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Abstract

A graph with ¢ edges is called antimagic if its edges can be labeled
with 1,2, 3, ..., ¢ without repetition such that the sums of the labels of
the edges incident to each vertex are distinct. As Wang et al. [2012],
proved that not all graphs are antimagic, it is interesting to investigate
antimagic labeling of graph families. In this paper we discussed an-
timagic labeling of the larger graphs obtained using degree splitting
operation on some known antimagic graphs. As discussed in Krish-
naa [2016], antimagic labeling has many applications, our results will
be used to expand the network on larger graphs.
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1 Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)).
For all standard terminologies and notations we follow Clark and Holton [1969].
We will give brief summary of definitions which are useful for the present inves-
tigations.

Definition 1.1. A graph labeling is an assignment of integers to the vertices or
edges or both subject to certain condition(s). If the domain of the mapping is the
set of vertices (or edges) then the labeling is called a vertex labeling (or edge
labeling).

For an extensive survey on graph labeling and bibliographic references we refer
to Gallian [2022].

Hartsfield and Ringel [1990] have introduced antimagic labeling as follows.

Definition 1.2. A graph with q edges is called antimagic if its edges can be labeled
with 1,2, 3, ..., q without repetition such that the sums of the labels of the edges
incident to each vertex are distinct.

They have also discussed antimagic labeling for paths, cycles, wheels and com-
plete graph. Wang [2005] has shown that the toroidal grids C,,, X C,,, X ... x C,,,
are antimagic. Cheng [2008] has proved that all Cartesian products of two or more
regular graphs are antimagic.

Vaidya and Vyas [2012, 2013] have discuss antimagic labeling of some path and
cycle related graphs as well as graph obtained using switching of a vertex. Alon
et al. [2004] have obtained some conditions on degree of a vertices for graph to
be antimagic.

Krishnaa [2016] has illustrated some applications of antimagic labeling.

Definition 1.3. Let G = (V(G), E(G)) be a graph with V. = S; U Sy U S3 U
.Sy U T, where each S; is a set of vertices having same degree (at least two
vertices) and T = V' \ U!_, S;. The degree splitting graph of G denoted by DS(G)
is obtained from the graph G by adding vertices wy, ws, ws, ..., w; and joining w;
to each vertex of S; for 1 < i < t.

Definition 1.4. The Cartesian product of graphs G| and G5 denoted by GG is
the graph with vertex set V(G1) x V(G3) = {(u,v)/u € V(Gy) andv € V(G2)}
and (u,v) is adjacent to (u',v") if and only if either u = v’ and vv' € E(G3) or
v="1"and uwu' € E(Gy).

Definition 1.5. The ladder graph L, is defined as L,, = P, 1K,.
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Definition 1.6. Let G| and G be two graphs with no vertex in common, We define
the join of G| and G, denoted by G+ G, to be the graph with vertex set V (G +
Go) = V(G1) UV (Gs) and edge set E(G1 + Go) = E(G1) U E(Gs) U J, where
J = {CB1ZL’2 X € V(Gl),$2 € V(GQ)}

Definition 1.7. The fan graph F), is defined as F, = P, + K.

Definition 1.8. Let G and H be two graphs. The corona product of G and H,
denoted by G © H, is obtained by taking one copy of G and |V (G)| copies of
H, and by joining each vertex of the i'" copies of H to the i'" vertex of G, for
1,2,3,...,|V(G)|

Definition 1.9. Let C), be a cycle of n vertices. The crown graph is defined as
C, © K. .

Definition 1.10. Let P,, be a path of n vertices. The comb graph is defined as
P, © K.

Definition 1.11. Let P, be a path of n vertices. The double comb graph is defined
as P, ® 2Kj;.

In this paper, we have discuss antimagic labeling of degree splitting graphs of
path, ladder graph, fan graph, crown graph, comb graph and double comb graph.

