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Abstract

We study the three-dimensional incompressible Euler system subject to stochastic forc-
ing. We develop a concept of dissipative martingale solutions, where the nonlinear terms
are described by general Young measures. We construct these solutions as the vanishing
limit of solutions to the corresponding stochastic Navier-Stokes equations. This requires
a refined stochastic compactness method incorporating the generalised Young measures.
As a main novelty, our solutions satisfy a form of the energy inequality which gives rise
to the weak-strong uniqueness result (pathwise and in law). A dissipative solution coin-

cides (pathwise and in law) with a strong solution as soon as the later exists.

Furthermore, we extend our results to the compressible Euler system. Here we intro-
duce the concept of stochastic measure-valued solutions to the compressible Euler sys-
tem describing the motion of a temperature-dependent inviscid fluid subject to stochastic
forcing, where the nonlinear terms are described by defect measures. These solutions
are weak in the probabilistic sense (probability space is not given a ‘priori’, but part of
the solution) and analytical sense (derivatives only exists in the sense distributions). In
particular, we show that existence and weak-strong principle (i.e. a weak measure-valued
solution coincides with a strong solution provided the later exists), hold true provided
they satisfy some form of energy balance. Finally, we show the existence of Markov se-

lection to the associated martingale problem.



Dedication

[ dedicate this thesis to God Almighty, a God who fulfils his promises.

II



Acknowledgements

First and foremost I am deeply grateful to my supervisor Dominic Breit for his invaluable
advice, continuous support, and patience during my PhD study. Without his tutelage,
this thesis would not have been possible. I would like to offer my special thanks to
Romeo Mensah for proofreading this work. I acknowledge the financial support of the
Maxwell Institute Graduate School in Analysis and its Applications (MIGSAA), a centre
for doctoral training jointly administered by Heriot-Watt University and the University of
Edinburgh. I will also like to extend my gratitude to the MIGSAA administrator, Isabelle
Hanlon, for all the help duirng my PhD study. Finally, I would like to express my sincere

thanks to my fiancée, Sara, and my family.

I



HERIOT
@ WATT

. . . UNIVERSITY
Research Thesis Submission

Please note this form should be bound into the submitted thesis.

Name: Thamsanga Castern Moyo

School: Mathematical and Computer Sciences (MACS)

Version: (ie. First, Final Degree Sought: Doctor of Philosophy (PhD)
Resubmission, Final)

Declaration

In accordance with the appropriate regulations | hereby submit my thesis and | declare that:

The thesis embodies the results of my own work and has been composed by myself

Where appropriate, | have made acknowledgement of the work of others

The thesis is the correct version for submission and is the same version as any electronic versions submitted*.

My thesis for the award referred to, deposited in the Heriot-Watt University Library, should be made available for

loan or photocopying and be available via the Institutional Repository, subject to such conditions as the Librarian

may require

5. lunderstand that as a student of the University | am required to abide by the Regulations of the University and to
conform to its discipline.

6. | confirm that the thesis has been verified against plagiarism via an approved plagiarism detection application e.g.

Turnitin.

PG N =

ONLY for submissions including published works

Please note you are only required to complete the Inclusion of Published Works Form (page 2) if your thesis contains
published works)

7. Where the thesis contains published outputs under Regulation 6 (9.1.2) or Regulation 43 (9) these are accompanied
by a critical review which accurately describes my contribution to the research and, for multi-author outputs, a
signed declaration indicating the contribution of each author (complete)

8. Inclusion of published outputs under Regulation 6 (9.1.2) or Regulation 43 (9) shall not constitute plagiarism.

*

Please note that it is the responsibility of the candidate to ensure that the correct version of the thesis is submitted.

Candidate:

Signature of Date: | 156/12/2022
@J/V\,\, 5

Submission

Submitted By (name in capitals): THAMSANQA CASTERN MOYO

Signature of Individual Submitting: D,
i B

Date Submitted: 15/12/2022

For Completion in the Student Service Centre (SSC)

Limited Access Requested I Yes | | No ‘ | Approved I Yes I | No |
E-thesis Submitted (mandatory for final
theses)
Received in the SSC by (name in capitals): | Date: |
Page 1 of 2

RDC Clerk/Apr 2019



HERIOT
@ WATT

UNIVERSITY

Inclusion of Published Works
Please note you are only required to complete the Inclusion of Published Works Form if your thesis contains
published works under Regulation 6 (9.1.2)

Declaration

This thesis contains one or more multi-author published works. In accordance with Regulation 6 (9.1.2) | hereby declare
that the contributions of each author to these publications is as follows:

Citation details

D. Breit, T. C. Moyo, Dissipative Solutions to the Stochastic Euler Equations.
Journal of Mathematical Fluid Mechanics, 23 1-23. (2021)

Author 1 Contributed equally to the work,

Read and approved the final manuscript.
Author 2 Contributed equally to the work,

Read and approved the final manuscript.
Signature: @:\ ‘ )
Date: 15/ 1L2/2022

Citation details

T. C. Moyo, Dissipative solutions and Markov selection to the complete
stochastic Euler system, arXiv preprint arXiv:2112.09955 (2021).

Author 1 | am the sole author and composer of the paper and no other sources or
learinging aids, other than those referenced, have been used. Furthermore, |
declare that | have acknowledged the work of others by providing detailed
references of said work.

Author 2

Signature: =)

9 &y~

Date: 15/12/2022

Citation details

Author 1

Author 2

Signature:

Date:

Please included additional citations as required.

Page 2 of 2
RDC Clerk/Apr 2019



Table of Contents

1 1
[.1 Introduction . . . . . . . . . . . . e 1
1.1.1  Incompressible stochastic Euler system . . . .. ... ... ... 2

1.1.2  Complete stochastic Euler system . . . ... ........... 7

1.2 Notations . . . . . . . . . . e 12

2 14
2.1 Preliminaries . . . . . . . .. L 14
2.1.1 Functionspaces . . . . . . . . . . . . 14

2.1.2 Elements of Stochastic analysis . . . . ... ... ........ 20

2.1.3 Randomdistributions . . . . . ... ... 26

2.1.4 Stochastic Itdintegral . . . . . ... ... ... ... .. ..., 27

2.1.5 Generalised Young Measures . . . . . . .. .. .. .. ... ... 35

3 38
3.1 Dissipative solutions to the incompressible stochastic Euler equations . . 38
3.1.1 Stochastic Analysis . . . . . . . .. .. ... .. .. 38

3.1.2 Stochastic Navier-Stokes equations . . . . . . .. .. ... ... 49

3.1.3 Dissipative solutions to Stochastic Euler equation . . . . . . . . . 70

3.1.4 Weak-Strong Uniqueness . . . . . . .. .. ... ... ...... 85

4 98
4.1 Compressible Fluids . . . . .. ... ... .. ... ... ... ..... 98
4.1.1 Introduction. . . . . ... ... ... 98

4.1.2 Mathematical framework and mainresults . . . . . . ... .. .. 100

4.1.3 Stochasticanalysis . . . . .. .. ... ... ... ... ..., 104

4.1.4 Strongsolutions . . . . . ... ... o 105

4.1.5 The approximate system . . . . . . . . .. ... ... .. 106

4.1.6 Measure-valued solutions . . . . ... ... ... ... 108

417 Mainresults. . . . . ... 111

4.1.8 Basic approximate problem . . . . .. ... ... ... .. 112

4.19 Existenceresults . . . .. .. .. ... oL 123

4.1.10 Weak-strong Uniqueness . . . . . . . . .. .. .. .. .. .... 140

4.1.11 Martingale solutions as measures on the space of trajectories . . . 154

4.1.12 Markovselection . . . . . ... ... 161

5 167
5.1 Published papers . . . . ... .. .. ... ... 167

VI



Chapter 1

1.1 Introduction

In Fluid mechanics we study the motion of fluids (liquids, gases, and plasmas) and the
forces producing the motion. In general we classify these into two categories: fluid static
(i.e. the study of fluid at rest) and fluid dynamics ( the study of effect of forces on the fluid
motion). Fluid dynamics is fairly an active field of research partly due to its wide range of
applications, for instance, in aerodynamics, meteorology and biology. On the other hand,
the research interest is mathematically motivated as many problems in fluid dynamics are

partly solved or unsolved. The thesis seeks to address the later part of research interest.

The dynamics of liquids, gases and plasmas in general are modelled by a system of partial
differential equations (PDEs) describing the balance of mass, momentum and energy in
the fluid flow. The PDEs approach is purely deterministic, and normally used for laminar
flows. However, laminar flows are typically unstable, see [7] for more details. Further-
more, many fluid flows in general are turbulent in nature. In 1941, Kolmogorov [71]
proposed that small noise prevalent in nature is magnified by the instabilities in the flow
and one should consider the velocity in turbulent flow to be a stochastic process. Later on,
this led to an increase in the use of stochastic perturbed systems of PDEs to understand
turbulent phenomenon (numerical, empirical and physical uncertainties) of fluid flows at
high Reynolds number, we refer the reader to [46, 81, 88], and references therein. On this
account we study stochastic partial differential equations (SPDEs) in fluid dynamics. In
particular, we study the stochastic Euler system of partial differential equations, a clas-
sical method of modelling fluid motion. We achieve our goal by narrowing our focus to
classical Euler system, Navier-Stokes system and an approximate system of SPDEs that
converges to Euler system. We postpone rigorous study of these problems to subsequent

sections.
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1.1.1 Incompressible stochastic Euler system

We study the stochastic Euler equations describing the motion of an incompressible in-
viscid fluid in the three-dimensional physical domain T3 C R*. To circumvent problems
associated with the physical boundaries, we impose periodic boundary conditions, the

physical domain T* can be identified with a flat torus

T3 = ([0,1]]0.1)>

Let Q7 = (0,T) x T? be a space-time periodic cylinder, the fluid flow is described by the
velocity field u : Q7 — R3, and the pressure p : Q7 — R and the system of equations

reads

du = —div(u®u) dt — Vpdr + ¢dW in Qr,
diva=0 in Or,

(1.1.1)

subject to periodic boundary conditions for u. The first line of equation (1.1.1) is driven
by a stochastic force, that is, the cylindrical Wiener process W while ¢ is a Hilbert-

Schmidt operator, we refer the reader to Section 3.1.1 for more details.

In a general context, the study of stochastically perturbed equations of motion is moti-
vated as follows, firstly, the reason is as indicated earlier on, that is, modelling perturba-
tions (numerical, empirical, and physical uncertainties) and thermodynamic fluctuations
present in fluid flows; in particular, turbulence. Secondly, to circumvent the issue of de-
terministically ill-posed problems, researchers adopted the use of stochastic perturbation
with hope it will provide a regularising effect to the underlying systems. And indeed,
recently, the results by Flandoli and Luo [53] showed that a noise of transport type im-

proves the vorticity blow-up control in the Navier-Stokes.

Based on the current research results of three-dimensional stochastic Euler system, smooth
solutions to (1.1.1) are only known to exist locally in time, we refer the reader to [69, 57,

78] and references therein for more details. The life span of these solutions is given an



Chapter 1.

a.s. positive stopping time. To begin with, we note that the well-posedness of the incom-
pressible stochastic Euler system in a two-dimensional setting is well understood, see
[6, 24, 28, 70] for more details. However, in the three-dimensional case, the existence
and uniqueness of global strong solutions is a major open problem. We further note that
in the deterministic incompressible Euler system a series of counter examples concerning
the uniqueness of solutions have been established. These solutions are called wild solu-
tions and they are constructed by using convex integration, a method introduced by De
Lellis and Székelyhidi [39, 38]. According to the results presented in [11], introducing
stochastic forcing does not seem to change the situation in the context of wild solutions.
In regards to our particular system (1.1.1) we refer the reader to recent results of Hof-

manova et al [62].

In the context of examples of wild solutions, one may expect to observe singularities in
the long-run and non-uniqueness. A natural approach to make sense of such scenarios is
the concept of measure-valued solutions as introduced by Di Perna and Majda [42, 43].
These solutions are constructed via compactness arguments and the nonlinearities are de-
scribed by generalised Young measures, see Section 2.1.5. A generalised Young measure
YV = (Vix, v;:’x,l) consists of an oscillation measure V; , (parametrised probability mea-
sure), a concentration angle v (parametrised probability measure), and a concentration
measure A (a non-negative Radon measure). The convective term can be re-written as a

space time distribution using a generalised measure as follows
d(Vix, 6 ©&) dxdr +d(v,3E ® 6) dA(1,x),

where & is a dummy variable and
(e @8) = [ EDEVLE). (b= [ EREdE)

In essence this is the only available framework that allows us to obtain (for any given
initial datum) the long-time existence of solutions to the system (1.1.1) while comply-
ing with the basic physical principles such as the dissipation of energy (the existence
of weak solutions for any initial datum, which violate the energy inequality, has been

shown in [89]). In view of the results in [21], the energy inequality implies a weak-strong
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uniqueness principle for measured-valued solutions in a deterministic setting, that is, a
measure-valued solution to Euler system coincides with strong solution as soon as the

later exists.

The study of measure-valued solutions is further motivated by applications, firstly, due
to results of Brenier et al [21] we view measure-valued solutions as possibly the largest
class in which the family of smooth (classical) solutions is stable. Specifically, the weak
(measure-valued)-strong uniqueness principle holds, and solutions emanating from nu-
merical schemes can be shown to converge to a measure-valued solution while the con-
vergence to a weak solution is either not known or computational expensive, see Fjord-

holm et al [52] and references therein for more details.

The results on measure-valued solutions discussed so far apply to the deterministic case.
On the other hand there is a strong interest to study measure-valued solutions to the three-
dimensional stochastic Euler equations (1.1.1) in order to grasp its long-term dynamics.
The first results in this direction were established by Kim in [68]. He showed the exis-
tence of martingale solutions to (1.1.1) where the equations of motion are understood in
the measure-valued sense. These solutions are weak in the probabilistic sense (that is,
the underlying probability space as well as the driving Wiener process are not a priori
given but become an integral part of the solution) and analytical sense (derivatives are
understood in the sense of distributions). Such a concept is standard for stochastic evo-
lutionary systems when uniqueness is not available. This approach is representative for
finite dimensional systems and has also been applied to various stochastic partial differ-
ential equations, in particular in fluid mechanics, see [20, 23, 29, 36, 56] and reference
therein for more details. The main draw-back of the solutions constructed in [68] is that
they only satisfy a form of energy estimate in expectation with an unspecified constant C
on the right-hand side instead of an energy inequality as in the deterministic case. Such
energy estimate is not sufficient to conclude the weak—strong uniqueness principle holds,

a requirement one needs for any reasonable notion of generalised solution, cf [76].

Main results of the incompressible stochastic Euler system

The first phase of the thesis consists of three main results established and published in

[18] for an incompressible stochastic Euler system. We also draw the reader’s attention to

4
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results of [60, 62] that appeared after ours for more insights on properties of martingale
solutions to Euler equations. We proceed to give an overview of our results and postpone

their rigorous study to later sections.

(1) Existence of dissipative solutions to (1.1.1) on a torus T3.

The aim of these results is to close the gap in [68] and develop a concept of
measure-valued martingale solutions to (1.1.1) which satisfy a suitable energy in-
equality. A concise statement of these main results is given in Theorem 3.1.9.
These solutions are weak in the probabilistic sense (that is, the underlying proba-
bility space as well as the driving Wiener process are not a priori given but become
an integral part of the solution) and analytical sense (derivatives are understood in
the sense of distributions). In addition, these solutions are called dissipative and
our energy inequality can be described using the notion of generalised measures.
Let ¥ = (Vix, v/, A) be a generalised Young measure associated with the solution,

then the kinetic energy (here .Z’! denotes the one-dimensional Lebesgue measure)
1 1
Ei=5 [ i 6P et SA(T), A = 2,0 2",
2 JT3 2

satisfies

1/t ! 1
B <E+5 [ 19,00+ [(u-gaxaw. Eo =3 [ ju(0)a,
2Js 2 s 2Jm3

P-a.s for any 0 < s < ¢, we refer the reader to Definition 3.1.2 for more details. In
the deterministic case the energy is non-increasing and non-negative such that the

left- and right-sided limits E,- and E,+ exist for any ¢.

In the stochastic case one has instead that the difference between the energy and a
continuous function is nonincreasing and that both are pathwise bounded such that
the same conclusion holds, see Remark 3.1.3. Nevertheless, some care is required

to implement this idea within the stochastic compactness method, see Section 3.1.3.

The Euler equations are linked via a vanishing viscosity limit to the Navier-Stokes
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2)

3)

equations. The main idea of the proof is to approximate the system (1.1.1) by an
incompressible stochastic Navier-Stokes system (3.1.22) (see Section 3.1.2) in a pe-
riodic domain T?. We then establish uniform bounds for the random variables solv-
ing the incompressible stochastic Navier-Stokes system and then apply stochastic
compactness arguments to the underlying probability laws of these random vari-
ables instead of the random variables themselves. We face several difficulties due
to the fact that (1.1.1) is infinite-dimensional and, in particular, due to the non-
separability of the space of generalised Young measures. We overcome these diffi-
culties in our compactness arguments by using the general Jakubowski—Skorokhod
theorem 2.1.21 instead of the more familiar Skorokhod’s representation Theorem

for Polish spaces.

Pathwise Weak-strong uniqueness.

In this case we use the energy inequality introduced above as a tool to establish
weak-strong uniqueness property of (1.1.1). The statement of the results is made
precise in Theorem 3.1.13. The idea is to assume strong and weak solutions live
on the same probability space. In particular, the pathwise approach proves that a
dissipative martingale solution agrees with the strong solution if both exist on the
same probability space. These results are reminiscent to the deterministic analysis
in [21]. At this stage it is crucial that the energy inequality discussed above holds

for any time ¢ in order to work with stopping times.

Weak-strong uniqueness in law.

The statement of the results is Theorem 3.1.14. In general a more realistic as-
sumption is that the probability spaces on which strong and weak solutions exists
are distinct. In this case we show that the probability laws of the weak and the
strong solution coincide. This is based on the classical Yamada—Watanabe argu-
ment, where a product probability space is constructed. The introduction of the
product probability space reduces the weak—strong uniqueness in law problem to

the pathwise weak-strong uniqueness already obtained.
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Outline of the incompressible stochastic Euler system

Phase one of the thesis is organised as follows: we start off with a general preliminary
Section 2.1 and move on mathematical tools used to study the incompressible fluids in
Section 3.1.1. In section 3.1.2, we prove existence of martingale solutions to the stochas-
tic incompressible Navier-Stokes. Later on, we dedicate Sections 3.1.3 and 3.1.4, to
showing the existence of measure-valued martingale solutions to the stochastic incom-
pressible Euler system using stochastic compactness arguments and proving the weak

(measure-valued)-strong uniqueness principle pathwise and in law, respectively.

