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ZAGREB EQUIENERGETIC BIPARTITE GRAPHS

G. H SHIRDEL1∗, S. AHMADI1, §

Abstract. Let G be a graph with vertices v1, v2, . . . , vn and let di be the degree of vi.
The Zagreb matrix of the graph G is the square matrix of order n whose (i, j)-entry is
equal to di + dj if the vertices vi and vj are adjacent, and zero otherwise. The Zagreb
energy ZE(G) of G is the sum of the absolute values of the eigenvalues of the Zagreb
matrix. Two graphs are said to be Zagreb equienergetic if their Zagreb energies are
equal. In this paper, we show how infinitely many pairs of Zagreb equienergetic bipartite
graphs can be constructed such that these bipartite graphs are connected, possess an
equal number of vertices, an equal number of edges, and are not cospectral.

Keywords: Zagreb energy, Line graph, Complement of graph, Extended double cover of
graph, Bipartite graph.
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1. Introduction

In this paper, G is a simple undirected graph with a vertex set V = V (G) = {v1, v2, . . . ,
vn} and an edge set E = E(G). The integers n = n(G) = |V (G)| and m = m(G) = |E(G)|
represent the graph’s order and size, respectively. The open neighborhood of a vertex
v ∈ V is the set N(v) = {u ∈ V |uv ∈ E}, and the degree of v is d(v) = |N(v)|. The graph
G is said to be r-regular if the degree of its all vertices is r. A bipartite graph is a graph
such that its vertex set can be partitioned into two sets, X and Y , (referred to as the
partite sets), such that every edge meets both X and Y . The complement G of a graph G
is the simple graph whose vertex set is V and whose edges are the pairs of non-adjacent
vertices of G. The line graph of a graph G, written L(G), is the graph whose vertices are
the edges of G, with ef ∈ E(L(G)) when e = uv and f = vw in G. The basic properties
of line graphs are found in textbooks [9]. The iterated line graphs of G are then defined
recursively as L2(G) = L(L(G)), L3(G) = L(L2(G)), . . . , Lk(G) = L(Lk−1(G)), . . .. It is
consistent to set L(G) ≡ L1(G) and G ≡ L0(G). The basic properties of iterated line
graph sequences are summarized in the articles [2, 3]. The extended double cover of G,
defined in [1] and denoted by G∗ is the bipartite graph with bipartition (X,Y ) where
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X = {x1, x2, . . . , xn} and Y = {y1, y2, . . . , yn}, in which xi and yi are adjacent if and only
if i = j or vi and vj are adjacent in G . It is easy to see that G∗ is connected if and only
if G is connected and G∗ is regular of degree r + 1 if and only if G is regular of degree r.

The adjacency matrix A(G) of G is defined by its entries as aij = 1 if vivj ∈ E(G) and
zero otherwise. Let λ1 ≥ λ2 ≥ · · · ≥ λn denote the eigenvalues of A(G), then the energy
of the graph G was first introduced by Gutman [5] in 1978 and is defined as the sum of
the absolute values of the eigenvalues of its adjacency matrix,

E = E(G) =
n∑

i=1

|λi|.

The concept of graph energy arose in chemistry (see, e.g., [4, 5]). Two non-isomorphic
graphs G1 and G2 of the same order are said to be equienergetic if E(G1) = E(G2)
[11]. The Zagreb indices are widely studied degree-based topological indices and were
established by Gutman and Trinajstić [8] in 1972. The Zagreb matrix of a graph G is a
square matrix Az(G) = (mij) of order n, defined in [13], as follows:

mi,j =

 di + dj if the vertices vi and vj of G are adjacent,

0 otherwise.

The eigenvalues of Az(G) labeled as z1 ≥ z2 ≥ · · · ≥ zn are referred to as the Zagreb
eigenvalues of G. The Zagreb energy, represented by ZE(G) and described in [13], is the
sum of all absolute Zagreb eigenvalues and is defined as follows:

ZE = ZE(G) =

n∑
i=1

|zi|.

In a manner analogous to equienergetic graphs, two non-isomorphic graphs of the same
order are said to be Zagreb equienergetic if they have the same Zagreb energy.

