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Abstract

Let R be a domain. We look at the algebraic and integral closure of a polynomial ring, R[z], in
its power series ring, R[[z]]. A power series a(zr) € R[[z]] is said to be an algebraic power series
if there exists F(z,y) € R[z][y] such that F(z,a(x)) = 0, where F(x,y) # 0. If F(z,y) is monic,
then a(z) is said to be an integral power series. We characterize the units of algebraic and integral
power series. We show that the only algebraic power series with infinite radii of convergence are
polynomials. We also show which algebraic numbers appear as radii of convergence for algebraic

power series.
Additionally, we provide a new characterization of algebraic power series by showing that a conver-

gent power series, a(z), is algebraic over L if and only if a(a) is algebraic over L(a) for every a in

the domain of convergence of «(z), where L is a countable subfield of C.
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Chapter 1

Introduction

1.1 Historical Background

Algebraic power series have been studied from different perspectives. The first is through the lens of
functional analysis. Here, the singularities, cycles, double points, and analytic continuation are ana-
lyzed. For more details, we refer the reader to [1] and [13]. Newton’s Diagram is also given as a tool

to compute coefficients of algebraic power series. We look into Newton’s Diagram more in Chapter 3.

Algebraic power series have also been looked at from a combinatorical viewpoint for generating
functions. For example, the enumeration of plane binary trees with n internal nodes involves the
sequence: 1,1,2,5 14... the well known Catalan numbers [17]. The generating function of the

Catalan numbers is

, — 1 [2
f(:z:)—1+:z:+2x2+51:‘5+14:c4+~-~—T;Jn+1(:)z”.

This power series satisfies the relation

F(x,y) =xy* —y+1=0.



Additionally, the well-known Fibonacci generating function satisfies
Fz,y)=(1—z—2%)y— .

It is known that the radius of convergence of an algebraic power series over QQ is the root of a monic
polynomials with rational coefficients [1], [13] but it is still unknown which algebraic numbers appear
as a radius of convergence. Banderier and Drmota considered this question [2] and conjectured that
all algebraic numbers appear as a radii of convergence when the coefficients are taken over Q. We
investigate this further, show which radii of convergence are known so far, highlight some new results
and insights on the structure of algebraic power series, and give a new characterization of algebraic

power series over a countable field of characteristic 0.

1.2 Mathematical Background

In this section, we review some necessary background. Recall the definition of a polynomial and a

power series.

Definition 1.2.1. We say that f(z) is a polynomial if it has the form

n
; 1
flz) = § ;2" = apT" + ap_12" " + -+ 17 + ag,
i=0

where each coefficient a; is in a ring R. We write f(z) € R[z].
For example, 423 + I2? + 2+ 1 € Q[z], while vz +1 ¢ Q[z]. Given a polynomial f(z) € R[z], a

root of f(z) is a number 7 such that f(r) = 0. The highest power of z with a nonzero coefficient of

f is the degree of f(x) which is written deg(f(z)). For example,
deg(f(z)) = deg(4a® + Iz* + 2+ 1) = 3.

By the fundamental theorem of algebra, if f(z) € Q[z] has degree n > 1 then it has n (not necessarily
distinct) roots in C. We will see that the rudimentary concept that the number of roots is equal to
the degree of the polynomial continues to hold when we introduce another variable and our roots
become fractional power series. In order to discuss power series as roots of polynomials, we need an

additional variable.



Definition 1.2.2. A polynomial in two variables has the form

f(l'vy) = Z Aa,ﬁxayﬂ
0 m

Jeens
0,...,n

where m,n € Ny and A, 3 € R. A polynomial in two variables may also be referred to as a bivariate

polynomial, and we write R[z,y] for the ring of all such polynomials.
Example 1.2.3. The following are examples of bivariate polynomials:
1. f(z,y) =y® — 6oy + 23
2. g(z,y) = (22 + 2+ 1)y° — (5r — Dy* + 3> + (2* — D)y? + (222 — 3z + 1)y + 2.

When working with bivariate polynomials, we will typically want them to have a similar form of
f(z,y) and g(x,y) in the previous example. That is, we will view a bivariate polynomial as a

polynomial in y with coefficients in R[x]. In general they will have the form,

F(z,y) = fa@)y" + fary™ "+ + fr(@)y + fo(z).

When we want to view a bivariate polynomial in this way we denote it by writing F(z,y) € R|[z][y].
The rings Rz]ly] and R[x,y| contain the same elements, but we use the notation R[z][y] to signal
that the variable is y while the coefficients come from R[zr]. This idea generalizes to higher di-
mensions. For example, if we wanted a third variable z and wanted the coefficients to be bivariate

polynomials, we would notate the ring by R[z,y][z].

When we want to talk about the degree of a bivariate polynomial, we specify the variable by adding
a subscript. Given f(z,y) € R[x,y], the highest power on the variable y is denoted deg, (f(z,y))

and the highest power on the variable x is denoted deg, (f(x,y)). For example, consider f(z,y) and



g(x,y) in Example 1.2.3. We have that

deg, (f(z,y)) = deg, (y* — 6zy + 2°) = 3
deg, (f(z,y)) = degy(y3 —6ry +2°) =3
deg, (g(,y)) = degy((ac2 +ao+1)y° —Gr— Dyt +3°2 4+ (2 — Dy + (22> =3z + )y +2) =5

deg, (g(z,y)) = deg,((z* + 2 + 1)y° — (5a — 1)y* +3y° + (a* = 1)y° + (22* =3z + D)y +2) =4

One key characteristic of a polynomial, in any number of variables, is that it only has a finite number

of terms. If we want to allow an infinite number of terms, then we have a power series.

Definition 1.2.4. We say that a(z) is a power series if it has the form
o0
a(z) = ag + a1 + axa® + aza® + -+ = Zaix’,
=0

where each a; is from a ring R. We write a(x) € R[[z]].

Definition 1.2.5. Let a(z) = > " (anz™ € R|[[z]]. When working over a subring of C, the radius

of convergence of a(z) is
1

" limsup ]an|’
n—oo

r.o.c(a(x))

where r.0.c(a(x)) = oo if limsup {/]a,| = 0.

n—o0

Example 1.2.6. The following are examples of power series:

o5 .
La@=1+z+2?+23+ - =Y 2 =L for [z| <1
i=0
2 Ba)=1+%—2 42 52— TEgforu] <1.

We will later see that a(z) is an example of an algebraic power series, while §(x) is an an integral

power series. We can also discuss power series in more than one variable. If we want to allow two

variables, then it takes the form

oo
a(a:,y): Z Aal,agxmya2

a17a2:0

where A,, 4, € R. This concept can easily be generalized uniquely to any finite number of variables,

T1ye--3Tn-



Remark 1.2.7. Though our discussion of polynomials and power series has only been over a finite
number of variables, we can allow an infinite number of variables. In the case of polynomials, the
ring R[xy,a,x3,...] is well defined, because each term of a polynomial is allowed finitely many
variables along with the fact that polynomials only have a finite number of terms. In the case of
power series, however, the ring R[[z1, 2, 3, . ..]] has been generalized in at least three distinct ways

in the literature, but as it is far afield of our goals, we will not delve into this here.

In order to look at algebraic (or integral) power series, we shift from looking at the roots of polyno-
mials and view the the polynomials or power series as roots themselves. Recall the definition of an

algebraic element and properties of the set of algebraic elements.

Definition 1.2.8. Let R C T be integral domains. Then ¢t € T is said to be algebraic over R if it

is a root of a polynomial in R[], i.e., there exists a polynomial f(x) € R[x] such that
f(t) =rpt" + ’I"nfltn_l 4+ 4rt4+ro=0.

If f(t) is monic, then ¢ is said to be integral over R.

Definition 1.2.9. Let R C T be domains. If T is the quotient field of R then

Ralg := {t € T | t is algebraic over R}
is called the algebraic closure of R in T and

Ry = {t € T | t is integral over R}

is called the integral closure of R in T.

Example 1.2.10. Consider Z C Q. Observe that g(x) =2z — 1 € Z[z] and

TORIORERE

Therefore, 5 is algebraic over Z. In fact, ZAlg = Q. By definition, we have that ZAlg C Q. Let



% € Q where p,q € Z and ¢q # 0. We simply note that f(z) = gz — p € Z[z] and

(ORI

Hence Q C ZAlg, and thus ZAlg =Q.

For an example of an integral element, we consider Z C Z[v/2]. Note that f(z) = 22 — 2 € Z[z] is

monic and

F(V2)=(V2)2-2=2-2=0.

Therefore /2 is integral over Z.

In order to show that the collection of all integral (or algebraic) elements form a ring, we establish

an equivalent condition of an element being integral.
Theorem 1.2.11. [16] Let R C T be domains and let ¢ € T'. Then the following are equivalent.

1. t is integral over R.