1.1.2 Complete stochastic Euler system

The study of the compressible fluid models is motivated by the drawbacks encountered in
incompressible fluid models. To begin with, we note that the incompressible fluid model
provides a good approximation for a variety of engineering applications with slow flows.
However, the pressure for these models is not a thermodynamic state variable and as such
the fluctuations in density may be neglected. To counter these issues we study the com-
pressible fluid model, a model which incorporates the physical principles (that is, 2""d law

of thermodynamics).

To achieve a better representation of physical phenomena on the concept of stochastic
measure-valued solutions to the Euler systems we extend the scope to the study of com-
pressible fluids. In this thesis we consider the complete stochastic Euler System describ-
ing the motion of a temperature dependent compressible inviscid fluid flow driven by
stochastic forcing. The fluid model is described by means of three basic state variables:
the mass density p = p(z,x), the velocity field u = u(z,x), and the (absolute) temperature
¥ = O(t,x), where t is the time, x € T? is the space variable in periodic domain (Eulerian
coordinate system). The time evolution of the fluid flow is governed by a system of partial

differential equations (mathematical formulations of the physical principles) given by

dp +div(pu)dr = 0 inQ,

d(pu) +div(pu®u)dr +Vp(p,®)dt = pdpdW inQ, (1.1.2)
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1 i 1
A(5pluPrpelp.0)) = ~div|(GpluPtpelp.0)+ p(p. ) )ul o
1
+5 I VPOIZ, di +pg - udw,
satisfying: the balance of mass, momentum, total energy, respectively. Here, p(p, )
denotes pressure, the driving force is represented by a cylindrical Wiener process W,
and ¢ is a Hilbert-Schmidt operator, see Section 4.1.3 for details. For completeness,
the system (4.1.1) is supplemented by a set of constitutive relations characterising the

physical principles of a compressible inviscid fluid. In particular, we assume that the

pressure p(p, ) and the internal energy e = e(p, ) satisfy the caloric equation of state

p=(y—1)pe, (1.1.3)

where ¥ > 1 is the adiabatic constant. In addition, we suppose that the absolute tempera-

ture ¥ satisfies the Boyle-Mariotte thermal equation of state:

1
p=p9Y yielding e:cvﬁ,cvzﬁ. (1.1.4)

Finally, we suppose that the pressure p = p(p, ©¥), the specific internal energy e = e(p, 9),

and the specific entropy s = s(p, ) are interrelated through Gibbs’ relation

9Ds(p, 9) = De(p, )+ p(p, 9)D G)) (1.1.5)

If p,e,s satisty (1.1.5), in context of any smooth solutions to (4.1.1), the Second law of

thermodynamics is enforced through the entropy balance equation

d(ps(p, ) +divi(ps(p, ¥)u)dr =0, (1.1.6)

where s(p, 1) denotes the (specific) entropy and is of the form

s(p, ) = log(D*) —log(p). (1.1.7)

For weak solutions, the equality in (1.1.6) no longer holds, the entropy balance is given as
an inequality, for more details see [4]. In view of (1.1.4), the state variables p, ¥ trivially

imply the thermodynamics stability given as
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dpp(p,¥) >0, dyp(p,¥)>0 forallp,d¥>0. (1.1.8)

Finally, the initial state of fluid emanates from random initial data

p(0,) =po, B(0,:) =1y, u(0,-)=uy, (1.1.9)

subject to initial law A. For physical relevant solutions, the problem is augmented by the

total energy balance

The strong solutions of the system (1.1.2) satisfy (1.1.10) as a consequence of (1.1.4), but

in weak solutions it has to be added in the definition.

In the deterministic case, the concept of measure-valued solutions was extended to com-
pressible fluid dynamics by Neustupa [80], Kroner and Zajackowski [73], and revisited
recently by Breit et al [10], Feireisl et. al. in [47, 48] and references therein, where they
developed the concept of dissipative measure-valued solutions. Moreover, the determin-
istic counterpart of the Cauchy problem (1.1.2) has been extensively studied, and it is
well-known that its solutions exist only for a finite time after which singularities may
develop no matter how smooth or small the initial data are. Consequently, the concept of
weak (distributional) solutions is sought to study global-in-time behavior of the system
(1.1.2). Furthermore, the weak solutions may not be uniquely determined by their ini-
tial data. Hence, an admissibility criteria condition must be imposed to select physically
relevant solutions. In addition, more recently, the results of DeLellis, Székelyhidi and
their collaborators [33, 32, 38] show the existence and non-uniqueness of weak solutions
to Euler system via the method of convex integration. In particular, non-uniqueness was
established for weak solutions satisfying the standard entropy admissibilty criteria, and
to be precise, the deterministic compressible Euler system is ill-posed, see Chiodaroli et

al [34] and references therein for more details.

In the stochastic context, existence of global-in-time weak solutions for (1.1.2) were

shown in [31] using convex integration, and they identified a large class of initial data for
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which the complete Euler system is ill-posed; that is, there exist infinitely many global
in time solutions. Our goal in this part of the thesis is to show the existence of dissi-
pative measure-valued solutions to a stochastically driven complete Euler system (1.1.2)
and properties of solutions. In particular, these measure-valued solutions satisfy the ad-
missibility criterion; they conserve the total energy and satisfy an appropriate form of
the entropy (entropy admissibility criterion), and they exist global-in-time for any finite
initial data. The concept of measure-valued solutions to fluid model systems driven by
stochastic forcing is fairly a new subject area of research. To the best of our knowledge,
the study of stochastic measure-valued solutions to the complete Euler system govern-
ing the motion of an inviscid, temperature dependent, and compressible fluid subject to
stochastic forcing is still an open question. Hence, this is a first attempt to characterise
the concept of measure-valued solutions to the full stochastic Euler system. Recently,
Hofmanova et al [60] established existence results for compressible barotropic Euler sys-
tem. We expect that the baratropic system can be recovered as a singular limit of our

dissipative solutions to (2.2). This is, however, subject to future research.

Main results of the complete stochastic Euler system

(1) Existence of dissipative measure-valued solutions

Here we prove the existence of martingale measure-valued solutions to the com-
plete Euler system (1.1.2) following the strategy in [68, 18, 60]. The precise state-
ment of these results is Theorem 4.1.6. These solutions are weak, in the analytical
sense (derivatives only exists in the sense of distributions) and in the probabilistic
sense (the probability space is not a given priori, but an integral part of the solu-
tion). The proof outline is as follows. Similarly to the incompressible case, we start
off with an approximate system with high order diffusion, see Section 4.1.5, and
show existence of solutions to the original problem in the limit via stochastic com-
pactness arguments based on Jakubowski’s variant of the Skorokhod representation
theorem [64]. The latter is needed due to the complicated path space which arises
because of the presence of measures describing the oscillations and concentrations

in the nonlinearities of the Euler system.

(2) Weak-strong uniqueness pathwise

10
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3)

Here the statement of results is Theorem 4.1.7. The idea is to produce compressible
results analogous to the incompressible case (pathwise). In reminiscent of the re-
sults in [16], we deduce the relative entropy inequality (see Section 4.1.10); a tool
that allows us to establish the weak(measure-valued)-strong uniqueness principle,
that is, a dissipative measure-valued solution coincides with the strong solution as
soon as the later exists. The concept of stochastic weak-strong uniqueness path-
wise is analogous to the deterministic counterpart results, see Feiresl-Brezina [47]

for more details.

Strong Markov selection

Although we do not expect solutions to be unique, there is some hope to select
solutions which are in a sense continuous with respect to the initial data. This is
the Markov property; the memoryless property of the stochastic process, the prob-
ability law of the future only depends on the current state of the process, but it
is independent from the past, see the monograph by Stroock and Varadhan [86]
for a thorough exposition. Our work shows the stochastic analog results of [10],
that is, the existence of Markov selection to the associated martingale problem fol-
lowing the presentations in [12, 54, 58]. At first sight, the overall proof outline is
rather similar, however, we encountered several challenges in this thesis. A ma-
jor challenge originates in the use of defect measures. The defect measures are an
equivalence class in time and not stochastic processes in the classical sense. There-
fore, it is not clear as to how one applies the Markov selection. To solve this issue

we introduce auxiliary continuous stochastic variables [, R] such that

5/:/0 Sds, R:/()(f@conv;%pr65577/t,x)dsa

and this allows us to show Markov selection for [p,m,.”,R], see Section 4.1.11.
Here, .’ and R are the defect measures related to entropy balance and momen-
tum equation, respectively. Note, such an approach is reminiscent of [12], where
a similar idea was used for the velocity field. It is important to note that, different
to [12, 54, 58], we obtain a strong Markov selection. This is due to the energy
equality which is a feature of the system (1.1.2) and is not known to hold for the
problems studied in [12, 54, 58]. However, a first result on strong Markov selec-

tion has been obtained recently by Hofmanova-Zhu-Zhu [62]. In [62] they study

11
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the incompressible stochastic Euler equations and obtain the energy equality by
introducing a defect measure for the energy which is included in the Markov selec-

tion.

Outline of complete stochastic Euler system

Phase two of the thesis is organised as follows: we start off with mathematical framework
and main results in Section 4.1.2. In Section 4.1.8, we show existence of martingale so-
lutions for the approximate system. In Section 4.1.9, we prove the existence of measure-
valued martingale solutions using stochastic compactness arguments. Finally, Section
4.1.10 is dedicated to showing the weak (measure-valued)-strong uniqueness principle,

while Section 4.1.11 is dedicated to the Markov selection.

1.2 Notations

Q -sample space

[P -probability measure

» ¥ -sigma algebra

o A -Null-set

* (%)i>o-filtration

* ¢,C-generic constant that may differ line to line.
e (-)ps-inner product in L?

* ((-))-quadratic variation

+ ~ coincide in distribution

* w.r.t - with respect to

* d -dimensional

* Yi—1= 21?21

* Cp(X)- the space of bounded continuous functions.

* T, /\- - the minimum stopping time

12
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T3 ¢ R3- periodic domain

Or =(0,T) x T3- space-time periodic cylinder, (In some cases we use Q = Q7).

L. (+)- weak* convergence in L*

¢ &- dummy variable

a < b- a < cb for some arbitrary constant ¢ > 0

13



Chapter 2

2.1 Preliminaries

In this chapter we start off by recalling standard definitions, lemmas and theorems which
will be needed in order to study deterministic partial differential equations (PDEs) and
stochastic partial differential equations (SPDEs) theory in an effort to make the content
of the thesis self contained. Firstly, we consider the general concepts in the study of
PDEs theory. In particular, Lebesgue spaces, Bochner spaces and Sobolev spaces includ-
ing some inequalities associated with the spaces, respectively. Finally, we move onto
probability theory, an essential component of studying SPDEs theory. To be specific, we
consider the concepts of stochastics in infinite dimensions and tools of compactness in

probabilistic settings.

2.1.1 Function spaces

In general the analysis of PDEs is concerned with the ill-posedness and well-posedness
properties of the solutions. In order to establish these properties we often face a lot of
difficulties especially when one is choosing a space where these solutions may exists. To
overcome these situations a lot of research has been done on the study of function spaces.
In this section we define several function spaces relevant to the study of PDEs theory,
however, we must stress out that the list of material covered here is not exhaustive. We
refer the reader to [1, 90] and references therein for further exposition of function spaces

and relevant inequalities in the theory of PDEs.

Definition 2.1.1. Let (X,X, i) be a measure space and p € [1,0). Let

LP(X,u) :={u:X — R; udefined u — a.e. with ||ul|x < o}

14



Chapter 2.

and 1
P
lellsg= ( [ 7)) " € 0.1

The space (LP(X;u),][-[[zr(x)) is called Lebesgue space of functions on X which are

p-integrable w.r.t the measure (.

Throughout the thesis we shall adopt L” (X) as notation for Lebesgue spaces with Lebesgue

measure .Z.

Lemma 2.1.1 (Interpolation in Lebesgue spaces). Let 1 < p,q <o andr € (p,q). Define
0 by

Then LP(X)NLY(X) C L"(X) and we have

1 o< W1 2o oo I llpey Vf € LP(X)NLI(X).

Lemma 2.1.2 (Holder’s inequality). Let (X,X, i) be a measure space. Assume 1 < p,q <
oo, and 1% +Cl1 = 1. Ifue LP(X) and v € L4(X). Then uv € L' (X, ) and it holds

J vl dn) < lellngy e

Bochner space

Let 7 > 0 and X be a real Banach space with norm ||.||x. We consider the mapping

u:[0,7] = X.
Definition 2.1.2. The mapping u : [0, 7] — X is called simple if it has the form

u(t)=y xg(t)x; t€][0,T], NeN,

=

i=1

where U;E; = [0,T],E;NE; =0 fori# jandx; € X fori=1...,N.

A function u: [0,7] — X is called Bochner measurable if and only if there is a sequence

u, of simple functions such that

15
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un(t) = u(t) in X, (2.1.1)

for a.e. t. The function u: [0,7] — X is called Bochner integrable if and only if there is

a sequence (u,) of simple functions such that (2.1.1) holds and

T
/ it (1) — u(t) [ di — 0, as n — oo,
0

The Bochner integral (see [90]) is defined as

T T N(n)
/ u(t) dt = lim / un(t) dt =Tim Y 2 ().
0 " J0 " k=1

Definition 2.1.3. For 7 > 0 and 1 < p < oo, the space L?(0,T;X) is the set of all Bochner

measurable functions u : [0, 7] — X such that

T ’
Jalloranyi= ([ lullfar )" <o

and the space L™(0,T;X) is the set of all Bochner measurable functions such that

[ull=0,rxy= inf  sup [lulx.
(O.1:%) Z1(A)=0(0,1)\A

Lemma 2.1.3. The space LP(0,T;X),p € [1,00], is a Banach space together with the
norm H'HLP(O,T;X)-

Lemma 2.1.4. Let X be Banach space and 1 < p < oo. Let G be dense in LP(0,T;R) and

Xo dense in X. Then the set
span{gxo;g € G,xp € Xo}

is dense in LP(0,T;X).

For u € L'(0,T;X) we consider the distribution

T
c(0,T) qu/O u(t)9' (1) di € X.

16
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Let Y be a Banach space with X < Y continuously. If there is v € L' (0,T;Y) such that

T T
/ u(t)9' (1) dt = — / W(O)p(t) di forall ¢ € C3(0,T)
0 0

we say that v is the weak derivative of u in Y and write v = d,u. We proceed to state the
results that provide a compactness criterion for our PDEs system, that is, the Aubin-Lion

lemma, see [84, Sect 7.3] for more details.

Lemma 2.1.5 (Aubin-Lions). Let (X,Y,Z) be a triple of Banach spaces such that the
embedding X — Y is compact and the embedding Y — Z is continuous. Then the embed-
ding

{ueLP(0,T;X):uecLi(0,T;Z)} — LP(0,T;Y)

is compact for 1 < p,q < oo,

Sobolev space

In PDE theory, we require spaces containing less smooth functions to prove good an-
alytical estimates of solutions that belong to such spaces. In order to construct these
solutions we need to consider the concept of weak partial derivatives. Let C*(T?) be the
space of infinitely differentiable functions ¢ : T2 — R. Suppose we are given a function

u € C'(T3), then for any ¢ € C*(T?) integration by parts yields

/3u¢xidx:—/3uxi¢dx forall ¢ €C™(T%), (i=1,..n), 2.1.2)
T T

as consequence of the periodic boundary conditions. In general for a positive integer &,

u € CY(T3) and o = (ay, ..., @,) a multiindex of order |ot|= a; + - - -+ &, = k, we have

/uD“d)dx:(—l)O‘/ D%¢ dx forall ¢ € C™(T?). (2.13)
T T3

This equality follows from
2% %

a0
ox;' oxy"

D% = P,

and we can apply (2.1.2) |c| times. Next, assuming (2.1.3) is valid for u € C¥(T?), we
examine whether a variant of it might still be true if u is not k times continuously differen-
tiable. Note that the left-hand side of (2.1.3) makes sense if u is locally summable: now

given that u is not C¥, the right-hand side form has no obvious meaning. This problem
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is resolved by seeking a locally summable function v for which (2.1.3) is valid, with v

replacing D%u.

Definition 2.1.4 (Weak derivative). Let u,v € L'(T?) and o a multi-index. Then, v is

called a"-weak partial derivative of u if

/MD% dx:(—1)|“|/ vo dx forall ¢ e C(T?). (2.1.4)
T3 T3

In this case, if we are given u and if there exist a function v such that (2.1.4) holds for all
¢, we say that D%u = v in the weak sense. Now, given the definition of a weak derivative

we are now in a position to define a Sobolev space.

Definition 2.1.5. Let T> C R? | fix 1 < p < o and let k be a non-negative integer. The
Sobolev space (WX (T?)) consists of functions u € LP(T?) such that for each multi-index

a with |ot|< k, the weak derivative D%u exist and D%u € LP(T?). Thus

WP = {u € LP(T3); D% € LP(T?) for all |at|< k}.

If u € WkP(T3), its norm is defined by

|—

Hl/luwkp 'H‘3 ( Z / |D(Xu|p dx> y 1 S p < 00,
la|<k

and

[l i (3= Y ess sup|D%u.
la|<k

In the following we consider special cases of Sobolev spaces, that is, fractional Sobolev

spaces. Let H be a separable Banach space with norm ||-||y. Assume p > 1,a € (0,1),

let WP (0,T;H) be a Sobolev space of all u € LP(0,T; H) such that

" Ju(®) " dd
/ / |t—s|1+ap = o

endowed with the norm

T|L£
o=l ar [ [T aras
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We proceed to recall the main embedding theorem we shall use in this thesis, we refer the

reader to [1, Theorem 5.4] for details.

Theorem 2.1.6 (Sobolev embedding). Let T2 C RY,d =3, ifk>l,p<dand 1 < p <

q < oo are two real numbers such that

then the embeddings

whP(T3) ¢ wha(T3)

are continuous. In the special case when k = 1 and | = 0 we have that the embeddings

d
WhP(T3) < LT5(T3) ifp < d,

d
p

WhP(T?) < C'7r(T) if p>d,

are continuous.
We conclude this section by stating some standard inequalities used in PDEs theory.

Lemma 2.1.7 (Poincare inequality). Let T> C R3 be torus domain and 1 < p < oo, Then

for all functions u € WHP(T?) we have

1
= @slloesy < CIVulory, (s = gy [,
where the constant C depends only on p,d and T°.

Theorem 2.1.8 (Gagliardo-Nirenberg-Sobolev inequality). Assuming 1 < p <d =3, then

there exists a constant c, depending only on p and d such that

||”||Lp*(1r3)§ C||D”||LI’(’]1‘3)7 (2.1.5)

where p* is the conjugate of p defined by

* dp *
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2.1.2 Elements of Stochastic analysis

In this section we introduce the elementary stochastic framework used in this thesis. In
particular, we gather various definitions and fundamental theorems of stochastic analysis
we shall use in analysis of SPDE:s in the subsequent sections. For a thorough background
on the elementary concepts and fundamental results in this section we refer the reader to

[15, 35, 66, 65].

