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Abstract

In this dissertation, we consider the inverse problem for a second-order hyperbolic equation
of recovering n 4+ 3 unknown coefficients defined on an open bounded domain with a smooth enough
boundary. We also consider the inverse problem of recovering an unknown coefficient on the Euler-
Bernoulli plate equation on a lower-order term again defined on an open bounded domain with a
smooth enough boundary. For the second-order hyperbolic equation, we show that we can uniquely
and (Lipschitz) stably recover all these coefficients from only using half of the corresponding bound-
ary measurements of their solutions, and for the plate equation, we show that we can uniquely and
stably recover the coefficient by using two measurements on the boundary. The proofs for solving
both inverse problems are based on a post-Carleman estimate strategy developed by Isakov in [19],

continuous observability inequalities, and regularity theory.
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Chapter 1

Introduction

The primary focus of this dissertation is to solve the inverse problem of recovering coefficients
from second-order hyperbolic partial differential equations (PDEs) and the Euler-Bernoulli plate
equations under hinged boundary conditions. Our approach utilizes a sharp Carleman estimate for
second-order hyperbolic equations [31, 37, 46] and a Carleman estimate for the plate equation derived
using similar techniques as in [1, 47]. To use the Carleman estimates, we first convert the original
inverse problems to inverse source problems and prove uniqueness and stability for the system of
second-order hyperbolic equations and the plate equation. An crucial result used in the proofs is
a “post-Carleman estimate” technique from [19, Theorem 8.2.2]. This result creates a strategy to
prove uniqueness for the inverse source problems. To prove stability, we use corresponding continuous
observability inequalities from [27, 40, 41, 42, 46]. In this chapter, we provide a brief overview of
Carleman estimates as they pertain to inverse problem for systems of PDEs. We also provide the

underlying assumptions used for each inverse problem.

1.1 Carleman Estimates

The origin of Carleman estimates and their namesake is from the mathematician Carleman
in 1939. In [9], he formed a technique to prove uniqueness to the Cauchy problem in two variables.

Years later, Hormander generalized Carleman’s method to work on a more general class of differential



operators [15]. The general representation is the following:

Z TQ(mfl"“*l)/‘Dauegwl dx < C/|P(ﬁlc,D)ueQT“"|2 dz, u e Cy° (1.1)
lor|<m

where ¢ is a weight function, P(z, D) is a partial differential operator, « is multi-index notation,

and 7 is a sufficiently large parameter. Hormander used (1.1) to prove the Unique Continuation

Property: given u as a solution to the PDE P(z, D)u = 0 on a bounded domain 2 C R™ and u =0

for some ¢(x) > 0, where the function ¢ : @ — R defines a smooth hypersurface in 2, then this

implies that u = 0 on a neighborhood of ¢ = 0.

The main setback of early results on Carleman estimates, however, is that they were only
applicable when the solutions to the PDE system were compactly supported. By this assumption,
early Carleman estimates did not contain boundary terms, which limits their usefulness in applica-
tions to control theory and inverse problems. To exacerbate the issue, homogenizing the Cauchy
data produced a term on the right-hand side of the estimate with norms of boundary traces a half
derivative higher than the norm of u on the left-hand side of the estimate [30]. Hence, early Car-
leman estimates failed in provided decent results when applied to boundary value problems. Thus,
the need to develop improved Carleman-type inequalities that produce good results for solutions of
boundary value problems increased.

The improvement to Carleman estimates that include boundary terms is credited to two
sources. The first source is credited to Daniel Tataru [45] at the University of California, Berkeley.
He proposed extending the main Carleman estimate to general pseudo-differential operators. To
establish this, specific geometric properties must be met with the domain, including a surface that
must be pseudo-convex. Tataru’s work was inspired by Lasiecka and Triggiani [34] where they
developed a sharp Carleman estimate for second-order hyperbolic equations by using the multiplier
method, which refers to multiplying the governing PDE by differential multipliers. These multipliers
differ depending on the PDE they were used on. The other method of providing useful Carleman
estimates for boundary value problems is credited to Lavrentiev, Romanov, and Shishatski [39].
They first establish an initial pointwise Carleman estimate with the resulting integral form aiding
them in producing boundary terms. Lasiecka, Triggiani, and Zhang extended their work in [37]
where they established a pointwise inequality for general second-order hyperbolic equations. They

applied similar techniques in the papers [34, 36, 38].



1.2 Geometric Assumptions

In this section we present the main geometrical assumptions necessary to establish the
Carleman estimates used throughout this paper. These assumptions are well known, and they can

be found in [4, 5, 7, 22, 26, 29, 30, 37, 41, 42, 43, 46] and the numerous sources cited within.

1.2.1 Second-Order System of Hyperbolic Equations

Let Q C R™, n > 2, be an open bounded domain with smooth enough boundary I' = 02 =
ToUTy, where Tg N Ty = (). We refer I'; as the observed part of the boundary where boundary
measurements are taken, and I'g as the unobserved part of the boundary,, which is left alone during
boundary measurements. We consider the following general second-order hyperbolic equation for
w = w(z,t) defined on Q = Q x [T, T] with initial conditions {wp,w;} and Dirichlet boundary

condition wly =hon X =T x [-T,T]:

wyy — () Aw + q1(z)wi + go(2)w +q(x) - Vw =0 in Q

w (x,0) = wo(z); w (x,0) = wi(x) in Q (1.2)

(‘T?t) = h(x’t) in X.

Here ¢1 € L™(Q), qo € L=(R), and q € (L*(Q))" are the damping, potential, and gradient

coefficients, respectively, and wave speed c(x) satisfies

ceC={cecC'): cgl < ¢(x) < ¢, for some ¢g > 0}.

Because the wave speed is on the principal part of (1.2), our geometrical assumptions are made with
respect to Riemannian geometry so we can define a metric to make the principle part constant. The
definitions and some identities are given in Appendix B of this paper. Given the triplet {Q,T9,T1},
we make the following assumptions on the unobserved part I'y:

2

(A.1) There exists a strictly convex function d : @ — R in the metric ¢ = ¢~ 2?(x)dx?, and

of class C3(Q), such that the following two properties hold true (through translation and rescaling
if necessary):

(i) The normal derivative of d on the unobserved part I'g of the boundary is non-positive.

3



Namely,

% = (Dd(z),v(x)) <0, VzeTy,
v

where Dd = V,d is the gradient vector field on € with respect to g, and (X,Y) = ¢(X,Y) for all

XY € M,, where M, is the tangent space at = € €.

(ii) The Hessian of d, denoted as D?d(X, X), is strictly positive definite,

D*d(X,X) = (Dx(Dd), X), > 2|X|2, VX € M,, mind(z) = mo > 0
€

where Dx is the covariant derivative of a vector field with respect to X.

(A.2) d(x) has no critical point on €2. In other words,

. _|Dd|?
inf |Dd| > 0, so that we may take inf ——— > 4.
zeQ zeq d

Remark 1.2.1. The geometrical assumptions above permit the construction of a vector field that
enables a pseudo-convex function necessary for allowing a Carleman estimate containing no lower-
order terms for the general second-order equation (1.1). These assumptions were first formulated in
[37] under the framework of a Euclidean metric, with [46] employing them under the more general
Riemannian framework. The reader can find examples and illustrations of large general classes of
domains {€,T'1, T} satisfying (A.1) and (A.2) in [46, Appendix B]. One canonical example is to
take d(x) = |x — x0|?, with 2o being a point outside Q, if the wave speed c satisfies

Ve(z) - (x — xo)

2¢(2) <r. <1 for some r. € (0,1). (1.3)

More details are provided in [7, Theorem 6.1], [17, Theorem 1], and [19, Theorem 3.2.1]. Condition

(1.3) on ¢ may be improved to the following condition given in [22, Theorem 2.5.1]:
Ve 2(z) - (. —x9) >0, €9 (1.4)

To illustrate the geometric examples and their importance, we will present a few examples
to the geometrical examples (A.1) and (A.2) where ¢ is constant. More details can be found in

30, 37, 46].



Example 1.2.2. Here let the dimension of €2 be greater than or equal to two. Here the unobserved

portion of the boundary Iy is flat.
I

measurement on 'y

For any point x¢ in the hyperplane of I'g, then d(z) = ||z — x¢||? and h(x) = Vd(z) = 2(z — x0).

Example 1.2.3. Again let 2 be a domain with dimension greater than or equal to two, but now
let Ty be convex, subtended by a common point xg. The specific d(z) can be found in [37, Theorem

A.4.1]. Under this setting, I'g = £(x) = level set and (z — o) - V{(z) <0 on T.

e

I'y convex

Example 1.2.4. Now let 'y be concave, subtended by a common point 5. Again, the specific d(x)

can be found in [37, Theorem A.4.1].

I'g concave




Example 1.2.5. Fix the dimension of €2 to 2, and let I'y be neither convex or concave. I'g can be
described by the graph

fi(®) xo <z <x1, y>0;
y:
fo(z) me<z<uz1, y<O,

Here, fi and fo are logarithmic concave on 2o < z < x1, i.e. sin(z) +1, =5 <2 < F; cos(z) + 1,

O<x<m.

The function d(x) can be found in [37, Equation (A.2.7)].

1.2.2 Plate Equation

As before, let Q2 C R™, n > 2, be an open bounded domain with smooth enough boundary
I =00 =TyUT, where 'y N Ty = (). In this subsection, we consider the geometrical assumptions
for the following plate equation for w = w(x,t) defined on @ with initial conditions {wg,w;} and

hinged boundary conditions hy and hs on X:
wy + A2%w + q(x)w =0 in Q

w(z,0) = wo(x) w(z,0) = wi(x) in (1.5)

w(z,t) = hi(z,t), Aw(z,t) = ho(x,t) on X

with ¢ € L*°(Q). The geometric assumptions for problem (1.5) are similar to the geometrical
assumptions for (1.2); however, since the coefficient of interest is not on the principal part of the

equation, our assumptions are stated in the Euclidean framework R"™:

(A.1°) There exists a strictly convex function d : Q@ — R of class C3(Q), such that h = Vd for every

x € Q (h is radial) and the following properties hold:

(i) We have Vd-v = h-v < 0 for all x € Ty in the Dirichlet B.C. case. If (1.5) has Neumann

B.C., our assumption changes to h - v =0 for all z € ['y.



(ii) The Hessian matrix of d(x) (the Jacobian matrix of h(x)) is strictly positive definite on Q:

there exists constant p > 0 such that for all x €

oh oh
devwy - dpia, 87951 (%i
Haw)=d(o=| = -~ i |za (o
Ohy, Ohy,
dypoy - doya, Ohy oxy,
(A.2%) d(x) has no critical points within Q:
inf |h(z)| = inf [Vd(z)| =p > 0. (1.7)

1.3 Weight Functions

The reason for assuming the geometrical assumptions (A.1) and (A.2) for (1.2) and (A.1%)
and (A.2%) for (1.5) is because it allows us to construct a pseudo-convex (weight) function necessary
to obtain Carleman estimates for our equations. We list the corresponding weight functions and
their properties in this section. The weight functions below are standard, and they can be found in

[13, 37, 38, 41, 42, 46], and the papers cited within these works.

1.3.1 Second Order Hyperbolic Equation

Having chosen, on the strength of geometrical assumption (A.1) for (1.2), a strictly convex

function d(z), we can define the function p(x,t) : @ x R — R of class C? by setting
o(x,t) =d(z) —at?, 2€Q, tc|[-T,T], (1.8)
where T' > Ty. The threshold time Ty is set by
T¢ = 4maxd(x). (1.9)
€N

This definition is due to the assumption in (A.1) from [37] where it is assumed that ¢ = 1. Notice

that Tj is affected by the scaling of d(z). Thus, a smaller threshold time permits a smaller (forces



a larger) final time T'. We also assume that d(z) > 0, z € 2 since otherwise we can translate d(x)
so that positivity over the domain is satisfied. So from (1.9), we have the existence of § > 0, fixed,
that satisfies

T? > 4maxd(x) + 40. (1.10)
zEQ

Now let a € (0,1) be selected as follows: for T' > Ty, for the § fixed satisfying (1.10), there exists a
constant « € (0,1), such that

aT? > 4maxd(x) + 4. (1.11)
€S

From our definition of the weight function (1.8) and related definitions(1.9)-(1.11), ¢ has the follow-

ing properties:

(a) For the constant ¢ > 0 fixed above, we have

o(z,-T) = (x,T) < maxd(z) — aT? < —¢§ uniformly in z € Q; (1.12)
e
and
o(x,t) < p(x,0), foranyte [-T,T]and any x € Q. (1.13)

(b) There are tp and t1, with =T < tg < 0 < t; < T, say, chosen symmetrically about 0, such that

~min  p(z,t) >0, where 0 <o < my=mind(z). (1.14)
zeQ,te(to,t1] zeQ

Moreover, let Q(o) be the subset of @ = Q x [—T,T] defined by

Qo) = {(w) s p(a,t) > 0> 0,5 €0, ~T <t <T}, (1.15)

Then we have

Q x [to,tl] C Q(O’) C Q. (116)

The region Q(o) in (1.15) will be relevant when proving Theorem 3.1.3 in Chapter 3.

Remark 1.3.1. Property (1.14) is only required for the Carleman estimate for (1.2). For the
Carleman estimate (1.5), it upholds the assumption w(z, —T') = w(z,T) = 0, which circumvents the

need of Q(o). See [30] for details.



1.3.2 Plate Equation

A key ingredient for the Carleman estimate of the plate equation is to use the Carleman
estimate for the Schrodinger equation. Hence, our weight function for the plate equation is made
to be compatible with the Schrédinger equation. Having chosen a convex function d(x) under the

assumption (A.1’), we define our weight function as follows:
o(x,t) =d(z) — pt*; € Q, t € [-T,T). (1.17)

Unlike the weight function defined in (1.8), we let T' > 0 be arbitrary since we do not need to satisfy

finite propagation speed. Likewise, we choose the constant § = S large enough to such that

BT? > 4max d(x). (1.18)
€S

From (1.18), we fix a small § > 0 such that

BT? > 4meag d(x) + 40. (1.19)

This specific weight function has the following properties:
(a) For the constant ¢ fixed in (1.18), we have the following:

o(x,~T) = ¢(x,T) = d(x) — BT? < —§ uniformly in = € Q; (1.20)

and

o(x,t) < p(z,0) for all t € [-T,T] and x € Q. (1.21)
(b) There are tg and ¢, with —T < tg < 0 < t; < T, such that

min  p(z,t) > 0 (1.22)
zE€Q[to,t1] 2

since p(x,0) = d(z) > 0 for all z € Q.



1.4 Controllability and Observability

On an evolution system modeled by a PDE, (exact) controllability is defined as the existence
of a control function that drives the system, within some time 7', from an initial state to a desired
final state [44]. For a hyperbolic system, this can be summarized by steering any initial condition
to 0 at the target time T through the use of a control function [30]. The control function may act
on either the boundary (entire or a portion) or a region contained within an open bounded domain.

A standard reference in the controllability of PDE systems is Lions’ paper [40], where he
used the Hilbert Uniqueness Method (HUM) to establish exact boundary controllability for both hy-
perbolic and Petrowsky-type systems using both Dirichlet and Neumann boundary control functions.
To summarize, HUM transforms the exact controllability problem into an observability problem for
the dual of the PDE system. Lasiecka and Triggiani also demonstrated the exact controllability of
second order hyperbolic equations under Dirichlet and Neumann boundary controls using the rela-
tionship between controllability of the original system and observability of its dual system in [32].
In this paper, they focused on the surjectivity of the “control-to-solution” operator that maps the
boundary control to the final state of the solution under a target space [30].

The observability problem for the dual system refers to establishing an observability inequal-
ity on an energy term. This inequality can be interpreted as the initial energy being “observed”
through a suitable boundary trace of the solution to the dual system, which is homogeneous on
the boundary in the same boundary condition. For interior control, the observed data occurs in
the specified region within the domain. Observability inequalities for both hyperbolic equations and
plate equations have traditionally been established via the moment method in one dimension [27, 44]
and the multiplier method for general dimensions, see [13, 32, 40, 49, 50] and the references within.
Recently, Green, Liu, and Mitkovski in [11] extended the moment method to general dimensions
for the viscoelastic wave equation. However, these methods are not strong enough to accommodate
PDE systems with lower-order terms or variable coefficients. These issues were solved by using
Carleman estimates on these system, which yields sharper inequalities that include boundary terms.

See for example [7, 30, 34, 35, 37, 38] and the numerous sources cited within.
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1.5 Inverse Problems

Inverse problems can be phrased as finding the cause of an event given knowledge of their
effects. The field has been motivated by practical applications in various areas of science and engi-
neering such as geophysical explorations, biomedical imaging, weather predictions, mine detection,
and civil engineering [48]. In the context of a PDE system, solving the inverse problem usually means
recovering coefficients, either a single or multiple coefficients, of the system over some measurement
taken in a region either within the domain or on the boundary (observed part). Specific applications
for inverse problems of hyperbolic systems of PDEs include electromagnetic, acoustics, and elastic
waves [30], while applications to the inverse problem of plate equation include the elastic bending
of thin plates, determination of magnitude of contact force produced during impact of objects, and
determining the time-history of wind pressure on exposed surfaces [20].

Both inverse problems in this dissertation were inspired by the multidimensional inverse
problem for second-order hyperbolic equations where one measurement is taken on the boundary.
This problem was pioneered by Bukhgeim and Kilbanov in [8], which was one of the first papers to
use Carleman estimates to solve the inverse problem. This was further expanded on by Klibanov
in [21]. The development in the field has improved the process for determining the uniqueness
of coefficients, establishing a procedure when working with second-order hyperbolic equations or
parabolic equations [30].