2. Main result

Let G be a r−regular graph of order n and λ1 ≥ λ2 ≥ · · · ≥ λn and z1 ≥ z2 ≥ · · · ≥ zn be
the eigenvalues and the Zagreb eigenvalues of G respectively. According to the definition
of the adjacency matrix A(G) and the Zagreb matrix Az(G), we have

Az(G) = 2rA(G). (1)

Therefore

zi = 2rλi for i = 1, 2, . . . , n. (2)

If dmax is the greatest vertex degree of a graph, then all its eigenvalues belongs to the
interval [−dmax,+dmax] [4]. In particular, the eigenvalues of the r− regular graph G,
satisfy the condition −r ≤ λ ≤ r for all i = 1, 2, . . . , n. From (2), we have

−2r2 ≤ zi ≤ 2r2 for all i = 1, 2, . . . , n.

On the other hand, n−dimension column vector with all one, clearly is an eigenvector
of A(G) with corresponding the eigenvalue r. Then the greatest eigenvalue of A(G) is
always r, that is λ1 = r. Therefore, z1 = 2r2. By definition, the diagonal elements of the
adjacency matrix of graph G are equal to zero. Therefore, the trace of A(G) is zero. From
linear algebra, we know that the sum of all the eigenvalues of a square matrix is equal to
the trace of the matrix. Therefore, we conclude

∑n
i=1 λi = 0. Considering (2), we also
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have
∑n

i=1 zi = 0.

To prove the main results in this note, we will use the following theorems and their
corresponding results.

Theorem 2.1. [2, 3] The line graph of a regular graph is a regular graph. In particular,
the line graph of a regular graph G of order n0 and of degree r0 is a regular graph of order
n1 = 1

2r0n0 and degree r1 = 2r0 − 2. Consequently, the order and degree of Lk(G) are

nk =
1

2
rk−1nk−1 and rk = 2rk−1 − 2,

where nk−1 and rk−1 stand for the order and degree of Lk−1(G). Therefore

rk = 2kr0 − 2k+1 + 2

and

nk =
n0
2k

k−1∏
i=0

ri =
n0
2k

k−1∏
i=0

(2ir0 − 2i+1 + 2).

Corollary 2.1. If G be a r-regular graph of order n, then the degree and order of L2(G)
are 4r − 6 and nr(r − 1)/2, respectively.

Theorem 2.2. [14] If z1 ≥ z2 ≥ · · · ≥ zn be the Zagreb eigenvalues of a regular graph G
of order n and degree r, then the Zagreb eigenvalues of L(G) are

8− 8r n(r − 2)/2 times,

4(r − 1)
(
zi/2r + r − 2

)
i = 1, 2, . . . , n.


Corollary 2.2. If z1 ≥ z2 ≥ · · · ≥ zn be the Zagreb eigenvalues of a regular graph G of
order n and degree r, then the Zagreb eigenvalues of L2(G) are

24− 16r nr(r − 2)/2 times,

8(2r − 3)(r − 3) n(r − 2)/2 times,

4(2r − 3)(zi/2r + 3r − 6) i = 1, 2, . . . , n.

 (3)

Theorem 2.3. [14] Let G be a r-regular graph (r ≥ 3) of order n with the Zagreb eigenval-
ues z1 ≥ z2 ≥ · · · ≥ zn. The Zagreb eigenvalues of Az(G) are 2(n−r−1)2 with multiplicity
one and 2(n− r − 1)

(
− zi/2r − 1

)
, for i = 2, 3, . . . , n.

Corollary 2.3. Let G be a r-regular graph (r ≥ 3) of order n with Zagreb eigenvalues

z1 ≥ z2 ≥ · · · ≥ zn. The Zagreb eigenvalues of L2(G) are(
nr(r − 1)− 8r + 10

)
nr(r − 2)/2 times,(

nr(r − 1)− 8r + 10
)2
/2 one time,(

nr(r − 1)− 8r + 10)(−2r + 5) n(r − 2)/2 times,(
nr(r − 1)− 8r + 10

)(
− zi/2r − 3r + 5

)
i = 2, 3, . . . , n.


(4)
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Proof. First note that the degree and order of L2(G) are 4r−6 and nr(r−1)/2, respectively.

Then combining Corollary 2.2 and Theorem 2.3, the eigenvalues of L2(G) are obtained
immediately. �

Theorem 2.4. Let G be a r-regular graph of order n and z1 ≥ z2 ≥ · · · ≥ zn be the
Zagreb eigenvalues of G. Then the Zagreb eigenvalues of G∗ are ±2(r + 1)

(
zi/2r + 1

)
for

i = 1, 2, . . . , n.

Proof. Let A(G) and Az(G) be the adjacency matrix and Zagreb matrix of G, respectively.
Then the Zagreb matrix of G∗ is as follows: 0 2(r + 1)(A(G) + I)

2(r + 1)(A(G) + I) 0

 ,

where I is the unit matrix. Since A(G) = Az(G)/2r, the Zagreb matrix of G∗ can be
written as  0 2(r + 1)

(
Az(G)/2r + I

)
2(r + 1)

(
Az(G)/2r + I

)
0

 .

