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Abstract

Mixed-norm optimal control synthesis is used to solve a multi-objective suspension prob-

lem. The objective is to develop a controller for an active suspension system on-board a

tractor-semitrailer vehicle. The problem is first approached by using H 2 and H" opti-

mization. It is shown that by combining both techniques into one mixed-norm optimization

method, it is possible to exploit the strengths of each norm to provide superior performance.

Two H 2/H. designs were completed. One design concentrated on optimal performance at

one design condition. The second design concentrated on providing the best performance

possible at a medium load configuration, while maintaining robust stability at the extreme

load configurations.
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APPLICATION OF MIXED-NORM OPTIMAL CONTROL TO

A MULTI-OBJECTIVE ACTIVE SUSPENSION PROBLEM

I. Introduction

1.1 Overview

In the past few years significant process has been made in control theory concerning the

application of H 2 , H,, and f, norm based control design. Each of these single-norm

control designs methodologies optimizes the controller for a certain set of inputs and outputs

appropriate to the norm. If the problem at hand falls into one these categories, then the

application of a single-norm control law synthesis is appropriate. However, this is often not

the case in real world applications.

Unfortunately, there is little the control engineer can do if the problem he faces doesn't

neatly fall into one of the single-norm methods. He can either change the problem to fit

one of the methods, use the method that comes closest to meeting his needs, or find a new

method. Both of these methods compromise the performance of the design because the

engineer must solve the problem within limitations imposed by using a single norm.

Current research into the application of using a mixed-norm approach has addressed

these issues. If the problem can be broken down into a set of subproblems with each

subproblem designed for a specific norm, it can be solved numerically. This is the approach

taken in this thesis. The problem addressed is broken into a set of subproblems each designed

to take advantage of a norm appropriate to the subproblem. Then the whole problem is

solved numerically through the use of the Mixed Norm Toolbox (MXTOOLS) developed by

the Air Force Institute of Technology (AFIT) [JRCS95].

1.2 Previous Work

Although the theory behind single-norm problems has been in place for a number of years,

and analytical solutions have been identified, the same can not be said about mixed-norm
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optimal control. A major step forward was accomplished by Walker [Wal94] when he was

able to refine a method originally proposed by Ridgely [Rid92] to numerically solve a general

H 2 /H.. problem for a fixed order compensator. His method was superior to the earlier

attempts because it required fewer restrictions on the open loop plants of the H2 and H,

subproblems, P,, and Pd. He showed that the free order optimal controller is unique and

that it was in general a non-rational H-2 function. This drove the necessity for a fixed order

approach, since implementation of a non-rational H2function is currently impossible. Walker

concentrated his efforts on the H 2/Hoo problem; however, he did show that the results were

valid for any set of convex constraints.

Spillman followed Walker by approaching the H 2/L1 and H2/ 1 problems [Spi94]. Since

the L1 norm is a convex functional, Walker's approach could be used. Spillman derived the

analytical gradients of the L1 norm and the f, norm with respect to the design variables

(the compensator matrices). This dramatically improved the speed and accuracy over the

previous central differencing algorithm that was being used.

Additional improvements to the solution of the H2/Ho problem were made by Smith

[Smi94]. She was able to improve the existing Ho gradient routines and allowed for the

capture of multiple peaks on the singular value plot of the Ho, constraint function. The

addition of the multiple peaks routine allowed the optimization routine to treat each peak

as a constraint. This reduces the chances that additional peaks will occur during the

optimization process.

The transition into discrete time was accomplished by Jacques [Jac95]. He was able to

show that Walker's work held for discrete time. This was a significant step forward since

it allowed for the construction of mixed-norm discrete controllers. Since most controllers

are implemented digitally his method allowed for the implementation of discrete controllers

without any loss of performance from digitization. This did, however, require that a digital

model of the plant be used for the optimization process, so some performance may be lost

if the plant must be digitized.

The theory behind mixed-norm optimal control is well summarized by Ridgely and

Walker [RW95]. They discuss only the continuous H2/H.. problem and its solution. The

basic theory holds for H 2/L 1 problems as well, since L1 is a convex constraint function
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[Wal94, Spi94]. The discrete equivalent and an example of mixed-norm optimal control is

well summarized by Jacques, Ridgely, and Canfield [JRC95]. The numerical approach be-

hind the mixed-norm solution is well documented by Canfield, Ridgely, and Smith [CRS95].

The result of all the aforementioned work on mixed-norm optimal control has been incor-

porated into MXTOOLS which runs on MATLAB TM [MAT]. The MXTOOLS toolbox solves

for the fixed-order optimal compensator for the mixed-norm problem where the objective

function is an H 2 transfer function, and the constraint function is either an H 2 , H , or

L1 (f1 for discrete) transfer function. It also allows for multiple constraints, thereby allowing

the H2 /L 1 /H or H 2/ 1 /H,, problem to be solved.

1.3 Research Objectives

The effort in mixed-norm control at AFIT resulted in MXTOOLS [Wal94, Jac95, Spi94,

Smi94]. However, there are only a few examples that have been exercised through MX-

TOOLS. Most of the effort has been in the creation of the toolbox itself and most of the

examples that have been run are academic in nature and simplicity. Now that MXTOOLS

has evolved, more difficult examples are being run to fully explore the power of the mixed-

norm approach.

The objective of this thesis is to take a complex problem and to attempt to solve it with

MXTOOLS. The problem was presented by de Jager as a potential baseline problem for the

control community [dJ95]. The problem is based on designing an active suspension system

for a tractor semitrailer vehicle. Both single-norm and mixed-norm methods will be used

to solve the problem.

1.4 Approach

The goal of this thesis is to develop an active control system that performs better than the

current passive suspension system. The model allows for four configurations: passive-empty,

passive-loaded, active-empty, and active-loaded. Since the dampers in the passive suspen-

sion system are replaced by the actuators, the dynamics of the system change dramatically

between the passive and the active systems. There are also four models that can be used
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in analysis. The most complex model has ten degrees of freedom (DOF), which results

in a twenty state system. This model was considered to be the truth model and used to

test the effectiveness of the controllers designed on the lower order models of the system.

There are also six, four, and two DOF models, which were evaluated for possible use in the

development of the compensator. These models are simplifications of the ten DOF model.

The 2 DOF model was used in development of the controller to minimize the order of the

compensator and to provide assurances in the area of controllability and observability.

The analysis examined the following aspects of the problem:

" Current passive suspension system

" Impact of introducing an actuator into the system

" Original design approach

" Modified design approach

" Single norm design approaches

- H/2 design of active suspension system

- H, design of active suspension system

" Mixed-Norm design approaches

- H 2 /Ho, performance based design

- H2 /Hoo robustness based design

1.5 Outline

This thesis is broken into nine chapters. Chapter 2 introduces H 2 and H,, optimization. The

solution to the mixed-norm problem is discussed in Chapter 3. Chapter 4 introduces the

suspension problem and highlights the differences between the passive and active suspen-

sions. The H 2 solution is discussed in Chapter 5. Chapter 6 includes the H", solution. The

mixed-norm problems are formulated and solved in Chapters 7 and 8. Finally, conclusions

and recommendations are covered in Chapter 9. There are eight appendices. Appendix A
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describes how to remove the assumption on no direct feedforward terms in the H2 subprob-

lem. Appendix B outlines the two degree of freedom model. Appendices C and D are the

ten and two DOF passive suspension responses, respectively. Appendices E and F are the

open-loop suspension responses for the ten and two DOF models, respectively. Appendices

G and H are the empty and loaded configuration simulations for Mixed-Norm Design 2.

Finally, Appendix I is the ten DOF simulation for Mixed-Norm Design 2.
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II. Norm Based Optimization

2.1 Introduction

The first part of this chapter introduces the mathematical background required to under-

stand the application of norm based optimization. The second part is an introduction into

single norm optimization including H 2 and H.. norm optimization.

2.2 Mathematical Preliminaries

2.2.1 State-Space Representation

Consider a continuous linear time-invariant (LTI) system governed by the following state-

space representation

J.(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t) (2.1)

This state space represents how the states, x, of the system change with time, t. The

control input is u and the measured output is y. The state space can also be realized as a

transfer function in the s-domain through the Laplace transform

G(s) = C(sI - A)-'B + D (2.2)

The following shorthand notation for the above will also be used throughout this thesis

to represent the system

G(s) =- C(sI - A)-'LB + D EEA- (2.3)

This thesis is based primarily on continuous theory; however, it should be understood

that there is a full set of equivalent expressions for discrete time, which can be used to

develop the mathematical background for the discrete problem.
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2.2.2 Controllability

Controllability of the system implies that each state can be moved to an arbitrary location

with a finite amount of control power. There are many tests of controllability; one of the

most common is to check the rank of the controllability matrix

Co = [B AB A 2B ... A-1B] (2.4)

If the rank(Co) : the number of states, n, then the system is not completely controllable.

This implies that no matter what the compensator does, it will have not be able to control

the uncontrollable modes of the system. If the mode is not important and is well behaved,

this may not be an issue, but if it is important to control or is unstable, the problem is

ill-posed. Rectifying the problem may include adding more actuators to provide additional

control power or changing the location of the current actuators. For a system that is almost

uncontrollable, balancing the system may improve the numerical conditioning.

2.2.3 Observability

The dual of controllability is observability. Observability implies that for any x(O), there

is a finite T > t such that x(O) can be computed from the measurements y(O),y(t),...,y(T).

The most common test for observability is similar to the test of controllability, except the

rank of the observability matrix

C
CA

Ob= CA2  (2.5)

CAn-1

is checked. If the rank(Ob) $ the number of states, n, then the system is not completely

observable. This implies that there are states that exist that one can not identify from the

given measurements. To correct this problem it may be necessary to move the sensors or

add additional sensors to the system.
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2.3 Transfer Function Norms

In norm based optimization, there are generally three norms used. They are the two-norm,

infinity-norm, and the one-norm. This section covers the meaning behind the norms, both

from a mathematical and application point of view.

2.3.1 Two-Norm

The motivation behind H 2 optimization is that the two-norm provides a measure of how

large the energy of an output can be when the system is driven by an unit intensity white

Gaussian noise (u.i.w.G.n). Given a system G(jw), the two norm is defined as

< G(jw), G(jw) > = IG(jw) 2 27 f tr [G*(jw)G(jw)]dw (2.6)

In order for the integral to converge, the transfer function G(jw) is restricted to be stable

and strictly proper. Equation 2.6 is not easy to solve directly, but there is a method using

Lyapunov equations to solve for the two-norm [DFT92].

The two-norm can be computed by

IIG(iw)I' = tr[BTLoB] = tr[CLcCT] (2.7)

with L, and L, being the positive semidefinite solutions to their respective Lyapunov equa-

tions

0 =AL, + LA T + BB T  (2.8)

0 = ATL + LA + CTC (2.9)

This method provides an easy way to compute the two-norm of a transfer function. If

the transfer function is unstable, the two-norm is the square root of the sum of the squares

of the two-norms of the stable/anti-stable projections.
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2.3.2 Infinity-Norm

The motivation behind the infinity-norm is based on its physical meaning. Given a system

with a bounded energy input, the infinity-norm provides a measurement of how large the

energy of the output can be. Mathematically, the infinity-norm is defined as

I~G(jw)11I, =- sup &[G(jw)] (2.10)

Equation 2.10 is intrinsically based on a search over frequency w. The result is based

on how fine of a frequency search is used to find the maximum singular value. Searching

over frequency is one method to find the infinity-norm. The second method is based on an

iterative approach using the Hamiltonian matrix

[ A+ BR-IDT+C BR-1BT ]T

H _ [cT(I + D D T ) _I C  -(A + BR-1DT (2.11)

where R =- y'I- DTD. To find the infinity-norm, 7y is reduced until the eigenvalues of H are

some E distance from the imaginary axis. The accuracy of this calculation will depend on

how small c is chosen; the closer c is to zero, the closer the value of -Y is to the infinity-norm.

2.3.3 One-Norm

Unlike 112 and Hoo, f, is not based in the frequency domain. Instead, it is based on the time

response of the system. The fl norm is a measure of the maximum magnitude of the output

of a system given a bounded magnitude input. This norm can be applied to systems where

the peak magnitude of signals is critical, rather than energy.

The one-norm is not well handled in continuous time because it is based on an infinite

integral over time. However, an approximation to the one-norm can be made if the system

G(s) is transformed by the z-transform into Gd(z). This produces the discrete equivalent

system to G(s)

Gd(Z) [Ad Bd ](2.12)Gd~) = Cd Dd

The one-norm for a SISO system is computed by expanding the pulse response of the

system, which is
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Gd(k) Dd for k = 0 (2.13)

CdAd-IBd for k > 1

For a finite one-norm the system must be stable so that the pulse response will decay

as k -* c. At some truncation level, N, the remainder of the pulse response is negligible.

This results in a finite sum in place of the infinite summation and thus the one-norm can

be approximated directly. For a SISO transfer function the one-norm is

N

IIGdIji = lim E ICdAkBdj + IDdl (2.14)
N -- c k = O

This can be expanded to the MIMO case, where the MIMO one-norm of a transfer

function matrix is the maximum row sum of the individual SISO transfer function one-

norms. For further explanation of the one-norm, see Spillman [Spi94] or Dahleh and Diaz-

Bobillo [DDB95].

2.4 H 2 Optimization

The 12 problem is shown in Figure 2.1, where the input w is u.i.w.G.n. and z is the output

we wish to control. The goal of H 2 optimization is to minimize Ilizi2 given a u.i.w.G.n. w,

which is equivalent to

inf
Kstabilizing IlTz.112 = a (2.15)

The state space realization of P2 is

P2 =  C _ Ozw Dzu (2.16)

C2 DYW DYU

The notation used is slightly modified from the normal H-2 notation, but the reason for

the modification will become clear in the mixed-norm discussion.

In order to solve the H-2 problem, the following assumptions are made:

1. Dzw = 0

2. DYU = 0
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WZ

P

U y

K
Figure 2.1: H 2 System

3. (A 2, B 2) is stabilizable and (C2 , A 2) is detectable

4.DzDZ, and DY Dw have full rank

. A - jwI B2 has full column rank for all w
5 C, DZU 11

6. A - jwI Bw] has full row rank for all w6. C2 Dyw

Assumption 1 is required to ensure a finite two-norm of the closed-loop system. This

assumption can be lifted for special cases and the motivation for this is discussed at the

end of this section. Assumption 2 is not required but simplifies the computations. It can

be lifted through a shifting technique shown in Appendix A. Assumption 3 is necessary to

ensure that a stabilizing compensator does exist. Assumption 4 requires the problem to be

regular, thereby penalizing control and assuring that there are no perfect measurements.

Lastly, Assumptions 5 and 6 are required to ensure the existence of stabilizing solutions to

the algebraic Riccati equations (AREs) used to solve the H 2 problem.