Random variables

To begin with, let the triplet (Q,.%,[P) denote a probability space with c-algebra .% on
the underlying sample space Q and a probability measure IP. Let .4” denote a collection
of nullsets, and suppose that A € .4 such that P(A) = 0. The probability space (Q,.7,P)
is complete if A € .4 and B C A imply B € .#( and hence B € .4"). A probability space
can be made complete or completed by suitably enlarging the o-algebra .%. Throughout
the thesis we shall use the triplet (Q,.7,P) to denote a complete probability space with o-
algebra .% and a probability measure IP. Furthermore, we denote by ([0, 1],2]0, 1], £) the
standard probability space where % denotes the completion of %, and £ the Lebesgue
measure. A filtration on (Q,.% P) is a collection of non-decreasing family of sub-o-
algebras of .% such that .7 C .%; for all s < t. Here, ¢ is understood as a time variable
and .7, contains the history of events until time z. A probability space (Q,.#,P) endowed

with filtration (.%;),>¢ is called a stochastic basis or filtered probability space, and we

denote the stochastic basis by (Q,.%, (:-%;);>0,P).

Definition 2.1.6. A filtration (.%;),>0 is called right-continuous, if

and left-continuous, if

In addition, in the analysis of subsequent section we will always require our filtration
(Z1)r>0 to satisfy the “usual conditions ”, that is, complete and right-continuous, specif-

ically,
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{JVeﬁ;P(JV) :o} CFy Fi=()Fire V>0

We proceed to state definitions and properties related to random variables.

Definition 2.1.7. Let (X,.7) be a measurable space. An X-valued random variable is
a measurable mapping V : (Q,.#) — (X, /). We denote by (V) the smallest o-field

with respect to which V is measurable. Specifically,
o(V)= {{a) ceQV(w)eAA € ;zf}.

and o(V) C Z.

Definition 2.1.8. The Law .Z of an X-valued random variable V, denoted by .Z[V], is a
probability measure defined by

Z[VIB)=PlwocQ:V(w) e B}, Bec ABX).

Definition 2.1.9. Let (X,.<7) be a measurable space. We say that two X-valued random
variables V and V are equal in law, if Z[V] and Z[V] coincide.

In our analysis we need to assert some topological assumptions on the state space X,
though we should note they may vary depending on application. In that regard, we assume
X is a topological space equipped with a Borel o-field. Moreover, it is essential that the
topology on X is completely determined by the family of continuous functions, and to
be precise we use Tikhonov spaces. We proceed to give a formal definition of Tikhonov

spaces.

Definition 2.1.10. A topological space (X, ) is a Tikhonov space provided it is both

completely regular and Hausdorff. To be precise, the following hold
* (X,7) is a topological space;

» for any points x; # x» € X, there are disjoint open sets containing the two points,

respectively;

* for any point x € X and closed subsets % C X such that x ¢ %/, there exists a

continuous function f : X — [0, 1] such that f(x) =0 and f(y) =1 forally € #
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Remark 2.1.1. In this thesis we are concerned with the delicate structure of the incom-
pressible Navier—Stokes and Euler systems, and compressible Euler system, our naturally
spaces for analysis of these systems will be Banach spaces equipped with weak topology

or duals of Banach spaces with weak-* topology (i.e.measures)
We extend the concept of equality of laws to Tikhonov spaces.

Definition 2.1.11. Let X be a Tikhonov topological space equipped with the Borel o-
field. Let V and V be X-valued random variables, then .Z[V] = Z[V], if

E[f(V)] =E[f(V)],

holds true for all f € C(X).

In the analysis of our SPDEs we are interested in the asymptotic behaviour of our system.
Although we encounter function spaces in the thesis, we shall only limit ourselves to
convergences of sequences as opposed to nets. We proceed to state definitions related to

the convergences of sequences.

Definition 2.1.12. Let X be a Banach space endowed with the norm ||-||x and let p €
[1,00). Then a family of X-valued random variables V,,n € N on the probability space
(Q,.#,P) with values in the Banach space (X, ||-||x) converges in p-moment (converges

in L? to V), that is, V,, — V in LP(Q; X) provided

. . p _
nh_r&]E [HVn V”x} 0.

Definition 2.1.13. Let X be a topological space equipped with the Borel o-field and let
V and V,,n € N, be X-valued random valued variables on (Q,.% ,P). We say that a

sequence of random variables V,, converges to V almost surely, provided

n—oo

]P’(a) e limV,(0) = V(w)) =1.

Here we note that Definition 2.1.13 is an analogy of almost everywhere results in measure
theory. Similarly, the probabilistic analogue of convergence in measure is given by the

following definition.

Definition 2.1.14. Let (X, 7) be a locally convex topological space endowed with a family
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of semi-norms (d)yey, Y is an indexing set. A sequence of X-valued random variables
(Vn)nen defined on the probability space (Q,.%#,P) converges in probability to an X-
valued random variable V, denoted V,, —PV forall € >0 and y € Y provided

lgn P{w €Q:dy(Vp(w)-V(w)) > 8} =0.

We conclude the discussion on convergence of random variables by stating the conver-

gence in law results.

Definition 2.1.15. Let X be a Tikhonov topological space equipped with the Borel o-
field and let V,,,n € N, V, be X-valued random variables defined on (Q,,.%,,P,),n € N
and (Q,.7,P), respectively. We say that the sequence of random variables V,, converges
to V in law, if the law .Z[V,,] converges to .Z[V] weakly-* in the sense of probability

measures on X, that is,

lim E[f(V,)] = E[f(V)],

n—soo

holds true for all f € Cp(X).

Stochastic processes

Let (X, ) be a topological space endowed with a Borel o-field. An X-valued stochastic
process is a set of random variables V = (V;);>( on the measurable space (2,.#) with
values in (X, %(X)), where (X) is the Borel o-algebra. A stochastic process V can
be understood as a function of ¢ and @ € Q, and the mapping of ¢ — V,;(®) is called the
path or trajectory of V;. In the following we state definitions associated with stochastic

processes, and properties we shall use in subsequent sections.

Definition 2.1.16. A stochastic process V is called measurable, if the mapping
(1,0) = Vi(0) : ([0,00) X Q,5([0,00)) ©.F) — (X, B(X))

1s measurable.

Definition 2.1.17. Let (.#;),>0 be a filtration on (,.#). An X-valued stochastic process

V ={V(t);t € [0,00)} is called (.%#;),;>0-adapted, provided that, the mapping

o~ Vi(ow): (Q,%)— (X,B(X))
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is measurable for all 7 > 0.

Remark 2.1.2. It follows immediately from Definition 2.1.7 that a stochastic process V is

always adapted to its P-augmented canonical filtration, given by

& [V] = o((V(r);0 < r <s)U{N € F;P(N) =0}),t > 0.

s>t

Definition 2.1.18. Let (.%;),> be a filtration on (,.#). An X-valued stochastic process

V ={V(t);t € [0,00)} is called (.%;) progressively measurable, if the mapping
(5,0) = V(@) : ([0,1] x Q, B([0,%0)) @ F1) — (X, B(X))

1s measurable for all r > 0.

Consequently, it follows immediately that a (.%;)-progressively measurable stochastic

process is measurable and (.%;)-adapted. However, the converse is not always true.

Definition 2.1.19. Let M = (M, ),;>¢ be an (.%; ),>0—adapted R-valued stochastic process
on a probability space (Q,.%,P) with E[|M;|] < oo V¢t > 0. M is called a sub-martingale
if we have that P-a.s. E[M;|.Z;] > M for all 0 < s <t < oo, and super-martingale if we
have for all 0 < s <t < oo that P-a.s. E[M;|.%;] < M. Then M is called a martingale if it

is a sub-martingale and a super-martingale i.e. E[M;|.%;] = M.

Definition 2.1.20. Let A be an adapted real-valued stochastic process. A is called increas-

ing if we have for P-a.e. ® € Q
(i) Ap=0;
(ii) t — A;(®) is increasing and right-continuous;
(iii) E[A;] < oo for all 7 € [0,00).

An increasing R-valued stochastic process is called integrable if

E[Ac] <o, where Aw(®w) = limA;(w) forw e Q.

oo

Theorem 2.1.9 (Doob-Meyer decomposition, [66], (Thm. 4.10, p.24)). Let Y be a non-
negative sub-martingale with a.s. continuous trajectories. There is a continuous tra-

Jjectories martingale M and a P-a.s. increasing continuous and adapted process A such
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that
Yy =M, + A,
where the decomposition is unique.

The following theorem is a consequence of Theorem 2.1.9, see [66, Section 1.4] for more

details.

Theorem 2.1.10. Let V be a continuous L*-integrable real-vauled (.%;)-martingale, that

is, E[V?] < oo, for all t > 0. Then there exists a unique stochastic process ({(V)) such that:
(a) ((V)) is (%)-adapted and has P-a.s. non-decreasing trajectories;
(b) ((V))(0) =0P-a.s.;
(c) V> —{((V)) is a continuous (.F;)-martingale.

Definition 2.1.21. The stochastic process ((V)) constructed in Theorem 2.1.10 is called

the quadratic variation of V.

Definition 2.1.22. Let V,V be stochastic process satisfying the assumptions of Theorem

2.1.10. The process

is called the cross variation of V, V.

To generalise the concept of martingales we need to introduce the notion of local martin-

gales. We first need to introduce the notion of stopping time.

Definition 2.1.23. Let (Q,.%,P) be a measurable space endowed with a filtration (.%;);>0.
We say a random variable 7 : Q — [0,0| is an (.%;) stopping time, if the event {7 <t}

belongs to the o-field .%; for any 7 € [0, o).

Definition 2.1.24. Let V be an X-valued (.%;)-adapted stochastic process. Then V is an
(:#;)-local martingale if there exists an increasing sequence of stopping times (7 ),enN,
T, T o a.s., such that the stopped process Vi = V(7, A -) is an (.-%;)-martingale for all

neN.

In accordance with the aim of the thesis we define a Wiener process, an example that is
both a continuous-time stochastic process and a martingale, the process plays a key role

in our analysis.
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Definition 2.1.25. An R"-valued stochastic process W is called an (.%;)-Wiener process,

provided:
(1) W is (.%;)-adapted ;
(2) W(0) =0P-as;
(3) W has continuous trajectories : ¢ — W (¢) is continuous P-a.s.;

(4) W has independent increments: W (t) — W (s) is independent of .%; for all 0 < s <

1 < oo

(5) W has Gaussian increments: W (z) — W (s) is normally distributed with mean 0 and

variance (t —s)I forall 0 < s <t < oo, i.e N(O, (r —s)I).

For completeness we present an infinite-dimensional generalisation of Wiener process.
We accomplish this by introducing the notion of cylindrical Wiener process, and we note
that this will be the natural choice for the analysis of the driving force of the Euler and

Navier-Stokes systems.

Definition 2.1.26. Let %/ be a separable Hilbert space with a complete orthonormal sys-
tem (ex)ren and let (Br)ren be a sequence of mutually independent real-valued (.%;)-

Wiener processes. The stochastic process W given by the formal expansion
W(t) =Y exfi(r)
k=1
is called cylindrical (.%;)-Wiener process.

2.1.3 Random distributions

Throughout the thesis most random variables we encounter are of the form V : Q —
L'(Qr,R?). However, such an object is not a stochastic process in the classical sense
as it is only defined a.e in time. To remedy such scenarios we use the notion of classi-
cal equivalence stochastic processes, that is, random distributions, as introduced in [15,
Chap. 2.2] to which we refer the reader for more details. The use of random distributions
is essential in handling time dependent variables such as the velocity field u and temper-
ature ¥, since in general these quantities do not poses well defined instantaneous values

at any time t.
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Definition 2.1.27. Let (Q,.%,P) be a complete probability space and N € N. A mapping
V:Q— (C2(Qr,RY))

is called random distribution if (V,¢) : Q — R is a measurable function for any ¢ €
CEO(QT7R3)

The properties associated with random variables as stated above continue to hold in ran-
dom distributions. In particular, the concept of progressive measurability. Here we con-
sider the o-field of all progressively measurable sets in Q x [0, 7] associated to (.%;);>0.
To be precise, A C Q x [0,T] belongs to the progressively measurable o-field provided
the stochastic process (@,t) — 14(®,1) is (% );>o-progressively measurable. We denote
by LII,rog (Q x [0,T]) the Lebesgue space of functions that are measurable with respect to
the o-field of (.7;);>o-progressively measurable sets in Q x [0, 7] and we denote by Uprog

the measure P® &}

0.7] restricted to the progressively measurable o-field.

Definition 2.1.28. Let V be a random distribution in the sense of Definition 2.1.27.

» We say that V is adapted to (%) if (V,¢) is (.%;);>0-measurable for any ¢ €
Co(Or,RY).

 We say that V is (.7, ),>0-progressively measurable if (V, @) € L] (Q x [0,T]) for

prog
any @ € CZ"(QT,RB’).

Remark 2.1.3. The property of progressive measurability in both random variables and
random distributions coincides as long as the distribution defines a stochastic process,

see [15, Chp 2, Lemma 2.2.18] for more details.

Finally, a family of o-fields (o;[V]);>0 given as

alV]:=()o U (Vo) <1}u{s e Z,P(N)=0} (2.1.6)
s>t PECE(Q5;RY)

is called the history of V. In fact, any random distribution is adapted to its history.

2.1.4 Stochastic Ito integral

In line with the aim of producing a self contained material we proceed to present a stan-

dard interpretation of the stochastic It integral with respect to the cylindrical Wiener
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process. We refer the reader to [35, 83] for a detailed study of this material. Let (W;);>0
be a cylindrical Wiener process (3.1.1) defined on a separable Hilbert space %. Let ¢ =
{0(1);t € [0,00) } be a stochastic process taking its values in the space of bounded Hilbert-
Schmidt linear operators from %/ to a separable space L*(T?), denoted by L,(% ,L*(T?)).

The aim is to make sense of the functional

[ o) aw,

The functional above defines an L?(T?)-valued martingale, see Definition 2.1.19. Recall-
ing Definition (2.1.26), we construct the integral as the sum of stochastic integrals with

respect to the real-valued Wiener processes
t o ot
/0 ¢(s) AWy =) /0 O (s)ex dBs(s). (2.1.7)
k=1

Since ¢ takes values in the space of Hilbert-Smith operators, the right hand side of (2.1.7)
converges in a suitable sense in L?(T?) which implies it is an L?(T?)-valued martingale.

To be precise, the following theorem holds, see [35, Section 4.2].

Theorem 2.1.11. Let ¢ be an (:F;)-progressively measurable stochastic process such that
! 2
E/O @Iz, (2 r2(r3)) 9 < oo (2.1.8)

Then the stochastic Ito integral (2.1.7) is well-defined continuous L*(T?)-valued square

integrable (.%;)-martingale.
We proceed to state more results related to the 1t6 integral.

Proposition 2.1.12 (It6 Isometry). Let ¢ be an elementary (-F;)-adapted stochastic pro-
cess. Then the stochastic integral (2.1.7) defines a continuous LZ(T3)—valued square

integrable (%;)-martingale and the following holds true:

2 t
- ]E/ 2 ds, 2.1.9
L2(T3) 0 H¢(S>HL2(7/’L2(T3)) g ( )

EH/0’¢(S> aw,

forallt > 0, provided (2.1.8) is satisfied.

In fact, the It6 isometry remains valid for more general integrands satisfying (2.1.8). As
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the next step, we recall the so-called Burgholder-Davis-Gundy inequality, a generalisa-

tion of 2.1.9.

Lemma 2.1.13 (Burkholder-Davis-Gundy inequality). Let X be a separable Hilbert space.
Then for any p € (0,0), there exists a constant C, > 0 such that for any (% )-progressively

measurable stochastic process ¢ (s) satisfying (2.1.8), the following inequality

E sup
t€(0,T)

. p T ) 5
/O ¢ (s)dW (s) SCpE(/O H¢>(S)HL2(%,L2<T3)>>

holds.

In the following we collect elementary results for computing bounds and taking limits in

the stochastic terms. To begin with, we consider limits, see [36, Lemma 2.1].

Lemma 2.1.14. Let (W"),cy be a sequence of cylindrical Wiener processes over U
with respect to the filtration (F]');>0. Assume that (¥") is a sequence of progressively

(F")i>0-measurable processes such that
W e L2(0,T;Ly(% ,L*(T?))).
Suppose there is a cylindrical (:%#;);>0- Wiener process W and
W e L(0, T3 Ly(% , LX(TY))),
progressively (%;)>o-measurable, such that

Wt W in  C°([0,T], %),

W in L2(0,T;Lo(%,L2(T%))),
in probability. Then we have
/'\P" AW" — /‘PdW in 12(0,T;12(T%),
0 0
in probability.
Note the results of Theorem 2.1.8 are an immediate application of Lemma 2.1.14. To
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conclude limits results we recall the following theorem.

Theorem 2.1.15 (Vitali’s Convergence theorem). Let (X;)uen,X € (Q,.%,P) be a se-
quence of integrable random variables and an integrable random variable, respectively.
Assume sup,, E|X,|P< oo, for some p € (1,00) and X, — X a.s.. Then X, — X in L' P-a.s
such that

E|X, —X|— 0,
E(X,) — E(X).

In computing stochastic bounds, we recall results in [56, Lemma 2.1] given below.

Lemma 2.1.16. Let ¢ € LP(Q,.7 ,P;LP(0,T;Ly(% ,L*(T?)))) (p > 2) be progressively
(Z1)i>0- measurable and W a cylindrical (F;);>0- Wiener process as in (3.1.1). Then

the following holds for any o € (0,1/2)

Stochastic analysis in finite dimensions

p

e[ oaw

T
d §c<a,p>E{/ TI
Wt (0,712(T%)) ] o R

For N € N, we consider an R" -valued process (Xt)re[o,7] on a probability space (Q, 7, P)

with filtration (% ),;>¢ such that

dX, = u(1,X) dr +2(1,X) dW,,
(2.1.10)

In this case, W is a standard (R™,M € N)-valued Wiener process with respect to the

(:Z1)1>0, and subject to some initial datum Xg € L*(Q,.%, P). Furthermore, the functions

p o [0,T] xRN - RN,

Y o [0,T]xRY — RVM

are continuous in X € RY for every ¢ € [0,T], @ € Q. In the classical literature gt and £
are both assumed to be Lipschitz continuous which is too strong for our application later.

Hence, we consider the case with weaker assumptions in [83, Thm. 3.1.1]:
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1. We assume that the following integrability condition on p holds for all R < oo,

T
/ sup |1 (t,X)|? dr < oo.
0 |X|<R

2. u is weakly coercive, i.e. for all (t,X) € [0,T] x RY we have that

u(t,X)-X<¢, forsomec>0.

