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ABSTRACT 

This study focuses on predicting axial compressor stage characteristics using a 

single performance point comprised of mass flow, temperature rise and pressure rise 

coefficients (O, Y1, and ¥p) obtained in experimental testing and a generic stage 

temperature characteristic. A new temperature characteristic is generated using a mapping 

technique where changes in stage blade angles are iterated from assumptions of free 

vortex flow and constant increment of flow turning angle with increased flow incidence If 

additional data corresponding to the new curve are available, the characteristic is adjusted 

using non-linear least squares estimation. Essentially, the modified mapped curve results 

from a re-estimated change in the stator outlet angle which is iterated to minimize the total 

error between the new curve and the new aggregate of the given data. 

A pressure characteristic for the single data point may be predicted from the new 

temperature characteristic and an assumption of constant efficiency. Upon collection of 

additional data points, three being sufficient, an improved pressure characteristic is 

obtained using an improved model for efficiency. 

The predicted characteristics agreed well with calibration data in pre-stall regions. 

For those data near stall, the assumed linear relationship between incidence and flow 

turning is invalid, and a new model for flow turning is required. 

XIV 



I. INTRODUCTION 

1.1 Background 

A plot of temperature and pressure changes versus mass flow, compressor 

stage characteristics display the entire operating range for a stage. The mass flow, 

temperature and pressure rise are often non-dimensionalized and typically redesignated 

as flow (O), temperature (Y1), and pressure Q¥p) coefficients. The superscripts "T" 

and "P" denote temperature and pressure, respectively. Figure 1.1 is an example of a 

compressor characteristic. This figure also shows the efficiency characteristic which 

can be calculated from the pressure and temperature characteristics. 

Characteristic curves are developed during the design process and verified by 

testing. In the first case, they are developed from first principles (and computer codes) 

using blade and machine geometry and the semi-empirical methods of cascade theory 

to adjust for losses due to separation and boundary layer effects. Off-design 

performance, i.e., the characteristic, due to profile loss on the surfaces of the blades, 

annulus skin friction and secondary losses due to three-dimensional flow effects, may 

be estimated using empirical data and relationships as described in Ref. 7. Figure 1.2 

shows a comparison of a characteristic calculated using first principles augmented with 

cascade theory and the actual characteristic determined by testing the compressor. 

In the testing phase, mass flow, temperature and pressure data are non- 

dimensionalized to account for different environmental operating conditions (such as 
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inlet temperature and pressure), rotor speeds and the size of the compressor. Ideally 

(barring Reynolds number effects and excessive losses), the data acquired in this 

manner should collapse to a single curve independent of rotor speed and environment. 

For fixed relative blade geometry, the temperature and pressure rise for a given stage 

could be determined by geometrically scaling up or scaling down from a characteristic 

curve representative of a family of compressor stages. Figure 1.3 illustrates the 

correlation of head coefficient versus flow coefficient along a single curve for a 

centrifugal pump. The head coefficient (a measure of the energy transfer) is a scaled 

form of the temperature coefficient used in axial compressors. 

It is useful at this point to review possible methods of developing 

characteristics for variable geometry. For stages of a given rotor geometry, a change 

in inlet gas angles due to variable inlet geometry will create a family of characteristics 

with inlet gas angles as the parameter. A change in blade angles, such as occurs with 

variable inlet guide vanes (IGV) or stator vanes, will cause the stage characteristics to 

be shifted up or down relative to the original curve. Figure 1.4 shows an example of 

how the pressure characteristic Q¥p vs. O) may be changed due to a change in the 

stator outlet angle. This figure was developed using a computer code, STGSTK 

(described in Ref. 12), capable of predicting the overall performance of an axial 

compressor. Ref. 12 describes the method by which STGSTK changes individual 

stage characteristics due to blade angle resets. The program user must input the 

design pressure rise and efficiency characteristics. (If the characteristics are 

unavailable, they are estimated by parabolas through the design pressure rise and 
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efficiency for the design flow coefficient.) The design pressure characteristic is 

adjusted for changes in speed and blade angles through changes in flow angles, mass 

flow rate, and pressure and temperature rise. A change in the stator outlet angle is 

precluded from causing a change in any of the other angles (relative flow angles inlet 

and outlet to the rotor) through an adjustment of the flow coefficient. The algorithm 

also assumes that the efficiency for the new pressure characteristic remains unaltered. 

STGSTK, however, requires design-level knowledge of the compressor. For example, 

all of the blade angles as well as the resets or changes in those angles must be known. 

The design pressure and efficiency stage characteristics for each stage are also 

essential inputs to the model and must be fully developed before the model may be 

used. 

With individual stage characteristics known or estimated, the stage stacking 

analysis determines the overall compressor performance. The meanline velocity 

diagram inlet to the first stage along with the pressure ratio and efficiency for the given 

flow coefficient determines the outlet meanline velocity and this gives the inlet 

conditions of the second stage. The second stage outlet conditions are the inlet of the 

third stage and so on to the final stage until, finally, the overall temperature and 

pressure rise of the compressor are determined. 

In an indirect procedure, individual stage characteristics can be developed from 

the generalized compressor stage characteristic typical ofthat shown in Figure 1.5. 

Ref. 10 describes the procedure which involves a stage-stacking approach and 

iteration of the design point values, *¥}&/, OREF, at the maximum efficiency point. 
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The general pressure characteristic shown in Figure 1.5 was developed using pressure 

rise data for a number of different compressor stages as referenced in the figure. Since 

the stage-stacking method requires knowledge of the blade angles, the initial absolute 

flow angle inlet to the first stage is assumed to be 15 degrees if the compressor has 

inlet guide vanes. Without IGV's, the initial angle is zero degrees. A variable angle 

geometry schedule is estimated based on field measurements of the compressor in 

question. A stage-stacking analysis given a mass flow, inlet temperature and pressure, 

and estimated inlet flow angle, yields the general stage characteristics. The 

characteristics are updated for new reference design points (OREF, ¥REF ) for each 

stage until agreement occurs between the calculated overall temperature and pressure 

rise and those of the given compressor. 

So far, a direct and indirect way have been described to develop stage 

characteristics. The degree to which characteristics are straight rather than parabolic 

can allow for simpler analysis. For example, one may account for variable geometry as 

given in Ref. 2 which describes a model for off-design performance using ideal, 

straight-line-design stage characteristics. The model is accurate only for small 

deviations from the stage design point (within 4 percent of the design flow coefficient), 

since for large deviations the characteristic is curved due to losses and separation of 

the flow. A benefit of the straight-line-characteristic assumption is its use in studying 

perturbation effects and possible design changes. 
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1.2 The DYNTECC Analysis Program 

The analysis and resulting code formulated during this research will become an 

integral part of the DYNamic Turbine Engine Compressor Code developed at Arnold 

Engineering Development Center at Arnold Air Station. DYNTECC [Ref. 6] is a one- 

dimensional, stage-by-stage axial compression system mathematical model designed to 

analyze dynamic instabilities of any compression system. DYNTECC numerically 

solves the mass, momentum, and energy equations with turbomachinery source terms 

(mass bleed, blade forces, and shaft work). Stage characteristics are an essential part 

of the compressor model and are required as inputs to DYNTECC. 

Generally, stage characteristics required for DYNTECC are acquired from 

tests on the actual compressor being modeled. The test data is curvefit using an 

external program, PACFIT, which separates the test data into subsets, fits a parabolic 

curve through each subset and records a series of constant coefficients for each 

segment accounting for temperature and pressure coefficients as a parabolic function 

of flow coefficient. PACFIT coefficients along with the appropriate flow coefficient 

ranges are inputs to the DYNTECC model and used subsequently within the model to 

determine the pressure and temperature rise over each stage for any given mass flow. 

Other required inputs to DYNTECC include hub and tip radii, rotor blade 

speed, the axial location of the entrance and exit to each stage, and a number of 

parameters defining the operating environment of the compressor, such as inlet 

temperature and pressure. These inputs are outlined in Ref. 13. DYNTECC does not 

require and cannot accept any specific blade geometry. 
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Currently, AEDC is modifying DYNTECC so that it can be applied as an on- 

line test data validation software package to allow for rapid on-site determination of 

data outliers or inconsistencies. Essentially, it will run while a compressor is being 

tested and before fully-developed stage characteristics are defined. Requisite to that 

modification is an ability to develop the stage characteristics during the test itself using 

an initial data point (temperature and pressure rise for a given mass flow rate) acquired 

for each stage characteristic. 

1.3 Problem Statement 

In an effort to stay within the limits of the current DYNTECC inputs, the use 

of first principles which requires blade angles, thickness, spacing, height, and chord 

length of the actual blades, information which is usually proprietary to the compressor 

designer, and thus unavailable, was eliminated. The problem finally reduced to: Given 

only a single performance point, comprised of temperature and pressure rise versus 

mass flow rate, overall stage geometry, and operating environment data, determine the 

pressure and temperature characteristics for the stage over the entire range of flow 

coefficient. 

1.4 Approach 

The solution method involved relating a performance point acquired real-time, 

stage-specific parameters and a general reference curve, to obtain a new characteristic 

through the performance point. The reference curve could be that of the stage being 

tested, perhaps one that was acquired during scale model tests, or a general curve 
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representing the performance of a number of other compressor stages. An essential 

requirement was that the reference curve be non-dimensionalized with respect to 

radius, operating environment and blade speed in a way consistent with the governing 

equations for mass flow, momentum and energy. 

The performance point for a stage must also be similarly non-dimensionalized 

and compared to the reference curve. The algorithm assumes that the performance 

point is not on the reference curve and has possibly experienced a blade angle reset. 

Based on the references cited earlier (Ref. , 10 and 12), the curve generation 

methodology presented in this thesis assumes that because stage characteristics of 

fixed geometry should collapse any differences between the reference curve and the 

given performance point are due solely to a change in the absolute gas flow inlet angle, 

Cli. 

Figure 1.6 is a graphical depiction of the problem statement and its solution. 

Since the pressure curve is related to temperature curve through the efficiency, a new 

temperature curve is generated first. The test values, Ox and *FT , are used to 

determine both the change in ai from the reference curve and the point on the 

reference temperature curve (OR, TR
T) that transforms to the test point. This is 

accomplished by determining the vector sum of the change in *FR due to Aoci along a 

line of constant flow coefficient and the change in <J>R due to Aai along a line of 

constant temperature coefficient. With a new cti computed, the temperature curve 

through the test point, OT, ^T
1
, is generated using the flow and temperature 

coefficients of the reference curve. From ^FT
7
 and *FT

P, the efficiency at the test point 
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is calculated and initially assumed constant for the whole range of flow coefficient. 

Finally, a new pressure curve is generated using the constant efficiency and the new 

temperature curve. 

Once the new temperature and pressure characteristics are generated, another 

portion of the algorithm uses additional data points acquired real-time to improve the 

estimated curves. For the temperature curve, this is accomplished using a non-linear 

least square algorithm to adjust the calculated Acti such that it minimizes the sum- 

squared error between the test data and calculated temperature coefficients. 

