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Abstract. Recently multi-field inflation models that can produce large scalar fluctuations on
small scales have drawn a lot of attention, primarily because they could lead to primordial
black hole production and generation of large second-order gravitational waves. In this work,
we focus on models where the scalar fields responsible for inflation live on a hyperbolic field
space. In this case, geometrical destabilisation and non-geodesic motion are responsible for
the peak in the scalar power spectrum. We present new results for scalar non-Gaussianity
and discuss its dependence on the model’s parameters. On scales around the peak, we typ-
ically find that the non-Gaussianity is large and close to local in form. We validate our
results by employing two different numerical techniques, utilising the transport approach,
based on full cosmological perturbation theory, and the δN formalism, based on the separate
universe approximation. We discuss implications of our results for the perturbativity of the
underlying theory, focusing in particular on versions of these models with potentially relevant
phenomenology at interferometer scales.

mailto:l.iacconi@qmul.ac.uk
mailto:d.mulryne@qmul.ac.uk


Contents

1 Introduction 1

2 Calculating non-Gaussianities: the transport approach 5
2.1 Multi-field inflation warm up 5
2.2 The model and its background evolution 6
2.3 Scalar non-Gaussianities 7

3 Calculating non-Gaussianities: the numerical δN approach 10
3.1 The scalar power spectrum 13
3.2 Scalar non-Gaussianities 16

4 The field-space geometry, non-Gaussianity and perturbativity 16

5 Discussion 19

A Models with varying χin 21

B Models with varying b1 23

C Analytic 2-point correlators at horizon crossing 23

1 Introduction

Cosmological inflation has become the leading paradigm for describing the very early universe.
Not only does it solve the main issues connected to the standard Hot Big Bang cosmology,
but also explains the origin of the large-scale structure in the universe. The strongest bounds
on inflation come from large-scale observations of the cosmic microwave background (CMB)
[1], and up to now they are consistent with the simplest inflationary scenario, single-field
slow-roll (SFSR) inflation. In this case, a single, canonical scalar field slowly rolling down
its own potential produces the background accelerated expansion and seeds primordial scalar
perturbations that are almost scale invariant and approximately Gaussian.

Large-scale probes test the inflaton evolution when the CMB scales crossed the horizon,
e.g. approximately 50-60 e-folds before the end of inflation. Constraints on the rest of
observable inflation, i.e. on the small-scale statistics of the scalar perturbations, are much
looser and deviations from the simple SFSR large-scale behavior are possible. The scalar
power spectrum could, for example, strongly deviate from approximate scale invariance and
exhibit a large peak on scales smaller than those probed in the CMB. The interest in this
class of inflationary models has gained a lot of momentum in recent years, as enhanced scalar
perturbations could lead to the production of black holes of primordial origin (PBHs) [2] (see
e.g. the reviews [3, 4]), which could possibly explain a fraction/the totality of dark matter
[5–7]. A large peak in the scalar power spectrum would also lead to enhanced gravitational
waves (GWs) sourced at second order in perturbation theory [8, 9], even in the absence of
PBH formation. The detection and characterisation of this cosmological signal with current
and future GWs observatories would provide us with a unique window on the very early
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universe (see e.g. [10–14]), especially concerning the portion of observable inflation that is
beyond large-scale probes.

Usually, the production of a peak in the scalar power spectrum is associated with de-
partures from slow-roll [15]. In the context of single-field inflation this can be achieved when
the field slows down rapidly on its potential, for example because an inflection point leads to
a phase of ultra-slow roll [16–24]1.

In this work we focus on an alternative mechanism, based on the (likely) possibility that
many fields were playing a role during inflation [27]. In this case, geometrical effects and
non-geodesic motion could be responsible for enhanced scalar fluctuations [28–30]. Recently
[31–33] this possibility has been investigated in the context of α-attractor models of inflation
[34–41]. Excellent agreement with current CMB constraints, large-scale predictions that are
independent of the specific shape of the inflaton potential, and possible embeddings of these
models in supergravity theories are all features that make α-attractors very compelling models
for inflation.

Cosmological α-attractors are usually formulated in terms of a complex field, Z, living
on the Poincaré hyperbolic disc [42, 43], with potential V (Z, Z̄) regular everywhere on the
disk. The complex field Z can be parametrised in terms of two scalar fields, the radial and
angular fields r and θ as

Z ≡ r eiθ ≡ tanh

(
ϕ√
6α

)
eiθ , (1.1)

where in the last step we have transformed r into the canonical radial field ϕ. The fields ϕ
and θ live on a hyperbolic field space, with field-space curvature

Rfs = − 4

3α
. (1.2)

Usually θ is strongly stabilised during inflation, in which case ϕ plays the role of the inflaton
in a single-field version of these models [43]. Importantly, the transformation to the canonical
radial field ϕ renders the original potential a generic function of tanh

(
ϕ/

√
6α
)
. This provides

a natural mechanism for producing a single-field potential with a plateau region (at ϕ ≫
√
α

in this case), which could sustain slow-roll evolution, from a generic potential V (r, θ). In
addition, this leads to universal predictions for the large-scale observables [34, 44, 45], see
below eqs.(1.4)-(1.5), meaning that they are stable against different choices of the functional
form of the potential.

The explicit form of the large-scale universal predictions depend on the behavior of the
derivative of V (r, θ) at the boundary of the hyperbolic disk: when the potential and it’s
derivative are not singular at the boundary of the hyperbolic disk we classify the resulting
α-attractors as exponential2 models, which include the well known E- and T-models [42],
while polynomial α-attractors admit potentials with a singular derivative at the boundary of
the hyperbolic disk [46]. There are many possible realisations of polynomial models [46], but
in this work we focus on the particular one which yields the following potential written in
terms of the canonical variable3

V (ϕ) = V0
ϕ2

ϕ2 + ϕ0
2 , (1.3)

1See [25, 26] for a multi-field model that effectively yields ultra-slow-roll, single-field behavior.
2The adjectives exponential and polynomial refer to the way in which the plateau in the potential is

approached at large values of the canonical field.
3Note that the polynomial α-attractor potentials (and their derivative) are not sigular when expressed in

terms of the canonical variable.
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where the parameter ϕ0 describes the polynomial approach to the plateau at large field values,
V (ϕ) ≃

(
1− ϕ0

2/ϕ2 + · · ·
)
.

The large-scale predicitions for the scalar spectral tilt, ns − 1, and the tensor-to-scalar
ratio, rCMB, given at leading order in (∆NCMB)

−1, are

exponential α-attractors: ns = 1− 2

∆NCMB
, rCMB =

12α

∆NCMB
2 , (1.4)

polynomial α-attractor (1.3): ns = 1− 3

2∆NCMB
, rCMB =

√
2ϕ0

∆N
3/2
CMB

, (1.5)

where ∆NCMB is the number of e-folds elapsed between the horizon crossing of the CMB scale
to the end of inflation. Polynomial models lead to slightly higher ns values with respect to
exponential α-attractors, and the predictions for the two classes of models (when including
all types of polynomial attractors) cover almost completely the 68% C.L. area in the (ns, r)
plane singled out by the results of the Planck mission [46].

For some models the angular field θ is also dynamical during inflation, and the full multi-
field evolution has to be taken into account [31, 32, 47–51]. For models with strongly-curved
field spaces, the background trajectory deviates from geodesic motion, the isocuravature per-
turbation experiences a transient tachyonic instability and, due to the turning trajectory,
sources a peak in the scalar power spectrum. This has been studied in the context of ex-
ponential α-attractors in [31] and of polynomial α-attractors in [30, 32]. In [31] it has been
shown that exponential α-attractor models with a strongly-curved field space, α ≪ 1, can
lead to enhanced scalar fluctuations on small scales. A first connection between the model of
[30] and α-attractors was made in [31], where the authors explicitly show the correspondence
between polar and planar coordinates on a 2D-hyperbolic field space, where the former are
usually employed in the context of α-attractors and the latter in the model of [30]. In partic-
ular, the kinetic Lagrangian (given explicitly in eq.(2.15)) is the same as for an α-attractor
model provided b1 =

√
2/(3α) and using appropriate coordinate transformations. This con-

nection was further formalised in [32], where the radial field potential is identified as that of a
polynomial α-attractor and a supergravity realisation of the model is given. For appropriate
choices of the geometrical parameter b1, these models can deliver a large peak in the scalar
power spectrum [30, 32].