The resulting H 2 optimal controller is then given as

K2[ ,(8)= A 2 - Kf 2 - B 2Kfc 0h;f (2.17)

where

K, = BT X 2 + D TCZ (2.18)

Kf = Y2CT + BwDYT  (2.19)
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X2 and Y2 are the real, unique, symmetric, positive semidefinite solutions to the AREs

( - T .T X2 (AC. TX ^

(A2 - B 2DZC) X2(A2 - B 2DZUC) - X 2B 2BTX2 + C[CZ = 0 (2.20)

where

(I - DuT)C (2.21)

and

(A2 - BDyWC 2)Y2 + Y2 (A2 - BD T  T _ Y2c2c 2y 2 + T 0 (2.22)

where

B B(I - D,,DYW) (2.23)

It should be noted that this solution assumes that D w = 0; for the most general solution,

this is not required. If D,, 5 0, then the compensator will have a non-zero D, term as well

as some additional terms. The D, term is fixed and given by

D, = -Dz,,DzwDtw (2.24)

such that

, - D ,,n n D =0 (2.25)

where (.)t denotes pseudoinverse.

However, this restriction on Dzw is very strict, and in most cases requires Dzw = 0 which

implies D, = 0 [RW95]. This requirement does not exist for the discrete case, where the

closed-loop transfer function Tz may have a non-zero D term. Therefore, the continuous

H 2 optimal controller is strictly causal, whereas the discrete H2 optimal controller must be

causal but not necessarily strictly causal.
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d e

U _ __y

K
Figure 2.2: H.. System

2.5 H 0 Optimization

The goal of Hoo optimization is to minimize the maximum energy of the output e to a

bounded energy input d. This is equivalent to

inf
K ta.blizing IITedk =0 (2.26)

The Hoo problem is shown in Figure 2.2. The state space representation of the H,, problem

is

[AooI Bd Boo,

P.0  Ce Ded Deu (2.27)

C. Dyd DyU

and is very similar to the set-up of the H 2 problem. The following assumptions are made

for H 0 optimization:

1. Ded = 0

2. DYU = 0

3. (A,,, B00 ) is stabilizable and (C,, A..) is detectable

4. D' Deu and DldDyd full rank

5.[ AD - JW1 Boohas full column rank for all w

6.[A - j w I Bd has full row rank for all w
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Assumptions 1 and 2 are not necessary but make the derivation simpler. A description

of the shifting technique required to remove these assumptions can be found in [Dai90].

Assumption 3 is required to ensure that a stabilizing compensator does exist. Assumption

4 ensures that all of the controls are penalized and that there are no perfect measurements.

This assumption is strengthened through scaling such that D' Deu = I and D TdDT = I.

Lastly, Assumptions 5 and 6 are required to ensure that there is a solution to the Ricatti

equations for the H,, norm calculations.

To find the H,, controller, an iterative process is used. The method is based on solution of

two AREs and a coupling condition. The method parameterizes all sub-optimal controllers

such that

IITedll <, Y > -o (2.28)

where -yo is the actual infinity-norm of Ted.

d -- R e

U

VJ
K

Figure 2.3: H, Parameterized System

The H, system with the parameterized controller is shown in Figure 2.3. The parame-

terization is accomplished through J where

J YU Jur A fKfl]J(s) jly Jur [-K 0 1 (2.29)
Kd 1 0

and

Aj = A. - KfCoo - BooKc + '- 2 YooCT (Ce - DeuKc) (2.30)
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T

K=(B 00 X00 ± D7 ,Ce)(I - y-2 Y 0 0X 0) -  (2.31)

Kf = YooC + BdDyd (2.32)

K 1 = -(-DydBTXoo + C)(I - X) -  (2.33)

Kfl = " ,2Y 0 CTDeu + Boo (2.34)

X 0 and Y.0 are the solutions to the AREs

(A0 , - BOODeTCe)TXoo + Xw (A,, - BooD TCe)

+Xwo(,,-2BdBT - BwBT)XOO + 6TG e 0 (2.35)

where

=e(ID ,,De,)Ce (2.36)

and

(A. - BdDudC)Y. + Y.(AOO - BdD TC0 0 )T

+Y.(-2C[C. - CC-)Y- ± =0 (2.37)

where

3d = Bd(I - Dydyd) (2.38)

The controller can be formed by choosing any stable, proper Q such that

IIQII 0 < Y (2.39)

The parameterization of a controller K is valid if and only if the following three conditions

hold:

1. Hx E dom(Ric) with X. = Ric(Hx) > 0

2. Hy C dom(Ric) with Yo, Ric(Hy) > 0
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3. p(Y.X.) <y'

where

[A.0 - BDTCe _y-2BdB - B 0.B

H [Aoo - BdDdC yC - j 0 0  (2.41)- T  - Ao T C"T

_Q G -(A. 0 - .e
.2 -(A BdDydC.o

are the Hamiltonians associated with Equations 2.35 and 2.37, respectively.

To solve for the controller, choose a y and check the above conditions. Repeat the

process while increasing -y until none of the conditions fail. Iterate between the last two

points until the desired accuracy (within numerical accuracy) is satisfied.

One of the advantages H 0 optimization has over H 2 optimization is that, due to the

submultiplicative property of the H 0 solution, it can be used to guarantee robust stability.

If the closed-loop system Td is modeled with uncertainty as in Figure 2.4, then the Small

Gain Theorem can be used.

Theorem 2.1 Small Gain Theorem

Let Ted E Ho .• Assume A is connected to Ted as in Figure 2.4. Then the closed-loop

system is internally stable if

IlTeAl. < [ITedlj. IZAjIoo < 1 (2.42)

Proof: [Zam66]

A

Td
Figure 2.4: Closed-Loop Ted System with Uncertainty A
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This implies that the lower ]ITd~ll is made, the more uncertainty the system can handle

before becoming unstable. An extension to Equation 2.42 is

IIlTedII. < (2.43)

If the system uncertainty can be modeled, then a weighting function W can be derived

such that it is possible to provide robust stability against the uncertainty that is modeled.

This does assume that it is possible to find a controller such that IITdjw < 1 I and if

such a controller can not be found, it is not possible to guarantee robust stability.

In this thesis, an additive uncertainty model is used to guarantee robust stability between

the empty and loaded configurations. Figure 2.5 shows how the additive uncertainty is

incorporated into the system. P represents the nominal plant and P is the off-nominal

plant at which robust stability can be guaranteed for all 1iAI K < 1 if

IIWKSIl < 1 (2.44)

where

W=P-P (2.45)

and S is the sensitivity function, (I - PK)- 1. Further development of this technique is left

for Chapter 8. There are other ways to model uncertainty, and for more information on

them see [DFT92].

Figure 2.5: H System with Additive Uncertainty
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This property of Ho. optimization implies that H. optimization can be used for both

performance and to provide robust stability at off-nominal conditions. It should be noted

that f, optimization also has the submultiplicative property, and therefore can be used in

a similar fashion to provide performance and robustness. The choice of which norm to use

will depend on the problem and how it is best modeled.
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III. Mixed-Norm Optimization

3.1 Introduction

In the previous chapter, H2 and H 0 norm based control synthesis methods were discussed.

Both of these are designed to provide an optimal controller for a specific type of input and

output. Unfortunately, most problems do not fit the mold of a single norm approach. This

results in a compromise that must be made by the designer. Either the problem must be

modified in some way to make it fit into one of the norms, choose the single-norm synthesis

method that is closest to being appropriate for the problem, or find another method that

works better. Either of the norm based methods are a compromise in design forced on the

designer because of the limitations of the single-norm methods.

Recently, a synthesis method has been developed to design an output feedback controller

which minimizes the two-norm of one transfer function, while constraining the one-norm,

two-norm, and/or infinity-norm of possibly dissimilar transfer functions. This method does

not guarantee global optimality, but has been shown to produce good results [Jac95, Spi94,

Smi94]. This is the method used in this thesis, and which will be described in this chapter.

The method allows for a single H 2 objective function, and multiple constraints that

could be H2 , H00 , and/or f, in nature. In essence, it provides a mixed-norm approach to

the problem which allows for the exploitation of the best norm applicable to the constraint

functions, with an H 2 function being the objective.

This approach allows the control engineer great insight into the problem. In the tradi-

tional single-norm approach, the problem was MIMO in nature because regularity conditions

often added sensor noise and control usage as an additional input and output. Therefore,

weightings on the inputs and the controlled outputs must be chosen. The norm was driven

in large part by the ratio of the weightings, and there was no clear way to see what happened

to the norm from just changing a single weighting, since multiple outputs affected the norm.

This problem is removed in the mixed-norm approach because each output can be put into

its own constraint function. This eliminates the iteration process in the choice of the ratio
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of weightings and provides a clear picture of what happens to the two-norm of the objective

function as one norm of a particular subproblem is constrained.

Another advantage is that with the mixed-norm approach the cross-weighting between

objectives are eliminated. For example, take a simple MIMO H 2 problem with two u.i.w.G.n

inputs and two controlled outputs as in Figure 3.1. For this example, the design goal is to

minimize the two-norm of zl with respect to wl, and z2 with respect to w2.

W 2 op I. Z 21?2z
U __ _y

Figure 3.1: H 2 MIMO System

The closed-loop transfer function is Tz,, which can be partitioned into

= [ T IWI TZ1 22 j (3.1)Tzo= Tz ,l Tz2W

Therefore, the two-norm of T, is influenced by the cross-term transfer functions T,1, 2

and T2W2 1 . T,. '2 is the closed-loop transfer function from the second input to the first output,

and T12W1 is the closed-loop transfer function from the first input to the second output.

However, these transfer functions are not a part of the design goal, yet they influence the

optimization results. This implies that depending on the behavior of the cross-term transfer

functions, the resulting controller may not be optimal for the design goals.

The influence of the cross-term transfer functions is eliminated in the mixed design

because each transfer function can be separated into a subproblem. For this example, the

mixed problem could be set up to reduce IITl 1, 112 while constraining IIT 2, 2 112 equal to or

below some set value. In addition, the norm on the constraint function is not limited to the

two-norm, so if an infinity-norm is a better norm for the constraint, an infinity-norm can

be used.
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This thesis deals primarily with the application of H, constraints, but for completeness,

this chapter will also include the notation required for the application of f, constraints in

conjunction with H, constraints. To date, MXTOOLS has not been used with H2 constraints.

3.2 Nomenclature

The notation used in the previous chapter was not standard for single norm optimization,

but was the notation adapted for the mixed-norm method. This will become clearer as

the mixed-norm synthesis method is discussed. Table 3.1 lists the nomenclature used in

mixed-norm synthesis:

Symbol I Definition
Tz. Objective 112 norm transfer function
Tn Constraint f, norm transfer function
Ted Constraint H.. norm transfer function
a, Minimum free order H 2 norm of Tz,
a Minimum fixed order H2 norm of Tz,,
VO Minimum free order f 1 norm of Tm,
v Minimum fixed order f1 norm of Tmr
70 Minimum free order H, norm of Ted

lyMinimum fixed order H,, norm of Ted
K2,,Pt The unique K(s) that makes IIT, II 2 = a,

Value of IITmrll when K(s) = K20 P,

Value of ITedllo when K(s) = K2,,

Kmi. A K(s) which minimizes IITI112 while constraining I1Tmnr _ v and
IITedI~oo < -Y

a* Value of IIT. 112 when K(s) = K, ni,
V* Value of IITm ll when K(s) = Kmi
'* Value of IITdloo when K(s) = Kmi

K Vectorized compensator

Table 3.1: Mixed-Norm Nomenclature
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3.3 Problem Setup

The mixed-norm problem is defined as

inf
gadmissble I f Tz12 (3.2)

subject to

IITmrIi < V

IlTedlioc 5 -Y

where Kadmissible is the set of stabilizing controllers of some fixed order. The mixed-norm

problem can have a single constraint transfer function, or multiple constraint transfer func-

tions. Figure 3.2 shows the set-up of the mixed-norm problem.

r M
de

U y

K
Figure 3.2: Mixed-norm feedback system

P can be partitioned as

Pzm Pr Pd Pzu
p Pm. Pm Pmd Pm. 3

P . Pe, Ped PeJ (3.3)

Py. Pyr Pyd Py.

For this general plant P, the inputs w, r, and d are as follows:

* w: unit intensity white Gaussian noise

" r: unknown but bounded magnitude input with Illoc _ 1
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e d: unknown but bounded energy input with IJdJJ2 < 1

The outputs z, m, and r are all outputs whose norms are either minimized or constrained.

Ignoring the cross transfer functions (they can be specified in the objective function or one

of the constraint functions directly if necessary), the state space for the mixed problem is

x 2 (t) = A 2x 2(t) + Bw(t) + B 2u(t)
z(t) = Cx 2(t) + D w(t) + D,.u(t) (3.4)

y2(t) = C2x 2(t) + Dyww(t) + DYuu(t)

x,(t) = Alxl(t) + Brr(t) + Biu(t)
m(t) = Cmxi(t) + Dmrr(t) + Dmuu(t) (3.5)
y1(t) Clxl (t) + Dyrr(t) + Dyuu(t)

xo(t) = Aoo.xo(t) + Bdd(t) + Boou(t)
e(t) Cexoo(t) + Dedd(t) + Deuu(t) (3.6)

yoo(t) = Coxo(t) + Dydd(t) + Dyuu(t)

Equations 3.4 correspond to the H 2 objective transfer function. Equations 3.5 and 3.6

correspond to the f, and H.. constraint transfer functions, respectively. The notation used

is consistent with that from the previous chapter.

The objective transfer function and the constraint transfer functions may or may not

have states in common. Since each subproblem is based on the same set of measurements,

when w = r = d = 0, we have Y2 = Y1 = y,,. This does require Dyu to be the same for

every subproblem. The following assumptions are made for the mixed-norm problem:

1. (A2 , B 2) stabilizable, (02, A 2) detectable

2. (A1, B1) stabilizable, (C1, A1) detectable

3. (Ao,, Boo) stabilizable, (Coo, A..) detectable

4. D' Du full rank, DyDyT full rank

5. [A2 - j wI B2]full column rank V w

6. [A 2 
- W l  full row rank V w
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7. DYU =0

8. D, = 0

Assumptions 1-3 are required to ensure the existence of at least one stabilizing controller.

As long as the weightings in the f1 and H. problem are stable, it can be shown that the

H 2 stabilizing controller also stabilizes the il and H. subproblems [Wal94]. Assumptions

4 - 6 are required to ensure that the H 2 problem isn't singular. A singular 12 problem is ac-

ceptable; however, since an initial stabilizing controller is required to start the optimization

process, it is easier to have a regular H 2 problem that can be solved separately to provide an

initial stabilizing controller, K 2ov . When the H 2 problem isn't regular, the overall optimiza-

tion problem must be regular, so that all controls are penalized and all measurements are

corrupted by noise. Assumption 7 is not required but simplifies the derivation and can be

lifted through a shifting technique shown in Appendix A. Lastly, Assumption 8 is required

to ensure a finite IITu,1I2. This can be lifted for special cases but version 1.0 of MXTOOLS

does not account for these special cases.

3.4 Numerical Solution

The goal of the mixed-norm optimization process is to find a controller Kmix that will

minimize I T,. 12 while meeting the constraints on 1Tmril and IITed II ,. The state space

representation of the desired controller is

Kmi s)= C, Dr

where the inputs into the controller are the measurements, y, and the output is the control

signal, u. It should be noted that in the continuous case, D, is not a design variable.