2 Main Results

Theorem 2.1. The graph DS(P,) is an antimagic graph.

Proof. Letvy, vy, vs,. .., v, be the vertices of P, with d(v;) = d(vy) = 1. To con-
struct DS(P,), add vertices w; and wy such that w, is adjacent to each vertex of
degree 1 and w, is adjacent to each vertex of degree 2 in P,,. Then |V (DS(P,))| =
n+2and |E(DS(P,))| =2n —1forn > 4.

We define f : E(DS(P,)) — {1,2,...,2n — 1}, as per following three cases.
Case - 1 For n = 2 and 3.

DS(P,) and DS(P;) are also known as cycle C5 and cycle Cy respectively. The
antimagic labeling of C5 and (4 have been investigated by Hartsfield and Ringel
[1990].

Case - 2 For n = 4.
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Figure 1: DS(P,) and its antimagic labeling.

Case - 3 Forn > 4.
foiwr) =2(n = 1),
f(vwy) = 2n — 1,
foinr) =15 Forl1<i:<n—1,
flowy) =2n—1—1; For2<i<n—1.
Above define edge labeling function will generate distinct vertex labels for all the
vertices of DS(P,). Thus, f is an antimagic labeling.
Hence, the graph DS(P,) is an antimagic graph. [

Hlustration 2.1. The graph DS(P;) and its antimagic labeling is shown in Figure
2.

Figure 2: DS(P;) and its antimagic labeling.
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Theorem 2.2. The graph DS(L,) is an antimagic graph.

Proof. Letvy, vy, 03, ..., v, be the vertices of first path and v, 11, Vs 12, Vnis, - - ., Vop
be the vertices of second path in ladder L,,. To construct DS(L,), add vertices
w; and wq such that w; is adjacent to each vertex of degree 2 and w- is adja-
cent to each vertex of degree 3 in ladder L,. Then |V(DS(L,))| = 2n + 2 and
|E(DS(Ly))| = 5n —2forn > 3.

We define f : E(DS(L,)) — {1,2,...,5n — 2} as per following two cases.

Case - 1 Forn = 2.

DS(Ls) is also known as wheel ;. The antimagic labeling of ¥ has been in-
vestigated by Hartsfield and Ringel [1990].

Case -2 Forn > 3.

f(vivigr) = 15 Forl <i<n-—1,
f(vivpyi) = 2n —i; For 1 g 7 g n,
f(Unsivnirei) =2n+i—1; Forl<i<n—1,
fvws) =3(n—1) +1; For2 <i<n-—1,
f(Vpaiwa) =4n — 5 +1; For2<i<n-—1,
f<U1’LUl) = 5(n — 1) + 2,
Flowwr) = 50— 1)+ 1,
(vn+1w1) =5(n—1)+ 3,

f(vopwy) = 5(n —1).
Above define edge labeling function will generate distinct vertex labels for all the
vertices of DS(L,,). Thus, f is an antimagic labeling.

Hence, the graph DS(L,,) is an antimagic graph. O

Hlustration 2.2. The graph DS(Lg) and its antimagic labeling is shown in Figure
3.
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Figure 3: DS(Lg) and its antimagic labeling.

Theorem 2.3. The graph DS(F,,) is an antimagic graph.

Proof. Let v be a apex vertex and vy, v, v3, ..., v, be the vertices corresponding
to path P, in graph F,, = P, + K. To construct DS(F,,), add vertices w; and ws
such that w; is adjacent to each vertex of degree 2 and w;, is adjacent to each vertex
of degree 3 in fan F},. Then |V (DS(F,))| = n+ 3 and |E(DS(F,))| =3n—1
forn > 4.
We define f : E(DS(F,)) — {1,2,...,3n — 1}, as per following three cases.
Case - 1 Forn = 2.
DS(F5,) is also known as wheel W5. The antimagic labeling of W3 has been
investigated by Hartsfield and Ringel [1990].
Case -2 Forn = 3.
The graph DS(F3) is an antimagic graph by Alon et al. [2004].
Case - 3 Forn > 4.