Additional data points can also be used to improve the efficiency model which up to 

this point had been assumed constant. The additional test data are used to develop a 

parabolic function for the efficiency, and the pressure curve is recalculated using the 

new efficiency and temperature curves. 

The following items were accomplished during the validation of the methods 

presented in this thesis: 

1. A curve generation algorithm was developed to generate new stage characteristics 

from a reference curve for the same stage and one test data point comprised of <i>, XFT, 

yp 

2. The algorithm was also used to predict the characteristics for other stages using a 

reference curve from one stage and one test data point from a different stage. 

3. The effect of changing the input data point, <£, lFT, on the accuracy of the curve 

generation was studied. 
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4.   Finally, an improvement scheme for the generated curves due to additional test 

data points was examined. 

The remaining chapters in this thesis are devoted to: Chapter II, a development of 

the governing equations and algorithms used to predict a new characteristic from a 

single data point and to update the prediction as new data is accumulated; Chapter III, 

the selection and development of reference curves to be used in the prediction 

algorithms; Chapter IV, application of the prediction algorithms to stage performance 

data for a three-stage axial compressor and a summary of the results; and Chapter V, 

conclusions and recommendations for the project. 
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n. DEVELOPMENT OF GOVERNING EQUATIONS AND CURVEFIT 
ALGORITHMS 

2.1 Introduction 

There are four steps in determining the temperature and pressure stage 

characteristics from a test performance point comprised of <I>, XPT, VFP. First, a 

reference temperature curve is compared to the test data flow and temperature 

coefficient. Second, if they do not lie along the same line, parameters for a new 

temperature characteristic are computed based on a change in stator outlet angle. 

Third, a new temperature curve is developed and the efficiency at the given point 

calculated using the test data temperature and pressure coefficients. Fourth, with the 

efficiency initially assumed constant over the entire range of flow coefficient, a new 

pressure curve is generated using the new temperature curve and the constant 

efficiency. 

The theory and necessary equations used to solve this problem as described 

above are presented in this chapter. First, non-dimensionalized stage characteristic 

parameters for the performance point and reference curve are defined. Second, 

theoretical relationships between the flow, temperature and pressure coefficients are 

derived. Third, the equations employed in adjusting the curve assuming a change in the 

stator outlet angle are derived. Fourth, the development of the reference curve angles 

is described. Finally, the solution algorithms are presented. 

The derivations presented below are based on the following assumptions: 
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1. Compressibility effects over the stage may be ignored. This is common in many 

derivations as seen in Ref. 3. For example, the density change for first stage of the test 

compressor used to verify this approach is only seven percent of the initial value. The 

density is treated as a step change between stages. 

2. The flow is in radial equilibrium (i.e., the radial component of the flow velocity is 

negligible) and follows free-vortex flow theory such that the product of the tangential 

flow velocity and the radius is constant. With these assumptions and assuming 

incompressibility, the work done by the compressor is equal at all radii. Thus, the total 

stage performance may be determined from mean radius calculations. 

3. The increment in deflection angle for an increment in incidence for a stage is 

constant. This limits the analysis to pre-stall effects. At stall and post-stall, the slope 

of the deflection versus incidence curve can vary considerably with changes in flow 

coefficient. 

4. For a given rotor speed, the stator outlet angle, <xi, remains constant for the entire 

flow coefficient range although the stator blades may be reset for a change in rotor 

speed. 

2.2 Non-Dimensionalization of the Stage Characteristic 

There are many ways to define the flow, temperature and pressure coefficients 

in order to non-dimensionalize the stage characteristics. For example, using the 

definitions from Ref. 4, the flow, temperature and pressure coefficients are given by: 
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0 =  (2.1) 
2pm7tNr A ~ m mm 

yT =     CpAT0S  ^ (22) 

(2* N rm ) 

AP 
VP=—. ^7 (2.3) 

PO1(2TC N rm ) 

where m = the mass flow rate, N = the rotor speed in rotations per second, rm = the 

mean radius of the stage, A™ = the mean area of the stage, AT0S = temperature change 

over the stage, AP,» = pressure rise over the stage, pm= the mean density of the stage, 

and poi = the inlet stagnation density of the stage. Equations (2.1-3) are also the 

characteristic coefficients used in this analysis. 

Since variations due to speed, operating temperature and geometry are 

accounted for by nondimensionalization of the performance parameters, all 

performance data for a stage should collapse into one curve. When this does not 

occur, the deviation of the data from a single curve is generally attributed to Reynolds 

number, stall and secondary loss effects. The deviation can also be due to changes in 

the blade geometry such as variable vanes. As this analysis is limited to pre-stall 

performance by assumption 3, stall and loss effects on the performance data are 

minimal when compared to the effect of changing blade geometry. Thus, deviations of 

the data from a single curve are assumed primarily due to changes in the blade angles, 

particularly changes in the upstream stator outlet angle (ai). 
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2.3 Adjusting the Characteristic for Changes in IGV or Stator Angles 

2.3.1 Basic Compressor Equations 

Shown in Figure 2.1 are the various angles of the compressor stage that will be 

referenced in this derivation. The subscripts "1" and "2" denote the inlet and exit to 

the rotor, respectively; thus, absolute air angles inlet and outlet to the rotor are 

designated cti and a2, respectively. The direction of the flow with respect to the rotor 

blade is given by ßi and ß2. The deflection angle, s, is equal to ßi - ß2. This is the 

overall angle through which the rotor turns the flow. The outlet angles of the stage 

are the inlet angles to the next stage. Hence, a3 for the first stage in a compressor is 

ai for the second stage. 

The absolute inlet flow angle, <xi, is zero for the first stage unless an inlet guide vane 

(IGV) is present. The IGV turns the flow from a purely axial direction before it enters 

the compressor. C denotes the absolute velocity while V is the flow velocity relative 

to the rotor. 

As seen by the velocity triangles, the inlet and outlet blade speeds, Ui and U2, 

and the flow's absolute axial velocities, Cai and C^, are related to the flow angles by: 

U, 

c„ 
tanccj+tanß, (2.4) 

—*- = tana 2+ tan ß2 (2.5) 
^.2 

Using conservation of mass principles and assuming no bleed flow from the 

stage, the mass flow rates entering and exiting the rotor are equal and given by: 
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mi = m2 (2.6) 

mi = piCaiAi (2.7) 

m2 = p2Ca2A2 (2.8) 

The power input to the stage due to a change in angular momentum is given 

by: 

W^CUzCva-UiCwi) (2.9) 

where Cwi and Cw2 denote the inlet and outlet tangential velocities The power input 

can also be determined by the difference in the stagnation temperature between the 

stage's inlet and outlet: 

W = mCpATos (2.10) 

where Cp is the specific heat of the gas taken as constant across the rotor. 

Setting (2.9) and (2.10) equal and simplifying: 

CpATos = (U2CW2 - UlCwl) (2.11) 

Using (2.6-2.8) and the velocity triangles, the right hand side of (2 .11) can be 

determined in terms of the mass flow. Starting with the velocity triangles: 

Cwi= Cai tan ai (2.12) 

Cw2 = U2 - Ca2 tan ß2 (2.13) 

Using (2.7-2.8): 

Cai = mi/piAi (2.14) 

Ca2 = m2/p2A2 (2.15) 

Substituting the above into (2.12-2.13): 
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Cwi = mi tan ai/piAi (2.16) 

Cw2 = U2 - m2 tan ß2/p2A2 (2.17) 

Substituting (2.16) and (2.17) into the right hand side of (2.11) and using conservation 

of mass: 

C AT   = p OS u 2    U2mtanß2    L^mtana, 

p2A 2il2 PiAi 
(2.18) 

Replacing the mass flow and the temperature change by <I> (2.1) and ^(2.2) we have 

an equation solely in terms of the flow and temperature coefficients: 

¥T U U2 Amd>tanß2    U.AjDtana, 

fa Nr.) A22TI Nrffi A, 2% Nr„ 
(2.19) 

The above equation also assumes that the flow is essentially incompressible over the 

stage, i.e. pi = p2 = pm. 

The temperature coefficient can be recast in terms of the flow angles using 

velocity triangles, conservation of mass, and the definition of the flow coefficient. 

Substituting (2.14) into (2.4) and solving for the mass flow: 

p,A,U, 
m = 

tana, +tanß, 

Dividing through by the mean radius and area and substituting Ui = 2rcNri 

(2.20) 

m 

A_r_ 

P,AJ2TC Nr, 

tana, +tanß,J Amrm m m 

Dividing both sides by 27iNpi: 

(2.21) 
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m A,r, 

p,Am27c Nrm    Uanc^+tanß^ Ar 
(2.22) 

Substituting (2.22) into (2.1) and again assuming the flow across the stage is 

incompressible: 

& = 
1 

Uana.! + tanß,y 

A,r, 

Amrm m    m 

(2.23) 

Substituting (2.23) into the right hand side of (2.19) results in: 

*PT = 
U U2A,rj tanß2 U,r, tana. 

(271 Nrm)2    A227C N r*(tana, +tanß,)    27i N r*(tana, +tanß,) 
(2.24) 

In the above equation, the explicit dependence on the flow coefficient has been 

removed. However, its effect is still present through the tan oci + tan ßi terms in the 

denominators. 

The pressure coefficient is related to the temperature coefficient through the 

efficiency. For an ideal stage, the stage's pressure ratio can be calculated from the 

temperature ratio by: 

o2 

ol 

lo2 
Y-l 

V W 
(2.25) 

Putting (2.25) in terms of temperature and pressure changes: 

AP. 

P0, 
+ 1 

AT > 
+ 1 

v T0l      j 

r-i 
(2.26) 
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Since there are losses in the compression process, not all of the temperature rise 

results in a rise in pressure. This is accounted for by the isentropic efficiency. 

Including the efficiency: 

*5» 
P.. 

■+i = 

A 

v   T0l        j 

y-l 

(2.27) 

Finally, putting the temperature and pressure changes in terms of SPP (2.3) and Y1 

(2.2) and using the ideal gas law: 

\T/I T0lR 
(271 NrJ2 1 + 

ri ^T(27i NrJ2 

CPT0l 

r-i 
(2.28) 

When determining the pressure coefficient, it will be initially assumed that the 

efficiency is constant over the whole range of flow coefficient. In the pre-stall case 

where the flow coefficient is close to the design point, the efficiency changes very little 

from the maximum. However, as seen in Figure 1.1, the efficiency changes 

dramatically as the flow coefficient moves away from the design point and into the off- 

design portion of the curve. 

2.3.2 Changes in the Performance Coefficients 

The basic equations describing the relationships between the performance 

coefficients are given in equations (2.23), (2.24) and (2.28) and account for rotor 

speed and geometry. The change in the performance coefficients due to a change in 

the IGV or stator outlet angle, ai, can be determined from those equations. When 

determining the change in a multivariate function due to a change in its variables, the 
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differential can be used as an approximation of that change.   Given a function z = 

f(x,y), this can be mathematically stated as (Ref. 9): 

.      dz .      dz . .. „. 
Az =—Ax + — Ay (2.29) 

Sx        dy 

where dz/dx. and dz/dy are the partial derivatives of z with respect to x and y 

respectively. This concept is used to determine the changes in the temperature and 

flow coefficients. For constant rotor speed and fixed geometry functional relationships 

of (2.24) and (2.23): 

Teflon, ß2) (2.30) 

<B=f(a,,ß,) (2.31) 

For ease in calculating the derivatives, both functions are put in terms of the same flow 

angles. Thus, the relationship: 

ß2 = ßi-e (2.32) 

is substituted in (2.30) to remove the ß2 dependence. 