2. There exists a finitely generated R-submodule A C T such that tA C A.

Proof. (1) = (2) By definition, there exists a monic polynomial
fx)=a"+rp_ 2" '+ +rx+ 1y € Rl

such that f(t) =" +r,_1t" 1+ -+ +rit + 179 = 0. We take A C T generated by {1,¢,...,t" 1}

(2) = (1) Let A C T be generated by {aq,...,a,} where not all of the a;’s are zero. Then we have

the following set of equations
n
taj = Z 75,04
i=1

which leads to

(—t—l—?‘l)l) 71,2 v Tip—1 T1n ay 0
72,1 (—t + 7“2’2) s T2 T2.n ao B 0
Tn,l (7t+’rn7n) (275 0



Since not all of the a;’s are zero, the determinant of the coefficient matrix is zero which leads to a

monic equation in ¢ of degree n. O

The statement and proof of Theorem 1.2.7 and the following corollary can be adapted for an algebraic

element.

Corollary 1.2.12. Let R C T be domains. If ¢1,ty € T are integral (or algebraic) over R, then so

are t1 + to and t1to.

Proof. Let R C T be domains. Suppose t1,to € T are integral over R. Then there exists finitely
generated R-submodules A1, Ao C T such that t;A; C A; and t3A; C As. Then A := A1As is a

finitely generated R-submodule and

(tl + tQ)A cA

tthA CcA

So t1 + t2 and tqto are integral over R. O

As stated earlier, given a polynomial f(z) € Q[z], the roots of f may or may not lie in the field Q.
This is because the field Q is not algebraically closed. In order to guarantee we have all our roots,

we must consider the algebraic closure of QQ, denoted A.

We endeavor to discover the nature of power series as potential roots of polynomials in two variables.
To begin, we need to know in which ring all the roots of bivariate polynomials lie. The ring Q[[z]]
is not large enough as it does not contain the root of F(x,y) = zy — 1. If we include this root
by allowing division by x and consider the field Q[[z]][], this is still not enough. The root of
F(z,y) = y*—a is not in Q[[z]][1]. We additionally need to allow fractional exponents on our power
series. These are called Puiseux series. The algebraic closure of A[[z]] is the ring of all Puiseux

series, denoted A({x)).

Remark 1.2.13. We make a quick note that not every power series can be a root of a polynomial
equation. This can be done by a simple cardinality argument. The number of power series over Q
is uncountable while the number roots of polynomial functions over Q[z] is countable, so there must

be uncountably many power series over Q which are not a root of a polynomial equation.



We summarize the previous sets and introduce any other relevant sets of power series along with

their notation.

Definition 1.2.14. If we consider an algebraic equation of the form

F(z,y) = fa@)y" + fac1(@)y" "+ + fi(z)y + folz) (1.1)

where n € N and f;(z) € R[z] for 1 < i < n, the set of all power series solutions in R[[z]] to an

equation of the form (1.1) form a ring denoted Raug[[x]].

All elements of Rajg[[z]] that are solutions to monic algebraic equations of the form (1.1) form the
ring of integral power series, denoted Ryy[[z]]. In other words, all elements a(z) € Riy[[x]] satisfy

an equation of the form
F(z,y) =y" + far(@)y" ™" + -+ fr(2)y + fo(z) = 0. (1.2)

Definition 1.2.15. Let K be the algebraic closure of the quotient field of R. The algebraic closure
of K[[z]] consists of fractional power series called Puiseuz series and are denoted K ((z)) [17]. The

elements of K((x)) have the form
o0
i=m
where r; € k,m € Z,n € N are fixed.
Here are the notations that we will use for some central ring constructions:
n
The polynomial ring R[x] = {Z riz' | € Ryn € NO}
i=0
o0
The formal power series ring R[[z]] = {Z izt | r; € R}
i=0

o
The formal Laurent series ring R[[z]][1] = {Z rix' | € Rym € Z}

i=m

The Puiseux series ring R{(z)) = {Z ra/™ | r; € Rym € Zyn €N ﬁxed}

The algebraic series ring Rag[[z]] = {f(x) € R[[z]] | f(z) is algebraic}

The integral series ring Rin[[z]] = {f(x) € R][z]] | f(x) is integral}

8



Example 1.2.16. Notice that

11 ) — 1
f@)= 5+ - +ltata +~~Z}_§72$ € R[[=]][3],
however,
1 1 2 - i 1
g(x):...+ﬁ+g+l+x+x +--~=4_§_ T ¢R[[$]][E]

That is, the ring R[[z]][2] contains series which start at a given integer m.

Example 1.2.17. The denominator of the exponents in the powers of a Puiseux series is bounded

by a given natural number. For example,
f(x) :1+$1/2+.’E+$3/2+x2+...:in/Q
i=0
g@) = b p V2 p B 1 /B gl 28

are both Puiseux series. It is worth pointing out that not all series with fractional exponents are

necessarily Puiseux series. For instance,

o0

$+1,1/2 +x1/4 +xl/S .= le/gi
=0

e n2+41

$2+$5/2+$10/3+I17/4+...: T
n=1

are not Puiseux series.

Example 1.2.18. We recall our first power series from Example 1.2.6

1

=1 24 ... = )
a(x) +x+a°+ -

This is an algebraic power series because it is a root of F(x,y) = (1 —x)y — 1. We have

1

— X

F(x,a(x)):(l—x)(a(:v))—lz(l—x)(l )—1=1-1=0.



The second power series from Example, 1.2.6

T 2 3 5t
=1 -7 - o= 4/1
Ba)=1+5 -5+ 1" t

is a root of F(z,y) = y% — (1 + x), because
F(z,f(z)) = (B(x))* = (z+1) = (VI+2)’ - (1+a) =1+z - (1+z) =0

Thus, S(x) is an integral power series.

o) .
Example 1.2.19. Notice that even though f(z) = > 2’ from Example 1.2.16 is a root of the

i=—2

polynomial

F(x,y) =21 —2)y — 1 € R[2][y],
f(x) ¢ Raigl[z]] because f(x) is not a power series. In this case, we say that f(z) is an algebraic

Laurent series.

Similarly, the Puiseux series in Example 1.2.17 are all algebraic. For example, the first Puiseux

series given,
oo
§ xz/2’
i=0
satisfies

(1-2)y* —2y+1=0.

Remark 1.2.20. Notice that R[x] C R[[z]] as f(z) € R[z] is a root of

F(z,y) =y — f(z) =0.

Also, ggg € Rag[[x]] given that g(0) € U(R) since it satisfies

F(z,y) = g(x)y — f(z) = 0.

The condition g(0) € U(R) assures that % € R[[z]]. Also observe that Ry [[z]] is a proper subset

10



of Raig[[z]] as ﬁ € Raig[[z]] but ﬁ ¢ R[]

Observation 1.2.21. We observe that every algebraic power series is an integral power series

divided by a polynomial. To see this, let a(x) € Raig[[z]] and let

F(z,y) = fa(@)y" + foc1(@)y" "+ + fi(@)y + fo(z) (1.3)

be the bivariate polynomial such that f,,(x) # 0 and F(x, a(z)) = 0. Multiplying Equation (1.3) by

Fula)™ gives
Fal@)™y" + fa (@) @ e @) i @)y (@) o).

Letting v = f,,(x)y, we get

V't fam1 (20" (@) faa(@)0" T A fu(@)" T (@) + fu (@) o). (14)

We notice that Equation (1.4) is monic and that f,(z)a(x) is a root of it. Therefore, f,,(z)a(x) is

an integral power series.

Since we are concerned with power series solutions to equations of the form (1.1), it is good to
know when a given bivariate polynomial has a power series solution. In general, given an equation
of the form (1.1) it is difficult to tell whether a power series solution exists. There are some ways
to alleviate this problem, and one way is to use the implicit function theorem. We first recall the

following definitions.

Definition 1.2.22. A function f is holomorphic on an open set U C C if it is differentiable at every

point within U.
Definition 1.2.23. A function f is entire if it is holomorphic on all of C.
This statement of the implicit function theorem is taken from [18] and provided for completeness.

Theorem 1.2.24. (Implicit Function Theorem) Suppose that F(z,y) is holomorphic in the
bidisc D(z0, R1) x D(yo, Ro) € C2. If

OF
F(x07y0) =0and — # 07
Y l(@o,y0)

11



then there is a disc D(zg,79) and a unique holomorphic function f(x) defined on D(xq,r) with

f(xo) = yo for which
F(z, f(z)) =0

holds for x € D(xg,r0). Moreover, that function f(x) is represented by

1 F(z,y
27% QMC@’
™ C7 F('I'?y)

where C' is the boundary of the disc D(yo, 1) is a suitably chosen circle.

The implicit function theorem also holds when working over the field R with the additional condition

that coefficients of F'(x,y) come from R.

Remark 1.2.25. When working over Q or R, the implicit function theorem has a geometric inter-

pretation. If the graph of F(z,y) is differentiable at any point on the y-axis, then there exists a

power series solution to F(z,y).

Example 1.2.26. We consider
2
F(z,y) = (y* +2°) — (y* —2?) = 0.

We note the graph (made in Desmos) of F(z,y) in R is:

12



Its y-intercepts are y = 1,0, —1. The relation F(x,y) has four power series solutions centered at
x = 0. Observe that

Fy(z,y) = 4y(2® +y*) — 2y

and

Fy(071):_2a Fy(ov_l)ZQa Fy(0,0):O

By the implicit functional theorem, there are at least two power series solutions. When the partial
derivative is zero, more work needs to be done to find out if F(z,y) has additional power series

solutions. For this example, we simply use the transformation y = xv, yielding
F(z,zv) = —22(1 4+ 2% — v? + 22202 + 2%0%).

