thus, together they yield the term

3% 2" 02+ 5 X 2" 0k, (59)

in equation (20) from the main text. We continue with the remaining two cases.

o If vertex 1 is black and vertex 2 is white, see figure 9(c), all four color assignments of vertex 3
and 4 (neighbors of vertex 1) contribute to the same SL. There are (”;4) color assignments
of the neighbors of vertex 2 with b black neighbors. Since vertex 2 is white, all itsn —4 — b
white neighbors have an even number (zero) of black neighbors. If b is odd, vertex 2 also has
an even number of black neighbors. In that case, all 4 (”;4) color assignments contribute to
Ap_(n—4—p41) = Apy3. If bis even, however, we have 4(”;4) color assignments contributing
to Ap44 because the white vertex 2 has an odd number of black neighbors.

e If both vertex 1 and 2 are white, see figure 9(d), we look at vertex 3 and 4 first. If they are
also white, we already have three white vertices (1,3, and 4) having an even (zero) number
of black neighbors. Otherwise, there is exactly one such white vertex among 1,3, and 4.
Again, we distinguish between the (”;4) color assignments of vertex 5, ...n with exactly b
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Figure 9. Some black-white color assignments of a Pusteblume graph with n =7 ver-
tices. (a) All color assignments where vertex 1 and 2 are black contribute to A,. (b) If
vertex 1 is white, vertex 2 is black, and vertex 3 is black, there are exactly two white
vertices (1 and 4) with an even number of black neighbors, i.e. such a color assignment
contributes to A,_». (c) If vertex 1 is black and vertex 2 is white, every white neighbor
of vertex 2 has an even number (zero) of white neighbors. (d) If vertex 1 and 2 are white,
the white vertices with an even number of black neighbors are vertex 1, 3, 4, all white
neighbors of vertex 2, and possibly vertex 2.

black vertices. If b is odd, the total number of white vertices with an even number of black
neighbors is either (n —4 — b) + 3 (if all 1,3, and 4 are among them) or (n —4 — b) + 1 (if
only one vertex among 1,3, and 4 is white and has an even number of black neighbors).
Thus, if b is odd, we have (”;4) color assignments which contribute to A, and 3(”;4)
contributing to A, 3. If b is even, however, the total number of white vertices with an even
number of black neighbors is either (n —4 —b) +3+ 1 or (n —4 — b) + 1 + 1 because now

vertex 2 is also one of them. Thus, we have (";4) color assignments contributing A, and

3 (”;4) contributing to Ay .

We have distinguished between the number b € {0,...,n — 4} of the dandelion seed head ver-
tices being black. We find that we only get a contribution to Ay if k is even. From case three, Ay
gets a contribution of 4(} 7)) +4(4~3) = 4(;~3), where the first and second terms come from
the color assignments where b = k — 4 and b = k — 3, respectively. Similarly, from case four,
Ay gets a contribution of 3(173) +3({75) + (1) + (1) =3(23) + ("), if k is even. In
total, case three and four have a contribution of

n—3 n—2 n—3
((k—3>+3(k—2)+< k ))5k,even (60)

to Ay, for each k. This finishes the derivation of equation (20) stated in the main text.

Appendix B. Solution of the graph-theoretical problem for the cycle graph

In this appendix, we derive the SLD of the n-qubit RC state, which is stated in equation (21).
According to the color assignment problem, Ay is the number of color assignments of the n-
vertex cycle graph, see figure 4, such that n — k white vertices have an even number of black
neighbors. All possible color assignments are parameterized by the set I, where r € I} cor-
responds to the color assignment where vertex i € V is white if ;, =0 and black if r, = 1.
To capture the periodicity of the cycle, we use integers modulo 7 as the vertex set V= Z/nZ.
Since each vertex of the cycle graph has exactly two neighbors, the condition of having an even
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Figure 10. If one distributes b = b; + by + ... + b, black vertices into n — b boxes
in such a way that no box remains empty, one obtains a color assignment pattern b =
(b1,---,by—p) € Bp n—p of the cycle graph which contributes to C, ;0. By shifting the
whole pattern to the left, where periodic boundary conditions are applied, one obtains
1+ b, different color assignments before there is again a white vertex on the leftmost
position.

number of black neighbors is equivalent to the condition of both neighbors having the same
color. Thus, the number of white vertices fulfilling this condition for a given color assignment
r € [F} can be expressed as

xir)=|{ieV|rn=0,rioi=ri}. (61)

