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APPLICATION OF MITTAG-LEFFLER FUNCTION ON
CERTAIN SUBCLASSES OF ANALYTIC FUNCTIONS

G.MURUGUSUNDARAMOORTHY', §

ABSTRACT. The purpose of the present paper is to find the sufficient conditions for some
subclasses of analytic functions associated with Mittag-Leffler function to be in subclasses
of k—ST[A, B] and k—UCV|[A, B] involving Jack’s Lemma. Further, we discuss certain
inclusion results and characteristic properties of an integral operator related to Mittag-
LefHler function.
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AMS Subject Classification: 30C45, 30C50, 33E12.

1. INTRODUCTION AND DEFINITIONS
Let A denote the class of analytic functions in the open unit disk
U={z€eC:|z| <1},

of the form
f(z)= z+2anz”, (1)
n=2

and are normalized by the conditions f(0) = 0 = f’(0)— 1. Further, let T [30] be a subclass
of A consisting of functions of the form,

f(z):z—2|an|z", z e U. (2)
n=2
For given ¢g(z) = z+ )_ b,2" € A, the Hadamard product of f and g is defined by
n=2
(f*9)(z) =2+ > anbnz" = (g% f)(2). (3)
n=2

We note that f x g € A is analytic and univalent in the open disc U.
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A function f € S is said to be bounded turning in U if and only if
R(f(z) >0, (z€0)

denoted by R.
A function f € S is said to be starlike in U if and only if

%(zf/(z)) >0, (z€0)

f(z)
and on the other hand , a function f € S is said to be convex in A if and only if
2f"(z)
R(1 0 U
( + f’(z))> , (z€0)

denoted by S* and C respectively.
A function f(z) is of the form given in (1) is said to be in the class SPp(p), if it satisfies
the analytic characterization

2f'(z)
"(%7)>
and is said to be in the class UCV p
1) L [2G)
R+ 557 > [
and f € UCVp(p) if and only if zf' € SPp(p).
Due to Noor and Malik [23], we let k-ST[A, B] and k-UCV|[A, B] be subclasses of A
as given below:
A function f € A is said to be in the class k-ST[A,B], k > 0, -1 < B < A <1, if and
only if,

2f'(2)
f(2)
(p

), if it satisfies the inequality

-1

+p, (0<p<1)

+p, (0<p<1)

(B-1)ZE —(a-1) k(B_l) B (a-1)
>
(B+ 1) —(A+1) (B+1)% (<)> (A+1)
A function f € A is said to be in the class &-UCVI[A,B], k >0, -1 < B< A <1, if
and only if|

Nv

—-1].

(B—-1)ELEE — (A1) LB DEEE - (-1 1
(B+ 1S — (4+1) (B+ 1S — (441

It can be easily seen that
f(z) € k-UCVIA, B] & zf'(z) € k-STI[A, BJ.
Suitably specializing the parameters, we note that

(1) k-ST[1,—1] = k-ST and k-UCV]1, —1] = k-UCV, the well-known classes of k-
starlike and k-uniformly convex functions respectively, introduced by Kanas and
Wisniowska [15, 16] (see also,[26]).

(2) k-ST[1 — 2p, —1] = k-SDIk, p] and k-UCV][1 — 2p, —1] = k-KDJIk, p], the classes
introduced by Shams et al. in [29].

(3) By fixing k = 0, 0-ST[A, B] = S*[A4, B] and 0-UCV|A, B] = CJ|A, B], the well-
known classes of Janowski starlike and Janowski convex functions respectively,
introduced by Janowski [14].

(4) By fixing k = 0, 0-ST[1 — 2p, —1] = S*(p) and 0-UCV][1 — 2p, —1] = C(p), the
well-known classes of starlike functions of order p(0 < p < 1) and convex functions
of order p(0 < p < 1) respectively, (see [30]).
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Geometrically, if a function f(z) € k-ST[A, B] then
(B- 1) —(a-1)

(B+1)HE —(a+1)

takes all values from the domain 2, £ > 0 as
Q = {w: R (w)>klw-1|}
= {u+iv:u>k\/(u—1)2+02}.

The domain €2 represents the right half plane for k£ = 0; a hyperbola for 0 < k < 1; a
parabola for £k =1 and an ellipse for k£ > 1, (see [23]). Further the class of such functions
which map the open unit disk onto this modified conic domain is discussed. Also the
classes of k—uniformly Janowski convex and k—Janowski starlike functions are defined
and their coefficient inequalities are obtained as in the following results:

w =

Lemma 1.1. [23]4 function f of the form (1) is in the class k-ST[A, B], if it satisfies
the condition
D Rk+1)(n—1)+[n(B+1) = (A+1)[]|an| < [B - 4 (4)

n=2

where —1 < B< A<1 andk > 0.

