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In this work, we study a high order derivative in time problem. First, we show that
there exists a sequence of elements of the spectrum which tends to infinity and
therefore, it is ill posed. Then, we prove the uniqueness of solutions for this problem
by adapting the logarithmic arguments to this situation. Finally, the results are
applied to the backward in time problem for the generalized linear Burgers’ fluid, a
couple of heat conduction problems and a viscoelastic model.
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1. Introduction

It is easy to find equations and systems which lead to ill-posed problems (in the sense
of Hadamard) when different models arisen in the applied mathematics are studied.
Maybe the simplest way to find this problem is when we consider the backward in
time heat equation, or the system of elasto-dynamics when the elasticity tensor
is not positive definite. The spectra of these problems contain sequences whose
elements have a real part which tends to infinity. Therefore, we cannot obtain the
continuous dependence with respect to the initial data and, moreover, a certain
norm of some solutions can blow up at finite time. So, it is important to know if,
at least, we can ensure the uniqueness of solutions.

There are several techniques to study this kind of problems. We can cite the
books of Ames and Straughan [1] or Flavin and Rionero [5], where the authors
recall different techniques to analyse them. They also study a series of problems
arisen in applied mathematics. We can find in these books a huge quantity of
references where qualitative properties of ill-posed problems are studied. One of
the most used arguments in these works is the so-called logarithmic convexity.
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We can also recall the works of Knops and Payne [7], where they obtained
results of uniqueness and instability for elasto-dynamic problems (see also [6]), and
which were extended by other authors to consider different thermoelastic theories
[15, 18]. In the book of Ames and Straughan [1] we can find a full description of
this method for the backward in time heat equation.

In the last years, a huge interest has been developed in the study of equations
involving high order derivative in time. These appear in a natural way when we
want to study different problems in the applied mathematics. Usually, parabolic
and hyperbolic equations have been considered, leading to well-posed problems,
and some results have been obtained [2, 11, 13]. However, few attention has been
devoted to ill-posed problems associated to high order equations [4]. In this work,
we aim to study one problem of this type. That is, we consider a kind of problem
which is ill-posed and associated to high order equations. We think that this is the
first contribution in this line.

Here, we consider an ill-posed problem (see equation (2.1) below) and we want
to obtain a result concerning the uniqueness of solutions. Our argument is based on
the method of logarithmic convexity. We have found two main difficulties to prove
the main result. The first one is that it was not clear the function which we had
to use. The second difficulty was that we had to bound different terms which must
be controlled. In this work, we have overcome these difficulties with the help of a
combination of integrals with respect to the time.

The plan for this paper is the following: in the next section we propose the
problem to be studied and we state some few properties to be used later. In section
three we prove the uniqueness result and, in section four, we recall three different
situations where the above result can be applied. In the last section we propose
further comments which allow to extend the results of the third section.

2. Preliminaries

Let us assume that B represents a bounded domain in R?, for d = 1, 2, 3.

In this work, we are going to study uniqueness issues for the problem determined
by the equation

a1t + agii + ... + apu™ + ) = —k(b1Au+ ...+ b, Au"1 + Au(")), (2.1)

where a; and b; are real numbers, n is a natural number greater than zero' and
k > 0, with the boundary condition

u=0 on 0B, (2.2)
and the initial conditions, for a.e. € B,

u(z,0) = u’(x), a(x,0)=u(x), ... ,u™(x,0)=u"(x). (2.3)

IThe case n = 0 corresponds to the backward in time version of the usual heat equation based
on the Fourier law. It is well known that it corresponds to an ill posed problem in the sense of
Hadamard. The uniqueness of solution in this case is well known (see[1]).
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First, we must observe that this problem is not well posed in the sense of Hadamard.
In particular, we will see that there exists a sequence of real numbers &,, which tend
to 400 and belong to the point spectrum of this problem.

In fact, if we consider solutions of the form

u(zx,t) = e“'®,(x) for ae. x € B, (2.4)
where the function ®,(x) is the solution to the problem
AD, + N, ®,=0 inB, &,=0 on JB, (2.5)
then we find that the following relation
aw + asw? + ..+ apw” + 0"t = E(bi A + bowy + ...+ bpw™ TN, W™,

holds.
That is, w satisfies the equation:

" (ay — kM) 2"+ (an_1 — kbp )zt . 4 (a1 — kba)g) — kbi A, = 0.