The typical method of solving the inverse problem involves the use of appropriate Carleman
estimates for the underlying system. Most papers determining uniqueness and stability of coefficients
of PDE systems typically use one of the two primary techniques. Imanuvilov and Yamamoto in [16]
used Carleman estimates directly to show the stability of recovering the coefficients of the wave
equation. They focused on stability since it implies uniqueness of recovering the coefficient. The
downside of this process is that there must be increased restrictions on the unknown coeflicient of
the system. The unknown coefficient is typically denoted as ¢, which represents either the damping
or potential coefficient. In particular, along with the typical requirement that ¢ € L*°(Q2), their
technique also requires ¢ to be in an admissible set that imposed more regularity [30]. A second
approach developed by Isakov, found in [19, Theorem 8.2.2], uses a post-Carleman technique to first
demonstrate that ¢ is uniquely recoverable, and afterwards uses the observability inequality for the

system to demonstrate stability separately. More details about the inverse problems with a single
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measurement formulation can be found in [7, 18, 22, 24, 25, 43] and the numerous references within
the works.

The main focus of this thesis is to solve the inverse problems of the second-order hyperbolic
equation (1.1) and the plate equation (1.5). Our approach follows Isakov’s approach of first proving
that our unknown coefficients are uniquely recoverable, and then we demonstrate stability using
the resulting observability inequalities. We organize the paper as follows: Chapter 2 discusses the
Carleman estimates used in this paper. Chapter 3 solves the inverse problem for the second-order
hyperbolic equation, while Chapter 4 solves an inverse problem for the plate equation. Appendix
A of this dissertation includes a pointwise estimate for a Carleman estimate of the Schrodinger
equation, which is used to derive the Carleman estimate for the plate equation, and Appendix B

includes some definitions and properties of Riemannian geometry.
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Chapter 2

Carleman Estimates for
Riemannian Wave Equation and

Plate Equations

In this chapter, we discuss the Carleman estimates used throughout this paper to solve the
inverse problems for (1.2) and (1.5). We begin this chapter with the Carleman estimates for second-
order hyperbolic equations. As mentioned in Remark 1.2.1, the Carleman estimates for second-order
hyperbolic equations were first formulated in [37] under an Euclidean setting and later formulated
under the Riemannian manifold setting in [46]. Because one of the coefficients we are interested
in recovering is the wave speed ¢ and it is on the principle part of the equation, we discuss the
Carleman estimate for second-order hyperbolic equation in the setting of Riemannian geometry. It
is straightforward to convert the Carleman estimate to a Euclidean setting if we were not interested
in recovering wave speed. Definitions for the terms used can be found in Appendix B.

For the plate equation, we follow a similar strategy to [1] and [47] to obtain a Carleman
estimate by using Carleman estimates of Schrodinger operators. As mentioned previously, since the
coeflicient we are interested in lies on the lower-order terms and not on the principle part of the
plate equation, our estimate remains in terms of Euclidean geometry. We also discuss the continuous

observability inequalities related to the Carleman estimates.
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2.1 Carleman Estimates for Second-Order Hyperbolic Equa-
tion

Consider a Riemannian metric g(-,-) = (-, -) and squared norm | X |? = g(X, X) on a smooth
finite-dimensional manifold M. Define Q2 as an open bounded, connected set of M with smooth
boundary I' = Ty UT;, where g N T; = (. Let v be the unit outward normal field with boundary
I'. Denote A, as the Laplace-Beltrami operator on manifold M and D as Levi-Civita connection on
M.

Under these setting, we consider the following second-order hyperbolic equation with energy

level terms defined on @ = Q x [T, T for some T > 0:
wy(z,t) — Agw(z, t) + F(w) = G(z,t), (z,t) € Q, (2.1)
where the forcing term G € L?(Q) and the energy level differential term F(w) is given by
F(w) = (P(x,t), Dw) + Py(x, t)w + Po(x, t)w, (2.2)

where Py and P; are functions on @ and P(z,t) is a vector field on M for ¢ € [-T,T]. Further, we

assume that there exists a constant C' > 0 such that
|F(w)| < Clw? +w} + |Dw]?], ¥(z,t) € Q.
Now consider solutions w(x,t) in the class

we H'N(Q) = LA (=T, T; HNQ)) N H' (=T, T L*(Q));
wy, 2 € L*(-T,T; L*(I)).

We now state the corresponding Carleman estimate for (2.1). This Carleman estimate was proven

by Triggiani and Yao in [46].

Theorem 2.1.1. Consider (2.1) and solutions in the class listed in (2.3). Then with the geometric

assumptions (A.1) and (A.2), on §, the following family of estimates hold true, where § > 0 being
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a suitable constant, for all T > 0 sufficiently large and € > 0 small:

BT (w) + 2 / e¥?|G12dQ + Ce?™ / w? dQ + Ct2e Y0 [Ey(—T) 4 Ey(T)]
Q Q

>Chr / e*™[wi + |Dw|* dQ + 02,7—/ e2TPw? dedt  (2.4)
Q Q(o)

where

Cyr=71e(l —a) —2C,
(2.5)
Oy, =27°8 + O(1?) — 2C.

In (2.4), §, o > 0 are the constants from Section 1.3, ¢ is the weight function defined in
(1.8), and C' denotes a generic positive constant that may depend on T and d but independent of 7.

The energy function E,,(t) is defined as
E,(t) = / [w?(z,t) + wi(z,t) + |Dw(z,t)|*] d. (2.6)
Q
The boundary terms, denoted as BT (w), can be explicitly calculated as

BT(w) = 2r / e’ (wi — |Dw|?) (Dd,v) dT
2

+ 4T/62T‘P<Dd,Dw><Dw,1/) d2+8a7/e2wtwt<Dw,u> ax
b b

Ad—a-—1

+ 472/ e {|Dd|2 — 402t +
) 2T

] w(Dw, v) dS

+ 27'/ e’™¢ [277 (|Dd* — 40°t?) + 7(3a + 1)] w*(Dd, v) dX.
b

0
Remark 2.1.1. If we have w|px—77] = 0 and 8—15 = (Dw,v) = 0 on I'y x [T, T], then the

boundary terms may be simplified to
BT (w) = 27 / e*™?|Dw|?(Dd, v) dzdt < 0, (2.7)

o

where ¥g =Ty x [=T,T]. The last inequality comes from assumption (A.1).
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As a corollary of the Carleman estimate, we have the following continuous observability
inequality for (2.1)

ow\ 2
() drdt + (| Gl72g (2.8)

CrEu(0) < / o

P
with homogeneous Dirichlet boundary condition w|s = 0 and ¥y =Ty x [-T,T]. The way to inter-
pret (2.8) is that if the hyperbolic equation (2.1) has homogeneous Dirichlet boundary conditions,
nonhomogeneous forcing term G € L?(Q), and Neumann boundary trace g—'lf € L?(%;), then the
initial conditions {w(,0), w;(-,0)} must lie in the space Hg (2) x L2(£2). This fact is used in Chapter
3 when proving stability for the system.

For constant coefficient wave equations, inequality (2.8) can be proved using the multiplier
method, first showed by Ho in [14]. As mentioned in Section 1.4, observability for variable coefficients
in hyperbolic equations with lower-order terms is typically done with Carleman estimates pioneered
n [23]. More work on the continuous observability inequality for hyperbolic equations can be found
in [22, Theorem 2.7.1], [24, Theorem 2.4.1], [37, 46], and the sources cited in Section 1.4.

To remain compatible with our Dirichlet boundary conditions, the following interior and

boundary regularity results for the solution w in (2.1) must hold true: For v > 0 (not necessarily an

integer), if the given data satisfy the following regularity assumptions

G e L'(0,T; HY(), VG € L'(0,T; L*(1)),
wo € H(Q), wy € HY(Q), h € HTY(Y)

with all compatibility conditions (trace coincidence). Then we have the following regularity for the

solution w:

w e C([0,T); H(Q)), 87w e C([0,T); L2(Q)); %’ € H'(Y). (2.10)

See [31] for further details.
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2.2 Carleman Estimates for Plate Equation

Consider the following version of the plate equation:

wys + A%w = q(x)w + f(x,t) in Q
w(z,0) = wo(x), wi(x,0) =w(z) in (2.11)
w = hy(z,t), Aw = ha(z,t) in¥

with f € L?(Q) as the forcing term. The goal is to construct a Carleman estimate for (2.11) to
solve the inverse problem of recovering the coefficient ¢ € L (). Lasiecka and Triggiani derived
Carleman estimates for the plate equation in [13, 35] via the multiplier method; more specifically,

they multiplied (2.11) with the following operators:
™ @D DA(Ayw), div (™ Dd) w. (2.12)

However, these Carleman estimates have two main issues when solving the inverse problem that the
Carleman estimate (2.4) does not have. The first is that there exist some constants on the larger
side of the inequality that depend on the parameter 7. The second issue is that the parameter 7
appears in the denominator of the smaller side of the inequality, which causes issues in solving the
inverse problem for sufficiently large 7. It is worth noting that the Carleman estimates presented
in these works are sufficient enough to prove observability and controllability of the plate equation,
which were the authors’ goals in the papers cited.

One paper that inspired our approach of obtaining the Carleman estimate for the plate
equation is [1]. In this paper, the author obtains a Carleman estimate for (2.11) by first decomposing
it as the product of two Schrédinger operators. They then proved Carleman estimates for each
Schrédinger operator from the decomposition and combined the two to obtain a Carleman estimate

for the plate equation. Their weight function is different from the one in (1.8), which is defined as

ol 1) = g(t) (M@ = 22, & = 9] ey (2.13)
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with

o) = ﬁ te0,7). (2.14)

and ¢ (x) being a function such that Vi (x) # 0 for all x € Q. The author chose this weight function
because they were interested in proving observability of the heat equation coupled with the plate
equation, so the weight function (2.13) was designed so that it approaches —oo at time 0.

Another paper that inspired our approach of obtaining a Carleman estimate for (2.11) is

[47], which solved the inverse source problem for the following plate equation:

ytt(x7t) + AQy(xvt) = ao(LE, t)y(iE,t) + u(t)f(a:), (xvt) € x (OvT)

y(z,0) = yi(z,0) =0, ASEY (2.15)
y(z,t) = Ay(z,t) = 0, (z,t) € X =90 x (0,T)
where
€ C*0,TJ; min lu(t)] > 0; ag € W (0,T; L>®(2)) (2.16)
<€|0,

In this paper, the author also used a Carleman estimate for the Schrodinger equation to obtain an

observability inequality for the following plate equation with memory:

b1t + A%¢ = bo(z,t)p + by (x, )by + ba(z, t)/ o(x,s)ds inQ
0

¢(x,0) =0, ¢¢(x,0) = ¢1(x) in Q (2.17)

p=Ap=0 on %

where b; € L>® (Q x (0,T)) for ¢ = 0,1,2. The author then used the observability inequality of
(2.17) to uniquely determine the source term f in (2.15) using Neumann boundary trace data of
y and Ay on a suitable subset of the boundary for an arbitrary small observation time using the
transformation ¢ = % (%) This work was extended in [2], where the authors proved identifiability
for the source term Z;v:1 Aj(t)d¢;, where A; are unknown functions of time and &; € Q are unknown
for each j =1,..., N. Numerical methods for recovering f(z,t) in (2.11) were discussed in [12].

Using a similar strategy as Albano and Wang, we derive a Carleman estimate for the plate

equation (2.11) using two Schrédinger operators. We will assume the geometrical assumptions (A.1)
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and (A.2’) and define the weight function as in (1.8). Define the energy term E,,(¢) as

B (t) :/Q[IVU)(t)Ier lw(®)P] dt = [[w(®) 7 (q)-

(2.18)

Before we proceed to the Carleman estimate for the plate equation, we first list the corresponding

Carleman estimates for the two Schrodinger operators used. The first estimate can be found in

[13, 38], and the second estimate is obtained in Appendix A.

Theorem 2.2.1. Let T > 0 be arbitrary and B be a constant defined in (1.18). Let d(z) € C3(Q)

be the nonnegative, real, strictly convexr function satisfying assumptions (A.1°) and (A.2°). Define

o(x,t) by (1.17), and let w be a solution to
w~+ Aw = f,

where w € H*2(Q) = L?(-T,T; H*(Q)) N H*(=T,T; L*(Q)) so that

ow

S| € LTI HAD); wy € LT, T HY(Q)); wilr € LA(=T,T; H*(T)).
w

T

Then for all T sufficiently large, we have the following estimate holds:
BTi(w) +4 [ |f2dQ
Q
> C*LT/ T\ Vw|? dQ + 02,7/ ™ w|? dQ — Cypre ™ [E(T) + E(=T)]
Q Q
> m/ [[Vw]? + |w]?] dQ — Cre 2™ [E(T) + E(-T)]
Q

where

~ 1
Cir=21p— 3~ 4C
Cy.r = 47°%pp® + O(72) — 4C

m = min{él,ﬂ 6'2’7-} S oo as T — 00,

(2.19)

(2.20)

(2.21)

(2.22)
(2.23)

(2.24)

where p, p, 6 > 0 are defined by (1.6), (1.7), (1.20), and C is a generic positive constant depending

on d and T but not on T.
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Setting h = Vd, the boundary term BTj(w) are given as follows, where £ = Re (w) and

n=Im (w):
BTy (w) = 27/ e’ [272|h)* + @] |w|*h - vdS — 257/ Xt [nag - 58”} dy
> ) v ov
279 27 217,12 _Ow ow
=27 [ eP&n —Eplh-vdE+ | e¥TP277h|° — TAd] |[U— + w——| dZ
» » ov v
27 _Ow ow 27 2
+27 [ eTPh- |VU— +Vw——| dX —27 [ e“"?|Vw|°h-vdX,
» v ov »

where the function ® may be taken to satisfy either ® = 0 or else ® = 7Ad.

Theorem 2.2.2. Let w be a solution to the following Schrédinger equation:

wy — Aw = u.

(2.25)

(2.26)

Then under the same conditions as Theorem 2.2.1, for all sufficiently large T, we have the following

estimate holds:

BTl(w)+4/ e*?|ul? dQ
Q

> Cs.r / ¥ P\ Vw|?dQ + Cy » / ¥ |lw|? dQ — Cyrre 2 [E(T) + E(-T)) (2.27)
Q Q

> m/ [IVwl? + [wf?] dQ — Cre=>™ [E(T) + E(~T)]
Q

where

~ 1
Csr = (27'/) - 2) a—4C
Cyr = 473pp*(2 — k + 2¢) + O(1%) — 2C

m = min{ég’,,-, 04,-,—}.

(2.28)

(2.29)

(2.30)

The constant a is such that 1 — 4Ad > a, and the boundary term BT} (w) is defined as in

(2.25). This and the 2 — k — 2¢ term in (2.29) were originally specified in [37].

Using the Carleman estimates (2.21) and (2.27), we obtain the following Carleman estimate
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for the plate equation (2.11).

Theorem 2.2.3. Assume (A.1°) and (A.2°) and f € L?(2). Let w be a solution to the plate equation

(2.11). Further assume that

{w,we} € L2 ((-T,T); H3(Q) x HY(Q)) ;

ow OAw
—, —— € L%(Z
ov’  Ov €Li®)

Then for all sufficiently large T, the following estimate holds:
BTy (w) + C/ T f1? dQ
Q
> 7'/ e [|[Vw|® + [Vwy|* + [VAw[*] dQ + 73/ e [Jwl® + Jwe]® + |Aw|*] dQ
Q Q

- C'd,TTe_ZTé [E—iwt-i-Aw(T) + E—iwt-i-Aw(_T) +Ey (T) + Ew(_T)]

(2.31)

where the boundary terms are defined as follows:
BT} (w) = BT (—iwy + Aw) + BT (w). (2.32)
Note that C; » and C3 ; are similar to 7, and Cs > and C4 , are similar to 73. For simplifying

our work, we replace these constants with 7 and 73.

Proof. Define u as follows:

u = —ijw; + Aw. (2.33)

Notice that su; = wy +iAw; and Au = —iAw, + A%w, so we readily have iu; + Au = wy + A2w =

qw + f. Applying Theorem 2.2.1 on iu; + Aw yields the following:

C/ X w|? dQ + C/ e*™?| f|? dQ + BT (u)
Q Q
(2.34)
> 7'/ 2| Vu|* dQ + 7'3/ 627¢\u|2 dQ — 7Ce™ 270 [E.(T) +E,(-T)]
Q Q
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Similarly, we apply Theorem 2.2.2 to (2.33) and obtain the following:

C’/ e*™|ul? dQ + BTy (w)
Q

(2.35)
> 7'/ X\ Vw|? dQ + 7° / P w|?dQ — TCqre 2™ [By(T) + By (=T)]
Q Q
We now add (2.34) and (2.35) together to obtain the following:
C’/ e*|ul? dQ + C’/ 2 w|? dQ + C’/ e*™?| f|? dQ + BTy (w) + BT (u)
Q Q Q
> 7_/ 2T [|VU|2 + |Vw|2} dQ + 7_3/ e27¢ [|u|2 + |w|2] dQ (2.36)
Q Q

—7Cy 7€ 20 [Bop(T) + Ey(T) + By (=T) + Ey(=T)]

Note that we can absorb the C/ e*™|ul? dQ and C/ e*™|w|* dQ terms on the LHS of (2.36)
Q Q

with the 73/ e*™#|ul? dQ and 7'3/ e?™|w|* dQ terms on the RHS of (2.36), respectively. Doing
Q Q

this gives us the following:
C’/Qe27‘p|f|2 dQ + BTy (w) + BT (u)
> T/Qem (IVul? + |Vol?] dQ + /Q 7 [Juf? + |wl?] dQ (2.37)
— 7Care ™ [Ey(T)Ey(T) + By (—T) + Eu(—-T)]

Converting the u— terms in (2.37) to terms of w, we have the following:

/ A7l dQ = / 27 [Juy[? + | Aw?] dQ
Q Q
(2.38)
/ezwwuﬁd@:/ e [|[Vwy)? + |[VAw|?] dQ
Q Q

Applying (2.38) to (2.37) yields the desired result. O

0
Remark 2.2.4. Aswith Remark 2.1.1, if we have w|py—7,7) = Aw|py[—7,77 = 0 and av =

o |, « [-T,T]
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OAw

v Iy x[-T,T)

= 0, the boundary terms simplify to (recall that h = Vd)

BT} (w) = 27/20 [

where the last inequality comes from assumption (A.1”)

2 2
6’LUt

v

ow

ow C |98
ov

ov

h-vdzdt <0, (2.39)

From our Carleman estimate, we obtain the following continuous observability inequality.

