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Abstract: The generation of multi-bound solitons is a fascinating subject of investigation in
many conservative and dissipative systems, such as photonics, fluid mechanics, Bose-Einstein
condensates, and so on. In this study, we demonstrate the successful extraction of phase dynamics
between solitons in bound multiple solitons with up to seven constituents in a mode-locked Er
laser system. By mapping the internal phase motions of multi-bound solitons to the spatial
phase movement of cylindrical vector beams using orbital angular momentum (OAM)-based
diagnostics, different categories of internal pulsations are revealed. We show that bound state
of four solitons exhibits linear drifting relative phase evolution dynamics; while for bound
multiple solitons with constituents from five to seven pulses, stationary relative phase dynamics
are observed. These findings highlight the possibility of the OAM-based method access to the
internal motion of multi-soliton molecules with more freedom of degrees and fuel the analogy
with research on chemistry molecule complex.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Passively mode-locked fiber laser has become a versatile and reliable platform for exploring
diverse nonlinear dynamics in a dissipative system [1]. Besides single soliton generation, multiple
soliton states have also been observed in various fiber laser configurations [2]. Both states
can be described by nonlinear Schrödinger-Ginzburg-Landau equation and coupled nonlinear
Schrödinger equations [3,4]. For the practical application field, lasers operating at multiple
soliton states could increase the capacity of communication and optical storage [5]. For the
fundamental scientific aspect, exploring the soliton evolution within multi-soliton states is of
great significance to understand the general dynamics of complex systems [6,7]. Therefore, it is
an urgent demand for investigating the properties and dynamics of multi- soliton states in a laser
system at a fundamental level.

In last decade, numerical simulations have revealed the formation and evolution of internal
motions within multi-soliton states in various fiber lasers [8,9]. Nevertheless, at the beginning,
the time averaging measurement conducted by spectrometer and autocorrelator seriously limit
the direct monitoring of dynamical evolution process [2]. Fortunately, the emergence of real time
dispersive Fourier transform (DFT) technique greatly pushes the frontier of deep understanding of
multiple solitons formation by mapping the optical spectrum of the output pulses onto temporal
waveform through group velocity dispersion. To date, by controlling the nonlinear loss and pump
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power of laser systems, numerous multi-soliton patterns have been observed, such as soliton
rains [10], soliton crystals [11], soliton explosions [12], soliton collisions [13,14], and harmonic
mode-locking [15], etc. Among them, bound state stands out due to its unique pulse interaction
properties and fixed discrete pulse separations. Bound solitons, which are in analogy with matter
molecular, once formed, are relative stable and will propagate almost indefinitely in the laser
cavity. The most common case of bound solitons is bi-soliton. Two independent studies in 2017
have been conducted to monitor the real time evolution of bi-soliton in a laser cavity using DFT
technique, which opens a new door for investigating the complex phase dynamics within soliton
molecules [16,17]. Since then, the research related to bi-soliton has experienced an explosive
development. Abundant formation and interaction dynamics within bi-soliton have been revealed
in a large number of laser systems based on different mode locking mechanism [18–21]. To
further comprehend the physical dynamics of soliton macromolecules, it’s worthwhile to study
bound solitons with more constituents. Generally, the formation of multi-soliton modes can
be mainly traced back to two aspects: peak-power-limiting effect and gain bandwidth limited
pulse splitting [22,23]. Internal dynamics within 1+ 2 or 2+ 2 soliton molecular complex (SMC)
and tri-bounded solitons have been characterized with DFT technique [16,24,25]. Although
the spectral resolution of the DFT technique can be down to one of ten nanometers [17], when
the constituents of the bound solitons further increase, the application of such technique do
have limitations due to the current recording features of fast electronics. The observation time
frame of DFT technique is limited to hundreds of micro seconds mainly confined by the storage
capability of the real time oscilloscopes. Therefore, although multi-bound soliton states have
already been observed in various laser systems [26–28], the experimental characterization of
internal dynamics of bounded solitons with more constituents remains a practical challenge.

To address this issue, in this paper, we report an orbital angular momentum (OAM)-based
diagnostic to track phase motions in femtosecond multi-bound solitons. Phase dynamics between
every two solitons can be successfully extracted in bound solitons with up to seven constituents.
Two different categories of multi-bound soliton dynamics are highlighted here. The first one is a
slightly linear drifting relative phase motion soliton quadruplet. The second two mainly consists
of stationary multi-bound soliton with more than four constituents. All these findings can provide
new insights into internal phase dynamics of bound solitons with more freedom of degrees and
highlight the possible applications for high capacity data storage and telecommunication.