Dividing both sides by —z? gives

G(z,v) = 1+ 2% —v? 4 22%0? + 2%0*

which has v-intercepts v = —1,1. Now,
Gy(z,v) = =20+ 42v + 42%0®, G,(0,—1) =2, G,(0,1) =2.

Thus G(x,y) has two power series solutions, ¢1(x) and g2(x) which means that z¢;(z) and zg2(x)

are power series solutions for F(z,y), and F has four power series solutions in total.

Remark 1.2.27. In the previous example, the partial derivative with respect to y at the origin is
zero because the graph intersects itself. The substitution y = xv is a type of blowing up a curve at
a point. The blow up separates the intersection into two curves referred to as the exceptional curve
(in this case, x = 0) and the blow up (in this case, 1 + 22 — v? + 22202 + 2%v* = 0). For additional

reading, we refer the reader to [12].

Example 1.2.28. We consider
Flz,y) =2z (22 +12) + (2% +9%)" — o

and its graph.

13



We have that

Fy(z,y) =2y — day — dy(2® + ¢*), F,(0,1) = -2, F,=(0,—-1)=2

which gives us two power series solutions. Because the graph has a cusp at the origin, the two

solutions at (0,0) correspond to Puiseux series solutions.

In the previous examples, we are guaranteed power series solutions by the implicit function theorem
but we do not know what they are. If one wanted to compute the series solutions (power series of
Puiseux series) one can utilize Newton’s Diagram. We explore this concept further in Chapter 3,
so given an equation of the form (1.2), we will have a practical technique to determine power series
solutions, if any. The harder direction is trying to determine if a given power series is a solution
to an equation of the form (1.1). Excluding polynomials, the solutions to algebraic equations must
have finite radii of convergence, as a consequence of Theorem 1.2.24. In order to show where the
representation (1.5) in comes from, we recall some concepts from complex analysis. The following
argument closely follows from [1] and [13]. The theorems and definitions can be found in [19], [25],

or [29] some theorems are presented without proof.

Definition 1.2.29. If a function f fails to be analytic at a point zg, then this point is said to be

singular point. There are three classifications of singular points: removable singularities, poles of

14



order n, and essential singularities. In order to define the type of singular point, we first write f in

its Laurent series expansion centered at z = 2y, i.e.,

flz)= Za_k(z — zo)*’c + Zak(z — zo)k.
k=1 k=0

The point z = zq is called:
1. a remowable singularity if a_; = 0 for all k.
2. a pole of order n if a_, # 0 and a_ = 0 for k > n.

o)
3. an essential singularity if > a_x(z — z0)~* contains infinitely many nonzero terms.
k=1

Example 1.2.30. The function f(z) = % has a removable singularity at z = 0. To see this

we write
2k—1

cos(z)—1 z 23 > z
R e Y & ) e

| |
z 2! 4! —

As a_i, =0 for all k, f(z) has a removable singularity.

The function f(z) =

= 1 because it is equal to its Laurent se-

ries expansion at z = 1. That is,

0 0 1
(—2p -2z T =2

JE) =

The function sin(1) has an essential singularity at z = 0. This can be seen by its Laurent series

expansion
k— 1

1 o0
f(z):""f't—)!? Z 1sz1
k=1
With poles being defined, we can now define a meromorphic function.

Definition 1.2.31. A function f defined on an open set U is said to be meromorphic on U if it is

analytic everywhere except at a discrete set of points which are poles.

Theorem 1.2.32. (ML Inequality) If f is continuous on a smooth curve C and if | f(z)| < M for

all z on C, then | [ f(z)dz| < ML, where L is the length of the curve C.

15



We can now establish the theorems needed to see where (1.5) comes from.

Theorem 1.2.33. (Argument Principle) If f is meromorphic on and within a closed curve C'
and if f(z) # 0 on C, then

1P
omi Jo f0) 7P

where C' is traversed counterclockwise, Z is the number of zeros of f within C, and P is the number

of poles within C'.

Corollary 1.2.34. Let f have zeros z; and poles p; within the curve C. Assuming f satisfies the

conditions of the argument principle, an immediate consequence is

o § 9 55 as = gtean(Ciz) - EatwniCiny (16)

where n(C'; z;) is the multiplicity of z; and n(C;p;) is the order of p;.

We use (1.6) when given a bivariate polynomial F'(z,y) € R[z|[y]. Suppose deg,(F(z,y)) = n and

that F(0,y) = 0 has n distinct solutions, say y1,...,y, € C. Let

1 .
r=3 (L min G- ul}).

Then the disks defined by |y — y;| < r are pairwise disjoint. Let C; be the circle |y — y;| = r. By the

argument principle we have that

ori Jo, Fla,y)

i

dy =1,

because there is only one zero within C;. Denote this zero as f;(x). Then by (1.6),

1 Ry,

which is the representation given in Theorem 1.2.24.

Now we have established that an algebraic power series must have a positive radius of convergence.
Additionally, we know that polynomials are algebraic power series and have an infinite radius of

convergence, and in fact, polynomials are the only algebraic power series that have an infinite radius
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of convergence. In order to show that having an infinite radius of convergence implies being a

polynomial, we establish the following lemma and proposition.

Lemma 1.2.35. (Cauchy’s inequality) Let

[2) =Y iz~ a)
1=0

have radius of convergence R > 0. Then

_ M)

200
n!

Tn

for all 0 < r < R, where

M(r) = sup{|f(2)| : [z —al =R}

Proof. The theorem follows directly from

I Ry R
- [

n! 2mi —a)ntl

where 7(6) = a + Re® for 0 < 6 < 27, O

Proposition 1.2.36. If f(z) is entire and |f(z)| < M|z|™ for an M > 0, m € Ny and for all z € C

such that |z| > R € R, then f(z) is a polynomial of degree less than or equal to m.

Proof. Suppose f(z) is entire and |f(z)| < N|z|™ for some N > 0, m € Ny and for all z € C such

that |z| > R € R. Since f(z) is entire, it is equal to its Taylor series expansion centered at zero, i.e.,

7

> £@) .
=0 ’

Applying Lemma 1.2.35, we have that

for r > 0. When r > R, we have that

M(r) < Nz|™ < Nr™

17



and thus

! M| |
|f(”)(0)| < M(Z)n < Nrnn. _ ],\ﬁlm
T T T
When n > m we have that
Nr!
F0)] < S 5 0as T — o

Therefore,

@) (0) .
f(z):zf (O)ZlGR[Z].

m
i!
=0

(2

O

Remark 1.2.37. We point out that Liouville’s theorem is a direct corollary of Proposition 1.2.36

when m = 0.

We are now able to show that an algebraic power series has an infinite radius of convergence if and

only if it is a polynomial.

Theorem 1.2.38. Let R be a subfield of the complex numbers and o € Rajg[[z]]. Then a(z) € R|x]

if and only if r.0.c(a) = oo.

Proof. The forward direction is trivial. Conversely, suppose that r.o.c(a(z)) = co. By definition

there exists an irreducible polynomial

F(z,y) = fu(@)y" + fao1(@)y" "+ + filz)y + fo(x) € Rlz][y]

such that F(z,a) =0. Let m = [Jnax {deg(fi(z))}. Then there exists M; > 0 such that

n
Z |fi(2)] < |z|™* for |x| > M;.
i=0

Let
|f2(0)] if £ (0) #0

o
Il

1 otherwise.

There exists My > 0 such that ¢ < |f,(z)| for all |x| > M. Let M = max{M;, M>}.

18



We have that

n—1

=0
If |a(x)] < 1, then

[fu(@)lla(@)]" < |fu(x)lla(x)] < |fu(z Z

If |a(x)]| > 1, then

n—1
[ (2)o(z ”<Z|fz a(@)| < la(@)|" Y |filx)
=0

Therefore,

@)l |<i|fz <3 1)

i=0
holds regardless of the modulus of «(x). Thus, when |z| > M, it is the case that
n
cla(@)] < [fa(@)lla(@)] < Y 1 fil2)];
=0
which implies that

1 - 1 m+1
DI < LI < el

We note that a(z) is entire because its radius of convergence is infinite. Therefore, by Proposition

1.2.36, we have that a(z) is a polynomial, i.e., a(x) € R]x]. O

Corollary 1.2.39. Any power series with an infinite radius of convergence that is not a polynomial

is transcendental. For example, e*, sin(x), and cos(x) are transcendental functions.
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Chapter 2

Minimal Polynomials and Unitary

Elements

2.1 Preliminary Results

We will begin by establishing some preliminary results on minimal polynomials and units.

Definition 2.1.1. An element u in a ring R is a unit if there exists v € R such that uv = 1. We

denote the set of all units of R by U(R).
For our context, the ring R will be an integral domain, typically Q.

Definition 2.1.2. We say that p(z,y) € R[z][y] is irreducible if whenever p(x,y) = a(x,y)b(z,y),

either a(z,y) or b(x,y) is a unit.