Suppose that z is a Zagreb eigenvalue of G and x is an eigenvector corresponding to z
that is, Az(G)x = zx. Then we have 0 2(r + 1)

(
Az(G)/2 + I

)
2(r + 1)

(
Az(G)/2 + I

)
0

(x
x

)
= 2(r + 1)

(
z/2r + 1

)(x
x

)
.

And 0 2(r + 1)
(
Az(G)/2 + I

)
2(r + 1)

(
Az(G)/2 + I

)
0

( x
−x

)
= −2(r+ 1)

(
z/2r+ 1

)( x
−x

)
.

As a result, G∗ has two Zagreb eigenvalues ±2(r + 1)
(
z/2r + 1

)
corresponding to the

Zagreb eigenvalue z of G. This completes the proof. �

Here we offer the method for constructing pairs of Zagreb equienergetic bipartite graphs
that is similar to Theorem 2 in [10].
The following is the main result of this note.

Theorem 2.5. Let G1 and G2 be two regular graphs, both on n vertices, both of degree
r ≥ 3. Then

(1) (L2(G1))
∗
and (L2(G1))

∗
are Zagreb equienergetic bipartite graphs and

ZE((L2(G1))
∗
) = ZE((L2(G2))

∗
) = 2nr(4r − 5)(3r − 5).

(2) (L2(G1))
∗
and (L2(G2))

∗
are Zagreb equienergetic bipartite graphs and

ZE((L2(G1))
∗
) = ZE((L2(G2))

∗
) = (nr(r − 1)− 8r + 12)(5nr2 − 9nr − 16r + 24).



1590 TWMS J. APP. AND ENG. MATH. V.13, N.4, 2023

(3) (L2(G1)
∗) and (L2(G2)

∗) are Zagreb equienergetic graphs and

ZE((L2(G1)
∗)) = ZE((L2(G2)

∗)) = 2(nr − 4)(r − 1)(4nr2 − 6nr − 8r + 8).

Proof. First, we need to remind that the degree and order of L2(G), (L2(G))
∗

and L2(G)
are as follows:

L2(G) : 4r − 6,
nr(r − 1)

2
;

L2(G)
∗

: 4r − 5, nr(r − 1);

L2(G) :
nr(r − 1)− 8r + 10

2
,

nr(r − 1)

2
.

Let z1 ≥ z2 ≥ · · · ≥ zn be the Zagreb eigenvalues of G. Combining Corollary 2.2 and
Theorem 2.4, the eigenvalues of (L2(G))

∗
are obtained as

±2(4r − 5) nr(r − 2)/2 times,

±2(4r − 5)(2r − 5) n(r − 2)/2 times,

±2(4r − 5)
(
zi/2r + 3r − 5)

)
i = 1, 2, . . . , n.

 (5)

Evidently, (4r− 5) and (2r− 5) are positive-valued for r ≥ 3. In order to determine the
sign of zi/2r + 3r − 5, recall that all Zagreb eigenvalues of a regular graph of degree r lie
in the interval [−2r2, 2r2]. Therefore, zi/2r ≥ −r, i.e.,

zi/2r + r ≥ 0. (6)

Because r ≥ 3, we have

2r − 5 > 0. (7)

Summing (6) and (7), we obtain zi/2r + 3r − 5 > 0 for i = 1, 2, . . . , n.
Knowing the signs of all eigenvalues of (L2(G))

∗
, from (5) we can obtain the Zagreb energy

of (L2(G))
∗

as

ZE((L2(G))
∗
) = 2(4r − 5)

[
2
nr(r − 2)

2
+ 2(2r − 5)

n(r − 2)

2
+ 2

n∑
i=1

(
zi
2r

+ 3r − 5)

]

= 2nr(4r − 5)(3r − 5)

(recall that
∑n

i=1 zi = 0).

Combining Corollary 2.3 and Theorem 2.4, the Zagreb eigenvalues of (L2(G))
∗

are
obtained as
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±2(nr(r − 1)− 8r + 12) nr(r − 2)/2 times,

±(nr(r − 1)− 8r + 10)2/2 one time,

±(nr(r − 1)− 8r + 12)(−2r + 6) n(r − 2)/2 times,

±(nr(r − 1)− 8r + 12)
(
− zi/2r − 3r + 6

)
i = 2, 3, . . . , n.