By introducing the notation x,(r) = [{i € V| r; =0, ri_; # ri41}| for the number of other
white vertices, as well as x3(r) = |{i € V| r; = 1}| for the number of black vertices, we obtain
the relation x; (r) + x2(r) + x3(r) = n. Therefore, the k-body SL Ay is given by the cardinality
of the set

Xe={reF; | x(r)=n—k} ={reF; | x(r) +x(r)=k}. (62)

Ateach vertex i € Vwith r,_; = 1, r; = ri;) = O there starts a path of /; > 2 white vertices, i.e.
Fiyg =+ =riy, =0 but iy = 1. The inner vertices contribute to x; (r) as they have two
white neighbors. The two ends of the white path, however, contribute to x,(r) = 2m(r), where
m(r) is the number of white paths of length [ > 2. By sorting the color assignments r € X} by

m(r), we obtain the disjoint union X, = JX/2) 1" into the sets
X" ={reFs | xa(r) = 2m, x3(r) =k —2m}. (63)

Note that m only runs from 0 to |k/2] because, otherwise, x,(r) or x3(r) would be negative.
By defining C,, ; ,, as the number of color assignments of the n-vertex cycle graph with exactly
b > 0 black vertices and exactly m > O white paths of length greater than or equal to 2, we
obtain the formal expression

Ac=>_ Cui—amm, (64)

which will reduce to equation (21) once we have found explicit formulas for C, .

Let us treat the easy case, m =0, first. If b =0, all vertices must be white and we obtain the
trivial SL Ag = Cy, 0,0 = 1, which is fixed by normalization. However, if there is at least one
black vertex, b > 1, the graph-theoretical problem from theorem 1 from the main text can be
restated into ‘C, p, o is the number of color assignments of the n-vertex cycle graph with exactly
b black vertices such that each white vertex has zero white neighbors’ because there are no
white paths of length [ > 2. To achieve this condition, b black vertices have to be distributed
among the n — b gaps between the white vertices, cf figure 10. The resulting set of possible
patterns is given by

Bb,w: {(b17-~->bw) ez”

> bi=b, bi>1}, (65)

i=1
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l1 l2 lm

Figure 11. Top: a pattern contributing to C,, 5 ,, consists of m white paths of length [; > 2,
which are separated by mixed paths of length b; + w; as depicted in blue. By shifting the
whole pattern to the left, where periodic boundary conditions are applied, one obtains
Iy + by +w different color assignments before there is again a white path (of length
I») starting at the leftmost position. Bottom: in the ith mixed path, each of the w; white
vertices needs two black neighbors. There are | By, v, 41| = (b"wjl) choices to distribute
the b; = b;1 + ... + b; w41 black vertices into w; 4+ 1 boxes such that no box remains
empty.

where w = n — b. We will need the notation introduced in equation (65) for general w > 1 at
a later stage. Via repeated shifts to the left, one obtains 1 + b; different color assignments for

each pattern b = (b1, b, ...,by,) € By, An additional shift would result in a color assignment
which is already covered by the pattern (b,,...,by,b;) € By, .. Therefore, we find
Cuvo= Y (1+b). (66)
beEBy n—»

By elementary combinatorics, there are | By ,,| = (3:11) possibilities to distribute » unlabeled
balls into w labeled boxes such that no box remains empty. After a little algebra, we find the
formula (needed later in full generality)

> (xtby) = (ij) <x+l;y>, (67)

beBb,w

which holds for any choice of x,y € R and integers b > 0, m > 1. Setting w =n— b and x =
y=1, we obtain C,, 0 = %(n b b) which appears as the first term in equation (21).

Now, we solve C,, p, ,, for m > 1 white paths of length /;,...,[, > 2. For each color assign-
ment, the total number /=1, + ...+, of white vertices in the m paths is somewhere in
between 2m and n — b. The number w of isolated white vertices, i.e. white vertices with two
black neighbors, is fixed by the relation w = n — [ — b. As it is depicted in figure 11, these isol-
ated white vertices are part of the mixed paths which separate the white paths of length /; > 2
from each other. The mixed path, which separates the white paths of length /; from the white
path of length /; |, consists of b; black and w; white vertices. Since the vertices at the end of
the mixed path have to be black and the isolated white vertices are separated by at least one
black vertex, there are |By, 41| = ("”‘;1) different mixed paths consisting of b; black and w;
white vertices. In analogy to equation (165), we introduce the sets