Theorem 2.1.3. Given an algebraic power series a(z) € Raig[[x]], then there exists a unique (up to

scalar multiples) irreducible polynomial of minimal degree p(z,y) € R[z][y], such that p(x, a(z)) = 0.

Proof. Let K be the quotient field of R. Since K(z) C K(x)[a(z)] is an algebraic field extension,
there exists a unique minimal polynomial, up to associates, G(z,y) € K (x)[y] such that G(z, a(x)) =

0. We write
L h@) o folw)
(@)’ a@” " 9@

Let
9(x) = o 52, (gi(2))
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and define F(z,y) = g(z) - G(z,y). Clearly F(z,y) € R[z][y], so this is the minimal polynomial of

a(z). Uniqueness of F(x,y) follows from the uniqueness of G(x,y). O

An alternative proof that does not assume the existence of a unique minimal polynomial for an

algebraic field extension is as follows:

Proof. Let
S = {deg,(p(z,y)) | p(z,y) # 0 is irreducible and p(z, a(r)) = 0}.

Since «a(x) is algebraic, there exists an irreducible F[x][y] € R[x][y] of the form

Fn(@)Y™ + fne1(@)y™ 4+ fi(@)y + fo

where f; € R[z] and m > 1 such that F(z,a(x)) = 0. Then m € S, so it is nonempty. We observe
that S is in one to one correspondence with a subset of the natural numbers. By the well-ordering
principle, there exists a minimal element n > 0. Suppose there exists two irreducible polynomials

a(x,y) and b(x,y) of degree n in the variable y such that a(x, a(z)) = b(z, a(x)) = 0. Writing

a(z,y) = fu(x)y" + -+ fr(z)y + fo(z)

b(x,y) = gn(x)y" + -+ g1(x)y + go(2),

we define r(z, ) = ga (¢)a(z, y)—fu(@)b(x,y). Clearly, r(z, a(x)) = gu(¥)a(z, a(x))—fr (@)b(x, a(z)) =

0 and deg, (r(x,y)) < n. The only way this is possible is if r(z,y) = 0. This implies that

fn(@)gm () = gn (@) fm (2)

for all m < n. Therefore,

_ gn () fin ()

Let c(x) = ged(fn(x), gn(x)). Writing g, () = ¢(2)gn(x) and f,(z) = c(z) fn(x), we see that

gn(2) = Gu(a) (f;"(‘x)) ) CRE = Ju(@)| fule)

for all m < n. Since a(x,y) is irreducible, the only way this is possible is if f,,(x) € U(R). Similarly,
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gn(z) € U(R), and therefore we have f,(z) = cgn(x) for some ¢ € U(R), which implies that

b(x,y) = ca(x,y), and this completes the proof. O

We now characterize the units of integral power series and algebraic power series. We begin with

the algebraic power series.

Theorem 2.1.4. Let a(x) € R[[z]]. We have that a(z) € U(Raig[[z]]) if and only if
a(z) € U(R[[z]]) 0 Raig[2]].

Proof. (=) The forward direction is trivial.

(<) Suppose a(z) € U(R][[z]]) N Raig[[]]. Since a(x) € Raig[[z]], there exists

F(z,y) = fu(@)y" + faor(@)y" ™+ + fi(@)y + fo(z)

such that

F(z,a(2)) = fa(2)(a(@))" + fo-1(2)(a(2))" 7" + - + fi(z)a(z) + fo(z) = 0. (2.1)

Since a(x) € U(R|[]]), there exists (a(x))~! € R[[z]] such that a(x)(a(z))~! = 1. Multiplying both
sides of (2.1) by ((a(z))~1)" yields

Fu(@) + fa-r(@)(a(2)) ™) + - + fi(@)((al2)) )" + folz)((a(z) )" = 0.

Therefore (a(x))~! satisfies G(x,y) := fa(2)+ fo_1(@)y+- -+ fi(z)y" 1+ fo(z)y™ € R[z][y]. Hence
a(z) € U(Raig[[«])). O

In other words, the unitary algebraic power series are precisely the unitary power series, which are
also algebraic. The same result does not hold for integral power series, because if a(x) € U(R[[z]]) N
Rint[[x]], it is not necessarily true that a(x) € U(R[[x]]). This is because the power series (a(z))~*
is algebraic but often fails to be integral. The easiest example is if a(z) is a nonconstant polynomial.
Then (a(z))~! is a root of a(x)y — 1, which implies that (a(x))~! is algebraic and not integral. To

ensure the inverse is also integral, we have to impose a stronger restriction on the minimal polynomial

of a(x).
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Theorem 2.1.5. Let a(x) € R[[z]] have minimal polynomial F(z,y). Then
a(z) € U(Rm[[z]]) < a(z) € Rm|[z]] and F(z,0) € U(R).
Proof. Let

F(z,y) =y" + fac1(@)y" "+ + fi(@)y + fo(z) =0

be the minimal polynomial of a(z).
(=) Let

G(z,y) =y + gm-1(2)y" '+ + g1(z)y + go(z) = 0

be the minimal polynomial of a(z)~!. We have that

F(z,a) =a" + fn_1(x)a™ ' 4+ fi(x)a + fo(x) =0,

which implies

L faca(@)a@) ™ 44 fi(z)a(@)” "0 + fo(@)a(z) " = 0.

1

Since G(z,y) is the minimal polynomial of a(z)~!, we have that m < n. Reversing the roles of a(x)

and (a(z))~! gives us n < m, hence n = m. Now we have that

a" 4 froo1(x)a™ 4 fi(@)a+ fo(z) =0

go(z)a™ + gl(x)a"_1 +o 4 gno1(@)a+1=0

By uniqueness of minimal polynomials, the only way this is possible is if the two polynomials

Y' A+ o1 @)y o+ fi(@)y A+ folz) =0

go(@)y" +g1(2)y"  + o+ g2y +1=0

are associates. Thus, it must be the case that go(z), fo(z) € U(R).

(<) We write fo(z) as fo to emphasize that it is in U(R). We know that F(z,0) € U(R), which
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implies that a(0) # 0. Therefore a(z)~! € R[[z]]. Additionally, we have that
L4 fua(@a(@) 4+ fi(@)a@) "D + foae) " =0,
Hence (a(x))~?! is a root of
G(z,y) = y" + gnay" ™'+ +g1(2)y + go(w) = 0,

where g;(z) = fo ' fa_i(z) € R[z] for i = 0,1,...,n — 1. Therefore, (a(x))~' € Ryus[[z]]. O
Remark 2.1.6. We give a more sophisticated example to demonstrate that
a(z) € U(R[[z]]) N Rt[[z]] # a(z) € U(Rmt[[z]]). We recall Example 1.2.26,
F(z,y) = (y* +2%)* = (y* —2%) =0,
which is a lemniscate. We previously showed that it has four power series solutions. We consider

the power series which passes through (0,1). The first few terms are

322 25z 20325  81812% 92037210
2 8 16 128 256

We notice that (a(x))~! € U(R][[z]]), however its minimal polynomial is

G(z,y) = (9:2 + x4) y4 - (1 - 2x2) y? + 1,

which implies that (a(z))™! € Raig[[z]] but (a(z))™t & Rint[[z]].
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Chapter 3
Puiseux Series

3.1 Newton-Puiseux Algorithm

Let R be an integral domain and K its algebraic closure. We are interested in roots which satisfy

an equation of the form

F(z,y) = fa@)y" + fu1(@)y" "+ + fi(x)y + fo(z) = 0. (3.1)

We have seen that if F,(zo,y0) # 0, then the implicit function theorem guarantees a power series
solution. However, the ring of power series R[[z]] is not enough to contain all of our roots. Even the
ring allowing division by x, R[[z]][1], does not contain all of the roots. We need to allow fractional
exponents on our series. The set of fractional Laurent series are called Puisuex series and are

denoted

o0
R{(x)) = {Z rixt/™r; € Rym e Z,n € N ﬁxed} .
The result that there are n roots which lie in K ((z}) is due to Victor Puiseux [17].
Theorem 3.1.1. (Puiseux’s Theorem) The field K ((z)) is algebraically closed.

Given an equation in the form of (3.1), the solutions can be obtained term by term using the Newton-
Puiseux algorithm, first used by Isaac Newton and then later by Victor Puiseux. We provide a loose
sketch of the algorithm, and we refer the reader to [4] for a more in-depth view. We will use an

example to establish working definitions needed to apply the algorithm.
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Example 3.1.2. We consider the set

S ={(1,0),(3,0),(0,4),(0,1),(1,1),(4,3),(2,2)}

and its graph

49
®
2 )
o o
0 * 2 * 4

The boundary of the convexr hull is the boundary of the smallest convex polygon containing all of
S, which is given below in figure (a). The boundary of the lower hull is the boundary of the lower
section of the convex hull from the top left point to the lower right point of the convex hull, which is
given below in figure (b). An edge is a line of the convex hull that goes through at least two points,

an example is given below in figure (c).

RS CHTa
N N N

\ 4 \ 4

‘ 0 0

(a) The boundary of the convex

bull (b) The lower convex hull (c) An edge of the lower hull
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We will work over C. The Newton-Puisuex Algorithm applied to

F(z,y) = Z Ag pr®y®,
0,...,m

a=0,...,
£=0,...,n

consists of the following steps:
1. Compute and plot A(F) := {(e, f) | Aa,g # 0}.
2. Compute the boundary of the convex hull.
3. Pick an edge, F, of the lower hull with a nonzero slope.