Due to the presence of a peak in the scalar power spectrum, the large-scale universal
predictions for the tilt, eqs.(1.4)-(1.5), are modified [31, 32] such that the scalar spectral tilt
becomes

exponential α-attractors: ns ≈ 1− 2

(∆NCMB −∆Npeak)
, (1.6)

polynomial α-attractor (1.3): ns ≈ 1− 3

2 (∆NCMB −∆Npeak)
, (1.7)

where ∆Npeak is the e-folding separation between the horizon crossing of the peak scale in
the scalar power spectrum and the end of inflation. Requiring that the scalar spectral tilt is
consistent with the current large-scale measurement [1]

ns = 0.9649± 0.0042 (68% C.L.) , (1.8)

in turn constrains the position of the peak in the scalar power spectrum [31]. Assuming
H ≃ const during inflation, the peak scale can be expressed as

kpeak ≃ e∆NCMB−∆Npeak × 0.05Mpc−1 . (1.9)
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By requiring eqs.(1.6)-(1.7) to yield values compatible at least at 95% C.L. with (1.8), and
employing eq.(1.9) yields

exponential α-attractors: kpeak ≳ 4.6× 1018 Mpc−1 , (1.10)

polynomial α-attractor (1.3): kpeak ≳ 4.7× 1013 Mpc−1 . (1.11)

Due to the constraint in eq.(1.10), exponential models can only lead to the formation of
PBHs with very light masses and production of second-order GWs that peak at ultra-high
frequencies, beyond the reach of current and planned GWs observatories [31]. On the other
hand, peaks on slightly larger scales are allowed for the polynomial model, see (1.11), whose
phenomenology could potentially be tested by upcoming GWs obvservations at interferometer
scales (see e.g. [14, 30]). For this reason in the following we will focus on the polynomial
α-attractor model of [30, 32].

Strong enhancements of the scalar perturbations on small scales might be expected to
be associated with significant non-Gaussianity, which can impact both the production of
PBHs [10, 21, 52–66] and induced second-order GWs [67–74]. Large non-Gaussianities also
imply that the tree-level scalar power spectrum itself, i.e. the power spectrum calculated
using the linear equations of motion for the perturbations, could get large corrections when
expanding the Lagrangian to higher-order in the fluctuations, with the risk of the theory
becoming non-perturbative. For these reasons, in this work we calculate the scalar 3-point
correlation function, the bispectrum, for the models of [30, 32], and evaluate the amplitude of
non-Gaussianity in models with large peaks in the scalar power spectrum. We then employ
our results as a diagnostic tool to assess perturbativity4 of the underlying theory for scales
around the peak, focusing in particular on versions of these models with potentially relevant
phenomenology at interferometer scales.

Content: We summarise general features of multi-field inflation in section 2.1. In section
2.2 we focus on the polynomial α-attractor of [30, 32] and introduce three realisations of
it, distinguished by different values of the field-space curvature, which will be our working
examples. In section 2.3 we calculate the amplitude of the scalar 3-point correlation function
by employing the numerical code PyTransport [89, 90], based on the transport equations
for the correlators which follow from full cosmological perturbation theory. In section 3, we
develop a second numerical tool, based on a numerical realisation of the δN formalism, to cross
check the PyTransport results for the scalar power spectrum and bispectrum amplitudes. In
section 4 we explore further the details of the dependence of non-Gaussianity on the field-
space geometry and discuss the perturbativity of these models. We comment on our results
in section 5 and provide additional materials in a series of appendices. In particular, in
appendices A and B we systematically analyse the dependence of the scalar power spectrum
and bispectrum amplitudes on the model parameter space, namely variations in the value of
the initial condition for the second field and in the field-space curvature. Finally, in appendix
C we provide analytic expressions for the fields and velocities 2-point correlators at horizon
crossing, required to develop the numerical δN approach of section 3.

Conventions: Throughout this work, we consider a spatially-flat Friedmann–Lemaître–
Robertson–Walker universe, with line element ds2 = −dt2 + a2(t)δijdxidxj , where t denotes

4Alternatively one could calculate the loop-corrections to the tree-level scalar power spectrum using the
In-In formalism. This method can be employed for cases where the non-Gaussianity is not of the local type.
Loop corrections in single-field models delivering large scalar fluctuations have been calculated recently [75–87]
(for an earlier work see [88]), while to our knowledge this attempt has not been done for multi-field models.
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cosmic time and a(t) is the scale factor. The Hubble rate is defined as H ≡ ȧ/a, where a
derivative with respect to cosmic time is denoted by ḟ ≡ df/dt. The number of e-folds of
expansion is defined as N ≡

∫
H(t)dt and f ′ ≡ df/dN . We use natural units and set the

reduced Planck mass, MPl ≡ (8πGN )−1/2, to unity unless otherwise stated.

2 Calculating non-Gaussianities: the transport approach

2.1 Multi-field inflation warm up

The action of multi-field inflationary models can be written as

S =

∫
d4x

√
−g

[
MPl

2

2
R− 1

2
GIJ

(
ϕK
)
∂µϕ

I∂µϕJ − V
(
ϕK
)]

, (2.1)

where GIJ

(
ϕK
)

is the metric on the field space and V
(
ϕK
)

is the multi-field potential. In this
work we focus on a two-field model. We therefore restrict the number of fields described by
the action (2.1) to two, and consider a FRLW universe. The fields and background evolution
are described by the equations

3H2 =
1

2
σ̇2 + V , (2.2)

Ḣ = −1

2
σ̇2 , (2.3)

Dtϕ̇I + 3Hϕ̇I + GIJV,J = 0 , (2.4)

where V,J ≡ dV /dϕJ , σ̇2 ≡ GIJ ϕ̇
I ϕ̇J is the kinetic energy of the fields, DtA

I = ȦI +
ΓI
JK ϕ̇JAK , and ΓI

JK are the Christoffel symbols on the field space. The first Hubble slow-roll
parameter is defined as

ϵH ≡ − Ḣ

H2
, (2.5)

and inflation ends when ϵH = 1.
When studying the perturbations around the inflating background, it is useful to project

the covariant perturbation in the spatially-flat gauge [91], QI , along the instantaneous adia-
batic and entropic directions [92, 93]. The adiabatic direction is (instantly) coincident with
the field-space background trajectory direction, while the entropic direction is orthogonal to it.
More precisely, the new basis is defined by the unit-norm vectors σ̂I ≡ ϕ̇I/σ̇ and ŝI ≡ ωI/ω,
where ω is the turn rate in field space and is defined by ωI ≡ Dtσ̂

I . In the following, we will
also refer to the dimensionless bending parameter

η⊥ ≡ ω

H
, (2.6)

which measures the deviation of the background trajectory from a geodesic in field space.
The adiabatic and entropic perturbations are defined respectively as Qσ ≡ σ̂IQI and

Qs ≡ ŝIQI , and from these the dimensionless comoving curvature and entropic perturbations
are given by

ζ ≡ H

σ̇
Qσ, S ≡ H

σ̇
Qs . (2.7)
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The 2- and 3-point correlation functions for the curvature perturbation ζ are given by

⟨ζ(k1)ζ(k2)⟩ ≡ (2π)3δ (k1 + k2)Pζ(k) , (2.8)

⟨ζ(k1)ζ(k2)ζ(k3)⟩ ≡ (2π)3δ (k1 + k2 + k3)Bζ(k1, k2, k3) . (2.9)

From these we can define the dimensionless scalar power spectrum

Pζ(k) ≡
k3

2π2
Pζ(k) , (2.10)

and the reduced bispectrum

fNL ≡ 5

6

Bζ(k1, k2, k3)

P (k1)P (k2) + P (k2)P (k3) + P (k1)P (k3)
. (2.11)

In multi-field inflation, the adiabatic and entropic perturbations (2.7) are coupled in the
presence of a non-zero bending of the field-space trajectory, i.e. non-geodesic motion in field-
space [92]. For example, in the super-horizon regime (k ≪ aH) the curvature perturbation is
not necessarily constant as in single-field inflation, and obeys (see e.g. [94])

ζ̇ ≃ 2η⊥
H2

σ̇
Qs . (2.12)

In this regime, the entropic perturbation Qs evolves according to

Q̈s + 3HQ̇s +ms, eff
2Qs ≃ 0 , (2.13)

where the entropic effective squared-mass in the super-horizon regime is

ms, eff
2

H2
≡ V;ss

H2
+ ϵHRfs + 3η2⊥ . (2.14)

In the equation above, the first term represents the Hessian of the multi-field potential,
V;ss ≡ ŝI ŝJ

(
V,IJ − ΓK

IJV,K

)
, defined by means of a covariant derivative in field space in order

to take into account the non-trivial geometry. The second term is proportional to Rfs, the
intrinsic scalar curvature of the field space, and the last term to the bending of the field-space
trajectory, see eq.(2.6).