Currently, MXTOOLS assumes D,, = 0, and therefore D, = 0. For the discrete case,

D,, is not assumed equal to zero, and thus D, is an additional design variable used in the

optimization.

The solution of the mixed-norm problem starts with an initial stabilizing controller,

Kinit. Most often it is the H-2 optimal controller for T, K 2op. This sets the number of

states of the controller to the same as the number of states in the 112 objective subproblem.
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The optimization routine is not limited to the size of K 2o,,, and can be run for both larger

and smaller controllers. A larger Kiit can be formulated by augmenting K 2o,, with near

pole/zero cancelations or roll-off poles. A smaller Kinit can be found through various model

reduction techniques. The only restriction is that this reduced Kinit must be stabilizing.

There is also no guarantee that there exists a Kmix derived from a reduced Kii which will

be able to satisfy the same constraints that a higher order Kmix can.

MXTOOLS requires the user to provide Kinit, and if it isn't provided, it will automat-

ically use K2,, as Kii. The next step in the solution process is to put Kinit into modal

form. This reduces the number of variables that must be solved for while preserving the

characteristics of Kinit. However, the current formulation doesn't allow for repeated eigen-

values in the compensator. This has not proven to be a significant restriction for the work

performed up to this point [RW95, JRC95, Spi94, CRS95]. If necessary, MXTOOLS could

be modified to use a block Jordan form which would allow for repeated eigenvalues. The

next step in solving for Kmix is the vectorization of Kinit. This puts all of the elements of

Kinit into a single vector, K. The optimization is then done on r. by a Sequential Quadratic

Programming (SQP) algorithm which incorporates the analytical gradients for the H 2 , fl,

and Ho, norm calculations for stabilizing compensators and a central differencing algorithm

for non-stabilizing compensators [CRS95].

The optimization is done on K until the constraints provided by the user are met, or the

optimization routine fails. The user can provide a single set of constraints or multiple cases

of constraints for the optimization routine. If multiple cases are provided, the Hessian from

each solution is passed to the next optimization process. This is one of the advantages of the

SQP routine over the CONSTR routine native to the Optimization Toolbox of MATLAB.

There is no known limit to the size of K and examples up to 100 variables have been

successfully done [Jac95]. However, as the number of variables increase the computational

time it takes to find the optimal solution increases as well. Implementation of high order

controllers also poses additional problems. Therefore, it is desirable to optimize on the

lowest order controller possible that will still provide adequate results. As both the ability

to optimize over a larger number of variables and to implement higher order controllers

improve, compensators closer to the free order optimal performance will be possible. For
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details on how the SQP algorithm works within the framework of MXTOOLS, the reader

is encouraged to read [CRS95].

3.5 Optimization Results

To simplify the discussion, assume that the problem has two infinity-norm constraints,

-Yi and y2. This discussion can be expanded with only notational changes for more con-

straints or the use of a different norm.

If the constraints are set such that yi _> ', and y2 _ f2 the resulting optimal controller

is Kmi. = K 2o,,. Since K2o,, results in the lower bound on a, it is not possible to reduce a

any further by relaxing the constraints. This results in the constraints being satisfied with

-y = 1 and -y = 12. This is a rather uninteresting problem because it provides the same

result as doing H 2 optimization on P2 without any constraints.

If the constraints are set such that /1 < 1 and -y2 < '72 and MXTOOLS can find

a mixed-norm optimal compensator, at least one of the constraints will be satisfied with

equality within numerical tolerance. This is due to the Kuhn-Tucker conditions at optimality

[Wal94].

The result of MXTOOLS is a set of controllers that satisfy a series of constraints while

minimizing the two-norm of the objective function. One of the outputs of MXTOOLS is an

Edgeworth-Pareto (EP) curve that can be formed by reducing the norm on one constraint

while letting the other constraint be fixed, unconstrained, or nonexistent. This curve shows

the direct trade-off between improvements (reduction) in the constrained norm and the

degradation (increase) of the objective two-norm. A sample EP curve is shown in Figure

3.3. The EP curve monotonically increases as the constraint is lowered.

With two infinity-norm constraints, an EP surface of controllers can be formed. This is

accomplished by tracing the EP curve for one constraint while holding the other constant,

then moving the constant constraint and tracing another EP curve. With enough controllers

calculated, a surface is formed which shows how the two-norm of the objective function

changes with both constraints. A portion of an EP surface developed by Jacques [Jac95] is

shown in Figure 3.4. This surface was developed by finding approximately 400 mixed-norm

controllers for a problem with two constraints; one H., and one fl.
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Figure 3A4 Edgeworth-Pareto Surface

Creating a surface for the two constraints will provide insight into how the objective

function changes; however, often that much information isn't necessary to solve the problem.

One other approach is to reduce one constraint until it meets a certain goal. Then hold that

constraint constant while reducing the other constraint to meet a different goal. This method

provides a systematic way to meet both goals (if possible) while keeping the objective two-

norm minimized. In many ways this is analogous to finding the correct weightings within

a single-norm approach, but through MXTOOLS the weightings are found through a series

of trade-offs and may include the norm best suited for each constraint.
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IV. Suspension Problem

4. 1 Introduction

The problem approached in this thesis was proposed by de Jager [dJ95] as a possible bench-

mark mixed-norm problem for the controls community. The problem addresses the challenge

of placing an active suspension system on board a tractor semi-trailer vehicle. The goal is

to minimize the accelerations on the driver and cargo while keeping suspension deflection

and control usage within specifications. This chapter is designed to introduce the problem,

and to identify the challenges faced in finding a solution.

4.2 Outline

This chapter is broken down into ten sections, with each section discussing one aspect of

the problem. Following the outline in this second section, the third section discusses the

models provided by de Jager. The development of the equations for the model is detailed

in [dJ95]. The fourth section describes the inputs to the model. The fifth section covers

the specifications placed on the performance of the system. The sixth section discusses the

passive dynamics of the system. It is these passive dynamics that we wish to improve upon.

The seventh section looks at the open-loop dynamics of the system after the actuator is

included in the model.

Controllability and observability play a heavy role in the solution to this problem. In

section eight, the controllability and observability of the open-loop models is discussed.

Also, the improvements from balancing the system are shown.

The last two sections discuss the original approach taken for this problem and the ra-

tionale for changing that approach, resulting in the modified approach. As will be seen,

the challenges posed by this problem unknown at the beginning of this research forced a

significant departure from the original approach.
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Motor

Figure 4.1: Ten DOF Truck Model

4.3 System Models

All of the system models are based on the ten DOF model as seen in Figure 4.1. The model

was provided to de Jager by DAF Trucks Incorporated, located in the Netherlands. The

default location of the actuator is in place of the damper located on the rear suspension.

There are other possible actuator locations and multiple actuators are permissable. There

are several sensor positions available on the ten DOF model. The four locations suggested

by de Jager are sensors on the front and rear suspension for deflection measurements and

accelerometers on the front and rear axle. For each model, the number of states is equal

to twice the degrees of freedom. The states include the displacement and velocity for each

degree of freedom. This results in a twentieth order plant matrix for the ten DOF model.

Since most synthesis methods result in a compensator with an equal or higher number of

states as the plant, using the ten DOF model for development of the compensator would

result in a very high order controller. For implementation of the controller, the higher order

controller would have to be reduced. As an alternative, the compensator could be developed

using a lower order plant model or a reduced order controller would need to be designed

for the higher order plant. There are three lower order models included by de Jager. They

consist of a six, a four, and a two DOF model, discussed next.
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4.3.1 Six DOF Model

The first reduction in complexity from the ten DOF model is the six DOF model. The

six DOF model assumes that the motor, cabin, and chassis are all rigidly connected. This

results in a twelfth order system. The same measurements from the ten DOF model are

used.

4.3.2 Four DOF Model

The four DOF model is a further reduction from the six DOF model. This model assumes

that the trailer is rigidly connected to the chassis and that the trailer suspension is rigid.

The result is a single mass with two suspensions, the front and rear. The measurements are

still the same as the ten DOF model. This results in an eighth order plant.

4.3.3 Two DOF Model

The two DOF model assumes that the front suspension is rigid, thereby reducing the system

to a single truck mass over the rear suspension. This is the most simplistic representation

of the system and reduces the plant to fourth order. The two DOF model is shown in

Figure 4.2. Due to the loss of the front suspension, the measurements change for this

model. The measurements are the suspension deflection, the acceleration of the axle, and

the acceleration of the truck mass. For reasons discussed later in this chapter, the two DOF

model was used as the basis for controller design. Appendix B outlines the basic parameters

used in developing the two DOF model.

Truck
Mass Damper

Spring-
Actuator

Axle

Figure 4.2: Two DOF Model
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4.4 System Inputs

There are two types of inputs for vehicles traveling on a road. The first input is road noise.

This is a stochastic process and is modeled as such. The second type of input represents

bumps in the road and is deterministic in nature. This section discusses both types of inputs

and how they are modeled in the simulation process of the suspension system.

4.4.1 Stochastic Road Noise

Road noise is modeled as a random process to represent the irregularities in the road from

potholes and damaged roadway. This road model is used to describe two types of road,

a fair roadway and a minor roadway. The fair roadway is considered typical of highways

whereas the minor roadway is considered typical of back roads.

Both types of roads are describes by a power spectrum density function based on spatial

frequency Q. Noise seen by the vehicle due to irregular roads is made a function of time

by assuming a constant forward velocity, v. This allows Q to be written as a function of

temporal frequency, w, where w = v2. The resulting equation for the power spectral density

is

(W V V
k - 1

I
(I)(w) = wk (4.1)

Wk

Therefore, the road can be modeled by two parameters, I)1 and k. Table 4.1 contains

the parameters for both the fair roadway and the minor roadway.

Type of road 0 k
[M2(rad/m)k1] [-]

Fair roadway 1 x 10-6 2.0
Minor roadway 18.8 x 10- 6 2.5

Table 4.1: Road Parameters for Power Spectral Density

In the analysis, a velocity of 25 meters per second was used. For simulation purposes,

a white noise was filtered with a second order Butterworth filter such that it provided an

overbound to both types of roads and could be used for comparison purposes. Figure 4.3

shows how the filtered noise is an overbound.
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Figure 4.3: Road Power Spectral Density Comparison

4.4.2 Deterministic Road Irregularities

The second model of a road profile is deterministic. It consist of a rounded pulse input,

with pulse intensities classified as: tiny, small, medium, large, and huge. This model is

representative of bumps found in the road and is dependent on two parameters ma and

ld/V. Table 4.2 contains the two parameters defining the different rounded pulses assuming

a constant speed of 25 m/s.

Rounded Pulse qmax [m] 1 [s]
Tiny 0.0695 0.0116
Small 0.0315 0.049
Medium 0.0909 0.237
Large 0.1216 0.500
Huge 0.1886 1.000

Table 4.2: Rounded Pulse Parameters

The height of the pulse is defined as q and can be written as

q(t) = 2max (27r. (4.2)
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Figure 4.4: Rounded Pulse Inputs

Equation 4.2 is plotted in Figure 4.4 for the five sets of values in Table 4.2 for a constant

speed of 25 m/s. This shows that the magnitude of the pulses and their duration vary

significantly and provide a wide range of inputs to the system.

4.5 Performance Specifications

There are two types of specifications imposed on this problem. The first is limits on the

suspension travel and tire deflection, and the second is limits based on International Stan-

dards Organization (ISO) 2631, which is based on frequency dependent acceleration limits

for human exposure. The second set of limits was not taken into account in this thesis be-

cause it will be shown that the suspension travel limits are overly restrictive for this design

and can not all be met through the methods used in this thesis. Since this is the case, the

frequency based limits were not evaluated. For all of the limits the values are based on

positive being upward (or expansion) and negative being downward (or compression), with

zero being the static case.

There are five suspension systems in the ten DOF model. These include two for the

cabin, two connected to the chassis, and one on the trailer. Table 4.3 outlines the limits

on the travel of each suspension. The actuator is replacing the rear suspension; therefore,
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Suspension Working Space [m] Extension [m] Compression [m]
Front 0.23 0.14 -0.09
Rear 0.23 0.14 -0.09
Trailer 0.23 0.14 -0.09
Cabin Front 0.10 0.05 -0.05
Cabin Rear 0.10 0.05 -0.05

Table 4.3: Suspension Travel Limits

Tire Working Space [m] Extension [m] Compression [m]
Front 0.103 0.034 -0.069
Rear 0.103 0.024 -0.079
Trailer 0.103 0.020 -0.083

Table 4.4: Deflection Limits for Tires

its allowable travel distance is the same as the rear suspension. In addition, the actuator is

limited to a maximum force of 100kN.

The second set of deflection limits is based on the compression and extension that the

tires can have while maintaining handling qualities. In the actual system, it is desirable

that at all times at least one tire is on the ground. For modeling purposes, it is necessary to

assume that all the tires are on the ground at all times because once any of them leave the

ground, the linearity assumptions in the model are violated. Table 4.4 contains the limits

imposed on the deflection of the tires.

With the specifications defined, it will be the goal of this thesis to meet these specifica-

tions while minimizing the acceleration on the driver and cargo.

4.6 Passive Dynamics

The current (pre-control) configuration is a passive suspension system without any actua-

tion. The dynamics of the truck are dependent on the suspension configuration and the load

configuration. Two sets of dynamics were provided by de Jager that included an empty and

a loaded configuration. On the axles there are springs and shock absorbers that provide

damping to the system. The poles of the system are shown in Figure 4.5 for both the loaded

4-7



80

0

60 o X

40 ..

2 0 ... .... .. .... ..

-20-

- 4 0 .......... .. . ....... ... ... .......

*X Empty o X
-6 - E I I . I 1.- .. .... ................... ... ............... ..

o Loaded
0

-120 -100 -80 --01 -40 -20 0

Figure 4.5: Passive System Eigenvalues (10 DOF)

and empty configuration. From the location of the poles it can be seen that the system is

lightly damped. It is also interesting to note how four poles of the empty configuration leave

the real axis when the vehicle is loaded. This is understandable as the loaded configuration

is going to respond more slowly and with previously overdamped modes oscillating under

the increased mass.

In both configurations, there are underdamped poles. For the empty configuration there

are two pairs of poles severely underdamped at 5.6% damping and 7.7% damping. The

loaded configuration is worse, with the two pairs having 4.2% and 5.8% damping. The

passive system has a problem with its current damping levels, as can be seen from the

response of the system to the road noise and the rounded pulse inputs. These responses can

be found in Appendix C.

In addition to having problems with damping, the system also has modes at significantly

different frequencies. For the empty system the frequencies vary from 7.7 rad/s to 113 rad/s.

The average frequency for the empty modes is 37 rad/s. For the loaded configuration, the

frequencies vary from 6.75 rad/s to 74.5 rad/s, with the average being 32 rad/s. With such

a wide spread of frequencies there will be a problem if the system is digitized and this will

be addressed later in this chapter.
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Figure 4.6: Passive System Eigenvalues (2 DOF)

Since the ten DOF model has both damping problems and widely spread frequencies, it

is important to see how this compares to the two DOF model. The two DOF model is the

most simplified model, and therefore only represents the major modes of motion. With the

reduced order model, the numerics will improve because of the simplicity.