2. Experimental setup

The all-polarization maintaining (PM) nonlinear amplifying loop mirror (NALM) mode-locked
fiber laser that we build to study multiple solitons is similar to our previous reported one in [29].
The laser parameters are shown as follows: 0.74-m long Erbium-doped gain fiber (EDF) (Liekki,
Er80-4/125-HD-PM) is used, the group velocity dispersion (GVD) of which is −30.58 ps/nm/km
at 1550 nm, 1.57 m long single-mode fiber with the GVD of 16 ps/nm/km from the pigtail of
components, a wavelength-division multiplexer (WDM) for pump incident, a fiber-pigtailed
polarization beam splitter, a fiber based collimator and free-space optical components. All the
fiber is polarization maintaining. The gain fiber is pumped by a 680mW single mode laser diode
operating at 976 nm. The calculated net dispersion of the cavity is about −0.0032 ps2, which is
much closer to zero-dispersion regime than that in [29]. The total cavity length is around 2.48 m,
and the corresponding fundamental repetition rate is ∼84 MHz.

Through simultaneously controlling the pump power and adjusting the arrangement of
waveplates inside the laser cavity, single pulse, bound doublet and triplet operation can be readily
obtained. What’s more, bound solitons composed of a large population of optical solitons can
also be formed in the same way. As shown in Fig. 1, the output of the laser is split into two arms
by a beam splitter (BS). The spectrum analyzer is used to record the optical spectrum of the
multi-bound solitons, while the OAM system is utilized to detect the relative phase information
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within multi-bound solitons. Previously, we have successfully characterized two different kinds
of soliton molecular phase properties in soliton pairs and soliton triplet, based on OAM-resolved
method [29]. Notice that the proposed method relies on the temporal overlap between solitons.
Consequently, despite the fact that multiple solitons possess more degrees of freedom compared
to bi- or tri-solitons, our technique still has the capability to reveal the phase dynamics in bound
solitons with more constituents by finely tuning the time delay. Finally, we utilize a commercially
available CCD (Bobcat-320, Xenics) to record a sequence of images at a capturing rate of one
frame per ten milliseconds for tracking the long-term variation of the relative phase difference
among the multi-soliton molecules. The exposure time for obtaining each beam profile is set to
be as short as 5.6 µs. More detailed description about experimental setup and working principle
of the OAM-resolved method can be found in [29].

Fig. 1. Experimental setup. Mode-locked laser, all-polarization maintaining (PM) nonlinear
amplifying loop mirror (NALM) mode-locked Er-doped fiber laser; BS, beam splitter;
OAM-system, orbital-angular-momentum resolved system. OSA, optical spectrum analyzer.

3. Results and discussion

3.1. Numerical simulation

Initially, we conduct a simple simulation to reveal the relationship between the internal phase
dynamics and the spectral features of the multi-bound solitons. Guided by [17], the quadruplet
soliton molecule consists of four bound solitons evolving with cavity roundtrip time is shown
here. The temporal separation and relative phase are marked as τ and ϕ, respectively. Let
us sum four identical Gaussian pulses with fixed temporal separations of 990 fs [Fig. 2(a)],
s(t) = ψ[t − 3τ

2 ] + ψ[t − τ
2 ]

∗e−i∗φ + ψ[t + τ
2 ]

∗e−i∗2φ + ψ[t + 3τ
2 ]∗e−i∗3φ, where ψ is a Gaussian

envelope and t is the time in the commoving reference frame. The intensity can be calculated by
I(w) = |S(w)|2. Considering ϕ = −kz + ϕ0, as displayed in Fig. 2(b), we could achieve a slowly
linearly evolving bound soliton states with four solitons. This will result in a high contrast spectral
fringe pattern with a slightly drifting away behavior, as shown in Fig. 2(c). The simulation
results shown here coincide well with the extracted phase dynamical evolution characteristic via
OAM-method.