Lemma 1.2. [23]|A function f of the form (1) is in the class k-UCV][A, B], if it satisfies
the condition
D onl2(k +1)(n—1) + (B +1) — (A+ Dl |an| < |B - A] ()

n=2

where —1 < B< A<1 andk > 0.

1.1. Mittag-Leffler type function (MLF). Recently, there has been awesome attention
in the study of Mittag-Leffler functions. The Mittag-Leffler type functions have extensive
applications in physics, biology, chemistry, engineering, and some other applied sciences
and other aspects of the applications of these functions can be seen in fractional differ en-
tail equations, stochastic systems, dynamical systems, statistical distributions, and chaotic
systems.( for more applications see [27] pp. 269-296) . The Mittag-Leffler function arises
naturally in the solution of fractional order differential and integral equations, and espe-
cially in the investigations of fractional generalization of kinetic equation, random walks,
Lévy flights, super-diffusive transport and in the study of complex systems. The geomet-
ric properties like starlikeness, convexity, and close-to-convexity of these functions have
been examined on a large scale by a number of researchers. Several properties of Mittag-
Leffler function(MFLs) and generalized Mittag-Leffler function(MFLs) can be found e.g.
in [2, 5, 8, 11, 12, 17]. We can easily see the direct usage of these functions to many tech-
niques of fractional calculus. Much later,theoretical applications at the study of integral
equations and more practical applications to the modeling of “non-standard” processes have
been found for the Mittag-Lefer function. Now we recall the well Mittag-Leffler function
E.(z) studied by Mittag-Leffler [21] and given by
ZTL

Euo(z) = ;}F(mH—l)’ (z€ C,R(a) >0)
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converges in the whole complex plane for all R(«) > 0, where as it diverges every where
on C\ {0} for all !R(a) < 0. We also note that for R(«) = 0, its radius of convergence is
R = em/2lm(2)]

A more general function E,, 3 generalizing F,(z) was introduced by Wiman [35, 36] and
defined by

o n

Eop(z) =Y m, (z,a,8 € C, R(B) >0, R(a) > 0). (6)

n=0

For different values of parameters,the conditions of convergence vary. When « and [ are
positive and real,the above given series converges in the entire complex plane. Another
important and interesting fact about Mittag-Leffler function is that the one and two-
parametric Mittag-Leffler function are fractional extensions of the basic functions. That
is the function E, g contains many well-known functions as its special case, for example,
E271(2’) = zcosh \/E, EQQ(Z) = \ﬁsinh \/E, Eng(Z) = Q[COSh\/E — 1] and E274(2’) =
6[sinh \/z — /z]/ /2.

The early and lengthy work focused on the essential properties of the Mittag-Leffler
function as entire functions and remained on the theoretical level of pure mathematics.
Three decades later,the Mittag-Leffler function application the solution for a fractional
differential equation period has finally arrived lately many applications and special cases of
these functions lead many applications in solving differential equations ( see[3, 6, 19, 22, 25,
33]and references cited therein).The(classical)Mittag-Lefer function has been introduced to
give an answer to a classical question of complex analysis,namely,to describe the procedure
of analytic continuation of power series outside the disc of their convergence. Further it
has been observed that Mittag-Leffler function E, s does not belong to the family A.
Therefore, we consider the following normalization of the Mittag-Leffler function (see,[5,
24))

Eop(2) = (ﬂ)zE 8(2)

- Z+Z n_1+6)z”, z,a,B8 € C, R(B) >0, R(a) >0. (7)

Whilst formula (7) holds for complex-valued «, 8 and z € C, however in this paper, we
shall restrict our attention to the case of real-valued «, 8 and z € U.

Now we define the following new linear operator based on convolution (or Hadamard)
product.

For positive real parameters «, 8 and E, g be given by (7), we define the linear operator
Ao g A — A with the aid of the convolution product

Aapf(z): = f(z )*Eaﬁ()

— z—|—z n—1+ﬁ) 2" 2eU,8>0,a>0 (8)

where * denote the convolution or Hadamard product given by (3). Lately ,the mathe-
maticians paid more attention to the behavior of the Mittag-Lefller function and extended
their results to the complex domain. Until now, many properties of the highlighted special
function have been derived in the literature,[3, 6, 19, 22, 25, 33| for some other perspective
in this paper inspired by several previous results on connections between several sub-
classes of analytic and univalent functions, using hypergeometric functions (see for exam-
ple, [1, 10, 20, 31]), generalized Bessel functions (see for example, [4, 9]), Struve functions
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(see for example, [7, 32]) we regulate new outcomes of analytic functions linked with oper-
ator A, 5(2), defined by Mittag-Leffler function such as sufficient conditions for A, gf(2)
to be in the classes k-ST[A, B] and k —UCV|[A, B]. Furthermore, we estimate certain suf-
ficient conditions and inclusion relations among the classes R7(C, D) and k —UCV|[A, BJ.