f(vivi+1) = i; For ]_ <n-— 1

f(v;wy) =2n—1i—1; For?2 <z <n—1,

flov;))=2n+i—1; Forl<i<n,

f(Ul’LUl) = 2(7’1, — 1),

fvpwy) =2n — 1.
Above define edge labeling function will generate distinct vertex labels for all the
vertices of DS(F},). Thus, f is an antimagic labeling.
Hence, the graph DS(F},) is an antimagic graph. O
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Ilustration 2.3. The graph DS(F;) and its antimagic labeling is shown in Figure
4.

W,

Figure 4: DS(F;) and its antimagic labeling
Theorem 2.4. The graph DS(C,, ® K1) is an antimagic graph.

Proof. Let vy, vy, s, ..., 0, be the vertices corresponding to cycle C,, and v be
the pendant vertices attached to v; for each ¢ = 1,2,... n respectively in graph
C, ® Kj. To construct DS(C,, ® K7), add vertices w; and wy such that wy is
adjacent to each vertex of degree 3 and w, is adjacent to each vertex of degree 1
in C,, ® Ky. Then |[V(DS(C,, ® K1))| =2n+2and |[E(DS(C,, ® K;))| = 4n.
We define f : E(DS(C,, ® Ky)) — {1,2,...,4n} as follows.

foviz1) =2n—i+1; Forl<i<n-—1,

AER Forl1<i:<n,
-f 7 z)

viwy) =3n—1+2; For2<i<n,
f(viwg) = 3n + 15 Forl < i < n.
Above define edge labeling function will generate distinct vertex labels for all the
vertices of DS(C,, ® K7). Thus, f is an antimagic labeling.
Hence, the graph DS(C,, ® K;) is an antimagic graph. O

Hlustration 2.4. The graph DS(Cs ® K) and its antimagic labeling is shown in
Figure 5.
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Figure 5: DS(Cs ® K1) and its antimagic labeling.
Theorem 2.5. The graph DS(P, ® K) is an antimagic graph.

Proof. vy, vz,vs,...,v, be the vertices corresponding to path P, and v, be the
pendant vertices attached to v; foreach ¢ = 1,2, ..., n respectively in graph P, ©
K;. To construct DS(P, ® K3), add vertices w;, we and w3 such that w; is
adjacent to each vertex of degree 1, w- is adjacent to each vertex of degree 2 and
wj is adjacent to each vertex of degree 3 in P, ® K;. Then |V (DS(P, ® K;))| =
2n +3and |[E(DS(P, ® K;))| = 4n — 1 forn > 4.

We define f : E(DS(P,® K1)) — {1,2,...,4n—1} as per following two cases.

Case - 1 For n = 2 and 3.

W,

W

Figure 6: DS(P, ® K;) and DS(P; ® K) and their antimagic labeling.
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Case - 2 Forn > 4.
f(vvh) =15 Forl <i<n,
f(vivir1) = 2n — Forl1<i<n-—1,
f(vw )—4n—z—1 For2<i<n-1,
fWw)=2n+i—1;, Forl<i<n,
(v1w2) 2(2n — 1),
f(vpws) = 4n — 1.
Above define edge labeling function will generate distinct vertex labels for all the
vertices of DS(P, ® K3). Thus, f is an antimagic labeling.
Hence, the graph DS (P, ® K;) is an antimagic graph. O

Hlustration 2.5. The graph DS(Ps ® K1) and its antimagic labeling is shown in
Figure 7.

Figure 7: DS(Ps ® K1) and its antimagic labeling.

Theorem 2.6. The graph DS (P, ® 2K) is an antimagic graph.