Corollary 2.2.5. Let w be a solution to (2.11). Then under assumptions (A.1°) and (A.2°), there

exists a constant C' > 0 such that

CE'(0) S/z [(%A:v) + (%?) ] drdt + | f1172(0) (2.40)
where
() = /Q [V Aw®)? + [Ver ()] da (2.41)

with homogeneous Dirichlet boundary conditions w|y = Aw|y = 0.

Proof. Again, let u = —iw; + Aw. Under the Dirichlet boundary conditions, the boundary terms

BT (u) and BTy (w) simplifies to the following after using assumption (A.1’) and [38, Theorem 8.2

2 2 2
A
BTl(u):QT/eW Ou h~yd2§27/ e2T¢ ‘a w2 g,
» 1% N 8” al/
(2.42)
ow|? ow|?
BTl(w):2T/62W’ — h~ud2§27/ 2T ——| dx.
) 81/ >N 81/

Via the properties of the pseudo-convex function ¢, assumptions (A.1’) and (A.2’), and since

w(x,0) = 0 in Q, (2.42) can be rewritten as follows:

2 2

8’(1)15

ov

BT} (w) < TeCT/ d¥y, (2.43)

D3}

ov

’ OAw

where C' is a constant that depends on d. Apply (2.43) to (2.31) then, after dropping unnecessary

terms (assuming f = 0), gives us the following:

2 2
3wt

ov

T/ ™ [|[Vuwl|® + [VAw[?] dQ < TeCT/ dx;. (2.44)
Q

¥

0Aw
ov
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Now we bound the LHS of (2.44). Notice that ¢(z,0) > R := mind(z) for all x € Q. Thus,
e

there exists € € (0,1) such that ¢(z,t) > Z. Define T = €T and Qo = Q x [-T,T). Since Qo C Q,

we have

7/ e [|[Vw|® + [VAw|?] dQ > 7/ e [|[Vwl® + [VAw[?] dQo
Q

0

szT/ IVl + |V Aw?] dQo.

Apply this to (2.44) and using Lemma 3.2 in [47], we have the following:

2
8wt

ov

Cre® E'(0) < CrefTE'(t) < TGCT/
31

0Aw
ov

2
] s (2.45)

Taking 7 large enough yields the desired result. O

As with the other observability inequality (2.8), we can interpret (2.40) as follows: if the plate

equation has homogeneous Dirichlet boundary conditions, nonhomogeneous forcing term f € L?(Q),

w  0Aw
Eaara
must lie in the space H3(Q)) x H'(£2). We will use this in Chapter 4 when proving stability.

and Neumann boundary traces € L%(X1), then the initial conditions {w(,0),w(-,0)}
The observability inequality (2.40) can be proven using the multiplier method, as shown by
Lasiecka and Triggiani in [35] and Lions in [40], and by using the Carleman estimate for Schrodinger
equation as done by Lasiecka, Triggiani, and Zhang in [38] and Wang in [47]. Our observability
inequality remains consistent with those derived in the literature. More work on the continuous
observability inequality can be found in these works and the references cited within.
To remain compatible with the boundary conditions, we assume the following interior and

boundary regularity results for solution w of (2.11): If the given data satisfies the following regularity

assumptions:
f € Ll(OaTv H&(Q))’ atf € L1(05T7 LQ(Q))7
(2.46)
{wo,wl} e X, {hl,hg} € L2(Z) X Hz(Z),
where
X=H ') xV (2.47)
V={veH*Q): v|r = Av|r =0}, (2.48)
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then we have the following;:

{w,w} € C(0.T);X), {Zw 88“”} e I2(%) (2.49)

See [32, 40, 47] for details.
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Chapter 3

Inverse Problem for Second-Order

Hyperbolic Equations

In this chapter, we provide the main theorems and proofs for the uniqueness and stability
of the inverse problem of recovering the coefficients of the second-order hyperbolic equation (1.2),

which is restated below:
wy — A (x)Aw + qu(x)w; + qo(z)w + q(x) - Vw =0 in Q
w(x,0) = wo(x); we (x,0) =w(x) in Q (3.1)

w(x,t) = h(z,t) in X.

Recall that we assume q1, g0 € L>®(Q), g € (L>(2))", and the wave speed ¢(z) satisfies

ceC={ce cHQ): cgl < ¢(x) < ¢, for some ¢g > 0}.

For the inverse problem of (3.1), we are recovering n + 3 unknown functions: n from the
gradient coefficient q and 3 from recovering the damping, potential, and wave speed coefficients ¢,
qo, and ¢, respectively. Since we have n + 3 unknown coefficients, one would expect to solve the
inverse problem by making n+ 3 measurements on the boundary. In the following theorems, we show

that it is possible to solve the inverse problem using only half of the measurements; more explicitly,
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by appropriately choosing VLTHJ pairs of initial conditions {wg, w1} and a boundary condition h, we

can uniquely and stably recover all unknown coefficients at once from the corresponding Neumann
boundary measurements of their solutions.

Previous works that addressed similar results were [6] and [7, Chapter 9]. In these works, the
authors considered recovering the coefficient matrix of the principle part in an anisotropic hyperbolic
equation from a finite set of measurements on a portion of the boundary. What differs from the

and the number of measurements

results below is that the number of unknown functions is w

.. n(n+3)
1S —5 -

3.1 Statement of Theorems

We state the uniqueness and stability theorems associated with solving the inverse problem

of (3.1). The proofs of the results will be given in the subsequent sections.

Theorem 3.1.1. Under the geometrical assumptions (A.1) and (A.2), let

T >Ty=2 /maxd(z). (3.2)
€N

Suppose the initial and boundary conditions are in the following function spaces
{wo, w1} € HHQ) x HY(Q), h € HYY), where v > g +4 (3.3)

along with all compatibility conditions (trace coincidence) which make sense. Let w™ (¢, q1,qo,q) and
w® (&, p1,po, P) be the corresponding solutions of equation (3.1) with different coefficients {c, q1,qo,q}
and {¢,p1,po, P}, as well as the initial and boundary conditions {wéi),wgi), h},i=1,---,m+2. In
addition, depending on the dimension n of the space, we assume the following positivity condition:

There exists rog > 0 such that

Case I: If n is odd, i.e., n = 2m+1 for some m € N, then we choose m+2 pairs of initial conditions

{wéi),wy)}, i=1,...,m+2, and a boundary condition h so satisfying (3.3) and

|det W(z)| > ro, a.e. € Q (3.4)
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where W (z) is the (n + 3) x (n + 3) matriz defined by

@) e ael @) o @) AuP) ]
wil(@  w (@0 GuiV@) o Gnw(@) Aw(z)

W(z) = (3.5)
w"™ P @) 0™ @) g™ @) e G @) Aug™ ()
w™P (@) wP(@,0) Gw™ P (@) o Gew!™ V(@) Awl"(2)

Case II: If n is even, i.e., n = 2m for some m € N, then we choose m + 2 pairs of initial conditions

{wéi)7w§i)}, i=1,...,m+2, and a boundary condition h so that they satisfy (5.3) and
|det W (z)| > ro, a.e. z € (3.6)

where /V\V/(m) is the (n + 3) x (n + 3) matriz defined by

@ wl@) @ o se@ A |
wil(@)  wil@0)  Gnwi’@ o Guil@) AwY(2)

W)= (m+1) (m+1) (m+1) (m+1) (m+1) 3.7)
wi™ (@) w™ (@) O™ (@) o B wl™ (@) A" (2)
wgmH)(x) wgnﬂ)(ac, 0) 8x1w§m+1) () - axannH) (x) Awgmﬂ)(x)
" @) ™ @) G @) e ™ @) Aw™ T ()

If we have the same Neumann boundary traces over the observed part I'y of the boundary

and over the time interval [-T,T], i.e., fori=1,--- m+2,
(2) @ (g
owtedd), ) OTEPLIR) ) gy ery x [T, (3.5

then we must have that all the coefficients coincide,

c(x) = é(x), q1(z) =p1(z), q0(x) = po(), a(z) =p(z) ae. z €. (3.9)
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Remark 3.1.1. The matrices W (z) and W (z) defined in (3.5) and (3.7) both contain the wt(z) (z,0)
terms, ¢ = 1,...,m~+2, in the second column, which contains unknown coefficients due to the initial
conditions of (3.1). However, if we choose the first pair of initial conditions {wél),w§1)} = {0,1}
while having the other m + 1 pairs of initial conditions satisfy that the (n+1) x (n+ 1) sub-matrices
on the lower right corner of W(z) and W(x) has determinants that are bounded away from 0, then

we prevent this issue from affecting the positivitity assumptions.

After proving the above uniqueness theorem, we may also get the following Lipschitz stabil-
ity result for recovering all coefficients {c, ¢1, qo,q} from the corresponding finite sets of boundary

measurements. The full theorem is stated below.

Theorem 3.1.2. Under the assumptions in Theorem 3.1.1, again let w™ (¢, q1, g0, q) and w® (¢, p1,po, P)
denote the corresponding solutions of equation (3.1) with coefficients {c, q1,q0,q} and {¢, p1,p0, P},

as well as the initial and boundary conditions {w(()z ,w1 ,h} i=1,---,m+ 2 (either n is odd or

even). Then there exists C > 0 depends on Q, T, T'1, ¢, ¢1, qo, 4, w(()z), wgi), h such that

[e? = &[I72() + llar = p1ll72(0) + a0 = Poll 220y + la = Pliz(q)

m+2 2

<CZ

duwiy (c, ql,q(),q) _ owyy (&,p1,po,p)
v

, (3.10)

L2(%4)

for all such coefficients c, ¢, q1,qo,p1,P0 € Hi (), q,p € (H&(Q))n, where || - [|L2(q) is defined as

rllLe o) = </Q;|n(x)| dac) , for r(z) = (ri(x), - ,ra(2)).

The first step to solve the inverse problem is to first convert this into an inverse source

problem. To accomplish this, let

folw) = po(x) = qo(z), f(z) =p(z) - a(x); (3.11)

’LL((E,ZL) = U)(C, CI17CIO»Q) - w(57p17p07p)7 R(l’,t) = w(67p17p07p)(x7t)7

29



then u = u(z,t) is readily seen to satisfy the following homogeneous mixed problem

ug — () Au + q1(z)uy + qo()u+ q(x) - Vu = S(z,t) in Q

u(z,0) =us (2,0) =0 in Q (3.12)
u(z,t) =0 in X,
where
S(z,t) = fo(x)R(z,t) + f1(z)Ri(x,t) + £(z) - VR(z,t) + fo(x)AR(z, ). (3.13)

In this setting, we assume that ¢ € C, qo, ¢1 € L>°(Q2) and q € (L>*°(Q))" are given and
fixed, and we assume that R = R(x,t) is a given function that can be suitably chosen. On the other
hand, the source coefficients fo, f1, fo € L?(2) and f € (L2 (Q))n are assumed to be unknown. This
transforms the inverse problem of (3.1) to the following inverse source problem for (3.12): determine
fo, f1, f2 and f from the Neumann boundary measurements of u over the observed part I'y of the
boundary and over a sufficiently long time interval [-T, T].

Because our new inverse problem is now an inverse source problem, corresponding to The-

orems 3.1.1 and 3.1.2, we prove the following uniqueness and stability theorems:

Theorem 3.1.3. Under geometrical assumptions (A.1) and (A.2) and let T satisfy (3.2). Depending

on the dimension n, we assume the following reqularity and positivity conditions:

Case I: If n is odd, i.e., n = 2m+ 1 for some m € N, then we choose m + 2 functions R,

oo, RmH2) such that they satisfy
@ P B B - 2o o
RY, Ry Ry Ry € WH2(Q), i=1,-++ ,m+2 (3.14)
and there exists rog > 0 such that

|det U(x)| > ro, a.e. z€Q (3.15)
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where U(z) is the (n + 3) x (n + 3) matriz defined by

RMW(z,0) rM (z,0) 05, RV (2,0) -+ 8, RW(z,0) AR (z,0)
RM(@,0)  RP(2,00  9,RM(@,0) - 8, RV(z,0 AR (z,0)
Uz) =
RO (2,0) R"™(2,0) 89, R™D(2,0) -+ 8, R (2,0) ARM+(z,0)
R"™P(2,0) R (2,0) 0, R P (2,0) - 0y, R"™P(2,0) AR™?(2,0)
(3.16)

Case II: If n is even, i.e., n = 2m for some m € N, then we choose m + 2 functions R,

-, RU™2) sych that they satisfy (3.14) and there exists ro > 0 such that
|det U(z)| > 1o, a.e. z €9 (3.17)

where U(z) is the (n+ 3) x (n + 3) matriz defined by

[ RO(z,00 RM(=,0) 9, RV(x,0) - 9, RY(z,00  ARD(z,0) ]
RV (z,0) R (,00  9,RV(z,00 - 8, RV(z,0  ARM(z,0)
Ux) = RO (2, 0) Rngrl)(x,O) 9y, R (2,0) - 8, R (2,0) AR (z,0)
RV (@,0) RV(,0) 0n RV (@,0) o 0, BTV (,0) AR (a,0)
RO (z,0) R (2,0) 8, R™P(2,0) - 8, R™(2,0) ARM)(z,0)
- (3.18)

Let u)(fo, f1, f2,£) be the solutions of equation (3.12) with the functions R, i=1,--- m+2. If

8“/(1)(‘](‘0, f17 f23 f)
ov

(x,t) =0, (z,¢) ey x [-T,T), i=1,--- ,m+2, (3.19)

then we must have

folz) = fi(x) = fa(x) =f(x) =0, a.e zel (3.20)
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Theorem 3.1.4. Under the assumptions in Theorem 3.1.3, again let u™ (fo, f1, fo,f) denote the

solutions of equation (3.12) with the functions R®), i =1,--- m+2 (either n is odd or even). Then

there exists C' > 0 depends on Q, T, 'y, ¢, q1, qo, qQ, w(()i), w%i), h such that

m+2 | o (i) 2
6“ (anfh.vaf)
1 foll 220y + 1FillZ2 (o) + 12l 72() + IIfE2i) < C “ (3.21)
v
i=1 12(31)

for all fo, f1, fo € HY(Q) and f € (H(Q))".

It is straightfoward to see that Theorems 3.1.1 and 3.1.2 are immediate corollaries of The-
orems 3.1.3 and 3.1.4, respectively. Therefore, we will shift our focus to prove Theorems 3.1.3 and

3.1.4, and then use them to prove Theorems 3.1.1 and 3.1.2.

3.2 Uniqueness of Inverse Source Problem: Proof of Theo-

rem 3.1.3

We now prove Theorem 3.1.3 to show uniqueness for the inverse source problem of (3.12).
We will divide this proof into various steps so that the proof is clear. For convenience, we use C'
to denote a generic positive constant which may depend on Q, T, ¢, q1, qo, q, 70, w®, u®, RO,

i=1,---,m+2, but independent of the free large parameter 7 appearing in the Carleman estimate.

Step 1: Consider the case when n is odd, i.e. n = 2m + 1, m € N. Corresponding with the choice
of RO, i=1,---,m+2, we have m + 2 equations of the form (3.12) with solutions u(® = u()(z,t)

that satisfy

ulf) — (@) AuD + gy (2)ul? + go(z)u + q(z) - Vu = SO(z,1) in Q

0 (z,0) = u{” (z,0) =0 in O (3.22)
) ou® .
u(l)|rx[_T,T] =0, W|F1X[—T7T] =0 in X, 3,
where
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fori=1,...,m 4+ 2. In other words, S (z,t) is in (3.13) with R being replaced by R(®.

Since ¢ € C, q1,90 € L>*(Q) and q € (L>*(Q))", equation (3.22) can be written as a
Riemannian wave equation with respect to the metric g = ¢=2?(x)dx?, modulo lower-order terms
(1) _

uyy — Agu' 4 “lower-order terms” = S (z,1).

By the regularity assumption (3.14), we have that S € L?(Q) for each i = 1,...,m + 2, and by

the Cauchy—Schwartz inequality we have
1S (@, ) < C (Ifo(@)]? + 1 f1(@)? + [£(@)* + [ fa(2)]?) -

Thus, can apply the Carleman estimate (2.4) for solution u(*) in the class (2.3) and get the following

inequality for sufficiently large 7:

7'/ 62”’[(u£i))2 + |Du(i)|2]dQ + 7'3/ eQT“p(u(i))Qdajdt
Q Q(o)
(3.24)
< C/Q 7 (| fo(@)? + |1 (@) P + [£(@)? + [ f2(2)[?) dQ + Ce*™.