# Ao /Bf( Aasf® 1t 16 be in the

Finally, we found conditions for an integral operator G (2) = |,

class k — UCV|[A, B].

2. SUFFICIENT CONDITIONS FOR MLFS INVOLVING JACK’S LEMMA

In the present section, we determine certain sufficient conditions involving Jack’s Lemma
for Ay 5(2), 2(Aa,p(2))" to be in the class of Janowski starlike and Janowski convex func-
tions. To prove the main theorems we need the following:

Lemma 2.1. [13] Let w(z) be regular in the unit disk U with w(0) = 0. If |w(z)| attains
a mazimum value on the circle |z| = r (0 < r < 1) at a point z, then z1w'(z1) = mw(z1)
where m is real and m > 1.

Lemma 2.2. [28] Let a function f of the form (1) satisfy
2f(2) 2f"(2)" _ (A=B)2+ A+ 4% ©
f(z) f'(z) (1+|B[)(1+ A)*

for fized constants A, B and « such that —1 < B < A< 1,9 > 0 and Vz € U. Then
f € S*[A, B].

Theorem 2.1. Let f € A. If

2(Aapf(2)"|”

1-9 1
|(Aapf(2) —1 (R s f(2)) <o (9 > 0). (10)
Then Ay gf is univalent in U.
Proof. We know that
" U
Ao f(2) Z n_1+ﬁ)az z e U,

n=

in A. Define w by w(z) = (Aq5f(2)) — 1 for z € U. Then it follows that w is analytic in
U with w(0) = 0. In view of (10)
9

/ /
1—g | 2'(2) 2w'(z) 1 1
—| = < —. 11
jw(2)] 14+ w(2) w(2)] w(z) 14+ w(z) 20 (11)
Suppose that there exists a point 21 € U such that max,|<|,,| [w(2)| = [w(21)| = 1. Then,
by Lemma 2.1, we can put % =m > 1. Therefore, we obtain
2nw'(z1) 1 v

jw(z1)]

w(z1) 14+ w(z) = (%)ﬁ 2 2%9

which contradicts the condition (11). This shows that |w(2)| = [(Aa,sf(2))’ — 1| < 1 which
implies that R(Ay gf(2))" > 0 for z € U. Therefore, by the Noshiro-warschawski theorem
(7], Aa,gf(2) is univalent in U. O

Theorem 2.2. Let f € A, and let A, 5(2) deﬁned by

= " D 12
Aoz Z+Z n—l +5)z z €D, (12)
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satisfy the inequality

zN 5(2 A—B
57 < (13)
Aa”g(z) 14+ ’B|
where =1 < B < A<1and -1 < B <0,z€U. Then zA,3(z) € S*[A, B].
Proof. Let us define a function P(z) by
P(z) = zAn p(2), (z € U).
In view of (13), we have
=4 A—-B
2Pz) : (14)
P(z2) 1+ |B|
An application Lemma 2.2 with ¢ = 0 proves Theorem 2.2. O
Theorem 2.3. Let f € A, and A, 5(2) given by (12) satisfy the inequality
2A) 5(2)| (A= B)(2+ A+ A?) 1)
A 5(2) (1+[B)(1+ A)?

where =1 < B < A <1 and =1 < B <0. Then A, 5(2) is starlike of order A;—BB and type
| B| with respect to 1.

Proof. Let H : U — C be defined by H(z) = %f)*b". Then H € A and H(z) satisfies
27 5(2)
A/a,ﬁ(z)

(A—B)(2+ A+ A?)
1+ |B])(1+ A2
A+B

An application of Lemma 2.2 with ¥ = 1 implies that A, g(2) is starlike of order <== and
type | B| with respect to 0 as the value of by = 1. O

2H"(2)
H'(z)

3. SUFFICIENT CONDITIONS FOR MLF TO BE IN k-ST[A, B], AND k-ST[A, B]

Unless otherwise mentioned, we shall assume in this paper that
a,8>0, k>0 and —1<B<A<LI1

and we will use the notation (7), therefore

Fap(1) 1= i T Fed (16)
ap(l) —1= g:z P(a(;fr_(fﬁ T h) (17)
a0 = > e (15

/01 PO - i nF(a(TI;(—B)l) ) (19)

Firstly, we obtain the necessary and sufficient conditions for E, s to be in the class
k-ST[A, B].
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Theorem 3.1. If
(2k+ B +3)E[, 5(1) + (A — 2k — 1)Eop(1) — (B+ A +2)
< |B—A| (20)
then E, 3 € k-ST[A, B].