Our aim is to see that, when ), tends to infinity, there exists a sequence of real
numbers which are solutions to this equation &, satisfying the condition /\}/ 2 <
&, < oo such that &, — oo when A\, — oo.

First, we fix the value of \,,. Clearly, the function

Pp(z) = 2™ 4 (@, — EXp)x™ + ...+ (a1 — kba)y) — kb g

tends to +o0o when z — oo.
On the other hand, we can take the value of Py (z) for x = /\,16/ % and so, we have

P2 = A5 4 (an — kAN 4 (ar — BbaA)AY? — Kby Ay
It is obvious that the term of highest order of the above polynomial is —k)\,:%rz.
Therefore, if Ay, is large enough, we find that Pk()\llcﬂ) < 0 and so, every PT(A}-/Q),
for r > k, are all negative. Now, applying mean value theorem we conclude that
there exists &, )\,1/2 < & < o0, such that Py (&) = 0.
Clearly, for each large value of A\ we can choose & and, since /\,1@/ % tends to

infinity, we may conclude that & also tends to infinity. Therefore, we have proved
that problem (2.1)-(2.3) is ill-posed in the sense of Hadamard.
REMARK 1. This analysis also applies if we consider the equation

a1t + agii + ... + apu™ + ) = E(bjAu—+ ...+ b, Au"1) + Au(”))7

in a Hilbert space H, where A is a symmetric and positive definite operator such
that there exists an infinite sequence of eigenvalues \,, — oc.
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Now, since we have shown that the problem is not well-posed, we can ask ourselves
about the uniqueness of solutions. Hence, it will be enough to prove that the unique
solution when we consider the initial conditions

u(xz,0) =0, w(x,0)=0, ... ,u™(x,0)=0 forae xecB (2.6)

is the null solution.

Thus, our aim in the next section will be to prove that, under some assumptions,
the unique solution to problems (2.1), (2.2) and (2.6) is the null solution. Therefore,
it will be useful to recall some properties.

First, we recall the Poincaré-like inequality which states that the following

estimate
¢ 42 [t
2 . 2
[ we@de< s [l (2.7

holds, whenever u(0) = 0.
It will be also convenient to remark that

u (D (n—k) ilum)u(n—m] OO SSY

d2
- = [u(nl)umk) _ (D) (rE1) () (n—k1)

Lt . (n) . (n—1) (n—k+1)
> gt |u 17| = Wh—g(u'™,u ey U ), (2.8)

for 1 < k < n, where W,,_j, is a quadratic function in its arguments.
The relations (2.7) and (2.8) will be a key point in our study. From them, by
using Holder inequality we can conclude that

t t
/ VuDVu) ds| < C*t/ |Vu™ 2 ds, (2.9)
0 0

whenever 0 <4, 7 <m, i+7j<2n and (2.6) holds, where C* is a computable

constant.
From (2.7) and (2.9) we note that

// / / vc:lvc:rwu(ﬂ)dudes1 Ldsy,
gclt/ / / / Va2 dodrds; . . . dsn,
0 0 0 B

Gy = aru+ asti+ ...+ apu™ Y + u(”),

(2.10)

where

Go = biu+boti + ... + by + (M)
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Cy is a positive calculable constant, and we have made a systematic use of the
inequality (2.9), and for every constants a; and b;.
Finally, it is worth noting that if «(0) = 0 then

t t 1/2 t 1/2 At [t
u?(t) = 2/ utds < 2 </ u? ds) (/ |1l|2ds> < —/ |2 ds.
0 0 0 T Jo

In general, if we assume that conditions (2.6) are fulfilled, we can see that

t psn Sj+3 )
/ / / [ 2 dsjys ... dsy,
0 JO 0
At t  prsn Sj+2 .
< ;/0 /0 /0 D12 ds; 0. ds,

(2.11)

for2<j < n.