}:h—uh>2} (68)
> wi=w, w,~>o}. (69)

i=1

Lim= {(ll,...,lm)eZ”’

and W, ,, = {(WI,...,WW,) ez”
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The set L;,, contains all possible lengths for the white paths of a fixed combined length
le{2m,...,n—>b}. The set W, ,, is used to parameterize the possibilities of distributing
the remaining w = n — b — [ isolated white vertices among the mixed paths. Since there are
(b ;1) mixed paths for each choice of b; and w;, we obtain ]/, (b ;1) different mixed-chain
color assignments for each choice of b= (by,...,by) € Bpm, W= (Wi,..., W) € Wy . In
analogy to our argumentation around the derivation of C, ;o in equation (66), each pattern
(Lb,w) € U;’:_me Ly m X By X Wh—i—p m gives rise to exactly I; + b; + w; color assignments
if the mixed-chain color assignment is fixed. Combining all of our arguments, we obtain the
equation

n—b m
b;i—1
25530 D SIS SIRURTIRRT) 1 { (ol B
[=2m1€L) 1y DEBp y WEWn—1—b.m i=1
To simplify this expression, we make use of the well-known Vandermonde identity
b;—1 b—m
= 71
> ()= a
WEW,—1—pmi=1
as well as one of its generalizations [52, equation (8)]

S DN

WEW,_1—bm i=1

By combining equations (70)—(72), we obtain

Cobom = Z( ) > % <11+b (”bb_l)ff‘l)> (73)

1=2m 1€L;,, bEBy m
n—>b b b l n—b—1
I=2m 1€L1,,bEBy, 1
n—b
67) (b—1 b—m n—b—1 b n—b—1
il h—-—m——+— 1+ — 75
(m—l)z<n—b—l) Z (1 b—m er * b—m (73)
1=2m €L
n—b
b—1 b—m n—1
_ (m_l>z (n_b_l) 3 (zl+m ) (76)
1=2m 1L m

Similar to equation (67), we can simplify the last term,

n—1 l—-m—1\ (n—-1 1 I—m—1\ n
lezﬁ;m(mﬂl):( m—1 )( m +m)= ( _ )m (77)

Substituting b = k — 2m together with an index shift / — [ — 2m yields

n(k—2m—1\'"X/ k—3m\ [I+m—1
Cn,k—ZmJn—m( m—1 >Z<nkl)< / ) (78)

=0

Inserting this into equation (64), we finally arrive at equation (21) from the main text. Note
that it suffices if m runs from 1 to |51 | because (*~2"") = 0if m > £.
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Figure 12. Lower bounds pj, on the local-white-noise entanglement threshold p,i; for

n-qubit GHZ (left) and RC states (right). The noisy state Sl((f’c) [|v) (3], see equation (45),
is entangled iff p < perie, where |1)) = |GHZ(n)) and |¢)) = |RC(n)), respectively.

Appendix C. Lower bounds on entanglement noise thresholds of graph states

In this appendix, we apply corollary 5 from the main text to derive lower bounds on the local-
white-noise entanglement threshold for several families of stabilizer states. We start with the
qubit case in appendix C.1 and discuss higher-dimensional qudits in appendix C.2.

C.1. Robustness of entanglement in qubit graph states against local white noise

In section 3 of the main text, we show that the normalized SLD of a typical graph state is very
close to a binomial distribution. To cover both a special case and the generic case, in figure 12
we plot for n-qubit GHZ (left) and RC states (right) several lower bounds py, on the local-
white-noise entanglement threshold as a function of n. Note that the largest value of py, in
figure 12 corresponds to the strongest entanglement criterion for a given state. We see that the
PPT criterion (gray circles) outperforms the other criteria in all cases for which it is available.
Whenever n is even, the PPT criterion yields the lower bound,

GHZ(n) _ , 1
pPPT,loc =1 22—2/n 1 ) (79)

on the entanglement noise threshold for n-qubit GHZ states [53]. For GHZ states with odd
n <9, we compute the PPT bound using a direct approach with exponential runtime. To our
knowledge, a result similar to equation (79) is not available for RC states; our direct approach
yields PEET(,QC forall n € {3,4,...,9}. For n > 10, the best available lower bound on the noise
threshold for |RC(n)) is based on the purity criterion (lavender upward triangles) and found via
corollary 5. Interestingly, the same criterion performs comparatively badly for GHZ states. For
them, the second best criterion (after PPT) is given by the n-body SL criterion (blue downward
triangles) from equation (55) of the main text. For comparison, we also plot the bound (yellow
squares),

graph 1— 2*2/ (2+{H}?)é£{deg(i)+deg(j)})

Paistill,loc = ) (80)

which is based on an entanglement distillation protocol for graph states |I') whose set of edges
is denoted by E [47]. Finally, we determine the value of p for which the fidelity of the noisy
state with the target state, [t)), is equal to 0.5. If the noise parameter is below this value (brown
plusses), the noisy state is GME since the operator W = £ — 1)) (1| is a GME witness [54-57].
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As this direct approach also has exponential runtime, we can apply this fidelity criterion only
forn <09.