VT=tba.uVus) (2.33) 

In general, the change in temperature and flow coefficients due to a change in angles 

is: 

AWT = (ffVVdai) Act, + (ö«PT/aPi) Aß, + (d^/dsx) As (2.34) 

A<D = (30/daO Aai + (dO/dßi) Aßi (2.35) 

When determining the changes in the flow and temperature coefficients, a 

change in the temperature coefficient will be computed along a line of constant flow 

coefficient, and a change in the flow coefficient will be computed along a line of 
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constant temperature coefficient.   Thus, for the derivative of *FT (2.24), <D is kept 

constant. Similarly, T1 is kept constant for the derivative of $ (2.23). In either case, 

ßi and 8 depend only on ai, and the functions in (2.30) and (2.31) can be cast in terms 

of the single variable, <xi. The changes in the performance coefficients due to a change 

in ai are then: 

Axj/T = (9YJ/T/5(XI) A(Xi (2 36) 

A<£ = (dQ/dai) Aai (2.37) 

The change in ¥P
P is related to the change in ^P

7
 and the efficiency by (2.28). 

2.3.2.1 Change in the Temperature Coefficient for Constant <!> 

Starting with (2.33) and expanding the partial derivative where the variables ßi 

and e are dependent upon oti (through the constant flow coefficient in (2.23)): 

d¥T/3a, = ffVVdat + (5^T/5ßi) (dßi/dai) + (dVT/ds) (Se/ößi) (ößi/5ai) (2.38) 

Using (2.24): 

d ^                lisec2^ fU2A, „ | rt im  =            tan(ß, -£ )-U1tanß1   (2.39) 
d a,     27C Nr^tana, 4-tanß,) V A2 

d ß,      2TC Nr^tana, +tanß,)2 

f     TT   A "\ 
L(sec2(ß,-e )(tana,+tanß,)-tan(ß,-£ )sec2ß,) + U! tana, sec2 ß 

/ 

V     A, J 

(2.40) 

iZL = LWi (sec2(ß1-s )) (2.41) 
de       A22TC Nr2(tana,+tanß,) 
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In order to determine the changes in ßi and s with respect to ai, the flow 

coefficient (2.23) is used. Solving (2.23) for ßi and taking the derivative with respect 

to ai holding O constant: 

ßi = atan((Airi/Amrm<D) - tan ai) (2.42) 

d ß, -sec2a. 
dai     .   ( A.r, ^ 

-tana, 
J 

2 (2.43) 

1 + 
.Amrm<i> v      mm 

The change in e is functionally given by: 

Se/axi = (de/Sßi) (5ßi/aa0 (2.44) 

For two-dimensional and free vortex flow, it can be shown that the deflection angle, s, 

is a function of only ßi. Thus, the first term in (2.44) is an ordinary derivative, de/dßi. 

This derivative can be estimated using the approximately linear relationship between 

the incidence and deflection angles as shown in the pre-stall portion of the curve in 

Figure 2.2. The "*" values are fixed and denote a design point value for the cascade. 

The variable incidence is related to ßi through the fixed blade angle, ßi', as follows: 

i = ßi-ß' (2.45) 

i* = ßi*-ßi' (2.46) 

i-i* = ßi-ß/ (2.47) 

Taking the derivative of both sides: 
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d(i - 0 = dßi (2.48) 

d[E/s*] /d[(i - i*)/e*] = ds/dßi (2.49) 

The right hand side of (2.49) will be designated e' throughout the rest of this paper and 

is a source term used in determining the changes in the temperature characteristic. 

Putting this all together: 

dzldax = zy{d^ldax) (2.50) 

For a constant e', the above relationship is true only for the pre-stall case. As 

the stage moves into and past stall, the relationship between the deflection angle and 

the inlet flow angle is no longer linear. As seen in Figure 2.2, the slope of the 

deflection curve may be zero or negative as flow through the stage approaches and 

moves past stall. 

2.3.2.2 Change in the Flow Coefficient for Constant ¥T 

The change in the temperature coefficient due to a change in oil has been 

determined. The change in the flow coefficient along a line of constant temperature 

coefficient is derived similarly from (2.31) noting that ßi depends on ai via (2.24) with 

*¥T constant. 

ÖO/dai = SO/dai + (öO/dß,) (dßi/daO (2.51) 

Starting with (2.23) to get the partial derivatives of O with respect to the angles: 

3<D 
d a, 

2 "* -sec a, 

(tanaj + tanß,) 

A'fl (2.52) 
1 VIlOIlUj f l3»Pl I   J ™-m  *m A„ r. 
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-sec2ß, 

(tana, +tanß,) 

Airi 

A„ r 
(2.53) 

In order to get dßi/öai, solve (2.24) for ßi and take the derivative holding T1 

constant. 

tanß, = 

U2A,r, tan(ß, -s)    L^r, tana, 

A22TC N Tl l n 2TI N r2 

u2 

(2TC NrJ2 
XJ/T 

ö a, 

U,r, 

2TC N r. U 
U27C Nrm)

2 
_xpi 

sec a 

sec2 ß, 
(1-8 ')U2Airi 

U 
sec2(ßj -s) 

U27C Nrm)2 -V A22TC N r^ 

(2.54) 

(2.55) 

2.3.3 Calculating the Reference Curve Angles 

The previous sections demonstrate how an initial reference curve may be 

adjusted by a change in ai. The reference curve is a general temperature characteristic 

used in determining the new temperature characteristic through the test flow and 

temperature coefficients (OT, ^V) Once the differences in geometry or flow angles 

between the reference curve and the test point have been calculated, the new 

temperature curve can be generated from the reference curve. The reference curve is 

based either on the temperature characteristic from the stage to be tested, other scaled 

models, or other compressor stages in the same compressor.    The angles are 
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determined through a single reference data point, and the füll curve is developed 

through iteration of s' which will be discussed in section 3.3.3. 

For evaluation of the partial derivatives in equations (2.39-41, 2.43, 2.50, 

2.52-53, and 2.55), reference curve values are required for the determination of 

dO/da and dW/da, and this involves knowing the angles (ai, ßi, and s) for the 

reference stage at the particular reference point which maps to the new curve. Not 

only do we want to determine the change in the stator outlet angle, Aai, we need to 

know ai for the reference curve, ai is constant for the entire reference curve because 

it is assumed that the stator blade is fixed for a given rotor speed. However, on the 

reference characteristic, ßi and e will change with the flow coefficient, and they may 

be calculated using the reference curve performance points (<I>R, ¥R
T
) if a.i is known 

for the reference curve. A method to determine an appropriate ai was devised based 

on common design principles of diffusion factor, degree of reaction, and relative inlet 

Mach number. 

The diffusion factor (DF) is a measure of the blade loading, with common 

values ranging from 0.4-0.6. It is defined in Ref. 3 as follows: 

V      AC 
DF = l--^- + ^^ (2.56) 

V,     2o-V, 

where o = solidity (chord length/spacing) and is assumed to be 1.2 for the three stages 

in this study; values below 1.2 significantly increase the diffusion factor beyond the 

general design limit of 0.6. From the velocity triangles in Figure 2.1, the relative 

velocities are given by: 
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Vi = Cal/cos ßi (2.57) 

V2 = Ca2/cosß2 (2.58) 

Using the velocity triangles, the change in the tangential velocity is given by: 

ACw = U2-Ca2tanß2-Ui + Caitanßi (2.59) 

Substituting (2.57-2.59) into (2.56): 

DF = l-^^ + f^(U2-U1-C,2tanß2+C,1tanß1) (2.60) 
C,, cosß2    2o-C,, 

The axial velocities in terms of the mass flow rate are given by (2.14 and 2.15): 

C.i = mi/p,A, (2.14) 

Ca2 = m2/p2A2 (2.15) 

Substituting in the flow coefficient for the mass flow rate (2.1) and simplifying with 

the incompressible flow assumption: 

Cal = 2 7tNrmAmO/A1 (2.61) 

Ca2 = 2 TcN^AnO/Az (2.62) 

The blade speeds, Ui and U2, can be determined by the radii, rx and r2, and the rotor 

rotational speed, N: 

Ui = 2 TrNri (2.63) 

U2 = 2 7tNr2 (2.64) 

Substituting (2.61-64) into (2.60) and simplifying. 

DF = 1 - Ai C0SPi + Ai C0SP' I  T2~rj  ^ tanßi _ tanß 
A2 cosß2 2o 

+ 
^Amrm      A, A2  j 

(2.65) 
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A second design parameter is the degree of reaction, A. It is a measure of the 

rotor's contribution to the overall static enthalpy rise of the stage. Typical on-design 

values range from 0.4-0.6 at the mean radius. It is defined in Ref. 3 as follows: 

A = Ahr/Ahs (2.66) 

where Ah is the change in the static enthalpy, the subscript r denotes the rotor and the 

subscript s denotes the stage. The enthalpy is related to the static temperature change 

by the specific heat of the fluid: 

Ah = Cp AT (2.67) 

Substituting (2.67): 

A = Cp AT/Cp ATS (2.68) 

The work input to the stage is given by the change in the stagnation temperature. 

W = CpATos (2.69) 

using (2.11-12) and the velocity triangles the work input is given by: 

W = U2 Ca2 tan a2 - Ui Cai tan ai (2.70) 

Substituting in (2.61-62) for the axial velocities and simplifying: 

W = 02TI NrA„ 
'U2 U, ^ 

tana2 -^-Mana, (2.71) 
-A2 A,      ; 

The work can also be determined by the change in the static temperature across the 

rotor and the change in the absolute velocities, Ci and C2. 

W = CpATr+(C2
2-Ci2)/2 (2.72) 

Setting (2.71) equal to (2.72) and solving for the enthalpy rise across the rotor: 
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CpATr = 2TI NrmA„0 
rU2              U, 
—^tanaj Ltana, 

vA, A, 
(c2

2-c,2) (2.73) 

Using the velocity triangles, the absolute velocities are given by: 

Ci = Cai sec oci 

C2 = Ca2 sec a2 

Substituting in (2.61-62) for the axial velocities: 

Ci = 2 TCNrnAn® sec ai/Ai 

C2 = 2 TcNrnAnO sec a2/A2 

Substituting (2.76-77) into (2.73) and simplifying: 

CAT = 20>7t NrA p        T mo 
u, 

-tana. 
VA2 

Hi 
A, 

tana, 2(<D7t NrmAm) \. 