3. Uniqueness of solutions

The objective of this section is to obtain an uniqueness result to problem (2.1)—(2.3).
In order to simplify the notation, we can rewrite equation (2.1) in the form:

i = —kAQ,

where @ = aju+ asti+ ... + apu™ D +ul™ and 4 = byu + bytv + . . . + byu™ Y +
(n)
ul™,

The main idea to prove the result will be to use the function

t Sn Spn—1 S1
F(t) = %/ / / / / |i|? dvdrdsidss . .. ds,
o Jo Jo o JB
w t Sn Sn—1 S1
+ = / / / . / / |Vu("_1) > dvdrdsidssy . .. ds,,
2JoJo Jo o JB

where w is a positive constant which will be chosen later.
We have

t S s1
F(t)= / / e / / wtdvdrdsidss ... ds,
o Jo o JB
w t Sn So
- —/ / . / / (Vu" Y2 dvdrds, . .. ds,
2.Jo Jo o JB
t Sn Sp—1 S1 .
:/ / / / /&ﬁdvdrdsl...dsn
o Jo 0 o JB
t Sn S1
+ w/ / . / / Vu™vu Y dudrds; ... ds,
o Jo o JB

(3.1)
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t Sn Sn—1 S1
:—/ / / / /kﬁAﬁdvdesl...dsn
o Jo 0 o JB
t Sn S1
+ w/ / . / / VuVuD dvdrds; ... ds,
o Jo o JB
t Sn Spn—1 S1
:k/ / / / /Vﬂvadvdrdsl...dsn
o Jo 0 o JB
t Sn S1
+ w/ / e / / Vu™ Va1 dudrds; ... ds,,
o Jo o JB
t Sn Sn—1 S1
> k(1 — C’ft)/ / / . / / IVu'™ 2 dvdrds; . .. ds,,
o Jo 0 o JB

where we recall that C7 is a positive calculable constant, and we have made a
systematic use of the inequality (2.9).
We note that we can choose T' small enough to guarantee that

. k t Sn Sn—1 S1
F(t) > f/ / / / / |Vu™|? dvdrds; ... dsy,, (3.2)
2 0 JO 0 0 B

for every t < T.
Now, we analyse the second derivative of the function F. It follows that?

t Sn 51
Plt)=k / / / / (vava+vwa) dvdrds; ... ds,,
0 0 0 B
w t Sn S3
+—/ / / / |Vu("_1)|2dvd7'd53...dsn.
2 0 0 0 B

We can easily find that

t Sn S1
k;/ / ... / / VuViadvdrdsy ...ds,
0o Jo o JB
t Sn S1 .
= —k/ / .. / / uAtdvdrds; . ..ds,
0o Jo o JB
t Sn S1 .
:/ / / / ||? dvdrds; ... ds,.
0o Jo o JB

However, the second summand of the first integral in F is more difficult to handle.
We obtain that

t Sn S1 .
k/ / .. / / VaVadvdrdsy ... ds,
o Jo o JB

topsn 51 - ~ N P L L (33)
=k V(i —a+a)V(t—u+ u)dvdrdsy ...ds,
0o Jo 0o JB

=h+ 1+,

2When n = 1 the second integral on the right-hand side is fB [Vu|? dv.
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where
t Sn S1 .
I :k’/ / / / VaViudvdrdsy ...ds,,
o Jo o JB
t Sn S1 .
I :k/ / / / V(a — a)Vudvdrdsy .. .dsp,,
o Jo o JB
t Sn S1 . .
I3 :k/ / / / VaV(a —u) dvdrdsy ... ds,.
o Jo o JB
We find that

t Sn S1 .
I :/ / / / |i|? dvdrds; ... ds,
0 JO 0 B

as we have seen previously.
On the other hand, we also have

t Sn S1 .
I = k:/ / / / V(i — 4)Vadodrds; ... ds,
0 JO 0 B
t Sn S1
:k:/ / / / VEVFEydvdrds; ...dsy,,
0 JO 0 B

Fy = (a1 —b)u+ (ag — b))t + ... + (an — by)u™™ Y,

where

Fy = aji+ agii + . .. + apu™ + u™H),

We can bound the integrals of the form

1431

(3.4)

t Sn S1 ) )
/ / / /(ai —bi)Vu(“l)ajVu(J)dvdesl...dsn, ,j=1,...,n,
0o Jo o JB

by the integral

t Sn S1
Kt/ / / / V™2 dvdrds; . .. dsy,
0o Jo o JB

where K is a computable constant, after a repetitive use of the inequality (2.9).