In contrast to the unphysical case of global white noise from equation (54), all entanglement
criteria considered in figure 12 yield physically meaningful local-noise thresholds that are

smaller than 1, e.g. lim pose — 1 —1//5~0.553 and lim pSHZ —1—1//2~0.293.
n— o0 B n—oo i
The latter is larger than lim prg't). & 0.174 because Ay ") = 21=1 45, en exceeds
n— 0o »
Ln/3]
—2k—1\n
k=1 k=1 k

Note that equation (81) is a simplified special case of equation (21) of the main text. Next, we
point out that for qubits, theorem 4 simplifies to:

ln/2] n
E (n—2k)A]p] < Z (2k—n)Ailp] = pisentangled. (82)
k=0 k=[n/2]

In other words, p is entangled if the (slightly rescaled) k-body SLs with k > n/2 outperform
those with k < n/2, which is intuitive because A; quantifies k-body correlations and entangle-
ment is a strong form of correlation. For the GHZ state, the most important contribution to the
k-body SLs with k > n/2 is A,,. We attribute the observation that pgﬂlzo(: ) from corollary 5 con-
verges to zero in figure 12 to the fact that A, declines extremely fast, recall equation (53). For
RC states, on the other hand, the normalized SLD is close to a binomial distribution centered at

3n/4. Since the k-body SL decline around k = 3n/4 is not as severe as for k =~ n, this causes the
RC(n)
~0.310,

pur,loc
which to our knowledge is the best available lower bound on the noise threshold for RC states’.

It is closely followed by deiStEﬁ,)loc ~ 0.283, which is constant because the degrees of the vertices

in a cycle graph C, are independent of n [47]. For the star graph K; ,—1, on the other hand, the

corresponding lower bound from corollary 5 to numerically converge to lim p
n—oo

degree of the central vertex is unbounded, which causes pggﬁl(fgc to converge to zero [47].

Finally, consider the bound that is based on the fidelity criterion. Since this criterion can be
used to certify GME, it is often employed in experiments [5S8—61]. As we can see in figure 12,
the level of noise that is required to successfully apply the fidelity criterion in such an experi-
ment decreases in n. This is bad news for benchmarkers of quantum processors in which errors
are accurately modeled by local white noise because the qubits have to become less noisy (in
the next generation of the quantum processor with an increased number of qubits) to verify
GME via fidelity measurements. This is very demanding for near-term quantum hardware. The
n-body SL for the verification of (possibly biseparable) entanglement, on the other hand, has
critical noise thresholds well above ten percent, independent of the number of qubits.

C.2. Robustness of entanglement in qudit graph states against local white noise

For the sake of completeness, let us also apply the results developed in this paper to the general
case of qudits in dimension d > 2. The only bound on the local-white-noise threshold of an

7 The minor differences between the two distributions in figure 5 that are discussed in section 2.3 would lead to an
overestimation of the SL-based noise thresholds: For a hypothetical state with a™¥P = b(p = 3/4), we would find
limnAmpng?oc =~ 0.423 and limn—mop%ff]oc A 0.184. For this reason, the approximation ak¢(") x b(3/4) and its
analogues for other generic graph states should only be used with care.
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Figure 13. Lower bounds pj, on the local-white-noise entanglement threshold perit
for four-qudit GHZ (left) and AME states (right) as a function of the qudit dimen-

sion. The noisy state 6’1(01;) [[)(®]] is entangled iff p < pir, where |¢p) = |GHZ,4(4))
or [¢) = [RC4(4)).

n-qudit state that we were able to find in the literature applies to the n-qudit GHZ state, as
defined in equation (34). It is given by

" 2d
GHZ(n) (83)

e aat V2d+ 2d

and holds for arbitrary d and even n [62]. Note that equation (79) is a special case of
equation (83). As we show in the left panel of figure 13 for the example of n = 4 qubits, the PPT
bound (gray circles) converges to 1 in the limit of d — oo. The same trend is recovered by the
bound based on the purity criterion (lavender upward triangles), which is obtained by applying
corollary 5 for the SLD of |GHZ,(n)) from equation (35). We also display the bound based on
the n-body SL criterion from equation (55) of the main text (blue downward triangles), which
converges to zero; this is consistent with the previous observation of the discrepancy between
entanglement and A,, in the qudit case [11]. As in the qubit case, the PPT criterion always leads
to the best lower bound on the entanglement noise threshold.