Note here we have dropped the unnecessary terms in the Carleman estimate (2.4) as well as the

boundary terms BT(u(i)) since the homogeneous boundary data u(i)|1‘><[_T7T] = 63—?

rix[-r,7) =0

implies that BT (u(?) < 0, as mentioned in Remark 2.1.1.

Step 2: We now differentiate the u(9-system (3.22) with respect to time ¢. This results in the

following ugi)—system:

() = @A) + a1 (@) () + qo(@) () + ala) - V(") = 57 (@, 0) i Q

W) (z,0) =0, (u!?)(z,0) = SD(z,0) P (3.25)
i Bu(i) )
(ug ))\Fx[—T,T] =0, T;\rlx[—T,T] =0 in ¥, .

By our regularity assumptions (3.14), we have St(i) € L*(Q), and by Cauchy—Schwartz inequality,

we obtain the following:

|St(i)(l',t)|2 < C (Ifo(@)? + | fr(@)? + [f(2)? + | fa(2) ) -
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, o
In addition, BT (u; (¢ )) < 0 by Remark 2.1.1 since Ugl)h"x[_T)T] 8 5|y x[=7,7] = 0.
Thus, similar to (3.24) we can apply Carleman estimate (2.4) for solutions u ) and get the

following inequality for sufficiently large 7:

T/Q 2 [(ul)? + |Duf? |2)dQ + /Q( 27 (u")2dxdt
7 (3.26)
< O/Q e (|fo(@)]* + [A1(@)]* + [£(2)]” + [ f2(2)[7) dQ + Ce*.

Step 3: Repeating this process, we differentiate (3.22) in ¢ two more times, and we get the corre-

sponding ugt) and uttt—systems:

(W) — A(@)AW) + g1 (2) (W) + qo(2)(ull)) + a(z) - V(uly)) = S (x,1)

(ul)(2,0) = SO (2,0), (ul})i(z,0) = S\ (x,0) — 1 ()5 (x,0) (3.27)
i 3u(l)
(ugt))h_‘x[—T,T] = 07 att |F1><[ T,7] — 0

(i) e — (@) A(ul) + g (2) (ull)s + qo(@)(ull) + al(@) - V(ulh)) = 84 (z, 1)

(ulp)) (2, 0) = 5 (2, 0) — q1(2)SD (2, 0)
(3.28)

W) (2, 0) = 8P (x,0) + 2ASD (,0) — 1S (2,0) — oSV (x,0) — q - VSO (z,0)

i ult)
(Uz(stz)s)|rx[—T,T] =0, attth“lx[ 71 =0.

Again by (3.14), Cauchy—Schwartz inequality and the homogeneous Dirichlet and Neumann

boundary data, we can apply Carleman estimate (2.4) to the corresponding ugt), ugtz—systems above

and get the following inequalities that are similar to (3.24) and (3.26), for 7 sufficiently large

T/ 2 [(ul)? 4+ | Dul |]dQ+73/ 27 (D)2t
Q Q(o)
(3.29)

<C /Q (|fo<x>|2 @) +1E@)? + fz(w)|2> dQ + Ce¥.
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r /Q e ((uli))? + | Dulf)?1dQ + 7 /Q T e

(3.30)
<c /Q (|fo<x>|2 AP+ E@) + |f2<:c>|2) 1Q + Ce.

Adding (3.24), (3.26), (3.29), and (3.30) yields the overall inequality
e [ i+ )+ )2 DU+ DU+ 10w+ DU ]
+ 7 / 7% |(ufih)? + (uf)? + (uf”)? + (u)?] dudt
Q(o)

<c /Q (Ifo(x)|2 FA@P + @) + |f2<x>|2) 4Q + e,

(3.31)

Step 4: We now analyze the integral term on the right-hand side of (3.31). By estimating the

u-equation in (3.22) and ugi)—equation in (3.25) at time t = 0, we get

uly (,0) = SO (z,0)
(3.32)
uld)(2,0) = S (2,0) — ¢ (2)SD (x,0).

Since (3.32) holds for any ¢ = 1,...,m + 2, putting the m + 2 systems together gives us the

following (n 4+ 3) x (n + 3) linear system

[0 2,00, w8 2,00, ) 2,00, ) ,0)] = Uy, () o), 1), B, o] (3.39)
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where Uy, (z) is the (n + 3) x (n + 3) coefficient matrix:

[ RO(,0)  RW(2,0) 0., RV(,0) - 8, RD(z,00  ARD(z,0) ]
a™(x) b (x) m(z) s (x) (0 (x)
Ulh (33)
Rm+2) (3, 0) R£m+2) (z,0) ale(m-‘rQ) (,0) -+ O, R(m+2)(x’ 0) ARM™2)(z,0)
amt2(z)  pm2)(x) A" @) M () £m+2) ()
] (3.34)
with

a9 (x) = R (2,0) — qa(x) RO (x,0), b (x) = R (x,0) — q1 (x)R{" (x,0),
(3.35)
) (2) = 0, B (2,0) = 01(2)02, R (2), 19 (2,0) = AR (2,0) — q1(2)ARD (z,0).

Notice that by doing elementary row operations, specifically, adding ¢; multiplied by an
odd row to the subsequent even row, the matrix Uy, (z) and U(z) as defined in (3.16) have the same

determinant. Thus the positivity assumption (3.15) implies that we may invert U, (z) in (3.34) to

obtain
m+2 ) )
Fo@? + |A@ + [ f2@) 2+ 18@)2 < 7 (juf (2, 0) + ufi) (2, 0))
=1 (3.36)
= C (|utt(;v,0)|2 =+ |um(m,0)|2)
where we denote u(z,t) = (uM (z,t),u® (z,t),- -, ™2 (z,1)).

Step 5: By using properties of the pseudo-convex function (z) as defined in (1.8), we have the

following estimate of the right-hand side of (3.31):

[0 (1@l + 1@ + 18R + )R ) dQ (337
Q

IN

C/ e27¢(x,0) (|utt(1770)|2 + |uttt($a0)|2) dx
Q

IN

0
d
C (/ / 7[627‘9(%5) (|utt(x75)|2 + |upe(z, S)|2)]d‘9 dz
olJ-rds
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+ / e (Jug(, =T)* + |wgwe (2, =T)?) dx)
Q

0
< C (T/ / 77 (g, 5) > + [ (x, 5)|*) | ds da
olJ-r
0
n 2/ / e2TP8) (uyy - Uy + Wy - Uy )|ds d
oJ-r
+ / erete=T) (g (2, =T) [ + [usee (2, =T)[?) dx)
Q
<

c (7/ ezw‘utt|2dQ+7/ €2w|uttt|2dQ+/ €2w|utttt|2dQ>~
Q Q Q

Since (3.31) holds for all i = 1,---m + 2, summing over ¢ in (3.31) and dropping the non-
negative gradient terms on the left-hand side, we can apply (3.37) to (3.31) and get that for 7

sufficiently large
T/ 7 (lugnl?® + el + el + [ue?) dQ (3.38)
Q
+ T3/ €2TS0 (|um|2 + ‘lltt|2 + |llt|2 + |u|2) dx dt
Qo)

< CT/ 627”(|utt|2 + |um|2)dQ + C/ eQW\uthdQ + Ce?e,
Q Q

Step 6: Since €2™? < €*™ on Q\Q(o) from the definition of Q(o) (1.15), we have the following

/ e’ (|utt‘2 + ‘uttt|2) dQ
Q

= / ™ (Jugl® + [wu|?) da dt + / e (lup|® + [weee|?) da dt
Q(o) Q\Q(o)

IN

/ €% (el + e [*) der it + em/ ([eel? + [ugse]?) de dt
) Q\Q0)
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This transforms (3.38) into
T/ €2T¢ (|utm|2 =+ |um|2 -+ |utt|2 =+ |ut\2) dQ (339)
Q
+ T3/ 62‘“’0 (|uttt\2+ \utt|2+ \ut|2+|u|2) dz dt
(o)

S CT/ 627—50 (|utt|2 =+ |uttt|2) dl’ dt =+ C/ ezT‘p\utttt|2dQ =+ C€2TU.
Q(o) Q

Step 7: The first and second terms on the right-hand side (RHS) of (3.39) can be absorbed by the
corresponding terms on the left-hand side (LHS) when 7 is taken large enough. This yields the

following estimate for sufficiently large 7:
73/ e (|we|* + [upe|? + |w* + |uf?) de dt < Cre®™.
Qo)
Since p(z,t) > o on Q(c), we get
T2/ |um|2 + |lltt|2 + |llt|2 + |l.l|2 d.’Edt S C
(o)

Since 7 > 0 in a free large parameter and the constants C' do not depend on 7, the above inequality

implies we must have u =0 a.e. on Q(0).

Step 8: From (1.16) the subspace Q(o) satisfies the property Qx[to,t1] C Q(0) C Q withty < 0 < ¢y,
therefore by evaluating the u and u-systems of equations at ¢t = 0, we get the (n + 3) x (n + 3)

linear system by (3.33):
Ugs (2)[fo(), fi(@), (), fo(2)]" =0, ae z€Q.
As the coefficient matrix Uy, (x) is invertible from assumption (3.15), we must have
fo(x) = fi(z) = folz) = £(2) =0, ae. z€Q,

as desired.

Step 9: For the case when n is even, i.e., n = 2m, m € N, the above proof can be repeated with
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obvious adjustments. The only difference worth mentioning is that since n = 2m is even, the linear
system (3.33) contains an odd number (n + 3) of equations. Therefore we only need m + 1 pairs
of equations from (3.32) plus one more equation from ugn +2) (x,0). Doing this yields the matrix

ﬁql (x), where

RW(z,0) R (z,0) 9p, RV (2,0) -+ 8, RV (x,0) ARM (z,0)
i) b () @) () ()
ﬁQI (x) = 1 (m+1) (m+1) (m+1) 1
R™D(2,0) R} (x,0) 0z R (z,0) -+ 0 R (z,0) ARM*D(z,0)
a(m-}-l)(x) E(m—i-l)(x) ’I’hngrl)(l‘) . m%mJFl)(I) g(m-‘rl) (J?)
R (z,0) R (2,0) 0, R (2,0) -+ 8, R (2,0) ARM+(z,0)
i (3.40)

with a®, b(®, m,(j) and ¢ defined as in (3.35). Again, since elementary row operations does not
change the determinant, U'ql () will have the same determinant as the matrix U (z), thus giving us

the positivity assumption (3.17). This completes the proof of Theorem 3.1.3.

3.3 Uniqueness of Inverse Problem: Proof of Theorem 3.1.1

Asin (3.11), for z € Q, t € [-T,T], set

fo(z) =po(z) —qo(z), f(z)=p(z)—aq(r); (3.41)
u(z,t) = w(c,q1,q0,9) — w(é p1,po,P), R(x,t) =w(é p1,po,P)(x,1),

Then u(x,t) solves (3.12). By (3.41), fo, f1 € L=(Q) C L3(Q), fa(z) € L?*(Q), f € (L>=(Q))" C
(L?(9))™. Moreover, by assumption (3.3), we have (3.14).
We also have that positivity assumptions (3.4) and (3.6) imply the positivity assumptions

(3.15) and (3.17). In addition, by assumption (3.8) that the traces coincide:

aw(l) (07 q1, qo, q) (x t) _ aw(l) (éap17p07 p)
v ’ ov

(x,t), (z,¢) ey x [-T,T], (3.42)
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implies via (3.41) that we have

au(l)(fba flv f23 f)
v

(z,t) =0, (z,t) ey x [-T,T), i=1,--- ,m+2. (3.43)

Therefore, Theorem 3.1.3 applies, and we have (3.20), which yields our desired relation (3.9).

3.4 Stability of Inverse Source Problem: Proof of Theorem

3.1.4

Now we prove Theorem 3.1.4 to show stability of the inverse source problem (3.12). As with
the proof of Theorem 3.1.3, we will break the proof into various steps to make the argument clear.
The proof for the cases whether n is even or odd is essentially the same; the only difference is in the

choices of R, i =1,2,...,m+ 2. Hence, without loss of generality, let n be odd.
Step 1: We return to inequality (3.36) from Section 3.2. Integrating over €2 yields
m—+2

1 oll320) + 11320y + 1232y + IEIR2@) < € D (ut? ¢ 0) 32y + Nufid (5 0) 2y ) (3:44)

i=1

For each i, 1 <¢ <m + 2, (3.44) suggests we return to the ugi)—system:

W)y — @) AWD) + g (@) () + qo(2) () + q(@) - V(i) = 89 (2, 1)

(ug) (2, 0) = SO (,0), (ufy))e(z,0) = S{”(2,0) — 1 (2)SD (z,0) (3.45)

W) rx ey = 0

Again we assume
ce C7 q0,91,92 € LOO(Q)7 qc (LOO(Q))nvf07f17f2 € H(}(Q)ﬂ fe (H&(Q))n (346)

and R satisfies (3.14) and (3.15) (or (3.17) if n is even).

()

Step 2: By linearity of the solution u,; (@)

, we split uti into two systems, ugi) = 9@ 4 2 where
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y@) =y (z,t) satisfies the homogeneous forcing term and nonhomogeneous initial conditions

yy = @) Ay D + g @)yl + qo(2)y? +a(2) Yy =0 in Q
y(2,0) = ufy (x,0) = SO (x,0) n 0
(3.47)
v (@.0) = ()i, 0) = 5 (2,0) — g1 ()5 D (,0) in 0
y(i)|1"><[—T,T} =0 in X

and z() = 2(9) (z,t) has the nonhomogeneous forcing term and homogeneous initial conditions

zg) — cg(x)Az(i) +q (iE)Zt(Z) + qo(m)z(i) +q(z) - V2 = St(ti)(x7t) in Q
20 (2,0) = z,gi)(x, 0)=0 in Q (3.48)

Z(i)‘Fx[—T,T] =0 in X.

For the y(*-system, note by assumptions (3.46) and (3.14) we have that S (-,0) € H}(Q) and St(i) (,0)—
01(-)8(-,0) € L*(9).

Step 3: From this, we may apply the continuous observability inequality (2.8) (with g = ¢=2(x)dx?)

to get

2

oy
ov

. (3.49)

1O+ 167 Ol = 1 Oy + Il Oy < €| 227 |
L2(%y)

Sum the above inequality over i, using (3.44) and the decomposition ugi) =y + 2 and applying
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Poincaré’s inequality, we have

||fOH2L2(Q) + Hf1||2L2(Q) + Hf2||2L2(Q) + ||f||%2(9) (3.50)
m—+2 ) )
< O (Il 0l ) + Nl Ol e(ey )
i=1
m+2 N2
Oy®
< o
prl B RN
mt21 5 () 5 (i) 2
- 0¥ -2
4 v ov
i=1 12(31)
m+2 K m+2 (i) |2
ou 0z
< C tt )
- Z v +CZ o |y
=1 L2(2q) =1 L2(Zy)

Step 4: Notice from the previous step that the right-hand side of (3.50) is our desired stability
estimate (3.21) for Theorem 3.1.4 polluted by the z(¥) terms. To obtain our desired result, we will
show that the polluted terms can be absorbed by relying on a compactness-uniqueness argument.
The uniqueness portion of this argument relies on Theorem 3.1.3.

To accomplish this, we first prove a related result regarding the z(¥) —system (3.48). In par-

ticular, the lemma shows the polluted terms in (3.50) are compact operators for each i = 1,...,m+2.

Lemma 3.4.1. For eachi=1,--- ,m+ 2, the operator define by

n

Ki o L2(Q) x L*(Q) x L*(Q) x (L*()" —  L*(%y) (3.51)

92
ov o

(f03f17f27f) =

)

18 a compact operator.

Proof. By assumptions (3.46) and (3.14), we have that St(z) € HY(Q). Using the regularity result
(2.10), we have that

0z
v

Sg) eH' (Q) = € H' () continuously.

This then implies the map (fo, f1, f2,f) = Ki(fo, f1, f2,f) € H*(X;) is continuous and hence

(f07f17f27f) = ’Ci(anfthvf) € LQ(Zl) is Compa’Ct' O
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Step 5: Thanks to Lemma 3.4.1, we may drop the z() terms in (3.50) to get the desired stability
estimate (3.21) using a compact-uniqueness argument. This direction is inspired by [41] and [42].

Suppose, to the contrary, that the stability estimate (3.21) does not hold. Then there exist
sequences {f§}, {fF}, {f5} and {£*}, with f§, fF, f§ € H{(Q) and £ € (H3(Q))", Vk € N, such
that

2 2 2 2
11 22y + 15 Ny + 12 1oy + 1Mooy = 1 (3.52)

m+2

Jim S

ousl) (fh, fE, £k £%)
ov

=0 (3.53)

L2(%y)
where W (fE, fF, f¥ £¥) solves the system (3.22) with fo = f¥, fi = fF, fo = f5 and f = f*.
From (3.52), there exist subsequences, still denoted as {f§}, {fF}, {f5} and {f*}, such that

fi¥ — f7 and f¥ — £* weakly for some f; € L*(Q) and f* € (LQ(Q))n,z’ =0,1,2. (3.54)

Moreover, since the operators K;, i = 1,--- ,m + 2, are compact by Lemma 3.4.1, we also have the

strong convergence below ([3, Theorem 3.2.3], [28, Theorem 8.1-7]):
lim ||]C1(f(])€a f{ca f§7fk> - ]Cl(f(l)a f{a févfl)H[;(Z ) =0,Vi=1,--- ,m+2. (355)
k,l—o0 1
Step 6: Since the map (fo, f1, fo, £) — uD(fo, f1, fo, f) is linear, we have from (3.50) that

2 2 2 2
196" = oll ey + 11 = fill ey + 112 = fall ey + 1 = Iz

m i 2
e Z” fo,f1 5N i (6, 1 15 )
- ov
L2 (%)
m+2 9
+C Z H]Cz(f(l)cvffvfégafk) - Ki(févf{?févfl)HL2(Zl)
i=1
m—+2 m—+2 i
< C«Z du Et)(fO’flvav ) CZ u gt anfly.vafl)
L3(31) L2(%1)
m+2 9
+C Z ”Kz(fgaff7f§afk) - Ki(f(l)vf{aféafl)HLZ(E )
i=1
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Therefore, by (3.53) and (3.55) we get

lim H ff

lim ||f" -
k,l—o0c0

k,l—o0

0,i=0,1,2.

