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A SUBCLASS OF BI-UNIVALENT FUNCTIONS RELATED TO
SHELL-LIKE CURVES CONNECTED WITH FIBONACCI NUMBERS
ASSOCIATED WITH (p,q)-DERIVATIVE

P. NANDINI**, S. LATHA?Z, §

ABSTRACT. In this paper, we define a new subclass of bi-univalent functions related to
shell-like curves connected with Fibonacci numbers by using (p, ¢)-derivative and the
coefficient estimates, Fekete-Szego inequalities are discussed for the functions belonging
to this class.
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1. INTRODUCTION

Let A be the class of functions of the form
oo
f(z) = Z+Zanz”, (1)
n=2

which are analytic in the open unit disc D = {z € C;|z| < 1} with normalization f(0) =
f/(0)—1 = 0. By S we mean the class of all functions A which are univalent in D. Also let
P be the class of Carathéodory functions p : D — C of the form p(z) = 14 c12 +co2? + ...,
z € D such that ®{p(z)} > 0. We say that f is subordinate to g in D, written as f < g
provided there is an analytic function w in D with w(0) = 0 and |w(z)| < 1 such that
f(z) = g(w(z)). It follows from Schwarz Lemma that

f(z) <g(z) <= [f(0)=y4(0) and f(D)cCg(D), z€D.
For 0 < ¢ <p <1, the (p,¢g)-analogue of Jackson derivative [3] is given by

f(pz) — f(qz)

Draflz) = (p—q)z

, z#0.
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Therefore for f as in (1), we have

o
Dpqof(z) =1+ Z[n}p,qan'zn—17
n=2

n_qn

b . ,(0<g<p<).

By the I]ééebe’s one quarter theorem [2], we know that the image of D under every
univalent function f € A contains a disk of radius 1/4. Therefore, every univalent function
f has an inverse f~! satisfying:
fHf(2)) = 2, (2 € D) and f(f~(w)) = w, (Jw] < ro(f),r0(f) = 3)-

It is easy to see that the inverse function has the form

g(w) = fHw) = w — agw? + (243 — az)w® — (5a3 — Hasaz + ag)w* + .. (2)

where [n], , =

A function f € A is said to be bi-univalent in D if both f and its inverse map g = f~!
are univalent in D. Let 3 denote the class of bi-univalent functions in D given by the
Taylor’s-Macluarin series expansion (1).

For f € A the class SL of shell-like functions which is the subclass of the class S* of
starlike functions was first introduced by Sokol [11], in 1999 as below

Definition 1.1. The function f € A belongs to the class SL of starlike shell-like functions
if it satisfies the condition that

2f'(z) . 1+7%2
o p(2)

where T = (1-V5)/2 ~ —0.618.

1— 72— 7222’

In the year 2011, Dziok et al. [4], introduced the class KSL of convex functions related
to a shell-like curves as follows:

Definition 1.2. The function f € A belongs to the class KSL of convez shell-like functions
if it satisfies the condition that

2f"z) . 1+7%2?
ey P :

Cl-T1z—7T
where T = (1-V5)/2 ~ —0.618.

1
+ Jox

Again Dziok et al. [5] in the year 2011, defined the following class SLM,, of a-convex
shell-like functions.

Definition 1.3. The function f € A belongs to the class SCLM,, (0 < a < 1) if it satisfies
the condition that

" / 2,2
a <1 + Z]{’(S)> +(1- oz)zjj(g) <p(z) = R _1:27—_7;%2,
where T = (1-5)/2 ~ —0.618.
We note that SLMg=SL, SLM; = KSL and SLM, # KSL for o # 1.
The function p is not univalent in D, but it is univalent in the disc |z| < (3—V5)/2 ~ 0.38.
For example, p(0) = p (5—71) =1landp (ejFi‘“"C"s(l/‘*)) = %, and it may also be noticed that
17
[rf] 1=’
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which shows that the number |7| divides [0, 1] such that it fulfils the golden section. The
image of the unit circle |z| = 1 under p is a curve described by the equation given by

(102 — V5)y? = (vV/5 — 22)(v/5z — 1),

which is translated and revolved trisectrix of Maclaurin. The curve p(re?) is a closed
curve without any loops for 0 < r < rg = 3-+v5)/2 ~ 0.38. For 9 < r < 1, it has a loop
and for r = 1, it has a vertical asymptote. Since 7 satisfies the equation 72 = 1 + 7, this
expression can be used to obtain higher powers 7" as a linear function of lower powers,
which in turn can be decomposed all the way down to a linear combination of 7 and 1.
The resulting recurrence relationships yield Fibonacci numbers u,,:

T = UupT + Up_1.