For states where the PPT criterion is not solved, our SL-based approaches still work
provided the SLD of the investigated state is known. Consider, for example, the four-
qudit absolutely maximally entangled (AME) state |RC4(4)), which is defined for odd d in
equation (101). We present its SLD in equation (102) of appendix F and plot the corresponding
lower bounds on the local-white-noise threshold in the right panel of figure 13. As in the case
of four-qudit GHZ states, we find that the bound based on the n-body SL criterion decreases,
whereas the purity bound increases in d. This demonstrates the usefulness of corollary 5 in the
case of higher-dimensional qudits.

Appendix D. SLDs of W states as an example of the non-stabilizer case
In the main text, we almost exclusively discuss SLDs of stabilizer states. Since such states
constitute only a finite subset of the 2"-dimensional state space of an n-qubit system, not all of

our results apply in the general case. In this appendix, we highlight some important differences
using the example of W states [63]. The n-qubit W state is defined as

W(n)) = \}Z_:H (84)
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Figure 14. Comparison of the normalized SLD aZV(n) = 2_”AZV(”> of the W state from

equation (85) to the symmetric binomial distribution by (p = 0.5) = (})2~" for n=10.
The latter coincides with the normalized SLD of a fully separable state, 1.e. b(p = 0.5) =
a%eP(")

where ¢; = (1,0,...,0), ..., e, =(0,...,0,1) is the standard basis of F3. For n > 3, the W
state is not a (Pauli) stabilizer state. While the definition of the k-body SL in equation (3) is
applicable to any n-qubit state, only in the case of a pure stabilizer state is A; guaranteed to be
an integer. The k-body SL of |W(n)), on the other hand, is given by

AV <’Z) (1+;”2€(2k—n— 1)>7 (®5)

see equation (18) of [6] for the more general case of Dicke states. For n > 3, it can hap-
pen that AZV(") is not an integer, e.g. AVG) = (1,1.8,3.6,10,11.4,4.2). However, there are
also non-stabilizer states for which the SLD takes integer values, e.g. AV = (1,1,3,7,4).
Interestingly, |W(4)) has exactly the same SLD as the only stabilizer state (up to LU-
equivalence) for which A =1 = 1, namely |+) ® |GHZ(3)).

For pure stabilizer states, we establish in equation (9) that Aﬁ‘ab is the number of qubits that
are disentangled from all other qubits. In particular, Aﬁ“‘b > 1 implies that the stabilizer state

is separable. The W state, however, has a 1-body SL of A?V(") = (n—2)2/n. In particular, we

have A:V(") > 1 for all n > 4, despite |W(n)) being GME.

Note that the mean (k)ww = (n*+2n—4)/2n can still be inferred from AYV(”) via
equation (16) from the main text because MacWilliams identities hold for arbitrary pure states.
While GME stabilizer states obey (k) /n=3/4 for all n, we find (k) ww /n— 1/2 for
n — oo. In figure 14, we plot the normalized SLD a%®) (blue) and the symmetrical bino-
mial distribution b (yellow) with b, = zi (Z) for the example of n = 10 qubits. Although the
mean (k) waoy = 5.9 of a¥ () is still notably larger than (k)y, = 5, the two distributions exhibit a
considerable overlap (lavender). In the main text, section 3.1, we plot the TVD between a()
and b as a function of n (lavender curve in figure 7). There, we observe that the curve decreases
with n. This is unsurprising because the difference of the normalized Bloch vectors of |W(n))
and |0)®" converges to zero in the limit of n — oo; see supplemental material of [64] for the
Bloch vector components of |W(n)).
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Let us rigorously show that TVD(aW(”) ,b) converges to zero. For simplicity, we write a =
a"  From equation (85), we can see that a; > by is equivalent to 2k > n+ 1. Thus, we can
split the sum in equation (22) to avoid absolute values, which yields

I_%J -1 n
1 bn/Z —ap)2
TVD(a,b) = 3 kg . (bk — ak) + LE’ZJ (ak — bk) + 5 5n,even- (86)
= k= 2 +1

