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COMPUTATION OF NIELSEN AND REIDEMEISTER COINCIDENCE
NUMBERS FOR MULTIPLE MAPS

THAIS F. M. MONIS AND PETER WONG

ABSTRACT. Let fi,..., fs : M — N be maps between closed manifolds, N(f1, ..., fx) and R(f1, ..., f&)
be the Nielsen and the Reideimeister coincidence numbers respectively. In this note, we re-
late R(f1,..., fx) with R(f1, f2),..., R(f1, fr). When N is a torus or a nilmanifold, we compute
R(f1, ..., fr) which, in these cases, is equal to N(f1,..., fx)-

1. INTRODUCTION

A central problem in classical Nielsen coincidence theory is the computation of the Nielsen coin-
cidence number N(f,g) for two maps f,g : M — N between two closed orientable manifolds of

the same dimension. Moreover, the classical Reidemeister number R(f,g) is an upper bound for
N(f,9)-

In [16], P. C. Staecker stablished a theory for coincidences of multiple maps called Nielsen equalizer
theory: given k maps fi,..., fi : M= 5 N hetween compact manifolds of dimension (k—1)n
and n, respectively, a Nielsen number N(f1,..., fx) is defined such that it is a homotopy invariant

and a lower bound for the cardinality of the sets

where f/ is homotopic to f;. The approach of Staecker to define the essentiality of a coincidence class
is via a coincidence index or semi-index. Independently, Biasi, Libardi & Monis ([3]) introduced
a Lefschetz coincidence class for k maps fi,...,fx : X — N", L(f1,...,fr) € HE D (X:7),
where N is a closed connected orientable n-manifold, with the property that if L(f1,..., fx) is a
non-trivial element of H*~Y"(X:7Z) then there is x € X such that fi(z) = --- = fx(z). In [I3],

Monis & Spiez generalized this Lefschetz class to the case where N is not necessarily orientable by
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using twisted coefficients and in [I4], Monis & Wong determined the obstruction class to deform
the maps f1,..., fi : M= 5 N to be coincidence free.

In this paper, we focus on the computation of R(f1,..., fx) in terms of the Reidemeister coinci-
dence numbers R(f1, f2), R(f1, f3), ..., R(f1, fr). In particular, we study the cases when the target

manifold is either a torus or a nilmanifold.

We should point out that in the case of positive codimension, other Nielsen type invariants via
normal bordism have been introduced and Wecken type theorems have been proven. However,
these invariants in general are not readily computable. In this work, the Nielsen coincidence
number N(F,G) (and N(fi,..., fr) for multiple maps) we use is the geometric invariant that is

index free. Thus, the calculation is carried out at the fundamental group level.

We thank the anonymous referee for his/her comments, the question related to the divisibility

result in section 5, and the suggestion for extending Theorem [G

2. NIELSEN COINCIDENCE NUMBER FOR MULTIPLE MAPS

In this section, we will define a geometric Nielsen coincidence number for multiple maps following
the approach of [4]. Throughout this section, X is a connected finite CW-complex and Y is a

manifold without boundary.

Definition 1. Let f1, fo,..., fr : X — Y be maps. Two points g,z € Coin(f1,..., fi) are called

Nielsen equivalent as coincidences with respect to fi,..., fi if there is a path v : [0,1] — X such
that v(0) = xo, v(1) = 21 and fi(y) is homotopic to f;(7) relative to the endpoints, j = 2,..., k.
Such relation defines an equivalence relation on Coin(f1, ..., fx) and each equivalence class is called
a Nielsen coincidence class of (f1,..., fi).

Definition 2. Let fi,..., fy : X — Y be maps and {f{},{f}.....{f{} homotopies of f1 = [,
fo=f . = f,g, respectively. Let F7 be a Nielsen coincidence class of (fi,..., fx) and F2 a
Nielsen coincidence class of (f{,..., fi). We say that F; and F are {fI}, {fi},...,{f}}-related if
there are x € F1, 2’ € F» and a path v : [0,1] = X with v(0) = z, v(1) = 2’ such that the paths
t — fi(v(t)) and t — f{(y(t)) are homotopic relative to the endpoints, i = 2, ..., k.