Figure 4.6 shows the pole locations for the empty and loaded configurations using the

two DOF model. The damping of the system has improved, with the empty configuration's

damping being 26% and 96%. The loaded configuration damping is also improved to a

damping of 29% and 32%. Both configurations are significantly more damped than the

ten DOF model. For the empty configuration the poles are located at 50 rad/s and 22

rad/s. This a significant reduction in the spread of the empty poles; however, for the loaded

configuration the improvement is much less with the poles being at 7 rad/s and 59 rad/s.

Open-loop simulation results with the two DOF passive model can be found in Appendix

D.

It is important to realize that the passive system is the current configuration of the

suspension system, and not the starting point for the controller design. The passive system

can only be used as a benchmark for comparison on how well the active system performs.

Unless it is possible to improve on the passive system's performance, there is no reason to

implement the active control system.
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Figure 4.7: Open-Loop System Eigenvalues (10 DOE)

4. 7 Active Open-Loop Dynamics

To implement an active suspension system, the shock absorber on the rear suspension is

replaced by the computer controlled actuator. In addition, the spring is also replaced by a

lighter spring. The result is that the damping of the rear suspension reduced by 95% and

the spring constant is reduced by 75%.

The impact is that the already underdamped system gets worse. This can be seen in

the pole positions of the open-loop active suspension system. The ten DOF models poles

are seen in Figure 4.7. The system has a similar pattern of underdamped poles and wide

spread frequencies as the passive system. For the empty configuration there are four pairs of

poles with damping less than 10%. The frequencies also vary dramatically from 9.1 rad/s to

113 rad/s. The loaded system also has four pairs of poles with damping less than 10% and

frequencies from 3.6 rad/s to 75 rad/s. The performance of the system is very sensitive to

the damping within the suspension system [KG93] and this can be seen from the open-loop

simulations found in Appendix E.

To see if the underdamped modes and the wide spread frequencies resemble the major

modes of motion, the two DOF model is examined. The poles can be seen in Figure 4.8.

It is important to note the axis on this figure; the magnitude of the real part of the poles
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Figure 4.8: Open-Loop System Eigenvalues (2DOF)

are less than unity with the imaginary part of one set of poles around sixty. For the empty

configuration, the poles are damped at 1.5% and 8.9%. The frequencies of the poles are 9.1

and 58.5 rad/s. The loaded configurations damping is 1.4% and 3.5%, with the frequencies

ranging from 3.5 to 58.5 rad/s. The two DOF open-loop response can be seen in Appendix

F.

The result is that the open-loop system is severely underdamped and has wide spread

frequencies. It is important to remember that this is the open-loop system, to be used as the

starting point for control. It will be the goal of the active suspension system to overcome

the deficiencies in the damping until the system performs better than the passive system.

It will be seen later that the characteristics of the open-loop system will be a major factor

in the approach taken to solve the problem.

4.8 Controllability and Observability

Before a control problem can be solved, it is important to determine that a solution is

possible. For this problem, this involved determining the controllability and observability

of the system.

If a system is barely controllable, the system can be balanced as one way to try to

improve the controllability. This is a similarity transformation on the system that tries to
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equalize the controllability and observability grammians. In essence, it tries to balance the

observability and controllability of the system.

Controllability and observability analyses were performed on the models to determine

the ability of the actuator to control the system, and the ability of the sensors to determine

the states. The tests started with the controllability and observability test discussed earlier

in Sections 2.2.2 and 2.2.3, and were expanded to include additional tests concerning the

observability and controllability grammians. The tests included:

1. Rank of Controllability (Observability) matrix

2. Zero singular values of the Controllability (Observability) matrix

3. Rank of Controllability (Observability) grammian matrix

4. Orders of magnitude between minimum and maximum singular values of the Control-

lability (Observability) grammian

There are additional tests possible; however, these four tests should provide a good

understanding as to the controllability and observability of the model.

4.8.1 Ten DOF Model

The results of the controllability and observability analysis are summarized in Table 4.5.

The conclusions are mixed. Some of the tests imply controllability, and others imply

uncontrollability. This puts into serious doubt the controllability of the system with the

single actuator. This implies that unless more actuators are added to the system such that

the ten DOF system is clearly controllable, the ten DOF model should not be used in the

development of the controllers. This is one motivation to base the controllers off a lower

order model.

The same type of analysis is done for the observability of the system. Table 4.6 has the

results from the observability tests. Like the controllability tests, the results were mixed as

well. It is more likely that the system is observable than it is controllable, but in the design

of an output feedback controller, both are required in order to do a good design when poles

are in undesirable locations.
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Configuration I[Test I  Results Controllable?
Empty - Unbalanced 1 5, not full rank No

2 Yes No
3 20, full rank Yes
4 14 orders (10-1 - 10-21) Borderline

Empty - Balanced 1 5, not full rank No
2 Yes No
3 20, full rank Yes
4 9 orders (10 - 2 - 10 - 11) Yes

Loaded - Unbalanced 1 7, not full rank No
2 Yes No
3 20, full rank Yes
4 12 orders (10- 7 - 10- 19 ) Borderline

Loaded - Balanced 1 7, not full rank No
2 Yes No
3 20, full rank Yes
4 8 orders (10 - 2 - 10 - 10) Yes

Table 4.5: Ten DOF Controllability Tests

There is a conflict in the tests results for both controllability and observability. If there

are any uncontrollable modes in the system, they should be able to be identified by either

diagonalizing the system or checking rank([AiI-A, B]). Both of these were done and resulted

in identifying no uncontrollable modes. This would imply that the system is controllable,

but this is in direct conflict with the results from other tests. This may imply that for this

system, the numerical algorithms within MATLAB that were used to test controllability

and observability failed. Doing the same analysis for the lower order models may provide

better insight into the controllability and observability of the system, and this is what is

done next.

4.8.2 Six DOF Model

The follow-on to the tests of the ten DOF model is the same tests on the six DOF model.

The results of the controllability tests are shown in Table 4.7. These are very similar to

the results for the ten DOF model. The six DOF model is questionably controllable. The

results of the observability analysis of the six DOF model are in Table 4.8.
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Configuration]] Test] Results Observable?
Empty - Unbalanced 1 9, not full rank No

2 No Yes
3 20, full rank Yes
4 9 orders (106 - 10- 5 ) Yes

Empty - Balanced 1 10, not full rank No
2 No Yes
3 20, full rank Yes
4 10 orders (102 - 10 - 12) Yes

Loaded - Unbalanced 1 10, not full rank No
2 No Yes
3 20, full rank Yes
4 9 orders (106 - 10- 1) Yes

Loaded - Balanced 1 10, not full rank No
2 No Yes
3 20, full rank Yes
4 8 orders (10 - 2 - 10 -1° ) Yes

Table 4.6: Ten DOF Observability Tests

The conclusion is that there are similar questions on the controllability and observability

of the six DOF system as there are with the ten DOF model. Further tests again led to

the belief that MATLAB's numerics were breaking down. This leads into looking at the

controllability and observability of the four DOF model.

4.8.3 Four DOF Model

The same analysis that was performed on the ten and six DOF models was done on the four

DOF model. The controllability results are shown in Table 4.9. The controllability results

are encouraging, as the loaded configuration is clearly controllable. However, there is still

some doubt regarding the empty configuration. The observability tests are shown in Table

4.10. Both the empty and loaded configurations are observable.

The conclusion for the four DOF controllability and observability test is that the loaded

system is both controllable and observable. This may or may not be the case with the

empty system since the results of the controllability tests are mixed. This leads us into the

two DOF model.
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Configuration I Test Results Controllable?
Empty - Unbalanced 1 6, not full rank No

2 Yes No
3 12, full rank Yes
4 12 orders (10-1 - 10 - ') Borderline

Empty - Balanced 1 6, not full rank No
2 Yes No
3 12, full rank Yes

4 9 orders (10-2 - 10- 1 1) Yes

Loaded - Unbalanced 1 6, not full rank No
2 Yes No
3 12, full rank Yes
4 12 orders (10 - ' - 10- 19) Borderline

Loaded - Balanced 1 6, not full rank No
2 Yes No
3 12, full rank Yes

4 8 orders (10-2 - 10-10) Yes

Table 4.7: Six DOF Controllability Tests

4.8.4 Two DOF Model

The two DOF model is the simplest of all the models, and therefore most likely to be

controllable and observable due to its physical dynamics. The system is basically two

masses with a spring and damper between them. When an actuator is placed between the

two masses, it would be expected to have the system be controllable. The results of the

controllability analysis can be found in Table 4.11. It is clear that the two DOF model is

controllable. Balancing improves the conditioning of the system. The observability results

are found in Table 4.12, implying observability.

The conclusion is that out of all of the models, the only model with certain controllability

and observability is the two DOF model. The problems with the higher order models

are believed to be due to MATLAB's inability to deal with large, widely separated in

frequency systems. Because of this, the two DOF model was chosen as the baseline for

controller development. This accomplished two tasks: first, it guaranteed that the system

could be controlled, and second, it served to reduce the order of the compensator. Since

the plant matrix is fourth order, as long as no dynamic weights are added, the resulting

K 2oP, compensator will be fourth order.
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Configuration IJ Test ] Results Observable?
Empty - Unbalanced 1 7, not full rank No

2 No Yes
3 12, full rank Yes

4 11 orders (106 - 10 - 5 ) Yes
Empty - Balanced 1 10, not full rank No

2 No Yes
3 12, full rank Yes
4 8 orders (10 - 2 - 10 - 10) Yes

Loaded - Unbalanced 1 8, not full rank No
2 No Yes
3 12, full rank Yes
4 10 orders (106 - 10 - 4) Yes

Loaded - Balanced 1 9, not full rank No
2 No Yes
3 12, full rank Yes
4 8 orders (10 - 2 - 10 - 10) Yes

Table 4.8: Six DOF Observability Tests

4.9 Original Approach

The original approach to the problem was to digitize the plant and use H 2/ei/H',c mixed-

norm optimization. The original approach broke the mixed-norm problem into one H 2

objective function, two f, constraint functions, and one H,, constraint function. The H 2

objective function was the rms of the cabin acceleration in response to the road noise. The

first f, constraint was based on the suspension travel. The second 4l constraint was the tire

deflection. The final constraint was an H, constraint used to guarantee robustness between

the empty and loaded configurations.

4.9.1 Problem One - Controllability

The first problem faced was the fact that none of the models besides the two DOF model are

clearly controllable. The four DOF model is controllable in the loaded configuration, but

unclear in the empty configuration. The mere fact that the two DOF model is controllable

does not guarantee that a controller developed based on the two DOF model will work on

the ten, six, or four DOF models. In fact, it raises serious questions about the ability to
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Configuration II Test J Results Controllable?
Empty - Unbalanced 1 6, not full rank No

2 No Yes
3 8, full rank Yes
4 13 orders (10 - 7 - 10-20) Borderline

Empty - Balanced 1 7, not full rank No
2 No Yes
3 8, full rank Yes
4 6 orders (10-2 - 10- 8 ) Yes

Loaded - Unbalanced 1 8, full rank Yes
2 No Yes
3 8, full rank Yes
4 8 orders (10- 7 - 10- 15) Yes

Loaded - Balanced 1 8, full rank Yes
2 No Yes
3 8, full rank Yes
4 4 orders (10-2 - 10-6) Yes

Table 4.9: Four DOF Controllability Tests

Configuration Test [ Results Observable?]
Empty - Unbalanced 1 8, full rank Yes

2 No Yes
3 8, full rank Yes
4 7 orders (106 - 10- 1) Yes

Empty - Balanced 1 8, full rank Yes
2 No Yes
3 8, full rank Yes
4 6 orders (10-2 - 10-8) Yes

Loaded - Unbalanced 1 8, full rank Yes
2 No Yes
3 8, full rank Yes
4 7 orders (106 - 10- 1 ) Yes

Loaded - Balanced 1 8, full rank Yes
2 No Yes
3 8, full rank Yes
4 4 orders (10-2 - 10 - 6) Yes

Table 4.10: Four DOF Observability Tests

4-17



Configuration ] Test] Results Controllable?
Empty - Unbalanced 1 4, full rank Yes

2 No Yes
3 4, full rank Yes
4 4 orders (10- 7 - 10-11) Yes

Empty - Balanced 1 4, full rank Yes
2 No Yes
3 4, full rank Yes
4 1 order (10-2 - 10- ) Yes

Loaded - Unbalanced 1 4, full rank Yes
2 No Yes
3 4, full rank Yes
4 4 orders (10- 7 - 10- 11) Yes

Loaded - Balanced 1 4, full rank Yes
2 No Yes
3 4, full rank Yes
4 2 orders (10 - 2 - 0) Yes

Table 4.11: Two DOF Controllability Tests

Configuration II Test] Results Observable?
Empty - Unbalanced 1 4, full rank Yes

2 No Yes
3 4, full rank Yes
4 5 orders (106 - 101) Yes

Empty - Balanced 1 4, full rank Yes
2 No Yes
3 4, full rank Yes
4 1 order (10 - 2 - 10 - 3) Yes

Loaded - Unbalanced 1 4, full rank Yes
2 No Yes
3 4, full rank Yes
4 5 orders (106 - 101) Yes

Loaded - Balanced 1 4, full rank Yes
2 No Yes
3 4, full rank Yes
4 2 orders (10 - 2 - 10 - 4 ) Yes

Table 4.12: Two DOF Observability Tests
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find a solution to this problem at all since the model that is closest to reality (the ten DOF)

is marginally controllable.

This left two options. The first was to find a combination of actuators that would result

in a controllable system. This is possible with the way the model is set up; however, the

impacts of adding additional actuators are not explained by de Jager nor are the location of

the actuators documented. The impact of adding just the one actuator included a reduction

in the damping and spring constant of the rear suspension. No information was provided

that accounted for how the other suspensions would be impacted by additional actuators.

The second option was to base the designs on the two DOF model, and to optimize about

the specifications based on the two DOF model. This is the option that was selected. It

accomplished the goal of reducing the order of the controller as well as providing a method

to judge the different controllers. After the optimization was finished, the controllers would

be tested with the ten DOF model to see if they were able to control the system.

4.9.2 Problem Two - Digitizing the system

For implementation, any controller found would need to be digitized and coded into a com-

puter onboard the vehicle. There are two approaches to this: either design a discrete con-

troller from the beginning or digitize a continuous controller. Since the discrete optimization

allowed for more freedom for the optimization routine and the fact that f, optimization is

best accomplished through discrete systems, digitizing the plant was the preferred method.

There are various ways to digitize a continuous system, with each attempting to maintain

the essential frequency information about the system. In most cases, this is accomplished

by choosing a sample rate between five and ten times faster than the fastest mode of the

system. For this problem, the sample rate is also limited in the specifications as

T > .002 + .00004n 2 (4.3)

which for a fourth order controller results in T, > 0.0026 seconds, or less than 378 Hz. For

both of the configurations, the fastest modes of the two DOF model are around 58.5 rad/s.

This implies that to capture both modes the sample frequency should range from 46.5 to
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Figure 4.9: Continuous (solid)/Discrete (dotted) Bode Magnitude Plot - Empty Configura-
tion (46.5 Hz)

93.1 Hz. This is only a rule of thumb, and the specific responses of the chosen sample

frequency must be looked at.