3.2. Preliminary experiment

In principle, arbitrary two solitons in one bound packet are selected and overlapped in OAM
system. As mentioned before, the method here strongly depends on the temporal delay provided
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Fig. 2. (a) and (b) Temporal property and relative phase of simulated bound soliton with
four constituents; (c) Spectral dynamics over 500 round trips in terms of linear relative phase
evolution.

by the translation stage. Therefore, high precision differential beam path tuning is essential. An
automatically translation stage (MT1-Z8, Thorlabs) with step size of 200 nm is used here. The
differential arm length fluctuation will transfer to phase fluctuation through θ(∆L) = πν∆L/c,
where ν is the central frequency of the laser pulse, ∆L is beam path difference between two
arms of the Mach–Zehnder-like interferometer (MZI). We conduct an experiment in advance
to show the beam path tuning precision of our system. The mode-locked laser has been set
as a single pulse operation state in this case. Each soliton beam is splitted, and re-combined
after propagation in the MZI with equal arm length. The translation stage is moved step by
step. A comparison between the calculated phase difference and the retrieved one is presented in
Fig. 3. Obviously, high precision differential beam path tuning is realized. In additional, the
resolution of the OAM-based technique is determined by the angle resolution for the extraction
of rotation direction of the interferometric pattern. By comparing the retrieved angles from the
computer-generated lobe patterns with stepped increasing rotation angle (not shown here), we
address here the angle resolution for extracting the rotation direction of an interferometric pattern
is ∼ 0.001π rad, which is enough to identify the internal phase dynamical evolution within bound
solitons.

Fig. 3. Comparison between the retrieved phase difference and calculated value at various
MZI arm length differences.
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3.3. Quadruplet soliton molecule with monotonically evolving phase

The output pulse states present highly dependence with respect to the pumping power and
polarization states inside laser cavity. We start the laser at a pump power of 545 mW, where a
four pulses state is obtained. Meanwhile, the angles of the polarization waveplates are carefully
tuned to change the pulse interaction. Pulse self-assembly occurs during this process, forming
quadruplet soliton molecule, consisting of four identical bound solitons. The averaged spectrum
in linear scale is shown in Fig. 4(a), the close up 30-nm spectrum in logarithmic coordinate is
plotted in inset. As can be seen, the typical Kelly sidebands are not formed. This can be ascribed
by the fact that the dispersion of the total cavity is near zero, and hence the laser operated at
dispersion managed soliton regime. To this end, the chirp stretches the pulse within the cavity
in each roundtrip, profiting the interaction among multiple solitons [23]. The corresponding
autocorrelation trace shown in Fig. 4(b) reveals the identical separation within each neighboring
soliton and also the same peak intensity of each soliton. The readout time separation among the
solitons is 990 fs, which matches well with the spectral modulation period of 2 nm in Fig. 4(a).
Figure 4(c) shows the measured spectral evolution over 10 min by using the optical spectrum
analyzer. The acquisition time for each spectrum is 8 s. The unchanged 2D contour plot with
two bright and two dark fringes imply the good stability of the quadruplet soliton molecule.
Nevertheless, confined by the long integration time, the 2D contour plots obtained by an optical
spectral analyzer fail to unveil the evolving relative phase over time. To gain insight into transient
dynamics, we retrieve the relative phases within the quadruplet using OAM-resolved method.
Hereafter, we label the solitons within quadruplet as 1, 2, 3, 4 and define the variables as: ∆ϕij
(i, j=1, 2, 3, 4) and θij (i, j=1, 2, 3, 4) represent the relative phases between the two solitons of
the quadruplet and the corresponding retrieved relative phases based on OAM-resolved method,
respectively. As a simple example, ∆ϕ14 and θ14 describe the relative phase and the retrieved
relative phase between the leading soliton (i=1) and the tailing soliton (j=4) within quadruplet
soliton molecule. Figure 4(d) presents the relative phases evolution within the quadruplet soliton
molecule over 2 s based on the OAM-resolved method. The red curve corresponds to the
superposed relative phase variation of θ12, θ23, and θ34, the purple curve shows the variation
of θ14. In these two cases, the slopes are quite similar when linearly fitting the variations of
relative phase motions, confirming the relationship of ∆ϕ12+∆ϕ23+∆ϕ34= ∆ϕ14. This further
validates the consistency of our phase retrieval. Similar to the dynamics observed in soliton

Fig. 4. Internal phase dynamics within a quadruplet soliton molecule. (a) Spectrum
of the quadruplet soliton molecule, the inset is the close-up spectrum under logarithmic
coordinate. (b) Autocorrelation trace of the quadruplet soliton molecule, (c) spectral intensity
variation during 10 min, (d) relative phase evolution of θ12+θ23+θ34 and θ14 based on the
OAM-resolved method.
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triplet, a slowly linearly evolving motion between the tailing soliton and the leading soliton is
revealed [30].