Definition 3. A Nielsen coincidence class F of (fi,..., fx) is said to be (geometric) essential if for
any homotopies {f1},{f3},... . {fi} of f=f{, fo=f3,..., fu = [, there is a Nielsen coincidence
class of (f{,..., fi) to which it is {f{},{fi},..., {fi}-related. Otherwise, it is called (geometric)

inessential.
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The (geometric) Nielsen coincidence number of (f1,..., fx), N(f1,-.., fx), is the number of (geo-

metric) essential Nielsen coincidence classes of (f1,..., fx)-

A clear property with the above definition is that, for any permutation o € Sy on {1,...,k},
N(f1s 0 k) = N(fo(1ys - for))-

Remark 1. Let F be an inessential Nielsen coincidence class of (fi,..., fx). Roughly speak-
ing, F disappears under some homotopy. More precisely, it means that there are homotopies
(A, i of f1 = f9, fa= £, fr = f2, respectively, such that every = € F is not
{3 {8y, . {fl}-related to any coincidence 2’ € Coin(f{,...,fl). On the other hand, F is
essential if and only if for any homotopies {ff}, {fi},....{fi} of fi = f2, fo = fos.. i fo = [2,
respectively, there exists 2’ € Coin(f],..., f!) and a path v : [0,1] — X with v(0) = z € F,
(1) = 2’ such that ¢t — fi(y(t)) and ¢ — f!(y(t)) are homotopic paths relative to the endpoints,
i=2.. .k

Remark 2. Let F,G : X — Y*~! be defined by F = (f1, f1,..., f1) and G = (fa, f3,..., fx). It
is not difficult to see that Coin(F,G) = Coin(fi,..., fr) and that the Nielsen coincidence classes
of (f1,..., fx) coincide with the Nielsen coincidence classes of (F,G). In the next result, we prove

that F is essential as a coincidence class of (f1,..., fx) if and only if it is essential as a coincidence
class of (F,G). Therefore, N(f1,..., fr) = N(F,G).

Proposition 1. N(fy,..., fx) = N(F,G).

Proof. Let F be a Nielsen coincidence class of (fi,..., fix) and, therefore, a Nielsen coincidence
class of (F,G). We will show that F is essential as a coincidence class of (fi,..., fx) if and only if

it is essential as a coincidence class of (F,G).

Suppose F is essential as a coincidence class of (F,G). Let {fi}, {fi},..., {fi} be homotopies of
fi=10 fo=f2,..., fu = f{, respectively. Then, {(f{,..., f))}, {(fS,..., fi)} are homotopies of
F and G, respectively. Since F is essential as a coincidence class of (F,G), there exists

o' € Coin((fi,., f1),(f2,- -+ fi) = Coin(fi, ..., f)

and a path v : [0,1] — X with y(0) = z € F, v(1) = 2’ such that ¢t — (fI(v(t)),..., fi(v(t))) and
t (fA(v(@)), ..., fi(y(t))) are homotopic paths relative to the endpoints. Therefore, t — f1(y(t))
and t — fl(v(t)) are homotopic paths relative to the endpoints, i = 2,..., k. Hence, F is essential

as a coincidence class of (fi,..., fi).
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Now, suppose F is essential as a coincidence class of (fi,..., fx). Since Y is a manifold, it follows
from [6, Corollary 2] that F is essential as a coincidence class of (F, G) iff it is essential with respect
to homotopies of the form (F, G), in other words, the homotopy of F' can be kept constant. Since F
is essential as a coincidence class of (fi,..., fi), under the homotopies {f1},{f3},...,{fL}, where
Gt = (f,..., f}), there exists a path v : [0,1] — X with v(0) = z and (1) € Coin(f1, f5, ..., f}) =
Coin(F,G') such that the path {f1(7)(t)} and the path {f!(y)(t)} are homotopic relative to the
endpoints for i = 2, ..., k. Thus, by [6, Corollary 2], we conclude that F is essential as a coincidence
class of (F, Q). O

Remark 3. Since X is compact and the Nielsen coincidence classes are both open and closed in
Coin(F, G), this index-free geometric Nielsen number N (F,G) (and hence N(fi,..., fr)) is finite, is
a lower bound for the number of connected components in Coin(F,G) (and hence Coin(fi, ..., fx)),

and is a homotopy invariant.

3. REIDEMEISTER COINCIDENCE CLASSES FOR MULTIPLE MAPS

In [I6], P. C. Staecker also developed a Reidemeister-type theory for coincidences of multiple
maps. Let X and Y be connected, locally path-connected, and semilocally simply connected spaces,
and X ,}7 their universal covering spaces with projection maps px : X — X and py 1 Y — 37,
respectivelly. Let fi,..., fr : X — Y be maps, k > 2, and denote

Coin(f1,.... fi) = {z € X | file) =--- = fu(a)}

the set of coincidences of the maps f1,..., f.