4. For every point E passes through, set the sum of the corresponding monomials equal to zero

and solve for y.
5. Use y = 2™ found in step four and repeat the algorithm for F(z,y + x®).

Example 3.1.3. We will compute the first two terms of the power series expansion which goes
through the point (0,1) from Example 1.2.16. We know this power series must satisfy f(0) =1, so

we start the algorithm at 1 4+ y. We have that
F(z,1+y) = =322 — 2% — 2y — 42’y — 5y — 22%9% — 4> —y* = 0.
1. In the first step, we compute and graph

A(F) ={(2,0),(4,0),(0,1),(2,1),(0,2),(2,2),(0,3), (0,4)}.

= 2
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2. Next we compute the boundary of the convex hull.

~@

'
N

(a) The boundary of the convex hull (b) The boundary of the lower hull

3. Next we pick an edge of the boundary of the lower hull with a nonzero slope. We are forced

to choose the edge which passes through (0,1) and (2,0).

4. The point (0, 1) corresponds to —2y and the point (2, 0) corresponds to —3z2. Setting the sum

of the corresponding monomials gives

2y —32°=0 = y= —ng.

We repeat the process with Fi(z,1— 322 +y) = —2?+ (1— (322)/2+y)? — (2 + (1 — (32%) /2+y)H)*%

1. We compute and graph

A(F) ={(4,0),(6,0), (8,0),(0,1),(2,1), (4,1), (6, 1), (0,2),(2,2), (4,2), (0,3), (2,3), (0,4)}.
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2. Next we compute the boundary of the convex hull.

0 , l :
EEEEEEEE SRNR ANNEE
(a) The boundary of the convex hull (b) The boundary of the lower hull

— 00

3. We pick an edge of the boundary of the lower hull with a nonzero slope. We are forced to take

the edge which passes through (0, 1) and (4,0).

4. The point (0,1) corresponds to the term —2y and the point (4,0) corresponds to the term

2745:104. Setting the sum of these monomials to zero yields

2 2
—2y — Z5x4 = y= —§5x4.
Thus far we have determined that y = 1 — 3/222? — 25/8z% are the first three terms of the

power series solution. Graphically we have:
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This algorithm also works for fractional power series. We will demonstrate this with our second

example.

Example 3.1.4. We consider the curve in Example 1.2.17
F(x,y) =2z (x2 + y2) + (:E2 + y2)2 -2

1. We compute A(F) = {(3,0), (4,0),(0,2),(1,2),(2,2),(0,4)} and provide its graph.

20

2. Next we compute the boundary of the convex hull.

&

(a) The boundary of the convex hull (b) The boundary of the lower hull

3. We are forced to choose the edge which passes through (0,2) and (3,0).
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4. The point (0,2) corresponds to —y? and the point (3,0) corresponds to 223. Setting the sum

of these monomials to zero yields

-2 +223=0 = y= +v/223/2

Now we repeat the algorithm with F(x,y + v/22%/2):

1. We compute A(F) = {(4,0),(5,0), (6,0),(3/2,1),(5/2,1),(7/2,1),(9/2,1),(0,2), (1,2), (2,2), (3,2), (3/2,3), (0, 4)}

and provide its graph.

2. Next we compute the boundary of the convex hull.

-2 -2

(a) The boundary of the convex hull (b) The boundary of the lower hull
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3. Picking the edge which passes through (0,2), (%, 1) leads us back to the negative Puiseux

solution. Instead, we choose the second edge which passes through (2,1), (4,0).

4. The point (%, 1) corresponds to 2v/2x3/?y and the point (4,0) corresponds to —5z*. Setting

the sum of these monomials to zero yields

5a:5/2

2V2

—5at 2V Py =0 = y=

So we have that y = v/223/2 + % are the first two terms of the power series solution. Graphically

we have:

4
2
-6 -4 —A\/O 2 4 6
-2
4

It has been shown in [4] that every solution to F(z,y) = 0 can be found by using this algorithm.
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Chapter 4

Radius of Convergence

4.1 Radii of Convergence for Algebraic Power Series

In this section, we investigate the radii of convergence of algebraic power series. Recall that o(z) is

an algebraic power series if there exists F(z,y) € R[z][y] such that F(z,«(z)) = 0. We write

F(z,y) = fa(@)y" + fac1(@)y" "+ -+ fi(@)y + fo(=),

where f,(x) # 0, and we denote the partial derivative of F' with respect to « and y as F,(z,y) and
F,(z,y) respectively. We first establish that the radius of convergence for an algebraic power series
is indeed an algebraic number. In order to show this, we recall the resultant of two polynomials and
the discriminate of polynomial. We refer the reader to [5] and [7] for more details. Let R denote an

integral domain.

Definition 4.1.1. The resultant of f(z) =Y . ;a;z° and g(z) = Y_/* bz’ in R[z] is the determi-

nant of the Sylvester matrix:
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Qg bm
Gn—1 Gn, bm—l bm
Gp—2 QAp-1 . bm72 bmfl
a2 . GAp an—Z . bm
ap Ap—1 bo br—1
ago QAp—2 bO bm72
ap bO

We denote the result of f and g by Res(f, g).

The resultant has many useful properties [7]. One property we highlight is that Res(f, g) = 0 if and

only if f and g have a common root in C.

Example 4.1.2. The resultant of f(z) = 1 + 2z + 2% and g(x) = 3 + 3z is

1 3 0
3 3 2 3
Res(f,g)=12 3 3/=1- -3 =9-3(6—-3)=9-9=0
0 3 1 3
1 0 3
This shows that f and g have a common root. Upon inspection, one sees that x = —1 is a shared

root of f and g.

The resultant of f(z) =2+ z and g(z) =x — 5 is

1 1
Res(f,g) = =-5-2=-T.
2 =5

When working with polynomials in two variables, we specify which indeterminate is viewed as the

variable by adding a subscript and treating the other variable as a coefficient.
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Example 4.1.3. Let F(x,y) = 2?y?> + 1 and G(x,y) = (z + 1)y. Then

2 x+1 0
, |0 z+1 0 z+1 ) )
Res,(F,G)=|0 0 z+1|=2"" —(z+1)- =0+ (x+1)2=(x+1)
0 0 1 0
1 0 0
and
v y 0 .
vy
ReSz(F7G): 0 y vy :y2 —y :y4+y2
0 y Iy
1 0y

With the resultant defined we can now define the discriminant [14].
Definition 4.1.4. Given a polynomial f(z) = ag + a1z + - - - + a, 2™, the discriminant of f is

(_l)n(nfl)/Q

Disc(f) = Res(f, f')-

n

Because the discriminant is defined via the resultant, it inherits the property that Disc(f) = 0 if

and only if f and f’ have a common root.

Observation 4.1.5. An equivalent condition that f and f’ have a common root is that f has a
repeated root. To see this, let deg(f) = d and denote the roots of f as r;, i = 1,...,d. Then we

have that

Hence,

f(x) and f’(z) have a repeated root r; <= f'(r;) = H (ri—m;)=0
1<j<d
J#i
<= r; =r; for some j #1i

<= 7r; has multiplicity at least 2.
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Example 4.1.6. The derivative of f(z) = az? + bz + ¢ is f/(r) = 2ax + b, and then

a 2a 0
—1)3 -1 b 2a b 2a -1
Disc(f) = (=1) b b 2al=—1a- —2a - = —(ab*—(2ab*—4a*c)) = b*—4dac
“ @ 0 b c b @
c 0 b

Example 4.1.7. Let F(z,y) = y*> — 22 + 23. Then F,(z,y) = —22 4 32” and F,(z,y) = 2y. We

have

1 2 0
- (-1)° 2, .3 2, .3
Discy (F) = T 0 0 2|=-1(-2(0—-2(—2z"+2°))) = —4(—z" +2°)
—z2+2® 0 0
1 0 3 0 0
-1 1 -2 3 0
. (=D 2 >
Disc,(F) = ~—=—]0 -1 0 -2 3|=-y(-4+27y)

Remark 4.1.8. Given a bivariate polynomial F'(z,y) € R[z][y] with deg, (F) = n and deg, (F') = m,
deg(Discy (F)) < 2m(n — 1). We write

F(2,y) = fa(@)y" + fa-1(2)y" ™" + -+ fi(@)y + fo(2).

The degree of the discriminant being bounded by 2m(n — 1) follows from the fact that the resultant

36



comes from taking the determinant of the 2n — 1 x 2n — 1 matrix

fr—1(z)  fu(2) (n—1)fa-1(z) nfn(z)
faa@) faa(@) (n= D 2(2) (= 1)fu ()
B o fa@) 5 (= Dfua@) " nfa@)
fo(@) : o fama(@) fi(z) 5 o (n= 1) fpea(2)
fo(x) fna(2) fi(x) (n = 2)fn—2(x)
fo(z) fi(z)
By writing

RGS(F, Fy) = Z Sign(ﬂ—)alﬂr(lﬁ a2 7 (2) -+ - An w(n)

TESan—1
We see that fi,(x) must divide every term of the sum of Res(F, Fy). Since the highest degree on
any f;(z) is m, the largest degree from the determinant is m(2n — 2) + deg(f,). Upon dividing the

discriminant by f,, (), the highest possible degree of Disc, (F') is 2m(n — 1).