In [8], taking 7z = ¢, Raina and Sokol showed that

. 14 7222 >
PE) = g = 1 2 L )T
1—7)—n 1-5
where u, = u = V5 (n=1,2,..).

) T 2 )
This shows that ‘51\1/65 relevant connection of p with the sequence of Fibonacci numbers u,,,
such that ug =0, w3 =1, upt2 =uUn+upy1 for n=0,1,2 ...
Hence
p(2) =14+ 72+ 37222 + 47323 4 ..
Motivated by these works we define a new subclass of bi-univalent functions related to
shell-like curves connected to Fibonacci number using (p, q)- derivative.

Definition 1.4. For 0 <qg<p<1land 0<a <1, a function f € ¥ given by (1) is

said to be in the class SLMy x(p,q,D(2)) if it satisfies the following conditions:
(1 —a)zDyqf(2) + azDpg(2Dp g f(2)) < () = 1+ 7222
(1—a)f(z)+ azDpqf(2) 2

3)

1— 72— 7222

and
(1 - )wD, q9(w) + awD) o(wD, qg(w)) 1+ 72w?

< p(w
(1—-a)g(w) + awDy 49(w) (w)
where where T = (1-V5)2 ~ —0.618, g = f~! given by (2) and z,w € D.

(4)

1= Tw — T2w?’

Specializing the parameter o = 0 and o = 1 we have the following respectively:

Definition 1.5. A function f € ¥ of the form(1) is said to be in the class SLx(p,q,p(2))
if it satisfies the following conditions:

zD, . f(z - 1+ 7222
p.q ()-<p(2): —
f(2) 1—712—72%2
and () 5
wD, ,g(w . 1+ 77w
— PR < p(w) = 5,
g(w) 1—7w— 72w

where T = (1-V5)2~ —0.618, g = f~! given by (2) and z,w € D.
Definition 1.6. A function f € ¥ of the form (1) is said to be in the class KSLx(p, q,p(2))
if it satisfies the following conditions:

Dpo(2Dpof(2)) . 147222
Dy (%) =< p(z)

1—72— 7222
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and
Dy g(wDp g9(w)) 1+ 72w?

< p(w)
Dy q9(w)
where T = (1-V5)/2 ~ —0.618, g = f~! given by (2) and z,w € D.

Remarks 1.1.
(i) SCMox(1,q,p(2)) = ¢ —SLs and SLM1 x(1,q,p(2)) = ¢ — KSLs, the classes of
q-bi-univalent functions established by Ahuga [1].
(it) SLMyx. (1,1,5(2)) = SCLM @) (5(2)), the class of bi-univalent functions defined
by Gurmeet Singh [9].
(111) SLMox (1,1,p(2)) = SLx(p(2)) and SLM; x.(1,1,p(2)) = KSLx(p(2)) the classes
of bi-univalent functions studied by Guney [6].

1 — 71w — 12w?’

In order to prove our results we need the following lemma.
Lemma 1.1. [7] If p € P with p(z) = 1+ 12 + c22% + ..., then
len] <2, n>1

In the next section we obtain the initial Taylor coefficients |az| and |as| for the function
class SLMy 5 (p, ¢, p(2)). Later we will reduce these bounds to other classes for special
cases.

2. Coeflicient estimates

Theorem 2.1. For0<q¢<p<1,0<a<1,let fe SLMyx(p,q,0(2)). Then

7]

N CET o ®
and
[T {I(n —¥)7 + (1 = 37)¢| +nl7[}

sl < =+ A —and ©

where
n=(Blpg — D[+ a(8lpe — 1], (7)
b= ([2pq— 1) [1+ ([2pq — DI, (8)
¢=(12lpq— 1?1+ a((2lpg — 1] 9)

Proof. Let f be given by (1). As f € S,C/\/lmg(p,q,p(z)), so by definition 1.4 and using
the concept of subordination, there exists Schwarz functions u,v : D — D with u(0) =
0 = v(0), such that
(1 —0)zDpqf(2) + azDpg(2Dpqf(2))
(1 —a)f(z) + azDpqf(2)