(8)

The quantity
(
nr(r − 1)− 8r + 10

)
/2 is necessarily positive-valued, because it is equal

to the degree of L2(G). Therefore, nr(r− 1)− 8r+ 12 is always positive too. In the same
way as in the proof of previous part, we conclude −2r + 6 ≤ 0 and −zi/2r − 3r + 6 ≤ 0
for i = 1, 2, . . . , n.

Knowing the signs of all eigenvalues of L2(G)
∗
, from (8) we can obtain the Zagreb energy

of L2(G)
∗

as

ZE(L2(G)
∗
) = (nr(r − 1)− 8r + 12)2

+ 2(nr(r − 1)− 8r + 12)

[
(2r − 6)(

n(r − 2)

2
)

+ 2
nr(r − 2)

2
+

n∑
i=2

(
zi
2r

+ 3r − 6)

]
.

Considering

n∑
i=2

(
zi
2r

) =
n∑

i=1

(
zi
2r

)− z1
2r
, (9)

we have

ZE(L2(G)
∗
) = (nr(r − 1)− 8r + 12)2 + 2(nr(r − 1)− 8r + 12)

[
n(r − 2)(r − 3)

+ nr(r − 2) +
n∑

i=1

zi
2r
− z1

2r
+ 3(r − 2)(n− 1)

]

which, bearing in mind

n∑
i=1

zi = 0 and z1 = 2r2 (10)

yields the formula

ZE(L2(G)
∗
) = (nr(r − 1)− 8r + 12)(5nr2 − 9nr − 16r + 24).

Combining (5) and Theorem 2.3, the Zagreb eigenvalues of L2(G)∗ are obtained as
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2((nr − 4)(r − 1))2 one time,

2(nr − 4)(r − 1)(4r − 6) one time,

2(nr − 4)(r − 1)(±1− 1) nr(r − 2)/2 times,

2(nr − 4)(r − 1)
(
± (2r − 5)− 1

)
n(r − 2)/2 times,

2(nr − 4)(r − 1)
(
± (zi/2r + 3r − 5)− 1

)
i = 2, 3, . . . , n.



(11)

In the same way as in the proof of part 1, we know the signs of all quantities in (11).

Therefore we can obtain the Zagreb energy of L2(G1)
∗ as

ZE(L2(G1)
∗) = 2

(
(nr − 4)(r − 1)

)[
(nr − 4)(r − 1) + 4r − 6 + nr(r − 2)

+ n(2r − 5)(r − 2) + (6r − 10)(n− 1) +

n∑
i=2

zi/r
]

= 2(nr − 4)(r − 1)
[
4nr2 − 6nr − 6r + 8− z1/r

]

= 2(nr − 4)(r − 1)
[
4nr2 − 6nr − 8r + 8

]
.

This completes the proof. �

Remark 2.1. If G be a regular graph of degree r = 1, then L(G) consists of isolated
vertices, and L2(G) is the graph without vertices. If G be a regular graph of degree r =
2, then G and L(G) are isomorphic. Consequently, if r = 2, then G and Lk(G) are
isomorphic for all k ≥ 1.

3. Discussion

Corollary 3.1. Let G1 and G2 be two regular graphs, both on n vertices, both of degree
r ≥ 3. Then for any k ≥ 2, the following pairs of graphs are Zagreb equienergetic

(1) (Lk(G1))
∗
and (Lk(G2))

∗
;

(2) (Lk(G1))
∗
and (Lk(G2))

∗
;

(3) (Lk(G1))
∗
and (Lk(G2))

∗
.

Corollary 3.2. Let G1 and G2 be two connected and non-cospectral regular graphs, both
on n vertices, both of degree r ≥ 3. Then for any k ≥ 2, both (Lk(G1))

∗
and (Lk(G2))

∗

are regular, bipartite, connected, non-cospectral, and Zagreb equienergetic. Furthermore,
(Lk(G1))

∗
and (Lk(G2))

∗
possess the same number of vertices, and the same number of

edges.

Within Theorem 2.5, we obtained the expression (in terms of n and r) for the Zagreb
energy of the extended double cover of the second iterated line graph of a regular graph.
Analogous (yet much less simple) expressions could be calculated also for ZE((Lk(G))

∗
);

k ≥ 2, i.e., the energy of the extended double cover of the k-th iterated line graph, k ≥ 2,



G. H SHIRDEL, S. AHMADI: ZAGREB EQUIENERGETIC BIPARTITE GRAPHS 1593

of a regular graph on n vertices and of degree r ≥ 3 is also fully determined by the
parameters n and r.
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