With the definition of discriminant established, we return to showing that the radius of convergence
for an algebraic power series is an algebraic number. Every algebraic power series is a root of a

bivariate polynomial of the form

F(z,y) = fa@)y" + fac1(@)y" "+ + fi(z)y + fo(z).

The singularities of F(xz,y) are of three types [1], [13]:
1. roots of f,(z)
2. xo € C such that F(xg,y) has a root of multiplicity greater than one.
3. points at infinity.

We have already established a necessary and sufficient condition for an algebraic power series to
have an infinite radius of convergence, so we will consider algebraic power series which are not a

polynomials. Thus, we only focus on the first two scenarios. The singularities from the first two
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scenarios will mark potential radii of convergence for algebraic power series [13]. The first are all
the roots of f,(x). If F(x,y) has a repeated root, then Disc,(F) = 0. By Remark 4.1.8, there are
only finitely many z-values that satisfy this condition. Because the singularities mark the potential
radii of convergence and they are either roots of f,,(z) or Discy(F'), the radius of convergence must

be an algebraic number.

4.2 The C-set

It is natural to ask if every algebraic number appears as the radius of convergence of an algebraic
power series. The question was asked under a different context by Banderier and Drmota in [2]. In
that paper, the authors conjecture this to be true when working over the rational numbers. In order
to establish which algebraic numbers appear as radii of convergence of algebraic power series, we

first establish some definitions and observations. Throughout, let F' be a field.

Definition 4.2.1. A field F is said to have characteristic n if n is the smallest positive integer such

that nlp = 0. If no such n exists, the field is said to have characteristic 0.

Definition 4.2.2. The splitting field of f(x) € F|x] is the smallest extension field L of F' such that

f(z) splits into linear factors, i.e.,

fx)=a(zx —a1)(x —ag)...(r — a,) where a € F, «; € L.

Definition 4.2.3. A nonconstant irreducible polynomial f(z) € R[x] is separable if its factorization
in a splitting field has distinct linear factors.
A field extension F' C L is separable if for every a € L, the minimal polynomial of « is separable

over F'.

Definition 4.2.4. Let F' C L be a field extension. The separable closure of F'in L is the set

{a € L | o is separable over F'}.

The separable closure of F' is the separable closure of F' in its algebraic closure.

Remark 4.2.5. When working over a field of characteristic zero, every algebraic extension of F' is

separable [14]. Therefore, the algebraic closure and the separable closure are equal.
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Definition 4.2.6. The absolute Galois closure of a field K is the set of all automorphisms of the

separable closure of K that fix K.

Let F C E be a field extension. Fraleigh showed in [10] that every isomorphism on E can be lifted
to an isomorphism on the algebraic closure of F'. In particular, if F is a splitting field, then every

automorphism of E leaving F fixed can be extended to an automorphism of F which leaves F fixed.

In this paper, we are only concerned with the absolute Galois closure of Q denoted G := Gal(A/Q).
Since Q has characteristic zero, by Remark 4.2.5 its separable closure is the algebraic closure of Q.

We note that any automorphism o in a Galois group can be lifted to an automorphism & € G [10].

Let a € A. Throughout the rest of this paper, we denote the minimal polynomial of a over Q by f,,
and we the set of roots by R, i.e., R, = {r € C|f,(r) = 0}. Every field automorphism that fixes

the coefficient field permutes the roots of a polynomial, because if o € Gal(f,),

flo(a) => aio(a)' = ao(a’) =Y o(aa’) =0 (Z Wﬁ‘) = o(f(a)) = a(0) = 0.
=0 i =0

n
i=0 1=0

Hence, there is a natural action of Gal(K/Q) on the set of roots of any f(z) € Q[z] with Q C K C A.
This action is transitive, i.e.,

R, = orbg(a) :={g(a) | g € G}.

We are interested in the set of algebraic numbers that have minimal modulus over all common roots

of their minimal polynomial. Formally, this set is
C:= A :|a| = mi
{a €A:la] = min |r[},
and we call C the C-set. Another set of interest is the modulus of every element of C, i.e.,
mod(C) := {|a| : a € C}.

It is not obvious from the definition that mod(C) is a proper subset of mod(A). We prove this claim

now.

Theorem 4.2.7. If a € C, then |a| € C.
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Proof. Let a € C. We first consider the cause of a € R. If a > 0 we are done. If a < 0, then
la| = —a > 0. Since —a is a root of f,(—z) and the roots of f,(—z) and f,(x) have the same moduli,
la| € C. Next assume a ¢ R, and let o = |a|. We first note that « is algebraic. Suppose that a ¢ C.
Then there exists § € R, such that |§| < a. Since f, is irreducible, there exists g € G such that
i0

g(e) = B. Writing a = ae’” and @ = ae=%, we have

Taking the modulus yields

9(@)] = lg(ac™)] = lg(e)llg(c")] = |Bllg(c")
o) 18
o) a(e)]

l9(@)| = |g(ae™™)

To reach our conclusion, we simply look at the modulus of g(e?). If |g(e®)| > 1, then |g(a)| <
18] < a. If |g(e?)| < 1, then |g(a)| < |B] < a. Observing that g(a), g(@) € R4, we conclude that R,

contains an element of modulus less than «. Therefore a ¢ C. O

Remark 4.2.8. An immediate consequence of Theorem 4.2.7 is that

mod(C) € mod(A).

For example, note that f(z) = 22 — 2z — 1 is irreducible and has roots 1 + v/2,1 — /2. Since
|1 — /2| < |1+ /2|, by the previous theorem, there does not exist any polynomial with the smallest
root having modulus |1 + /2|, i.e., (1+v/2)e? ¢ C for 0 < 6 < 27.

Theorem 4.2.9. The C-set is closed under multiplication.

Proof. Let a,b € C. Then |a| < |g(a)| and [b] < |g(b)| for all g € G. Therefore, if ¢ € Ry, then

¢ = g(ab) for some g € G. Thus, we have that

le] = lg(ab)] = 9(a)g(b)| = [9(a)[lg(b)] > |al[b] = [ad]

40



and thus, ab € C. O

Remark 4.2.10. We can alternatively look at the set with maximum modulus, i.e.,
D = A N = .
faeh: o = max )

By a similar argument, the same results hold for this set as well. That is, if a € D, then |a| € D and

D is closed under multiplication.

Remark 4.2.11. Let a € C. In order to see that there exists an algebraic power series with radius

of convergence |a|, we simply consider

F(x,y) = fa(x)y —1=0.

Notice that y = #m € Ralg[[z]] and has radius of convergence |al.

If we require that F(z,y) is monic, then we are working with integral power series. We can also

achieve an integral power series with radius of convergence |a| by considering

F(z,y) = y3 — fa(z) = 0.

Then y = ¢/ fa(x) € Rint[[z]] and has radius of convergence |a|.

4.3 Rational Power Series and Hadamard Product

We have already established that the radius of convergence of an algebraic power series is an algebraic
number. In [2], the authors conjecture which algebraic numbers appear as the radii of convergence
for algebraic power series, but this remains an open problem. The authors conjecture that if R = Q,
then every positive algebraic number appears as a radius of convergence. We look at the known
results so far. First, we establish some necessary machinery such as properties of rational functions

and the Hadamard product.

Definition 4.3.1. A rational power series r(z) is of the form J;Eg where f(x), g(x) € R[[z]] and
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g(0) € U(R). It satisfies
F(z,y) = g(z)y — f(z).
We begin with a well-known property of rational power series, from [27].

Theorem 4.3.2. Let A1,..., Ag be a fixed sequence of complex numbers, d > 1, and Ay # 0. The

following conditions on a function f : N — C are equivalent:

1.

o i P)

where Q(z) =1+ Ajz + Asz? + - + Agz? and P(z) is a polynomial of degree less than d.

2. For all n > 0,
fn+d)+Aif(n+d—1)+ Ao f(n+d—2)+---+ Aaf(n) = 0.

3. For all n > 0,
k

Fn) =57 P(m)r,

i=1
where 1+ Az + - + Agz? = Hle(l —7;x)%, the ;s are distinct and nonzero, and P;(n) is
a polynomial of degree less than d;.
The previous theorem was proven by Richard Stanley in [27] using vector spaces. We provide an

algebraic proof. We only consider the case where Q(z) is irreducible, i.e., for the case when d; = 1

for every i = 1,..., k. First, we recall that if v € C and n € N, then

T 2(—7)i (7)+ - i (" e (1)

Remark 4.3.3. The binomial coefficient ("Jr:;l) is a polynomial in 7 of degree n. To see this, we

write

nl(i —1) nl(i —1)!

(n—l—z’—l) _ m+i-1)! m+i-Dn+i-2)...(n+i—(n—-1)(n+i—n)(—1)

(m+i—1)(n+i—-2)...(i+ 1)
n! '
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Since there are n factors in the numerator, it can be viewed as a polynomial in 7 of degree n.