Theorem 1 ([I6], Theorem 2.1). Let f1, ..., fu : X — Y be maps with lifts fi : X — Y and induced
homomorphisms ¢; : m1(X) — m1(Y). Then:

(1)
Coin(f1,..., fx) = U pX(Coin(fl,Ozzfg,..-,Ozkfk))-

az,...,ar€m(Y)

(2) For oy, p; € m(Y), the sets

px(Coin(f1,afo,...,arfr)) and px(Coin(fi, Bafo.- .-, Bufr))

are disjoint or equal.
(3) The above sets are equal if and only if there is some z € m1(X) with B; = ¢1(2)ipi(2) 7
for all i.
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The above theorem gives rise to the definition of the set of Reidemeister classes and the Reidemeister
number for ¢1, ..., ¢ : given (ag,...,a) and (Ba,...,H) in 1 (V)L (ag,...,ax) ~ (B, ..., Bk)
if and only if 8; = ¢1(2)ipi(2)7Y, i = 2,...,k, for some z € m1(X). The quotient of 7 (Y )+~?
by such equivalence relation is denoted by R(é1,...,¢r) = m1(Y)¥~!/ ~ and each class is called a
Reidemeister class for ¢1,...,¢g. The cardinality of R(¢1,...,¢x) is the Reidemeister number for
®1,..., ¢ and it is denoted by R(¢1, ..., k).

Remark 4. Note that R(¢1,...,0r) = R((¢1,...,01),(P2,...,0%)) the usual Reidemeister set
for the two homomorphisms (é1,...,¢1), (d2,...,é%) : m1(X) — 71 (Y)*~! induced by the maps
(fisoo s f1), (foy ooy fr) : X — YFR=1 respectivelly.

Proposition 2. For any permutation o € S, on {1,...,k},

R(flv ey fk) = R(fo‘(l)7 X fU(k))

Proof. Since a permutation is a product of transpositions, it is sufficient to prove the result for the

transpositions.
Case 1: Suppose o = (ij) with {i,j} C {2,3,...k}. Then, it is not difficult to see that
R(f1,- -5 fr) = R(fo(1)s s for))

(g, ..y ap)] = [(Qg()s s Qo))
is a well-defined bijection between the Reidemeister classes sets R(f1, ..., fx) and R(fo(1), s fo(r))-
Therefore, R(flv ceey fk) = R(f0(1)7 cey fa(k))

Case 2: Suppose o = (1), for some i € {2,...,k}. Then,

R(fla .- 7fk) - R(fo(l)a ”'7fcr(k))

[(ag,...,0p)] — [(ai_lag, .. ,a;lai_l,ai_l,ai_laiﬂ, .. ,ai_lak)]

is a well-defined bijection between the Reidemeister classes sets R(f1, ..., fx) and R(fo(1), s fo(k))-
Therefore, R(fr. .. fi) = R(foy s foi)- O

4. JIANG TYPE RESULTS FOR COINCIDENCES OF MULTIPLE MAPS

In Nielsen coincidence theory, for a large class of spaces known as Jiang-type spaces, either N(f,g) =

0 or N(f,g) = R(f,g). In this section, we also obtain similar results for multiple maps.
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Theorem 2. Let X and N be compact nilmanifolds with dim X > (k — 1)dim N, k > 2. For any
maps f17 "'7fk) either N(fh 7fk) =0 or N(fh 7fk) = R(flv 7fk)

Proof. By Proposition I, N(f1, ..., fx) = N(F,G), where F,G : X — N¥' F = (f1,..., f1) and
G = (fe,..., fx). Moreover, R(f1,...,fr) = R(F,G) (see Remark []). From [8, Theorem 4.2],
either N(F,G) = 0 or N(F,G) = R(F,G). Therefore, either N(fi,..., fx) = 0 or N(f1,..., fx) =
R(f1, ..., fr)- O

When one of the maps is the constant map, we obtain similar results as in the classical root case.