Proof. In view of Lemma 1.1 and (4) it suffices to show that

o0

— oD ln - r(s) B
Ql-—nZ::Q[Q(k‘—Fl)( D+ B+ 1) = (At Dl < 1B -4l
Now
3 r()
Q1 < [2(k+1)(n—1)+n(B+1)+ (A+1)]
> Na(n—1)+ )
_ N o r(s)
= 2[(2k+3+3)n+<A %~ V) f = 155

_ 5 nT(8) s r(8)
— HZQ(%JFBJF?))F(Q( D75 +Z(A—2k—1)r( e

= (k4 B 3)(E (1)~ 1)+ (A~ 2k — 1)(Eap(l) — 1)
1 1) — (

= (2k+ B+3)E, s+ (A=2k-1)E,5(1) — (B+A+2)
< ‘B - A‘ ’
by the given hypothesis (20). This complete the proof of Theorem 3.1. O

Theorem 3.2. If
(2k+B+3)E} 5(1) + (B+ A+ 2)E, 5(1) — (B+ A +2)
< |B—A] (21)
then E, 3 € k-UCV/[A, B].

Proof. In view of Lemma 1.2 and (5) it suffices to show that

Qg = an(k +1)(n—1)+n(B+1)—(A+ 1)|]P(a(nr_(ﬁ1)) +8) ~

n=2

Now

- I'(8)
Q2 < ;n[(2k;+B+3)n+(A—2k—1)]F(a(n_l)_i_ﬁ)

_ OonQ (A — 9% — I'(8)
= ;2[ (2k + B+ 3) +n(A -2k 1)]F(a(n—1)—|—ﬂ)

) o . I'(3)
_ ;[(2k+3+3)( DH+nlB+ A+ 2 s 55

— _n(n—1T(B) - nl(f)
= (2k+B+3) +(B+A+2)

;F(a(n— 1)+ B) gf(a(n— 1)+ B)
(2k+ B +3)E, 5(1) + (B + A+ 2)(E, 5(1) — 1)

< ’B_A’7
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by the given hypothesis (21). This complete the proof of Theorem 3.2. O

4. INCLUSION PROPERTIES

The next class R™(p,d) was introduced earlier by Swaminathan [34], and for special
cases see the references cited there in:

Definition 4.1. A function f € A is said to be in the class R™(p,d), where 7 € C\ {0},
0<p<1, andd <1, if it satisfies the inequality

(1-p) 2 +pf(z) -1
27(1 =)+ (1= )2 + pfi(z) -1
Lemma 4.1. [34] If f € R7(p,0) is of the form (1), then

|CL ‘< 2‘7—‘(1_5)
YT 14 p(n 1)

<1, z€D.

neN\{1}. (22)

The bounds given in (22) is sharp for

1 SR 2(1 —6)r "1

pz v

Making use of Lemma 4.1 we will study the action of the Mittag—Leffler-functions on
the class k-UCV/[A, B|.

Theorem 4.1. If

2|r[(1-9) ' Eap(t)
2= [(% B+ 3)(Bap(1) — 1)+ (A — 2k — 1)/0 tdt]

< |B-A (23)
then Ao g(R7(p,d)) C k — ST[A, B.

Proof. In view of Lemma 1.1 and (4) it suffices to show that

o0

B " B I'(8) " B
;2[2(%1)(71 1)+ [n(B+1) (A+1)I]F(a<n_1)+5)\ n| < [B—Al
3 D NG
Qs < ;[2(%1)(11 D n(B+1) + A+ Dlgre =5yl
. et (A — 2k — re
— ;[(2k+3+3) + (A -2k 1>]F(a(n—1)+5)| ol
o nl(3) . = 4 o L'(B8) "
= ;(2k+3+3)r(a(n_l)+ﬁ)| n|+nz::2(A 2k 1)r(a(n—1)+5)‘ al-

Since, f € R7(p,9), in virtue of Lemma 4.1,

N\ {1 d 1 —1) > pn.
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Therefore, it is enough to show that