After substituting k — n — k in the second sum and exploiting the fact that all terms of the form
by — b,_y vanish, we can rewrite equation (86) as

Ll L/
TVD(aab) = E Z (an—k - ak) + % (n) 5n,even7 (87)
2

k=0

where we also used a, /5 — b, /2 = ﬁ (n'zz) for the case of n even. Next, we find

n—1 (n
R = (k) (n — 2k) (88)
by exploiting equation (85). In combination with > ,Ei/ozj ! (n—2k) = |%] (Lﬂ% | ), this yields
n—1 |n n 1 (n
TVD(a,b :7H — ("), even- 89
(a,b) =12 |2 (BJ>+2"” (;21) eve (89)
In the case of even n, Stirling’s formula allows us to rewrite equation (89) as
1 n 1 n—o00
TVD(a,b) = — () x = 7=, (90)
2n\ % N
Similarly, equation (89) simplifies to TVD(a,b) = "22”—,_121((”7';) /2) oc 1/y/n if n is odd. This

establishes that TVD(a"") b(p = 0.5)) converges to zero as 1/,/n. Recall from figure 7, that
we have strong numerical evidence that TVD(aR°(") b(p = 0.75)) features the same behavior.
Conducting a more detailed study of such convergence effects could be a worthwhile endeavor
as it may further strengthen our understanding of SLDs.

Appendix E. Expected SLD for random graph states

Here, we derive equation (25) from the main text. The expected k-body SL of an Erdds—Rényi
graph state with n vertices and edge-probability g is given by

(ARg =Y Pr[T{) =TJA[IT)(T], o1
reg

where G C F5*" denotes the set of all adjacency matrices. Inserting equation (11) into
equation (91) allows us to write

k
(Ak)g = Z Z Z PrI{ = T)dgui(r,r) k 92)

b=0reB,Teg
as a sum over all color assignments r € [} with an increasing number b < k of black vertices.

As Pr[l",(ﬂ) =T] is invariant under renumeration of the vertices of I, we can replace r by the
color assignment r, = (1,...,1,0,...,0) for which the first b vertices are black, while the
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other n — b vertices are white. Since there are |B,| = (Z) color assignments with exactly b
black vertices, we can restate equation (92) as

k

(A= (Z)p(n,q,b,k), ©3)

b=0

where p(n,q,b,k) = 1 Pr[Ffﬂ) = I'dgwi(r,,rr,),k denotes the probability that a graph with b
black vertices has exactly n — k white vertices with an even number of black neighbors; recall
theorem 1. For any given white vertex, the probability of having an even number of black
neighbors is given by

(b 1+ (1-29)°
Peven (qab) = Z <a> qa(l - q)a = M 94)
a=0

a even

because every edge (between the given white vertex and any of the black vertices) is present
with probability ¢. Since this probability is independently the same for each of the n — b white
vertices, the probability that exactly n — k of them have the desired property follows as

n
b,k) =
p(n,q,b,k) <n_k

Inserting equations (94) and (95) into equation (93) yields equation (25) from the main text.

)peven(na%b)n_k(l _peven(na%b))k_b- 95)

Appendix F. Graph-theoretical treatment of SLDs of qudit graph states

In this appendix, we discuss what information about the SLD of a qudit graph state |T'), as
defined in equation (36) of the main text, one can directly infer from the graph I'. Since the
stabilizer group

- rTr Dicy T Vil

re (Z/dZ)”} (96)

of |T') is parameterized by the color assignments r € (Z/dZ)" of T (with d colors), we can
state

Ar=[{r e (2/dz)" | swta(r,I'r) =k}, CD)

which generalizes equation (8) from the main text. However, only if d and n are small enough,
it is feasible to iterate through all d" color assignments to compute the SLD A = (Ay,...,A,)
via equation (97). Since only color assignments with b < k non-white (r; # 0) vertices i can
contribute to A, we find for n-qudit graph states the bound

Y /n
A < d—1)", 98
‘ ; ( k) (d—1) (98)
which generalizes equation (12) from the main text, where k > 1. Since SLDs are convex,
equation (98) also holds for mixtures of graph states. If d is prime, every stabilizer state is
LU-equivalent to a graph state [33]. This implies the validity of the bound in equation (98) for
all mixtures of arbitrary n-qudit stabilizer states.