Theorem 3. Let X be a topological space, Y a topological manifold, ¢ € N and denote by ¢
the constant map at c. For any maps fo,....fr : X — N, k > 2, either N(¢, fo,..., fxr) = 0 or

N(E, fg, ceey fk) = R(é, f2, . fk)

Proof. Tt follows from [5, Corollary 2], since

N(E7f27"'7fk‘) = N((E7 ’5)7(f27-" 7fk))

and

R(E, f2, ceey fk) = R((E, - ,5), (fg, - ,fk))

Analogous to [14] Theorem 6.3], we have the following

Theorem 4. Let fi,...,fxr : M — N from a closed connected (k — 1)n-manifold M to a closed
connected orientable n-manifold N. Suppose N is a Jiang space; a nilmanifold, an orientable coset
space G/K of a compact connected Lie group G by a closed subgroup K; or a C-nilpotent space

whose fundamental group has a finite index center where C is the class of finite groups. Then

L(fl)"')fk) =0 :>N(f177fk) =0 and L(flvvfk) #O:N(fhvfk) :R(f177fk)

Remark 5. Every compact nilmanifold is the total space of a principal S'-bundle over another
nilmanifold. Using the upper central series, there is a sequence of S! fibrations such that an 2n-
dimensional compact nilmanifold M can fiber over an n-dimensional nilmanifold N (see e.g. [1§]).
Consider such a fibration p : M — N and a point ¢ € N. If M is not symplectic then for any
map f : M — N, it follows from [14, Example 7.3] that the Lefschetz class Lo(p,¢, f) = 0. It
follows that N(p,¢, f) = 0 so, by [7], R(p,¢, f) = oo while R(p,¢) < oo because p and ¢ cannot be
made coincidence free. The existence of non-symplectic nilmanifolds is equivalent to the existence

of symplectic structure on nilpotent Lie algebras (see e.g., [2] 15 1]).
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It was shown in [I3] that the Lefschetz class L(f1, ..., fx) is related to the classes L(f1, f2), L(f1, f3),
ooy L(f1, fr). Indeed, the obstruction o(fi, ..., fx) to deforming the k-maps to be coincidence free
is the product o(f1, f2) U---Uo(f1, fr) (J14, Theorem 5.4]). Next, we investigate the relationship
between R(f1,..., fr) and the product R(f1, f2) - R(f1, f3)--- R(f1, fr) when these quantities are
finite.

In general, there is a well-defined natural surjection

(4.1) U R(d1,e o k) = R(P1,02) X -+ X R(d1, dr)
given by
(4.2) U ([(a, ..., ap)]) = ([ag], ..., [ak]).

Therefore, if R(¢1,...,¢r) < oo then R(¢1,¢;) < o0, j=2,...,k and

(4.3) R(¢1,..., ) > R(¢1,02) - R(d1, ¢r).

5. COINCIDENCES OF MAPS INTO A TORUS

Let ¢, : G — A be group homomorphisms, where A is an abelian group. In this case, the
relation that determines the Reidemeister classes with respect to the pair (p,1) can be written
as follows: given a, 8 € A, a ~ [ if and only if 8 — a = ¢(g9) — ¥(g) for some g € G, that is,
R(p, 1) = coker(¢ — ). Therefore, R(p, 1)) = #coker(¢p — ).

Let p,¢ : Z™ — Z™ be homomorphisms, {a1,...,q,} generators of Z™ and {f,...,H,} gener-
ators of Z". If p(ay) = > i 1 aiif and (o) = > bijf3;, the Reidemeister number R(yp, ) is
determined by the integral matrices A = (a;;) and B = (b;;): if all n x n minor of A — B is zero
then R(p,1) = co. If some n x n minor of A — B is nonzero, then R(y,) is finite and its effective
computation can be done by using Smith normal form. Indeed, let C = A — B, by Smith normal
form, there are matrices S € M, (Z) and T € M,,(Z) with |det(S)| = |det(T")| = 1 and SCT is of
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the form
i 0
0 I
0 0
[
0
0 0

It follows that R(p,1)) = #coker(C') = #coker(SCT) since coker(C) and coker(SCT') are isomor-
phic. If we assume R(p, 1) < oo then r = n and #coker(SCT) =1y -lz - ---1,,. The numbers [}, are
dy,(C)
dy—1(C)’
minors of C' and do(C) = 1. For example, for the matrix

2 41
2 6 2

[1(C) =1 and I3(C) = 2. Therefore, #coker(C) =1-2=2.

defined by the following: I = where di(C) is the greatest common divisor of all k£ x k

In particular, when m = n, R(p,v¢) = oo if det(A — B) = 0 and R(p,v) = |det(A — B)| if
det(A — B) # 0.