The terms more difficult to bound are those of the form

t Sn S1 X
k/ / e / / (a; — bi)Vu(l_l)Vu("H) dvdrdsy...ds, fori=1,...,n.
0o Jo o JB

If we take into account that, for j =1, ..., n—1,
) N 1 d(n=i+1) , N )
VuO VU = S [|vu<9>|2] — W (V™. Vult),
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then we obtain

t Sn S1
k/ / / / VF, Vo™ dudrds; ... ds,
o Jo o JB
w t Sn S3
+ - / / . / / |Vu(”_1)|2dvdrd33 ...ds,,
2 Jo Jo o JB
k‘ t Sn S1
:f/ / / /G(T)dvdesl...dsn
2Jo Jo o JB
w t Sn s3
+ = / / . / / |Vu(”71)|2dvdrd33 ...ds,
2J)o Jo o JB
n—1 t Sn s1
; - ; B( +1 = bit1)

x Wi(Va™ ... VulTD) dodrds, ... ds,, (3.6)
where
n—1 ;
dn—z+1 ;
G(t) = (a1 — bi+1)W|VU( |2
=0

and W; is a quadratic expression of its arguments.

In view of the estimate (2.11) we see that the addition of the first and second
terms on the right-hand side of (3.6) is positive whenever ¢ < T and T sufficiently
small, and w large enough. Moreover, the third term on the right-hand side of (3.6)
will be greater or equal to

t Sn S1
f(C’ngC’;t)/ / / / [Vu™|? dvdrds ... ds,,
o Jo o JB

where constants Co and C5 can be easily calculated. Therefore, we find that

w t Sn S3
I + 7/ / / Va1V dvdrdss . .. dsy,
2 0 J0O 0

t Sn S1
> —Cg/ / / / \Vu(")|2dvd7'd51...dsn,
o Jo o JB

where C'5 is a computable constant for every ¢ < T and T is small enough.
Thus, we have proved that

t s s3 20 .
I+ E/ / / (Va2 dvdrdss . .. ds, > ——>F(t).
2 0 JO 0 k

We bound now the integral I3. Proceeding in an analogous way, we also have

t Sn S1 — .
Iy > 704/ / / / [Vu™ 2 dvdrds; ... ds, > C4F(t), (3.7)
0 0 0 B k

where Cy is again a computable constant for every ¢t < T, where T is sufficiently
small.
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Combining all these estimates, we conclude that, for every t < T,

t Sn 81
F(t)>2// / /\ﬂ|2dvd'rd51...dsn
o Jo o JB
t Sn S1
—C5/ / / /|Vu(")|2dvd7dsl...dsn
o Jo o JB
t Sn S1
> 2/ / / / |a|2dvd7dsl...dsn—%F(t).
0 Jo o JB k

Therefore, if we assume that ¢ < T is small enough then we find that

. . t Sn S1
FE—(F)?> 1/ / / /(|a\2+w|vu<“*1>\2)dvdfdsl...dsn
2.Jo Jo 0o JB
t Sn 51 .
2/ / / / |u|? dvdrds; ... ds,
o Jo o JB
t Sn S1
711/ / / / |Vu™ |2 dvdrds; . .. ds,
o Jo o JB
t Sn S1 . 2
= / / / /(ﬂﬁ+qu(”)Vu(”*1))dvdesl...dsn
o Jo 0o JB
1 t Sn 51 38
_ f// / /(\ﬂ|2+w|Vu("_1)|2)dvde31...dsn 38)
2Jo Jo o JB
t Sn S1 .
X 2/ / / /(|ﬂ|2+w\Vu(")|2)dvdesl...dsn
0o Jo o JB
t Sn S1
—l*/ / / / |Vu(”)|2dvd7'd51...dsn]
0o Jo o JB
t Sn S1 . 2
- / / / /(ﬂﬁ+qu(”)Vu(”71))dvdesl...dsn
0o Jo o JB