_filHLz(Q) = leL2(Q) =

Namely, {f&}, {fF}, {f§} are Cauchy sequences in L2(£2) and {f}.} is a Cauchy sequence in (L%(Q))".
By uniqueness of limits and (3.54), we must have {f¥} converges to f; strongly, i = 0,1,2, and {f*}

converges to f* strongly. Hence we have from (3.52)
50122 + 15172 ) + 15511720 + 11T 20 = 1. (3.56)

Step 7: We now return to the ug?-system (3.45). By the regularity theory (2.10), we have that the

(i)
map (fo, f1, fo,f) — W € L%(X) is continuous and hence

Since the map (fo, f1, f2,f) — ug)(fo, f1, f2,£)|x is linear, then it follows from that we have

duly) £)|°
Uy (f07f17f2a )
v

< C (IfollZaqqy + 11 3ay + 13y + ey ) - (3:57)
L*(%)

% i * * * * 2
au;t)(f(l)c’f{cvféﬂvfk) _ 8u§t)(f03f17f27f )
ov v

(3.58)

L2 (%)

< (I8 = i W3acay + I = Fil3acy + 1E = Fi ey + IE* — £ ey ) -
Because fF — ff,i=0,1,2 and f* — f* strongly, (3.58) implies

Ousy (fE, FE F5 89 Ougy) (f5, f1. 5.8

fim ov ov

k—o0

=0
L2(%y)

O R ) (pr pr propr
and hence 24rUoJilo ™) — iy [L2(%)) in view of (3.53). In other words, 24 Ua/r.f2.0) g

ov ov

constant in ¢t € [-T,T].

(1) ) pw g pr px )
Step 8: We now claim that W = 0 on X;. To see this, consider now the ugl) (f& fE, f¥ £F)-
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system

() — (@) Alug?) + a1 (@) (u”)e + qo(2)(u”) + a(@) - Vg = (8)i(z,t) in Q

(u?)(,0) =0, (u”)u(a,0) = 5" (a,0) in @ (359

ugi)|F><[7T,T} =0 in X
where for i = 1,--- ,m + 2, R = R (z,t) and
S (a,t) = fE(@)RD + fF(z)RY + £%(z) - VR + f¥(2)ARD.

The regularity theory (2.10) and trace theory imply

|

< C (I8 = £ laqey + I = Fi 32 + 15 = 13y + IE* — €12

|

< C (I8 = £ W3aqay + I = ey + 17E = F5 ey + 1% — £ ey ) -

2

) (5, 15 1585 = (5, F7 85, 80)

C([0,T];:Hg (Q))

. . 2
ul(fE P ) —al) (fo S S5 )

c(o,T);H? (2)

By the initial conditions in (3.59), uii)(fé“, fE f% £8)(2,0) = 0 for all k € N. Combining
this, the inequalities above, and the strong convergence fF — f¥ for i = 0,1,2, and f*¥ — f*,

letting k& — oo yields ugi)(fa‘,ff,fg,f*)(a:,O) = 0 in Q and ugi)(fo*,fl*,fg‘,f*)\z = 0. Hence

Oul® (fx px px pr . @) px px g pry .
%M(xﬁ) = 0 on X. Since we know %ﬁ“ﬁ”) is a constant in ¢, we must have

() (px px pr pr .
Que (fo J1.05.87) (fﬂa"fjl’fz’ ) =0 on 31, as desired.

(@) (pr gx g o
The conclusion above implies % is also a constant in ¢. By repeating the same
argument, this time using the regularity theory for the u(® (f¥, fF, f¥, £¥)-system and taking limit

(i) (gr o pr pr
k — oo, we ﬁnallyget%:(}on .
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Step 9: From our previous step, we have that u( (£, f, f5,£*) satisfies the following system

ug) - cz(z)Au(i) + q1 (z)ugi) + qg(:c)u(i) +q(x) - Vu® = S,Ei)(z,t) in @

u(z,0) = u!” (z,0) = 0 in Q (3.60)

) (%)
uD|py -7, =0, 83— =0 in ¥,%;
' Vo, x[-T,T]

with

SO (x,t) = f3(@)RD + f1 (@)RY + £*(x) - VRD + f3(x)ARD i =1,--- ,m + 2.

By the uniqueness result Theorem 3.1.3, this implies f§ = fi = f5 = £* = 0, which contradicts with
(3.56). Therefore we must be able to drop the z() terms in (3.50), completing the proof of Theorem
3.1.4.

3.5 Stability of Inverse Problem: Proof of Theorem 3.1.2

By the regularity theory (2.10) the assumption (3.3) on the initial and boundary conditions

{wo 7wl 7h} implies the solutions w(?), i = 1,--- ,m + 2, satisfy
{w, w” wi  wip} € C((FT. T HTHQ) x HY(Q) x H7HQ) x HT(Q)) .

As v > % + 4, we have the following embedding H?~2(Q) < W?>(Q2) and hence the regular-
ity assumption (3.3) implies the corresponding regularity assumption (3.14) for the inverse source

problem. Therefore, we have Theorem 3.1.2 as an immediate consequence of Theorem 3.1.4.
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Chapter 4

Inverse Problem for the Plate

Equation

In this chapter, we solve the inverse problem for recovering g € L>°(f2) for the plate equation

(1.5) using finite measurements on the boundary. We restate it below for convenience:
wy + A%w + q(x)w =0 in @

w(z,0) = wo(x) we(z,0) = wi(x) in (4.1)

w(z,t) = hi(z,t), Aw(x,t) = ho(x,t) on X

As in Chapter 3, we will solve the inverse problem following a post-Carleman estimate approach.
In particular, we will show that we can recover the coefficient ¢ using two measurements on the
boundary. The two measurements is needed due the the boundary terms BT} (w) in (2.32) and
Remark 2.2.4.

The major contribution of our inverse problem of recovering ¢ in (4.1) is that the recovery
is on a lower-order term. Most inverse problems of the plate equation are inverse source problems
because of the decomposition into two Schrodinger equations being on the principal part of the equa-
tion. Our decomposition allows us to incorporate lower-order terms with our Carleman estimates,

which allows us to solve the inverse problem on lower-order terms.
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Similar to the previous chapter, we start by listing our major theorems followed by giving

the proofs in the subsequent sections.

4.1 Statement of Theorems

We now state the main theorems of uniqueness of solving the inverse problem associated

with (4.1).

Theorem 4.1.1. Assume the geometrical assumptions (A.1°) and (A.2’) are satisfied, and let T > 0.

Suppose the initial and boundary conditions satisfy the following:
{wo, w1} € H™3(Q) x HY(Q), {h1,he} € HY3(), for v > g +3, (4.2)

along with all compatability conditions. Moreover, assume that the initial condition has the following
positivity condition:

lwo(2)| > 0 > 0, (4.3)

for some constantrg > 0 and xz € Q. Let w(q) and w(p) be solutions of equation (4.1) with coefficients

q and p, respectively. If we have the same Neumann boundary traces over I'y and the time interval:

ow(q)  Ow(p)

o v
(4.4)
0Aw(q)  0Aw(p)
o ov
then the coefficients coincide:
q(z) =p(z) a.ex €. (4.5)

Just as before, after proving Theorem 4.1.1 giving us uniqueness, we may also obtain the

following stability result for recovering ¢ from a single measurement on the boundary.

Theorem 4.1.2. Under the assumptions listed in Theorem 4.1.1, let w(q) and w(p) denote the solu-
tions of equation (4.1) with coefficients q and p with initial and boundary conditions {wq, w1, h1, ha}.

Then there exists C' > 0 that depends on Q, T, I'1, q, wg, w1, h1, ho such that

Owu(q)  Owyu(p) 2
2 tt
A e e

2 N H dAwy(q)  dAw,(p) (4.6)

ov ov

L2(%y) L2(%y)
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for all p,q € H3(Q) N H(Q).

Our first step is to convert convert our inverse problem into an inverse source problem. Let

u(z,t) = wlg)(z,t) — w(p)(z,t) (4.7)

R(xa t) = w(p)(x,t),

then u = u(z,t) satisfies the following homogeneous mixed problem

ue + A%u = g(z)u + f(x)R(x,t) in Q

u(z,0) = u(z,0) =0 in Q (4.8)

u(z,t) = Au(z,t) =0, on 3.

Assume g € L>®(Q) is given and fixed and R = R(x,t) is a given function suitably chosen, and
the source coefficient f € L?(2) is assumed to be unknown. This transforms the inverse problem
of (4.1) into the following inverse source problem for (4.8): determine f from Neumann boundary
measurements of u over the observed part I'; of the boundary and over the time interval [T, T].
Converting our inverse problem into an inverse source problem yields the following theorems

for the inverse source problem.

Theorem 4.1.3. Assume (A.1°) and (A.2°), and let T > 0. We also assume the following reqularity
conditions:

q € L>(Q); R, Ry, Ry € W>(Q). (4.9)
Further, suppose we have the following positivity condition:
|R(x,0)| > 19 >0 (4.10)

for some constant ro > 0 and x € Q. Let u(f) be the solution to (4.8). If

u(f) _ 0Au(f)
o v

=0, (z,t) €Ty x [-T,T], (4.11)
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then we must have f(z) =0 a.e. x € Q.

Theorem 4.1.4. Under the assumptions in Theorem 4.1.3, let u(f) denote the solutions of (4.8)

with function R. Then there exists C > 0 that depends on 2, T, T'1, q, wo, w1, h1, and he such that

2

autt(f)

ov

o (4.12)

1By < OH

2 N HaAut(f)
)

L2(3 L?(%1)

for f € H3(Q)N H(Q).
Since Theorems 4.1.1 and 4.1.2 are immediate from Theorems 4.1.3 and 4.1.4, we first prove

the theorems for the inverse source problem and then prove the theorems to the original inverse

problem.

4.2 Uniqueness of Inverse Source Problem: Proof of Theo-

rem 4.1.3

In this section, we show uniqueness for the inverse source problem of (4.8). As with the
proof of Theorem 3.1.3, we divide the proof into various steps to make the proof clear. For the
remainder of this chapter, C' will denote a generic constant that may depend on 2, T, 5, ¢, w, u,

and R, but remains independent of the parameter 7.

Step 1: We return to (4.8) under the assumptions given in the theorem statement of Theorem 4.1.3.

Adding our measurement on the boundary gives us the u-system below

ug + A%u = q(x)u + f(z)R(x,t) in Q
u(z,0) = up(x,0) =0 in Q
(4.13)
u(z,t) = Au(z,t) =0, on %
% = LAU =0, on Y.
oy, o |y,

Because of regularity assumptions (4.9), we can apply the Carleman estimate (2.31) for the solution
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(4.13) and get the following for sufficiently large 7, after dropping unnecessary terms:

73/ e [ul?® + |ue? + | Aul?] dQ+T/ e [|Vul® + |V | + [VAu|?] d@ < C/ ¥ fR|? dQ
Q Q Q

(4.14)
Here we dropped the unnecessary terms in the Carleman estimate (2.31). We also dropped the

boundary terms BT} (u) since the homogeneous boundary data

u|z; = Au|z = @

ov

_ 0Au

LT =0 (4.15)

¥

implies BT} (u) < 0 (see Remark 2.2.4). Also, since R € W%>°(Q), we have that fR € L*(Q). Thus,
we have the following:

[fRI* < CIf|?
where C' = | Rl| o (q)- Apply this to (4.14) yields
w0 [ Pl + 180P] dQ 4 [ 7 [VuP + [Vuil + [VAuP] dQ < € [ £ da,
Q Q Q
(4.16)

where we combined C' with the generic constant C' originally in front of the integral on the RHS of

(4.14).

Step 2: We now differentiate the u—system (4.13) with respect to time to get the following u;—system:

(ue)ee + A%(ur) = (@) (ue) + f(2)Re(w,t) in Q

(w)(x,0) = 0; (ug)e(2,0) = f(x)R(2,0) in Q

(4.17)
(ue)(x,t) = Aug)(x,t) =0, on ¥
O(ug) | O0A(ug)|
By o = "5 o =0, on Y.

Notice that f(x)R:(x,t) € L*(Q) since Ry € W2>°(Q), so we have
|f (@) Re(a, )P < O f ()

where C’ = | Rl Lo (q)- We can again apply the Carleman estimate (2.31) for solution u; in (4.17)
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to get the following for sufficiently large 7:

73/ e [|u,g|2 + Juge|* + |Aut|2] dQ+T/ e?7e [|Vut|2 + [Vauy|? + |VAut|2] dQ < C/ ¥\ £12 dQ
Q Q Q

(4.18)
Since the boundary terms and boundary data are zero, BT*(u;) < 0. Again, we absorb C' with the

C' in the RHS of (4.18).

Step 3: Repeating this process, we differentiate (4.17) with respect to time to get the following
Up-System:

(uee)er + A2 (upe) = q((ure) + f (@) Ree (2, t) in @

(uee)(@,0) = f(2)R(z,0); (ure)e(x,0) = f(x)Re(2,0) in O

(4.19)
(utt)(x?t) = A(“tt)(x7t> = 07 on %
5(utt) _ aA(Utt) _ O’ on 21.
o |y, o |y,

As before, we can apply the Carleman estimate (2.31) for solution us; and get the following for

sufficiently large 7:

73/ &7 [Jugs? + uerl? + | Auee]?] dQ+7/ 7% [[Vunl? + [Vugel? + [VAug|?] dQ < c/ 2| fI2 dQ
Q Q Q
(4.20)

Adding inequalities (4.16), (4.18), and (4.20) yields the overall estimate:
73/ 2T [Juf® + ug® + Juse]® + lugee|* + |Auf® + [Aug|* + |Auge|?] dQ
Q
+ 7'/ 62‘“'0 [|Vu|2 + ‘VU;t|2 + |Vutt|2 + |Vuttt\2 + |VAU|2 + |VAUt|2 + |VAUtt|2] dQ (421)
Q

<c [ et
Q

Step 4: We now analyze the integral term on the right-hand side of (4.21). We return to the

u—system (4.13) and evaluate u at the initial time ¢ = 0. Doing this gives us the following after
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applying the positivity assumption (4.10):

[une (2, 0) + A%u(z,0) | = | g(z)u(z, 0) +f(x) R(z,0)| = | f(2)| |R(z,0)] = ro| f ()] (4.22)
=0 =0

for rp > 0. Thus, we readily obtain the following estimate for f:

U@Ns%mmw»xeﬁ (4.23)

Step 5: Using (4.23) and properties of the weight function ¢ defined in (1.17), we obtain the

following:
1
[eirae s [ elunte. 0P a
Q To JQ
1
< 7/ e2T‘P(‘”’O)|utt(x7O)\2dQ
TO Q
2T
= ?/ﬂeQW(ﬁ’O”utt(axO)de
0
2T O q 2T
= 72// - (EQTW(T”S)\U&(.T,S)F) dtdx—F—Q/ eQ’rgo(azc,fT)mtt(x7 —T)|2 dx
5 Ja o7 ds r§ Jo
8BT 0 27 (x,s) 2 AT 0 27¢(x,s)
=72 (—=s)e Nuge(, 8)|° dedt + — e " (|uge (2, 8)| [uges (2, 5)]) dsda
0 QJ-T TO oJ-1
2T
+ = [ Frele=T) luge (2, —T)|* da
To Ja
8 T2 0 AT 0
<rT 62 // eQT(p(m’S)|Utt(I,S)|2 dsdx + T// e2rtp(w,s)(|utt(x’s)| |Uttt($,5)‘)d8d$
To JaJ-rT 5 JoJ_T
2T
+—2/ lugi(x, —T)|? da (4.24)
To Jao
8 T2 0 2T 0
=T ﬁz // 627“’(1’5)|Utt(9€75)|2d3d$+7// 2@ [Jugy (2, 8)[* + |usee (2, )[?] dsda
o JaJ-r o JaJ-1

2T
—+ 72/ |Utt($, *T)lQ dl‘
o Ja
S C <(T -+ 1)/ €2T¢|Utt|2 dQ +/ 627¢|uttt|2 dQ +/ |Utt(l’, *T)‘z dfﬂ) (425)
Q Q Q
where C' is a constant that depends on 3, rg, and T but independent of 7. We obtain inequality
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(4.24) by recalling p(z, —T) < —6 from (1.20), which makes e?7¢(*=T) < 1.