= p(u(z)) (10)
and
(1 — a)wD, qg9(w) + awD, q(wD) qg9(w))
(1—-a)g(w) + awD, 49(w)
Now define the function,

= p(v(w)). (11)

14 u(z)

_7:1+clz—|—0222—|—0323+m
1 —wu(z)

h(z)
Then

1 i, 3¢
plu(z)) =1+ %7‘2 +3 <02 - 62—1 + ;1T> 722 4 ... (12)
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Similarly we define the function,

1
k(w) = +v(w) =1+ dyw + dyw? + dsw® + ...
1 —v(w)
Then ) )
d; di = 3d
p(v(w)) = 1+57'w+ (d2—2+217') Tw? + ... (13)

and by considering the LHS of (10) and (11), we have
(1 = )zDyp qf(2) + azDp o(2Dp o f(2))
(1—-a)f(z) + aZDp,qf(Z)
=14+ (2p,¢ — 1) (1 + a([2]p,qg — 1)) azz+
{([3]19,(1 - 1) (1 + O‘([?’]p,q - 1)) as — ([2]7)41 1) (1 + a([Q]p q— 1) }Z + ..

and
(1 - a)wDy, qg9(w) + cwD, 4(wDy, gg(w))

(1—-a)g(w) + awDy 49(w)
=1 = ([2lpg — 1 1+ a([2lpq — 1)) a2w+
{2 lpg—1) ( +a([8lpg —1) = ([2lpg — V(1 + a([2]pq — 1))2) a3
(Bl = 1) (1 + a([Blpg — 1) ag} w® +.

Using (12),(13) and the above two equations in (10) and (11) and equating the coefficients
of z, 2%, w and w? we get

(2 = D1+ al[2pg = D)oz = T, (14)

(Bl = 1) (14 a((8lpg = 1) a5 = { (2l = 1) (1 + a((2]pg — 1)) }

2 2 4
(12pg1)(1 + (2D — )iz = Lo (16)
and
{2030~ 1) (1 + a3 — 1)~ (2pg ~ D0+ a2y Pnﬁ

From (14) and (16), we have

Ccl1 = —d1 (18)

and also (62 . d2)7—2
2 (2pg — 1)? (1L+ (2 — 1)) a = T (19)

_ (62 —|—d2)7'2
% = By~ V20 + @y — D 20)
Adding (15) and (17) we get
2{(3 D1+ a([3]pg — 1)) = ([2lp,g — (1 + (]2 ))*} a3

(21)

1 3
—(+ d%)r + 2(2 4+ d2)7?

1
= — d —
2(02 + do)T 1 1
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Using (20) in the above equation, we get

(CQ + d2>T2
[(n—¥)7+ (1 =37)¢]
where 7,1 and (¢ are given by (7), (8) and (9) respectively. Using Lemma 1.1, we obtain
the required inequality for |as].
To find |as| first we subtract (17) from (15) and then by using (18), we get

4a3 = (22)

2(Bpg — [+ a([Blpg — D] (33 — ) = 5e2 — d)r
ag = (cz = dy)7 + a3. (23)

A([Blp.g — 1) [1 + a([3]p,g — 1)]
Now by using (22) in (23) and Lemma 1.1, we get the coefficient bound for |ag|.
O

If we can take the parameter @« = 0 and @ = 1 in the above theorem, we have the
following the initial Taylor coefficients |as| and |ag| for the function classes SLx(p, ¢, p(2))
and KSLx(p, q,p(z)), respectively.

Corollary 2.1. For0<qg<p<1,let f € SLx(p,q,p(2)).Then

) i
el = \/‘ 2]p,g)7 + (1 = 37)([2]p,q — 1)
and
| 7| {‘([3]1)41 — [2]p,g)7 + (1 = 37)([2]pq — ) |+ ( ‘T’}

|az| <
’ (Bl — DI([Blpg — R2lpg)7 + (1 iﬁﬂ[bq—nl
Corollary 2.2. For0<qg<p<1,let f € KSLx(p,q,p(z)). Then

x| <
18l — 1)~ 2B — )+ (1= 37)2B (2 — 1]
and

7| {‘ p a( 3]p q—1)— [2]12>,q([2]m - 1))+ (1~ 37')[2]1%,11([2]?& - 1)2| + ‘[3]p,q([3]p,q - 1)7‘}
[Blp,a([8]p,a — DI([3]p,q([8lp,g — 1) — [Q]g,q(p]m -)r+(1- 37)[2}129&([2]1?41 —1)?]
Remark 2.1. Forp=1,a =0 and p = 1,a = 1, Theorem 2.1 gives the initial Taylor

coefficients |az| and |as| for the function classes g—SLy, and g—KS Ly, respectively defined
by Ahuja [1].