3. wis locally weakly monotone, i.e. forall¢ € [0,7] and all X, Y € RY with |X],|Y|<
R the following holds

(1(,X)) = (u(1,Y)) : (X = Y) < c(R)X Y[

4. ¥ is Lipschitz continuous, i.e. for all # € [0,7] and all X, Y € R" the following
holds
2(,X) —Z(1,Y)|< c[X = Y[

Theorem 2.1.17. Let u and ¥ satisfy assumptions (1-4). Assume we have a given proba-
bility space (Q,.7 ,P) with filtration (%, );>0, an initial datum Xo € L*(Q,.%y,P) and an

(Zt)i>0-Wiener process W. Then there is a unique (.%;);>o-adapted process X satisfying

t t
X(1) = X+ / w(s,X(s)) ds + / 5(s,X(s)) dW,, P-a.s.,
0 0
for everyt € [0,T]. The trajectories of X are P-a.s. continuous and we have

E

2| < oo

sup |X;
t€(0,T)

1t6 Formula

Lastly, we state auxiliary results; a tool we shall use in the compressible fluids, that is, an

infinitesimal variant of It6’s lemma, see [15, Theorem A.4.1].

Lemma 2.1.18. Let g be a stochastic process on (Q,F (% )i>0,P) such that for some
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o cR,
q € Cyeax ([0, T; WP (T?)) NL7(0,00, L' (T°))  P-a.s,

E <o forall 1 < p < oo, (2.1.11)

sup g1}, g3,
t€[0,T]

dq:D gdt +D;qdW, (2.1.12)
where D;i, Df are progressively measurable with
Diq e LP(Q;L*(0,T;W~*X(T%))),  Dyq € LP(Q;L*(0,T;Ly(% ;W "(T%)))),

Y [ IDgeoliare @) 1<p<e

k>1
2.1.13)
for some k > 1 and some m € N.
Let w be a stochastic process on (Q, . F ,(%;)i>0,P) satisfying
we C([0,T;W** NC(T?)  P-a.s.,
E , <oo, 1< p< oo, 2.1.14
tes['il)pT]HW“Wak ﬂC(T%) p ( )
dw = D4w + DSwdW (2.1.15)

where D;i, Df are progressively measurable with

Dw e LP(QL2(0,T; WK NC(T?)),  Dyw € LP(QL%(0,T; Lo (% ; W™2(T?)))),

Z/ |IDf g (ex ”Wa-k’mc(jﬁ)thLp(Q) 1 <p<eo.

k>1
(2.1.16)
Let Q be [a + 2]-continuously differentiable function satisfying
() p o j= )
E zes[l;],?T}HQ (W)wak’mc(ﬂﬁ)] < j=0,1,2, 1<p<oo, (2.1.17)

Then
a( [Laota) = ([, [q(m i F.0'tn \DS(ekW)]dx
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+<Q(W)»D§’q>> dr

(Z/ D7 q(ex)Di'w ek)dx> dr +dM, (2.1.18)

where

M= w(e 1 q(ex)] dxdWg. 2.1.19
g// w(ew) +Q(rDigle)|dsdWe.  (2.1.19)

Tools for compactness

The general approach to prove existence in PDE:s is as follows: heuristically, one nor-
mally constructs a sequence of approximations with the aim of showing that they con-
verge, and to show convergence it is necessary to first establish bounds and take lim-
its. However, in our case we have nonlinear terms in our systems. In such situations
bounds alone are not sufficient to pass to the limits, and a standard approach to overcome
this issue is the use of compactness arguments. We should note that when dealing with
randomness extra care is essential. To be precise, for a probability space (Q,.%#,P) no
topological structure is assumed on € and therefore the usual tools based on compact
embedding can only be applied to the time and space variable. A general approach used
by analysts to account for these problems is the adoption of Prokhorov’s and Skorokhod’s
theorems, we refer the reader to see Billingsley [5, Thm 5.1, 5.2] and Dudley [44, Thm
11.7.2], respectively.

In the context of the problems considered in this thesis we shall summarise the com-
pactness framework material as follows. Let (X,7) be a topological space, we denote
by (X ) the smallest o-field on (X, T) which contains all open sets, that is, topological
o-field. Let V be an X-valued random variable, see Definition 2.1.7. Then the probability
law u of Von (X, 7) is given by g =PoV~lie. (u(A) =P(V cA) for A € #(V)). In

the following we collect the tools of compactness.

Definition 2.1.29 (Tightness). A family (lg)qe.s Of probability laws on topologically
space (V,2(V)) is called tight if for every € > 0 there is a compact subset K C V such

that
Ho(K)>1—g

for every @ € .#.
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Lemma 2.1.19 (Prokhorov; [63], Thm 2.6). Let (g )qe.s be a family of probability laws
on a Polish space (V,p). The family (L) qc.s is tight if and only if it is relatively weakly

compact.

Theorem 2.1.20 (Skorokhod representation; [63], Thm 2.7). Let (U,),en be a sequence
of probability laws on a complete separable metric space (X, T) such that , — | weakly
in the sense of measures as n — o. Then there is a probability space (Q,gl* ,]f") and

random variables (Vp)pen, V@ (Q, % ,P) — (X, %(X)) such that
e The laws of V,, and V under P coincide with w, and | respectively, n € N.
o we have P a.s. that V,, — V as n — oo

We note Theorem 2.1.20 is only applicable to metric spaces. Consequently, Theorem
2.1.20 is not sufficient to account for our preferred choice of space, that is, Banach spaces
with the weak topology. We solve this problem by using a generalisation of Theorem

2.1.20. Firstly we need the following definition.

Definition 2.1.30 (Quasi-Polish space). Let (2", T) be a topological space such that there
exists a countable family

{fu: = [-1,1;ne N}

of continuous functions that separates points of 2. Then (2,7, (fn)nen) is called a

quasi-Polish space.

We are now ready to state the generalisation of Theorem 2.1.20, a result we shall use for

our compactness arguments.

Theorem 2.1.21 (Jakubowski-Skorokhod representation theorem). Let (X, T) be quasi-
Polish space (sub-Polish) and let 4 be the c-field generated by { f,;n € N}, If (Un)nen
is a tight sequence of probability measures on (V,9), then there exists a subsequence
(Upn,) and X-valued Borel measurable random variables (Vi)ren and V defined on the

standard space ([0,1], 20,1, L), such that W, is the law of Vi and V(@) converges to

V(w) in X for every o € [0, 1]. Moreover, the law of V is a Radon measure.

Lemma 2.1.22. Let (Q,.7,P) be a probability space and X,Y be two random variables
with values in a Polish space (S,d;). Assume that E(h(Y)X) = 0 for all continuous and
bounded functions h : S — R then, E(X|c(Y)) =0

Proof. Let B be a measurable subset of S. Then there is a sequence of smooth function
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(hy,) such that
hy(s) — Ig(s) VseS.

Where I5(s) is the indicator function of B. We get by monotone convergence that E(/,(s)) —

E(Ip(s)) and then by (choosing A, appropriately) we have that,

E(I3(Y)X) = lim E(,(Y)X) =0

n—oo

i.e. E(I(Y)X) =0 VB e %(s).

Let U € o(Y), that is, there exist B € Z(s) such that U = Y~ !(B). This implies that

E(IyX) = E(ly-15X) = E(I3(Y)X) = 0.

Therefore it follows that E(IyX) =0, V U € o(Y). Then the conditional expectation is
given by
E(X|o(Y)) =0.

2.1.5 Generalised Young Measures

The premise of this thesis is set on understanding solutions of the Euler system with
oscillations and concentrations phenomena. Central to our approach is the concept of
a generalised Young measure, a measure that measures both oscillations and concentra-
tions. We adopt a formulation of a generalised Young measure as introduced in [2], see
[72, 79] for more details on Young measures in general. Let .# denote the set of Radon
measures, we denote by .#Z " the set of non-negative Radon measures and by £ the set
of probability measures. Let Q7 = (0,T) x T> be a space-time cylinder. We introduce

the following definition of a generalised measure.

Definition 2.1.31. A quantity " = (V,x,V;,4) is called a generalised Young measure

provided
(@) Vix € L3, (0r; Z(R3)) is a parametrised probability measure on R?;

(b) A € .4 (Qr) is a non-negative measure;
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(© vy €L3.(0r,A; P (S?)) is a parametrised probability measure on S?;
(d) We have [y, (Vi [E 2} dxdt < oo.
We denote by Y»(Qr) the space of all generalised Young measures.

We note, any Radon measure y € .# (Qr) can be represented by a generalised Young
measure by setting ¥ = (dya(; x), d| #*\ ,|1¥|), where p = u®d£" 4 u* is the Radon-Nikodym
decomposition of p. In the present work we consider the Carathéodory functions f :
07 x R3 — R such that the recession function

F(tx,E) o= lim L0256

s—o0 52

is well-defined and continuous on Q7 x S?(which implies that f grows at most quadrati-
cally in &), and we denote the space of all such functions by % (Q7). In the following, let
& denote a corresponding dummy-variable. We say a sequence {#"} = {(v/", v/, A")}

converges weakly* in ¥>(Qr) to some ¥ = (V; x, V/3,A) € Y2(Qr) provided

(Vite, F(&))dxdt + (vi", f7(E))dA" =7 (vix, f(&))dxdt + (v, f7(8))dA  in.#(Qr)

for all f € %(Qr), that is

| ot r@axdr+ | ol r(E)a”
Or Or
=+ | ot @t | gt (E)an

for all @ € C(Qr). The space of %(Qr) is a separable Banach space together with the

norm

I£lioni= sup  (1-[E]) ‘f (” 5|é|>’

(r.x)€Qr.E€B; (0)
and Y»(Qr,R") is a subspace of its dual. Consequently, Y>(Qr,R") together with the
weak™ convergence introduced above is a quasi-Polish space, see Definition 2.1.30. Specif-
ically, separable Banach spaces endowed with the weak topology and dual spaces of

separable Banach spaces are quasi-Polish spaces. In applications, we are interested in
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long-time behaviour of systems, as such we define
Y,°°(Qu) = {¥ : ¥ € Yo(Qr)VT > 0}.

Noting that the topology of YleC(Qoo) is generated by the topologies on Y>(Qr) in the

sense that
Y Y in V(Qn) <= ¥ =" ¥ in Y2(Qr) VT >0,

it follows that ¥°°(Q..) is a quasi-Polish space. We embed L?(Qr) into Y»(Qr) via the
inclusion

L2<QT) Su— (Su(t,x)voao) € YZ(QT)-

By the Alaoglu-Bourbaki theorem, for any M > O there is a compact subset .#j; of
% (Qr) such that

{(841):0,0) € Y2(Qr) : [l 20,y < M} C His. (2.1.20)

Since Y»(Qr) is weak* closed in % (Qr) we conclude that £y, NY>(Qr) is compact,

where clearly
{(84(1.1),0,0) € Y2(Qr) : |ull 20y S M} C HuNY2(0r).

Finally, it is also important to identify a generalised Young measure with a space-time

distribution, that is, for 7" = (Vi x, Vi3, 4) € Y2(Qr) we define

Clorx BV 2 (o) [ [ yix v (g @.121)

+/QT /R @(1,x,8)dvi7 () dA(r,x).

In the following sections we shall study the probability laws on Y>(Q7), and we need to
make sense of the required o-field. A suitable candidate is the o-algebra generated by

the functions { f,} in Definition 2.1.30, that is, we set

By =0 (D o(f,,)) . (2.1.22)
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3.1 Dissipative solutions to the incompressible stochastic Euler equations

Our goal in this section and its subsequent sections is to formalise the concept of dis-
sipative measure-valued solutions to the incompressible stochastic Euler equations and
show their existence. These solutions are weak in the analytical and probabilistic sense.
The key idea of the proof hinges on the link between the Euler system and the Navier-
Stokes system (in fact, Euler equations are linked via a vanishing viscosity limit to the
Navier—Stokes equations). We shall proceed as follows. Firstly, we show the existence
of martingale solutions to the incompressible Navier-Stokes system. Finally, we show
that martingale solutions to the incompressible Navier-Stokes system converge to dis-
sipative measure-valued martingale solutions of the Euler system as viscosity vanishes.
Our strategy is reminiscent to that used in the analogous results of the deterministic case,

see [42].

3.1.1 Stochastic Analysis

Here we collect the mathematical framework relevant to the incompressible case. Firstly,
we present a thorough outline of the stochastic force (i.e. the noise term) used in our
incompressible fluids models. We refer the reader to Section 2.1.4 for brief discussion,
and to [35] for more details on the elements of stochastic calculus in infinite dimensions.
Let (Q,.7,(%#);>0,P) be a complete stochastic basis with a probability measure P on
(Q,.7) and right-continuous filtration (.%),>¢. Let % be a separable Hilbert space with
orthonormal basis (e;)ren. We denote by L, (% ,L*(T?)) the set of Hilbert-Schmidt op-
erators from % to L?>(T3). The stochastic process W is a cylindrical Wiener process

W = (W;);>0 in %, and is of the form

W(s) =Y exp(s), 3.1.1)

keN
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where (B)ren is a sequence of independent real-valued Wiener processes relative to
(Z1)i>0. We select the most natural space % = L*(T?), and we identify a precise defi-
nition of the diffusion coefficient by asserting the following assumptions on ¢: for every

x € L*(T?) the mapping ¢ : % — L*(T?) is defined by

¢ (ex) = O

Since ¢ is a Hilbert-Schmidt operator, it follows that
Y 19 (e)72 s < o= (3.1.2)
k>1

For ¢ € L*(Q,.7,P;L*(0,T;Ly(% ,L*(T?))), the stochastic integral

/th)dW: Z/th)(ek)dﬁk,

k>1

where ¢ is progressively measurable, defines a P-almost surely continuous L*(T?) valued

(:#:)r>0-martingale. Furthermore, we can multiply with test functions since

/]1‘3 (/OTWW"P) dx = Z/OT </T3 ¢k-¢dx) dBi, ¢ € LX(T3), (3.13)

k>1

is well defined in L?(Q,.%,P;C|[0,T)).

We define the auxiliary space % with % C % as

2
a
02/01 = {u:zakeklzk—l;<w}7
k k
oo 2
(04
H“||2%3 = Zk—’z‘,uzzakek, (3.1.4)
k k

thus the embedding % — % is Hilbert-Schmidt and the trajectories of W belong P-a.s.
to the class C([0,T]; %) (see [35]).

We proceed to introduce the following variant of infinite dimensional It6-formula [16,

Lemma 3.1].

Lemma 3.1.1. Let (Q,.F,(.%:)i>0,P) be a stochastic basis and W a cylindrical (% )-
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Wiener process and p € [1,]. Let w',w? be (.F;)-progressively measurable processes
with w' € C,([0,T); L3 (T?)), w? € C([0,T]; L3 (T?)) and w? € L'(0,T;C'(T?)) a.s

such that

wl o w? e L2(Q,L°(0,T;L*(T?))).

Suppose that

A€ Ll (QL2.(0,T;.07(T%))), H'eLl.(Q:L=(0,T;L'(T?)),

GleLl . (1707, h02")), ®'elLl?(Q;L(%;L*T?))),

are all F;-progressively measurable, such that

). pdx = /w (pdx+// H': Vodrds

(3.1.5)
+/ G:V(pd?LJr/ (P~/<I>dex
(0,T)xT3 T3 0

forall ¢ € C3,(T?).
Suppose further that

h? € L. (Q:L°(0r)), ®* € L*(Q;Ly(%;L*(T?))),

are F-progressively measurable, such that

/w pdx = /w (pdx—i—// h?. (pdxds+/ /q>2dex (3.1.6)

for all ¢ € C3 (T?). Then for all t > 0 P-a.s we have

/T3w1(t).wz(t)dx:/mwl(o).wz(o)der/Ot/TsHl:szdxds
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t
+/ Gl:Vw2d7L+/ wz-/d)ldex
(0,T)xT? T3 0
t t
+/ 3h2-w1dxds+/ wl-/ O dW dx
T 0

+Z// D' ey Dey dxds (3.1.7)

k>1

Proof. In order to justify the application of It6’s formula to the process 7 — [r3 wl(t)-
w2 (¢) dx we have to perform some regularisation in equation (3.1.5) using mollification

in space with parameter m > 0. For ¢ € L3, (T*) we have ¢,, € C3 (T?) and

1@unllyrr < clm)ll@ll2 VkeNo, pell,e],

(3.1.8)
[9nllygr < I9llyse k€ No, p e [1,09],
provided ¢ € LP(T?) or ¢ € W5P(T3), respectively. Moreover,
@, — @ in WEP(T?) VkeN, pell,), (3.1.9)
@, — ¢ in CNT?) VkeN,, (3.1.10)

as m — 0 provided @ € W*P(T3) or C¥(T?), respectively. Finally, the operator (-),,

commutes with derivatives. Inserting (¢),, in (3.1.5) yields

/w pdx— /w (pdx+/ [ W2 V(p),deds

t

+ GI:V((p)mledG+/ <p~/c1>,;dex
(0.6)xT? T Jo

where ®! is given by ®! ¢ = (Ple;),, for k € N. Let m > 0 be fixed, using (3.1.8) we

obtain

T
/ 3H1:V((p)mdxds < sup / |H1|dx/ V(@) do
o Jr

0<t<T

c(m) sup [ [H'|dx / ol do

0<t<T

P-a.s. as well as

‘/OT LG )md/l‘<sup|(;1|//|v Ym|dA, dt
><
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< sup|G!| sup A,(T%) / V(@) ml|Ldt
Or  0<i<T

< cm)supl6'| sup 2(T%) [ o]z

or 0<t<T

Therefore, the deterministic parts in the equation for w! are functionals on L?. Conse-
quently, we can apply 1t6’s formula on the Hilbert space Ldlv (T3) (see [37, Prop. A.1]
and [17, Prop. C.0.1]) to the process ¢ + [3 W), (¢) - w?(¢) dx to obtain

t
wl () -wit)dx= [ w!(0)- 2(0)dx+//H1:(Vw2)mdxds
T3 T3 0 JT3
t
+/ G': (sz)md/lodGJr/ /wz-cp,;dvvdx
(0,£) T3 13 Jo

t t
+/ 3h2-w,1ndxds+/ /w,ln-CIDdedx
T

+ // CDIekCI)zekdxdt
k>1

The desired formulation (3.1.7) follows from taking the limit m — 0. finally, we show

how individual terms converge to their limits:

lim w,§1(0)-w2(0)dx—>/T3w1(0)-w2(0)dx, (3.1.11)

m—0 JT3

the convergence above follows from the following observation:

< [ W) w,(0) —w!(0) ax

< ||w?(0)][2|w (0) — w!(0) ||, by Holder inequality.