(2.74) 

(2.75) 

(2.76) 

(2.77) 

2fsec2a,     sec2 a ^ 

(2.78) 

It is common for compressors to be designed such that the absolute velocity entering 

the stage is equal to the absolute velocity leaving the stage (Ref. 3). In this case, the 

stagnation temperature rise over the stage is equal to the static temperature rise over 

the stage. Thus, 

CpATs = CpATos (2.79) 

and substituting (2.71): 

/ 
CAT = 027t Nr A p        s mo 

U, u, — tana2 
Ltana, 

vA2 A L
I 

(2.80) 

Substituting (2.78) and (2.80) into (2.68) and simphfying: 
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On Nr Am 
^sec2a2    sec2a,^ 

A = l - ^ >— (2.81) 
2-tana2 -^tana. 

A2 A, 

The final design parameter is the relative Mach number at the tip, inlet to the 

rotor (Mrei). When looking at the distribution of the velocity along the rotor blade, 

hub to tip, the highest relative velocity is at the tip of the rotor blade. The relative 

Mach number at this point must be limited in order to limit the aerodynamic losses due 

to shock waves. Its value is generally limited to 1.1 - 1.2. The relative Mach number 

can be calculated as follows: 

M„,=Vlt/^RlT (2.82) 

where Vn is the relative tip velocity. 

In order to determine an appropriate value for <xi, the diffusion factor, degree 

of reaction and relative Mach number are calculated for a range of ai. The inlet 

absolute flow angle, cti, is chosen such that the calculated design parameters (DF, A, 

and Mci) fall into the acceptable ranges stated above. 

Once ai for the reference curve is determined, the variation of ßi and e over 

the reference curve may be calculated. For a given reference curve data set, a primary 

reference point (OR, TR
T
) is selected from the data. For this analysis, the midpoint of 

the reference curve data set was selected. Using the primary reference point and ai, a 

reference inlet flow angle is calculated from (2.42) as follows: 

ßiKEF = atan^Airi/Anr.nCDR) - tan ai) (2.42) 
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Solving (2.24) for ß2 with the primary reference point gives the reference outlet flow 

angle: 

'2REF = atan < 
2% Nr A m"-l 

UZ^RA^ 

u, 
K2% Nrmy 

■¥„ 
U2At 

tan a, (2.83) 

From the definition of the deflection angle, s, the reference deflection angle is 

calculated as follows: 

SREF = ßlREF " ß2REF (2.84) 

The inlet flow angles for the rest of the curve are determined from the 

reference angles (ßiREF, SREF), CCI, and the reference curve flow coefficients using 

(2.42). The linear relationship between e and ßi, derived in section 2.3.2.1, yields the 

deflection angle, given by: 

6 = 8REF + e'(ß1-ß,REF) (285) 

Up to this point, the temperature coefficients, WT, have not been involved in 

the determination of the reference curve angles other than for ßiREF and EREF In order 

to check the accuracy of the reference curve angles, the temperature coefficients 

related to these angles are calculated using (2.24). These calculated values are 

compared to reference curve data using the mean sum square of the errors as follows 

(Ref. 8): 

z(v-v)2 
MSE = j=l,N 

N 
(2.86) 
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where j denotes the data point, R denotes the value of ^F1 from the reference data set, 

C denotes the calculated *FT, and N is total number of data points, s' is adjusted in 

order to minimize the MSE. This adjustment of s' will be presented in section 3.3.3. 

2.4 Solution Algorithms 

The theory needed to solve the stage characteristic generation problem has 

been presented. The reference curve and test performance data have been 

nondimensionalized; the reference curve angles are known; and the theoretical 

relationships detailing the changes in the performance parameters from the reference 

curve due to a change in ai have been derived. The algorithm determining the 

adjustment parameters, Aoci and (OR, ¥R
T
), between the performance point and the 

reference curve is covered below in section 2.4.1.1. Section 2.4.1.2 outlines the 

process to generate the new temperature and pressure curves given Aai and (OR, 

2.4.1 Predicting the New Characteristics from One Performance Point 

2.4.1.1 Determination of Aai and the Reference Curve Mapping Point(OR, *FR
T) 

There are two unknowns involved in the prediction of the new characteristics - 

- the change in ai between the reference characteristic and the new characteristic and 

the point on the reference curve (OR, ^FR
1
) that maps to the given performance point. 

The determination of these values parameters requires an iterative approach. First, an 

initial (i.e., guessed) reference point is chosen by setting the reference flow coefficient, 
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OR, equal to the test data flow coefficient, OT. The reference temperature coefficient, 

*¥R, is already determined as a function of OR. Aai is calculated using ^R
1
 and the 

given temperature coefficient, ^T
T. The calculated Aai is then checked by first 

calculating a new flow coefficient, Ocaic, using Aai and the reference flow coefficient, 

OR. Ocak is compared to OR, and if the two values are not equal, new OR and ^R
T are 

chosen, and the iteration is repeated. The method of solution is outlined below: 

1. Assume a reference point on the reference curve such that the flow coefficients of 

the reference (OR) and test (OT) points are equal. 

OR = OT (2.87) 

Calculate the angles (ßi and s) using (2.42) and (2.85) and the previously selected 

value of <xi. Calculate the reference temperature coefficient using the angles, (<Xi, ßi, 

and E), and OR in (2.24) 

2. Calculate A¥T 

AX¥7 = W-W (2.88) 

3. Calculate d¥T/dai along a line of constant flow coefficient using (2.38-41), (2.43) 

and (2.50). 

4. Determine Aai approximating the differential as the ratio of the total differences. 

Aai = A^T/(5YT/3ai) (2.89) 

5. Compute dO/3ai along a line of constant temperature coefficient using (2.51-53) 

and (2.55). 
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6. Calculate AO. 

A<D = (dO/dai)*Aai (2.90) 

7. Calculate 3>caic that is associated with the choice of (OR, WR) and the calculation of 

Aai. 

<J>Caic = OR + A<D (2.91) 

8. If the proper reference point has been chosen, <Dcaic = 4>T   Otherwise, check to see 

if the calculated and test flow coefficients agree to within a chosen tolerance. 

u = < 0.0002 (2.92) 

9. If u is not within the specified tolerance, select another reference point and restart 

calculations at step 2. The selection of another reference point requires some 

explanation. If it is not chosen correctly, the iteration algorithm will diverge. The 

method used in choosing the new reference flow coefficient is commonly referred to as 

the "shooting method" (Ref. 15). The new OR is determined by minimizing the error, 

v, at each iteration step. Essentially, if the error and the selected OR were to be 

plotted, the x-axis intercept for a straight line connecting the previous estimate and the 

current estimate would approximate a zero error as shown in Figure 2.3. The equation 

for the intercept point is as follows: 

®*=<Vi~°j-i 
°Rj    °R

M (2.93) 

where j and j-1 refer to the current and previous iteration step respectively.   It is 

evident that this iteration requires two previous guesses of the reference point before 
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the shooting method can be applied. The second value in the iteration is determined 

by setting that iteration's new reference point equal to the calculated flow coefficient 

from Step 7. 

0R(j=2) = Ocalc (2.94) 

10. After the iteration has converged, the efficiency for the test point is calculated by 

solving (2.28) for the efficiency: 

Tl 
T0lCP 

¥T
T(2TT NrJ2 

¥'(2TI NrJ2 

\ + -I± Uli 

.?-' 

RT 0   1 

-1 (2.95) 

2.4.1.2 Generating the New Curve 

Once the change in cii and the reference mapping point are known, the new 

stage characteristics can be generated. The difference vector (AO, A*FT) at each 

reference point is calculated and added vectorally to the reference point resulting in the 

new characteristic coefficients. The solution is as follows: 

1. Starting at the leftmost point on the reference curve, the changes, AO and A¥T, are 

calculated from (OR, W) using (2.38-41), (2.43), (2.50), (2.52-53) and (2.55). 

AO = (5<D/da,)*Aai (2.96) 

A¥T = (övPT/öa1)*Aai (2.97) 

2. The new flow, OG, and temperature, ^FQ
1
, coefficients are determined from: 

<£G = OR + AO (2.98) 
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^G
T
 = V + A¥ (2.99) 

3. From the efficiency (2.95), the new temperature coefficient, ^G
T
, and (2.28) the 

new pressure coefficient, *¥G
P
 are determined assuming that the efficiency is constant 

over the curve. 

4. To complete the generation of the temperature and pressure curves, the 

calculations are repeated over the whole range of the reference curve flow coefficients. 

2.4.2 Refinement of the New Characteristic Curves 

2.4.2.1 Non-Linear Least Squares Estimation of New Acti 

Once a new stage characteristic has been generated, additional test data may be 

used to improve that estimate. This may be accomplished through a non-linear least 

squares estimation method developed in Ref. 14. What is basically involved is finding 

the value of Aai that minimizes the sum of the squared deviations of the data points 

from the values predicted by the algorithm. 

During the one-point solution process described in section 2.4.1.1, we 

determined the value of Aai using the initial given data point. Once this was 

accomplished, the rest of the data on the curve was generated using the estimated Aai 

and the algorithm outlined in section 2.4.1.2. The new temperature coefficient curve 

may be functionally represented as follows. 

^jcaicT = G(Aai) (2.100) 

where j denotes a particular data point and G represents the non-linear relationship 

between the calculated temperature coefficients, ^caiJ, and Aai, as given by the 
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algorithm outlined in section 2A.M. Equation (2.100) is known as the observation 

relation (Ref. 14). In a non-linear least squares analysis, the observation relation must 

be linearized. If the initial test data point (OT , ^T
1
) had been a perfect measurement, 

the iteration in section 2.4.1.1 would have yielded the true value of Aoci. True values 

are denoted by the subscript "o". Since this is not the case, set: 

Aai = Aai0 + 5Acti (2.101) 

where Aai is the iterated value, Aai0 is the true value, and 5Aai is some deviation from 

the true value. The true error vector is given by: 

e = ¥T-¥0
T (2.102) 

where *FT and ^o1 are matrices containing the measured temperature coefficients and 

the true value of the temperature coefficients, respectively. The true values would be 

those obtained if an instrument with no measurement error were used to record the 

data. Replacing the temperature coefficients with the observation relation: 

e = G(Aai) - G(Aaio) (2.103) 

Substituting in the value of Aai (2.101): 

e = G(Aai0 + 8AaO - G(Aai0) (2.104) 

A Taylor series expansion of the first term on the right hand side yields: 

dG 
e = G(Aal0) + 

dAal0 

8Aai-G(Aal0) (2.105) 

Aal0 

or: 
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dG 

öAa 
8Aa, (2.106) 

lo Aa, 

Equation (2.106) is the relationship between the true error in the matrix of the 

temperature coefficients *FT and the error in Aai. Since the true error can never really 

be obtained, it is approximated by the residual vector, which is the difference between 

the measured data and the estimate ofthat data calculated in section 2.4.1.2: 

(2.107) r — T    - ^calc 

Substituting in the observation relation (2.100) where Aai is the iterated value: 

r = *FT-G(Aai) (2.108) 

The residual is approximately equal to the true error if the calculated Aai is nearly 

equal to Aai0, or 8Aoti is small. Linearizing the error by setting E equal to the 

difference between the residual and the true error and replacing the true error with 

(2.106): 

E = r 
dG 

3Aa, 
5Aa, (2.109) 

Aa, 

Defining H = 
dG 

5Aa, Aa lo 

E = r - H 5Aai (2.110) 