Step 6: We substitute (4.25) for the integral term of (4.21) and obtain the following;:
3 /Q e [Jul® + |ue|® + [uee]* + |uee|” + [Aul® + |Awg > + | Auy[?] dQ
+ T/Q T [|Vul® + [V > + |[Vuu* + [V + [VAu + [VAw|* + [VAu,|*] dQ  (4.26)
<C <(7 +1) /Q 2T luy |2 dQ + /Q €Ty |? dQ + ku)

where we set

b = [ fue, =) da (1.27)
Q

The RHS term C (7 + 1)/ e*™|uy|? of (4.26) absorbed by the LHS term T3/ X lug|?
Q Q

when 7 is large enough. Likewise, the RHS term C’/ 62”"|uttt|2 can be absorbed by the LHS term
Q

73 / e*™?|ug|? when 7 is large enough. This simplifies (4.26) into the following:
Q

73/ 7 [Jul? + [ue? + Juge|* + [uee]® + [Aul® + | A + [Aug[?] dQ

Q

+T/ T |Vul + |V + [Vauge|? + [Vuwe|® + VAU + [VAw|? + [VAu,?] dQ  (4.28)
Q

< Chky

Step 7: We can simplify inequality (4.28) into the following inequality by dropping the second

positive term on the LHS of (4.28):
T3/ €2ﬂp |:|U;‘2 + |Ut|2 + |utt‘2 + \uttt\Q + |AU|2 + |Aut|2 + \Autt\Q] dQ < C]Cu (429)
Q

where the constants C' and k, are independent of 7. Since 7 is an arbitrary large parameter, letting

7 — 0o shows that « = 0 on @ since k,, does not depend on 7. Returning to (4.23) implies
1 _
lf(@)] < —|up(z,0)] =0 = f(z)=0aexecq.
To

as desired. This completes the proof of Theorem 4.1.3.
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4.3 Uniqueness of Inverse Problem: Proof of Theorem 4.1.1

The proof of Theorem 4.1.1 reduces to Theorem 4.1.3 after slight transformations. For any

(z,t) € Q, set
u(z,t) = w(g)(z,t) —w(p)(z,t); R(z,t)=wp)(z,t); f(z)=q(x)—p=) (4.30)

After the transformation (4.30), u solves (4.8). Moreover, by the regularity assumption on the initial
conditions (4.2), we readily have (4.9).

It is obvious that the positivity assumption (4.3) implies the positivity assumption (4.10).
Moreover, since q,p € L>(Q), we have that f(z) € L>(2) C L?(Q2), and by assumption (4.2) on

the I.C. {wp, w1} and B.C {hy, ha} , we have the regularity properties
R, R:, Ry € W2™(Q). (4.31)

Furthermore, assumption (4.4) that

o 0
v v (4.32)
0Aw(q)  0Aw(p)
o v
implies via (4.30) that we have
our) _,
ov
(4.33)
oAu(f)
o

for any (z,t) € £1 = I'y x [-T,T]. Therefore, Theorem 4.1.3 applies, and we conclude f(x) =

q(z) — p(x) =0, or g(x) = p(z) a.e. € Q. This finishes the proof of Theorem 4.1.1.

55



4.4 Stability of Inverse Source Problem: Proof of Theorem

4.1.4

We now prove the stability of the inverse source problem (4.8). The proof has a similar
strategy to the proof of Theorem 3.1.4 where we perform a compact-uniqueness argument.

Step 1: Let u(f) denote the solution to (4.13) with initial data
q € L*(Q), R, Ry, Ry € L*(Q), [R(x,0)| Z 70 >0

with unknown term f € H3(Q) N H{(2). We return to (4.23). We integrate over  to obtain the
following inequality

11720 < Clluee(@,0)[122(q)- (4.34)

This suggest that we return to the u;-system, which we rewrite below for convenience:
(u)er + A% (ur) = q(@)(we) + f(2)Re(2,t) in Q

(ue)(2,0) = 0; (ue)e(x,0) = f(x)R(x,0)  inQ (4.35)

ug(x,t) = Aug(z,t) =0, on ¥

Step 2: By the linearity of the system, we split it into u; = y+ 2, where y = y(x, t) has homogeneous

forcing term
Y + A%y = q(x)y in Q
y(z,0) = w(z,0) in Q
(4.36)
yi(x,0) = f(x)R(2,0) in Q
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and z = z(z,t) has homogeneous initial conditions

2 + A%2 = q(2)z + f(2)Ry(x,t) in Q

2(2,0) = z4(x,0) =0 in Q (4.37)

z=Az=0 on X.

Step 3: For the y-system, since f € H3(Q) N H}(Q) and by the regularity assumptions on R, we
have that f(x)R(x,0) € H3(2) N H (). Thus, we may apply the observability inequality (2.40) to
the y-system (4.36) after applying Poincaré’s inequality:

Ay ||? aAy
ov Lz(zl v

e (2, )12 () = llye(, 0) 720y < V¥ (2, 0) L2y HIVAY(2, 0) 220 H .
L2(3,
(4.38)

Using the observability inequality and Poincaré’s inequality as in (4.38) yield the following inequal-

ities:
171320 < Clluan(z,0) 30y
< O (llye(, 0) 320y + 189(, 0)[[32(0))

< C (V3,013 + IVAY(, 0) 320 )

2 2
<c Ay H(?Ay (4.39)
v L2(s) ov L2(s)
_ o || 0| H@Aut oAz
ov ov L2(s) ov ov L2(s)
oA, ||? ‘8utt 2 HaAz Hazt 2
< +
ov L2(sy) ov L2(sh) ov L2(sy) ov L2(sh)

Step 4: Notice that (4.39) our desired stability estimate polluted by the z—terms. We will now use
a compactness-uniqueness argument to absorb the polluted terms. We first proceed by proving the

polluted z— terms are compact operators.
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Lemma 4.4.1. The two operators defined by

Gy : L*(Q) = L*(%)

4.40
0 (4.40)
ov o
Gy : L*(Q) — L*(Z1)
4.41
Fos 0Az ( )
ov o

are compact operators.

Proof. Assumptions f € H3(Q)NH(Q) and R € L*°(Q) imply that f(z)Ri(z,t) € H*(Q)NHY(Q),
$0
0z

f(x)R(z,t) € H*}(Q)NH'(Q) = 5 € H' (%) continuously.

Thus, f — G1(f) € H'(3;) is continuous, which implies that G is compact. The proof showing

that G5 is compact is similar. O

Step 5: We will now show that we may drop the z-terms in (4.39) to obtain our desired stability
estimate. Suppose, to the contrary, that the stability estimate does not hold. Then there exists a

sequence {fi}, fx € L%(Q) for all k € N such that

||fk||2L2(Q) =1
([ | e\ _, (142
k—o0 ov L2(S1) ov L2(S1) '

Then there exists a subsequence, still denoted as {fi} such that

fx = fo weakly to some fy € L*(Q). (4.43)

Since GG; and G4 are compact operators by Lemma 4.4.1, we have the following strong convergence
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([3, Theorem 3.2.3], [28, Theorem 8.1-7]):

lim (|Gy(fx) = G1(fi)|[ 722,y = O

k,l—o0

(4.44)
Jm {|Ga(fr) — Ga(fi)ll72(z,y =0
Jl—00
Step 6: Since the map f — wu(f) is linear, we have from (4.39) that
2 2
A A
ov o sy ov ov L2(s,
+ClG1(fr) = G1 (DL (wy) + ClIG2(fi) = Ga(f)l T2 (s,
2 2 2
SC’ Out(fx) +C" Aut(f1) +C“3Aut(fk) _|_H3Aut(fl)
W lpe(my) WLz (s I L2%;? I L2(35,
+ClG1(fx) = G112 (z,) + CllG2(fi) = G2(f)l T2 (s, -
Hence, by (4.42) and (4.44), letting k,l — oo gives us the following:
. 2 .
k,llgnoo Ife = fillZ2 () = 0.
Thus, {fx} is a Cauchy sequence in L?(Q2). By the uniqueness of the limit, we must have
lim || fx = follz2(e) =0, (4.45)
k—o0
so we also have
||fo||%2(n) =1 (4.46)

Step 7: By the regularity assumption, we have that f +— G1(f) € L*(X1) is continuous. Hence,

Since the map f — uy(f) is linear, we have

duu(f)||”
ov

<O fI72 (-
L2 (D)

2

8Utt(fk) . 8utt(f0)
v v

< Ollfx = follZ2(a)- (4.47)
L2(%)
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Thus, by (4.45), we have that

autt(fk) _ autt(fo)
ov ov

lim

k— o0 '

=0
L2 (%)

and hence a“gif‘]) =0in L?(3;). This means that &Léisjfo) is constant with respect to t € [T, T].

Step 8: Similarly, by the regularity assumption, we have that f +— Gao(f) € L?(3) is continuous.

Hence,
A ()7 ,
a9, < 200)-
H 50| g < MM
Since the map f — Aw(f) is linear, we have
OAu (i) OAw(fo)l? ,
- < - 2 . .

Thus, by (4.45), we have again that

OAu(fr) B 0Au( fo)

ov ov =0

L2(0)

lim H

k—o0

and hence Mgity(f") =0in L?(¥;), meaning that Mgiyo) is constant with respect to t € [T, T).
Step 9: Now we show that aug(yf 0 — aAgl(,f 9 — 0 on Y. Consider the original u-system with the

source term f replaced with f:
ug + A%u = q(2)u+ fr(r)R(z,t) in Q

u(z,0) = u(z,0) =0 in (4.49)

u(z,t) = Au(z,t) =0, on Y.

By the regularity theory (2.49) and trace theory, we have

e (fr) = we(fo)llero,rsms) < Cllfx — folli2 (0
(4.50)

|Au(fr) — Au(fo)llcro,r;mar @) < Cllfx — fo”%mz)

Since ut(fx)(z,0) = 0, by strong convergence of {f} and by linearity, we must have u(fo)(x,0) =
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Au(fo)(x,0) = 0 in Q and u,(fo)|s = Au(fo)|s = 0. Hence, we have that 2%l (z, ) = 22uli)

v ov

on ¥;. However, since augif ) and aAgﬁf o) are constant with respect to ¢, we must have that méi(yf“) =

9Au(fo)

5, = 0 on ¥;. Also notice that since u(fy)(x,0) = 0in Q and fx — fo, we also have that
% =0 on ¥; by a similar argument.
Step 10: Since we have % = BAgifO) =0 on X1, u(fy) satisfies the following:
ug + A%u = q(x)u + fo(z)R(z,t) in Q
u(x,0) = u(x,0) =0 in
(4.51)
u(z,t) = Au(z,t) =0 on X
ou O0Au
e .
ov v 0 o =1

By the uniqueness result in Theorem 4.1.3, we must have that f, = 0, which contradicts
(4.46). Therefore, we have that the z-terms in (4.39) must be dropped. This completes the proof of
Theorem 4.1.4.

4.5 Stability of Inverse Problem: Proof of Theorem 4.1.2

The result is an immediate consequence of Theorem 4.1.4. By the regularity assumption
(2.49) on the initial and boundary conditions {wg, w1, h1,he} (4.2) imply that the solutions must
satisfy
{w,wp,wye} € C (=T, T); H'(Q) x H(Q) x H'71(Q)) .

As v > % + 3, we have the embedding H?~*(Q) < W?>°°(2), so the regularity assumption (4.2)
implies the corresponding regularity assumption (4.9). Therefore, we obtain Theorem 4.1.2 from

Theorem 4.1.4.

61



Chapter 5

Conclusions

To summarize our results, we have shown that we can solve the inverse problem of a second-
order hyperbolic system (1.2) of recovering n+3 unknown coefficients using half of the measurements
on the boundary. We also showed that we can solve the inverse problem of recovering an unknown
coefficient ¢ from the plate equation (1.5) on the lower-order term via two measurements on the
boundary.

Below we leave a few remarks about each inverse problem that could lead to future research.

(1) For the second-order hyperbolic equations, one could also recover the n+3 unknown coefficients
by choosing n+3 initial conditions {wg, w; } and boundary condition h with their corresponding
boundary measurements. The positivity assumption will become |det(W')| > rg > 0, where

W' is the following (n + 3) x (n + 3) matrix:

wél)(x) wgl)(iﬂ) 8m1w81)(x) . awnwél)(m) Aw(()l) ()
(2) (2) (2) @) @
wy () wy () O wi(x) o Oy, wiP(2) Aw® ()
W=l 1 : ’ ’ (5.1)
_w(()n+3) (z) w§n+3) (x) 3z1w(()n+3) (r) - 8wnw(()n+3) (@) Aw(()n+3) (x)_

The main difference in proving this inverse problem compared to using only half of the mea-
surements is that we only need to differentiate the u—equation (3.12) twice with respect to ¢

instead of three times. Since we reduce the number of times we need to differentiate, we also
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(2)

get a better stability estimate, which is provided below:

e — 52”%2(9) + laa —p1||%2(9) + [0 _p0||2L2(Q) +lla— P||%2(Q)

m+2 2

< >
=1

awgl) (C7 q1, 40, q) _ 8wt(1) (67 P1, Po, p)
v v

; (5.2)

L2(%q)

Using a similar strategy to the proofs in Chapter 4, it is possible to recover more unknown
coefficients of the plate equation on lower-order terms (w;, Aw, Awy, VAw, etc.) under hinged
boundary conditions. The first step to accomplish this is to adapt the Carleman estimate
(2.31) for the lower-order terms with each of the desired coefficients. It is unknown whether

this requires more measurements on the boundary to successfully solve this inverse problem.

The inverse problem for the plate equation (1.5) was conducted with hinged boundary condi-

tions. However, for the plate equation, one can also consider clamped boundary conditions:

wi + A%w + q(z)w = 0; in Q
w(z,0) = wo, w(zr,0) =wy; in (5.3)
w=hy, 2% p,e on ¥

ov

Currently, it is unknown how working with clamped boundary conditions will affect the in-
verse problem of recovering the unknown coefficient g. Based on the boundary term BT5 (w)

in (2.32), we suspect that our measurements on the boundary should be the Dirichlet and

OAw
ov o

Neumann boundary traces of Aw, Awls,, to solve this inverse problem.

For both inverse problems, we used the time interval [—T,T] and used ¢ = 0 as the initial
time. For the plate equation, we could also work on the time interval [0, 7] as well. The main
difference is that we would have to incorporate an even extension from Q x [0, 7] to Q x [T, T

via the change of variables t —t —T.

For the second-order hyperbolic equation (1.2), we cannot perform the even extension due
to the damping coefficient term ¢;(z)w;. If we were not recovering the damping coefficient,

then we can also perform the even extension mentioned above. However, even if we were
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not recovering the damping coefficient, the current time interval allows us to recover all co-
efficients in the second-order hyperbolic problem with fewer choices of initial conditions and
fewer measurements on the boundary. This is because we can use both equations in (3.32)

simultaneously instead of only one equation if we initially assume the time interval [0, T7.

The inverse problem for second-order hyperbolic equation can also be set up by assuming

Neumann boundary condition g—f on ¥ by making measurements of Dirichlet boundary traces
of w on ¥1. This requires a more demanding geometrical assumption on the unobserved portion
of the boundary I'y by assuming % = (Dd,v) =0 on T'y. In addition, more regularity theory
for second-order hyperbolic equation with nonhomogeneous Neumann boundary condition will
also need to be invoked, see [33, 35]. Besides that, the main ideas for solving the inverse

problems remain the same.
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Appendix A

Carleman type Estimates for the

Schrodinger Equation

In this appendix, we focus on the Carleman-type estimates for the Schrodinger equation in
(2.26) and provide a proof for Theorem 2.2.2. We first establish an initial pointwise inequality and

then restate the inequality after specializations are made.

A.1 Initial Pointwise Inequality

We first derive the following pointwise estimate for the Schrédinger equation iw; — Aw = f.

Lemma A.1.1. Let

w(x,t) € C*(R" x Ry; C); L(z,t) € C3(R? x Ry, R);
(A.1.1)
U(x,t), ®(z,t) € CHR? x Ry, R)

Further, let

by, = 0; O(x,t) = @D p(a,t) = 0(x, tyw(x,t). (A.1.2)
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Then we have the following pointwise inequality:

1 M
62 <1 + >|iwt — Aw]? - oM _ divV

€ ot

> [ —2U + AO(|VEP = AL + 4D by by by, — 2V - VL= 2VE- VAL — (D% + T?)

gk
“2BAL A by — AV V2V V(T - A = 232 (U - A —2)W — ALV | [of?
€ 7%
J.k

+29 Y Ve (02, V0 + T, V) + (U + AL)|Vol* 5 — 26% (¥ — AL) + [ — AL]) [Vw|* — €| Vol
J

(A.1.3)

where

M= =62 (L, (6,0 = €nay)) — bolwl? (A.1.4)
j

Vi = Vj(w) = 262 ( — 2|V — AL+ @ — Ve, |w|* — [£(Exyn — Enwy) — Loy (En — Emy)]

+ 5 2V + AL) (wa, T + Wy w) = | Y[l (Wa, Wary, + W, T, ) — Lo | Ve|]

k

N | =

)

(A.1.5)

Proof. The proof of Lemma A.1.1 is long, so we break the it into multiple steps to help make the

presentation clear.