Proof. vy, vy,vs,. .., 0, be the vertices corresponding to path P, and v; and v be
the pendant vertices attached to v; for each ¢ = 1,2, ... n respectively in graph
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P, ®2K;. To construct DS(P,, ©2K), add vertices w;, ws and w3 such that wy is
adjacent to each vertex of degree 1, w, 1s adjacent to each vertex of degree 3 and
wj is adjacent to each vertex of degree 4 in P, ©2K. Then |V/(DS(P,02K,))| =
3n+3and |E(DS(P, ®2K,))| =6n —1forn > 4.

We define f : E(DS(P, ® 2K;)) — {1,2,...,6n — 1} as per following two
cases.

Case - 1 For n = 2 and 3.

(Vvi1) = 4 Forl1<i<n—1,
(vv)) =n—1+41; Forl <i<n,
(viv!y=2n—1414; Forl <i<n,
(viwg) =6n—1—14; For2<i<n—1,
(Viwy) =3n—1+414; Forl<i<n,
(V/wy) =4n—1+14; Forl<i<n,

(

Above define edge labeling function will generate distinct vertex labels for all the
vertices of DS(P, ® 2K;). Thus, f is an antimagic labeling.
Hence, the graph DS (P, ® 2K) is an antimagic graph. O
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Ilustration 2.6. The graph DS(Ps ® 2K,) and its antimagic labeling is shown
in Figure 9.

Figure 9: DS(Ps ® 2K,) and its antimagic labeling.

3 Conclusions

Hartsfield and Ringel [1990] has proved that path is an antimagic graph. Cheng
[2007] has derived the antimagic labeling of ladder graph. While Sridharan and
Umarani [2012] have discussed antimagic labeling of fan graph and crown graph.
In this paper, we have discussed antimagic labeling of larger graphs obtained from
Path, ladder graph, fan graph and crown graph using the degree splitting operation.
Also antimagic labeling of degree splitting graphs of comb graph and double comb
graph have been obtained. To investigated antimagic labeling for different graph
families as well as in the context of various graph operations is an open area of
research.



Chirag Barasara, Palak Prajapati

Acknowledgements

The authors are highly thankful to anonymous referees for kind comments and
constructive suggestions.

References

N. Alon, G. Kaplan, A. Lev, Y. Roditty, and R. Yuster. Dense graphs are antimagic.
Journal of Graph Theory, 47:297-309, 2004.

Y. Cheng. Lattice grids and prisms are antimagic. Theoretical Computer Science,
374:66-73, 2007.

Y. Cheng. A new class of antimagic cartesian product graphs. Discrete Math.,
308(24):6441-6448, 2008.

J. Clark and D. Holton. A first look at Graph Theory. World Scientific Publishing
Co. Pvt. Ltd., 1969.

J. Gallian. A dynamic survey of graph labeling. The Electronics Journal of Com-
binatorics, 25(#DS6), 2022.

N. Hartsfield and G. Ringel. Pearls in Graph Theory. Academic Press, Boston,
1990.

A. Krishnaa. Some applications of labelled graphs. International Journal of Math-
ematics Trends and Technology, 37(3):209-213, 2016.

N. Sridharan and R. Umarani. Antimagic labeling of graphs. International Jour-
nal of Engineering Science, Advanced Computing and Bio-Technology, 3(1):
23-41, 2012.

S. Vaidya and N. Vyas. Antimagic labeling in the context of switching of a vertex.
Annal of pure and Applied Mathematics, 2(1):33-39, 2012.

S. Vaidya and N. Vyas. Antimagic labeling of some path and cycle related graphs.
Annal of pure and Applied Mathematics, 3(2):119-128, 2013.

T. Wang. Toroidal grids are anti-magic. In International Computing and Combi-
natorics Conference, pages 671-679, 2005.

T. Wang, M. Lui, and D. Li. Some classes of disconnected antimagic graphs and
their joins. Whhan Univ. J. Nat. Sci., 17(3):195-199, 2012.