From gaussian error statistics, the probability of obtaining a particular data set 

is given by: 

P = (27i)-N*/2|Qr1/2exp(-|s) (2.111) 
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where P is the probability of obtaining the data set, N* is the number of data points, Q 

is the instrumental covariance matrix (the error in the data due to the measuring 

instrument), and S is a scalar quantity. For non-linear estimation: 

S = ETQ"1E (2.112) 

Here the superscript "T" refers to the transpose of the matrix and "-1" refers to the 

inverse of a matrix. Substituting in (2.110) 

S = (rT - H SActi)T Q-1 (rT - H 5Acii) (2.113) 

Multiplying out the matrix quantity: 

S = rT Q1 r - rT Q1 H 6Aax + (5AaiT HT Q1 H)T + HT Q1 H 5Aaj (2.114) 

Using the Principle of Maximum Likelihood (Ref. 14), the most probable data set is 

obtained when (2.111) is at a maximum. This is determined by taking the derivative of 

S (2.114) with respect to the estimated Acci and setting it equal to zero:1 

SS/3(5Aai) = -( rT Q-1 H)T - HT Q1 r + (8AociT HT Q1 H)T + HT Q1 H 5Aa, = 0 

(2.115) 

Simplifying: 

-2HTQ-1r + 2HTQ-1H5Aa1 = 0 (2.116) 

Which gives the change in the calculated 5Aai 

5Aaj = (HT Q1 H)-1 HT Q1 r (2.117) 

1 The gradient of an inner product obeys the identity: 

ax ox 
where a is a constant with respect to x. 
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The new value of Aai which minimizes the error between the estimated and measured 

temperature coefficients is given by: 

Aoiinew = Aai + öActi (2.118) 

2.4.2.2 Updating the Temperature Characteristics with the New Aai 

At this point, the Aai used in calculating the temperature curve has been 

computed. The temperature characteristic using one performance point has been 

generated. As additional test data on the new curve are acquired, they are integrated 

into a new estimate of Aai, and the temperature characteristic is updated. It has been 

assumed that the best fit is attained through adjusting the originally calculated Aai by 

minimizing the errors between the estimated and actual TT values. The theory for 

obtaining the change in Aai was outlined in the previous section. The implementation 

ofthat theory is as follows: 

For each test data point (Oj, *?/) 

1. Calculate the estimated *Fj est
T using the acquired Oj and the algorithm described in 

2.4.1.2. 

2. Compare the predicted *Fj estT values with the actual ¥jT data by calculating the 

residuals: 

rj = ^j
T-^jestT (2.119) 

3. Numerically estimate Hj = 3G/d(Aai) by incrementing Aai by some small value K 

and re-calculating W, est2
Tusing the algorithm in 2.4.1.2. 

Hj-eFje^-^je/yK (2.120) 
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4. Determine the new Aai using (2.117) and (2.118), calculating the matrices as a 

running sum. 

8Aa,= V (2.121) 

Hr. 
X j J 

Q 
H2 

X J 

Q 

When calculated as a running sum, the instrumental covariance matrix, Q, cancels out 

of Equation (2.121) resulting in: 

8ai = S (Hj rj)/I (Hj)2 (2.122) 

5.    Calculate the change in Acti using (2.118).    Check the convergence of the 

algorithm, by comparing Acti new to the previous Aai. 

Aciinew-Aai ^_ (2.123) 
AoCj 

If they are not equal within some tolerance, <;, redo calculations starting at Step 1 by 

setting Aai = Aainew. 

2.4.2.3 Determining the Updated Pressure Characteristic for Additional Data 

The pressure and temperature curves are related by the efficiency (n) of the 

stage as seen in (2.28). In general, rj is not a constant over the possible range of flow 

coefficients. Given a curve representing rj as a function of O, it is generally parabolic 

as seen in Figure 1.1. If additional points are available, an alternate, more accurate, 

method to estimate the pressure curve may be used. Once the temperature 

characteristic has been modified with additional data to minimize the error between the 
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data and the estimate of the data, the efficiency model can also be modified. The 

temperature curve can be updated with as little as two points; however, a minimum of 

three points are required to determine a parabolic efficiency model. 

The efficiency is computed for the additional points using (2.95), and a 

parabola of negative curvature is fit through the calculated data. The least squares 

curve fitting algorithm in Ref. 11 is commonly used to curve fit parabolic data. 

However, least squares does not necessarily determine a parabola of negative 

curvature, particularly for data with experimental scatter. With the efficiency model, 

the pressure curve can be updated using (2.28) with O and Y1 

In order to understand how the efficiency model was developed, a brief 

overview of parabolic equations will be presented. Any parabola, as shown in Figure 

2.4, may be described by: 

y = Ax2 + Bx + C (2.124) 

where A, B, and C are constants. The slope of the parabola at some point is given by: 

dy/dx = 2Ax + B (2.125) 

For negative curvature, at the maximum y on the curve, dy/dx = 0. This location on 

the x-axis is denoted Xo. 

2Axo + B = 0 (2.126) 

Solving for B: 

B = -2Axo (2.127) 

At two points on the curve, the slope may be linearly approximated if the points are 

sufficiently close: 
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m = (y2 - yi)/(x2 - xi) (2.128) 

The subscripted values in this case represent values of r\ and O determined from two 

test data points. Setting (2.125) equal to (2.128): 

2Ax + B = m (2.129) 

Substituting in (2.127) for B and solving for A. 

A = m/(2(x-Xo)) (2.130) 

Thus if Xo and m are known, A and B are immediately determined.  Given some data 

set, Xo occurs at the maximum value of y. 

The slope, m, in (2.130) is determined by examining the slopes to the left and 

the right of Xo. If there is scatter in the data, the calculated slopes may not have the 

proper sign. In Figure 2.5, the third slope is negative when it should be positive. By 

searching through the calculated slopes, the median slope of correct sign is used to 

calculate A in order to avoid zero or infinite slopes. B is determined by (2.127). With 

A and B calculated, C is determined from the value that minimizes the error between 

the data points (r^) and the values predicted by the parabolic curvefit. This value, C, is 

computed using non-linear least squares. 

The curvefit algorithm just described is outlined below: 

1. Calculate the efficiency for the additional data points using (2.95). 

1j 

T0 A 
WJ(2TZ NrJ2 

j~l 

1 + 
¥/(27t NrJ2 

RT o   1 

-1 (2.131) 

2.   Given the data (O, r\) points, determine the straight line slope between them: 
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mj = (nj+1 - ^/(O^ - Oj) (2.132) 

3. Determine the flow coefficient corresponding to the maximum efficiency, O0, by 

checking the calculated efficiencies for the maximum value. The associated flow 

coefficient is set equal to <J>0. 

T|max = max(ri,,ri2, ^3,...%...^) (2.133) 

TW = W (2.134) 

4. Determine the slope, mA, used to calculate A. First, check the signs of the slopes 

to the left and right of <E>0 to be sure they are positive and negative, respectively. 

Second, remove the slopes from further examination if they are not of the correct sign. 

Third, select mA from the remaining slope values by choosing the median value. 

mA = median(mi,ni2, m3,...1%...mN) (2.135) 

5. Given mA, the corresponding flow coefficient, OA, and O0, calculate A and B. 

A = mA/(2(<DA-<&„)) (2.136) 

B = -2A$0 (2.137) 

6. Calculate the first approximation for C. 

C = Tii - A <t>i2- B Ox (2.138) 

7. Calculate the estimated efficiencies. 

Tü = AOj2 + BOj + C (2.139) 

8. Calculate the residuals between the estimated values and the actual values: 

rj = njact-nj (2.140) 
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9. Estimate Hj for each point by incrementing C by some small value £ and evaluating 

the efficiency, r^2 at that point using (2.139). 

Hj-C^-nj)/^ (2.141) 

10. Determine the change in C and its new value: 

5C = S (Hj i-j) /I (Hj)2 (2.142) 

Cnew=Cold + 6C (2.143) 

11. Check the value of Cnew against the old value to see if C has converged within 

some tolerance u. 

C     -C„ 'old 

^old 

<u (2.144) 

12. If the iteration has not converged, go to Step 6 and repeat the calculations. 

As more pressure rise data is acquired, C is further adjusted to minimize the 

errors. With a new efficiency model determined and the temperature curve, the 

updated pressure characteristic can be determined using (2.28). 
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m. DATA ANALYSIS 

3.1 Description of Validation Data Set 

The data used to validate the characteristic curve generation algorithm was 

obtained from the DYNTECC testcase data files. Partial listings of the data may be found 

in Ref. 13. The testcase data file is from the three stage High-Stage Loading/Low Aspect 

Ratio Compressor (HSL/LARC) described in Ref. 1. The file contains mass flow rate, 

pressure ratio, and temperature ratio data for each of the three stages and seven rotor 

speeds. The rotor speeds are designated 1 through 7 in the following order: 100, 95, 90, 

80, 70, 60, and 50 % of design speed (227 rps). Figures 3.1-3.6 show the given 

characteristic curve data for stages 1-3. The flow, temperature and pressure coefficients 

shown in these figures are defined according to: 

mJT»v4 
OD =     '  ', oref *NRcor (3.1) 

*V 

TD 
o 2    I 

VT„i     J 

o 2   _ i 

VP„i      J 

p roref 

NRcor2 (3.2) 

* NRcor2 (3.3) 

where the subscript "D" denotes DYNTECC data, T^f and Poref are the reference total 

temperature and pressure at sea level standard, and NRcor = (Design Speed/Actual 

Speed)/(T0i/Toref)
1/2.   As seen in Figures 3.1-6, Stages 1-2 exhibit orderly pressure and 
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temperature curves. The data for Stage 3 are more scattered which is problematic for a 

prediction scheme that uses a smooth, continuous reference curve to generate new 

characteristics. 

3.2 Transformation to Classical Definition 

The flow coefficient given in (3.1) is dimensional with units of lbm/s. The 

temperature and pressure data in (3.2) and (3.3), however, are nondimensional but have 

not been scaled for speed and stage geometry. Therefore, each data point was 

transformed to the coefficients defined in Chapter 2 (2.1-3) resulting in: 

P   / 
D   /P 

d> = /-^L . (3.4) 
2pmAm N rm % NRcor P^l 

V     /  ioref 

XpT C   T X 
p       0   1       u 

NRcor2(27i N rm)2 

\pP RT X 0   1        u 

NRcor2 (2TC N rm)2 

(3.5) 

(3.6) 

where R is the Universal Gas Constant for air. Figures 3.7-3.12 show the shift in 

characteristic curves from Figures 3.1-3.6 when transformed to the classical definitions of 

(3.4-6). 

3.3 Analysis and Determination of the Reference Curve 

Before the curve generation method may be executed, an appropriate reference 

curve must be identified. The angles associated with that curve, cti, ßi(O), and s(O), must 
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be determined (if not already known from a measurement of the reference stage angles) in 

order to calculate the partial derivatives needed to generate the new temperature 

characteristic. cti may be determined from design principles as demonstrated in section 

2.3.3. Once ai is known, ßi can be calculated from the flow coefficient and 8 (a linear 

function of ßi) as given in (2.42) and (2.85). 

