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Schur-type preconditioning of a phase-field fracture model in mixed form
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In the context of phase-field modeling of fractures in incompressible materials, a mixed form of the elasticity equation can
overcome possible volume locking effects. The drawback is that a coupled variational inequality system with three unknowns
(displacements, pressure and phase-field) has to be solved, which increases the overall workload. Efficient preconditioning
at this point is an indispensable tool. In this work, a problem-specific iterative solver is proposed leveraging the saddle-point
structure of the displacement and pressure variable. A Schur-type preconditioner is developed to avoid ill-conditioning of
the phase-field fracture problem. Finally, we show numerical results of a pressure-driven benchmark which to confirm the
robustness of the solver.

© 2021 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH.

1 Introduction

Phase-field fracture emerged from a variational formulation introduced in [1,2] and is an attractive model approach to simulate
crack propagation in solid materials. Classical phase-field fracture modeling in nearly incompressible materials will cause
locking effects, i.e., the values of the displacement field are underestimated. With help of a mixed form we get a stable
problem formulation up to the incompressible limit [3]. For details on the phase-field fracture model in mixed form, we refer
to [4]. A Galerkin finite element discretization with three unknowns U := (u, p, φ) yields a nonlinear system of the form
MU = F with a block 3 × 3 matrix M ∈ Rn×n, U and F ∈ Rn. For inf-sup stability a Taylor-Hood element Qc

2/Q
c
1 is

used for the (u, p) system. We adapt Newton’s method as a nonlinear solver. Inside, the linear system is non-symmetric and
we use a GMRES (generalized minimal residual) method. Due to regularization parameters, various material parameters, and
the spatial discretization parameter h, the problem is ill-conditioned and requires a preconditioner.
The main contribution of this work is a robust Schur-type preconditioner for this specific phase-field fracture problem in mixed
form to allow numerical solution of fractures in incompressible materials. The mixed form of the elasticity equation has a
saddle point structure, which allows to reuse spectral approximations for the inverse matrices from the Stokes problem [5, 6].

2 Notation and problem setup

Let Ω be an open and smooth two-dimensional domain and T is a time interval. The lower-dimensional crack is approximated
by a phase-field indicator function φ : (Ω × T ) → [0, 1] with φ = 0 in the crack and φ = 1 in the unbroken area. The
bandwidth of the zone between broken and unbroken is named ϵ. Further, a displacement function is defined as u : (Ω×T ) →
R2. In the following, the scalar-valued L2-product is denoted by (x, y) :=

∫
Ω
x · y dΩ, whereas the vector-valued L2-product

is described by (X,Y ) :=
∫
Ω
X : Y dΩ, with the Frobenius product X : Y of two vectors X and Y . We define function

spaces V := H1
0 (Ω)

2, W := H1(Ω) and a convex subset K := K(φn−1) ⊂ W and U := L2(Ω). Further, the degradation
function is defined as g(φ) = (1 − κ)φ2 + κ, where κ is a sufficiently small regularization parameter. The stress tensor is
defined as σ(u) := 2µElin(u) + λtr(Elin(u))I with a linearized strain tensor Elin(u) :=

1
2 (∇u +∇uT ), material dependent

Lamé coefficients λ and µ and the two-dimensional identity matrix I . The critical energy release rate is denoted as Gc. Based
on this notation, the pressurized phase-field fracture model in its classical form can be formulated as follows [7]:

Problem 1 (Pressurized phase-field fracture in classical form) Let a (constant) pressure ρ ∈ W1,∞(Ω) be given. Given
the initial data φn−1 ∈ K. Find u := un ∈ V and φ := φn ∈ K for loading steps n = 1, 2, . . . , N with {u, φ} ∈ V × K such
that

(
g(φ̃)σ(u) , Elin(w)

)
+ (φ̃2ρ,∇ · w) = 0 ∀w ∈ V,

(1− κ)(φσ(u) : Elin(u), ψ−φ) + 2(φρ∇ · u, ψ − φ) +Gc

(
−1

ϵ
(1− φ,ψ − φ)

+ϵ(∇φ,∇(ψ − φ))
)
≥ 0 ∀ψ ∈ K.

In the elasticity part, time-lagging φ̃ := φn−1 is used in the phase-field variable φ to obtain a convex functional [8].
Following [4], we introduce a pressure p := λtr(Elin(u)) and arrive at:
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Problem 2 (Pressurized phase-field fracture in mixed form) Let ρ ∈ W1,∞(Ω) be given. Given the initial data φn−1 ∈ K.
Find u := un ∈ V , p := pn ∈ U and φ := φn ∈ K for loading steps n = 1, 2, . . . , N with {u, p, φ} ∈ V × U × K such that

(
g(φ̃)σ(u, p) , Elin(w)

)
+ (φ̃2ρ,∇ · w) = 0 ∀w ∈ V,

g(φ̃)(∇ · u, q)− (
1

λ
p, q) = 0 ∀q ∈ U ,

(1− κ)(φσ(u, p) : Elin(u), ψ−φ) + 2(φρ∇ · u, ψ − φ) +Gc

(
−1

ϵ
(1− φ,ψ − φ)+

ϵ(∇φ,∇(ψ − φ))
)
≥ 0 ∀ψ ∈ K,

where the stress tensor is now defined as σ(u, p) := 2µElin(u) + pI .