Three sample frequencies were looked at; 46.5, 60, and 93.1 Hz to see how well the

system can be digitized. The Bode magnitude plots comparing the continuous to discrete

systems can be seen in Figures 4.9 - 4.14. It can be seen that the lower frequency response

of the suspension deflection transfer function is dramatically degraded through digitization.

Increasing the sampling frequency does improve the capture of the lower frequency pole of

the empty configuration, but does not improve the lower frequency response of the suspen-

sion deflection. These were all digitized by a zero-order hold method, which was chosen

because it is the same method used to solve the L1 problem [Spi94].

The continuous system has poles near the imaginary axis. For discrete systems, the

stability boundary is the unit circle, with poles outside of the unit circle being unstable, and

poles within the unit circle being stable. Unfortunately, the digitization of the system causes

the poles to become very close to the unit circle, and the higher the sampling frequency, the

closer they come. A summary of how the poles moved due to digitization is found in Table

4.13.
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Configuration 146.5 Hz 160 Hz 93.1 Hz
Empty 0.9813 0.9855 0.9906

0.9826 0.9865 0.9913
Loaded 0.9821 0.9861 0.9910

0.9973 0.9979 0.9987

Table 4.13: Magnitude of Discrete Two DOF Poles

With the poles being so close to the unit circle, the discrete H 2 solver failed to provide

stabilizing solutions. It is unknown if the cause is from poor numerical conditioning within

the H 2 solver, or if it is due to numerical problems within the Discrete Algebraic Ricatti

Equation (DARE) solver. The conclusion was that the method chosen to proceed would

have to be based on a continuous plant. This effectively eliminated the possibility of using

the f constraints. One possibility would be to use L 1 constraints; however, since the solution

to L1 is based on digitization of the continuous plant and solving the discrete problem, it

most likely would suffer from ill-conditioned numerics as well.
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4.10 Modified Approach

The problems in the original approach caused a significant change in the direction of the

research. No longer could the higher order models be used to synthesize controllers. No

longer could the method be based on a discrete plant with 4j constraints.

The solution to this dilemma was to use the two DOF model and design continuous

controllers. Therefore, the f, constraints were replaced by H , constraints. f constraints are

more appropriate for this problem, since the 4, norm is based on maximum magnitude, and

is most appropriate for constraints based on deflection limits. However, the problem may be

solvable using H. constraints. The Ho, norm is based on the energy of the output and tries

to minimize the average output over frequency. The H,, norm does not limit magnitude, but

if the constraint norm is sufficiently restricted, it is hoped that the maximum magnitudes

will be within limits.

A modified approach to the problem was developed in response to the problems with

controllability and digitization of the system. The problem will first be solved through

traditional H 2 and H. methods. Then the problem will be put into the mixed-norm form,

and solved. Two mixed-norm goals were developed. The first was to optimize performance

at one design point. This would attempt to design a controller to get the best response

possible with mixed-norm methods. The second mixed-norm design was based on providing

the best response at a middle load configuration, while guaranteeing robust stability at

the extremes. If the responses at the extreme load configurations are acceptable, it would

indicate that no gain scheduling would be necessary. If not acceptable, it would indicate the

contrary. The two DOF unbalanced model was used with the inputs scaled from Newtons

to kiloNewtons. The scaling was done to improve the numerics of the problem. These tasks

and their results are discussed in the following chapters.
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V. H2 Optimization

5.1 Introduction

This chapter covers the design, results, and conclusions of the H 2 single-norm synthesis

method. Single-norm methods were used in order to provide a comparison to the mixed-

norm results.

Two designs were accomplished using MATLAB's H2SYN command. Both designs were

based on the two DOF model without balancing. The first design was based on achieving

the best performance at the loaded configuration while maintaining actuator force limits.

It will be shown that this design is destabilizing at the empty configuration. The second

design was based on achieving the best response possible at the empty configuration, which

also stabilizes the loaded configuration. This design was done without considering actuator

or deflection limits in order to determine what the best possible response was, given no

limitations on the system.

5.2 Problem Set- Up

Both designs were based on Figure 5.1, but differed in the weightings used. It is unusual

for an H 2 design to have some of the indicated feedforward terms. Dy is non-zero because

the measurement of the axle acceleration is directly impacted by the road disturbance. DYU

and D,, are non-zero because the actuator force directly impacts the acceleration of the

vehicle and axle. For the first design, the output vector z, which we wish to minimize the

two-norm of, was

[Suspension Deflection x 9001

z= Truck Mass Acceleration x 1 (5.1)
Control Usage x 0.3 J

The output weightings were determined through repeated designs. The input weighting

on the road noise (W) was 1, and the weightings on the measurement noise (Wa) were 0.01

on the deflection measurement, and 0.001 on the accelerations measurements. The actual

measurement noises for the problem were not presented by de Jager and are unknown. The

numbers used were chosen based on engineering judgment.
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The second design used the same input weightings, but used the output vector

z Truck Mass Acceleration X1] (5.2)

[ Control Usage x 1.0 x 10- 7

This design effectively penalizes only truck mass acceleration and lets the control usage

be very large (but finite). It should be noted that neither of the designs minimized the

tire deflection. This is one of the limitations of H 2 optimization. The tire deflection has

a feedforward term resulting in a non-zero D,, term. Therefore, in order to meet all of

the assumptions necessary to do an H 2 design, the tire deflection was left out of the output

vector.

w,

-%:k2 12K uB 2  o -J 2  C2

The first design was based on the two DOF model in the loaded configuration. Since no

dynamic weightings were used, the open-loop plant P2 remained fourth order. This resulted

in a fourth order K2,o,, and an eighth order T,,,. The closed-loop poles and their damping

are shown in Table 5.S-
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Configuration Pole Damping]
Loaded -0.018 ± 0.018j 71 %

-1.66 ± 3.98j 39%
-7.67 ± 14.2j 48 %
-16.5 ± 59.6j 27 %

JITzw(Loaded)112 = 8,712

Empty 185 (-)
1.64 ± 62.1j (-)

9.86 (-)
-3.03 ± 2.82j 77 %
0.018 ± 0.018j 71 %

]Tz.(Empty)112 = oo

Table 5.1: H 2 Design 1 Results

Figures 5.2 - 5.7 are the loaded configuration responses. Please note that the acceleration

plot in the figures are for the truck masss. The vector gain margin of the loaded configuration

is [-0.018, 0.0176] dB and the vector phase margin is ±0.110. The empty configuration

system is not closed-loop stable using this controller.

The performance of this design is good, with only two specifications not met. The first

is the tire deflection with the medium rounded pulse, and the second is the suspension

deflection of the huge rounded pulse. Both are minor violations. These may have been

avoided if the actuator force was allowed to exceed its limit of 100 kN. The actuator was at

its limit in the medium rounded pulse case. This was the motivation for the next design.
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5.4 H2 Design 2

The second H2 design was based on the empty configuration with no (effective) limitations

placed on control usage or suspension deflections. The resulting pole locations and damping

information is found in Table 5.2. Figures 5.8 - 5.19 are simulations of both the empty and

loaded configurations for Design 2. The vector gain margins for this design is [-0.37, 0.37] x

10-6 dB and the vector phase margin is 2.5 x 10-6 degrees.

Configuration Pole Damping
Empty -1.6 x 10 - 7 ± 57.7j 2.76 x 10-7%

-0.0025 ± 0.0025j 71 %
-0.018 ± 0.018j 71 %

-4.38 ± 10.1j 40 %
Tz (Empty)112I= 2.798

Loaded -1.54 x 10- 7  57.7j 2.67 x 10-7%
-0.0025 ± 0.0025j 71 %

-0.018 ± 0.018j 71 %
-0.673 ± 4.26j 16 %

IIT,,(Loaded)112 = 1.433

Table 5.2: H 2 Design 2 Results

This indicates a system that is on the verge of instability, which is evidenced by the

pair of complex poles that are virtually on the imaginary axis. Interestingly enough, the

loaded configuration is stable using this controller. This clearly indicates a problem in

interpretation of stability margins - while sufficient to guarantee stability, they are not

necessarily sufficient for any given perturbation.
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5.5 Conclusions

From H 2 Design 2 we can determine that the minimum truck mass accelerations during the

simulation vary from -0.05 to 0.05 m/s 2 for the empty configuration and from -0.01 to 0.01

M/s 2 for the loaded configuration. From H 2 Design 1, H 2 optimization is a good method

of controlling the system. There is significant penalty in the accelerations by keeping the

control usage and deflections within limits. One drawback is that the tire deflection can not

be directly controlled. It turns out that the tire deflection is minimized by minimizing the

suspension deflection. This is understandable since the suspension is connected directly to

the tire.

The second drawback is the lack of robustness in the design. Whereas the empty con-

figuration design is robust at the loaded configuration, the reverse is not true. This is not

indicated by the margins of the system. The margins are larger for Design 1 than the

margins for Design 2. Since the margins are based on an output disturbance, this would

indicate that a better model of the influence of changing the load may provide better ro-

bustness information. It is intuitive that adding mass to the system is stabilizing, since

adding mass will always slow down the system response. Removing mass will speed up the

response and the actuator can then destabilize the system since it is expecting the system

to respond slower. Unfortunately, since the H 2 single-norm method does not have the sub-

multiplicative property, there is no way to guarantee stability at either extreme by adding

another output to the output vector z. It will be seen later that the margins can be greatly

improved by using the mixed-norm approach with a robustness constraint.
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VI. H, Optimization

6.1 Introduction

This chapter covers the design, results, and conclusions of two H. optimization designs.

The first was based on the loaded configuration with a goal of performance while meeting

control usage specifications. The second design was based on the empty configuration with

the same goal. This differs from the H 2 optimization objectives for the second design. In

the H 2 optimization designs, the tire deflection could not be forced to meet the specification,

and this was especially true in the empty configuration. That fact drove the objective for

that design. In the H, design, the restriction of no feedforward terms is lifted, thereby

allowing direct control of the tire deflection through weighting.

6.2 Problem Set-Up

Both designs were based on Figure 6.1. The same input weightings were used for the road

disturbance and the sensor noise as for the H 2 design. For the first design the output vector

was

Tire Deflection x 1.5
e Suspension Deflection x 1,000 (6.1)

e = Truck Mass Acceleration x 1

Control Usage x 1.6

and for the second design the output vector was

Tire Deflection x 0.4
Suspension Deflection x 10

e Truck Mass Acceleration x (1 X 10- 4 )  (6.2)

Control Usage x (1 x 10- ')

6.3 H, Design 1

The first design was based on the loaded Configuration. The resulting poles and damping

are seen in Table 6.1. The result is that the controller is able to keep the deflections within

specifications with the exception of the tire deflection with the medium rounded pulse input.

The tire deflection could have been brought within specifications; however, that would have
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Figure 6.1: H,,, Problem Set-Up

[Configuration J Pole [Damping]
Loaded -0.018 ± 0.018j [ 71 %

-1.66 ± 3.98j j 39 %
-4.71 ± 6.50j j 58 %

____________ -16.2 ± 56.6j j 28%~

IITed(Loaded)l.oo = 7,780
Empty 31.3 H-

13.8 H-
-0.018 ± 0.018j 71 %

-2.95 ± 2.21j 80 %
-8.30 ± 67.3j 12 %

IITed(Empty)II. = 14,418

Table 6.1: H,, Design 1 Results
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violated the control usage specifications. The controller is not robust and destabilizes the

closed-loop system in the empty configuration. For the loaded configuration, the controller

provides excellent damping, but at the cost of a lack of noise rejection compared to the

passive suspension system and actuator deflections that may be quicker than possible to

accomplish.

H,, Design 1 could have included an additional term in the output vector that could

have provided improved margins. This would have been in the form of one of the robustness

tests. However, since H, optimization minimizes the entire output vector, the maximum

singular value due to the robustness output may not be minimized if the other singular

values have higher magnitude. The vector gain margins of Ho, Design 1 are [-0.54, 0.58]dB

and the vector phase margin is +3.690. Figures 6.2 - 6.7 show the response of the system

at the loaded configuration.
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Figure 6.2: H,, Design 1 - Loaded Configuration - Noise Input
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Figure 6.7: H, Design 1 - Loaded Configuration - Huge Rounded Pulse Input

6.4 H, Design 2

The second design was based on the empty configuration. The resulting poles and their

damping are shown in Table 6.2. Figures 6.8 - 6.19 show the simulations of both the empty

and loaded configurations. The limiting factor in the design is the actuator power on the

small and medium pulse inputs. For the empty configuration, there is only one violation

of the specifications and that is the tire deflection for the medium pulse. It should be

noted that the H controller is very aggressive in order to meet the suspension and tire

specifications. This results in extreme accelerations for all of the rounded pulse inputs

that would most likely kill the driver and destroy the cargo. The vector gain margins for

this design are [-0.033 , 0.033]dB and the vector phase margin is ±0.2171. Again, these

margins may have been improved by the inclusion of a robustness output. A robustness

output will be used in the second mixed-norm design, and it will be shown to provide much

improved margins with guaranteed robust stability, which can not be done as directly in

the single-norm approach.
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Configuration Pole [Damping
Empty -0.018 ± 0.018j 71%

-4.39 ± 10.1j 40 %
-18.4 ± 37.Oj 45 %

-0.018 ± 0.018j 71%
-234 ± 238j 70%

IlTed(Empty)OO = 20.3

Loaded -0.018 ± 0.018j 71%
-0.27 ± 3.47j 7.7 %
-10.2 + 62.1j 16 %

-20.8 100 %
-3553 100 %

IIT d(Loaded)IIoo = 74.6

Table 6.2: Hoo Design 2 Results

The controller, when used with the loaded configuration, resulted in less severe acceler-

ations for the pulses, but failed to meet the specifications. This is especially true for the

suspension deflections driven by large and huge rounded pulse inputs.
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Figure 6.8: Ho. Design 2 - Empty Configuration - Noise Input

6-7



-1001

0

0 02 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2T- (-Il

i . . ...... . .... ... ...... ........ .... . :.......... .... . .: ........ ......... : ......... .........

01
t -  

. . . . . . . .
0-

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0 rn I.. ]

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2100

. 0

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

TI ,

100 . ,

eie I

0v

F0gu 6. 0.4 08 08 1 12 1.4 1.6 1 2
(-I

A 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.8 1.8 2

0.02 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 6.10: H.. Design 2 - Empty Configuration - Small Rounded Pulse Input

6-8



-100

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

.i o

0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

* II

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

10

I-10% 0.2 0:4 06.1 1.2 1.4 1.6 1.8 2

Figure 6.11: Hoo Design 2 - Empty Configuration - Medium Rounded Pulse Input

8 0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

. ... .. .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

-0.9

0 0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2Tm 1_1

Figure 6.12: H,,, Design 2 - Empty Configuration - Large Rounded Pulse Input

6-9



*I0

-_2
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0A 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0

- 0 0.2 0.4 0.6 0.8 1 1. 1.4 1 .6 1.8 2
'r- 1(ml

Figure 6.13: H,,, Design 2 - Empty Configuration - Huge Rounded Pulse Input

-0.2

80

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
T- 1-1

101 0

j 5-
0

0; 0.2 0.4 0.6 0.8 1 1. 1.4 1.8 1.8 2

4 10,

2-

a0

0 0.2 0.4 0.8 0.8 1 1.2 1.4 1.8 1.8 2

8-I

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
T_ (_,

Figure 6.14: H,, Design 2 - Loaded Configuration - Noise Input

6-10



i -2
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0.