In the models under analysis, the field space is hyperbolic, Rfs < 0 (for more on geo-
metrical destabilisation see also [47, 48, 94–99]). As demonstrated in [30], for suitable choices
of the model’s parameters the combination ϵHRfs is large enough to overcome the other con-
tributions to eq.(2.14) and ms, eff

2/H2 < 0 transiently. The entropic perturbation becomes
tachyonic, grows and sources the curvature perturbation due to the turning trajectory. This
produces a peak in the scalar power spectrum (2.10) on scales smaller than the CMB scales,
which could lead to primordial black hole production and to large GWs produced at second-
order in perturbation theory [30].

2.2 The model and its background evolution

Specialising to the model in [30], the multi-field action (2.1) becomes

S =

∫
d4x

√
−g

[
MPl

2

2
R− 1

2
(∂ϕ)2 − 1

2
e2b1ϕ (∂χ)2 − V (ϕ, χ)

]
. (2.15)
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Here {ϕ, χ} are planar5 coordinates in the field space, the field-space curvature is Rfs = −2b1
2

and the only non-zero Christoffel symbols are

Γϕ
χχ = −b1e

2b1ϕ and Γχ
χϕ = b1 . (2.16)

Following [30], we study the multi-field potential

V (ϕ, χ) = V0
ϕ2

ϕ0
2 + ϕ2

+
1

2
mχ

2χ2 , (2.17)

where we recognise the polynomial α-attractor potential of eq.(1.3) for the canonical scalar
field ϕ [32]. Similarly to [30] we dub the second field χ, but we could have equally called it θ,
as we did in section 1. In eq.(2.17), we fix ϕ0 =

√
6 and mχ

2 = V0/500 [30].
For appropriate choices of the model’s parameters, the background evolution of these

models is characterised by two phases. The first is driven by the field ϕ, which slowly rolls
down its potential while χ is effectively frozen due to the effect of the hyperbolic field-space
geometry. When ϕ ∼ b1

−1, the suppression is lifted, there is a turn in field space, and the
second field starts rolling towards the minimum of its potential, up until the end of inflation
[30]. At the transition between the two phases, ϵH ∼ 1 and the (negative) term ϵHRfs in
eq.(2.14) causes a transient tachyonic instability for the entropic perturbation, which, as we
have described, in turn sources a large Pζ(k) on small scales [30].

In each model realisation, two parameters are particularly relevant, the value of b1,
which determines the field-space curvature and therefore (roughly) the growth of Pζ(k), and
the initial condition on the second field, χin, which sets the duration of the second phase of
evolution and therefore the position of the peak in the scalar power spectrum [30].

In section 2.3 we investigate the effect that changes in b1 have on the scalar power
spectrum and non-Gaussianity, and do a similar analysis in appendix A for models where
we vary χin. First, we present the background evolution for three working examples that we
use throughout, namely three models with {ϕin = 7, χin = 7.31} and different values of the
geometrical parameter, b1 = {6.4, 7.091, 7.8}. We plot in figure 1 the resulting evolution of
ϵH , eq.(2.5), represented against ∆N ≡ Nend − N . In all cases, the time-dependence of ϵH
shows two phases of evolution, separated by a transition with ϵH ∼ 1.

2.3 Scalar non-Gaussianities

In this section, we calculate the scalar power spectrum and the primordial scalar non-
Gaussianity, parametrised by the reduced bispectrum (2.11), for the working examples in-
troduced in section 2.2. The numerical results presented in this section have been obtained
using the publicly available code PyTransport [89, 90, 100]6. The transport code works
by evolving the 2- and 3-point function of covariant field fluctuations and their conjugate
momenta from initial conditions set in the quantum regime on sub-horizon scales. It then
converts these correlations into the power spectrum and bispectrum of ζ [108].

An important quantity needed to connect inflationary dynamics with large-scale ob-
servables is the number of e-folds elapsed between the horizon crossing of the CMB scale,

5See Appendix E in [31] for a discussion about planar and polar coordinates in 2D-hyperbolic field spaces.
6See [101–105] for earlier related work, and [106, 107] for an alternative open source package, CppTransport,

based on the same approach. PyTransport is available at github.com/jronayne/PyTransport.
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Figure 1: Numerical evolution of ϵH against ∆N ≡ Nend −N for three models with initial
conditions {ϕin = 7, χin = 7.31} and different values of the geometrical parameter b1.

kCMB = 0.05Mpc−1, and the end of inflation, defined as [1]

∆NCMB ≡ Nend −NCMB

≃ 66.4− ln

(
kCMB

a0H0

)
+

1

4
ln

(
V 2

CMB
ρend

)
− 1− 3w

4
∆Ñrh .

(2.18)

In this expression a0H0 is the present comoving Hubble rate, ρend is the energy density at
the end of inflation, VCMB is the value of the potential when the comoving wavenumber kCMB
crossed the horizon during inflation. The parameters w and ∆Ñrh respectively represent the
equation of state parameter during reheating and its duration

∆Ñrh ≡ Nrh −Nend =
1

3(1 + w)
log

(
ρend

ρth

)
, (2.19)

where ρth is the energy scale at the end of it. For reheating to be completed before the onset
of the Big Bang Nucleosynthesis [1], its duration is bounded from above:

∆Ñrh ≤ ∆Ñrh,max =
1

3
log

ρend

(1TeV)4
. (2.20)

When the equation-of-state parameter for reheating7 is −1 < w < 1/3, ∆NCMB is maximised
for instantaneous reheating, ρend = ρth or ∆Ñrh = 0. By assuming instant reheating and
values of V0 compatible with CMB observations, we iteratively solve eq.(2.18) for models
with ϕin = 7 and χin = 7.31, finding ∆NCMB,inst rh ≃ 57.3, regardless of b1. We also find
that the maximum duration of reheating is ∆Ñrh,max ≃ 37.8. These quantities, together
with the e-folding separation between the horizon crossing of the peak scale and the end of
inflation, ∆Npeak, determine the value of the scalar spectral tilt on large scales, see eq.(1.7).
We approximate ∆Npeak with the duration of the second phase of evolution, i.e. the number

7For simplicity in the following we assume that w = 0.
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of e-folds that elapsed between the local maximum of ϵH and the end of inflation. We find that
all the models we study are compatible at least at 95% C.L. with the large-scale measurement
(1.8) for appropriate choices of ∆Ñrh. For example, ∆Ñrh ≲ 22 yields ns ≳ 0.9565 for the
model with b1 = 7.8. We have also shown that for these models to be consistent with (1.8)
at least at 95% C.L., the inequality (1.11) follows, implying that viable models that satisfy
ns constraints must lead to peaks in the scalar power spectrum beyond LISA scales, e.g. on
scales relevant to LIGO or the Einstein telescope.

In [30] the authors fix ∆NCMB = 50, which would follow from ∆Ñrh ≃ 29.2. This value
of ∆Ñrh, while being allowed by the upper bound ∆Ñrh,max, yields values of the scalar spec-
tral tilt not compatible with (1.8). Nevertheless, in the following we will adopt ∆NCMB = 50
for simplicity and consistency with [30]. This still serves as a useful benchmark to illustrate
our conclusions regarding non-Gaussianity for these models, bearing in mind that while this
choice leads to tensions with the ns measurements, there are appropriate choices of reheat-
ing duration (and therefore ∆NCMB) that make these models compatible with the Planck
measurement (1.8), as explained above.

We display in figure 2 results for Pζ(k)/Pζ(kCMB) and the reduced bispectrum in the
equilateral configuration, k1 = k2 = k3 = k, at scales around the peak region for the three
models introduced in section 2.2.

The enhancement of Pζ(k) relative to the CMB scale is Pζ(kpeak)/Pζ(kCMB) ≃ {9.2 ×
103, 3× 102, 7.9× 106} for each b1 in increasing order. Interestingly the peak amplitude does
not always increase for larger b1, i.e. more strongly-curved field spaces. We confirm this by
systematically exploring more b1 values in the range b1 ∈ [4, 8], see appendix B. In particular,
figure 15 shows that for b1 ≳ 6.8 the peak amplitude starts decreasing up until the critical
value b1 ∼ 7.09, after which Pζ(kpeak) increases again for increasing b1. The presence of a
critical value for the curvature divides the b1 range into two regions, which motivates our
choice of the three cases to work with.