3 Schur-type preconditioner of a phase-field fracture model in mixed form

Instead of solving the arising linear system MU = F directly, we apply right preconditioning [9] to reduce the condition
number of the system. The system matrix M of the mixed phase-field fracture in Problem 2 has the following block structure:

M =



Muu Mup Muφ

Mpu Mpp Mpφ

Mφu Mφp Mφφ


 =



g(φ̃)A g(φ̃)BT 0
g(φ̃)B − 1

λMp 0
E F L


 , P =



g(φ̃)Au g(φ̃)BT 0

0 S 0
0 0 L


 ,

where S = − 1
λMp− g(φ̃)BT · [g(φ̃)A]−1 · g(φ̃)B is the Schur complement. Block A is the mass matrix of the displacement,

B and BT are symmetric off-diagonal blocks coupling u and p, and Mp is the mass matrix of the pressure variable. The
blocks E, F and L contain the entries coming from the phase-field equation, where L is Laplacian-like. The approximated
inverse of the designed preconditioning matrix P is

P−1≈




1
g(φ̃) (Ã)

−1 −(Ã)−1BT S̃−1 0

0 S̃−1 0

0 0 L̃−1


 , S̃−1 = −

((
1

λ
+

1

2µ

)(
ϕpj , ϕ

p
i

))−1

.

The approximation S̃−1 via a mass matrix of the pressure field is spectrally equivalent to S−1 [10]. Here, {ϕpi } are the
basis functions of the pressure space. For the incompressible limit ν = 0.5 the Schur complement approximation becomes

S̃−1 = −
(

1
2µ

(
ϕpj , ϕ

p
i

))−1

= −2µ
((
ϕpj , ϕ

p
i

))−1
. With spectrally equivalent Ã and S̃ of A and S, respectively, the condition

number of MP−1 is independent of h.

4 Numerical results

In the following, the numerical solution strategy of Problem 2 is explained. Afterwards, numerical tests allow to evaluate the
performance of the newly developed preconditioner for a two-dimensional pressure-driven fracture derived from Sneddon [11],
and Sneddon and Lowengrub [12].

4.1 Numerical solution strategy

For the spatial discretization of Problem 2, we employ a Galerkin finite element method in each incremental step, where
the domain Ω is partitioned into quadrilaterals. To fulfill a discrete inf-sup condition, stable Taylor-Hood elements with bi-
quadratic shape functions (Qc

2) for the displacement field u and bilinear shape functions (Qc
1) for the pressure variable p and

the phase-field variable φ are used as in [4]. In the classical problem formulation (Problem 1), Qc
1Q

c
1 elements are typically

used for the (u, φ) system. For a fairer comparison with the mixed form, we use higher order Qc
2Q

c
1 elements also for the

classical form.
The crack irreversibility is treated with a primal-dual active-set method [13]. As a linear solver GMRES is used with the Schur-
type preconditioner from Section 3 with a relative tolerance of 10−5. Therein, the blocks L̃−1 and S̃−1 are approximated by
one cycle of Algebraic Multigrid. For the block (g(φ̃)Ã)−1 a Conjugate Gradient method (CG) is used with a relative tolerance
of 10−6 which is preconditioned as well by one cycle of Algebraic Multigrid. The base of the implementation is documented
in [14]. This project is embedded in deal.II [15], which offers scalable parallel algorithms for finite element computations.
The deal.II library in turn uses functionalities from other libraries such as Trilinos [16], including ML which we use as the
Algebraic Multigrid preconditioner.

© 2021 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH. www.gamm-proceedings.com
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4.2 Test case: Sneddon’s layered benchmark

As a test case, the pressure-driven cavity from [17] is modified similar to [3]. We work in a two-dimensional domain Ω =
(−20, 20)2. We add a compressible layer of size 10 around the incompressible domain to allow deforming of the solid on a
finite domain. A sketch of the geometry and the setting of numerical and material parameters is given in Figure 1. In this
domain, an initial crack with length 2l0 = 2.0 and thickness h of two cells by help of the phase-field function φ, i.e., φ = 0
in the crack and φ = 1 elsewhere. As boundary conditions, the displacements u are set to zero on ∂Ω. For the phase-field
variable, we use homogeneous Neumann conditions, i.e., ϵ∂nφ = 0 on ∂Ω. The mesh around the initial crack is prerefined
geometrically. In all results, the total number of degrees of freedom (#dof) on the whole domain is listed in the following.