0 . . . .. . .. .. . .. .. ... ... .... . ........ ..... .. .... .. .... .. .. ... .... ... .. .. .. ... .. .... .. .... . ... .... .

0

IL,

.. . .. ............. .. .. . .

0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 2

100 ,

6 o.
-1O0 0.2 04 06 0=.8 I 1.2 1.4 168 118 2

Ff

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 6.15: H,) Design 2 - Loaded Configuration - Tiny Rounded Pulse Input

-0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

-0.

0 0.2 0.4 0.6 08 1 1.2 1.4 1.6 1.8 2

0 61

0 0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure~~~~~~~~~~~~~~~~~ 6.6 (,mein2-LoddCniuain-Sml one us nu

6-1



..10,"'

80

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

-0.1...... ......... .......... .......... .......... ......... ..........'. ......... ...... '..........

11-0.2
2A 0 02 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

01

0 0.2 0.4 0.6 0.8 1 1.2 14 16 18 2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Tim .[ ]

0

... ... ........................................................ .............

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

£T W
ir ii i

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

"Ii.o IC]

100

0

I

0 02 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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6.5 Conclusions

It is shown that the Ho, optimal controller can control the suspension and tire deflections.

The controllers are robust from the empty to loaded configuration, but not the other way.

Similar to the H 2 results, this is not indicated by the margins, which are larger for the

loaded configuration than the empty configuration.

The H,, controllers have an advantage over the H2 design in that they can directly

control the tire deflection. Their disadvantage is that when designed around the empty

configuration, the Ho, optimization is too aggressive resulting in excessive accelerations that

would not be tolerable in an implemented system. H,, Design 1 controller has better noise

rejection performance than H2 Design 1 as seen in the simulations. This was unexpected

but is a result of the damping of one set of poles improving over the H 2 design by 11%,

increasing from 48% in the H2 Design 1 (Table 5.1) to 59% in the H,, Design 1 (Table 6.1).
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VII. Performance Based Mixed-Design

7.1 Introduction

The first mixed-norm optimal design was based on the loaded configuration, with the goal

of achieving the best performance possible. The problem was broken down into four sub-

problems

1. H 2 objective function on truck mass acceleration

2. H,, constraint function on tire deflection

3. H. constraint function on suspension deflection

4. Ho, constraint function on weighted control usage

During the single-norm design, it was noticed that the controllers demanded very fast ac-

tuator movements. The actuator is modeled as a perfect actuator and therefore no actuator

dynamics are taken into account. The weighting function

We(S) 10(s+1) (7.1)

(s + 10)

was used to penalize high frequency actuation. As actuator dynamics become available for

this problem, they should be included in the problem set-up and simulation.

The H 2 objective function was set up identically to the single-norm H 2 design with the

output vector

[ Truck Mass Acceleration x 1 (7.2)

z Control Usage x (1 x 10- ) 7

The control usage was included in the output vector to ensure that the H 2 subproblem

was regular. This allowed K2o,, to be used as the initial stabilizing controller, Kinit.

The three H,, constraint subproblems were set up identically to the H.. designs of the

previous chapter. However, each subproblem consisted of a scalar output and there were no

sensor noises. This caused each constraint subproblem to be singular, but this is allowable

in the mixed-norm approach as long as the entire problem is regular. All of the output
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weightings were set to one, with the exception of the control usage which is now weighted

according to Equation 7.1. This resulted in a mixed-norm problem with three constraint

functions that can be written as

inf
Kadmissible IT, 112 (7.3)

subject to

IITed, 110o 7 12

IITed3 110o 73

where Kadmissible is the set of all stabilizing fourth order controllers. The procedure followed

was to first identify the Edgeworth-Pareto (EP) curves for each constraint separately, and

examine the trade-offs with the other constraints. The final controller for this design will

be based on the best performing controller from one of these single constraint designs. The

other constraints will then be reduced further to see if any performance improvements are

possible.

The norms based on K2.,, were

a = 24.1

71 = 27,331

2 = 27,600

Fy3 = 5.15 x 10 7

and provide the starting point for the designs.

7.2 ITedillI0 - Tire Deflection Constraint

By restricting IlTedj loo (denoted by -y*) it is possible to control the tire deflection. MX-

TOOLS was able to reduce y" from the initial 27,331 to 1.2. When the constraint was set
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Figure 7.1: Edgeworth-Pareto Optimal Curve for Tire Deflection

lower than 1.2, the optimization routine would fail to find a controller. By plotting a* versus

-y* it is possible to develop an EP curve. Figure 7.1 is the full EP curve and Figure 7.2 is a

close-up of the knee of the curve.

Since the constraint function is an H,, constraint, there is a singular value plot associated

with the EP curve. As the constraint is lowered, the peaks on the singular value plot are

also lowered. This can be seen in Figure 7.3.

The last aspect of the optimization process is to determine what happens to the other

closed-loop transfer function norms as the first constraint is reduced. The other norms were

left unconstrained and therefore are not optimal. Both of the other two constraints' infinity

norms initially appear to reduce linearly with the 'yl constraint. This is true until -y* is less

than 100. Figures 7.4 and 7.5 show how their respective norms change as -y is reduced.

It is seen that '72 appears to be very sensitive to -y* as -y* is reduced below 5. This is

shown by the discontinuous jump in '2 , and it may suggest that at lower values, the tire

deflection and suspension deflection infinity norms may compete against each other. The

behavior of -y3 shows a definite trend that as '4* is reduced below a certain value, the control

usage goes up.
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7.3 IITed2 11mo - Suspension Deflection Constraint

The suspension and tire deflections have the same behavior. This is understandable since

the suspension is directly connected to the tire, and it is the tire's deflection that drives the

requirement for the suspension to move. Therefore, if one is reduced then so is the other.

This trend continues with the reduction of y . The lowest y2 achievable by constraining

-y2 alone with MXTOOLS was 3.8. It was found that by constraining y1 as well, it was

possible to achieve a lower value of - , with the lowest value being 3.6277. This is simply

due to numerics. The EP curve is shown in Figures 7.6 and 7.7. The singular value plot is

shown in Figure 7.8.

The tire deflection norm reduces linearly with the reduction in the suspension deflection.

Unlike reducing the tire deflection, there is no erratic behavior as -y is reduced below 5.

There is a similar upswing in ay as -y2 is restricted below 20. Figures 7.9 and 7.10 show how

the unconstrained '1 and y3 behave as 72 is reduced.

7.4 11Ted3 1 - Weighted Control Usage Constraint

The third constraint was weighted control usage. Since the objective function is almost

singular, the initial 13 is very high. It was possible to reduce y3 from 51 million to 16,000
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with MXTOOLS. Figure 7.11 is the full EP curve and Figure 7.12 is the knee of the EP

curve. It can be seen that this constraint can be pushed a great distance with only a small

amount of increase in a*. For example, near the end of the curve Y3* is reduced about 20,000

whereas the increase in a* is only around 175.

Numerically, this is a difficult function to optimize. This is seen best in the singular val-

ues of [[Ted,, I[ shown in Figure 7.13. The numerical problems are related to the differences

in the frequency search and the Ricatti solutions for -Y3 . The spike around 60 rad/s is very

narrow, which causes problems if the frequency search isn't fine enough. For example, from

the initial controller (K2o,, ) we know that the lower bound of 13-- 5.1 x 10 ; however, the

frequency search used to develop Figure 7.13 identified % 3= 4.8 x 10, which is wrong. The

plot was done with 500 points between 10 - 3 and 103 rad/s. Fortunately, this problem is

reduced when the constraint is lowered since the lower -y3 is, the flatter the curve and the

less likely that the spike will be missed in a frequency search.

As the weighted control usage is reduced, the tire deflection reduces as well. This can

be seen in Figure 7.14. This is not the case for the suspension deflection though. Initially

the suspension deflection is reduced with the reduction of weighted control usage, but near

the lower portion of the curve, the suspension deflection becomes erratic. The full curve is

seen in Figure 7.15. A close-up of the erratic behavior is seen in Figure 7.16. There were
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no restrictions placed on IITd2 11 during the optimization, but this may imply competition

between -y2 and -3y at the lower end of the possible '3 curve.
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7.5 Mixed-Norm Design 1

Mixed-Norm Design 1 was the result of further constraining the last controller found by

reducing the single constraint on suspension deflection (Ted 2 ) as shown in Figure 7.7. This
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controller was chosen because its performance was closest to meeting the specifications.

This controller is defined as Kinit and resulted in the initial norms of

a* = 1, 459

71 = 3.92

= 3.8

y3 = 43,744

It was found that by holding -y2 < 3.8 and reducing the constraint on y, the perfor-

mance of the system could be improved slightly (the system is closer to meeting all of the

specifications). In addition, since the actuator performance was well within specifications,

the control usage was left unconstrained. It will be seen that this is not the case for Mixed-

Norm Design 2, where it will need to be constrained. The results of the control usage

constraint could be left out of the analysis for Mixed-Norm Design 1, but are included for

completeness. Figures 7.17 - 7.22 show the simulation results based on Kinit.

From the simulation results it is clear that even at the lowest y reachable with MX-

TOOLS by constraining y2 alone, the specification on suspension deflection can not be met

for all pulse inputs. In particular, there are violations for the medium, large, and huge
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Iteration] a * 2 7" 3

Initial 1,459 3.9201 3.7999 43,744
A 1,462 3.9004 3.7948 43,754
B 1,464 3.8900 3.8000 43,766
C 1,469 3.8700 3.8000 43,790
D 1,473 3.8500 3.8000 43,815
E 1,476 3.8300 3.8000 43,839
F 1,483 3.8000 3.7532 43,877
G 1,494 3.7500 3.6277 43,942
Final 1,505 3.7000 3.7265 44,009

Table 7.1: Mixed-Norm Design 1 - Results

rounded pulse inputs. It may be possible to reduce 'yr further, and in fact it was shown that

by reducing -yr there was a reduction in -y2 as well.

The multiple constraint mixed-design consisted of reducing 'yl, while holding the con-

straint for y2 constant (-y2 < 3.8). This allowed for improvement in the tire deflection while

maintaining (or improving) the suspension deflection. Table 7.1 shows how 'y' was reduced

and its impacts on the norms of the other transfer functions.

It can be seen that the -y' constraint is always met with equality (within numerical

accuracy), whereas the -y2 constraint is only met with equality for some of the design points.

When the 'yj constraint was set lower than 3.7, MXTOOLS failed to find a solution. Figure

7.23 is the EP Optimal curve. Figure 7.24 is the singular value plot. Figures 7.25 - 7.26

show the resulting values of -y2 and -y3 as 'y* is reduced.

The improvement in both 7y* and y2* from the initial iteration to the final iteration did

not improve the performance of the system significantly. The largest difference was noticed

in the response to the huge rounded pulse. This can be seen in Figure 7.27. The initial

reduction of 0.02 in 'y* (Ki 1it --- KA) does improve the damping of the tire response, but the

improvements between iteration A from Table 7.1 and the Final iteration did not further

improve the response. In fact, the further reduction in y* causes the suspension response to

worsen slightly. This is best seen in the large rounded pulse response. The initial oscillation

of the suspension response improved slightly, but caused overshoot in the second oscillation.

A similar response is also seen in the tire deflection. Figure 7.28 has the response of the
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suspension for selected controllers from Table 7.1, and Figure 7.29 is the tire response for

the same set of controllers.

The benefits of reducing y* and -y2 are not well represented in the simulations. This

may be due to the nature of the H.. constraints. The H. constraints are geared towards

reducing the energy of the output, and this does appear to be happening as the settling

time is reducing, but at the cost of higher maximum magnitude. This is why the f, norm

was initially desired for these constraints. The controller also appears to be increasingly

aggressive as -y is reduced. This can be seen in Figure 7.30, which is the control usage

for the medium rounded pulse. It can be seen that the control usage is increased as y* is
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reduced; however, the control usage decreases after the first reaction which allows the tire

and suspension deflection to increase as well.
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Based on the simulations, there is little improvement by reducing 7* or -y2 beyond

iteration A; therefore, the A controller was chosen as Kmiz for Mixed-Norm Design 1.

Simulations of the closed-loop system with Kmix can be found in Figures 7.31 - 7.36. Much

like the single-norm designs based on the loaded configuration, this controller failed to

stabilize the closed-loop system in the empty configuration. The vector gain margin for

this design was [-0.025 , 0.025]dB and the vector phase margin was ±0.165'. The small

margins are similar to those of the H 2 designs and the H, designs. The next chapter will

include an additional constraint that will dramatically improve the margins.
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Figure 7.31: Mixed-Norm Design 1 Controller - Noise Input
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7.6 Conclusions

This chapter involved creating the best mixed-norm controller for a single design point. The

design highlighted the process that is involved in finding a mixed-norm optimal controller.

It was seen how each constraint could be reduced separately to show how the other norms of

the system react. This provided the foundation for concurrent multiple active constraints.

One interesting note was that by reducing y1 it was possible to reduce -y2 further than

reducing -y2 by itself. Any method based on numerical optimization will have interesting

facets such as this because of the nature of numerical optimization.

One of the key conclusions from this design is the fact that the best performing controller

is not necessarily the last controller found. It was shown how reducing the infinity-norms of

the suspension and tire deflections beyond a certain point worsened the time responses. It is

important to know how far you can reduce the norms, but that knowledge does not replace

the necessity of simulating the system with the various controllers to see how well they

perform. The ability to trace out the EP curve does give the designer the ability to easily
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perform trade-off analyses with the norms, which in turn may indicate which controllers

perform better than the others.
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VIII. Robustness Based Mixed-Design

8.1 Introduction

The second mixed-norm design was based on a medium (half-full) load configuration, with

the goal of providing the best performance at that configuration while guaranteeing robust

stability at both the loaded and empty configurations. The design is fundamentally the

same as the previous mixed design, but with one additional constraint that, if satisfied,

guarantees robustness.

In a single-norm H.. problem, robustness can be guaranteed because of the Small Gain

Theorem. However, implementation is very difficult because the robustness weighting must

be added to the performance objectives as well. Since the infinity-norm is the maximum

singular value, it will be influenced by both the performance transfer functions and the

robustness transfer functions. By forcing 1TedI[[o < 1 robustness will be guaranteed, but

this may not provide the best performance while still being robust.