In figure 2, we see that for b1 = 6.4 and 7.8, fNL,eq is approximately flat, i.e. scale-
independent, over the peak scales. However, for b1 = 7.091, which is close to the critical
value, the scalar power spectrum exhibits a two-peak structure with the second peak being
the largest, and the non-Gaussianity at kpeak is in a region of rapidly changing fNL,eq, outside
of the plateau. As demonstrated in appendix B this is the exception, and all models with
non-critical field-space curvature display a plateau in fNL,eq. We also find that the amplitude
of the equilateral non-Gaussianity at the peak scale is non-monotonic for increasing b1, with
fNL,eq(kpeak) ≃ {16.2, 1444.6, 9.4} for each b1 in increasing order.

Excluding the critical value b1 = 7.091, the approximate scale-independence of the
equilateral non-Gaussianity amplitude over peak scales points to non-Gaussianity of the local
shape. We confirm this for the case b1 = 7.8 by explicitly looking at the shape dependence of
fNL at fixed overall scale k1+k2+k3 = 3kpeak. In figure 3 we display the reduced bispectrum
fNL(k1, k2, k3) as a function of (α, β), defined as k1 = 3kpeak(1−β)/2, k2 = 3kpeak(1+α+β)/4
and k3 = 3kpeak(1−α+β)/4. The range of values of the bispectrum shows that fNL is almost
constant for all triangle configurations, meaning that the bispectrum is scale-independent and
therefore of the local shape. We have checked that as we increase the resolution of the triangle
plot, i.e. the closer we get to the squeezed configuration represented by the triangle points
(α, β) = {(−1, 0), (1, 0), (0, 1)}, we see a drop in the value of fNL, which is expected since
fNL,eq does eventually display a scale dependence at scales outside of the plateau.
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Figure 2: Scalar power spectrum, Pζ(k)/Pζ(kCMB), and amplitude of the equilateral non-
Gaussianity, fNL,eq, for three models with initial conditions {ϕin = 7, χin = 7.31} and different
values of the geometrical parameter b1. The horizontal axis has been cut to represent the
peak region. The value of fNL,eq for the peak scale is highlighted with a black point.

3 Calculating non-Gaussianities: the numerical δN approach

When non-Gaussianity is local, it is highly suggestive that it has been produced on super-
horizon scales. In order to test this hypothesis, and to cross check the results obtained in
section 2, we develop here a second numerical approach, based on the δN formalism [109–113].

The δN formalism is a powerful tool to compute the non-linear evolution of cosmological
perturbations on large scales, k ≪ aH. In particular, the curvature perturbation is identified
with the perturbed number of e-folds of evolution between a spatially-flat hypersurface at
time t = 0 and a uniform-density hypersurface at time t

δN(x, t) ≡ ζ(x, t) , (3.1)

where N ≡
∫
dtH(t). By Taylor expanding eq.(3.1) for two fields and by retaining only linear
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Figure 3: Reduced bispectrum fNL(k1, k2, k3) as a function of (α, β), see the text for
their definitions. Note that the squeezed configuration corresponds to the points (α, β) =
{(−1, 0), (1, 0), (0, 1)}, while the equilateral configuration corresponds to (α, β) = (0, 1/3).

contributions8, we get

ζ(x, t) =
∂N

∂ϕ
δϕ(x, t) +

∂N

∂χ
δχ(x, t) +

∂N

∂ϕ′ δϕ
′(x, t) +

∂N

∂χ′ δχ
′(x, t) . (3.2)

Eq.(3.2) can be used to calculate the scalar power spectrum

Pζ(k) = (Nϕ)
2 Pϕϕ(k) +NϕNχPϕχ(k) +NϕNϕ′Pϕϕ′(k) +NϕNχ′Pϕχ′(k)

+NχNϕPχϕ(k) + (Nχ)
2 Pχχ(k) +NχNϕ′Pχϕ′(k) +NχNχ′Pχχ′(k)

+Nϕ′NϕPϕ′ϕ(k) +Nϕ′NχPϕ′χ(k) +
(
Nϕ′
)2 Pϕ′ϕ′(k) +Nϕ′Nχ′Pϕ′χ′(k)

+Nχ′NϕPχ′ϕ(k) +Nχ′NχPχ′χ(k) +Nχ′Nϕ′Pχ′ϕ′(k) +
(
Nχ′
)2 Pχ′χ′(k) ,

(3.3)

where ⟨δXk1δYk2⟩ ≡ (2π)3δ(k1 + k2)2π
2/k3PXY (k1) and NX ≡ ∂N/∂X. For each scale the

2-point correlators appearing in eq.(3.3) are evaluated at horizon crossing, and the δN for-
malism takes into account all the subsequent (and possibly complicated) evolution to produce
the curvature power spectrum.

We apply eq.(3.3) to calculate super-horizon contributions to the scalar power spectrum
and primordial scalar non-Gaussianities in the models analysed in section 2. For this purpose,
we calculate in appendix C analytic expressions for the correlators appearing in (3.3), which
need to be evaluated at horizon crossing. In particular, we employ the mode functions for
non-interacting, massless fields in a quasi-de Sitter background, see eq.(C.1). For the models
with b1 = 6.4 and 7.8, the peak scale leaves the horizon before the turn in field space (e.g.
before the isocurvature perturbation becomes unstable), see figure 4. Here we represent on the
left Pζ(k)/Pζ(kCMB), with the CMB, dip and peak scales highlighted, and mark on the right
the times at which these scales cross the horizon on top of the fields’ evolution. In both cases,
the peak scale leaves the horizon before the field-space trajectory turns and for this reason we

8We have checked that truncating the expansion at the linear order is sufficient to justify the results
obtained in section 2, see e.g. figure 5.
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Figure 4: The scalar power spectrum, Pζ(k)/Pζ(kCMB), calculated with PyTransport (left)
and field-space trajectory (right) for three models with {ϕin = 7, χin = 7.31} and different
values of the field-space curvature. The plots in each row correspond to the same b1 value,
and in each row we highlight the CMB, dip and peak scales (left) and the time during the
fields’ evolution when these scales cross the horizon (right).

expect our δN approach, that relies on the correlator (C.1), to well describe the perturbations
in the peak region. When b1 = 7.091, the scalar power spectrum exhibits a double peak, with
the second peak larger than the first one and the peak scale exiting the horizon during the
transition. For critical curvature values, b1 ∼ 7.09, we therefore expect sub-horizon effects to
be relevant. This implies that correlators at horizon crossing receive corrections from sub-
horizon interactions, and using the correlators for non-interacting, massless fields on de Sitter,
eq.(C.1), is only appropriate as a first approximation. In this (exceptional) case we therefore
expect our δN approach not to fully account for the perturbations evolution.
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By using the results of appendix C, eq.(3.3) reduces to

Pζ(k) = (Nϕ)
2 Pϕϕ(k) + (Nχ)

2 Pχχ(k) +
(
Nϕ′
)2 Pϕ′ϕ′(k) +

(
Nχ′
)2 Pχ′χ′(k)

+ 2Nϕ′Nχ′Pϕ′χ′(k) + 2NχNχ′Pχχ′(k) + 2NϕNχ′Pϕχ′(k) + 2NχNϕ′Pχϕ′(k) ,
(3.4)

where the dimensionless correlators are listed in eqs.(C.23)-(C.32) and need to be evaluated
for each scale at horizon crossing.

3.1 The scalar power spectrum

With ∆NCMB = 50, we adjust V0 in eq.(2.17) such that the scalar power spectrum amplitude
on large scales satisfies the Planck normalisation [1]. We numerically solve the background
evolution with initial conditions {ϕin = 7, χin = 7.31, ϕ′

in = 0, χ′
in = 0}9 and stop the evolu-

tion when ϵH = 1: the resulting set of numerical solutions B = {ϕ(N), χ(N), ϕ′(N), χ′(N)}
constitutes our reference background evolution. The energy density at the end of inflation for
the solutions B, ρ̄end = 1/2 σ̇2 + V (ϕ, χ)|N=Nend , defines a constant-energy-density hypersur-
face, which will be our reference when calculating δN (3.1).

We slice the time-evolution during the observable window of inflation by considering n
equally spaced e-folding numbers, N⋆, each of which is associated with a comoving scale, k⋆,
that crossed the horizon at that time

k⋆ ≃ eN⋆−NCMB × 0.05 Mpc−1 , (3.5)

where we have assumed H = const and NCMB is defined in eq.(2.18). Using B, we evaluate for
each N⋆ the corresponding set B⋆ = {ϕ(N⋆), χ(N⋆), ϕ

′(N⋆), χ
′(N⋆)}, which can be regarded

as the set of initial conditions at the time of horizon crossing of the scale k⋆. For each k⋆, we
evaluate the analytic expressions for the 2-point correlators in eq.(3.4), see appendix C, at
horizon crossing by using the set B⋆. The correlators values will be used in evaluating eq.(3.4)
for each scale k⋆.