For qudits in prime dimension d, one can relate A; and A, to graph-theoretical notions: the
1-body SL is equal to the number of color assignments where exactly one vertex j € {1,...,n}
obeys r; # 0 and all other vertices i % fulfill ; jrj = 0. Here, Z/dZ =F, is a field. Thus,
vijtj = 0 is equivalent to «y; ; = 0, i.e. i is an isolated vertex. Since there are d — 1 choices for
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ri# 0, we find A} = (d — 1)I, as mentioned in equation (41) of the main text. For the 2-body
SL, two types of color assignments r € [/} can contribute: either one or two vertices are not
colored white. If there is exactly one vertex j € {1,...,n} with r; # 0, there has to be exactly
one other vertex i #j with ; j7; # 0. Since Fy is a field, the latter is equivalent to v;; # 0.
Therefore, such a color assignment contributes iff j has exactly one neighbor, i.e. j is a leaf.
This yields exactly (d — 1)L color assignments of the first type that contribute to A,, where L is
the number of leaves. For the second type of color assignments r € [}, which have exactly two
vertices j # j' with r;, rj» # 0, the property in equation (40) simplifies to: a color assignment r
contributes to A, iff

Vit = —Vij' 1 ©9)

for all i € {1,...,n}\{j,j'}. If 7;; # O, for a given vertex i, then equation (99) can only be
fulfilled if ; j» # O because I, is a field. This implies that only twin pairs, i.e. pairs of vertices
(j,j") with the same neighborhood, have the potential to contribute to A,; note that ; ; # 7; ;-
is allowed here. We denote the number of twin pairs with exactly m € {0,...,n — 2} common
neighbors as

T = {7y (i} [ 27 m= (i € (oot NG} i # 0} ] 100)
Every twin pair with exactly m = 0 common neighbors, of which there are Ty = (é), contributes
with (d — 1)? color assignments because equation (99) is trivially fulfilled for every choice of
(rj,rjr) € (Z/dZ)*. Every twin pair with exactly m =1 common neighbors contributes with
exactly d — 1 color assignments because one can freely pick r; # 0 but rjs = —~; rj/7:; is
fully determined by the other parameters. All of these considerations lead to the lower bound
on A, in equation (42) of the main text, which is tightif 7, = --- = T,,_, = 0, e.g. if I" does not
feature any cycles of length 4. In general, however, T,, > 0 for m > 2. Then, r; = —~; rj /i
is again fully determined by r;, where i is one of the shared neighbors of j and jl. However, the
color assignment r only contributes to A, if equation (99) is fulfilled for all common neighbors
iof jand jl; this may or may not happen. If it happens, there are again d — 1 color assignments
per valid twin pair. This establishes the upper bound on A; in equation (42) of the main text.

Consider, for example, the qudit generalization |RC4(n = 4)) of the four-qubit RC state for

which the adjacency matrix is given by

0 +1 0 -1
+1 0 41 0
RCGH=0 21 o w1l (101)

-1 0 41 0

This graph has I = 0 isolated vertices, L = 0 leaves, T, = 2 twin pairs with two common neigh-
bors, and 7, = 0 twin pairs with m # 2 common neighbors. For every choice of d > 2 (prime
or not), all edges have invertible weights. Hence, the only possibility for a color assignment
r = (r1,72,73,71) € Z/dZ to contribute to A2RC"(4) is if one pair of twin pairs is white, while the
other is not; without loss of generality, r,r; # 0 and r, = r4 = 0. Additionally, the induced Z-
operators on the qudits 2 and 4 must cancel, i.e. 7| +r3 = 0 and r; — r3 = 0, which can only be
solved if d is even. Therefore, AZRCM) = 0 for all odd d. Since I =0 implies that Alfc"(“) =0
also, we recover the well-known fact that all 2-body marginals of |[RC,;(4)) are maximally
mixed, i.e. [RC4(4)) is AME [65]. In proposition 11 of [27], we computed the SLD of this

AME state for arbitrary odd d,
ARCW = (1,0,0, 4@ - 1), d* —4(d*—1)—1). (102)
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From now on, consider the case of a general n-qudit graph state for which the dimension d
is a composite number. Then, Z/dZ contains zero divisors, which causes the SLD problem to
change from being mainly graph-theoretical to mainly algebraic in nature. For simplicity, we
limit our discussion to the case k = 1, where only color assignments with n — 1 white vertices
contribute to A;. For the vertex j which is not white, there are d — 1 choices for r; # 0 and, if
j is isolated, all of them contribute. Thus, we obtain a lower bound for arbitrary d,