In the mixed-norm approach, implementation involves adding an additional constraint

for robustness, then setting it to be less than or equal to one. This resulted in a mixed-norm

problem with five subproblems:

1. H 2 objective function on truck mass acceleration

2. H, constraint function on tire deflection

3. H.. constraint function on suspension deflection

4. Ho, constraint function on weighted control usage

5. H,, constraint function for robustness

Each of the first four subproblems are identical to the first mixed-norm design, but

using the plant matrix from the medium load configuration. This resulted in the mixed-

norm problem
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inf
Kdmissibe []Tzw112 (8.1)

subject to

ilTe~dJl] <5 71

liTed2iM < 72

IITed3]oo < 73

IITd411oo 74

By using K 2 ,, for Kinit, a and the various I's are defined. For the medium load

configuration, the initial values were:

_ = 42.75

11 = 86,240

72 = 83,760

F3 = 1.58 x 108

14 = 1,541

In similar fashion to the first mixed-norm design, the first step in the solution was to

identify the behavior of the objective function and the constraint functions as each constraint

is separately reduced. Then the best controller was selected that met the robustness test.

That controller was then improved upon by further reducing the constraints. This resulted

in the best controller for the medium configuration, which was then shown to be stable for

both the empty and loaded configurations. In addition, the controller was then used on a

10 DOF simulation to see what, if any, control it had over the system.
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8.2 Robustness Constraint

The robustness constraint was formed by using an additive perturbation model for the

changes in the plant matrix. The additive uncertainty model is shown in Figure 8.1.

Figure 8.1: H,, System with Additive Uncertainty

Here, IAIIk0 < 1 will be assumed. Taking the worst case with A = I, we can solve for

W knowing P and P, as

W=P-P (8.2)

where P represents either the loaded or empty plant, and P is the medium load plant. Since

there are two off-nominal conditions that must be met, there are two weighting functions.

This results in the need for an overbound function to be created. Figure 8.2 shows the two

weighting functions and the overbound function used as W.

-20

-0.

Figure 8.2: Robustness Weighting Functions
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The last subproblem was then set up as in Figure 8.3, where W is the transfer function

that corresponds to the overbound weighting function. The overbound weighting function

was

W'8 1.62(82 + 0.12s ± 0.01)(s2 + 0.5s + 0.25) (8.3)

W~s= (s + 0.9308s + 12.8164)(s2 + 4.Os + 64.0)

By using W as the weighting function, if ITed4 0 _ 1, the system is guaranteed to be

robustly stable for the loaded and empty configurations.

e

KU B , o xJ 0 -

A

Y

Figure 8.3: Robustness Subproblem

8.3 ITedi jjo - Tire Deflection Constraint

Reducing IlTed, 11. (denoted by '4) provided the ability to control the tire deflection. The

full EP curve is shown in Figure 8.4, and a close-up at the knee of the curve is shown in

Figure 8.5. Figure 8.6 is the singular value plot for the reduction of -. MXTOOLS was

able to find solutions down to -yI = 2. The infinity-norm of Ted2 reduced linearly with the

reduction in -. This was true until^/* < 10, where 'y2 became erratic and finally exploded

to 9,164 when y* = 2. This can be seen in Figure 8.7. The weighted control usage also

reduced with a reduction in '4; however, it started to increase when '4 < 20, and increased

to 1.1 X 106 when '4 = 2. This can be seen in Figure 8.8. Finally, the robustness weighting

infinity-norm dropped initially to around ten and then remained at ten until -y* was reduced
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below twenty, and then shot up to a final value of 715. This does imply that none of these

designs could guarantee robust stability. Figure 8.9 shows how -'4 changed with '4.
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Figure 8.4: Edgeworth-Pareto Optimal Curve for Tire Deflection
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8.4 IITed2 jj - Suspension Deflection Constraint

Reducing IlTed2 11 (denoted by -y2) provided the ability to control the suspension deflection.

The full EP curve is shown in Figure 8.10, and a close-up at the knee of the curve is shown

in Figure 8.11. Figure 8.12 is the singular value plot for the reduction of -y. MXTOOLS

was able to find solutions down to -y2 = 1.8. The infinity-norm of Ted, reduced linearly

with the reduction in -y2. This can be seen in Figure 8.13. The weighted control usage

also reduced with a reduction in -y2, however it started to increase when -y < 10, and then

increased. This can be seen in Figure 8.14. Finally, the robustness weighting infinity-norm

initially dropped to around ten and remained there until -y was reduced below thirty. Then

-/4 increased to over 100 at 72* = 5, and fell back down to around 20 when -Y = 1.8. This

again implies that none of these designs could guarantee robust stability. Figure 8.15 shows

how -y4 changed with '-y2
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Figure 8.10: Edgeworth-Pareto Optimal Curve for Suspension Deflection
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8.5 IITd,,lo - Weighted Control Usage Constraint

Reducing IITed3 I 1w (denoted by -y) provided the ability to control the usage of the actuator.

The full EP curve is shown in Figure 8.16, and a close-up at the lower end of the curve

is shown in Figure 8.17. Figure 8.18 is the singular value plot for the reduction of y.

MXTOOLS was able to find solutions down to -y = 29,500. The infinity-norm of Ted,

reduced linearly with the reduction in -y. This can be seen in Figure 8.19. The suspension

deflection also reduced with a reduction in -y; however, it behaved erratically when -y was

below 60,000. This included a small dip and a spike. This can be seen in Figure 8.20.

Finally, the robustness weighting infinity-norm was very erratic with one very large spike

that corresponds to a similar spike in -y2. All of the values of -y4 were larger than one. This

again implies that none of these designs could guarantee robust stability. Figure 8.21 shows

how -y4 changed with -y.
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8.6 IITed4 1 - Robustness Weighting Constraint

Unlike the other constraint functions, the robustness weighting constraint was nearly im-

possible to optimize alone. This is due to an extreme spike in the singular value plot of

Ted4 . This spike is missed by the optimization routine because of its narrow frequency band.

Figure 8.22 shows how MATLAB's SIGMA function plots the singular values of Td 4 at the

medium configuration with K2,,,. Figure 8.23 is the same plot, but with an additional 8000

points plotted between 55 and 60 rad/s. MXTOOLS incorrectly identified the peak on the

left as the maximum peak resulting in an incorrect IITed4 f,1 value of 9.6 (rather than the

actual 1,541).
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MXTOOLS was able to find a controller with IITed4 I< 1 by pushing down on the two

peaks on the left and ignoring the peak at 58 rad/s. Reducing the two peaks on the left

caused the right hand peak to reduce as well. This resulted in a controller with guaranteed

robust stability, which was then used as the starting point for the mixed-norm design. Figure

8.24 is the singular value plot for this controller. As can be seen, the sharp peak on the

right hand side is now much lower than the other peaks. This figure was done with the

same frequencies as in Figure 8.23. This allows the optimization to continue; however, since

the sharp peak is ignored in the optimization routine, this controller is not necessarily EP

optimal. This implies that if the third peak was included, a lower two-norm may have been

found if the optimal controller caused the peak at 58 rad/s to be equal to one.

With this initial robust stabilizing controller (a new Kiit), it is possible to push down

on the other constraints to improve performance. This is done in the next section.
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8.7 Robust Design

The robust design started with the controller found in the last section, now defined as Kinit.

The initial norms for this design were:

= 1,907

"yj = 42.29

12 = 42.75

13 = 13,440

74 = 1.00

The margins for this initial controller were VGM, = [-4.39, 9.31]dB and VGMt =

[-11.73, 4.81]dB with VPM = ±43.500. Because of the robustness constraint, the margins

are much higher than any other previous design.

The simulations with the initial controller can be seen in Figures 8.25 - 8.30. There are

multiple violations of the specifications, with only the tiny rounded pulse and road noise

inputs producing acceptable results. The actuator is not used much, resulting in longer

settling times than before. It is also noticeable that the medium configuration results in the

quick oscillations that are similar to the empty configuration. The goal of this design will

be to improve on this initial response by reducing li and 12. The weighted control usage

isn't initially constrained, since the control usage is well within limits.
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Using MXTOOLS, IITdlllo and ITddIk. were reduced from 42.29 to 5.1 and 42.75 to

5.1, respectively. This resulted in the best performance possible for a robust design without

constraining the weighted control usage constraint. This resulted in:

a* = 4,459

= 5.10

S= 5.10

73 = 49,910

I = 1.00

This design, however, resulted in excessive control usage. Therefore, the constraints on

tire and suspension deflection were loosened and a constraint on weighted control usage was

imposed. This reduced the control usage to back within specifications. The resulting values

of the norms were:

a* = 4,352

Y = 5.25

- = 5.25

73* = 49,300

-I = 1.00

Since the design is based on robustness, the margins are very important. The vector gain

margins were VGM = [-5.134, 14.29]dB and VGMt = [-35.461, 5.947]dB. The vector

phase margins were VPM, = ±47.60' and VPMt = ±58.89. The margins were evaluated at

the medium configuration. For most of the development of this controller, there were three

constraints imposed on the solution: the tire deflection, the suspension deflection, and the

robustness weighting. Each EP optimal controller had at a minimum one active constraint,
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Figure 8.31: Edgeworth-Pareto Optimal Curve for Tire Deflection

and for this case, there were always at least two active constraints. Figures 8.31 and 8.32

show how the two-norm of the objective functions changed when the suspension constraints

were reduced. In both plots, the x's reflect the controllers found by MXTOOLS, and the 'o'

represents the controller chosen after imposing a restriction on the weighted control usage.

The final controller is placed on these charts for reference only, in order to show the values

of the constraint norms for the final controller in relation to the controllers formed in the

creation of these EP curves. The final controller is actually slightly higher than the curve

because the additional constraint causes a higher two-norm.

For most of the designs the weighted control usage was not constrained. Figure 8.33

shows how the weighted control usage changed as the other constraints were restricted. The

weighted control usage went down initially but then started to increase. This curve is not

EP optimal for the weighted control usage. The 'o' on the figure (which is not on the curve)

is the final constrained control usage controller.

For the design to be guaranteed robust, the infinity-norm of the fourth constraint must

be equal to or less than one. Figure 8.34 shows that the infinity-norm always remained at

one with small variations each way. These variations are the result of the difference in the

frequency search and a Ricatti solution for the H.. norm. The optimization routine uses

a frequency search, and if the infinity-norm found during the frequency search is within
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tolerance, the controller is accepted as being EP optimal. All of the controllers in Figure

8.34 met the frequency search tolerance, but when the infinity-norm was calculated through

Ricatti methods, the norms changed slightly and that is shown in the figure. The result-

ing controllers were stabilizing for the two extreme configurations, and therefore further

restriction of the robustness weighting constraint wasn't necessary. If the minor deviation

above one caused the extreme configurations to become unstable, the robustness weighting

constraint could have been reduced to a value less than one such that the variations would

not cause the infinity-norm to be greater than one. This would further improve the margins

and provide a stronger guarantee of robust stability for the design.

8.8 Results

The closed-loop system was simulated with the medium, empty, and loaded configurations.

Figures 8.35 - 8.40 show the simulations for the medium configurations. The empty config-

uration simulations can be found in Appendix G. The loaded simulations can be found in

Appendix H. This controller does in fact stabilize both the empty and loaded configurations

and therefore the robustness constraint achieved its goal.

The performance of the controller failed to meet the specifications at the medium con-

figuration. Specifications were only met for the tiny rounded pulse input. The accelerations
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Figure 8.35: Mixed-Design 2 - Medium Configuration - Noise Input

of this design often resulted in very short spikes in both positive and negative acceleration

and would have resulted in damage to the vehicle or to the driver.

When the controller is used at the empty configuration, the system is stable, but the

performance again is out of specification. On the positive side, the accelerations felt by

the system due to the rounded pulse inputs are smaller for every case than the passive

suspension system. The noise rejection is about the same for both the passive and active

systems, with the active system actuation being very fast.

The design was also simulated with the ten DOF model in the medium configuration.

The measurements were modified to represent the same measurements that the two DOF

model has. The measurements fed back were: cabin vertical accelerations, rear suspension

deflection, and rear tire deflection. The results of the simulations can be seen in Appendix

I.

The controller designed based on the two DOF model failed to improve the performance

of the ten DOF system. This could be accounted for by the lack of controllability of the

system, or the choice of feedback variables. The result is that this controller showed promise
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on the two DOF model, but it was not capable of achieving the same performance using

the ten DOF model.

8.9 Conclusions

This chapter involved creating a robustly stabilizing controller through the use of MX-

TOOLS. It was shown that by creating a robust stability constraint, it was possible to

generate controllers that stabilized both the empty and loaded configurations while provid-

ing the best performance possible at a medium load configuration. This method highlighted

the ability of the mixed-norm approach to create a separate robust stability constraint that

does not get blended with other constraints, which is the case in the single-norm meth-

ods. With the robust stability constraint satisfied, the margins of the system were vastly

improved over all of the previous designs.
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IX. Conclusions and Recommendations

9.1 Introduction

The goal of this research was to apply mixed-norm optimal control to an active suspension

problem to see how well the mixed-norm synthesis method compared to the more traditional

H 2 and Hc, synthesis methods. The hope was to develop an active suspension system that

could perform better than the passive suspension system. The problem faced was anything

but academic in nature, with multiple configurations and widely varied dynamics. This

chapter represents the conclusions drawn from the research and a set of recommendations

on a possible alternative framework to find a solution.

9.2 Conclusions

There are several areas of this thesis that offer conclusions. The conclusions fall into three

categories: performance, modeling and general. The performance conclusions are the result

of comparisons between the different designs in this thesis. The modeling conclusions result

from the analysis of the models used in the design and evaluation. Finally, the general

conclusions are the combination of both the performance and modeling, and how they

relate to each other in the solution to this problem.

9.2.1 Performance

It is possible to compare the performance of the passive system in the loaded configuration,

the H 2 Design 1 controller, the H,Design 1 controller, and Mixed-Norm Design 1 controller.

Each of the active systems are based on the loaded configuration and had similar objectives.

These designs can also be compared to Mixed-Norm Design 2 controller at the loaded

configuration as well, even though it wasn't nominally designed for this configuration.

None of these designs, including the passive system, met the specifications. The passive

system violated the tire suspension specification with the medium rounded pulse. When

the damping in the system is replaced by the actuator, it is not possible to prevent multiple

violations of the specifications with any of the control synthesis methods used. Each of the

active suspension designs had multiple violations; the H 2 Design 1 having three violations,
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the H, Design 1 having two, the Mixed-Norm Design 1 having six, and Mixed-Norm Design

2 having five.

In comparing the different designs in response to the road noise, a full Monte Carlo

simulation is required. However, based on the simulation that was run with the same

filtered white noise, the indication is that the best performer is the passive system. For the

length of the simulations, the passive system's response remained under 0.05 mr/s2, whereas

all of the active systems were much larger in comparison. Between the active systems,

H,, Design 1, the Mixed-Norm Design 1, and Mixed-Norm Design 2 all had similar results

with the responses under 0.1 m/s 2 . Unexpectedly, H 2 Design 1 had the worst performance

with the responses under 0.4 M/s 2. This implies that the H 2 design sacrificed good noise

response as a result of trying to get the deflections within specifications.

Comparing the results of the rounded pulse inputs is difficult at best. In many ways

it is unfair to compare them at all. If a specification was violated, the comparison of

the accelerations would be skewed since the actual system could not respond the same as

the simulation. Either the tire or suspension deflections would hit their limits and hold

constant or the hardware would break. It was unexpected, though, that the performance of

the Mixed-Norm Design 2 compared well with the other designs since it was not optimized

around the loaded configuration.