I m

thus 1,, — 0 as m — 0 by assumptions on w! so that (3.1.11) holds. To show that

t t
lim H!: (sz)mdx—>/ 3H1 : Vw2 dx, (3.1.12)
0 JT

m—0.Jo JT3

we consider,

t

t
H': (sz)mdx—/
0

H' : szdx‘

T3 T
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t
< [ [ 7w, - Vs
0 JT3

T
< sup [ [ (VW) = Vw2 ar
OSZST "JI‘3 O \ _ J
1,

the last line above follows from Holder’s inequality. We also note that I7,,, — O for a.e ¢
as m — 0 by assumptions on w2, and || Vw2,|| .= < ||VW?|| .. Therefore, I1,, < 2||VW?|| =

Then by dominated convergence we deduce that
T
/ 1(VW?),0 — VW2||L;° dt -0, asm—0,
0
so that (3.1.12) holds. To show the limit

lim G!:(Vw?), dAsdo — G!: (vw?)dAsdo, (3.1.13)
m—0.(0,t)xT3 (0,1)xT3

holds we proceed as follows,
‘/ G!:(Vw?), dAs dG—/ G!: (Vw?)dAsdo
Q Q
< / G [[(VW2), — (VW?)| dAg do

< sup|G1| / (VW) — (V)] dAg do

T
< sup|G'| sup 2 (T%) / (VW) — (VW) 1 do,
or 0<t<T U ~~ ~

111,

then results of (3.1.13) follows by similar closing arguments shown for (3.1.12). To show

the limit
t t
lirn/ /WZ-CID,lndex—>/ /wz-cbldex, (3.1.14)
m—0.JT3 Jo T3 Jo

we use Burkholder-Davis-Gundy inequality to obtain

]E( wz-(d>,1n—<1>1)dxdWD

t
§E(sup/ wz-(cp;1—<1>1)dxdWD
t 0 JT3

<cE (<</0 /1T3w2.(q>;1—c1>1) dxdW>>>1/2
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k

- ’ 1/2
=cE / / 2 (@ —o! ] dr
c k; A [T3W ( )ex

1/2
T
<cE|( ) / szy|§|\(q>}n—q>1)eky|§dt> by Holder inequality
k>170

\Y

- 1<</0./J1‘3 w2 (@), — Dl)ey dxde(I)>>>1/2

1/2
cei( s ||w2||%zu<q>;—q>l>ek||%) |

0<t<T k>1

2
=c ||q>,£1 — ! ||L2(%,L2)]ESUP||W 22

1V,

The limit is satisfied when 1V, — 0 as m — 0. To show this, we prove that

limsup||®. — &! I, (% 12)= limsup Y (D' er)m — (q)lek)”%z <E.

m—0 m—0 g>1

for some arbitrary € > 0. Since ®! is a Hilbert-Schmidt operator, it follows that

lim sup Z HCD,LHIZ;S Z Hq)lekHl%2< oo
m—0 i>] k>1

Therefore, there exists an N = N¢ € N such that

Y ([@'ecll7. < /2.

kZNg
Thus, for a fixed €,

Ne 1 1 2

limsup ¥ [|(®'ex)m — (@'e) |2 < limsup Y [[(@'ex)m — (@'er)]|%

m—0 k>1 m=0 " k=1 ~

0 as%%o
+limsup Y [|(®'ex)m— (@'er)]2-
m—0 k>N,

And now using (3.1.8)-(3.1.9) we deduce that

limsup ¥ (@' ex)m — (@'e)[2<2 Y [|@'er]2.< .
m—0 k>N, k=N

Since € was arbitrary chosen, then /V,, — 0 when € — 0. Hence convergence in L (Q,-),
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therefore, taking a subsequence we obtain a.s convergence in the stochastic integral so

that (3.1.14) holds. To show the limit

t t
lim/ h?: w! dxds —>/ h? : w'dxds. (3.1.15)
0 JT3 0 JT3

m—0

we observe that

t
L, —w)axds

t
|, = s

t
/0 TSh2 :(wh —w!)dxds

IN

IA

In view of assumptions on w!

hence (3.1.15) holds. The limit

, we use dominated convergence to pass to the limit m — 0,

t t
lim/ /w‘-cl>,%1dex—>/ /w‘-q>2dex, (3.1.16)
T Jo T J0

m—0

follows from using Burgholder-Davis-Gundy inequality to obtain

“( )

t
<cE (sup / CI>2-(W,1n—w1)dxdWD
t |Jo JT3

<cE (<</o T3q>2.(w}n—w1)dxdW>>)l/2
1/2
—cE Z<</ c1>2ek-(w}n—w1)dxdwk(t)>>>

=1\ Mo JT
, 5 N\ 12
cE Z/ { <I>2ek-(w,1n—wl)} dt)
=10 L/t

1/2

T
<cE Z/ | D2eg||3]|wl, — w5 dr by Holder inequality
=1 0 —_—

t
/ @ (w) —wl) dedWw
0 J13

Vin

since w! € L2(Q,L=(0,T;L?*(T?))) by assumption, then V,, < 2||w!||. Therefore using

dominated convergence we deduce that
T 1
E [/ |w,, —w ||det} —0, asm—0
0
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such that (3.1.16) follows. Finally, to show that

t t
lim Z// ! o) D e dxdr — Z// ®le, Doy dxdt (3.1.17)
=170 JT3 0 JT3

m—0 k=1

we consider the following,

< sup Y[ D%er]la)|(Drer —D'ep)l2
0<1<Tg>1 VL
m

t
Z /0 - q)2ek . (CI)rlnek - CIDIek) dxdr
k>1

now using the arguments in (3.1.14) for ®!, we deduce that (3.1.17) holds. Hence com-
bining (3.1.11)-(3.1.17), and using (3.1.9) together with the assumptions on w! and w? we

see that all terms converge to their corresponding counterparts and (3.1.7) follows. [

In the following we present a finite dimensional version of [15, Chapter 2; Theorem 2.9.1]

Proposition 3.1.2. Let U be a random distribution such that U € L} ([0,0)) P-a.s. Sup-

loc

pose that there is a bounded continuous function b and a collection of random distribu-

tions G = (Gy)en such that P-a.s.
Y 1Gi*€ Ly ([0, ).
k=1

Let Uy be an Fo-measurable random variable, and W = (Wy)7_, be a collection of real-

valued independent Brownian motions. Suppose that the filtration
871‘ = G<G(U07rl‘U7rIW7 rtG))7 t Z 07

is non-anticipative with respect to W. Let Uy be another random distribution and W =
(Wk):’:l another stochastic process and random distributions G = (Gy)en, such their

joint laws coincide, namely,

LU, U,W,G] =.L[00,0,W,G] or [Up,U,W,G] £ [T, 0,W,G].

Then W is a collection of real-valued independent Wiener processes, the filtration

§i = o(o(lo. 0,1 W,1,6)), 1 >0,
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is non-anticipative with respect to W, Uy is ﬁo—measurable, and

,Z[/O [0, wU +b(U)y] dt+/0 Y wGidW, + w(0)Uy
k=1

(3.1.18)
=¥ [/0 [azll/U—i—b(U)l,U} dl—l—/o ];IWdeWk+W(O)UO

for any deterministic y € C°([0,00)).

Proof. We first regularise the problem, and then take limits in different stages to obtain

the desired form. Fix the test function y in (3.1.18), and consider the convolution kernels

In addition, we define U as Uy for ¢ < 0 such that
(U]t m = [Uolm, [ﬁ]hm = [fJO]m forr <O.

Furthermore, we note that [U], ,, is adapted to

§ =o(orUnW.rGy), 120,
similarly [U],,,, is adapted to
& = G(G(rtU,r,W,r,Gk)>, t>0.
Finally, we replace Gy by a convolution kernel Gy ,, such that
Grp = 6,,(- —m) * Gy

that is, a regularisation in time.

LetA; = § and set

to =0, tivi=tj+4;, j=0,...,J-1

Step 1:

47



Chapter 3.

We begin by re-writing the stochastic term of (3.1.18) using the Reimann-Stieltjes
integration form

Z { [ 0w+ b)) o

V() Gim (1)) (Wi(tj1) — Wk<tj)>> + W(O)Uo} (3.1.19)

=1 \j=1
= 2| [ 10wl 01w a
K J—1 5 . .
+) ( V(1) Giem (1) (Wit 1) — Wk(tj») + v/(O)Uo}
k=1 \j=1

Here, we observe that the terms in (3.1.19) are continuous on

Cioc([0,0) X Cioc([0,00), R¥) x Cioc ([0, 00), R).

Since the Riemann sums in the stochastic integral converge in probability to their limits,
we let J — oo so that

oo K o0
Z [ /0 (G W (U] m +b([U]rm) V] dt+k§1 /0 VG mdW + y(0)U

(3.1.20)

[} - - K oo .
=Z [/0 [8”//[U]t7m +b([U]t,m)‘//} dr +;§1/0 YGy AWy + v (0)Uy

Step 2:

At this stage we want m — 0 in (3.1.20). Since U € L!([0,))P-a.s we have

(U — U in L. (]0,00))asm — 0 P-as.

consequently, the following holds

[Osn — U in L. ([0,00))asm — 0 P-ass.,

Finally, we have

Gim — G in Li . ([0,0))
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by definition of convolution kernels. Since b(-) is a bounded and continuous function,

then in view of lemma 2.1.14 we take the limit m — 0 in (3.1.20) to obtain

o K o
3[/0 [8th+b(U)1//]dt+Z/o WGdW, + y(0)Up
k=1

(3.1.21)

oo K oo
=9 [/0 [0 wU +b(0)y] dt+Z/0 vGdW, + w(0)Uj
k=1

Step 3:

Finally, in view of lemma 2.1.14 we take the limit k — o in (3.1.21) to obtain (3.1.18)

as required. [

3.1.2 Stochastic Navier-Stokes equations

In this section we prove the existence of martingale solutions to the system of incom-
pressible Navier-Stokes. Let T> be a three-dimensional torus, let 7 > 0, and set Q =
(0,T) x T3. The incompressible stochastic Navier-Stokes system with viscosity £ > 0

governing the time evolution of velocity field u and pressure p of fluids reads

du=¢eAudr —div(u®u) dt—Vpdt+¢ dW inQ,
(3.1.22)

divu=0 in Q.
Here the system models the conservation of momentum and and balance of mass for fluid
flows with high Reynolds number (1/€). In (3.1.22), we assume that the density is con-
stant and set it to p = 1. Finally, the driving stochastic force W is the cylindrical Wiener
process defined on a probability space (Q,.%,P) and the noise coefficient term ¢ is a

Hilbert-Schmidt operator, see Section 3.1.1.

Our solution will be weak in the analytical sense (derivatives are understood as distribu-
tions) and stochastic sense (underlying probability space is not a priori given but becomes
an integral part of the solution). We consider martingale solutions beginning with an ini-
tial law defined on

——a LA(T)
chiiv (T3) = CdiV(TS) .
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Accordingly, the weak formulation of (3.1.22) yields the desired format that is neces-
sary for weak solutions in the analytical sense. Testing (3.1.22) by ¢ € %5, (T, R?) we

obtain

t 1 t
</ du,(p> . </ 8Auds,(p> +</ —div(u®u)ds,(p>
0 T3 0 T3 0 T3
t t
+ </ —Vpds,(p> +</ ¢dm,<p> , (3.1.23)
0 T3 0 T3

where (., .)rs denotes the L?(T?) inner product. Using Green’s identity we obtain

t
</ eAuds,(p> - // Au- @ dxds
0 T3
= —8// Vu: Vo dxds.

Now on the account of div(p@) = pdivgp + Vp- ¢ = Vp- ¢ and Divergence Theorem,

t t
</ —Vp ds,(p> = —/ / div(pe) dxds =0,
0 T3 1 Jo

therefore, the pressure term vanishes. Using similar arguments we simplify the convective

t t
</ —div(u®u)ds,(p> :/ / u®u: Ve dxds.
0 T3 0 JT3

Finally, combining these terms yields the weak formulation of (3.1.22) and it reads

one obtains

term to

t
/u-godx = /uo-(pdx+// u®u: Ve dxds
T3 T3 0 JT3

t t
+£// Vu:V(pdxds+/ /(])dWde-(p, (3.1.24)
0 J13 T3 J0

for all ¢ € Cfgfv(’]lﬁ). In the following we give a rigorous definition of a solution to

(3.1.22).

Definition 3.1.1 (Solution). Let Ag be a Borel probability measure on de(’}IG)_ Then
(Q,7,(F)>0,P),u,W)

is a weak martingale solution to (3.1.22) with initial datum Ag provided that:
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(@ ((Q,Z,(F)>0,P) is a stochastic basis with a complete right-continuous filtration,
(b) W is a (% );>0-cylindrical Wiener process,

(¢) The velocity field u is .%#;-adapted and satisfies P-a.s

U € Cioc([0,%0), W22 (T2)) N Copoc ([0,00); Ly (T)) N L2, (0,00, W2 (T3))

(d) Ag=Pou(0)~! (thatis P(u€ B) = Ao(B) for all B € B(L3 (T%))),

(e) Forall ¢ € C3 (T?) and all 7 € [0,T] we have

t
/u-(pdx = /uo-(pdx+// u®u: Vedxds
T3 T3 0 Jr3

t t
—e/ / Vu:Vgodxder/ / ¢ dW; - ¢ dx,
0 JT3 T3 .Jo

P-a.s.

(f) The following energy inequality holds true:

t 1 t t
E,+8/s /T}|Vu|2dxdt§Es—|—§/s ||¢||%2(%7L2(T3))dt+/s /T3u.¢dxdW,
(3.1.25)

P-a.s for a.a s > 0 (including s = 0) and all # > s, where E; = 5 [13|u|? dx.

Definition 3.1.1 is standard in the theory of stochastic Navier-Stokes equations and can be
found in a similar form, for instance in [56, 54]. The energy inequality in (f) is reminis-
cent of the recent results for compressible fluids in [15]. We note, the energy inequality
(f) must be included in the definition as it is an open problem if weak solutions satisfy
the energy inequality. The formal computation of the energy inequality is a simple appli-

cation of Itd formula to the functional ¢ — % a|u|? dx as follows.

We apply 1td’s formula to the functional

1
fw) =5 [ o
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with the following observations

auf(“) = <ua '>’]I‘37 al%f(u) = <’v '>’H‘3a

4f(w) = duf(w) - du+ 503 -d((w))r

On the account of the balance of momentum equation in (3.1.22) we deduce

1
d/ —|u|2dx:8/ u-Audxdt—/ u-div(u®u)dxdt—/ Vp-udxdt
T3 2 T3 T3 T3

1 2
EZ/TsW dxdt+/TSu-¢dxdWs.

k>1

Consequently, using Green’s identity and the divergence free property we observe that

the convective and pressure terms vanish yielding
1 1
d/ = u2dx:8/ Vu|*dxds + / 2dxdt+/ u- ¢ dxdW.
T32| | T3| | 21; T3|¢| T3 ¢ N
Finally, integrating in time we deduce the energy inequality

| " ! 2 ) 1 /t/ 2
— dx Vu|*dxdr < — dx+ = dxdr
/T32|u| +8/0 /T3| u —/qrsz|“°’ o) o Jpal®

k>1
t

—I—/ /u-q)dxdWs.
T3 /0

Accordingly, we proceed to state the existence of martingale solutions to the system
(3.1.22).

Theorem 3.1.3 (Existence). Assume that (3.1.2) holds and we have

2 oo 2 dhol¥) <= (3.1.26)

div
for some B > 2. Then there is a weak martingale solution to (3.1.22) in the sense of
Definition 3.1.1.

In order to prove Theorem 3.1.3, we adopt key ideas outlined by Flandoli and Gatarek
[56]. However, in contrast to results of [5S6] we use an elementary approach from [27] to

identify the stochastic integral after the limit procedure. The proof follows a presentation
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by [17].

Approximated system

The main idea is comprised of seeking a solution by separating space and time via

. o . 1,2
Galerkin approximation. We approximate the space Wy

(T?) by a finite dimensional
subspace. Then, the approximated equations are solved by standard arguments from the
theory of stochastic differential equations. We obtain a sequence of approximated solu-
tions uy, N € N. Then we show that uy converges in some sense to a limit function u, a

solution to the weak formulation.

Theorem 3.1.4 (The Approximated System [77]). Let | € N and T3 be a three-dimensional

periodic domain. Then, there is a sequence (A;) C R and a sequence of functions

(wg) C Wé{f(T3) such that

1. wy is an eigenvector to the eigenvalue Ay of the Stokes operator in the sense that:

<Wk, (p>le2 = lk /11‘3 Wi @ dx for all (RS Wél‘%(T?)),

2.
/ Wi dx = 8 for all k,m €N,
T
3.
1 <A <A...and A — oo,
4.
Wi Wy
—, = O forall k,m € N,
<7Lk )Lm>W/,2 k f
5.

(W) is a basis ofWéi’g(?IB).

We choose [ > 1+d/2 such that Wé{f (T3) — W1=(T?) by Sobolev embedding Theorem
2.1.6. Letting ug to be an .%#p-measurable random variable with values in L(Zliv (T3) subject
to the law Ag (the existence of ug follows from Skorokhod theorem 2.1.20), we seek an

approximated solution uy of the form
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N

uy =Y wi=Cy-0n, Oy=(Wi,...,w), (3.1.27)
k=1

where Cy = ¢} : Q% (0,T) — RV, Thus for k =1,...,N we seek a solution for the

system

/duN-wkdx = —8/ VuN:Vwkdxdt+/ uy @uy : Vw dxdr
T3 T3 T3

+/ ¢ AWV - wy, dx,
T3
uy(0) = Pyuy, (3.1.28)

where Yy is the orthogonal projection Py : L(%iv (T?) — Hy := span{wy,...,w;}, that

18,
N

PNV =) (V, W) 3 Wy,
k=1

and (3.1.28) holds P-a.s for all 7 € [0, T]. Furthermore, we rewrite the Wiener process as

follows
N

WN(s) =Y eBi(s) =En-BY(s), Ey=(er,...,en).

k=1

Now we re-formulate (3.1.28) using (3.1.27), orthogonality property in Theorem 3.1.4 to

deduce
d
ﬂ.wkdx = —8/ VuN:Vwkdx+/ uy ®uy : Vwy dx
T3 dt T3 -
dWN
T%
Nodcl
_f/T3wk-wkdx = —ech/ Vwy : Vwkdx+2cch/ w; @w; : Vw, dx
k=l
WN

N o deN
Lo
k=1

= —chk/ Vw, : Vw dx+ Z cllycfv/wwk@wl:VWkdx

k=1
/ dWN

Solving (3.1.28) is equivalent to solving the system

dCy = [u(Cy)] dt +2X dBN,
N = [1(Cn)] dt B (3.129)

Cn(0) = Cy,
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where
N
LL(CN < / Cy-eVay : Vwy dx+/ CN O)N) (CN CON) Vwy dx) ,
k=1

N
Y= (/ (Pl'Wkdx) ,
T3 k=1

N

Co= <<ll0,Wk>L2(1r3)>k:| :

Finally, noting that (3.1.29) is indeed a system of stochastic differential equations (SDEs)
we show that it has a unique solution by checking that the assumptions of Theorem 2.1.17

are satisfied. We observe

(1(Cn) — 1(Cn)) - (Cx — Cw)

= —£ Z / VWk - Ck VWk) VWk(Clkv — C~1kv) dx

k=1

By using (3.1.27), the right term of the system simplifies to

_s/T3|VuN—VﬁN|2 dx+/TS(uN®uN—ﬁN®ﬁN) : (Vuy — Vi) dx

</T(UN®UN iy ®iy) : (Vay — Viy) dx

< C(R,N)|Cy—Cn/|%.