3.3.1 Selection of the Reference Curves 

For this study, the speed 3 characteristics were selected as reference curves for 

each stage because of their continuous, smooth nature and the fact that the data were in a 

pre-stall region. (The curve generation algorithm is based on pre-stall theory and 

assumptions.) Since the characteristic data were obtained from DYNTECC testcase input 

files, blade angle data were unavailable as was the gas angle, ai. The determination of an 

appropriate cti was accomplished in accordance with section 2.3.3. The results ofthat 

analysis are presented in the next section. 

3.3.2 Determination of ai for the Reference Curve 

A method to select appropriate values of ai for the reference curves was based on 

an analysis of the diffusion factor (DF), degree of reaction (A), and relative inlet Mach 

number (M^). (Recall that common values for DF are 0.4-0.6, 0.4-0.6 for A, and 1.1-1.2 

for Mrei) Figures 3.13-15 show values of DF, A, and Hei for a range of cti's for the three 

reference curves, respectively. In Figure 3.13, for most values of ai below 40 degrees, the 

diffusion factor is fairly constant and on the high end of that commonly seen, 0.583 - 
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0.605.  Reference curve 2 (Figure 3.14) shows diffusion factors of 0.560-0.575.   As for 

the third curve (Figure 3.15), the diffusion factor ranges from 0.534-0.567. 

The degree of reaction for all three curves is within reasonable design limits for ai 

values less than 30 degrees; M«i, however, is low for higher values of ai. In choosing ai, 

larger angles, above 60 degrees for all three reference curves, are improbable because of a 

negative degree of reaction. The most probable values for ai lie at the low end where Mrei 

is near unity and degree of reaction is roughly 0.5. For example, for cti equal to 10 

degrees, A = 0.47, and M„i = 1.03 for curve 1. For reference curve 2, A = 0.5, and M^ = 

0.975. For reference curve 3, A = 0.534, and MU = 0.945. With an appropriate value of 

ai established (10 degrees for all curves), the reference curve angles, ßi and e, with an 

assumed value of E', are calculated using the method outlined in section 2.3.3. The value 

of 8*, however, must be iterated, as mentioned in section 2.3.3, in order to establish a good 

curvefit. This is discussed next. 

3.3.3 Fitting a Reference Curve to Stage Data through Iteration of e' 

The curvefit algorithm is highly dependent upon the validity of the reference curve. 

As discussed in section 2.3.3, the development of the reference characteristic requires an 

iteration of e1. A parabolic fit (obtained using PACFIT) was available, but it was not 

always in accord with the physics involved in stage characteristics. In the course of 

determining the reference curve angles, as discussed in the previous section, the 

temperature coefficients associated with those angles were also calculated and these 

provided a means to secure a good curvefit through the data. To achieve a best fit for the 
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reference curve data (<J>R, ^R
1
), S' was used as a source term and adjusted to minimize the 

deviation between the calculated and given stage temperature data as follows: 

For each reference curve data point: 

1. Calculate the estimated ^Fj estT using the given Oj, the calculated angles, ßi and 8, a 

guessed e', and (2.24). 

2. Compare the estimated ¥, &   values with the given ¥/ data by calculating the 

residuals. 

rj = ^j
T-^jestT (2.119) 

3. Calculate Hj = 3G/d(e'). For this case the observation relation, G, is equal to *FT given 

in (2.19). And since 

ß2 = ßl-(eREF+S'  (ßl-ßlREF)) (3.7) 

Then 

U* U2Am<I>tan[ß1-sMF-s,(ßi-ß1ItEF)] , u^^tana, 

~(27iNrm)2 A227tNrm A, 2* Nrm 

The derivative of G with respect to s', H, is given by: 

Hi = fJMmA2(ß'~ß^)sec2[ßl -£REF-e'(ß. -ß.^)] (3 9> Z7lJNrmA2 

4. Determine the change in e' as a running sum. 

5s' = I (Hj rj)/£ (Hj)2 (3.10) 

5. Calculate the new e' as follows: 
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sL.=8'+8e' (3.11) 

6. Check the convergence of the algorithm, by comparing s' new to the previous E' . 

^ew-e' <x (3.12) 

new' If the error is not smaller than t, redo calculations starting at Step 1 by setting e - e 

The minimum error for reference curve 1 was achieved when e' = 3.205. For curve 2, s' = 

3.072. For curve 3, the algorithm did not converge properly because the stage data were 

near stall. For this case, a value of e' equal to 1.0 gave the minimum error and negative 

curvature of the reference curve. (Values of s' less than 1 resulted in a parabolic curve of 

positive curvature, opposite to that required of pre-stall characteristics.) Note that since s' 

does not occur in the formulations of <E>R and ¥R, DF, A and M„.i are not affected. 

Figures 3.16-18 show a comparison between the parabolic curvefits determined 

from PACFIT and the reference curves developed using the physics-based approach. The 

pre-stall portions of the new reference curves extend beyond the parabolic curves. For 

reference curve 1 (Figure 3.16), the line matches the data and does not indicate a definite 

stall like that of the parabolic fit. Curve 2 (Figure 3.17) is similar in shape. The curve 3 

(Figure 3.18) fit is not as good as the fit given by PACFIT. The data for curve 3 are near 

the stall region, and since the new fit method assumes pre-stall with constant s', the fit 

temperature coefficients do not capture the curvature as well. 
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IV. RESULTS AND DISCUSSION 

4.1 Validation of Stage Characteristic Generation Algorithm 

This chapter presents the analyses of the stage characteristic generation algorithms. 

The data that were used as inputs to the algorithms were taken from the DYNTECC 

testcase input files. For the one-point generation algorithm in section 2.4.1, a point was 

arbitrarily selected from the data set to simulate results from an in-progress compressor 

test. For the non-linear least squares algorithm in section 2.4.2, additional data required 

for the algorithm were also taken from the DYNTECC testcase data set. The following 

items were accomplished in validating the characteristic prediction algorithm: 

1. New stage characteristics were predicted using a reference curve from the same stage 

and one data point. 

2. Characteristics for stages 2 and 3 were predicted using reference curve 1 and the one- 

point algorithm. 

3. The assumed value of cii (determined in section 3.3.2) was varied to check the 

sensitivity of the curve generation method to oti. 

4. Different data points (from the DYNTECC testcase data set) were input to the one- 

point algorithm in order to study changes in the generated stage characteristics. 

5. Additional data points, using the algorithm of section 2.4.2, were used to improve the 

initial curve prediction generated using the one-point algorithm. 

A summary of the results for each of these items is given in the summary section at the end 

of the chapter. 
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For each generated stage characteristic, the generated curves were compared to 

the given data (from the DYNTECC testcase data files) by calculating the square root of 

the mean sum-squared-deviation of the predicted performance coefficients from the given 

performance coefficients: 

g'=^. Z* ~  ' (4.1) 
1 I(V" ')' 

N1 (Ä       (^ T\2 

1 lvKF- xQi ')' 0P = JL i y ^ "J-L. (4.2) 

where the subscript "j" denotes the data point index, subscript G's denote values from the 

generated curve, subscript T's denote testcase data, N is the total number of data points, 

aT is the deviation for the temperature coefficients and cf is the deviation for the pressure 

coefficients. Values of oT and (/ below 1.6 e-2 indicate that the generated curves 

represent the test data accurately. For the one-point generation algorithm, in order to 

avoid misrepresenting the goodness of the fit, the input data point was removed from the 

error calculations, CT
T
 and <?, since the error at that point would be zero. (The algorithm 

forces the generated curve to go through the input data point.) 

The tables in this chapter summarize the results of the analyses. The tabulated 

values of OR and ^FR
1
 are those points on the reference curve that transform to the 

tabulated test data points (OT, x^1) for an iterated Aai. The tables also list the estimated 

change in the stator outlet angle from the reference curve to the predicted curve, Acti, and 

the errors in the generated curves, CT
T
 (4.1) and o^ (4.2). 
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4.2 Characteristics Generated for the Same Stage with One Data Point (<£, *FT, Wp) 

This section presents the results of the one-point generation method. For this case, 

the reference curves and the new data at a different speed are from the same stage. For 

example, reference curve 1 (the stage characteristic for Stage 1/Speed 3) is used to 

generate the temperature and pressure curves for the other stage 1 speeds, 1, 2,4, 5, 6 and 

7. Only a single test data point was input to the generation algorithm outlined in section 

2.4.1. 

Figures 4.1-4.6 show the results of same-stage, one-point predictions for the three 

stages running at rotor speeds 2, 4, 5 and 7 (95, 80, 70, and 50% design speed). (Speeds 

1 and 6 are not shown in order to improve the figures' clarity.) The broken lines are the 

generated characteristics. The symbols represent data points taken from the DYNTECC 

testcase data files for the HSL/LARC compressor (Ref. 13). The thick solid lines shown 

on the temperature figures (Figures 4.1, 4.3, and 4.5) are the reference curves. A 

discussion for each stage follows. 

4.2.1 Characteristics for Stage 1 Generated with Reference Curve 1 

Figures 4.1 and 4.2 display the results of using reference curve 1 to generate four 

of the first stage's temperature and pressure characteristics. Table 4.1 is a summary of six 

computational results. In Figure 4.1, most of the data points fall on the generated 

temperature characteristics. There is some deviation at the left end of the speed 7 (50% of 

design speed) data set which is in the stall regime. In Table 4.1, oT for the speed 7 data is 

larger than any of the other speed line errors. 
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Table 4.1: Summary of Results for Stage 1 

Speed 
Line 

OT YT
T 

Mapped 

3>R 

Mapped Acti 
(degrees) 

Error Error 

1 0.5153 0.7266 0.4377 0.6518 -11.18 5.843 e-3 5.360 e-3 

2 0.4834 0.6890 0.4385 0.6500 -6.453 2.053 e-3 7.894 e-3 

4 0.3723 0.5918 0.4387 0.6495 9.547 5.908 e-3 1.567 e-2 

5 0.3160 0.4267 0.4668 0.5741 22.93 7.310 e-3 9.942 e-3 

6 0.3101 0.4995 0.4490 0.6247 20.27 8.111 e-3 9.777 e-3 

7 0.3035 0.5267 0.4401 0.6461 19.70 1.646 e-2 4.845 e-2 

Also of interest in Table 4.1 is the change in the stator outlet angle, Aai. Speed 

data above the reference curve speed line (Speed 3, or 90% design speed) show a 

decrease in cti while speeds below the reference show an increase in ai. This is in accord 

with the theory used in this analysis. The ideal equation for ¥T as a function of O (Ref. 3) 

is: 

*FT = 1 - <D(tan ai + tan ß2) (4.3) 

where for the ideal case, ß2 is constant over the entire flow coefficient range. It is evident 

that for fixed O, an increase in oti decreases the temperature coefficient. 

In Table 4.1, the pressure errors, </, are larger than the temperature error values, 

visually observable in Figure 4.2, where the discrepancy between test data and generated 

curves is apparent. Speed 7 has the largest deviation as is expected due to imminent stall. 