> —IFF,

where [1, [ and [* are computable constants.
The inequality (3.8) is well-known in the study of the qualitative properties of
the solutions to ill-posed problems. We find that (see [1, 5])

o—og

F(t) < F(0)T==2 F(T)ll—_i“z for a.e. t € [0, 7],

where o = e and oy = e *T. If we assume that the initial conditions are zero,

then we obtain that F'(0) = 0 and so, F'(t) = 0 for a.e. ¢ € [0, T']. This implies that
u(t) = 0 for a.e. t € [0, 1.
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This process can be repeated successively in the interval [T, 27T] and so on.
Therefore, we obtain that problem (2.1)—(2.3) has a unique solution.

REMARK 2. Our analysis could be adapted to the problem proposed in remark 1.
An elemental example could be

a1t + agii + ... + apu™ + ) = kA2(b1u + . by 4 u(")),
with the boundary conditions:
u=Au=0 on OB.

Another interesting example could be again the problem proposed in remark 1 when
Au = (b;j(x)u ) ;, where b;j(z) is a symmetric positive definite tensor.

4. Applications to some special problems

In this section, we focus on the application of the result given in the previous
section, related to the uniqueness of solution, to the generalized Burgers’ fluid, a
couple of heat conduction problems and a viscoelastic problem. In particular, we
aim to prove that, under certain conditions, it is not possible that the solutions to
these three problems are localized in time. It means that, if the solution vanishes
after a finite time ¢y > 0, then this solution is null. It is convenient to note that
this property is equivalent to show that the backward in time problem has a unique
solution.

4.1. Generalized Burgers’ fluid

In the paper [14] the authors proposed in a natural form the system which
determines the evolution of the linearized form for the generalized Burgers’ fluid.
We recall that it is written as follows,

PV + M0+ X)) = =Vg+ mAv + 12 Av + 13 AD,
div v = 0.

In the previous system, v is the velocity and Ay, A2, 11, 12, 73 are positive
constants. It is easy to rewrite this system as

1 A . .

o4 Loy = B (mAv+mAv+Av> — V¢
A2 A2 A2p \ 13 73

The backward in time problem is written in the following form:

P NP NP St B T = A”ip (mn3 " Av — nonz T AD + AD) — Vg*
2

Therefore, it leads to the following system:

Ao = AN+ = —% (mns *Av —nany ' Av + AD) + Vg
2
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This system is of the form:
v = —kAD + Vg, (4.1)

where k = ;7?3, a1 = )\gl, as = —Al)\gl, by = 77177??1 and by = —77277??1, and we
adjoin null boundary conditions. Since we assume that p, Ao and 73 are positive,
then problem (4.1) is ill posed in the sense of Hadamard.

Thus, the arguments proposed previously can be adapted easily to this situation
and we can conclude the uniqueness of solutions to the backward in time problem.

4.2. Dual-phase-lag and three-phase-lag heat conduction
One of the theories proposed by Tzou [17] considers the heat conduction equation:
2

Tq . . 7'% . .
?T+@T+T=kA?AT+ﬁAT+AT,

where £ > 0 and 74, 77 are two positive relaxation parameters. The backward in
time version of this equation is

*?T+TqT7T:k 7AT*TTAT+AT .

We can write

L2 2 . .. 2 . 2
T =0+ ST =k (TT> <AT— AT+ 2AT> .
Tq T, Tq T T

In view of the arguments of the previous section we can guarantee the uniqueness
of solutions to this last equation with homogeneous Dirichlet boundary conditions.

In 2007, Roy Chouduri [3] proposed the heat equation:
7, T +T = kAT 4+ 77 AT + krp AT,

where k and £* are two positive parameters, 7, = k*7, + k and 74, 7, and 7 are
three relaxation parameters. The backward in time version of this equation becomes

§ o ovpo ke (AT— DA L T>.
Tq krr kTt

Therefore, we can guarantee the uniqueness of solutions to the problem determined
by this equation with homogeneous Dirichlet boundary conditions.