Step 1: Based on our definitions in (A.1.2), we immediately obtain the following identities:

Ht = 96,57 vy = Htw + th (OI' th =Vt — gt’U) (A16a)
Wy, z; = Vaja; — 2le,Va; + (ﬂij - Exﬂj o, j=1,...,n (A.1.6b)
OAw = Av — 2V - Vv + (VI — Ab)v (A.1.6¢c)

Multiplying the principle part by the exponential weight, squaring, and by (A.1.6a)-(A.1.6¢), we
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have

10(iw; — Aw)|? = |i(vy — £v) — Av + 2V - Vo — (|VE]? — Al)v+Dv — v + Ty — Ty)?
= |(ivy — Av — (V]2 — Al)v — Dv) — (=2VL - Vo + ®v + ilpv) + (O + T)v|?
=L~ I+ I
=L+ L + | — (L + TIs) — (IsI + I12) + (I I + I31h)

(A.1.7)

where

I = ivy — Av — (|VL]? — Al)v — Dy

I, = 2V Vo + v + ilyv (A.1.8)

I3=(P+ V)

Remark A.1.2. The reason behind introducing ® and ¥ will be shown in later sections once

specializations are made.

After dropping the |I1]? + |I2|? term in (A.1.7), we have

0(iwy — Aw)[? > |12 — (I1Is + T1 ) — (I31z + I312) + (IsTh + I:1h) (A.1.9)

Step 2: The goal now is to expand the cross-terms of (A.1.9). Let us start with the I;I3 + I 13

cross-term. Expanding this cross-term yields

LI+ L =T(®+ V) + I, (+ ¥)o
= ®(Lv+ Lv) + U (LT + [1v)
= ®(LT + L) + (it — AT — (|VL]? — AT — IT) Vv + (iv; — Av — (|VL|* — Al)v — Tv)TT

= (1,7 + L) +i¥(tv; — 5v) — V(AT + TA) — 2U (VL2 — AL+ U)|v]2. (A.1.10)
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Notice by direct computation we have the following identity:

Z[\I’(UIJ‘@ + 51.7’1))]%‘ = Z ‘I/(vmjz_ﬁ + Va;Va; + Va0,V + Vs vf'ij) + Z Vo, (UﬂﬁjU + U v)
J J J

= U[0Av + vAT] + 2¥|Vo|? + VT - [Vt + Vol

Apply this to the third term of (A.1.10) yields

LT + Il = (L0 + Tv) + W (0o, — 00) = Y _[W(0,0 + Uy, 0)]a,

J

J (A.1.11)
+ 20| V|2 + VU - [VuT 4 Vou] — 2U(|VL)? — AL+ T)|v]?.

Step 3: We now expand the IoI3 + I513 cross-term. The work is provided below:

LIz + LIz = (=2V{- Vv + ®v + il0) (@ + U)o + (=2VL - Vo + &1 — il ) (P + ¥)v
= —2(® + 0)[VL - Vv + VL - Vo] + 28(D + U)o

= —2(® + U)VL-V(|v]?) +28(D + ¥)[v|?, (A.1.12)

after canceling the i;(® + ¥)|v|? terms. By direct computation, the next identity is easily verified:

=2 (@4 V), [v]s, = —2V(D+ W) - VL|v[* = 2(® + D) ALp]* — 2(D + )V V([v[*). (A.1.13)
J

Substitute (A.1.13) to the first term on the right-hand side of (A.1.12) yields
LI+ Lls = =2Y [(2+ W)l [0]*]s, +2V(® + ) - Vv + 2(® + U)Alv]* + 20(D + U)|v|?

J

= =2 [(®+ W)y, [, +2(D + ) (P + AL)|v]* + 2[V(® + ©) - V] |v]*.

(A.1.14)

Step 4: We now proceed to expand the I1 o + I I5 cross-terms from (A.1.9). We claim that this
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cross-term has the following expansion:

LT, + Tl = ®(LT+ Tv) — i{2 (VL-VO), =2 (Lo, Dp0) + 28L00D,) + Y [ (0T, — Ty, )]a,
j j

+ (e|v?)e = Lee|v]* + (C)

(€)= (B) - 22[&%@7 (Va, Uy, — Doy Vo )] + 20(|Vo|?
gk

= (Z[%kﬁxm L \I/%)f%. [v|?> = 2[|V42 — AL+ U]AL|v)?
J k

(B) =2 Z {wak (V2 Vay + Uy V) — Lo |V |2] + [|W|2 — AL+ V), |U|2}
J z

k )
J

(A.1.15)

Proof of (A.1.15): Establishing (A.1.15) requires more work than the other cross-terms of (A.1.9),

so we will break the proof into multiple steps.
(i) First, we obtain the following via direct computation:
LI+ Ty = I, (—2V{ - VT + &0 — i) + I, (—2V{ - Vo + dv + ilyv)
= O(Lv+ L) + (v, — Av — (|VI)? — Al)v — W) (—=2VL - VT — il,D)
+ (=it — AT — (V]2 — AT — UD)(—2VL - Vv + ilyv)
= ®(117 + L1v) — 2iv, VL - VT + ivy(—ily0) + 2i0, VL - Vv + (—iv;) (ilyv)
+ [~ Av — (|V4)? — Al)v — W] (=2VL - VT) + [-Av — (|VL* — Al)v — Vo)(—il;T)
+ [~AT — (|V4)? — AT — UT](—2VL - Vo) + [-AT — (V> — Al)T — V) (ilsv)
= ®(L1v + Lv) — 2iVL - (Vov, — Vouy) + £ [v0 + Byv] + 2VE - [ATVY + AoV

+2VL - (Vo 4 VD) [|VL)* — AL + U] — il [ATv — AvD) (A.1.16)

after a cancellation of the if;(|V¢|> — Af)|v|? and if;¥|v|? terms.
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(ii) Next, after adding and subtracting terms, we have the following identities:

Uy, V¢ — Vg, U = (V0g; )¢ — (V40)a, (A.1.17a)
V- [Vovy — Vo] = ZZIJ. [(v@j)t — (vtv)mj] (A.1.17b)
J
VzpanUz; + VapayVe; = (VeyUz; + Uy Vs; )zy — (|vgg,c|2)aC (A.1.18a)
Vi - [VoAv + VuATD] = Zéxj [(vx,ﬁxj + Vg Va, )y — (|vxk|2)z} (A.1.18b)
gk

Vg0, — Wz, = (VUe, — Vg, )a, (A.1.19a)

VAT — TAv = Z(U@fj — Vg, )z, (A.1.19b)
J

Substitute (A.1.17)-(A.1.19) to the second, fourth, and sixth terms of (A.1.16), respectively,

to obtain

Ilfg—I— Tllg = (I)(Ilﬂ +EU> — QZZ {gzj [('inj)t — (’l)t’lj)xj}} + gt(|v|2)t
J
+2 ZE% [(’Uzk@ﬁj + ﬁmkvmj)xk] —2V¢- V(|V’U|2) (A.1.20)
7,k

+2VE- V([0 [V = AL+ W] =il Y (0T, — Ty, )a, -

J
(iii) Since £4;; =0 for j =1,...,n, we also have the following identities:
(Co,000,), — (e, Te0) |+ Laja, 00 = Lo [(VTg))e — (T40)a, | (A.1.21a)
> {(te,v7a,), — (ba,000),, } + Abvo, = > {la, [(v50,)i = (Bev)z, ]} (A.1.21D)
j j

U (VU — Vg, )z; = [l (V02; — TV, )]0 (A.1.22a)

J

> (00, = g, ), = D[ (vTa, — T, )], (A.1.22b)
J

J

After substituting (A.1.21)-(A.1.22) to the second and last terms of the right-hand side of
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(A.1.20), we obtain the following;:

LI+ Tily = (LU +T1v) = 20 ) {(£e;0Ts,), = (b, Tev),, } = 28600, + L(|0])e
: :

_ .Z[gt(mmj — g, )|z, + (A)
(A) =2 o [(02, Tz, + ViV, )] — 2V V(|V0]?) + 2VL- V(|v?)[|[ VL] — AL+ T]
J.k

(A.1.23)

Recalling the definition of (B) in (A.1.15), we can relate it to (A) in the following manner:

(B) = 22 {Z[Ewk(vwvzk +i$jvl'k) - ewj‘vwkﬂ + valQ —Al+ \I/]éwjlv|2}
i &

zj

= (A) + 2 [loya, (e, Ty, + Vo, vz, )] — 200 Vo) (A.1.24)
7,k
+2) (VO = AL+ W, Ly [v]* + 2| VL — AL+ T]AL )

J

Substituting (A.1.24) to the right-hand side of (A.1.23) yields

LI+ LIy = (L0 + Lv) — 2i Z{(ézjvﬁmj)t — (Zm_ﬁtv)%} — 2iA vy + Kt(|v\2)t
J

- Z-Z[Et(vﬁl’j - EUIJ' )]931 + (B) -2 Z[&CHJJ (ijﬂ"pk + ijvwk)] (A125)
J J.k

+ 2A4|Vo|? — QZ[WEF — AL+ T, Ly [v]? = 2| Ve — AL+ T]ALfv)?
J

Hence, using the following identities

ét(|v|2)t = (€t|v‘2)t - Ett‘v|2; [|V€|2 - A \I/]xj = Z[ngkngack - éxk;xk;xj - \I/xj]
k

gives us (A.1.15). ©

Step 5: Now that we have expanded the cross-terms of (A.1.9), we will establish the following:

0(iwy — Aw)? > |12 — (I Iy + T Iz) — (I31z + I31o) + (IsT1 + I:1h)
(A.1.26)
=X1+Xo+ X5+ X,
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where

X, = {_ 2T + A0 (VL — AL) + 4Zéxk€xj€xjxk —2Ve .-Vt

jok
—2) Uy lya, — O — WP 20AL + £y + AV - w} |v|? (A127)
m 1.
+2 {ZZ%M (Ve Vs + Va0, ) + (U + A€)|VU|2}
jk
0 5} v
X, = —&(Zt\vﬁ) + QZ &E{[Q\I/ — |VL? + AL — @), o] — 5(’0%@—"—5%@)
i (A.1.28)
— VL (Vovj + Vouy, ) + Ly, Vv|2}
X3 = VU - (Voo + Vo) + (¥ — AL) (v, 0 — Tyv) (A.1.29)
X4 = zzj: {gt[%zjvij + ez, lv[?] + ai[ﬁt(vij — V) — QEIjUtU]} (A.1.30)

Indeed, substituting (A.1.11), (A.1.14), and (A.1.15) into (A.1.9) yields
0(iw, — Aw)|* > |I3|* — (I Ty + T 1) — (Ish + Is1o) + (IsIy + Is1y)

=[(®+ V)v|* - {{@(Iw+m) - ¢{2 (VE-VTv), =2 (La,T0), + 20007,
j J
+ Z[et(v@j — Vg, )], } + (4|v)?)s — Ly |v)?
J

+ QZ {Z[ﬁxk (vz]ﬂm + @rjvxk) - Ezj ‘vzkm + [|V£|2 - Al+ \ijzj |'U|2}
J A

Tj

=2 [laya, (Va, Uny, — Ta, U, )] + 200 V0|? = 2[| V| — AL+ W] AL]o]?
J.k

) 2{ > (Z[%Jw gmkmj])émj _VU. W}IUIQ}}

J k

- H— 23 (@ + )0, [0] ], + 2(P + )@ + AL o]? + 2[V(@ + ) - VL[]

|
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+ ((@(Ilv—i—hv) iU (v — Tw) — 3 [ (vy, T + T, )]s,
J
+ 20U |Vo|? + VU - [Vou + Vo] — 20(|VL)? — AL + \I/)|v|2>>
=[(®+ )| - {{(I) BT0) — i{2 (VL Vo), — 2> (la,Tw)  + 20007,
J

+ Z[ﬁt(viwj - vij)]%} + (Le|v)?)e — Lyt |v]?
J

+2) {Z[emk (Vo T + Tao; U2y ) — L, [0y 2] + [ VE]2 = ALJE, |v|2} =2 {Wl, [0’}
J k oy J

— 2 [laya, (Va, Tay, — Ta, V0, )] + 280Vl = 2[|VE|? — AAL0]? — 2TAL[>
7.k

) 2{ 5 (Z[%k&f“ _gwkwm])ew — VY- w}l«ﬁ}}

j k

— H 2> [(® + W)l [VIP]a; + 2[D% + U2 + TP + ALY + VO - VI 4 VE - W}|v|2H
J

+ ( <M+ (00— T0) — Y [W(ve, T+ Ta, 0],

J

+ 20| Vo|* + V¥ - [VuT + Vo] — 29[| V4)? + ¥]jv|? —M» (A.1.31)
In (A.1.31), {{ }} refers to (A.1.15), [[]] refers to (A.1.14), and (( )) refers to (A.1.11). From

(A.1.31), we obtain X4 by collecting the terms pre-multiplied by ¢ and using the identities

(0T:) = (J0*) = (0T = Tw), Laya; ([01)e = (Laya,0])e

by invoking £;,, = 0. Likewise, if we collect the other terms, we obtain X; + X5 4+ X3 in (A.1.27)-
(A.1.29). Thus, we obtain (A.1.26).

Step 6: Our goal now is to convert (A.1.26) from v to w. To this extent, we use the following
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identities:

v = 0w

,0=¢", 0, =00, vy = Olw, + Lw], 0, = 0Ly,
(A.1.32)

Vg, = O(wy, + Ly, w), |[Vo? = 6 Z[w%‘ + Ly, w]?
J
We begin with X4. First, rewrite X4 as

[l (V0 — TUg,) — ZZIjvtv]} (A.1.33)

J

. . a p— 2 a
X4:Z§J:Mj:lzj:{8t[2£mjvvzj+£Ijzjv| ]+%
We then obtain the following by using identities (A.1.32):

py =2 ((EI]_ Uﬁl’j)t - (Eljitv)l‘j) + (E%'%"U‘Q)t + (Et(v@l'j B m}l‘j))xj

—9 ((92135], W[ + 0200, Wity )y — 02y, bylw]|? + 020, w@t)mj) + (0%, [W]2)e + (02, (WD, — T, ))

Tj

(A.1.34)

Hence, we can rewrite X, as follows:

0
X4 = —— 2 Z 92£ g:r: n— 67730] - Z %{292 [gt(ngn - 677:1:]-) - gmj (&77 - gnt)]} (A135)
j J

Step 7: Now we rewrite X3 in terms of w. First, we consider the last term of X3 in (A.1.29) and

prove the following identity:

i(U — AL) (0,0 — ) = 02(T — AL) (Pw)T + w(Pw) — 20*(¥ — AL)|Vwl|?

(A.1.36)
+602(V — AY) Z Wy, W + Wy W),
k
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where P = iw; — Aw. To prove (A.1.36), direct computation gives us

(W — ALY (0,5 — Tyv) = i(W — AL) (0(w; + Luw) (0T) — 0(w, + ;) (Ow))

= 0%(¥ — AL) (1w, @ + (iw;)w) (A.1.37)
1w + (iwg)w = (Pw)w + (Pw)w + (Aww + Aww) (A.1.38)
D (Wa W+ Wy, ), = Awl + Aw + 2|V (A.1.39)

k

Notice that (A.1.38) follows directly from the definition of P. Substituting (A.1.38) and (A.1.39)
into (A.1.37) gives us (A.1.36), as desired .

Step 8: For the last term in (A.1.36), we have

(T — ALY (we @ + W), = 3 (02(¥ = AL (wy, T + Tappw))

y y (A.1.40)

= 20%(U — A Ly (e, W+ Waw) — 3 0% (Vo — ALy, ) (w3, W + Wy, w).
k k

For the second term on the RHS of (A.1.40), since ¢ is real-valued, we have the following identity
from [38]:

D (e (Copw) + Wi, (L w)) = D 2Re(wy, (Lppw)) > =Y (Jwy [* + £, [w]?)
F b b (A.1.41)

= — (IVw]® + |V |w]?).
Apply (A.1.41) to the second term on the right-hand side of (A.1.40) gives us the following:

iU — Al) (0,0 — Byv) > 02(¥ — AL) ((Pw)w + w(Pw)) + 26% (¥ — AO)|[Vw|? + | — Al||Vw|?)

+ 3 (0°(Y = A (w,, W + Wy w)), — 26°| 8 — AL [VL|* ]
k

— Z (0%(T,, — ALy, ) (W, @ + Wy w)) -
k

(A.1.42)
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Step 9: In this step, we establish the following estimate for Xs:
X3 > 0%(¥ — Al) (Pw)w + w(Pw)) + 20* ((¥ — Al)|Vw|? + [V — Al||[Vw|?)
+ 3 (P (we, @+ W w)), + Y (02 AL (e, T + Wy w)) (A1.43)
k k

) Al (0, T+ T, 0)] + 2 (Ve — Aly, )l0,)] 0] — 20%[T — ALV |w]?
k k

To show (A.1.43), we use (A.1.42), leaving most of the identity unchanged. The exception is the

last term of (A.1.42), where we use the following identity from [38]:

> (Way = Aly, ) (02,0 + Va0 — 2, [0]*) = > 0°[(Vay, — ALy, ) (w, W + Wy, w))]- (A.1.44)
k k

Identity (A.1.44) follows by direct computation, using (A.1.32). After substituting (A.1.44) into
(A.1.42) and recalling the definition of X3 (A.1.29), we get (A.1.43).

Step 10: Now we rewrite X5 from (A.1.28) in terms of w. We claim

—_Q 2 w2 i _ p2 2 _ _ 2 2 2_2 N
Xy = at(&@ |w] )—1—2;3%{ 0°12|VL" — AL+ D — WL, |w]” + 07 | |V 5 (W, W + Wy, w)

To prove (A.1.45), we use the following identities from [38], which are immediate by direct compu-

— 62 Z[&ck(wxjﬁxk + Wy, Wy, ) — Lo, |Vw|?]
k

(A.1.45)

tations.
Vg + 0+ Ty, v = 0220, |w|* + wa, W + Wy, w]; (A.1.46)
Vg,V + Uy Uy, = 07| 205, Ly, WP + Lo, (W, + Dwy,)
(A.1.47)
A Ly, (Wa )W + W, W) + (We; Wy, + W, Wery, ) |5
|Ua:k|2 = Qz[fik |w|2 + Ly, (wwwk + mwwk) + |wwk ‘2] (A-1~48)
Substitute (A.1.46)-(A.1.48) into (A.1.28), and we readily obtain (A.1.45).