Proposition 3. Let fi, fo, f3 : T? — S be maps and ¢1, ¢2, ¢3 : 1 (T?) — w1 (SY) the induced
homomorphisms. If R(¢1,¢2,¢3) < oo then R(¢1,¢2) < oo, R(p1,¢p3) < oo and the product
R(@l, ¢2) : R(@l, ¢3) divides R(@l, ¢27 ¢3)

Proof. Let ¢; : w1 (T?) — 71(S"') be the homomorphism induced by f; and denote

oY ! =a; and ¢; 0 =b;
(3 0 - " K3 1 - Y-

For maps g,h : T? — S, R(gy, hy) = #coker(hy — g4). Thus,
Y/

(aj —a1,b; —b1)

Also, note that R(¢1, d2, ¢3) = R((¢1,¢1), (¢2,$3)), where (¢1, 1), (2, ¢3) : m1(T?) — w1 (T?) are
the homomorphisms induced by the maps (f1, f1), (fa, f3) : T? — T? given by

(fi: 1) (z,w) = (fi(2), £ (w)).

(51) R(¢17 ¢]) = #COker(¢j - ¢1) =# , J=2,3.
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Moreover, for maps h,g: T? — T2, R(g4, hy) = #coker(hy — g4). Thus,
YAV

as — aq bg—bl 7
az — aj ’ bg—bl

— by — b
det [ 27 2T
asz — aq bg — bl
Thus, for each j € {2,3}, a; —a; # 0 or bj — by # 0. Therefore,

7
(aj —a1,bj — br)

(5.2) R(¢1, 2, ¢3) = #coker((d2, #3) — (d1, 1)) = #

If R(¢17 ¢27 ¢3) < 0o then

(5.3) R(¢1, ;) = #fcoker(¢; — ¢1) = #

= gcd(aj — al,bj — bl) < 00,
j=2,3.

From Smith normal form,

(5.4) o ZOZ _

(o) (aon)

det [ 27 b2 = by .
az — aj bg—bl

— ba — b
det a2 .
az — aq bg — bl

Therefore,

R(¢1,¢2,03) =

9

Let d12 = gcd(ag—al, bg—bl) = R(qbl, @2), d13 = gcd(ag—al, b3—b1) = R(¢1, ¢3), and A,B, C,D € 7

such that ag — a1 = Ad12, b2 — b1 = Bdlg, a3z — a1 = Cdlg and bg — b1 = Dd13. Thus,
— bo — b A B
det oo ! = diadiz det
a3z — ag bg — b1 C D
A B
= R(¢1,92)R(¢1, ¢3) det o :

D
A B
det .

Therefore, R(¢1, ¢2, ¢3) = R(P1,d2) - R(¢1, ¢3)
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The result above can easily be generalized to k > 3, as we show in Corollary [l Note also that the
Reidemeister number R(¢1, ¢2, ¢3) is divisible by the product R(¢1,p2) - R(¢1,¢3). In fact, such

divisibility is valid in general for abelian groups (not necessarily torsion-free).

Let f,g : X — Y be maps and suppose 71(Y) abelian. Then, R(fx,gx) is a group (abelian). In

fact,

mi(Y)

R(fn,gu) =coker(gu — fy) = ———————.
(fa,9%) (9 — f#) T p—

Consequently, if 71(Y) is an abelian group then R(¢1,...,¢k), R(d1,02), ..., R(d1,dx) are all

(abelian) groups. Also, one can check that, in this case, ¥ is a group homomorphism. Hence,

R(¢17 i 7¢k)

(5:5) ker(¥)

~ R, ) X - X R(¢1, di).-

Therefore, if R(¢1,...,¢r) < oo then
(5.6) R(¢1,. .., 0x) = R(p1,¢2) - -+ - R(¢1, dx) - [ker(W)].

Corollary 1. Suppose m(Y) an abelian group. If R(¢1,...,¢r) < 0o then R(¢1,¢5) < o0, j =
2,...,k, and the product R(¢1,¢2) - - R(¢1,¢r) divides R(¢1,...,Pk).

Remark 6. We should point out that if 71(Y") is not abelian then the product R(¢1, ¢2) - R(¢P1, ¢3)

may not divide R(¢1, ¢2, ¢3) as we show in the next example.