In the last line above, we assume that |Cy|< R and |Cy|< R for some arbitrary R, and

use the boundedness of |wi|< ¢ and |Vwy|< ¢ to deduce the weak monotonicity property
(1(Cw) = 1(Cw)) - (Cy — Cw) < C(R,N)|Cy — Cn[.

The Lipschitz continuity property of X follows from (3.1.2). In particular, for fixed N € N
our X does not depend on the solution, it is simply a constant matrix. The weak coercivity

assumption follows from observing that the term [ uy ®uy : Vuy dx = 0 so that

u(,Cr)-Cy = —£/3]VuN|2 dx < 0.
T
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Thus, the system (3.1.29) satisfies the properties of Theorem 2.1.17. Therefore, (3.1.29)
can be solved using standard SDEs theory. Applying the theory of SDEs to (3.1.29) we
obtain a unique strong solution Cy with [P-a.s. continuous trajectories. To pass to the

limit N — oo we derive the following estimates.

Theorem 3.1.5 (A Priori Estimate). Assume (3.1.2) holds and

J;

(T3) ||V||%2(T3)dAO(V) < oo,
div

Then the following holds uniformly in N,

E

sup / |uN|2dx+8/|VuN|2dxdt
te(0,1)/ T3 0

2
§c<1+/L2 (T3)||V||L2(T3)dAO(V)). (3.1.30)

div

Proof. Let C be the Itd process given by
dC = u(C)dr + Xdw;,
with the abbreviations

u1(C) :—8/3C-V(DNZVWk dx—i—/3uN®uN:Vwk dx,
T T

N
2=y [ war
=17/ T

Define a function g(C) € C?(]0,%) x R) such that g(C) is still an Itd process. We set the
function g(C) := 3|C|? so that dg(C) = d§|C|*. Then applying Ito’s formula, one obtains

1 1
d§|C|2 = chc+§ng(C)d<<c>>,

1
= CT/.L(C)dt+CTZdVl/,+ing(C)d<(C>)t. (3.1.31)
Integrating (3.1.31) with respect to time
1 1 t t 1 t
E\C(r)|2: 5|C(0)|2+/ CT/,L(C)dt+/ CTzaw, + 5/ D?g(C)d((C)),. (3.1.32)
0 0 0

Using the approximation
N

uy = Cﬁ](I)Wk,
k=1
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and property (2) from Theorem 3.1.4 we observe that

N
[Cx@)F = Y Ik (@)

2
= [Juy(t |L2(’IF3)'

Finally, we note the following

N
duy = Z dcfv(t)wk,
k=1

and for D?>g(C) =1 € RVN

[ psciaiicn, = /oki (/Mk,wk)zds,

Since [p3uy @uy : Vuydx = 0 we deduce

1 2 _ 1 2 ! 2 ! N
@y = 51 Pwuol—e [ [ 1VunParars [ [ uyeg aw ax

1t 2
+= / w, dx | ds. 3.1.33
5 OI;(T3¢1< k > s ( )

The estimate follows from taking the supremum in time and building expectations i.e.,

E

sup / |uN]2dx—|—8/\VuN]2dxdt
te(0,1)/ T3 0

<c (]E [Huoﬂiz(o)] +E

sup Yi(1)
1€(0,T)

+E[Y2(T)]) ,

where

t
Yi(t) ::/ /uN-<de§de,
T3 JO
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t N
Yo(T): = /OZH‘PIHiZ(W) ds.
I=1
In view of (3.1.2), we see that
N -
Enm) = B|Y [ [ 0P aws
=170 /T ]

S .
Z /0 /11‘ 3“1’1\2 dxds| by truncation
=1 ]

[ rt

IA
&=

Furthermore, as consequence of Burkholder-Davis-Gundy inequality Lemma 2.1.13 and

(3.1.2) we deduce the estimate

E

i t
sup |Y1<t>|] ~ E| sup AA3uN-¢deﬁ]

t€(0,T) 11€(0,T)

N
= [E| sup ];/O/T3UN'¢kd)Cdﬁk(s)

11€(0,T)

o /()T,ﬁ:l(/w“N“PkdX)zdt]

7 _N 12
/o (1;1 /1rs|uN|2 dx/T3|¢k|2 dX) dt]
cl [/OT/TJuN!zdx dt] "

+c¢(8,7).

1/2

IN

IN

cE

IN

Here, we used (3.1.2), Holder’s inequality, and Young’s inequality. Now combining the

bounds above we infer

E

sup / |uN|2dx+8/]VuN|2dxdt
te(0,1)/T? 0

t
2 2
< cE |:/]r3‘ll()’ dx+/0 “¢HL2(%,L2(T3)) ds

+0E | sup /3|uN|2dx +¢(6,7).
T

t€(0,T)

The claim follows from choosing a sufficiently small 6 and using the initial law Ay =

]P’oual. ]
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In general for some B > 2, we have the following:

Corollary 3.1.6. Let the assumptions of Theorem 3.1.30 be satisfied and in addition

v dAo(v) <
Js o ¥t

Then, the following holds

b2 B/2
sup / |uN]2dx+8/\VuN]2dxdt] <cp <1+E [/Lz (T3)||V|]1%2(T3)dAO(V)1 >

t€(0,T) div

E

A similar proof to one in Theorem 3.1.30 yields the estimate, but for such case one should

use /2 power to (3.1.33) before taking expectations.

Remark 3.1.1. Some remarks are in order, the formulation (3.1.33) is the energy equality

in the Galerkin approximation.

Compactness

To gain compactness we need to pass to the limit in the nonlinear convective term. Ac-

cordingly, in view of (3.1.28) the balance of momentum reads

Juv@-par = [ un(e) Zho ds
= /uo 9N¢+// Hy : V%0 dxds

+// ¢ dwdx,

Hy = —eVuy +uy @uy,

for all ¢ € CE‘;V(T3), where ;@]l\, is the projection into the space 2y with respect to

1,2
Wdlv

3.1.6 for B > 2, we deduce that

(T?) inner product. Given the a “priori estimates’ in Theorem 3.1.30 and Corollary

Hy € LY(Q,L7(0,T;L(T?))), (3.1.34)

for some pg > 1 uniformly in N (provided 8 > 2), a claim we make precise in Section

3.1.3.
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We derive bounds of the system by computing the deterministic and stochastic part

bounds separately. For deterministic part we consider the functional

Halt,9) : // Hy: V20 duds, ¢ c6o(TY).

By (3.1.34) and the Sobolev embedding for Wl71’0(T3) — Wl 2(T3) for [ > l—l—d(pl -

N —

we have the estimate

E | <c,

lepo ((0.7);Wg? (T3))

where C is a constant. This follows from observing that sy € LP°(0,T; Wdzvl 2(T3)) and
9ty € LPo(0,T; Wy (T?)) uniformly in N, then 52 € W0 (0, T; Wd?Vl 2(T3)).

div

Proof. We have that,
ot (t, ) = /T3 Hy:VZipdx ¢c WC{{S(W).
Then applying Holder’s inequality yields,

||8t<%”||wd;v1,z(jr3) = sup Hy : V240 dx

3
loll wi2=1 T
d1v

< sup [Hy[1[IVPRO

loll,12=1
d1v

Now using the Sobolev inequality with respect to the embedding W2 < W1 and noting

that 2}, is continuous in W!(T?) we infer

!
Nty sy = sup [Hy [ [ PN @l
v

T
) loll, r2=1
le

< ¢ sup |[Hylli| Zx@lye
H‘PHwézzzl

< ¢ sup |Hyl[i]| @l

lloll 12=1
Wdlv

= ¢ sup |Hy|:-

lloll 12=1
Wdlv
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Integrating in time and taking expectations yields

T T
E / 92|, dt| < E / Hy||P dr| < C,
0 Wiy’ 0

div

as a consequence of (3.1.34). Finally, the claim follows from applying Poincaré’s in-

equality 2.1.7.

]

To establish bounds associated with the stochastic part we apply Lemma 2.1.16, a result
derived in [56] to estimate the noise term for all o € (0,1). Using Lemma 2.1.16 and

(3.1.2), and for any o < 1/2 and p = 2 we deduce the estimate

‘/Okpdws

2
E

’ 2
< ¢k { /0 1117, (2 1213y At

< ¢(p,9,T).

dr
We2(0,T;L%(T3))

Finally, combining the stochastic and deterministic bounds yields

E | |luy]| <C. (3.1.35)

WP (0,T3W, 70 (T3)) | =

Now noting that

1, w2 (0. T
WEP((0,T); Wy 7 (T7)) N L2(0, T: Wy (T%)) NL(0, T3 LG, (T))

(3.1.36)
—— Lr(07 T;LSiV(T?)))a

compactly for all » < 10/3. The compactness of uy follows from applying results estab-
lished in [56] as stated in following theorem.

Theorem 3.1.7. Let (X,Y,Z) be a triple of separable and reflexive Banach spaces such
that the embedding X — Y is compact and the embedding Y — Z is continuous. Then
the embedding

LP(0,T;X)NW*P(0,T;Z) — LP(0,T;Y),

is compact for 1 < p<eoand(< a < 1.
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LetX := Wl’z(T3)),Y ;= L2 (T?)) and Z := Wd;Vl’z(ﬂG)). We are interested in compact-

div
ness on the space L"(0, T;Lgiv’]l‘3). This can be shown through interpolation arguments.

That is, let Yo p, := (3.1.36) and consider the space

Xopo := WEP((0,T); Wyl P (T3) N LPO(0, T3 Wy (T3)) s LPO(0, T; L3, (T3)).

iv

Now, suppose (Wy,)men C Yap, is @ bounded sequence. Then (u,,),ecn is a bounded

sequence in Xg,. Therefore, there exists a sub-sequence u,,;, such that
w,, — win L°(0,7; L%, (T%)).
In the periodic domain T3 C R3, we have

10
0 3

L*(0,T;WhA(T)NL™(0,T; LE;, (T?)) < L3 (0,T; L3 (T%)) =~ L

w3

(Q).
For pg <2 we have

w,, — win L7°(0, T;L7°(T?)) ~ L7(Q).
In view of Lemma 2.1.1 we see that

0 1-6
||umk_u||Lr(Q) < Humk_uHLPO(Q)/Humk_ulL%(Q)

-~

—0

IN

0.
Given the compact embedding above, we consider the path space
V:=L"(0,T;L"(T?)®C([0,T], %) @ L}, (T?),

with the following laws:

4

Uy, is the law of wy on L7(0,T;L"(T?3)),

Uy is the law of W on C([0,T], %), where %, is defined in (3.1.4),

Wy 1s the joint law of uy, W,up on V.
\
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Considering a ball Bg in the space
-2 1,2 oo .
WP (0, T Wy, (T%)) ﬂL2(07T§W0,diV(T3)) NL(0,T;Lg;,(T%),

we seek its complement Bg such that applying Theorem 3.1.30, (3.1.35), and Markov’s

inequality yields

un(B9) = P (0wl a2y Hlowlzona) Huwlgz > R)

IN

1y 22 10 212 |

IN
= ox|E T

Therefore, for any y > 0 there is R = R(y) such that

.ullN(BR) >1-

Y

Wi

that is, the family of probability laws Ly, is tight by Definition 2.1.29. The law of uw
is a Radon measure on the Polish space C([0,7],%)), and therefore it is tight. This
implies that there exists a compact set C, C C([0,T],%) so that uw(Cy) > 1 —y/3.
Furthermore, arguing similarly we note there exists a compact subset of L(%iv (T3) such
that its measure Ay is smaller than 1 — /3. Consequently, there exists a compact subset
Vy C V such that uy(Vy) > 1 —7. Thus, (Uy)nen is tight by Definition 2.1.29 in the same
space. On the account of Lemma 2.1.19, (uy)yen is relatively weakly compact, and as
a result we have a weakly convergent sub-sequence with limit . Applying Skorokhod’s

representation theorem 2.1.20 we infer that there exists a probability space (Q,.#,P), a

sequence (iiy, WV g ) and (&, W, iip) on (Q,.7,P) both with values in V such that
« The laws of (@i, WV, iig v) and (&, W, @) under P coincide with p, and u respec-
tively.
* We have the convergences

)
iiy—@ in L7(0,T;L(T%)),

WN =W in C([0,T],%), (3.1.37)

oy — Uy in Lz(T3),
\
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Ip’—a.s.

Note, before passing to the limit in the new probability space, it is essential to establish
accurate measurability of the new random variables. For this, we adapt a filtration to
the new probability space. Let z, be a restriction operator to the interval [0,7] acting
on various path spaces. For instance, suppose A is a path space of L"(0,T;L"(T?)) or

C([0,T],%) and t € [0,T], we define
Zt:A%A’[O,t]af%f“O,t]a (3.1.33)

where z, is a continuous mapping. Now let (gZ*tN )i>0 and (%)@0 denote the P-augmented

canonical filtration of the process (uy, W") and (i, W) respectively, i.e.

F, =0 (0(zb,zW)U{N € F; B(N)=0}), te[0,T].

FN = o (o(zuy,zWN)U{N € F;P(N¥)=0}), 1€[0,T].

Here, o is the smallest o-algebra of the space. Using (3.1.38) in the new probability
space ensures that the stochastic processes are adapted so that we can define stochastic

integrals.

The system on the new probability space

In view of Theorem 2.1.20, distribution laws of new probability space coincide with those
of old probability space. Consequently, noting that the approximated system holds on the
old probability space, it follows that the same is true on the new probability space. To
show this, we use the elementary method covered in [27] which has been generalised for
various purposes. The underlying aim is to identify corresponding martingale quadratic

variation and cross variation.

To begin with, we observe that WY and W have the same law. As a result, we have a
collection of mutually independent real-valued (.%Y),>o- Wiener processes (B )i—1...n
such that WN =Y, _, B,iv e. To be precise, we have a collection of mutually independent
real-valued (.%; );>0- Wiener processes (Bk) k=1,...N SO that W = Y, Brex. We consider
continuous functionals to compute quadratic and cross variations. The idea lies in fol-

lowing observation;
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Lemma 3.1.8. Let (Q,.7,P) be a probability space and V a Polish space with Borelian
o- algebra B(V). Let XY be two random variables on (Q,. % ,P) with values in'V such
that

X:(QF)— V,BV)) andY:(Q,F)— (V,B(V))

are measurable. Let f :V — S be measurable function with S a Polish space, and we

claim that if X and Y have the same distribution laws then
XY = f(X)~ ().
Proof. Note that X ~“ Y means

P(XcA)=P(Y €A) VAc B(V).

And, P(f(X)en) = P(Xefi(n)) forneB(V), where f~! is the pre-image.
= P(Y e f'(n))since f~'(n) € B(V)
= P(f(¥)en).

Therefore, this implies f(X) ~¢ f(Y) as required. O

We proceed to define for all 7 € [0,7] and @ € C4;, (T?) the functionals

1
dD(V,Vo),:/ v(t)~(pdx—/ Vo-q)dx—l—/ /V@V:Vﬁ”}v(pdxds
T3 T JmJo B

I(v)

t
—i—s/ /VV:V,@IZV(pdxds,
T Jo

N t | 2
W, — / / P dx) ds,
t 1;1 0<T3¢k NP s
t
(F,), = / / o - P duds.
0 J13

Remark 3.1.2. The functionals

(ﬁNaﬁO) — q)(ﬁN7ﬁ0)l‘7 lPl? (lPk)ta
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are measurable on the the subspace of pathspace where the joint law of (uy,ug) is sup-

ported.

We denote by ®(uy,up);, the increment ®(uy,ug); — P(uy,up)s and similarly for (¥);,

and (Wy)s,. Completeness of proof follows from showing that the process ®(iiy) is an

#;"-martingale such that its corresponding quadratic and cross variations satisfy

((@(ay,p))) =¥, ((@(tiy,u0), Br)) = Pr, (3.1.39)

respectively. In particular, in view of (3.1.39) we see that

<<q>(ﬁN,ﬁo)—/0' T3¢dWN-<@11\,(p dx>> (3.1.40)

= ((®@(ay,up)))

+<</0'/Ta¢-%<pdxdWN>>

25 (otaw. | [ Ao acos))

—ww
N . ~
_ zkzl/o /TS 0 - PLe dx d((P(in, ), Bi))s

o, (3.1.41)

which implies the desired equation on the new probability space. Next we proceed to

verify (3.1.39). On the account of uniform estimates above (3.1.30) the mapping
(ﬁN,ﬁo) — (I)(ﬁN,ﬁ()),

is well defined and measurable on the subspace of pathspace where the joint law (@i, @)
is supported. Accordingly, we show continuity for less obvious terms /(v) and note that
other terms can be handled similarly. For the convective term, we assume that vy — v in

L7(0,7;L"(T3)) and P} is continuous on W2 with norm ||P{,¢||< 1 so that

() = 1(v)|=

t t
/ /VN®VN:V3”}VQDdxds—/ /V®V:V<@}V(pdxds
T JO T JO

<))

(VWO VN —vRV): V2o ‘dxds.

a—0
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This follows from rewriting
||VN ®VN — V®VHL1(Q)7
as follows

[WwRvw—vav[i = [[WOVW-VRVW+VRVN—V&V| 1
= [[(w=v)@W—=v®(v=v)|L1(
< lvw = vl2llvall2 ] v][2[[v = VN2

— 0, by assumption.

Thus, the functionals are well defined ®(vy) — ®(v) and the mapping ® : v — R is

continuous. Consequently, the following random variables have the same law
O (uy,ug) ~¢ O(iiy, tig).
Now we fix times s,7 € [0, 7], where s < ¢ and define a continuous function 4 such that
h:V]og—[0,1].

The process

t N o et
Suvuo) = [ [ oWt Fhow=Y [ [ o o drap
0 Jm3 : = Jo Jr3

is a square integrable (.%;),;>o-martingale. Using Theorem 2.1.9 we deduce that

[CD(UN7u0)]2 -V, cD(“Na“O)ﬁk — ¥,

are (% );>o-martingales. Next let z; be a restriction of a function to the interval [0, s],

then in view of Lemma 2.1.22 and equality of laws we see that

I~E {h(zsﬁN,ZSWN)q)(ﬁN,ﬁo>s7t = E[h(zsuN,zSWN)CID(uN,uo)s,t} = 0,

]E{h(zsﬁN,stN)[CID(ﬁN,ﬁO)]f,t—(‘P)svt- =E h(zSuN,zSWN)[dD(uN,uo)]i,—(‘P)s,t} =0,

67



Chapter 3.