Ar=(d—1)1 (103)

which is a generalization of equation (41). For composite d, the bound in equation (103) is
not necessarily tight, e.g. if d =6, n =2, and 7, » = 2, then there are = 0 isolated vertices but
the color assignment r = (3,0) still contributes to A; = 2 because r;7; » = 0 modulo 6, and
similarly for r = (0, 3). For an arbitrary n-qudit graph state, we find for general d,

n
A=Y _|{rez/dz|r#0and (r,...,r 1) = (0,...,0)}], (104)
i=1
or, using notions from commutative algebra [66],
n
Ay =) _|Annz,z(Te;)\ {0}, (105)

i=1

where Anng(x) denotes the annihilator of an element x € M in a module M over a ring R,
and e; is the ith standard basis element of (Z/dZ)", i.e. I'e; € (Z/dZ)" is the ith column of
the adjacency matrix I'. If x # 0, then Anng(x) cannot contain any invertible elements; we
find [Anng, .z (I'e;)| < d — p(d), where  is Euler’s totient function, i.e. ¢(d) is the number of
invertible elements in Z/dZ. This yields an upper bound for general d,

Ay <I(d—1)+(n—1)(d—1—p(d)). (106)

Note that the second term in equation (106) vanishes if d is a prime. In this case, the bounds
in equations (103) and (106) combine to the result stated in equation (41) of the main text.

Appendix G. Proof of theorem 4

In this appendix, we derive a new family of SLD-based entanglement criteria. The purity
criterion [5] states that every fully separable n-qudit state p obeys

Tr[p?] < Tr [Try[p)] , (107)
where J C {1,...,n} is a subset of parties and Tr;[p] is the reduced density matrix of the com-
plementary system J¢ = {1,...,n}\J. Using the expansion in equation (27), the marginal state
can be written as

1
Tofl= >, o D pes(XeZily (108)
le(Z/dZy" ~ v,s€(Z/dZ)"
1 1
= D msXZ Y W <1 ’ v+ l> (109)
r,5€(Z/dL)" 1€ (Z/dZ)"
=0¢;,005;,0d"
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=— 3 Xzl (110)
r,s€(Z/dZ)"
VjeJ: rj=5;=0
where r|; = (rj,,...,r;,) denotes the restriction of r to J = {ji,...,jn} and likewise for s|,.
Consequently, the right-hand side of equation (107) takes the form
1
Te[Tofof] = o= D leesl® (111)
r,se(Z/dzL)"
VjeJ: rj=s5;=0
In the next step of our derivation, we sum up equation (107) for all choices of J C {1,...,n}

with |J| = m. The right-hand side becomes

> Tr[Tolpf] = Yo > el (112)

JcA{1,...,n} JC{I .,n} rse(Z/dz)"
[J|=m \J\:m VjeJ: rj=s5=0

:d,,l_mz > ST pesl (113)

k=0JC{1,...,n} r,se(Z/dZL)"
[J|l=m VjeJ: rj=5;=0
swty(r,8)=k

For each choice of k and J, there are

|{r,s € (Z/dZ)" | Vj €J: r;=5;=0,swiy(r,s) =k}| = ( > d*—1) (114)
terms in the inner sum of equation (113) as there are ("_km) choices for k indices i €
{1,...,n}\J with (r;,s;) # (0,0) and, for each such choice, there are (¢*> — 1)* choices for the
values of the nonzero entries of (r,s). Hence, there are (") (") (d* — 1)k = (" %) (%) (d? — 1)
terms in the inner two sums of equation (113) for each k € {0,...,n —m}. In contrast, there

are only ( )(d2 — 1)* terms in the sum of equation (29). Due to our symmetrization, we thus
find

S T[Tyl = MZ("_ >Ak, (115)

Jc{1,...,n}
[J|=m

where, again, we have used the convention (" k) =0 for all m > n — k. A similar calculation
leads to

> T’ ( >dn ZAk (116)

JC{1,...,n}
1=

Since, for a fully separable state, the expression in equation (115) is always larger than the one
in equation (116), it follows that every state p with

() (o

is entangled. As we explain next, we have numerical evidence that the criterion in
equation (117) is strongest if m = 1. In this case, equation (117) simplifies to theorem 4.
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Our numerical evidence is as follows. We draw n-qubit states at random from the Haar distri-
bution. Then, we compute its SLD via equation (3). For every m € {1,...,n— 1}, we compute
the noise threshold below which Ineq. (117) is satisfied using a straightforward generalization
of corollary 5. We run this test for 1000 random per qubit numbers for all n € {3,4,5,6,7,8}.
In every single case, we find that the noise threshold is a strictly decreasing function of m.
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