Step 11: We return to (A.1.26) and apply (A.1.45) for Xo, (A.1.43) for X3, and (A.1.35) for Xy,
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leaving X7 untouched. Notice that the term
8 2 _ _
- Z o 1070 (we, @ + W, w) }
- 8.13]‘
J
in (A.1.45) will cancel the term of opposite sign in (A.1.43). Afterwards, we obtain the following:

d d
62[iw, — Awl* > Xy + (( - ﬁ(zteﬂwﬁ) +2) Bx-{ — 0?[2|VE]? — AL+ @ — D)L, |w]?
j J

)

0%(¥ — AL) (Pw)w + w(Pw)) + 2% (¥ — AL)[Vw|? + |¥ — AL||Vw|?)

+ 07|V (0 W + W, w) — 07 | Y[l (0o, Way, + Wi, Wer,) — Lo, [ V0]

k

+ (P Al wy, T+ Ty ), + Y [Alyy (00,0 +7,,0)]
k k

+2) (Yo, — Ay, ), )] [0 — 2670 — MIWIQIwQH
k

+ {{ - % {22(92@(&_,»775771 } Z {29 [€e(&a;m — €Nay )émj(é“mﬁm)}}}}

(A.1.49)
To finish the proof, for any € > 0, we use the following inequalities from [38]:

1
(U — AL) [(Pw)w + (Pw)w] > —€|¥ — Al |w|* — =|Pw|? (A.1.50)

€

1

Aly, (V2,0 + Ty, v) > — 22N AL P)? A.1.51
D Al (12,7 +T0,0) > =€ Vol = = 3 T AL, o] (A.151)

J
Inequalities (A.1.50) and (A.1.51) are applications of the inequality |ab + @b| = 2Re(ab) > —¢|a|? —
1[b|2. Thus, applying them to the first and fourth terms in the [[ ]] group of (A.1.49), recalling the
terms X3 in (A.1.27), to get

92 (1 + 1) liwg — Aw|? > {— 2V + AO(IVEP = Al + 4> Ly ly Ly g, — 2V - VL
€
Ji.k

—2VL- VAL — (D% + U?) — 20AL + Ly + 4V - w} v
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+2 {Z Ve, (v, VT + Ty, V) + (T + M)|W|2}

J

+ (( - f(€t92\w| ) + 22 { — 02|V = Al + & — VL, |w]?

+92|V£|2(wz_7,@+wxj [Z or (We, Way, + Wa, Wy, ) — €zj|Vw|2]
k

)

+ || — €0?|¥ — AL 4207 (T — A |Vwl|® + [T — AL||[Vw|?)

+ 3 (P Al (we, @ + Ty w)), — €[ Vol — Z& I
k

+2) 0 [(Wa, — Aly, ), ] 0] + 26%| % — AL][ VL) Iw2H
k

CD‘ )

A

Finally, recalling M and V from (A.1.4) and (A.1.5), we can rewrite (A.1.52) as

{ 205 (&xyn — €a,)) } Z {26% (s — Emay) — mftn—fntﬂ}}}

(A.1.52)

1 oM
92 <1 + €>|iwt — AU}‘Z — ﬁ — le V

> [— 20 + AO(|VE? = AL + 4> Ly ly Ly 0, — 2V - VI —2VE- VAL — (D% + U?)
g,k

— 20AL + £y + 4V - VE+2VL- V(U — Af) —725
7,k

— (T — A0 — 21T — ALV |v)?

T;T ;T

+2 {Z Ve, (v, VT + Ty, Vo) + (¥ + A€)|Vv2} +20% (U — Al) + | ¥ — AL]) [Vw|? — €| V|?
J

(A.1.53)

which is our desired inequality (A.1.3). O

A.2 Pointwise Inequality After Specializations

In this section, we convert (A.1.53) for specific choices of £(x,t), ¥(x,t), and ®(z,t). These specifi-

cations are made to allow us to obtain our desired Carleman estimate.
Theorem A.2.1. Let w € C?*(R? x Ry;C) and d(z) € C3(R™%;R). Let 7 > 0 be a parameter, and
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we also make the following selections for €(x,t), ¥(z,t), and ®(z,t):

2
Uz t) =7 |d(z) - (t — 1;) = 71p(z,t) € C}(RY x Ry; R) (A.2.1)
U(z,t) == —Al(z,t) € C*(R? x Ry;R) (A.2.2)
O(z,t) == Al(z,t) or &(z,t):=0 (A.2.3)

(a) With the above choices,we get the following (set h = Vd)
by, = Tdy,; |V = 12 |Vd|?; lowe; = Tduyz;s Lojzion = TOozja Zéiﬂm =72 Zdijxjxk
J:k Jik

AHNVE-VE=4Y Uy g laley =4T°  diyo daydy, = 4771 Vd - Vd
J.k g,k

2H (V0 - VO + VT Vo] =23 Uy o, (Vo Ty, + VU, Tay) = 27[HaV - VT + HgVD - Vo
7,k

T
Vil =1Vd; Al =T1Ad; ¢, = —-20T (t — 2) it = =2B7; Lz, = 05

— (U2 + 3%) — 20AL = —(D + AL)?

(A.2.4)

Further, we have the following identity:

472[VAd - Vd + (Ad)?], &= A/
2V[® + Al] - VI + (O + Al)? = (A.2.5)

T22VAd - Vd + (Ad)?], ®=0

via equation (A.2.3).
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(b) Using (A.2.1)-(A.2.4), our estimate (A.1.53) becomes

1 oM
92 (1 + 6)|iu)t — A’LU|2 — ﬁ — d“} V

> {473%%1 Vd = (2V( + Al) - VE+ (D + Al)?) = 257

SIS, L - 4t (Ad)? + 4T A VAP | [of? + 27[HaVo - VT + HaVT - Vo] — | Vol?
ik

€

(A.2.6)
(b1) If we assume ® = AL,
1 M
62 (1 + )|iwt — Aw|? - M _ v v
€ ot
> |:47'37'[dVd .Vd— 47 [VAd - Vd + (Ad)?] — 287 — 22 d2 ,
€ V)

3.k

—4et?(Ad)? + 473 Ad|VA)? | |0 + 27[HaVv - VT + HaVT - Vo] — €| Vol

(A.2.7)
(b2) If we assume ® =0,
62 (1 + 1)|z’wt — Aw|? - M _ i 1%
€ ot
> {4T3Hdw -Vd - 72[2VAd - Vd + (Ad)?] — 287 — 21?2 A2 4w
€ I

7.k
—4er?(Ad)? + 473 Ad|VA)? | |v|? 4 27[HaVv - VT + HaVT - Vo] — €| Vo|?

(A.2.8)
(c) We can combine (A.2.7) and (A.2.8) as
1 M
6? (1 + >|zwt — Awl|? — oM _ divV
€ ot
> {473Hdw -Vd + O(7?) + 43 Ad|Vd? | |v]|* 4+ 27[Ha Vv - VT + Hg VT - Vo] — €| Vol?

(A.2.9)
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where O depends on d,n, 3, and e.

(d) Using assumptions (A.1)-(A.2), (A.2.9) becomes

62 (1 + 1) liw; — Aw|? — OM i %
€ ot

(A.2.10)

> {473pp2 + O(12) + 43p? Ad | [v|* + (47p — €)| Vv |?

Proof. The proof is a direct verification based on (A.2.1)-(A.2.3). The reasoning behind the specific

choices of (A.2.1)-(A.2.3) are similar to the choices made in [38]. O

Remark A.2.2. Notice that the function ¢ above is similar to the function ¢ in (1.17). The ¢ — %
term is on the time interval [0,T]. Doing a transformation ¢ — t — % returns to the pseudo-convex

function used previously.

With Theorem A.2.1, we can now obtain our pointwise estimate used to get the Carleman estimate

for the Schrodinger equation.

Corollary A.2.3. Let d(x) € C3(R?) satisfy the geometric assumptions (A.1) and (A.2) in Chapter
1. Let ¢, U, and ® be defined as in (A.2.1), (A.2.2), and (A.2.3).

(i) Inequality (A.2.9) becomes the following, for any € > 0 and sufficiently large 7:

1
62 <1+ €>iwt — Aw|* - aa—ﬂf —divV

> [47’3,0192 +0O(T%) + 47‘3p2Ad} [v|> 4+ (47p — €)(0*|Vw|* — 27%|Vd|*0? |w|?)

> 8o (QTp - % - 4Ad) 02|V w|? + (475 pp*(1 — 6o + Ad) + O(72)) 0|2

(A.2.11)

for some 0 < 69 < 1. Further, from [37], we can bound the second Ad on the right-hand side
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of (A.2.11) to get the following:

1 oM
62 (1 + e> liw; — Aw|? — 5 " divV

> |:4T3pp2 +0O(T%) + 4T3p2Ad:| [v2 + (47p — €)(0*|Vw|* — 27%|Vd|*6?|w|?)
> 8o (27’p - g - 4Ad) 02|Vw|? + (473 pp*(2 — k + 28 — 89) + O(r2)) 62|w|?
(A.2.12)
for some 0 < k < 1.

(i) On the boundary, we have the following identity, where ® is left uncommitted:

/de(v :—2/02 (272|h|* 4 ®)T|w|?h - VdI‘+2ﬁ/02 <t—2> [ a—i—g }

Jr2/92 (ftnfﬁﬂt)Th'VdF*/gz [27%|h|? 4+ TAd] (waw +waw> dr
T T ov ov

/ {VwaJrV 8] dr+2/92\vm2h.udr
r

0 0
(A.2.13)
(iii) For the M term, we have the following:
T
‘ dQ’ [ Mdm}
Q 0
T

(A.2.14)

<7Cqr

/ 27| Vw|? + |w|?] dz
Q

0

< Cyrre " [E(T) — E(0)].

Proof. (i) The first inequality in (A.2.11) follows from (A.2.9) as a direct consequence of the
geometric assumptions (A.1) and (A.2). The second inequality in (A.2.11) is obtained by the

following inequality from [37]:

2|Vo|? > 02| Vw|? = 27%|Vd|*|v]? = 6| Vw|? — 27%|Vd|?6%|w|?. (A.2.15)
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(ii) Equation (A.2.13) is immediate from the Divergence Theorem and the definition of V in

(A.1.5).

(iii) Recalling (A.1.4),

5= (L]

T

0

T

] 2 ™.
- _/9_9 [27(Vd - V&) — 27(Vd - V)E + 267 (t— 2) |w| ]1

0

T
- / 02[27(Vd - V&) — 27(Vd - Vn)é + 2687 <t - Z) |w|2]]
@ 0

T

= /Q 02(27Vd - (nVE — £Vn) + 287 (t - :g) IwIQ]l

0

- T
< 1Cur / 279 (V| [uw] + [w]?]
Q
L 40
r T
<7Cyr / | Vwl* + |w]?]
Q
L 0

The next to last line above comes from the observation that £ = Re(w) and n = Im(w).

Recalling property (1.20) and E(t) defined as

Ey(t) = /Q[Iw(t)\2 +[Vw(t)P]de = [[w(t) |5 o)

we obtain (A.2.14).
O

Now we have everything set to obtain the Carleman estimate in Theorem 2.2.2. Integrate

(A.2.12) over () and using the Schrédinger equation along with equations (A.2.13) and (A.2.14).
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Notice that BT (w) defined in (2.25) is equal to (A.2.13). This gives us the following;:

(1 + 1) / 02| f|* dQ + TCa,re” " [E(T) + E(0)] + BT (w)
€ Q

T

> <1+1>/ |ithw|2[/Md4 —divV
€/ JQ Q 0

> 8 (27;; - % - 4Ad) / 62|Vw|? dQ
Q

+ (47%pp*(2 — k + 2B — 6o) + O(7?)) /Qe?|w|2 dQ — 7Cqre > °[E(T) + E(0)],

(A.2.16)

establishing the desired inequality in Theorem 2.2.1 by taking € = 1.
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Appendix B

Terminology and Properties of

Riemannian Geometry

In this appendix, we provide some definitions and properties of Riemannian geometry ref-
erenced in this paper. These definitions are found in various works [7, 10, 35, 49] and the references

cited within, which we collected here for convenience.

B.1 Definitions

Definition B.1.1. Let M be a manifold. A Riemannian metric g on M is defined as a map which
associates to any vector fields X and Y on M a function g(X,Y) on M such that the following

properties hold:
1. g(X7 4+ Xo,Y) =¢g(X1,Y) + g(X3,Y)
2. g(X, Y1 +Y2) = g(X, Y1) + g(X, Y2)
3. g(fX,Y) = fg(X,Y)
4. 9(X,Y) = g(Y, X)
for all real-valued functions f and vector fields X, X7, X5,Y,Y7,Ys, and g(X, X) > 0 when X # 0.

A Riemannian manifold (M,g) is a manifold M equipped with the Riemannian metric g.
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In terms of local coordinates, g is given by a positive definite and symmetric matrix function
g defined by

gjx = 9(9;, Ok)

Definition B.1.2. For € M, the inner product (X,Y) and the norm |X| for X,Y € M, are

defined by
gX,Y) = (X,Y)y = (X,Y) = Y gjne;fB (B.1.1)
j,k=1
Xy =|X|:= (X, X)}/? (B.1.2)

- 0 - 0
for X = i— and Y = i —
or ;a oz, an ;ﬂ oz,
where, for each € M, M, denotes the tangent space of M at x. Notice that the coefficients g;;(x)

of g form a symmetric and positive definite for any # € M. The inverse matrix of (g;;(z)) is denoted
by (g (x)).

Definition B.1.3. Let f be a O scalar function on manifold M and let X be a vector field on M.
The Levi-Civita connection, denoted by D, is defined as follows: If f is a scalar C!—function on M
and X is a vector field on M, then the continuous linear functional X (f) (in this context, it defines

the derivative of f in the direction of X) is given by (via Riesz Representation Theorem)
X(f)=(Df, X)=(V[f,X) (B.1.3)

where V f is the gradient of f. Also, if H, X, and Y are vector fields on M, then DH denotes the
covariant differential of H. This determines a bilinear form on M, x M, for each z € M, defined
by

DH(X,)Y)=(DyH,X), X,)YeM,, teM (B.1.4)

where Dy H is the covariant derivative of H with respect to Y. The equation of calculating the

covariant derivative is provided below:

n a n a
Dy H = ZY(hk)i + Z hi.BiDo o, <3xk) (B.1.5)
k=1 k,i=1

8xk
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where

Y(hi) = (Vhi, X)y

n B.1.6
Doy, (2} =31t 2 (B0
8/811 axk — Zka’El

with I‘ﬁk being the connection coefficients of the connection D,

1 ¢ 3g'z' 5gz‘ agik ..
It == kp 22ty T 1<i. 4. k<n. B.1.
W) =3 D0 (G + e - ) i<k < (B.1.7)

p=1

and metric g, define the divergence of vector

n
0
Definition B.1.4. Given vector field X = g aia—
T
i=1

field X as follows:

n

_ 1 90
divg X = NGTw ; oz, (\/det g ozz-> = Z {Da/axiX] (B.1.8)

i=1 ¢

The Laplace-Beltrami operator is given by

A, f = div,(DJ). (B.1.9)

Similar to Euclidean space, if f and h are C? functions, we have the following identity:

div (fDh) = fA,h + (Df, Dh).

If f is a C? scalar function on M, then its Hessian D?f(-,-) with respect to metric g is defined by

D*f(X,Y) = (Dy(Df), X). (B.1.10)

Moreover, if v and p denote the unit normal and tangential vectors, respectively along the

boundary 92 of Q@ C M, then

(B.1.11)
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B.2 Properties of Riemannian Geometry

In this section, we list some properties based on the definitions given in the previous section.
These are well-known results; hence, the proofs are omitted. The proofs can be found in the references

listed with each result.

Proposition B.2.1. (/36, 49, 50]) For any function f and vector field H on manifold M, the

following identity holds on each x € M:
(Df, D(H(]) = DH(DS, Df) + 3 (divy(|Df1*H) — D din, H) (B.2.12)

Proposition B.2.2. ([7]) Let u € C'(M) satisfying u|orpr = Oand set Oyu = (Vu-v). The following

properties hold:

1 ou _
8]\/‘“ = mg, Vgu = (8Nu)g 1V
1 ou\’
\Vgu|2 = (Vgu, Vgu) = T B ()
g-tvev \ov (B.2.13)
(Vgu, Vi) = (g—liy)gg % on OM for u,+p € C*(M) such that ulppr =0
1 ou
(H,Vgu) = m([i . 1/)5 on OM for a vector field H.

Proposition B.2.3. Let A(x) and G(z) denote the n x n matrices with coordinates (g°%) and (gir),
respectively for v € R" (i.e G(z) = [A(x)]71). Let f,h € C1(Q) and H, X be vector fields. Then

Df(z) = A(z)Vf, where V[ denotes the reqular Fuclidean gradient,

(Df,Dh), = (A(z)V f, Dh), = VfDh =V fT . A(x)Vh (B.2.14)

D*f(X,X) = Z Qg Zafxl_glﬁ' Z FrgiiTie | @

ij=1 =1 k=1

where f; is the lth coordinate of Df.
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