4.3. Viscoelasticity
Lebedev and Gladwell [10] proposed a constitutive equation of the form:
C(a/c'?t)al—j = A(@/@t)ekkéij -+ 2B(8/8t)sij,

where A, B and C are polynomials, 0;; is the stress tensor, €;; is the strain tensor
and 6;; is the Kronecker symbol.
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In the case that we consider anti-plane shear deformations and we assume that
degree(C') = degree(B) — 1, we can obtain an equation of the form:

w"t) +ogu™ + L+ agu® = w(boAu+ ...+ by Au1 4 Au(”)), (4.2)

where p > 0. We can apply the results of the previous section to the backward in
time version of this equation to conclude the impossibility of localization for the
solutions to the equation (4.2). In fact, we could use the results for a more general
version of viscoelasticity.

Viscoelastic fluids have deserved much attention in the last years. An interesting
class of them can be found in [12]. Linear and nonlinear versions have been studied
[8, 9, 16]. For some of them, the study we have developed can be used. For instance,
the ones called of Oldroyd can be written as

Ui + y0; +pi = pAD; + (B + py)Avg, v =0,

where the parameters u, v and 3 are positive. The backward in time version of this
equation can be written as

B+ pry

Uy — YU; +pi= —[L(A’[}i — A’Ui), Vi = 0.

Therefore, our results apply to this case. However, it is suitable to recognize that
our arguments cannot be used to study others viscoelastic fluids as the ones known
as Kelvin—Voigt type.

5. Further comments

In the previous sections, we have assumed that a; and b; are constants. The reason
was that we needed it to prove that problem (2.1)-(2.3) is ill posed in the sense of
Hadamard. However, in order to prove the uniqueness of solutions this assumption
is not required as we will see below.

In what follows, we point out the changes in the proof that we need in the case
that a; and b; can depend on the point; however, we still assume that k is a constant.
Anyway, we impose that a; and b; are C! functions with respect to variable z.

It will be relevant to take into account an easy extension of the equality (2.8).
We also have

- d n n— n n—
FOtD) gln=k) dt(f( )4 k)) _ fm) gln=kt1)

d2 n— n— n— n— n n—
_ dt2<f( D k)) _ fn=1) gnkt1) _pm) gn—k1)

dk+1 k k k k+1 k+1
= ) f(”— )g(”— )| f(”— )_|_f("— + )++f(") g(”— + ).

(5.1)
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Now, we develop the analysis. First, we note that the inequality (2.10) also holds
in our case. We can define the function F(t) as we have done in (3.1). Therefore,
estimate (3.2) also holds. The unique difference is that we need to apply the Poincaré
inequality at several points. We also have equality (3.3) where I; are given in (3.4).
Moreover, the equality (3.5) is satisfied but, again, the most difficult point is to
estimate Iy. We have:

6
VRVE, =Y M,

where
M1 = Z V(G,Z - bi)u(i_l)ajVu(j), MQ = Z (ai - bi)Vu(i_l)Vaju(j),
i,j=1 i,5=1
M5 = Z V(a; — b;)Vaju uli= )u(j), My = Z (a; — bi)ajVu(ifl)Vu(j),
1,j=1 i,j=1
Ms = Zv =D+ Mg Z — b)) Vuli Dy,
Again, integrals M;, : =1, ..., 4, can be controlled by expressions of the form:

t Sn S1
Kt/ / / / |Vu™ 2 dvdrds; . .. ds,
0 JO 0 B

To estimate integral Mg we can follow the same argument that in estimate (3.6) to

obtain
M6+—// / /|Vu”1 |2 dvdrds; . ..ds,
—(K1+K{‘t)// / /|Vu(”)|2dvd7dsl...dsn,
0 0 0 B

where w; is large enough and K; and K7 are constants whenever ¢t <7 and T is
sufficiently small.
Using the equality (5.1) and the Poincaré inequality we can find that

M5+—// / /|Vu" D12 dvdrdsy . .. ds,
—(K2+K;t)/ / / /|vu<”>|2dvd7dsl...dsm
0 JO 0 B

where, again, wy is large enough and Ky and K3 are constants when ¢ <71 for T’
sufficiently small.
Moreover, we can estimate I3 as in (3.7) after the use of the Poincaré inequality.
Therefore, we can obtain once again an inequality of the type of (3.8) and so, we
can conclude the uniqueness result proceeding as in § 3.
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