2|7 (1-9) % I'(B) < (A-26-1)  T(B)
. [,;2(2’”B+3)r<a<n— T I DR A g | ENC)
27| (1 - 8) o0
- [(% B+ 3)(Eap(l) — 1)+ (A—2k—1) /0 tdt]

< |B- Al

Theorem 4.2. If

QW;—‘” [(2k + B +3)E/, 5(1) + (A — 2k — 1) Ea5(1) = (B+ A +2)]

< |B- A4 (24)
then Ay g(R7(p,d)) C k—UCVIA, B].
Proof. In view of Lemma 1.2 and (5) it suffices to show that

. r()
D2k + (=) + In(B+ 1)~ (A+ Dl =557

n=2

lan| < |B — Al.

Since, f € R7(p,9), in virtue of Lemma 4.1,

2|71 (1—9)
nl S T Ly, 1 —1) = pn,
therefore, it is enough to show that
2|7 (1-9) | I'(3)
_— 2k+1)(n—-1)+|n(B+1)—(A+1
s | S 1) (B4~ (A Dl
< |B—-A|.
By a similar proof like those of Theorem 3.1 we get that A, gf € k—UCV][A, B] if (24)
holds. U

5. AN INTEGRAL OPERATOR

Advances in the subject have led to consideration of more difficult transformations
preserving the class S. The first form of this integral transform was introduced and
studied by Alexander|[18].

Theorem 5.1. If the integral operator
2 Ao gt
G p(2) = / ’f()dt, 2eU, (25)
0

is in k-ST[A, B] if the inequality

(2k+ B+3)(Fag(l) = 1) + (A— 2k — 1) /1 Ea’f(t)dt
0
< |B-4]. (26)

1$ satisfied.
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Proof. According to (8) it follows that
o0
I'(B) z
G, =z— —.
2 =2 a1 18 n
Using Lemma 1.1 and (4), the integral operator G, g(z) belongs to k — ST[A, B] if

o ) ) r(8)
D 20k + D=+ (B +1) — (A4 D Fmrr =5

n=2
Let Qu = 307520k + 1)(n = 1) + [n(B + 1) — (A + 1)l stz then

Qi < Y Rk+1)(n—1)+n(B+1)+(A+ 1)]nf(a(7];(—6)1) —

n=2
— S n - - F(ﬁ)
= > [(2k+B+3)n+ (A—2k—1)] nl(a(n — 1)+ B)

n=2

oo T(8) 2 (A -2k —1) I'(8)
Dk B+ T T T T 5

n=2 n=2

= (2k+ B+3)(Bap(1) — 1) + (A — 2k — 1)/1 Eaf(t)dt
0

n

<|B- 4.

and the above equation is bounded by |B — A|, if (26) holds. This completes the proof of
Theorem 5.1.
U

Theorem 5.2. If the integral operator
Z Ao p(t
G 5(2) ::/ ’f()dt, z e,
0

is in k — UCV|[A, B] if the inequality (20) is satisfied.
Proof. According to (8) it follows that

B > '(B) 2"
Cosl®) =2~ 2 -7 A«

Using Lemma 1.2 and (5), the integral operator G, g(z) belongs to k — UCV|[A, B] if

> L'(5)
d R(k+1)(n—1)+n(B+1)— (A+ 1)|]F(a(n_ )

n=2

By a similar proof like those of Theorem 4.2 we get that G, 3 € k — UCV]A, B] if (20)
holds. O

<|B- 4.

6. CONCLUSIONS

By specializing the parameters, we can easily state the (sufficient conditions and inclu-
sion properties) results analogues to Theorems 3.1 to 5.2 proved in this paper associated
with Mittag-Leffler function .By fixing A =1 —2p, and B = —1 with 0 < p < 1, one
can state the results for the subclasses k-SDIk, p] and k-KDIk, p| studied by Shams et
al.,[29] and by fixing A = 1, and B = —1 one can deduce the results for the well-known
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classes of k-starlike and k-uniformly convex functions respectively, introduced by Kanas
and Wisniowska [15, 16] (see also,[26]). Further by taking £ = 0 we state the results for
the function classes S*[A, B] and C[A, B], introduced by Janowski [14] and also for the
function classes S*(p), C(p), studied in [30]. Further,by fixing & = 1/2 and 8 =1 we get

E:i (z) = e -erfe(—2) = e 1+ 2 i ﬂz%+1

which yields the new inclusion results as in Theorems 3.1 to 5.2 associated with error
functions, for the function classes k-ST[A, B] and k — UCV|A, B] which has not been
studied so far,we left this as an exercise to interested readers.
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