For future notational convenience, given a power series a(z) = > .~ a;z*, we denote the coefficient

on z¥ where k > 0 by [2¥] : aj. For example, if a(x) = 1 + 222, then [z?] : 2.

Proof. (2 = 1) Assume that the following holds for n > 0:
fin+d)+Aif(n+d—1)+Asf(n+d—2)+---+ Aqf(n) = 0.
Let r(z) = niof(n)x". Recall that
Qz)=14+ A1z + Aoz? + -+ Aga?,

and define the following polynomial

P(z) :

(]

D Aif(j)a*

k=0 \i+j=k

where Ay := 1. Then r(z) satisfies F(x,y) = Q(z)y — P(x).

To see this, we write the coefficient on z* for Q(x)r(x). For k < d, we have that
@] Y Af().
i+j=Fk
So the coefficient on Q(z)r(x) — P(z) is
@ Y AG) = Y AifG) =0
iti=k i+j=k
For k > d the coefficient on Q(z)r(z) is
d
2] 2> Aif(k+d—i)=0.
=0

Since deg(P(z)) = d — 1, P(z) contributes no terms to the kth coefficient of Q(x)r(x) — P(x).
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Therefore, the coefficient on x* is 0 for k > d. This proves that

(1 =3) Let

= P(z) = 3 )T
@) = gy = 2 6)

i=0
be a rational power series. By partial fraction decomposition and using Equation (4.1), we write
¢

Z(1-b£€m)d Zzbk(dk+i > ii (dkﬂ )%’;xi-

k=1 k=11i=0

Using Remark 6.1.8, we let Py (i) = by (d’;l:'i_ll), and so we have

[eS) 4 oo /L
:Zaixl:ZZPk i)yiat,
i=0

=0 k=1

which implies a; = Zizl Py (i)7;

(3) = (2) Since d; = 1 for i = 1,...,k, P;(n) is a constant polynomial, and we write P;(n) = p;.

Now we have that

4
fn+d) + Afn+d—1)+-+ Agf(n sz ”+d+Alzpl P LAY i

=1
= Z Pt AT A

(4.2)

Fix 1 < j < ¢ and consider the jth index of the sum on the right-hand-side of Equation (4.2). We

have that

Pyt AT e Aapgr = 0" (L Avyg +anf) = pi™(0) = 0.
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As j was arbitrary, this holds for every 1 < j < ¢ and

14 4 4
fntd)+ Aifn+d=1)+-+Aaf(n) =D pf ™+ A pf T+ A i
=1 1=1

i=1

L
=D (!t AT 4 piAan}) = 0.
=1

O

Rational power series play an important role in determining which algebraic numbers appear as a
radii of convergence for algebraic power series. We introduce an operation for power series called

the Hadamard product [27].

Definition 4.3.4. Let f(z) = Y ;o a;z" and g(z) = > = bz’ be power series. The Hadamard

product of f and g, denoted f * g, is
oo
f *g = Zaibixl.
i=0

The radius of conbergence is multiplicative in the following sense.

Theorem 4.3.5. If f, g € R[[z]] with nonzero finite radii of convergence R; and Rs respectively,

then r.o.c(f * g) = R1Rs [2].

Proof. Suppose f(z) = Y .0y a;x’, g(x) = Y ;o bz’ € R[[z]] with radii of convergence R; and R

respectively. Then
1

1
Ri=——— and Ry= ——mF+—.
"7 lim sup V/|an| > lim sup ¥/|bn|
n—oo

n—oo
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Hence,

ro.c(f xg) = !
o limsup {/](ab))”|

n— oo

1
" limsup ¥/]anbn|
n— oo
1

* timsup ( /Jan] /1)
n—oo

1 1

 limsup /]a,|limsup {/]b,|
n— oo n—00

= R1R2'

O

Given two rational functions, then their Hadamard product is also a rational function [27]. The
same question can be asked of algebraic power series. Unfortunately, the Hadamard product of two
algebraic functions is not necessarily algebraic. The Hadamard product of an algebraic power series

and a rational function, however, is algebraic [27]. To show this, we first establish some lemmas.

Lemma 4.3.6. Algebraic power series are closed under differentiation. That is, if a(x) € Raig[[2]],

then - (a(z)) € Rag[[2]].

Proof. Assume that a(z) € Rajg[[x]]. Then there exists F(z,y) € R[z][y] such that F(x,a(x)) = 0.

It is easy to show that by implicit differentiation,

oF
dF _oF dyOF o dy_ o
dr  Odx dzx 0y dx aF

_or
_ ox
=\ er
y=a(x) dy

On the right-hand-side of Equation (4.3) we notice that both —%—5 ly—a(z) and %—5 ly=a(z) involve terms

hence,
dy
dx

(4.3)

of the form z™a(x)™, where n,m € Ny. Since algebraic power series are closed under multiplication
and addition, —g—i ly—a(z) and %—5 ly—a(z) are algebraic power series themselves. It is not the case that

algebraic power series are closed under division, however, we can consider (Tz|y:a(2) in its quotient
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field R[[z]][2]. Since we are working over a field,

y=a(x)

and hence %|y:a($) € R[[z]][1]. Therefore, -L (a(x)) is an algebraic Laurent series and hence it is a
root of some G(z,y) € R(x)[y]. This is equivalent to %\y:a(I) satisfying a bivariate polynomial in
Rx][y], say H(x,y). To see this, simply multiply G by the least common multiple of all denominators

of its coefficients. We also know
d - n—1
%(a(x)) = 7;:1 napx™ ",

which is a power series. Therefore, - (a(z)) € Rag[[z]]. O

Remark 4.3.7. We point out that algebraic power series are not necessarily closed under integration.

The simplest example is the geometric series

We have that,

/f(x) dm:/lixdz:*ln(|1*$|)+0.

As the natural logarithm is not algebraic, [ f(x)dz ¢ Raig[[x]]. Notice that h(z) = —In(1 —z) does
satisfy the differential equation

(1-z)y —1=0.

Any type of function which satisfies a differential equation in y with coefficients in R[z] is said to
be D-finite. D-finite series are closed under integration. For more on the topic of D-finite series, we

refer the reader to [20], [21], and [27].

It is worth noting that some algebraic power series are closed under integration. For example, let

g(x) = —v/1 — x. For simplicity we will assume C = 0. Integrating g(x) gives

GO (2) = /g(x)dx:/—m da = 2;

1—x
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G () satisfies

41 —z)y* =1 =0.

Let G(™)(z) denote the nth integral of of g(z). Then, assuming C' = 0 for each integral,

n H?:l(?i — 1)
G (z) = i =

satisfies
4n(1 _ x)Qn—l y2
(Hi:1(2i - 1)2)

Lemma 4.3.8. If a(z) € Raj[[x]], then a(yx) € Raigl[z]] for v € R.

-1=0.

Proof. Suppose a(x) € Raig[[z]]. By definition, there exists F(z,y) € R[z][y] such that
F(z,a(x)) = 0. One can easily verify that F(yz,a(yx)) = 0. Clearly a(yx) € R[[z]] and thus

a(yx) € Ragl[2]]- O

Remark 4.3.9. If the radius of convergence for a(z) is 0 < R < oo, then the radius of convergence

(o R
of a(vyx) is R

We are now ready to prove our result that the Hadamard product between an algebraic power series

and a rational function is an algebraic power series. This proof follows the one given by Stanley in

[27], but we will expand on some concepts.
Theorem 4.3.10. If a(x) € Raig[[z]] and r(z) is a rational power series, then (a*7)(x) € Raig[[z]].

00 i > .
Proof. Write a(z) = Y a;z*, and r(z) = Y r;a’. By Theorem 4.3.2, there exists polynomials P;(z)

i=0 i=0
and y1,72,--.,7ve € C such that

¢
re =3 Pilk) (4.4)

Let Py(n) = pgn® + pg_1n%1 + -+~ + pin + po, where 1 < s < . By Lemma 4.3.6, nz"~! is an

algebraic power series and therefore so is -naz"~! = na™. Consequently, n*2™ is an algebraic power

series for any k € Ng. Therefore,

oo o0
> anPu(n)a™ =" an (pan‘a™ +pa-1n® 'z 4 - 4 pina” + poz™)
n=0 n=0
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is an algebraic power series. By Lemma 4.3.8,

Z anPs(n)yda™
n=0

is an algebraic power series. Since s is arbitrary, we have that

¢
Z an Pi(n)y;a"
i=1

is a finite sum of algebraic power series and hence is algebraic. Therefore (a *7)(x) € Raig[[z]]. O

This theorem shows that rational power series play a crucial role in the radii of convergence of
algebraic power series. It is worth noting that Remark 4.2.11 tells us that there exists rational
power series with radii of convergence |¢| for any ¢ € C. In fact, mod(C) could alternatively be

defined this way. We state the following without proof.

Theorem 4.3.11. We have that

{R | r(x) = ﬁg; € Q(x), ¢g(0) #0, and r.o.c(r(z)) = R < oo} = mod(C)

We now summarize the significance of the previous theorems with regards to their impact on the

possible radii of convergence an algebraic power series may have.