The speed 4 data also deviate from the generated curve, but in this case, the data are not 
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approaching stall and the deviation is more likely due to the constant efficiency 

assumption.    In order to improve the generated pressure characteristic, a variable 

efficiency model is required, as will be discussed in section 4.6. 

4.2.2 Characteristics for Stage 2 Generated with Reference Curve 2 

In Figure 4.3, the data for speeds 4, 5 and 7 deviate from the generated 

temperature characteristic due to stall effects. Likewise, the deflection angle, 8, is no 

longer a linear function of ßi, as can be inferred from cascade results, particularly as seen 

on the right side of Figure 2.2. The visual discrepancy is quantified in Table 4.2 which 

shows an increase in the oT errors, particularly for speeds 5 and 7. 

Table 4.2: Summary of Results for Stage 2 

Speed 
Line 

<E>T *T
T Mapped 

OR 

Mapped 

4V 
Aai 
(degrees) 

Error Error 

1 0.4119 0.6460 0.3807 0.6114 -6.784 5.985 e-3 2.504 e-2 

2 0.4019 0.6315 0.3817 0.6090 -4.404 4.744 e-3 1.120 e-2 

4 0.3702 0.5929 0.3826 0.6067 2.695 1.402 e-2 2.116 e-2 

5 0.3645 0.5443 0.3935 0.5779 6.376 2.057 e-2 3.185 e-2 

6 0.3652 0.5682 0.3876 0.5936 4.899 2.869 e-2 1.494 e-2 

7 0.3481 0.5837 0.3785 0.6712 6.598 5.019 e-2 6.135 e-2 

Since *FP is dependent upon *FT, errors in the temperature curves will be 

propagated into the generated pressure characteristics, as is apparent for speeds 5 and 7 in 
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Figure 4.4. As for speeds 2 and 4, in Figure 4.4, the pressure curve deviations are due to 

the assumption of constant efficiency required when only one data point has been 

acquired. 

4.2.3 Characteristics for Stage 3 Generated with Reference Curve 3 

Stage 3's generated temperature characteristics, seen in Figure 4.5, were poor 

compared to the curves generated for stages 1 and 2 (Figures 4.1 and 4.3). Practically all 

of the data shown here are in the stall region except for a portion of the data for speed 4 

where the fitted curve predicts well the pre-stall portion of the data set. The pressure 

curves for stage 3, shown in Figure 4.6, are also not very accurate, again due to the 

proximity of the data to stall. In Table 4.3, most of the Aoti's are negative because the 

input data points lie above the reference curve. 

Table 4.3: Summary of Results for Stage 3 

Speed 
Line 

4>T *xT Mapped 

OR 

Mapped 

YR
T 

Aai 
(degrees) 

Error Error 

a* 
1 0.3649 0.5392 0.3620 0.5354 -0.7562 9.895 e-3 4.707 e-2 

2 0.3597 0.5423 0.3583 0.5404 -0.3710 9.840 e-3 4.719 e-2 

4 0.3824 0.4848 0.3911 0.4960 2.101 1.058 e-2 3.924 e-2 

5 0.4000 0.5122 0.3893 0.4984 -2.590 1.823 e-2 2.352 e-2 

6 0.4313 0.5230 0.4005 0.4832 -7.277 1.892 e-2 2.210 e-2 

7 0.4315 0.5263 0.3994 0.4847 -7.620 2.798 e-2 3.068 e-2 
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4.3 Predicting Stage Characteristics for Stages 2 and 3 using Reference Curve 1 

In this section, the temperature and pressure characteristics for stages 2 and 3 are 

shown for the performance point (Ox, ^T
1
, *¥T

P
) previously used and the reference curve 

for stage 1, a stage of slightly different geometry and different inlet temperature and 

pressure than for stages 2 and 3 (The radii, temperatures and pressures are listed in Ref. 

13). Figures 4.7-10 show the resulting characteristic curves. 

The temperature curves for stage 2 shown in Figure 4.7 are similar to the curves 

using reference curve 2 in Figure 4.3. This is to be expected since the two reference 

curves are similar in curvature as shown in Figures 3.17 and 3.18. In fact, a review of 

Tables 4.2 and 4.4 indicates that the characteristics using reference curve 1 are slightly 

better than those using reference curve 2. 

Table 4.4 Summary of Results for Stage 2 using Curve 1 

Speed 
Line 

Mapped 
<t»R 

Mapped Aai 
(degrees) 

Error Error 

1 0.4329 0.6630 2.913 6.105 e-3 2.530 e-2 

2 0.4349 0.6584 4.600 3.801 e-3 1.163 e-2 

3 0.4405 0.6452 7.439 9.349 e-3 2.142 e-2 

4 0.4387 0.6495 9.612 1.093 e-2 1.753 e-2 

5 0.4513 0.6191 12.39 1.608 e-2 2.689 e-2 

6 0.4447 0.6352 11.24 2.252 e-2 3.656 e-2 

7 0.4360 0.6557 12.29 3.948 e-2 5.041 e-2 
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As seen in Table 4.4, the calculated Acti's have changed from those in Table 4.2 

due to placement of the stage data with respect to the reference curve; i.e., the positions 

of reference curves 1 and 2 relative to stage 2 data are quite different as can be seen from 

an examination of Figures 4.3 and 4.7. Hence, all of the Aai's, as shown in Table 4.4, are 

positive. 

The pressure characteristics shown in Figure 4.8 are similar, in terms of curvature 

and placement, to those shown in Figure 4.4. The similarity in the generated pressure 

curves is expected since the predicted temperature characteristics are similar regardless of 

which stage reference characteristic (1 or 2) is used, and the calculated efficiencies remain 

unchanged. A comparison of the pressure errors in Tables 4.2 and 4.4, indicates that the 

errors are slightly lower for Table 4.4 which further illustrates the previous point. 

Improvement in the predicted temperature curve will always lead to improvement in the 

predicted pressure curve. 

Figures 4.9-10 present the results of generating the temperature and pressure 

characteristics for stage 3 using reference curve 1. There is no improvement in the 

generated curves over that using a stage 3 reference curve. This can be seen more readily 

by comparing the oT's in Tables 4.4 and 4.5. A general increase in the deviations from 

reference curve 3 characteristics to reference curve 1 characteristics is apparent. This is 

an indication that perhaps a flatter reference curve, such as curve 3 (see Figure 3.19), may 

predict stall data better and improve the pressure curves; however, a flatter, stall reference 
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curve could not be developed since the methodologies presented in section 3.3 can only be 

used to develop pre-stall curves . 

The Aai's for the stage 3/reference curve 1 (Table 4.5) have also changed from 

those computed using reference curve 3 (Table 4.3). As for the pressure characteristics, 

some of the curve 1 predictions are better. The poor temperature fit may in some cases 

offset the error due to the constant efficiency assumption. 

Table 4.5: Summary of Results for Stage 3 using Curve 1 

Speed 
Line 

Mapped 
OR 

Mapped Aai 
(degrees) 

Error Error 

1 0.4544 0.6113 11.55 1.074 e-2 4.141 e-2 

2 0.4524 0.6163 11.92 1.777 e-2 3.867 e-2 

3 0.4576 0.6033 11.42 2.170 e-2 4.198 e-2 

4 0.4731 0.5628 12.09 2.067 e-2 3.315 e-2 

5 0.4698 0.5716 9.263 4.025 e-2 4.707 e-2 

6 0.4742 0.5600 5.722 4.902 e-2 5.424 e-2 

7 0.4714 0.5605 4.142 9.449 e-2 9.869 e-2 

4.4 Effect of at Selection on Predicted Characteristics 

In this part of the analysis, the selected value of the reference curve ai (as 

discussed in section 3.3.2) was varied to demonstrate its effect on the generated stage 
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characteristic. The stage characteristics for stage 1, speed 4 generated using reference 

curve 1 and varying <xi are shown in Figure 4.11. As seen in the figure, the generated 

curves are practically indistinguishable from one another. Table 4.6 summarizes the 

results for a range of oil's ranging from 0 to 30 degrees. In the table, it is evident just how 

similar the curves are, as the values of oT and c^ are approximately the same regardless of 

the input oti. However, the selection of ai does affect the value of Aai and the reference 

curve s'. The value of e' determined during the development of the reference curve 

(section 3.3) decreases to account for increases in the reference curve ai. Increases in the 

selected ai also lead to a decrease in Aai, suggesting that the characteristic generation 

method is insensitive to the selection of the reference curve ai, as stated earlier. 

Table 4.6: Summary of Results for Stage 1/Speed 4 
Characteristic Generation using Curve 1 and Changing ai 

ai 
degrees 

Mapped 
OR 

Mapped 
*RT 

Aai 
(degrees) 

Error 
T a 

Error 8' 

0 0.4386 0.6496 9.843 5.828 e-3 1.561 e-2 3.258 

10 0.4387 0.6496 9.547 5.908 e-3 1.567 e-2 3.205 

15 0.4386 0.6496 9.181 5.902 e-3 1.567 e-2 3.167 

20 0.4387 0.6496 8.686 5.905 e-3 1.566 e-2 3.118 

25 0.4387 0.6496 8.074 5.891 e-3 1.565 e-2 3.055 

30 0.4388 0.6496 7.367 5.898 e-3 1.565 e-2 2.975 
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4.5 Changing the Given Data Point 

When testing the compressor, there is no way to know a priori which input data 

point for the curve generation algorithm will occur. In the validation phase of the 

algorithm, as has been previously discussed, midpoints of the known data were arbitrarily 

selected as the single input data points for the curves generated in the previous figures. 

Figure 4.12 shows the effect on the generated temperature curves with changing input 

data. This figure shows the temperature curvefits for the stage 1, speed 4 curve using 

reference curve 1 (speed 3) and different selected starting data points from the given set. 

Table 4.7 lists the input data points, mapped reference points, Aoti, and the deviations, aT 

and (/, for the generated curves. 

Table 4.7: Effect of Changing Data Point 

Data Point 
(<DT, ¥/,¥/) 

Mapped 
<E>R 

Mapped Aoti 
(degrees) 

Error Error 

(0.3561, 0.6278, 0.6691) 0.4238 0.6836 9.536 5.742 e-3 2.517 e-2 

(0.3663, 0.6139,0.6642) 0.4306 0.6683 9.149 3.966 e-3 1.388 e-2 

(0.3723, 0.5918,0.6432) 0.4387 0.6495 9.547 5.908 e-3 1.567 e-2 

(0.3797, 0.5825, 0.6416) 0.4432 0.6386 9.201 3.518 e-3 1.508 e-2 

(0.3835, 0.5737,0.6367) 0.4467 0.6302 9.193 3.575 e-3 1.813 e-2 

(0.3864,0.5692,0.6351) 0.4488 0.6253 9.089 4.672 e-3 2.224 e-2 
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While the temperature errors, aT, for all input data in Table 4.7, fall into acceptable 

ranges (less than 1.6 e-2), the generated temperature curves, shown in Figure 4.12, using 

the first and third data points do not predict the rest of the data set as well as the curves 

generated using the second, fourth, fifth and sixth data points. The deviations, CT
T
 and o^, 

indicate that some input points result in more accurate curves. Obviously, a scheme is 

required to optimize the generated curve to minimize the deviation with respect to all of 

the data. 