We calculate the derivatives in (3.4) in the same way, so we describe in detail just one
of the cases, Nϕ. For each time N⋆, we consider the reference set of initial conditions B⋆ and
vary only the initial condition for ϕ,

B⋆ → B⋆ + δB⋆ = {ϕ(N⋆)(1 + δ), χ(N⋆), ϕ
′(N⋆), χ

′(N⋆)} . (3.6)

In particular, we consider 61 new initial conditions, with δ ∈ [−30%,+30%]. For each one
of these, which we label with the perturbed value ϕδi ≡ ϕ(N⋆)(1 + δi), where i = 1, · · · , 61,
we solve the background evolution up until ρ = ρ̄end and evaluate the number of e-folds this
takes, Nδi . We then fit the obtained numerical data (ϕδi , Nδi)i=1,··· ,61 with the linear function

Nδ = c0 + c1ϕδ , (3.7)

and identify Nϕ = c1 for the scale k⋆. The product of the square (Nϕ)
2 with the value of the 2-

point correlator Pϕϕ at horizon crossing constitutes the first contribution to (3.4) for the scale
k⋆. We repeat the same procedure for the remaining initial conditions in B⋆ to derive Nχ, Nϕ′

and Nχ′ . By using these results, the correlators at horizon crossing in eqs.(C.23)-(C.32), and
eq.(3.4), we obtain Pζ(k⋆). Repeating this for all the n scales yields to the numerical δN
result for the scalar power spectrum.

9We have chosen the initial condition ϕin such that inflation lasts longer than ∆NCMB and the background
trajectory is on the slow-roll attractor when the CMB scale crossed the horizon.
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Figure 5: Left panel : Comparison between numerical δN results (colored lines) and the
PyTransport scalar power spectrum (gray, dashed line) for models with {ϕin = 7, χin = 7.31},
and different values of b1. Right panel: Total scalar power spectrum from the δN calculation
(black line), see eq.(3.4), compared with the PyTransport result (gray, dashed line) for the
same models.

We represent in the left panels of figure 5 the results obtained for models with different
values of b1. In particular, the colored lines represent the eight contributions to the scalar
power spectrum within the numerical δN calculation, see eq.(3.4), and the gray-dashed line
displays the PyTransport result for comparison.

In each case the power spectrum is first dominated by perturbations in the ϕ field, which
at these times is slowly rolling, while χ is frozen. The peak is produced by perturbations in
the second field velocity, χ′. On large scales, the χ′ contribution is dominated by numerical
noise10. This is easily explained considering the fact that during the first stage of evolution

10The unstable quantity here is Nχ′ , which rapidly oscillates between large positive and negative values,
see figure 6. The information on the sign of Nχ′ is lost in figure 5, due to the square taken, see eq.(3.4).
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Figure 6: Values of the derivative Nχ′ in the peak region for models with {ϕin = 7, χin =
7.31}, and different values of b1. We plot with a continuous (dashed) line positive (negative)
values of Nχ′ . On large scales Nχ′ is dominated by numerical noise.

χ is frozen, with χ′ exponentially suppressed, and dealing with such extreme values leads to
some instabilities in the numerics. The numerical δN peak is slightly different with respect
to the PyTransport result, especially when considering its position. This is probably due to
the analytic correlators that we use to implement the δN calculation, which rely on a series
of approximations, see eq.(C.1).

After the peak region, the scalar power spectrum displays a second slow-roll plateau. The
largest contribution at these scales is given by fluctuations in χ, which is slowly rolling and
dominates the second phase of evolution after the transition. Comparable to this contribution
are those of mixed cross-correlators, Pχϕ′ and Pϕχ′ . The sum of all contributions yields a
plateau slightly larger than the PyTransport one, see the right panels in figure 5, where
we compare the sum11 of the eight δN contributions, see eq.(3.4), with the PyTransport
results. The discrepancy between the two approaches increases towards smaller scales. These
differences might be explained by the fact that small scales cross the horizon towards the
end of inflation, where the slow-roll approximation fails, and our initial conditions for the δN
formalism are no longer appropriate.

While the agreement between the numerical δN results and the output of PyTransport
is quite remarkable for b1 = 6.4 and 7.8, in the case of b1 = 7.091 the fluctuations in χ′

explain only the first (secondary) peak in the scalar power spectrum. This is not surprising
considering the fact that the peak scale crossed the horizon during the turn in field space, see
figure 4, signalling that sub-horizon effects (not accounted for by our analytic correlators at
horizon crossing) need to be taken into account.

As discussed in section 2.3, the PyTransport results show a critical behavior in the scalar
power spectrum for b1 ≃ 7.09, see also figure 14. We find a sign of criticality also in quantities
calculated with the δN approach. We display in figure 6 values of Nχ′ for scales in the peak
region for different values of b1. We distinguish positive (continuous) and negative (dashed)
values of Nχ′ . The transition between positive and negative Nχ′ in the peak region is located

11On large scales we neglect the noise-dominated (Nχ′)2 Pχ′χ′(k) contribution.
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between b1 = 7 and b1 = 7.2, exactly where expected from the PyTransport results. This
flags with a second independent approach the presence of critical values for the geometrical
parameter around b1 = 7.09.

3.2 Scalar non-Gaussianities

The amplitude of scalar non-Gaussianities (more precisely the shape-independent part of fNL)
can be calculated within the δN formalism as (see e.g. [114, 115])

fNL =
5

6

∑
IJ N,IJN,IN,J(∑

I N
2
,I

)2 , (3.8)

where I = {ϕ, χ, ϕ′, χ′}. In section 3.1 we have demonstrated that the peak in the scalar
power spectrum is due to fluctuations in the second field velocity, χ′. For this reason we
expect the amplitude of non-Gaussianity around the scale kpeak to be approximately given as

fNL ≃ 5

6

Nχ′χ′

Nχ′2
. (3.9)

Since the numerical δN approach does not reproduce the position of the peak in the scalar
power spectrum precisely, see figure 5, we use the numerical results from PyTransport to
derive the peak position, kpeak. We select 10 scales that crossed the horizon around the same
time as kpeak, in the range

10log10 kpeak−0.1 ≤ k⋆ ≤ 10log10 kpeak+0.1 . (3.10)

For each of these scales, we use the reference background evolution to calculate the initial
conditions at horizon crossing, B⋆, and consider a small variation of the initial condition for
the velocity χ′,

B⋆ → B⋆ + δB⋆ = {ϕ(N⋆), χ(N⋆), ϕ
′(N⋆), χ

′(N⋆)(1 + δ)} . (3.11)

Following a procedure similar to what described in section 3.1, we derive the numerical data
(χ′

δi
, Nδi)i=1,··· ,61 and obtain the derivatives Nχ′ and Nχ′χ′ by using a linear and quadratic

fit respectively to the data. We then combine these derivatives for each scale k⋆ as prescribed
by eq.(3.9).

We represent the results for our two12 working examples with b1 = 6.4 and 7.8 in figure
7. For comparison, we show the numerical δN values together with the PyTransport results.
The non-Gaussianity amplitudes for scales around kpeak calculated with the two different
numerical approaches agree to a very good level.

4 The field-space geometry, non-Gaussianity and perturbativity

In section 2, we calculated with PyTransport the amplitude of non-Gaussianity associated
with large peaks in the scalar power spectrum for models of [30, 32] with different values of
the field-space curvature. In section 3 we have validated the results of section 2 by means of a
second numerical approach, based on the δN formalism. Here, we explore in more detail the
dependence of the amplitude of non-Gaussianity at peak scales on the geometrical parameter
b1, and use the results to assess the perturbativity of these models.

12We do not expect the numerical δN approach to yield the correct fNL for the model with b1 = 7.091 as
we have already seen that it fails at reproducing the principal peak in Pζ , see the central panel in figure 5.
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We display in figure 8 fNL,eq at kpeak for models with different values of b1 (for more
details see appendix B). By comparing the PyTransport and numerical δN results, we see that
overall the two series of points agree quite well, with deviations for cases with b1 ≃ 7.09. These
are expected considering the fact that kpeak crossed the horizon during the turn in field space
for these models (see figure 4) and sub-horzion effects, not captured by the analytic correlators
at horizon crossing that we use, are therefore expected to be relevant. The amplitude fNL,eq
increases in magnitude for increasing b1, with a faster and faster rate, peaks for b1 ≃ 7.09
and then decreases again for the remaining range of b1. As is the case for the power spectrum
amplitude at kpeak, see figure 15, the amplitude of non-Gaussianity also displays a critical
behavior at b1 ≃ 7.09.