It is possible to compare the designs for the tiny rounded pulse, since all of the designs

remain in specifications. In no way can the response to one input define the best controller,

but it does offer some insight on the performance of each controller. To start with, the

passive system resulted in an acceleration spike of around 7 m/s 2. Both the H 2 Design 1 and

H,, Design 1 spiked at 6 m/s 2. Mixed-Norm Design 1 spiked at 1 m/s 2 , and Mixed-Norm

Design 2 spiked at 0.8 m/s 2. The trade-off for the lower acceleration in the Mixed-Norm

Design 2 was a series of several additional oscillations prior to settling down. For slightly

more acceleration, the Mixed-Norm Design 1 resulted in a much less oscillatory response.

The overall trade-off in the mixed-norm designs was lower acceleration responses in general

but with a larger number of specifications broken.

There are a few observations that should be made about the performance of the mixed-

norm designs in comparison with the single-norm designs. The mixed-norm design has the
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potential to always perform equal to or better than either an H 2 or H, design. If the

objective function in a mixed-norm design is identical to that of an 112 design and the

constraints are inactive, then the resulting controller is K 2.,,. If a constraint function is set

up identically to that of an Ho, design and the constraint is set to 'Y, the resulting Kmix will

result in the same infinity-norm as the Hc, design. This does assume that Kinit is of equal

or higher order than the H 2 or H, subproblem. This of course isn't in general how the

mixed-norm problem is set up, since it doesn't exploit the reasons to do a mixed-norm

design.

This results in the conclusion that the mixed-norm designs can perform as well as their

single-norm counterparts, and will in general perform better. For this problem, the single-

norm methods provided controllers that violated less specifications than the mixed-norm

designs, but at the cost of poorer acceleration responses. The mixed-norm designs were

limited by the numerical difficulties surrounding this problem and the inability to use the

original approach which would have fully exploited the power of the mixed-norm method.

A second conclusion based on the performance of the designs used in this thesis is that

this problem may be better solved if the controller was scheduled in accordance to the

load of the system. The dynamics of the system change radically between the empty and

loaded configurations. It was shown that the controllers designed at the loaded configu-

rations would not stabilize the empty configuration, and that the controllers designed at

the empty configurations did not provide good performance at the loaded configuration. A

better method possibly would be to generate controllers based on various loads and schedule

between them. This may provide better performance throughout the load envelope.

9.2.2 Modeling

In order for this problem to be solved, the actual tractor semitrailer vehicle must be control-

lable by the active suspension system. If not fully controllable, at a minimum the tire and

suspension deflections as well as the cabin and trailer accelerations must be controllable. It

was seen in Chapter 4 that the model closest to reality, the ten DOF model, is marginally

controllable and causes MATLAB's numerics to break down. This caused severe restrictions

on design using the ten DOF model and forced the designs to be based off the two DOF
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model. By implementing the controllers designed from the two DOF model, it was hoped

that some control effectiveness would be seen during the simulations of these controllers

with the ten DOF model. However, this did not happen and the simulations showed that

the system was not well controlled by Mixed-Norm Design 2. This results in the conclusion

that the tractor semiltrailer vehicle is not practically controllable by the controllers designed

in this thesis. Therefore, before this problem can be solved, the controllability of the ten

DOF model must be improved.

The original approach to this problem was to use fL constraints on the suspension and

tire deflections. This was not possible because of the inability to digitize the system, and

therefore H, constraints were substituted in place of the f, constraints. The designs based

on the H. constraints failed to meet the specifications because their maximum magnitude

exceeded the limits imposed by the problem. This results in the conclusion that H, con-

straints are most likely not the best choice as the constraints for this problem. Since it

wasn't possible to use l constraints, it is unknown if fl would have produced better results.

However, due to the nature of the l norm, it is likely that the application of f, constraints

would have resulted in better results.

One of the assumptions used in this thesis is that the specifications for the ten DOF

model could be directly applied to the lower order models. This assumption was made

because of the lack of evidence to the contrary. In retrospect, this may be an invalid

assumption because the weight distribution of the vehicle is different for each model. This

implies that for each model, the deflections caused by the same input would, in general, be

different. It also implies that the force required by the actuator would also be different for

each model. Before further research is done, the specifications should be defined for each

model, such that if they are satisfied at the lower order models, the higher order models

will also be satisfied.

9.2.3 General

The goal of this thesis was to create an active suspension design that performed better

than the current passive suspension system. The main conclusion of this thesis is that it is

not possible to achieve the goal with the controllers designed in this thesis. This does not
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imply that there does not exist a solution to this problem, but it does imply that a different

approach is necessary to find a solution, if one exists.

Designs were done on the two DOF model, and the various methods have been compared.

None of the methods clearly outperformed the others. It was shown that the mixed-norm

designs provided similar responses to the single-norm controllers, but provided several design

advantages over the single-norm approach. In addition, it was shown that the mixed-

norm approach allowed significant improvements in the way of margins by adding a robust

stability constraint which provided guaranteed robust stability. This was shown in Mixed-

Norm Design 2, which is the only design with acceptable margins. The conclusion is that

the mixed-norm approach is better than the single-norm approach because the set-up of

the problem allows much more flexibility for the designer, and the resulting controllers are

optimal with respect to the actual design goals, and not a compromise between competing

objectives as in the single-norm approach. Unfortunately, this problem with its modeling

difficulties and the lack of being able to use £, constraints was not able to highlight the

strengths of the mixed-norm approach to its full potential. The next section provides some

insight on how this problem may be solved in the future.

9.3 Recommendations

To solve this problem within the given specifications, a different approach is going to be

needed. This research has provided several ideas that may provide the key to finding a

solution to this problem.

The first problem that needs to be overcome is the controllability of the ten DOF model.

It is very difficult to meet tight specifications for a system which is barely controllable. The

goal of the suspension system was to improve the driver's acceleration response to the road.

The current location of the actuator is in the rear suspension between the rear axle and the

chassis. However, control of the rear of the chassis has two major problems. First of all, the

dynamics that the actuator must control are directly affected by the load. The kingpin is

directly above the rear suspension; therefore, as the load increases, the force required by the

actuator to move the chassis will increase as well. This drives the requirement to schedule

any actuator at that location. Secondly, the cabin is located on the front of the chassis, yet
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the actuator is at the rear of the chassis. Therefore, when a road disturbance comes into

the system, the active suspension system at the rear of the chassis is trying to counteract

the disturbance and then, while it is trying to regulate the system, it is hit by the same

disturbance. This makes it very difficult to control the accelerations of the cabin from the

rear of the chassis.

An alternative to the current actuator location would be to place an actuator at the rear

of the cabin. If needed, an additional actuator could be placed in the front of the cabin

as well. Since it is the cabin that needs to be controlled, it would be better to provide

actuation directly on the cabin. This may also reduce or eliminate the need to schedule

the controller as well, as the weight of the cabin does not change with the weight of the

trailer. Therefore, the influence on the change of the dynamics would be less than the

current actuator location.

By placing the active suspension system beneath the cabin, the cabin should be able to

be controlled. This would accomplish one of the tasks of the active suspension system. The

other task was to minimize the accelerations on the cargo. Again, like the cabin, it would

be desirable to isolate the trailer, but this is not possible. With a combination of actuators

on the cabin and the rear suspension, it may be possible to have enough control power

to improve the performance of the trailer. It should also be possible to add an additional

actuator at the rear of the trailer. This would not be a preferred solution, because the

power for the actuator would have to transmitted to the trailer, and the fact that the trailer

doesn't necessarily stay with the cabin. However, this could be standardized on a fleet of

trucks.

If in fact it was decided to put an actuator or a pair of actuators under the cabin, the ten

DOF model would have to be used for controller design. This is because the first assumption

to reduce the model was the combination of the cabin, motor, and chassis into one mass.

The use of an H 2 controller on the ten DOF model would involve at a minimum a twenty

state controller. This exceeds the limitations placed on the sampling rate and therefore a

reduced order controller would have to be created. This could lead into an interesting study

of how low an order is possible with adequate results. This would also require a synthesis

method that allows the designer to pick the order of the controller.
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As the problem was posed, it fits well into the ability of MXTOOLS to solve. However, it

fits well as an H2 /e1F/H. problem. This involves overcoming the second problem, digitizing

the system. Currently, the system can't be accurately digitized because of the widely sepa-

rated poles of the system. One solution would be to separate the system into two systems,

one slow and one fast. This is possible through the MATLAB function SLOWFAST. This

would create two plants for the system, one with the slow dynamics of the system and one

with the fast dynamics. Since this would eliminate the extreme separation of the poles, it

should be possible then to digitize each system accurately. A second approach would be

to keep the passive damping in the system, and design the controller to only augment the

passive system, instead of replacing it.

With the system digitized, it should be possible to use t, constraints. The mixed-

norm problem would then be a multi-plant problem with multiple f, constraints. This

would require modification to MXTOOLS to allow for multiple t, constraints with possibly

different sampling frequencies. MXTOOLS would also need to be modified to place a

stability constraint on each subproblem, to further restrict the admissible region to include

controllers that stabilize P2 as well as each of the constraint transfer functions. This is

required because the assumption that a controller that stabilizes P2 also stabilizes P and

P1 only holds if the core dynamics of each plant matrix are the same. There would be two

choices for the plant of the objective subproblem, the fast or the slow plant. Choosing the

correct plant for the objective would be one of the analyses that would have to be done

after the problem is set up. In addition, a pair of infinity-norm constraints would need to

be added to provide robust stability and improve the margins of each system. £, constraints

could be used, but since it is numerically easier to solve the constrained H,, problem, H,,

constraints may be a better choice.

The resulting problem as stated here would be difficult to solve and would no doubt

pose yet unknown challenges itself. The problem would be an excellent test for the full

exploitation of MXTOOLS. This problem would be unique in that it would involve several

aspects of a mixed-norm problem never considered together in one problem. It would

involve finding a reduced order controller for a MIMO multi-plant mixed-norm problem

with multiple f, and H, constraints. To anybody who tries, good luck.
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Appendix A. Removing the D - 0 Assumption

If DYi : 0, then a loop shifting technique can be used to solve for the controller [SLC89].

The method shifts the output in order to set Dyu = 0, solves for the corresponding controller,

and then shifts the controller to take into account the non-zero Dyu term.

The shift involves redefining the output vector

y - DVu (A.1)

which for the mixed norm case is generalized to

1/2 = Y2 - DYuu (A.2)

Yl = Yj - DYu (A.3)

oo = yoo - DYuu (A.4)

Using the redefined output vectors, the resulting problem satisfies the assumption that

D = 0. Therefore, the mixed-norm problem is solved with the redefined output vector.

The resulting controller is then

K= C_ c Dc

This controller is then shifted to form

k 1 b
Dc J(A.6)

where

Ac = A,- BcDYU(I + DDy,,)-'Cc (A.7)

Bc = Bc[I - Du,(I + DcDyu)-Dc] (A.8)

Cc = (I + DrDv,.)-I c (A.9)

Dc = (I + DDY, )-'D (A.10)

The one restriction to this shifting method is that the system is assumed well-posed,

implying that (I + DD>u) - exists.
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Appendix B. Two DOF Model

This appendix covers the background information on the two DOF model. The two DOF

model is shown in Figure B.1.

Truck 
2c

Figxlre VeToDO Md

x, Axle Displacement
X2  Truck Mass Displacement
X3  Axle Velocity
x4  Truck Mass Velocity

There are three configurations for the truck mass: empty, medium, or loaded. Each

configuration changes the truck mass, but not the values for the spring constants or the

damper constant. The values of the constants are shown in Table B.1.

Constant Configuration I Value
Ksr All 5,000,000 MN/in
Ktr All 125,000 MN/m
Bsr All 2500 kNs/m
Axle Mass All 1500 MG
Truck Mass Empty 1457.9 MG
Truck Mass Medium 3015.3 MG
Truck Mass Loaded 9484.8 MG

Table B.1: Two DOF Model Parameters
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Appendix C. Ten DOF Passive Suspension Responses

Figure C.1 - C.6 show the open-loop passive responses of the ten DOF system in the empty

configuration. Figures C.7 - C.12 show the same for the loaded configuration. The legend

for all figures is

Style Acceleration Deflection
- Cabin Vertical Front

Cabin Rotational Rear
- - Trailer Rotational Trailer

S0 02 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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. . .. .

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure CA: Ten DOF Passive - Empty Configuration - Noise Input
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Figure C.2: Ten DOF Passive - Empty Configuration - Tiny Rounded Pulse Input
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Figure C.3: Ten DOF Passive - Empty Configuration - Small Rounded Pulse Input
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Figure C.4: Ten DOF Passive - Empty Configuration - Medium Rounded Pulse Input

S 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

S0.2.

... .....0. . . .... ..... .......... ........................]

0

a 0 0.2 0.4 0.6 0.8 1 .12 1.4 1.6 1 .8 2

C-3



-~10

10
- 0 02i 0.4 .6 0. 12 . 1. .8

2

a 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

e--0.1
0 0.2 0.4 0.6 0.6 1 1.2 1.4 1.6 1.8 2

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0
3

'z

S0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure C.7: Ten DO Passive -Loaed ofguaioecNie]nu

CXC10



.. ... ... . .... .. .. ... . .. .. ...... . . . .. .. .... . ..... ... .

o
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

T im IseJ

..... . . .... .

_0.1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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Appendix D. Two DOF Passive Suspension Responses

Figure D.1 - D.6 show the open-loop passive responses of the two DOF system in the empty

configuration. Figures D.7 - D.12 show the same for the loaded configuration.

02 0 O 0 1 1 1 . 1 2
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- 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

x 10,
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0 0.2 04 .6 0'8 1 1,2 1.4 1.6 1.8 2
Tme [. I

Figure D.A: Two DOF Passive - Empty Configuration - Noise Input
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Appendix E. Ten DOF Active Open-Loop Responses

Figure E.1 - E.6 show the open-loop active responses of the ten DOF system in the empty

configuration. Figures E.7 - E.12 show the same for the loaded configuration. The legend

for all figures is

Style Acceleration Deflection
- Cabin Vertical Front

- - Cabin Rotational Rear
- • - Trailer Rotational Trailer
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Figure E.1: Ten DOF Open-Loop - Empty Configuration - Noise Input
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Appendix F. Two DOF Active Open-Loop Responses

Figure F.1 - F.6 show the open-loop active responses of the two DOF system in the empty

configuration. Figures F.7 - F.12 show the same for the loaded configuration.
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Appendix G. Mixed-Norm Design 2 - Empty Configuration

Simulations

Figure G.1 - G.6 show the closed-loop responses of the two DOF system in the empty

configuration. The controller used is the Mixed-Norm Design 2 controller.
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Appendix H. Mixed-Norm Design 2 - Loaded Configuration

Simulations

Figure H.1 - H.6 show the closed-loop responses of the two DOF system in the loaded

configuration. The controller used is the Mixed-Norm Design 2 controller.
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Appendix I. Mixed-Norm Design 2 - Ten DOF Medium

Configuration Simulations

Figure 1.1 - 1.6 show the closed-loop responses of the ten DOF system in the medium

configuration. The controller used is the Mixed-Norm Design 2 controller. The legend for

all figures is
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