(−20, 20)

(−20,−20) (20,−20)

(20, 20)

compressible layer

incompressible domain

crack C

transition zone of size ϵ

parameter description value
Ω domain (−20, 20)2

h cell diameter 0.088 to 0.011

ϵ length-scale 2h or 0.176
κ regularization parameter 10−4

l0 half crack length 1.0

Gc critical energy release rate 1.0

E Young’s modulus 1.0

ν Poisson ratio 0.2 and 0.5

ρ constant pressure in the crack 10−3 Pa

#Newton/AS allowed number of Newton iterations 30
TOLAS Newton tolerance 10−7

#line search allowed number of line search steps 10

Fig. 1: Left: geometry of the two-dimensional Sneddon’s test with a compressible layer of size 10. Right: parameter settings of Sneddon’s
layered benchmark. The size of the minimal cell diameter h, the crack width ϵ and the Poisson ratio vary depending on the test case. All the
other parameters are kept fixed.

formulation h ϵ #dof ∅GMRES ∅CG ∅AS CODmax

classical 0.088 0.176 57, 733 4.50 21 8.75 0.00208593
classical 0.044 0.176 169, 621 5.00 25 13.75 0.00204217
classical 0.022 0.176 600, 613 5.75 30 25.25 0.00200234
classical 0.088 2h 57, 733 4.75 21 8.75 0.00208634
classical 0.044 2h 169, 621 4.25 25 15.75 0.00199855
classical 0.022 2h 600, 613 4.25 28 21.25 0.00194055

mixed 0.088 0.176 64, 184 5.50 21 9.25 0.00216240
mixed 0.044 0.176 188, 504 5.00 26 13.25 0.00212127
mixed 0.022 0.176 667, 384 6.00 32 24.75 0.00208372
mixed 0.088 2h 64, 184 5.50 21 9.25 0.00216302
mixed 0.044 2h 188, 504 5.25 27 15.50 0.00204751
mixed 0.022 2h 667, 384 6.75 31 20.25 0.00197197

reference [17] 0.00192

Table 1: Average number of GMRES iterations (∅GMRES) per Newton/active set (AS) step, average number of the CG iterations (∅CG)
for g(φ)A−1, average number of AS (∅AS), and the goal functional crack opening displacement (CODmax) based on the classical model
(Qc

2Q
c
1 elements) or the newly developed mixed model (Qc

2Q
c
1Q

c
1 elements) for different problem sizes and length scale ϵ for ν = 0.2.

formulation h ϵ #dof ∅GMRES ∅CG ∅AS CODmax

mixed 0.088 2h 64, 184 27.25 20 4.75 0.00178519
mixed 0.044 2h 188, 504 13.50 30 7.75 0.00163546
mixed 0.022 2h 667, 384 10.00 39 10.75 0.00155880
reference [3] 0.0015

Table 2: Average number of GMRES iterations (#GMRES) per Newton/active set (AS) step, average number of Newton/AS (#AS), and
goal functional CODmax based on the newly developed mixed model (Qc

2Q
c
1Q

c
1 elements) for different problem sizes and setting of the

length scale parameter ϵ for ν = 0.5.

In Table 1, we report results for a compressible case (ν = 0.2) with three different refinement levels for two types of
elements: Qc

2Q
c
1 finite elements based on the classical form of quasi-static pressurized phase-field fracture, andQc

2Q
c
1Q

c
1 finite

elements (notated as ’mixed’) based on Problem 2. Most important is the average number of GMRES iterations per active set
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step and how they depend on mesh size h and ϵ. Furthermore, the average number of CG iterations for the approximation of
(g(φ̃)Ã)−1 as well as the average number of active set/Newton iterations are given. In the last column, the maximal crack
opening displacement (COD) is given defined as

CODmax := [u · n](0) ≈
∫ 20

−20

u(0, y) · ∇φ(0, y) dy. (1)

The reference value for COD is given by Sneddon and Lowengrub [12], for ν = 0.2 it is CODref = 0.00192, for ν = 0.5
it holds CODref = 0.0015. In Table 1, we observe that the number of GMRES iterations is nearly constant in h and ϵ (sec-
ond half of the table). This indicates robustness in h and the length scale ϵ for ν = 0.2. CODmax is slightly overestimated
within the mixed model. Table 2 contains the results of the incompressible case based on Problem 2 with a Poisson ratio
ν = 0.5 which can not be computed with the classical model (λ = ∞). The number of GMRES iterations is decreasing with
a finer mesh size, the average number of CG and active set iterations are similar to the previous test cases, and the values for
CODmax are promising. See Figure 2 for zoomed-in snapshots of the pressure field and the phase-field for the incompressible
limit. The pressure field is naturally zero inside the crack and has its maximum values in the crack tips on the left and the right.

Fig. 2: Zoom-in snapshots of the crack area: the pressure field and the phase-field are depicted for ν = 0.5 computed with Qc
2Q

c
1Q

c
1

elements based on a mesh with two global and six local refinement steps (d = 0.022).

5 Conclusion

In this work, a robust preconditioner for a phase-field fracture model in mixed form is developed and tested on a pressure-
driven phase-field fracture example. Robustness in the number of GMRES iterations with refinement was observed for the
compressible tests with ν = 0.2. In the incompressible case the number of GMRES iterations decreases with refinement and
a smaller length scale ϵ.
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