Letting p =1 and ¢ — 1 in Theorem 2.1 we obtain the following result.
Corollary 2.3. If f € SLM@¥)(j(z)), then

las] <

7]
T V(1 +a)?2 - (2+4a+4a?)T

lag| <

and
7| [(1 4+ a)® = (4 + 8a + 4a?)7]

~2(142a) [(1+a)? — (2 +4a + 4a?)7]
Remark 2.2. Forp=1,qg > l,a=0andp = 1,9 — 1, = 1, Theorem 2.1 gives

the initial coefficients |az| and |ag| for the function classes SLx(p(2)) and KSLx(p(2)),
respectively defined by Guney [6].

lag| <

In the next section we obtain the Fekete-Szego inequalities for the function class

SLMax(p,q,0(2)).
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3. Fekete-Szego inequality
Theorem 3.1. Let f given by (1) be in the class SCLMy x(p,q,p(2)) and p € R. Then
[T(n — ) + (1 = 37)¢]

Ly u—1| <
lag — pal| < ! |7In
s 2= p— 1| ? -1 > [T(n =)+ (1 =37)(|
[T(n—) + (1 —37)¢| - 7In ’

where 0, and ¢ are given by (7),(8) and (9) respectively.
Proof. From (22) and (23), we obtain

T

@y 7o B 0)

a3 — pas = (h(u) +

(24)
-
h(p) — > do
(409 - st =T et
T T
= <h(u) + 477> c2 + (h(ﬂ) - 477> do
where )
(1 —p)7
h(p) = .
W= @+ 1370
By taking modulus of (24) and using Lemma 1.1, we get
lull W)l < 17
oy < {5 ol <
), Il = 2
This gives the desired result. O

Taking = 1, we have the following result.
Corollary 3.1. If f € SLMyx(p,q,p(2)), then
7]

lag — a§| < .

If we can take the parameter &« = 0 and a = 1 in the above theorem,we have the follow-
ing Fekete-Szego inequality for the function classes SLx(p, q,p(2)) and KSLx(p, q,p(2)),
respectively.

Corollary 3.2. Let f given by (1) be in the class SLx(p,q,p(2)) and p € R. Then

- 7([Blp.g — [2lp.g) + (1 = 37)([2]p,q — 1)°

. | w 1) < TBlea = 1‘T|>([3]< - 1))([ o — 1)
laz—pasz| < 5 P.q )

< I — 1|7 7([8]p = [2pa) + (1 = 37)([2)pg = 1|

(Bl — Blog) + (= 37)(@pg — D" "~ 12 7 Blpg — 1)

Corollary 3.3. Let f given by (1) be in the class KSLx(p,q,p(z)) and p € R. Then

Il < 1Bl

jas —pa3| < { N
i w—1> 2

1Bl A’

where A = [3]p4([3]pq — 1) and
B =1 ([Blpg(Blpg = 1) = [25,4([2lp.g = 1) + (1 = 37) 215 4 (12lp.g — D*.
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For p =1 and ¢ — 1 Theorem 3.1 agrees with the following result proved by Gurmeet
Singh [9], (see Theorem 3):

Corollary 3.4. If f € SCM“¥)(j(2)) and p € R. Then

(14 a)? = (2+ 4a + 402)7]

7]
— —1| <
as — a2 < ) 201+ 20) =1 [ 2027 |
- (1= p)|r° (1+0a)* = (2+4a +40%)7
-1 >
Mtal-Ctdatdony w1z 2(1 + 2a)|7|

Remark 3.1. Forp=1,g > 1l,a=0andp =1,9g - 1, = 1, Theorem 3.1 gives the
Fekete-Szego inequality for the function classes SLx(p(z)) and KSLx(p(z)) respectively,
defined by Guney [6].
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