As shown in section 2, the non-Gaussianity at peak scales is approximately of the local
type for models with b1 different from the critical value. For local non-Gaussianity, when one
field or field velocity perturbation at horizon crossing is the dominant contribution to ζ (as is
the case here), the curvature perturbation in real space can be expanded as (see for example
[116])13

ζ(x) = ζG(x) +
3

5
fNL

(
ζG(x)

2 − ⟨ζG(x)2⟩
)
, (4.1)

where ζG(x) is the Gaussian contribution to the curvature perturbation ζ(x) and ⟨ζG(x)2⟩ is
its variance. Beginning from eq.(4.1) and moving to Fourier space, we find that

Pζ(k) = PζG(k) +
9

25
f2
NL

k3

2π

∫
L−1

d3p
PζG(p)PζG(|p− k|)

p3|p− k|3
, (4.2)

where L is an infrared cutoff and PζG the Gaussian power spectrum that comes from including
only the leading term in eq.(4.1). When the Gaussian power spectrum is scale invariant, the
integral above can be performed exactly (see for example [118, 119]), and the ratio between
the one-loop power spectrum and the Gaussian one is

P loop
ζG

PζG

=
36

9
f2
NLPζG ln kL . (4.3)

One can take L to be the scale over which the power spectrum is being measured, and hence
can be taken to be close to k−1 for our purposes, such that ln kL ∼ O(1). Given our power-
spectrum is not scale invariant over the peak scales, this expression can only be taken as an
indication of when perturbativity breaks down. By requiring P loop

ζ /PζG ≪ 1, eq.(4.3) yields

f2
NLPζG ≪ 1 , (4.4)

which we will use in the following as a criterion to assess the perturbativity of these models,
given the amplitude of the scalar power spectrum and non-Gaussianity at the peak scales.
Note that (4.4) is an upper limit, and perturbativity, or least the accuracy of results, may be
in question well before the bound is saturated.

In figure 9 we represent fNL(kpeak)
2 against Pζ(kpeak) for the same models considered

in figure 8. The gray area highlights regions for which Pζ(kpeak)fNL(kpeak)
2 ≳ 0.1, which

according to (4.4) signals a breakdown of perturbativity. The points highlighted with a gray
diamond correspond to models with critical values of the field-space curvature, therefore we
should not apply the criterion (4.4), valid for local non-Gaussianity, to these points. With

13See [117] for a calculation including the cubic non-Gaussianity parameter.
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proximate benchmark value for PBH production when the curvature perturbation is Gaussian.

these points excluded, all models with b1 ≳ 6.9 violate (4.4). In particular, models that could
lead to PBH production (the usual criteria is Pζ(kpeak) ≃ 10−2 for Gaussian perturbations
which drops to Pζ(kpeak) ≃ 10−3 when the smoothed density contrast, rather than ζ, is used
to calculate the abundance of PBHs [120]) and/or large second-order GWs are all flawed by
perturbativity issues.

Figure 9 illustrates again the fact that the peak amplitude Pζ(kpeak) does not always
increase by increasing the value of the geometrical parameter, as well as how fNL,eq(kpeak)

2

behaves. This has important consequences for power spectra with smaller peaks, 10−6 ≲
Pζ(kpeak) ≲ 3 × 10−5: they can produced within models with different values of b1, but
each model corresponds to a different non-Gaussianity amplitude, some of which violate the
criterion (4.4).

5 Discussion

In this work we have investigated multi-fields models of inflation with hyperbolic field space.
We focus on the polynomial α-attractors introduced in [30], which can deliver a large peak
in the scalar power spectrum on small scales due to geometrical destabilisation and turning
trajectories. In some cases the scalar power spectrum could lead to large second-order GWs
and possibly result into PBH production. We show that peaks at scales kpeak ≳ 4.7 ×
1013 Mpc−1 are consistent at least at 95% C.L. with large-scale measurements of the scalar
spectral tilt, and therefore these models could provide a relevant source to the stochastic
background of GWs at interferometer scales, and deserve further investigation.
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Up to now the models of [30], and other similar ones where multi-field effects are re-
sponsible for the peak in Pζ(k) (see e.g. [28, 29, 31]) have been investigated only at the linear
level, i.e. by employing the linear equations of motion for the perturbations. In this work
we make a step towards investigating non-linear effects, and calculate the scalar bispectrum
at peak scales. We find that the amplitude of non-Gaussianity, as well as the scalar power
spectrum peak, depends non-monotonically on the field-space curvature and on the initial
condition for the second field, which encourages us to identify critical values for these param-
eters. For models with non-critical values of the parameters, we show that the peak in the
scalar power spectrum results from super-horizon effects and that the scalar non-Gaussianity
is of the local type at peak scales, with a plateau region highly reminiscent of that found
in single-field models (see e.g. [64]). This is an important result since the effect of non-
Gaussianity on gravitational wave production has been investigated in detail only for local
non-Gaussianity. Our result indicates that the framework of, e.g., [72], which is based on
local non-Gaussianity, can immediately be applied to models such as the one studied here, at
least as a first approximation.

We derive and cross check our results by employing two different numerical tools, the
code PyTransport and a newly developed approach based on the δN formalism, whose appli-
cability is due to the super-horizon evolution of peak-scales modes. The numerical δN results
allow us to also establish that the scalar power spectrum peak originates from fluctuations in
the second field velocity.

We employ our results to assess the perturbativity of these models. Since the non-
Gaussianity is approximately local, we use as a diagnostic tool the quantity fNL(kpeak)

2 Pζ(kpeak)
and find that many realisations of these models are flawed by perturbativity issues, in-
cluding phenomenologically-interesting cases with large peaks in the scalar power spectrum,
10−3 ≲ Pζ(kpeak) ≲ 10−2, see figures 9 and 13. To our knowledge this work provides the first
attempt to assess the perturbativity of a multi-field model with a peak in the scalar power
spectrum.

Non-Gaussianity arising in two-field models of inflation with hyperbolic field space and
non-geodesic motion has been the subject of several investigations [98, 121–124]14. Previous
studies address models where the entropic perturbation instability is triggered on sub-horizon
scales15 and the curvature perturbation exponentially grows around horizon crossing, getting
amplified at all scales; for these models the non-Gaussianity is enhanced in the flattend
configuration. As discussed above, in this work we consider a different class of models,
focusing on hyperbolic models delivering amplified scalar fluctuations on small scales.

There are many possible directions for future work. Similarly to what has been done for
single-field models leading to enhanced fluctuations [75–77, 79–83], one could check the viabil-
ity of multi-field models by calculating the one-loop correction to the tree-level scalar power
spectrum. Note that this approach does not rely on the assumption of the non-Gaussianity
being of the local type. We also plan to expand on these results by comparing them with
the non-Gaussianity produced within multi-field models where the peak is produced from
sub-horizon effects. In addition, it would be interesting to understand why, for the models
considered in this work, sub-horizon effects become relevant for critical values of the field-

14For recent efforts in computing non-Gaussianity in multi-field models within the cosmological bootstrap
program see e.g. [125], and [126] for the cosmological flow framework.

15More recently, super-horizon effects are taken into account by means of an analytical δN calculation,
showing that rapidly turning trajectories can produce potentially large bispectra, with contributions from
many shapes [127].
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Figure 10: Numerical evolution of ϵH , see eq.(2.5), displayed against ∆N ≡ Nend − N for
models with {ϕin = 7, b1 = 7.6} and different values of the initial condition χin.

space curvature and initial conditions.
We conclude by noting that there are two important lessons to draw from our work,

which likely extend to other models. First, non-Gaussianity can be large over peak scales,
potentially leading to important effects in PBH formation rates, and in the spectrum of
scalar induced gravitational waves. Secondly, non-Gaussianity can potentially be too large
for strongly curved field space metrics, which at a minimum renders perturbative calculations
invalid in this regime.

Acknowledgments

The authors would like to thank David Wands for many interesting discussions on related
topics and for very useful comments on the manuscript. DJM is supported by a Royal Society
University Research Fellowship and LI by a Royal Society funded postdoctoral position.

A Varying χin

We illustrate here the impact that changes in the initial condition of the second field, χin,
have on the scalar power spectrum and non-Gaussianity. We consider 20 models with ϕin = 7
and b1 = 7.6 (chosen such that the scalar power spectrum reaches Pζ(kpeak) ≃ 10−2 at LIGO
scales), and vary χin ∈ [5.5, 9.3]. In figure 10 the time-dependence of ϵH shows two phases
of inflation, separated by a transition with ϵH ∼ 1, with the duration of the second phase of
evolution, which is driven by χ, set by the value of χin. We note that the exact value of ϵH
at the transition also depends on χin, and for some models inflation is briefly interrupted.