4.6 Increased Accuracy of Prediction using Additional Data Points 

Figures 4.13 and 4.14 show the results of improving the prediction using the 

combination of additional test data and the non-linear least squares estimation algorithm 

discussed in section 2.4.2. Both figures compare the curves generated using one, three 

and six data points. The one-point curve used the section 2.4.1 algorithm, while the three 

and six data point curves used the algorithm from section 2.4.2. The steady improvement 

in the pressure curves is evident as more data points are included in the generation 

procedure. The final pressure curve, using all six data points, goes through the middle of 

the data set in comparison to the fits using one or three data points. 

Values in Table 4.8 illustrate how the non-linear least squares algorithm adjusted 

the initial value of Acti (determined from the one-point algorithm) such that it minimized 

the deviations between the predicted data and given data. It also lists the data points that 

were used for each case. For the six-point case, all of the supplied data in the set were 

used. 
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Table 4.8: Summary of Results for Staee 1/Speed 4 
Characteristic Generation using Additional Data Points 

Number 
of Data 
Points 

Data Points 
(Or, ¥/,¥/) 

Acti 
(degrees) 

Error Error 

1 (0.3723, 0.5918, 0.6432) 9.547 5.908 e-3 1.567 e-2 

3 (0.3561,0.6278, 0.6691) 
(0.3663,0.6139, 0.6642) 
(0.3723,0.5918, 0.6432) 

9.410 3.395 e-3 1.553 e-2 

6 (0.3561,0.6278,0.6691) 
(0.3663,0.6139,0.6642) 
(0.3723, 0.5918, 0.6432) 
(0.3797, 0.5825, 0.6416) 
(0.3835, 0.5737, 0.6367) 
(0.3864, 0.5692,0.6351) 

9.282 2.712 e-3 4.704 e-3 

As discussed in section 2.4.2., a method for improving the generated pressure 

characteristic includes improving the efficiency model. In the one-point method, efficiency 

was assumed constant, which is consistent with near-design flow coefficients. With 

additional data, a more realistic model of efficiency versus flow coefficient can be 

developed. The improved efficiency models for stage 1, speed 4 can be seen in Figure 

4.15. In the figure, the three curves shown were developed using one, three, and six test 

data points. The function coefficients A, B and C are recalculated as additional data 

points are acquired. With the efficiencies and their respective flow coefficients, the 

algorithm discussed in 2.4.2.3 determined the constant coefficients for the following 

function of efficiency versus flow coefficient: 

TI = A0
2
 + BO + C 
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For the one-point curve, A = B = 0 and C = 0.9273; for the three-point curve, A = -112.7, 

B = 83.89 and C = -14.69; for the six-point curve, A = -61.35, B = 47.41 and C = -8.211. 

The section 2.4.2 algorithm can also be used to improve the stage characteristics 

generated using a reference curve from another stage. Figures 4.16 and 4.17 show how 

the temperature and pressure curves for stage 3, speed 7, generated with reference curve 

1, can be moderately improved for near-stall regions using additional data. The new Acci 

from the section 2.4.2 algorithm is 2.380 degrees in comparison to 4.142 degrees using 

the one-point algorithm. In terms of the errors, aT and cf, an improvement was made. 

Using the section 2.4.2 algorithm, oT decreased from 9.449 e-2, using the one-point 

algorithm, to 6.791 e-2, and o^ decreased from 9.869 e-2 to 6.742 e-2. The new 

calculated errors, however, do not fall below the acceptance range of 1.6 e-2. They are 

not even below the values calculated for the curves generated using reference curve 3 

(Table 4.2). These large deviations can be seen in Figures 4.16 and 4.17 where the 

generated curves do not line up with the test data. Thus, using the section 2.4.2 algorithm 

to incorporate additional data into the curvefit is not sufficient to overcome the errors due 

to stall effects. 

Stall effects can be accounted for by changing s'. The curves generated in Figures 

4.18 and 4.19 were developed using the Aai determined from the section 2.4.2 algorithm, 

2.380 degrees, and the reference curve generation scheme outlined in section 3.3.3. The 

reference curve generation algorithm iterated s' to best fit the given data and found s' to be 

equal to -0.1718. This result for s' is consistent with the stall portion of the deflection 

versus incidence curve shown in Figure 2.2 where, at stall, e' approaches zero and 
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becomes negative. The reference temperature curve resulting from the section 3.3.3 

algorithm is shown in Figure 4.18 and compared to the curves generated using one-point 

and non-linear least squares algorithms. Even though the fit for the data is good (oT for 

this case is 6.096 e-3), the negative curvature shown is not typical of stage characteristics. 

For this case, a variable s1 model as a function of flow coefficient would be of use in 

generating the new temperature characteristic. 

The pressure curve shown in Figure 4.19 was developed using the new 

temperature curve from Figure 4.18, generated using a new s', and an efficiency model 

developed using the section 2.4.2 algorithm. The curvefit has improved significantly for 

this case as well, o^ = 9.526 e-3, and the curvature of the resulting characteristic is 

correct. Figures 4.18-19 and the results clearly demonstrate how a variable s' versus flow 

coefficient model could be used to improve the generated curves. 

4.7 Summary of Results 

The one-point stage characteristic generation algorithm was shown to be accurate 

for the first stage of the compressor since the data for those curves were pre-stall; 

however, for post-stall data, such as stage 3, the generated curves were not as accurate. 

Curves generated for stage 2 using reference curve 1 were similar in curvature and 

placement to those generated using reference curve 2. However, the generated stage 3 

characteristics using reference curve 1 showed a marked increase in the temperature 

deviation, CT
T
, suggesting that a flatter reference curve would better predict data in the stall 

region. In comparison to the temperature curves, the generated pressure curves were not 
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as accurate using the one-point stage characteristic generation algorithm. This is due to 

the constant efficiency assumption, necessary with only one available performance point. 

The generated stage characteristics were not sensitive to the selection of the 

reference curve cti. A change in the input reference curve ai to the one-point generation 

algorithm changes the iterated value of Aai and E' of the reference curve and generates the 

same curve. On the other hand, the generated characteristics were dependent upon the 

input data point. The generated curves shifted in order to go through the input point and 

depending upon that point, the deviation, a1, increased or decreased. 

As additional data were acquired, the algorithm in section 2.4.2 could be 

implemented in order to determine a Acci that minimized the deviations between the 

generated curve and the testcase data. However, the section 2.4.2 algorithm could not be 

used to generate accurate stage characteristics for stall test data. In order to develop 

accurate curvefits for stall data, a variable e' model would be required. Additional data 

could also be used to construct a more realistic, parabolic efficiency model. With the 

improved efficiency model and temperature curves, an improved pressure curve could be 

generated. 
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V. CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

1. The stage-characteristic curvefit method presented in this thesis is valid for the 

pre-stall portions of the stage characteristics as quantified by deviations, CT
T
 and o^, less 

than 1.6 e-2. The goodness of the curvefit, however, is dependent upon the choice of 

reference curve. Data in the high curvature stall or post-stall regimes will not be 

represented as accurately by reference curves chosen from pre-stall conditions, as seen in 

the flatter speed lines of all three stages, particularly for stage 3. Accurate fits were 

obtained for the first two stages (using a reference curve from stage 1) for data that 

followed a curvature similar to the reference. Flatter reference curves could be made to 

predict the stall data better, but this would require more work to be done in optimizing the 

parameter, E'. 

2. The accuracy of the curvefit in predicting the true characteristic from one point 

depends on the deviation of that point from the true operational characteristic; i.e., an 

invalid first data point will result in a skewed predicted curve not representative of the true 

characteristic. The deviation between the test data and the generated curve, aT, varies 

decidedly depending upon the input data point. In Table 4.7, oT varies from 4 e-3 to 7 e- 

3, and while these deviations are all within acceptable ranges, the lower the deviation, the 

better the fit. The best curvefit may be determined by the use of additional data in a non- 

linear, least-squares estimation algorithm. The non-linear least squares algorithm adjusts 

the estimated gas inlet angle for the stage, cci, in order to minimize the errors.  Using this 
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technique, the deviations for the stage 1, speed 4 curves, for example, are about half that 

of the one-point prediction as seen in the oT columns of Tables 4.1 and 4.8. The 

refinement algorithm of section 2.4.2 can be used to decrease errors in stage 

characteristics generated using a reference curve from another stage; however, it is not 

sufficient to predict the curvature due to stall effects. In order to account for stall effects, 

a variable E' versus flow coefficient model is required. 

3. The pressure characteristics are not predicted accurately using the one-point 

generation method. Accuracy may be improved by using additional data points to develop 

a parabolic model of efficiency versus flow coefficient. For example, when all of the data 

in the set are used, deviations in the pressure coefficient curvefit using the parabolic 

efficiency model for stage 1, speed 4 are only one third of those using the one-point 

algorithm. 

4. It has also been shown that though the angles on the reference curve may be 

unknown, if the angles are derived based on common design and theoretical principles, 

valid characteristics can be generated. The one-point algorithm, from section 2.4.1, is not 

sensitive to the choice of the stator outlet angle, oci, since an adjustment to the change in 

the stator outlet angle, Acti for the new data will occur and result in a nearly identical 

curve. 

5.2 Recommendations 

1. More research needs to be done in the following areas: post-stall regimes; the 

change in the slope of the deflection versus incidence curve as it relates to the flow 
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coefficient; the development of stall reference curves; efficiency modeling; and changes in 

other blade angles, ßi and s. The algorithms presented in this thesis are based on pre-stall 

theoretical behavior. Once the compressor stage enters the stall and post-stall regimes, 

the losses that have been assumed negligible become significant. Also, in the stall regions, 

the flow is separated and does not follow the contour of the rotor blades, and the linear 

function of e versus ßi used in this study is not accurate. As seen in Figure 2.2, s' may 

decrease or become negative as stall is reached. An algorithm constructed to include the 

dependency of e' on <I> would more adequately model stall and post-stall losses. Such a 

model could be used to develop a stall reference curve. Significant improvements were 

seen when using the flatter reference curve of stage 3 to predict the near-stall data as seen 

in Figure 4.5. 

2. The pressure curves are dependent on both the temperature curve and the 

efficiency. Improvements in the efficiency model would greatly improve the pressure 

curve predictions. This could be done by developing a model of the efficiency as a 

function of flow coefficient to include effects due to changes in the blade angles. Such a 

model could be derived from cascade theory loss relationships described in Ref. 7. 

3. Finally, the curve generation algorithms (section 2.4) mainly used changes in the 

IGV and stator outlet angles with the assumption that changes in other angles (ßi and s) 

were dependent upon changes in cti. The algorithms' accuracy could be enhanced by 

including other blade angle changes, such as stagger, as independent quantities. A less 

constrained relationship, essentially with a nonzero Aßi or AE in (2.34-35), could improve 

the prediction for curves that are not of the same stage as the reference, particularly in the 
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cases where in addition to the stator angle changes, the rotor blades angles have been 

changed as well. 
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Figure 2.4 Example Parabola 
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