Ezample 1. Let Y be the Poincaré 3-dimensional sphere, X =Y XY, fi=fo=p: Y XY =Y
the projection onto the first coordinate and f3 =¢:Y XY — Y the constant map. The relation
on m1(Y) x m1(Y) that defines R(p,p,¢) is given by: (g, a3) ~ (B2, 53) if and only if (82, 53) =
(za2271, za) for some z € w1 (Y). So, it is not difficult to see that the number of elements in the
class of (ag,3) is in 1-1 correspondence with | (Y')|. Therefore, R(¢1, ¢, d3) = 1202/120 = 120.
On the other hand, the relation on 7 (Y") that defines R(p,p) is given by a ~ f if and only if
B = zaz~! for some z € m1(Y), that is, R(p, p) is the set of conjugacy classes of 7 (Y), and it is
known that there are 9 conjugacy classes. Hence, R(p,p) = 9. For R(p, ), the relation on 71(Y") is
given by a ~ f if and only if 8 = z« for some z € 71(Y). Hence, R(p,¢) = 1. Now, 91 120.

Remark 7. As suggested by the anonymous referee, one may ask if the divisibility in Proposition
can be generalized for k& > 3 in the following sense: Hle R(b1,. .-y die1y Pit1,- .., ¢p) divides
R(¢1,...,¢k). The following example shows that such divisibility does not hold in general.
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Ezample 2. Let f1, fo, f3, fa : T> — S' be maps with ¢1 = fiy, ¢o = foy, ¢3 = fay, ¢4 = fay
2= m(T%) 5 m(S") =Zgivenby o1 = (1 1 1), o=(3 5 2),05=(3 7 3 )and
¢4 = ( 2 1 3 ) We know that

as — aq bg—bl Cy) —C1

R(¢1,¢2,03,04) = |det | ag—a; bs—b1 cz—c1 ||,
ag—ar by—by cs—c1

Where¢1:<a1 by >,¢2:<a2 by c2>,¢3:<a3 b3 cg)and¢4:<a4 by C4>-

Therefore,

2
R(¢17¢27¢37¢4) = |det 2
1

[

1
2 = 10.
2

4 1

On the other hand7 R(@l, ¢27 ¢3) = #COkGT((@Q, ¢3)_(¢17 qbl)) = #Coker ( 3 9

) ) R(¢17 ¢27 ¢4) =

4 Coker((a, 61)— (b1, 1)) = #Coker< i 3 ; ) and R(¢1, s, d1) — #Coker(és, d1)— (b1, 61)) =

2 6 2
#Coker < Lo o > . By using Smith normal form, one can show that R(¢1, ¢2, ¢3) = 2, R(¢1, 2, ¢p4) =
1 and R(¢1, ¢3,¢4) = 2. Therefore, R(¢1, P2, ¢3) - R(P1, P2, d4) - R(¢1, p3, 04) = 4 does not divide

R(@l, ¢27 ¢37 ¢4) = 10.

6. COINCIDENCES OF MAPS INTO A NILMANIFOLD

As pointed out in Remark 4 that R(f1, ..., fx) = R(F,G) where F' = (f1,..., f1) and G = (fa, ..., fx),
the computation of R(f1, ..., fr) amounts to the computation of the Reidemeister number of two
maps. In this section, we show how the Reidemeister coincidence number R(f,g) can be computed

for two maps f,g: X — N when N is a nilmanifold.

From [9], we know that for any f,§ : X — N, there is a nilmanifold N with nilpotency class
c(wl(N)) < ¢(m(N)) and two maps f,g : N — N such that, up to homotopy, f = f o ¢ and
G = gogq where ¢ : X — N induces a surjection on the fundamental groups. It follows that

R(f,9) = R(f,§). This reduces to the case where the domain is also a compact nilmanifold.

From now on, we let G; = m(N), Go = m(N), and ¢(G;) < ¢(Gs). Suppose @,7 are the

corresponding induced homomorphisms of f, g respectively.
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6.1. Central extension. Let ¢ = ¢(G2) be the nilpotency class of Go and {v;(G;)} be the lower
central series of Gj,j = 1,2. The subgroup 7.—1(Gj) is central in Gj since {1} = 7.(G;) =
[’Yc—l(Gj)an] for j = 1,2.

We have the following commutative diagram

1 Al i1 Gl p1 Bl 1
1) Ao ele Hls
1 — A2 N G2 P, BQ > 1

where ¢ = @|a,, ' = ¥[a,, Aj = ve-1(G)) so that Bj = Gj/v.-1(G;) for j =1,2.
It follows from [II, Remark 2.1 and Theorem 2.1] that

(6:2) R(p,v) = #ia(R(¢,4) - R(@,9).

Here, the function iy is induced by the inclusion iy as in (B.1).

Lemma 1. Given the commutative diagram (G.10), if tk(Coin(¢’,¢")) = rk(A;1) — rk(As) then

R(p,1) - [Imd] = R(¢",¢') - R(%, 9))

where & : Coin(P, V) — R(¢', ') is given by §(8) = [1(0)p(8) 1] where p1(6) = 0.