3.4. Multi-bound soliton with stationary phase

We now turn to multi-bound solitons with even more constituents. Generally, the polarization
adjustment will influence the pulse evolution dynamics per roundtrip, resulting in different
operation states of the output. Hence, the pump power is maintained at 560 mW, with the
appropriate waveplates arrangement, multi-soliton molecules constituted by five (six, seven)
dispersion managed solitons can be created. In each case, the soliton constituents are equally
spaced with identical duration and exist indefinitely in time as a bounded packet. Figure 5
summarizes the laser output performance of multi-solitons in different states. Obviously, with the
increase of intramolecular soliton populations, the temporal separation between two neighboring
solitons increases from 920 fs to 975 fs, which can also be reflected by the decreasing of spectral
modulation periods. Furthermore, the pulses’ amplitudes increase with the number of bound
solitons, thus the strength of the molecules against perturbations grows up. Remarkably the
multi-soliton state consisting of equally spaced solitons separated by <1 ps that is the shortest
separation obtained in multi-bound soliton cases. By extension of the terminology suggested for
soliton pair molecules, the proposed terminology for the currently reported multiple solitons can
be referred to be “ground-state bound multi-solitons”.

Fig. 5. The output powers, soliton separations, and spectral modulation periods of five, six,
and seven soliton molecules.

The averaged full optical spectrum in linear scale and close-up spectrum in 25 nm (logarithmic
scale) for soliton molecules constituted by five, six, seven dispersion managed solitons are
shown in Figs. 6(a), 6(c) and 6(e), respectively. The number of solitons can be reflected by
the interference structure of the spectrum combined with the number of dips located on the
spectrum. It is evident from close up spectrum that spectral interference all present high contrast
fringes, indicating stable binding soliton interaction. Furthermore, we investigate the relative
phase evolution among the bound multiple solitons. As displayed in Figs. 6(b), 6(d) and 6(f),
we find that the relative phases between two neighboring solitons within soliton molecule in
the present case are kept nearly constant during the evolution process. We also record the
relative phase evolution between other combinations of two solitons beyond the neighboring
one in the bound-multi soliton wave packet, not shown here. Relative phase motions between
arbitrary two solitons can be readily obtained by shifting the time delay using the translation stage
with the aid of autocorrelator as monitor. No obvious relative phase motion in all conditions
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except for some vibrations probably caused by the environmental disturbance. In terms of the

consistency relationship of
k∑︁

i=1
∆ϕi,i+1 = ∆ϕ1,k(k = 5, 6, 7), we can conclude that the pulses within

the multi-soliton states are mainly phase-locked with an identical intramolecular separation. This
demonstrates again the fact that a static soliton molecule with five (six, seven) constituents is
formed. We interpret our results to be an extension of soliton pairs. The single soliton explodes
to several soliton constituents, and then several solitons co-propagate in the laser cavity, repel
and attract each other until bound solitons with fixed separations and locked relative phases are
obtained. We present that soliton molecules can form various bounds related to the temporal
separation between soliton constituents and also the single soliton amplitude. Even the internal
degrees of freedom of multi-soliton molecules increase considerably, the intrinsic formation
mechanism can still lead to a stable state, which resembles the formation of large chemical
molecular structures.

Fig. 6. Internal phase evolution within multi-soliton molecules constituted by five, six,
and seven solitons. (a), (c) and (e) The linear spectrum of five, six, and seven multi-
bound solitons states. The insets are the corresponding 25 nm close-up spectrum under
logarithmic coordinate. (b), (d) and (f) The internal phase evolution within five, six, and
seven multi-bound solitons states.

4. Conclusion

To conclude, we successfully resolve the relative phase evolution of multi-bound solitons with
lager number of constituents using the OAM-resolved method. Beyond bi-soliton and tri-soliton
molecules, multi-soliton molecules have more degrees of freedom in terms of temporal separation
and relative phase. Generally, the characterization of such tightly bound multi-soliton patterns
remains challenging. By mapping the internal temporal phase to the interference pattern of two
vortices, our method presents a simple and suitable way for visually monitoring the relative
phase changes within soliton molecular complex with more constituents. Going forward, a
high-performance CCD with exposure time down to 1 ns is utilized, our method possesses the
potential to be a real time diagnostic, thus probing the transient buildup process of various soliton
states, e.g., multi-bound solitons, bidirectional solitons, vector solitons. From the dynamical
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point of view, the formation of soliton molecules with large number of solitons could spread new
perspectives into supramolecular chemistry. Beneficial from more degrees of freedom in one
bound packet, the present multi-bound solitons could find potential applications for high capacity
optical bit storage and manipulation of nanoparticles.
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