The duration of the second phase of evolution is important in determining the value of
the scalar spectral tilt on large scales. This is shown in eq.(1.7), where we can approximate
∆Npeak with the duration of the second phase. Assuming instant reheating, we iteratively
solve eq.(2.18) with V0 values compatible with Planck measurements of the amplitude of
scalar perturbations and find ∆NCMB,inst rh ≃ 61.4 for these models. We also find that the
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Figure 11: Scalar power spectrum, Pζ(k)/Pζ(kCMB), and equilateral non-Gaussianity am-
plitude, fNL,eq(k), for 20 models with {ϕin = 7, b1 = 7.6} and increasing values of χin in the
range χin ∈ [5.5, 9.3]. These results have been obtained with PyTransport. In each case, we
highlight the value of fNL,eq corresponding to the peak scale with a black dot.

maximum allowed duration of reheating, see eq.(2.20), is ∆Ñrh,max ≃ 44.7. These models are
compatible at least at 95% C.L. with (1.8) for initial conditions χin < 9.1 and appropriate
choices of ∆Ñrh, with larger χin corresponding to shorter reheating stages. We also find that
initial conditions 6 ≲ χin ≲ 8 could yield a peak in the scalar power spectrum at ET or LIGO
scales, whilst complying with (1.8) at least at 95% C.L.. By using eq.(2.18), it is easy to show
that ∆NCMB = 50 (used in [30]) is not compatible with the values obtained for ∆NCMB,inst rh
and ∆Ñrh,max. Nevertheless, constraining the parameter space of these models in view of the
compatibility with large-scale measurements is not the focus of this work, so we will employ
∆NCMB = 50 here, as was used in [30] and in the main body of the paper for the set of
models where we varied b1.

We display in figure 11 results for Pζ(k)/Pζ(kCMB) and the reduced bispectrum in the
equilateral configuration, k1 = k2 = k3 = k, at scales around the peak region for the same
models of figure 10. For larger χin the second phase of background evolution lasts longer,
see figure 10, which explains why the peak is located on larger scales. The peak region is
characterised by an almost flat profile for fNL,eq, as for the models analysed in section 2,
hinting at non-Gaussianity of the local type. This is true for all cases except for χin = 8.9,
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Figure 12: Amplitude of the peak in the scalar power spectrum (left) and equilateral non-
Gaussianity at the peak scale (right) displayed against χin for the 20 models of figure 11.

where fNL,eq(kpeak) is outside of the plateau region, in a zone of rapidly varying fNL,eq. Also
note that in this case the scalar power spectrum exhibits a two-peak structure, with the second
peak being the largest. Considering this and the behavior of Pζ(kpeak) and fNL,eq(kpeak)
against χin, see figure 12, we conclude that models in which χin is varied also display signs of
criticality.

Similarly to what has been done for the set of models where we varied b1, see figure 9,
we display in figure 13 values of fNL(kpeak)

2 against Pζ(kpeak). The points highlighted with
gray diamonds correspond to critical values of χin, in which case the non-Gaussianity is not
of the local type. For all the other models, the criterion (4.4) applies and figure 13 shows that
they are all flawed by perturbativity issues, including those delivering a large peak at LIGO
and ET scales.

B Varying b1

To motivate our choice of values for the field-space geometrical parameter b1 in section 2,
we include here results for the scalar power spectrum and amplitude of equilateral non-
Gaussianity derived for additional b1 values in the range b1 ∈ [4, 8]. We display in figure
14 numerical results for Pζ(k)/Pζ(kCMB) and fNL,eq, calculated using PyTransport, for 40
values of b1. When b1 = 7.08, the scalar power spectrum is characterised by a two-peak
structure, with the second peak being also the principal one. Also, while in all the other cases
fNL,eq(kpeak) (black dots in figure 14) lies in the plateau region, for b1 = 7.08 this is not true.
We show in figure 15 values of Pζ(kpeak) against b1, which clearly display a non-monotonic
behavior.

The results represented in figures 14 and 15 show a change of behavior for the power
spectrum and equilateral non-Gaussianity amplitudes at the peak scale when b1 ∼ 7.09.
For this reason, in section 2 we choose to discuss the three values b1 = {6.4, 7.091, 7.8},
respectively smaller than, similar to and larger than the critical value.

C Analytic 2-point correlators at horizon crossing

Here we derive expressions for the 2-point correlation function of the fields and their velocities
used in the numerical δN computation described in section 3. In particular, we follow the
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Figure 13: Values of fNL(kpeak)
2 and Pζ(kpeak) for models with {ϕin = 7, b1 = 7.6}

and different values of χin. The gray area highlights fNL(kpeak)
2 and Pζ(kpeak) val-

ues for which Pζ(kpeak)fNL(kpeak)
2 ≳ 0.1, with the dashed-gray line corresponding to

fNL(kpeak)
2Pζ(kpeak) = 1. We mark with a dashed, vertical line Pζ(kpeak) = 10−2, the

approximate benchmark value for PBH production when the curvature perturbation is Gaus-
sian.

approach of [100].

Assuming that the fields are massless and non-interacting at the time in which to evaluate
the 2-point correlators, i.e. at horizon crossing, the 2-point correlator at unequal times in
nearly de Sitter spacetime reads16

⟨QI(k1, η1)Q
J(k2, η2)⟩ = (2π)3δ(k1 + k2)

(
2π2

k31

)
ΠIJ(η1, η2) ×

× H(η1)H(η2)

(2π)2
(1− ik1η1)(1 + ik1η2) exp {ik1(η1 − η2)} with η1 < η2 , (C.1)

where we use conformal time, dη ≡ dt/a(t). At linear-order QI(k1, η1) stands for the field
perturbation, with the indices I = {ϕ, χ} such that, e.g., Qϕ = δϕ. In eq.(C.1), ΠIJ(η1, η2)

16Besides requiring the fields to be non-interacting and effectively massless, eq.(C.1) also relies on the slow-
roll approximation, ϵH < 1. This holds if the scales of interest exit the horizon before the turn in field space,
which is true for peak scales in all the field-space curvature cases considered, except for the critical values
b1 ≃ 7.09, see section 3.
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Figure 14: Scalar power spectrum, Pζ(k)/Pζ(kCMB), and equilateral non-Gaussianity ampli-
tude, fNL,eq(k), for 40 models with {ϕin = 7, χin = 7.31} and increasing values of b1 ∈ [4, 8].
These results have been obtained with PyTransport. In each case, we highlight the value of
fNL,eq corresponding to the peak scale with a black dot.

– 25 –



4 5 6 7 8
b1

10 7

10 5

10 3

10 1

(k
pe

ak
)

Figure 15: Amplitude of the peak in the scalar power spectrum displayed against b1 for the
40 models of figure 14.

is defined as [128]

ΠIJ(η1, η2) ≡ T exp

{
−
∫ η2

η1

dη ΓI
KL

dϕK

dη

}
︸ ︷︷ ︸

≡EI
L(η1, η2)

GLJ(η1)

=

(
δIL −

∫ η2

η1

dη′ ΓI
KL(η

′)
dϕK

dη′
+

∫ η2

η1

dη′
∫ η′

η1

dη′′ ΓI
KM (η′)

dϕK

dη′
ΓM
NL(η

′′)
dϕN

dη′′
+ · · ·

)
GLJ(η1) ,

(C.2)

where we have defined the exponential operator EI
L(η1, η2) and given the first three terms of

its Taylor expansion. Eq.(C.2) shows that in the limit η2 → η1 → η, EI
L(η1, η2) → δIL and

therefore ΠIJ coincides with GIJ .
Using (C.1) and (C.2), it is straightforward to show that the fields 2-point correlator at

equal times is given by

⟨QI(k1, η1)Q
J(k2, η2)⟩|η2→η1→η = (2π)3δ(k1 + k2)

(
2π2

k31

)(
H

2π

)2

GIJ
(
1 + k1

2η2
)
. (C.3)

In order to derive correlators involving field velocities, it is useful to first calculate derivatives
of ΠIJ(η1, η2) with respect to η1 and η2. By using eq.(C.2) and applying the Leibniz integral
rule, we obtain

d

dη1
ΠIJ(η1, η2) = EI

N (η1, η2) Γ
N
LK(η1)

dϕK

dη1
GLJ(η1) + EI

L(η1, η2)
dGLJ(η1)

dη1
, (C.4)

d

dη2
ΠIJ(η1, η2) = −ΓI

KM (η2)
dϕK

dη2
EM
L (η1, η2) GLJ(η1) , (C.5)
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and

d2

dη1dη2
ΠIJ(η1, η2) = −ΓI

KM (η2)
dϕK

dη2

×
(
EM
N (η1, η2) Γ

N
LP (η1)

dϕP

dη1
GLJ(η1) + EM

L (η1, η2)
dGLJ(η1)

dη1

)
. (C.6)