Proof. Tt follows from [I2] that there is an 8-term exact sequence
1 Coin(y, /) = Coin(p,d) 2 Coin(, %) > R(¢',4) 3 R(p,v) B R@P) - 1
where the first four terms are groups and the other four terms are sets in general.

Since Aj is central, it follows that R(¢’,4’) is an abelian group and ¢ is a group homomorphism.
Since rk(Coin(¢’, 1)) = rk(Ay) — rk(As), it follows from [17] that R(¢’,’) is finite. It is straight-
forward to verify that the map

R(¢',¢')/Imd — i2(R(¢',v"))
given by [o]Imé s 72([o]) is a bijection of finite sets. The result follows from (6.2). O

Remark 8. The finiteness of R(¢’,1’) can be determined in another way, namely, R(¢', ') < oo iff
rk(Im(¢" — 9')) = rk(As).
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6.2. Abelianization. In the case where R(¢’,1') = oo in the situation above, one can make use

of the abelianization of the G;’s as follows. Again, we have the following commutative diagram

1 — Hl n, Gl AN Ql > 1
(6.3) w’lw' wlw ﬂ%
1l — H2 2 G2 b2 QQ 1

where HZ = [GuGl] fOI' 1= 1727 (10/ = @‘Hla 1/}/ = w’Hqu = tllbaQQ = ng'

At the space level, the abelianization G?b is the fundamental group of some torus 7}, ¢ = 1,2. Since

R(p,1) < oo, R(p,1) < co. This forces (see e.g. [17] or [7]) dim T} > dim Ty, i.e., rk(Q1) > 1k(Q2).
Following the argument from [I7, Lemma 3], we can further assume that @ and v factor through

another quotient Q1 of @1 such that rk(Q1) = rk(Q2). Thus (6.3)) becomes

1 —— K1 il G1 n @ 1
(6.4) soalw'l wlw %ﬁl
1 —— H2 2, G2 Pz QQ > 1

Now, 1k(Q1) = rk(Q2) and R(,1;) < oo, it follows that Coin(;,1;) = 1. Thus the Reidemeister
classes R(¢],¢]) inject into R(p, ). Thus, it follows from [I7, Corollary 1] or [I1, Theorem 2.1]
that

(6.5) R(g,v)= Y, R(radh,¥1).

[@]ER(B1,¢1)
Now, ¢},%] are homomorphisms induced by maps between compact nilmanifolds where the di-
mension of the codomain is smaller than that of N. After a finite number of steps, we arrive at
computing R(7,¢",1]) where the target group is the fundamental group of a torus, hence such
Reidemeister numbers are simply the cokernels of the difference of the two homomorphisms. In
this sense, the Reidemeister number of a pair of maps from X to a nilmanifold N can be computed

using the formula (G.5]) together with the arguments described above.

Using the arguments as in the previous subsections [6.1] and [6.2] one can compute R(f,g) when the

codomain is a compact nilmanifold.

We end this section with an example illustrating the computation discussed here.



14 THAIS F. M. MONIS AND PETER WONG
Ezample 3. Consider the following finitely generated torsion-free nilpotent groups
G1 = (a,b,c,d,e,t |[a,b] = ¢, |a,d] =e,
a,c] = [a, €] = [a,t] = [b, ]
yd] = [b,1] = [e, d] = [c, 1]

[
[
[b
=ld,e] = [d,t] = [e,t] = 1)

and
G2 = <Oé,5,’7 | [avﬁ] =7, [Oé,’}/] = [ﬁvly] = 1>
Note that, using Hall’s identity, [b,e] = [c,e] =1 in G;.

Now, [G1,G1] = {(c,e | [c,e] = 1) is central and [G2,Gsa] = (v) is the center of Go. Moreover,
G = (a,b,d,t) =2 7Z* and G2 = (a, B) =

For i = 1,2, 3, we define homomorphisms ¢; : G; = G5 by
o1:a— a’be Bies A%d e 1t 1
pra—> asb— Lic— Lid— Lie— 1t —

o3:a Bibs ey hid— aje— y Lt 1.

Consider the maps F' = (p1,¢1) and G = (g2, p3) and the commutative diagram

1 — A s ¢ 2y B — 1

(6.6) F’JG’ FlG Flé
1 —— Ay x Ay 2220 o Gy 2222 By By —— 1
where A; = [G;, G;] and B; = G?b, 1=1,2. Now,
F = (p1,01) :ar (0,0%);b = (B,B);¢ — (v2,7°);d = (1,1);e — (1,1);t — (1,1)
G = (p2,¢3) :a > (o, B);b = (La)se s (L,y id = (La)se = (L™ 1)t (o, 1).