5 {hmﬁN,stNMcb(ﬁN,ﬁo)Bms,f - (lPk)s,,]

=FE [h(zSuN,ZSWN)[CI)(uN,uO)ﬁ,?’]S,, — (lPk)s,t:| =0.

Hence (3.1.39) holds and (3.1.41) follows as a consequence. Moreover, on the new prob-

ability space (Q,.%,P) for (k=1,...,N) we have the equations

/dﬁN-wkdx _ —/ vVﬁN:Vwkdde—/ fiy @ iy | Vw, drds
T3 ']1*3 ']1"3

+ / ¢ dWN - wy dx,
iiy(0) = 2. (3.1.42)

Accordingly, we proceed to passage of the limit in new probability space. In view of

Theorem 3.1.30 and (3.1.37), we have the convergences

(

iy — @ in L2(Q,.7, P, L2(0, T; Wy . (T))),
iy ® iy — dy @1y in L'2(Q,.7,P;L'72(0)), (3.1.43)

WN — W inC([0,T), %)

\

Furthermore, on the account of Theorem 3.1.30 we note that for u € L*(0, T;L*(T?)) it
holds
I

sup/]u 1)Pdx| < oo, as.
1€(0,7)

Now we consider 8 € L?(Q x (0,7)) and ¢ € Wd 2(T3) such that

[/ /TS (dedt} = NHELE[// )fpdxdt}
= limE U/ )QZN(pdxdt]

= lim E

N—oo

/(/ wio 6(1) Py dx— //EV“NG() V 249 dxds

[ om0y sho acr [ [lo a0 Ao ar)a.
T
Since QZ}V is continuous in L*(T?) we infer that @]l\,(p — @ (by truncation). The conver-
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gences of second and third term follow from (3.1.43). For the stochastic limit term, we

have the convergences

wN W in C([0,T), %),

in probability. Therefore, passing to the limit yields

IE[/OT/TSﬁ(I)G(t)(pdxdt} R /OT (/Wﬁoe(t)(pdx

t
—// EViE0(1) : V ¢ dxds
0 J3

+/O[/T} (@20)0(1):V ¢ dxds

+/T3/Ot¢dWs' 0(t) @ dx)dl].

Upon taking the difference between left and right hand side of the terms above, factoring

0(¢) and applying fundamental lemma of calculus of variations we obtain

t t
/ﬁ-(pdx - /ﬁo-(pdx—// vVﬁ:V(pdxds+// i®ii: Vo dds
T3 T3 0 JT3 0 JT3

t
+// ¢ - @dxdW,
0 J13

[P-a.s. We conclude discussions on the Navier-Stokes system by showing that the energy
inequality in the sense of (3.1.25) continues to hold in the new probability space. To
begin with, we consider the energy equality in the approximated system of Navier-Stokes

which reads

1 2 _ 1 2 ! 2 ! N
Sl () sy = §||<@Nuo|\L2(T3)—8/O /TS|qu| dxds+/0 /T3uN-¢dxdWs

1 ?
+= / w; dx ds. 3.1.44
7 0,;1(?3% k ) s ( )

Fixing s we re-write the equality (3.1.44) in the form

- / O QE) dt — @(s)EY

[ 1 oo -
2 N
:g/s /1r3|qu| dxdt+§/s (P||¢|’L2(%7L2(T3))dt+/s ‘P/T311N~¢dxdW
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P-a.s. for all ¢ € CZ([s,);[0,0)), where EN = I [15|uy(¢)[> dx. Applying convergences
in (3.1.43), Lemma 2.1.14 and Proposition 3.1.2 yields existence of (3.1.25) on the new
probability space (Q,.%,P).

3.1.3 Dissipative solutions to Stochastic Euler equation

In this section we aim to show that Navier-Stokes system converges to the measure-
valued solutions (dissipative) of the stochastic Euler system in the vanishing viscosity.

The stochastic Euler system read as

du = —(Vu)udt — Vpdr+ ¢dW in Q,
diva=0 in Q,

(3.1.45)

Here W is a cylindrical Wiener process as introduced in Sect. 3.1.1. In the following
we give a rigorous definition of a dissipative measure-valued solutions to Euler system

(3.1.45).

Definition 3.1.2 (Solution). Let A be a Borel probability measure on chﬁv(’]l‘3). Then
((Q7§7 (ft),IP’),u, 7/7W)

is called a dissipative (measure-valued) martingale solution to (3.1.45) with the initial
data A provided

1. (Q,%#,(%),P) is a stochastic basis with a complete right-continuous filtration,

2. W is an (.%;)-cylindrical Wiener process,

(98]

. the velocity u is (.%;)-adapted and satisfies P-a.s.

u € C([0,T], Wy *(T3)) N L=(0,T; L3, (T));

4.V = (Vix, Vi A) is (F)-adapted and ¥ € Y2(Q,R?) P-as.

5. A=Po(»(0))" L.
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6. forall ¢ € C (T?) and all ¢ € [0, T] there holds P-a.s.

/T3“(’)'¢dx=/T3U(0)~<de+/Ot/T3 (Vi E®E): Vodrds  (3.1.46)

t
+ (Ve ERE) : VodA +/ /<p.¢dex.
(0,£)xT3 ’ ™ Jo

7. The energy inequality holds in the sense that
1 t ) t
By <E+5 [ 101, 2y do+ [ [ u-g axaw, (3.147)

P-as. for all 0 < s <1, where E, = % 13 (Vi.x, |E]?) dx + 3 4,(T?) for t > 0 with
A=24® L and Ey- = 3 [3[u(0)[*dx.

Remark 3.1.3. We augment the energy inequality with the following observations. At

first sight, it is not clear why the left- and right-sided limits

E[* == llmET, Et+ — limET

T, ™G

exists in any time-point. To begin with, we only show that

1 t ’ t
Et§E3+§/s |\¢|]L2(%7L2(T3))dt+/s [ w0 avaw,

P-a.s. fora.a. 0 < s <t, see (3.1.68). Accordingly, this implies that the mapping

1 1 ’ t
tl—>E,—§/s |\¢HL2(%7L2(T3))dG—/S /T3u.¢dxdW,

is non-increasing. We note that the left- and right-sided limits exist in all points since the
mapping is also pathwise bounded. In addition, fo[|@ ||z, 12(13))df and [o [s u- ¢ dxdW
are continuous such that the left-and right-sided limits also exist for E;. Finally, we obtain

E,+ < E;—, such that there could be energetic sinks but no positive jumps in the energy.

The following theorem is the main result of Section 3.1.3 and it states the existence of

dissipative measure-valued martingale solution to (3.1.45) in the sense of Definition 3.1.2.

Theorem 3.1.9 (Existence). Assuming that (3.1.2) holds and we have
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p oo
/ o I o) < = (3.148)

for some B > 2. Then there is a dissipative measure-valued solution to (3.1.45) in the

sense of Definition 3.1.2.

Heuristically, for the proof of Theorem 3.1.9 we approximate (3.1.45) by a sequence of
solutions to (3.1.22) with vanishing viscosity. Consequently, as a by product of our proof

we obtain the following result

Corollary 3.1.10. Let A be a given Borel probability measure on Lﬁiv(’H‘G) such that

IVIE, dA(y) < oo,

/L2 T3)

div(

forsome B > 2. If ((Qf, F¢,(FF),P?),ué,W?) is finite energy weak martingale solution
to (3.1.22) in the sense of Definition 3.1.1 with initial law A, then there is a subsequence
such that

ue —u inlawon  Cyoc([0,00); L%, (T%))
where u is a dissipative solution to (3.1.45) in the sense of Definition 3.1.2.

Remark 3.1.4. For any € > 0 Theorem 3.1.3 yields the existence of a martingale solution
(('Q‘ga ys, (yt&‘%Pg)auSvWS)

to (3.1.22). Note without loss of generality we can assume that the probability space as

well as the Wiener process W€ do not depend on €, that is the solution is given by
(Q,7,(#),P),u®,W).

The assertion above follows from noting that for a martingale solution constructed by

compactness method based on Skorokhod’s theorem we may consider

(anygapg) = ([0? 1]?%[07 1]7£l)7
we refer the reader to [64] for more details.

We proceed to the proof of the Theorem 3.1.3 which we split in several parts.
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A priori estimates

Proposition 3.1.11 (A Priori Estimate). Assume (3.1.2) holds and

L g Wz @A) <
dlv

Then the following holds uniformly in &,

p
E | sup / |ug| dx+e/|Vug\2dxdt <C(A,9,p,T), (3.1.49)

t€(0,T)

for some p = B > 2, where B comes from Theorem 3.1.9.

Proof of Proposition 3.1.11. The estimate follows from taking the supremum in time and

building expectations of the energy inequality (3.1.25) as shown below:

tGOT

_E[-/ |u0|2dx]
+E[// uﬂ)dxdW} HE{ k;/ / |¢k|2dxdt]

1(“6)

L aup / |u£|2dx+£/ / |Vu8\2dxdt] (3.1.50)

Applying Bukholder-Davis-Gundy inequality 2.1.13 to I(ug ), and using the notation ¢, =

Qey, yields:
p
s | Lo ] <] s |['F [ e
1€(0,T) T3 1€(0,T) 0k>1

<cE

<</0 k>1/ u; - grdx dpy(s) >>T]p/2

<cE ,;1/; (ASug-¢kM)2dS]p/2
<CE /OT (fqra'“g'Q“),g] (/wmzdai)ds]

-~
:H¢||L2(97/,L2)

T /2
< C¢,E[/ /3|u,3|2 dxds} :
0o Jr
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On the account of Young’s inequality, for every 6 > 0 we infer

e

} <6E[ sup / ug|? dxds] +e(8,T).

[ sup
t€(0,T)

t€(0,T)

Finally, we obtain

— sup / |ug|2dx+8/ / |Vug|2dxdt] (3.1.51)

teOT

_E{—/ |u0]2dx} +6E[ sup / g |? ]
2 JT3 t€(0,T)
+¢(8,T)+E lZ/T/ I |2dxdt

’ 2,{21 0o Jr3 k ‘

The claim follows from using (3.1.2), assumptions on initial data and taking & small

enough. [

In infinite dimensional space, the best we can get is u — u (weakly) as € — 0, but weak

convergence is not sufficient to guarantee convergence of non-linear terms.

Compactness

To gain compactness we need to pass to the limit in the convective term. We consider

¢ € €5, (T3) and by Definition 3.1.1 we obtain

/T3ug-(pdx _ /uo (pdx—i—/ /He Vo dxds

// ¢ - dx dWj, (3.1.52)

P-a.s, where He := ue @ ug + €Vue. Using the a ‘priori estimates’ in Theorem 3.1.30 we
deduce

He € LY(Q,L2(0,T;LY(T?))), (3.1.53)

uniformly in €. In following arguments we use the short-hand notations (L*,L!) :=

L>(0,T;L'(T?)), for convenience. The claim follows from using Proposition 3.1.11 and
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interpreting [ue @ ug| as |ug|? so that

E
t€(0,T)

sup / \u£®ug|dx] <c,

which implies that ug; ® ue 1s bounded in L weQ(Lt ,L}). Similarly for €Vug, we consider

the functional:

t 1
]E// |\/5Vu€|2dxds:8]E// Vue |2 dxds < c,
0 JT3 0 JT3

so that €Vvg is bounded in L2 _,, (L7(L2)), and we obtain the claim in (3.1.53) by taking

(L?(L2)) and L} _o(Ly,LL) spaces. In addition, as a result of

the intersection of L2 ¢ 5Ly

weQ
(3.1.53) the following bound holds

T
B| [ el <c
O X

To bound the system in (3.1.52), we split it into two parts: the deterministic and stochastic

part separately. For the deterministic part, we consider the functional

t
Hit.9) = [ [ He:Vodrds g€ @G

We observe that
KA, 9) € LN(Q:L2(0,T; Wy *(T?)),

div

uniformly in €. By setting 77 (0) = 0 at r = 0, and using Proposition 3.1.11 we deduce
the estimate:

E [H%’é <c.

R ‘“(Tm]

By the embedding of W!2(0,T) < C*(0,T) for o := 1 — 1/2 we obtain the estimate

E |2 <,

”ca([omhwdzf’z(wn]

where ¢ > 0 1s a constant. For the stochastic functional we apply Lemma 2.1.16 and

relation (3.1.2) to deduce the estimate

<CE/ 117, (2 123yt < - (3.1.54)

CB(L2(T3))
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Remark 3.1.5. The space WP (0, T;L*(T?)) is continuously embedded into CP (0, T; L>(T?)),
for any B € (0,a—1/p) and every p > 2.

Finally, combining the stochastic and deterministic terms above and upon taking the in-

tersection of C* and CP for all 0 < B < & < 1 we infer that

E {1uellep 0,722y | < (3.1.55)

uniformly for all €.

We seek to show tightness of the sequence of approximate solutions using the compact

embeddings

CP ([0, T); W02 (T3)) = C([0, T); Wi * (T3))

CP(0,T1: Wiy (T%) L7 (0, T3 Ly (T%)) == Cu[0,T: L (T*))
Accordingly, for T > 0 we consider the path space
2 = L3, (T) @C((0,T): W2 (T) N[0, T): L, (T%)) @ Y2 (Q:RY) 0 C((0, T): %),

and introduce a restriction operator which we denote by r; for some ¢ € (0,7]. Here
r; restricts measurable functions (or space-time distributions) defined on (0,) to (0,7)

with the following laws:

;

Uru, is the law of ug on C([0, T];Wo_ji’vz(T?’)),

Ur,w is the law of W on C([0,T], %), where %, is defined in (3.1.4),

\“(&,uS,O,O)eYz(Q;Rd) is the law on Yz(Q’Rd),

where (6y,,0,0) is a generalised Young measure and is the same as 7. To be precise

(6l187070) = (&S,fo,()) = (61157071)'

Denoting by Z[ug, rug,r; %, r;W| the law on 27, we observe that tightness on 27

implies tightness of .Z[ug,ue, ¥, W] on Z". Fixing T > 0, we consider a ball Bg in the

76



Chapter 3.

space

CP(0,T:Wgi. 2 (T%) N L= (0, T: L3, (T%)),

and denote by Bg its complement. Applying the bounds in Proposition 3.1.11 and (3.1.55),

and using Markov’s inequality we deduce

Hr,ue <BIC?) = <||r,ug ||CB (Wd;}?)‘f‘Hl’tlle ||L°°(L2)Z R)

IN

{Hr,ue les (Wd—iv’=2)Jr e || r2)

IN
D OxlE S

For any y > 0 there is R = R(y) such that

,ur,ug(BR> Z 1-

Wi

Y

that is, the family of probability laws iy, is tight by Definition 2.1.29. The law of
Uw is a Radon measure on the Polish space C([0,T],%), and therefore it is tight. This
implies that there exists a compact set Cy C C([0,T],%) so that uw (Cy) > 1 —7y/3. We
set ¢ = (84,,0,0) € Y2(Q,R?) to be the generalised Young measure associated with .
Arguing similarly as above we have that for a ball Bg € L((0,T);L?*(T?)) we obtain

Mrue (Brey) = 1— %/ ,

for some R = R(7y). Now recalling (2.1.20) and we observe

Lz(QT) > Ug — (5,_]8,0,0) S Y2(QT>.

Consequently, the law fiy, 7, = Uy, (5,, 0,0) 18 tight by Definition 2.1.29 in the same space.
Furthermore, the law Uy, is a Radon measure on the Polish space Lgiv('ﬂs) and as such
My, is tight . Accordingly, Z[ug,rue,1; 7,1, W] is tight on Z7. Noting that T was ar-
bitrary chosen we infer that .Z[ug, ug, ¥¢, W] is tight on 2. Finally, we apply Lemma
2.1.19 and Jakubowski’s version of the representation Theorem 2.1.21, see [64], to de-
duce the following proposition (we refer to [82],Theorem A.1, for results that combine
Prokhorov’s and Skorokhod’s theorem for quasi-Polish spaces). In particular, one first

has to replace the family of random variables indexed by € by a countable sub-family.
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We note that the law of (ﬁgm,ﬁgm,%m,ng),m € N is a sequence of tight measures on

(2,2 9 ). Consequently, its weak™* limit is tight as well and hence Radon.

Proposition 3.1.12. There exists a nullsequence (&y,)nucN, a complete probability space

(Q,.7 ,P) with (2,8 4)-valued random variables
(ﬁgm’ﬁgm’%m7WSm)7m S N? and (ﬁ(),ﬁ7 %7‘;‘7)

such that
(a) Forallm € Nthe law of (65", s, Ve, We, ) on 2 is given by Lug" ug,, Ve, We,|;
(b) The law of (tig, &, ,W) is a Radon measure on X", B y-;

(c) (ﬁgm,ﬁgm7 Ve, ,We, ) converges P-almost surely to (g, 1,7 ,W) in the topology of
X, ie.

" — g in L2(T3) P-a.s.;

G, — @in Coc([0,00); Wy " (T3)) P-as.;

U, = @in  Cyoc([0,00): L, (T%)): (3.1.56)
%m —~% in Y12°°(Qoo)]f"—a.s.

We, — Win C(]0,);%)P-a.s.

Some remarks are in order, we henceforth adopt the analogy

U, (1,x) = (V5 &), a(t,x) = (¥, &) P-as., (3.1.57)

5Em 5

where 7, = (v,}x,flwfm,igm) and ¥ = (fl,,x,flf_},l). The first part of the assertion in
(3.1.57) follows from the observation: for 7 > 0 and y € C°(Qr) we consider a contin-

uous mapping on the path space given by

(W) [ (v, )) - v

In view of Proposition 3.1.12 we deduce

/Q (g, — (V7€) - wdadr ~ /Q (g, — (V7€) - wdadr = 0,
T

T
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for arbitrary y and 7. Note the second part in the assertion (3.1.57) follows applying
Proposition 3.1.12 and passing to the limit m — oo. Similarly, for any 7 > 0 we can chose

f €%(Qr) and @ € C(Qr) arbitrary the mappings

W) [ QW= S SE) s+ [ (v (8D
Or Or

to show that

Ve = (vtx,vt oEm kgm) = (8g,, (1,0),0,0) foraa. (t,x) € Q.

Accordingly, to ensure accurate measurability of the new random variables we adapt a
filtration to the new probability space. Now, let (.%£);>0 and (.%;);>o denote the P-
augmented canonical filtration of the process (ﬁg’” Jig, Ve, We, ) and (tig, 1, 7, W), respec-

tively, i.e.

cg;t&‘ =0 (G(ﬁgmartﬁ8m7rt%m7rtW€m) U {‘/V € j’ P(JV) = 0}) ) t Z O

g[ =0 (G(flo,rtﬁ,r,"f,r,W)U{c/V € j, P(JV) - O}) y t 2 O,

where o; denotes the history of a random distribution as defined in (2.1.6), and note here
we identify generalised Young measures as random distribution in the sense of (2.1.21).
The setup above guarantees that the stochastic processes are adapted enabling us to define
stochastic integrals.