By taking the limit η2 → η1 → η, eqs.(C.4)-(C.6) reduce to

d

dη1
ΠIJ(η1, η2)|η2→η1→η = ΓI

KL

dϕK

dη
GLJ +

dGIJ

dη
, (C.7)

d

dη2
ΠIJ(η1, η2)|η2→η1→η = −ΓI

KL

dϕK

dη
GLJ , (C.8)

d2

dη1dη2
ΠIJ(η1, η2)|η2→η1→η = −ΓI

KM

dϕK

dη

(
ΓM
LP

dϕP

dη
GLJ +

dGMJ

dη

)
. (C.9)

By using eq.(C.1) and eqs.(C.7)-(C.9), one can then derive the equal-times field-velocity cross-
correlators

⟨QI(k1, η1)
d

dη2
QJ(k2, η2)⟩|η2→η1→η = (2π)3δ(k1 + k2)

(
2π2

k31

) (
H

2π

)2

×
[
−ΓI

KL

dϕK

dη
GLJ

(
1 + k1

2η2
)
+ GIJk1

2η (1− ik1η)

]
, (C.10)

⟨ d

dη1
QI(k1, η1)Q

J(k2, η2)⟩|η2→η1→η = (2π)3δ(k1 + k2)

(
2π2

k31

) (
H

2π

)2

×
{[

ΓI
KL

dϕK

dη
GLJ +

dGIJ

dη

] (
1 + k1

2η2
)
+ GIJk1

2η (1 + ik1η)

}
(C.11)

and the equal-times velocity-velocity correlators

⟨ d

dη1
QI(k1, η1)

d

dη2
QJ(k2, η2)⟩|η2→η1→η = (2π)3δ(k1 + k2)

(
2π2

k31

) (
H

2π

)2

×
{
−ΓI

KM

dϕK

dη

[
ΓM
LP

dϕP

dη
GLJ +

dGMJ

dη

] (
1 + k1

2η2
)
+ GIJk1

4η2
}

. (C.12)

Note that in deriving eqs.(C.10)-(C.12), we do not take time-derivatives of the Hubble rate
since eq.(C.1) relies on the slow-roll approximation, ϵH < 1.

For the purpose of the numerical δN calculation of section 3, we need the time-derivatives
of the fields to be calculated with respect to N , where dN = aHdη. Note that the prime
symbol stands for a derivative with respect to N . Also, on de Sitter η ≃ −1/ (aH). By
keeping this into account and using the metric (2.15) and the Christoffel symbols (2.16) in
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eqs.(C.3), (C.10)-(C.12), we get

Pϕϕ(k1) =

(
H

2π

)2
[
1 +

(
k1
aH

)2
]

, (C.13)

Pχχ(k1) =

(
H

2π

)2

e−2b1ϕ

[
1 +

(
k1
aH

)2
]

, (C.14)

Pϕχ(k1) = Pχϕ(k1) = 0 , (C.15)

Pϕ′ϕ′(k1) =

(
H

2π

)2
{
e2b1ϕ

(
b1χ

′)2 [1 + ( k1
aH

)2
]
+

(
k1
aH

)4
}

, (C.16)

Pχ′χ′(k1) =

(
H

2π

)2

e−2b1ϕ

{[(
b1ϕ

′)2 + (b1χ′eb1ϕ
)2][

1 +

(
k1
aH

)2
]
+

(
k1
aH

)4
}

, (C.17)

Pχ′ϕ′(k1) = Pϕ′χ′(k1) =

(
H

2π

)2
{
−b1

2χ′ϕ′

[
1 +

(
k1
aH

)2
]}

, (C.18)

Pϕ′ϕ(k1) = Pϕϕ′(k1)
∗ = −

(
H

2π

)2( k1
aH

)2(
1− i

k1
aH

)
, (C.19)

Pχ′χ(k1) = Pχχ′(k1)
∗ = −

(
H

2π

)2

e−2b1ϕ

{
b1ϕ

′

[
1 +

(
k1
aH

)2
]
+

(
k1
aH

)2(
1− i

k1
aH

)}
,

(C.20)

Pχ′ϕ(k1) = Pϕχ′(k1) =

(
H

2π

)2

b1χ
′

[
1 +

(
k1
aH

)2
]

, (C.21)

Pϕ′χ(k1) = Pχϕ′(k1) = −
(
H

2π

)2

b1χ
′

[
1 +

(
k1
aH

)2
]

, (C.22)

where we simplify the notation by defining the dimensionless power spectrum PδXδY ≡ PXY .

In figures 16 and 17 we provide an explicit check of the expressions derived above.
For this purpose we transform derivatives with respect to N into derivatives with respect
to cosmic time t. We compare the numerical evolution of each correlator, calculated with
PyTransport, with the corresponding dot-dashed line, representing the analytic expressions
derived above evaluated at horizon crossing (k1 = aH). If two correlators are equal numeri-
cally, e.g. Pχ′ϕ′ and Pϕ′χ′ , we only represent one of the two. In the left panel of figure 16 there
is no line corresponding to the analytic correlator Pχϕ = Pϕχ because it is zero according
to the corresponding analytic expression (C.15), due to the fact that the metric is diagonal.
Figures 16 and 17 show that the analytical correlators match remarkably well the numerical
values at horizon crossing in most cases, with slight deviations for the mixed field-velocity
cross-correlators, see the right panel of figure 17.

In eqs.(C.13)-(C.22), the leading terms in the k1/(aH) ≪ 1 limit represent the homoge-
neous growing mode, to be used in the δN calculation, while terms proportional to k1/(aH)
constitute gradient corrections. By retaining only the homogeneous growing mode, the 2-point
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Figure 16: Evolution of the field (left) and velocities (right) correlators represented against
∆N ≡ Nend−N as produced numerically with PyTransport for a model with {ϕin = 7, χin =
7.31, b1 = 7.8}. Each panel corresponds to a specific scale, namely the CMB, dip and peak
scales from top to bottom. The dashed, vertical line in each panel represents the e-folding
time when the corresponding scale crossed the horizon during inflation. We represent with
dot-dashed, horizontal lines the (absolute value) of the results obtained by evaluating at
horizon crossing the analytic expressions derived above. We only plot these values for times 4
e-folds before and after horizon crossing, as they are intended for comparison around horizon
crossing only.

correlators at horizon crossing are

Pϕϕ(k1) =

(
H

2π

)2

, (C.23)

Pχχ(k1) =

(
H

2π

)2

e−2b1ϕ , (C.24)

Pϕχ(k1) = Pχϕ(k1) = 0 , (C.25)

Pϕ′ϕ′(k1) =

(
H

2π

)2

e2b1ϕ
(
b1χ

′)2 , (C.26)
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Figure 17: Evolution of correlators involving one time derivative represented against ∆N ≡
Nend − N as produced numerically with PyTransport for a model with {ϕin = 7, χin =
7.31, b1 = 7.8}. Each panel corresponds to a specific scale, namely the CMB, dip and peak
scales from top to bottom. The dashed, vertical line in each panel represents the e-folding
time when the corresponding scale crossed the horizon during inflation. We represent with
dot-dashed, horizontal lines the (absolute value) of the results obtained by evaluating at
horizon crossing the analytic expressions derived above. We only plot these values for times 4
e-folds before and after horizon crossing, as they are intended for comparison around horizon
crossing only.

Pχ′χ′(k1) =

(
H

2π

)2

e−2b1ϕ

[(
b1ϕ

′)2 + (b1χ′eb1ϕ
)2]

, (C.27)

Pϕ′χ′(k1) = Pχ′ϕ′(k1) = −
(
H

2π

)2

b1
2χ′ϕ′ , (C.28)

Pϕ′ϕ(k1) = Pϕϕ′(k1) = 0 , (C.29)

Pχ′χ(k1) = Pχχ′(k1) = −
(
H

2π

)2

e−2b1ϕ b1ϕ
′ , (C.30)

Pχ′ϕ(k1) = Pϕχ′(k1) =

(
H

2π

)2

b1χ
′ , (C.31)
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Pϕ′χ(k1) = Pχϕ′(k1) = −
(
H

2π

)2

b1χ
′ , (C.32)

where the time-dependent functions appearing in these expressions are to be evaluated at
horizon crossing, k1/(aH) = 1. These correlators represent the initial conditions for the δN
calculation of section 3.
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