Similarly, we have
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It follows that

2 0 0 0 1 0 01
— 01 0 O _
F = and G:OOOO
2 0 0 0 01 10
01 0 O 1 0 0O
so that
0O 0 -1
—_ 0
F-G=
2 -1 -1 0
-1 1 0 0
and

R(F,G) = |det(F — G)| = 1.
Now, we have F' : c+— (v2,92);e — (1,1) and G’ : ¢+ (1,77 1);e = (1,771). Thus,

2 0
F'z( ) and G,:<0 0)
20 -1 -1
P 2 0
31

R(F',G) = |det(F' — G)| = 2.

so that

and

To complete the calculation, we need to find Imd where & : Coin(F,G) — R(F',G"). Note that
F —G is invertible so the kernel, which is the same as Coin(F, G), must be trivial. Hence [Imd| = 1.

It follows from Lemma [l that R(F,G) = 2 and hence R(¢1, 2, ¢3) = 2.

7. CONCLUDING REMARKS

Let f,g: M — N be maps between closed orientable manifolds where dim M > dim N. When N is
a Jiang type space as in Theorem M, one can use the coincidence theory for multiple maps to give

an upper bound for N(f, g) as follows.

Suppose m = dim M,n = dim N and m = (k — 1)n for some positive integer k > 2. Let F,G :
M — N® =Y where F = (f, f,..., f) and G = (g, 9, ...,g). Now F,G are maps between two closed
orientable manifolds of the same dimension so that L(F,G) is the usual homological Lefschetz

coincidence trace. Then we have the following result.
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Theorem 5. Let f,g : M — N be maps between two closed orientable manifolds where N is a
Jiang space; a nilmanifold; an orientable coset space G/K of a compact connected Lie group G
by a closed subgroup K; or a C-nilpotent space whose fundamental group has a finite index center
where C is the class of finite groups. Suppose dimM = (k — 1)n,dim N = n and k > 2. Let
F=(ff..f[)and G=19,9,....9). If L(F,G) # 0 then *X/|L(F,G)| > R(f,g) > N(f,g).

(£ o f) (9:9,-9)- If L(F.G) # VIL(F,G)| = R(f,9) 2 N(f,9)

(k—1) (k—1)

Proof. 1t follows from Theorem [ that L(F,G) # 0 = N(F,G) = R(F,G). By the inequality (£.3)
we have R(F,G) = R(f,9,9,...9) > (R(f,9))*~Y. Since the Nielsen coincidence classes have
coincidence index of the same sign, it follows that |L(F,G)| > N(F,G) = R(F,G). The inequality
follows. O

Next, we show that Theorem [Bl can be applied to give an upper bound for N(f, g) in general.

Lemma 2. Let f,g : M — N be maps between closed connected orientable manifolds with m =
dim M > dim N =n. Let r € NU{0} such that r +m = (k — 1)n for some integer k > 2. Denote
by p: S™ x M — M be the canonical projection where S™ is the r-sphere if r > 0 and S° is a point.

Let f = fop,g=gop. Then R(f,9) = R(f,§).

Proof. Suppose @, and @, ¥ denote the homomorphisms induced by f, g and by £, §, respectively

on the fundmental groups. Consider the commutative diagram

m(S7) —— m(S7) x m (M) 2 m (M)

| 2|9 elv

{1} E— st (N) — st N)
Since 3(a, o) = (o) and ¢(a,0) = (), it follows that the ¢-1) twisted conjugacy classes in (V)
coincide with the ¢-1) twisted conjugacy classes in 71(N). Hence R(f,g) = R(f, ). O

Theorem 6. Let f,qg: M — N be the same as in Theorem[d with no restrictions on dim M, dim N.

Let 1 € NU{0} such that r +m = (k — 1)n for some integer k > 2. Denote by p: S” x M — M be

the canomnical projection where S is the r-sphere if r > 0 and S° is a point. Let f = fop,g=gop.

Let F = (f,f,,f) and G = (3,3, ...,3) be maps from S" x M — N*=D_ If L(F,G) # 0 then
(k=1) (k=1)

“VIL(E,G) = R(f.9) = N(f,9)-

Proof. The proof is a straightforward application of Lemma 2l and of Theorem Bl O
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