Theorem 4.3.12. Given an algebraic power series with radius of convergence R, there also exists

algebraic power series of radius of convergence of the following:
1. RY™ for n € N.
2. |c|R where ¢ € C.

Proof. (1) Suppose «(z) € Rajg[[x]] with radius of convergence R > 0. Then there exists

F(z,y) € R[z][y] such that F(z,a(x)) = 0. Clearly,
F(z",a(z") =0 = a(z") € Raig[[]]

and a(z™) has radius of convergence R'/™.

49



(2) Let a(z) € Raig[[z]] with r.o.c(a) = R. By Theorem 4.3.12, (a*r)(x) € Rajg[[]] for any rational
power series 7(z). By Remark 4.2.11, there exists a rational power series of radius of convergence

| for any ¢ € C. Using Theorem 4.3.10, we have that r.o.c(a *7)(x) = |c|R. O

We have already seen examples of finding an algebraic (or integral) power series with radius of
convergence |c|, where ¢ € C in Remark 4.2.11. It is difficult to find an algebraic power series with
radius of convergence |c| where ¢ ¢ C. The authors of [2] attempt to do this for quadratic irrational
numbers. They provide a proof that all positive quadratic irrational numbers are radii of an algebraic

power series. Unfortunately, the proof contains an error which we point out.

Remark 4.3.13. We point out an error in [2, Theorem 7.4 (iii)]. The authors state that all positive
quadratic irrational numbers are radii of an algebraic power series. In the proof they incorrectly

factor

1
CH-B\/E:m(

a— Bvm).

Observation 4.3.14. Although an error was found in the proof of [2], we provide numerical evidence

to support the claim. For example, if one considers,

F(z,y) =2+ (y)(y — 2)(y — 3),

then the roots of Disc, (F') are

. 2(—10275;7\@ ~ —2.113,0.631.

By the implicit function theorem, all three roots of F(x,y) are power series. If we consider the

power series expansion at y = 0, then using Mathematica to estimate W for n = 1000 yields an

approximate radius of convergence of 2.13594, suggesting that the radius of convergence is 2(10;777@

By changing the y-intercepts in the example above, we can get numerical evidence for other quadratic

numbers with larger magnitude appearing as radii of convergence of algebraic power series.
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Chapter 5

Characterization of Algebraic

Power Series

5.1 Algebraic Power Series

In this chapter we discuss an equivalent condition of a power series being algebraic. Let a(z) € Q[[z]]
be a convergent power series with domain of convergence D C C. If a(x) is algebraic, then there

exist polynomials f; € Q[x] where ¢ = 1,...,n such that
fa@)a(z)" + - + fi(z)a(z) + fo(z) = 0. (5.1)

We would like to characterize this property in terms of the structure of the image of a(x). At first,
we notice that Equation (5.1) implies that a(a) is algebraic for every algebraic number a in D. If
this were not so, then a(a) would be transcendental, however, plugging in a into Equation (5.1)
yields

fal@)a(a)” + -+ fi(a)a(a) + fola) = 0. (5.2)

This implies that a(a) is algebraic over the algebraic extension Q(a), a contradiction. Since the
algebraic numbers are dense in C, then it is natural to ask if this condition is enough to imply
that a(x) is algebraic. Unfortunately, we find that a(a) being algebraic for every a € D N A is not

enough to imply that a(x) is an algebraic power series. In [22], the authors prove that for every
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p € (0,00], there exists uncountably many transcendental and analytic functions 8 € Q[[z]] with
radii of convergence p such that 5(a) € A for all algebraic numbers @ in the domain of convergence

of 8. This is due to the fact that although A is dense in C, they only form a countable set.

Instead, we notice that Equation (5.2) holds for all a« € D. In other words, a(a) is algebraic over

Q(a). This condition is sufficient for «(x) to be algebraic.

Theorem 5.1.1. Let a(z) € C[[z]] be a power series with radius of convergence 0 < R < oo and
let L be a countable subfield of C. Let D be the domain of convergence of a(z). The following

conditions are equivalent.
1. «a(x) is algebraic over L[x].
2. For all a € D, a(a) is algebraic over L(a).
3. There exists N € N such that for all a € D, a(a) is algebraic over L(a) of degree at most N.

Before proving this theorem, we establish the definitions of an isolated point and a discrete set as

well as two lemmas from complex analysis [19].

Definition 5.1.2. Let S C C be a set of points and zg € S. The point zg is isolated if there exists
€ > 0 such that |z — 2p| < € does not contain any other points of S. We say that S is discrete if

every point of S is isolated.

Lemma 5.1.3. [19, Theorem 1.2 pg. 91] Let U be a connected open set. If f is analytic on U and

not constant, then the set of zeros of f is discrete.
Lemma 5.1.4. Any discrete set of points of C is countable.

Proof. Let S be a discrete set of points of C. Then for z; € S, there exists ¢; > 0 such that
|z — z;| < €; contains no other point of S. Since @ is dense in R we select (a;,b;) € Q x Q such that
a; € (Re(z) — §,Re(z) + ¢) and b; € (Im(z;) — §,Im(z;) + §). Thus (a;,b;) is in the open disc
|z — z;| < e. We associate the point z; with (a;, b;). Therefore, every point in S is associated with a

distinct point (a;,b;) € Q x Q. Since Q x Q is countable, then so is S. O

We now provide the proof of Theorem 5.1.1.
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Proof. (1) = (3). Assume f(z) is algebraic over L[x]. By definition, there exists polynomials
fu(x), ..., fo(x) € L[z] with f,(x) # 0 such that

fa(@)a(z)” + -+ fi(x)a(z) + folx) = 0.
Given a € D,

fa(a)a(@)" + -+ fi(a)e(a) + fo(a) =0

which implies that a(a) is algebraic over L(a) of degree at most n € N.
(3) = (2) This implication is trivial.
(2) = (1) Assume that «(a) is algebraic over L(a) for all @ € D. Define the function ¢ : L[x][y] — D
by
¢(F(z,y)) = {a € D | F(a, f(a)) = 0}.

Since L is countable, L[z][y] is also countable. We note that D is uncountable. It must follow that
there exists at least one F(z,y) € L[x][y] such that ¢(F(z,y)) is uncountable. If this were not the

case, then ¢(F(z,y)) would be countable for all F(z,y) € L[z][y] and

D= |J oF@y).

F(z,y)€L[z][y]

As the countable union of countable sets is countable, D is countable, giving us the desired contra-

diction.

Choose any F(x,y) € L[x][y] such that ¢(F(x,y)) is uncountable. Write

F(x,y) = fa(x)y™ + -+ fi(x)y + fo(z).

The function

f(@) = falx)a(@)" + -+ fi(z)a(z) + fo(r)

is analytic in D. For every a € ¢(F(z,y)) we have that

fla) = fula)a(a)" +- -+ fr(a)a(a) + fo(a) = 0.
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Since f(z) is analytic and D is a connected open set, Lemma 5.1.3 implies that either ¢(F(x,y)) is
discrete or f(z) is constant. By Lemma 5.1.4, ¢(F(z,y)) is not discrete and it follows that f(x) is

constant. The only way this is possible is if f(z) is identically zero. Therefore,
fl@) = fa(@)a(z)” + -+ fi(x)a(z) + folz) =0

and a(x) € Raig[[z]].
0

Observation 5.1.5. Given a Puiseux series p(x) € R((x)), there exists m € N such that p(z™) €

R[[]][2], because every series in R((z)) has the form
p(x) = Z a;zt/*
i=—t
for £,k € N. Letting m = k, we have that

p(zF) = Z ai(zzck)i/]C = Z a;xt.

i=—2 i=—10

Theorem 5.1.6. Let p(z) € C((z)) and L be a countable subfield of C. By Observation 5.1.5, there
exists m € N such that p(z™) is a formal Laurent series. Let h(z) = p(z™). Assume that there
exists r, R > 0 such that r < R and h(x) is convergent on the annular disc r < |z| < R. Let D be the

domain of convergence of h(x), and let E = {z € C | p(z) converges}. The following are equivalent.
1. p(z) is algebraic over L[z].
2. For all a € E, p(a) is algebraic over L(a).
3. There exists N € N such that for all a € E, p(a) is algebraic over L(a) of degree at most N.

Proof. We note that (1) = (3) and (3) = (2) are identical to the proof given for Theorem 5.1.1. It

remains to show (2) = (1).

(2) = (1) Since h(z) is convergent on r < |z| < R, p(x) is convergent on 7= < |z| < Rw. Using the

same argument and notation as in Theorem 5.1.1 for p(z) on E, we choose any
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F(z,y) € L[z][y] such that ¢(F(z,y)) is uncountable. The Laurent series

g(z) = F(a*, h()) = fo(2")(h(2))" + - + fi(z")h(z) + fo(z")

is analytic on D, and for every a € D we have that

g(a) = fe(a")(h(a))" + - + fi(a")h(a) + fo(a®) = 0.

Since D is uncountable, then g(z) is identically zero and we have that

Fo@®) (W)t + -+ fi(@®)h(2) + folz®) = 0.

Replacing = with z'/%, we get

fe(@)(p(2) + - + fi(z)p(z) + foz) = 0.

Therefore p(z) is algebraic.
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