New Probability Space

Using the elementary method covered in [27], and arguing as in Section 3.1.2 we proceed

to show that the approximated equations

[,u)-gax= [ u@ q)dx-l—// (Vi E©E) : Vodxds
+/(O7I)XT3<VIX7§®§> V(pd)t—em// ) - Apdxds

t
+/ /q)-q)dex,
™ Jo
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continue to hold on the new probability space. In order to do this for all ¢ € [0,7] and

¢ € C3,(T?) we consider the following functionals:

//lgm(uo,u,”//),:/Ts(u(t)—uo)-qodx%—sm/o[/wu(t)-A(pdxds

t
[ [ vged) Vodsas— [ (E@é): Vedi
0 J13 (0,)xT3

w,zlgl/ot(T3¢k-¢dx)2ds, (= [ [ oo aas

Next, we proceed to show that the functional .Z%"(ug,u, ¥'), is well defined. Accord-
ingly, it suffices to that show that the linear functional is continuous. For terms with
Banach spaces it suffices to show that the terms are bounded. Note Proposition 3.1.11

yields the boundedness of first two terms on .Z %" (u,up, ¥); in Wd:VA' 2(T3), for instance

t
em// u-A@ dxds
0 J13

t
Sem// uA@| dxds
0 JT3

t
< [ lulhy-sagms |80 lhysags) ds

< c(&m, @, T) sup|u(t){lyy-sa(7a).

Accordingly, for terms with measures, we refer the reader to the discussion of general
Young measures in Y,(Q); Section 2.1.5. Indeed, .Z%(u,up,? ), is continuous on
the path space. Now let .# (ﬁg’”,ﬁgm,”/%m) s; denote the increment ./# (ﬁgm,ﬁgm,%)l —
M (ﬁg’”,ﬁgm, 775,,1) s and similarly for ¥, and (¥ ),. In the new probability space, com-
pleteness of proof follows from showing that deterministic part is equivalent to the stochas-
tic part, that is,

M (g, g, , Ve, ) = /Ot . ¢ - @ dxdWo, (3.1.58)

and passage to the limit m — o. To show (3.1.58) holds, it suffices to identify the cor-

responding quadratic and cross variations of the j‘f -martingale process .# (U, Ug,,, ”/78,”)
as follows:
(A (0o, 8e,, Te,))) = Brs (A (W0, e, e, ), Bi)) = (s, (3.1.59)
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respectively. In particular, (3.1.59) yields the assertion

<<///(ﬁo7ﬁ£m,"fém>—/OZ/TS¢>-¢dxdem>>=0, (3.1.60)

which implies the desired equation holds on the new probability space provided (3.1.59)
holds. Now we proceed to justify that indeed (3.1.59) holds true. To begin with, on the

account of proposition 3.1.8, the mapping
(UO,U, 7/) = %(UO,U, 7/)7

is well-defined and continuous on the path space. Consequently, in view of Lemma 3.1.8
we obtain

MO U, Ve,) ~ MG T, , Vr).

Next, we fix times s,7 € [0,T], where s < ¢ and define a continuous function % such that
h: VH()’S}% [0, 1].

The process

t t
l///<u0’u£’”’7/€m):/0/He(p.(dedWsem:Z/o/E3¢k~(PdXdB:m’

k>1

is a square integrable (.%#;),;>(-martingale, using Theorem 2.1.9 we deduce that

[%(u();u&‘m?%m)]z - lPl? %(u()aué‘m?%m)ﬁk - (lpk)l?

are (% );>o-martingales. Now let z, be a restriction of a function to the interval [0, s].

Accordingly, in view of equality laws in Proposition 3.1.12 we infer

Elh(ug", z5lig,, ,2, V5, 2sW &) A (05", 0, Ve, )s 1] (3.1.61)

- ]E[h(u(g)m ) ZSuSm 9 Zs%m ) ZSW&,,)%(U(E)M 9 uEm ’ %,n)s,t] - 07

E[h(“(g)m ) ZSﬁSm ’ ZS%m ) ZSWEm) ( [%(ugm ) ﬁEma %m)]Z - lP)SJ] (3 1 62)
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= E[h(ugm,ZSUgm,zs%m, ZSng)([%(u8m7ugm7 %;71)]2 - ‘P>s7t]>] = 07

Elh(ug, 2,0, , 2, Ve, 2W ) (A (0 g, V) B — (Pr))sr)] (3.1.63)
= E[h(ugm7Zsu£m7Zs%m7ZsW£m)<%<u8m7u8m7/VEm)Bk - (lpk))s,t] - O

Therefore, (3.1.59) holds and (3.1.60) follows as a consequence. To identify the equation
of momentum in the sense of (3.1.46) in the new probability space we use the conver-
gences from Proposition 3.1.12 and the higher moments from (3.1.11) to pass to the limit
in (3.1.61)—(3.1.63). To be precise, we apply Vitali’s convergence Theorem 2.1.15 in
(3.1.61)—(3.1.63) and proceed as follows. To begin with, the uniform integrability of the

(:Z1)r>0-martingale follows from noting that

E|(%(u8m7ﬁgm7%m)2_ql)s7t|p S CE%(ugm’ﬁ8m7%m)?p+CE‘P€
e B (0 B, T, )7+ B,

for some p > 1. Applying Lemma 2.1.16 and 3.1.58 we deduce

Bl i, H) = 5| [0 [

- =f{ofom),)

suwWﬂV¢wf

< CE/ H(PHLZ U [2(T3))

2p

Accordingly, we obtain E|.Z (uf",u,,, %, )|*’< ¢, by equality of laws in Proposition

3.1.12 we have E|.Z (&", @, , 7, )|*”< c such that

- 5 - L - 2
IE|[h(ug’",zsugm,zs“//gm,st&n)([///(ug”’,ugm,”//gm)]2 — )| P <c.

’

Using Theorem 2.1.15 and Proposition 3.1.12 together with continuity of .Z (ug", i, Ye,)

to pass to the limit m — oo we infer

E[h(ugmvZSﬁSm?ZS%;nszWEm)([%(u8m7ﬁ8m7%m)]z - ‘P)SJ] — 0.
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We note upon taking the limit m — oo the term &, fé Jp3 g, - A@ dxds vanishes. To show

this, we consider the following:

t
e [ [ oea0aus| < enclo)® (Jiel)

N J/
-

<c

since &, — 0 as m — oo, taking the limit yields

Asﬁ(f)"i’dx:/wﬁ(o)-fpdﬁ/ot/w (Vr, & @E) : Vodrds

- t N
+ (f/&é@é):qud?L +/ / ¢ -¢dWdx (3.1.64)
(0,)xT3 = 7 T J0

P-a.s, as desired.
Finally, we aim to show the energy inequality in the sense of (3.1.47) continues to hold

in the new probability space. We begin by introducing the abbreviations
t - t -
9)?,8’”:/ u- ¢ dxdW o Qﬁf’":/ - ¢ dedWo,
0 0

for the stochastic integrals. Accordingly, in the Navier-Stokes system (3.1.22) (i.e. the

original probability space) for E/" = % 3 |ug, |* dx we infer
Em Em 1 ! 2 Em Em
El SEs +§ s ||¢||L2(@7L2(T3))d6+9ﬁz _ims

for a.a. s (including s = 0) and all + > s. Fixing s we re-write the formulation above in

the form

- / O QE; dt — @(s)EE"

1 ° (o]
<5 | ol iydet [0 [ v, odran,

P-a.s. for all @ € C([s,00);[0,00)). On the account of Proposition 3.1.2 and 3.1.12 the

energy inequality continues to hold in the new probability space and we obtain

- . 1 ! ~ -
Eim < sgm‘i”i/ ||¢||%2(%7L2(T3))d6+9ﬁf’”—Smf'”
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for a.a. s (including s = 0) and all # > s. We note averaging in ¢t and s yields

L gk < l/t ngndr+l/s /’ <l/’|y¢\|§ w LZ(T3))dG) dkdt
rJi—r rJi—r rJs—rJi—r\2Jz 204,
+%/ssr/[lr(952fm — OMém) dkdt (3.1.65)
provided s > 0 and r < min{s,7 — s}. The setup above allows us to show our aim. We
proceed to show the energy inequality holds by considering two scenarios: the case when
s > 0 and the case s = 0. In the case of s > 0, we first pass the limit in m and then in
r. We note the additional integrals in (3.1.65) guarantee that our energy is continuous
on the path space. Consequently, applying Proposition 3.1.12 yields the P-a.s. expected

convergences of energy terms. For instance in the noise term to show that as m — oo we

obtain

~ ~ t ~
T s = [ 6 QAW in L (0,09), (3.1.66)
0

in probability the convergence follows from applying Lemma 2.1.14. In order to apply
Lemma 2.1.14 we use (3.1.56)5 for convergence of Wiener process, and in addition we

seek

J o0 [wgdr i Li(0.c0) Lo, T) (3.1.67)
T3 T3

in probability. Indeed, (3.1.67) holds P-a.s. on the account of (3.1.56)3, that is,
/T3ugm-¢dx—>/jr3u-q)dx in Ly(%,T%)
for all + > 0. Consequently, using Proposition (3.1.11) yields convergence in
LX(Q;Ly(%;T3))

using higher moments. Therefore, applying Proposition (3.1.11) yields (3.1.67) (to be
precise, we have an Lz(fl)—convergence). Finally, passing to the limit in (3.1.65) (first in

m and then in r) yields

- . | ~ -
E,§E5+§/s 10112, 22y di -+ 97 — 5t (3.1.68)

provided ¢, s are Lebesgue points of £, = (Vs , |&|*) dx + %Z(Tg’) Note the conclusion
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in (3.1.68) uses the fact that %Ei((r —r,t) x T?) stays bounded in r by (3.1.65). Accord-
ingly, this shows that 1 = A, ® £! with A, € L=, (0,T;.#*(T?)) P-a.s. On the account of
(3.1.68) the functional

. 1 ! N
t»—>E,—§/S H‘PH%Z(%,LZ(W))dG_m’

is non-increasing. Upon recalling Proposition 3.1.11 the above functional is pathwise

bounded, consequently, left- and right-sided limits exist for all points. In addition,

t
/s 1011z, 1273 do

and O, are continuous, which implies that left- and right-sided limits also exists for E;.

Finally, we approximate arbitrary ¢ and s by Lebesgue points and use (3.1.68) to deduce

- - 1 /T ~ ~
Et+ S ES_ + EK H(PH%Q(%,LZ(T?’)) dt —l—f)ﬁ, - ms (3.1.69)

P-a.s. forall £ > s > 0. In the case s = 0 we argue similarly as shown above for (3.1.65),

but we exclude averaging in s. Accordingly, we deduce

1 t ~€m ~8m 1 t 4 2 1 l N8ﬂ‘l
| Bk B [ 191 o dodkr [ Sk

rJe—r rJe—r

P-a.s. provided r < r. Applying Proposition 3.1.12, and using Eg’" = % J3 |u8’"|2dx and
(3.1.66) we infer

- - 1/t ~

B < B +5 [ 101,04 20 dk+ T (3.1.70)

P-a.s for all # > 0. In conclusion, combining (3.1.69) and (3.1.70) guarantees the exis-
tence of energy inequality in the new probability space. Accordingly, this completes the

proof of Theorem 3.1.9.

3.1.4 Weak-Strong Uniqueness

One of the fundamental concepts (i.e weak-strong principle) we seek to address in this
thesis is the relation between the dissipative solution in the sense of Definition 3.1.2
and a strong solution to (3.1.45). This concept is reminiscent to the results of [16] on
the stochastic compressible Navier-Stokes system. In general a strong solution to the

stochastic Euler system is known to exist at least for a short time. To begin with, we state
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the definition of a strong solution.

Definition 3.1.3. Let (Q,.#, (.%;),P) be a stochastic basis with a complete right-continuous
filtration, let W be an (.%;)-cylindrical Wiener process. A random variable u and a stop-

ping time 7 is called a (local) strong solution system to (3.1.45) provided

(a) the process t > u(t At,-) € L*(T?) is (.%;)-adapted,
ll(l AT, -),Vll(l AT, ) S ClOC([Ouoo) X TS)
a.s. and

TAT p
E[ sup ||u(-/\‘c)||iz-|—/ HVu||L;o} <ooforall 1 < p < oo
0<t<T i 0

(b) forall ¢ € Cg, (T?3) and all ¢ > O there holds P-a.s.
tAT tAT
/ u(t/\"c)-(pdx:/ u(O)-(pdx—/ / (Vu)u-q)dxds-l—/ / -0 dW dx.
T3 T3 0o Jm T3 .Jo

(c) we have divu(t A t,-) =0 P-a.s.

Remark 3.1.6. The energy inequality of strong solutions to the system (3.1.45) follows
from applying It6’s formula to f(u) = 4 [r3|u|? dx (in the Hilbert space version for L3, (T?))

and satisfies

1 240 1 2 ! 1 /! ’
5/’]1‘3|u| dx = §/|u0| dx+/0 ¢udXdWS+§/O ||¢||L2(02/,L2(']I‘3))ds (3.1.71)

for all 7 € [0, 7] P-as.

The results on the existence of local-in-time strong solutions to (3.1.45) system (under
slip boundary conditions and not periodic setting) were established in [57, Theorem 4.3]

under certain assumptions imposed on the noise coefficient ¢.

Pathwise Weak-strong Uniqueness

To begin with, we consider the case when a dissipative solution and the strong solution
are defined on the same probability space. The weak-strong uniqueness principle is given

by the following theorem.
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Theorem 3.1.13 (Pathwise Weak-Strong Uniqueness). The pathwise weak-strong unique-

ness holds true for the stochastic Euler equations (3.1.45) in the following sense: let
(<Q7§7 (ﬁl)up)auu 7/7W)

be a dissipative martingale solution to (3.1.45) in the sense of Definition 3.1.2 and let v
and a stopping time T be a strong solution of the same problem in the sense of Definition
3.1.3 defined on the same stochastic basis with the same Wiener process and with the same
initial data (that is, v(0,-) = u(0,-) P-a.s.). Then we have for a.a (t,x) that u(t A\ T,x) =
v(t AT,x) and

(vf/\Tm Vto;\Lx» l) = (Su(t/\r,x) 0, 0)
a.s.

We proceed to prove Theorem 3.1.13.

Proof. To begin with, we introduce the stopping time

ty =inf{t € (0,7)] ||VV(t,")||=> M} .M >0,

and define 7y = 7 if {---} = 0. On the account of Definition 3.1.3 we note that

E[ sup [[v(z,")[[z] <o,
t€[0,7]

consequently we have

1
Plty < 1] <P | sup [|Vv(t,)||iz> M| < —E
1€0,7] M

sup ||Vv(z,-) ||L;o] —0
t€(0,7]
as M — oo by Tschebyscheft’s inequality. Accordingly, we have

Ty — T in probability.

Therefore, it suffices to show the claim in (0, 7ys) for a fixed M. Assuming the existence

of strong solutions to (3.1.45) in the sense of Definition 3.1.3 we consider the functional

F) =3 [ (&= vP)ax AT, (3.1.72)
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defined for a.a. ¢t < T where (V,y,|E — V|?) = (Vi, |E]?) — 2v(Vi, &) + V2. F(2)-

functional acts as tool that allows us to compare two solutions. Now noting that u =

(Vix,&), for convenience we re-write (3.1.72) as follows

PO = ([ nlePre a2 [ v [ vRar)

1 2
_ E(z)+§/T3yv\ dx—/T3vudx.

In addition, the notion of (3.1.72) can be extended to any ¢ < 7 by setting

1
F(t):E(t+)+—/ |V]2dx—/ vadz,
2 T3 T3

by observing that u and v(- A 7) belong to C,,([0, T]; L?(T?)). Computing the expectation

of F(t A7), and using (3.1.47) and (3.1.71) yields

E[F (t ATy )] (3.1.73)

_EE( ATy + %EA3]V(I/\TM)|2dx—IE/TSu(t/\TM)v(t/\TM)dx

ATy
<E </T3|v(0)|2dx+/0 H¢Hi2(%7Lz(T3))ds> _E/TS“(”\TM)V(MTM)dx,

A

where u(0) = v(0). Now using Lemma 3.1.1 the above term A is re-written in the form

A = / u(t ATy ) V(i A Tyr)dx
T3

= [ wonoues | ] g @) vvards

-~

Af

J/

AT
+/ / (V°,0®0) : VvdA
Jo TS

-~

A
AT AT
+/ v/ ¢1dex+/ / div(v®v) :udxds
T3 0 0 T3

-~

A

ATy 2 t 1 )
+/T3u/0 0 dex+):/0 /T3<p exd?epdxds + Mg, ,

k>1
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where

ATy ) |
Mg, = Z/ /3 [u(]) er +v0' er| dxdW;.
>1 0 T-

We note the stochastic terms of A vanish upon computing E[A]. By assumption ¢! =

¢? = ¢ (since our solutions lie in same path with same noise), consequently,

ATy | 2 ATy ’
X | [Loteorerdxas= [TTI01E, e 0

Since u(0)v(0) = |v(0)|?> by assumption, replacing A in (3.1.73) by the new formulation

above yields

EF(tAnty)] < —E(Ar+Au+Am)

< E(|Ar+Au+Aml). (3.1.74)

Using standard identities for the nonlinear term together with the properties: divv =0

and divu = 0 we infer

ATy
Ar+Anr = /0 /]1‘3 <Vt,x7 (g —V) (%9 (é —V)> :Vvdxds. (3.1.75)

To verify (3.1.75) we consider following expansion

tA\Ty
A[+A1][ = /O /11‘3<Vt’x,(§—V)®(€—V)> :Vvdxds
tATy AN
= / / (Vir,ERE): Vvdxds—/ / (Vix,E®@V) : Vvdxds

0 T3 ' 0 T3

ATy ATy
—/ / (v,7x,v®§>:Vvdxds+/ / v v: Vvdxds

0 T3 0 T3

ATy ATy
= / / <vt,x,§®§>:Vdeds—/ / u®v: Vvdxds
0 jE 0 T3

tATy ATy
—/ / v®u:Vvdxds—|—/ / vRvVv:Vvdxds.
0 T3 0 T3

Using integration by parts, the integrals féMM Jp3v®Vv: Vvdrds and féMM Jpveu:
Vvdxds vanish to yield the desired form of A; + Aj;. Next, we compute estimates for

A1, A1, A and take expectations.

tN\Ty
Al+An+Am = /0 /1r3<vt’x’(§ —v)® (& —v)): Vvdxds
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+ (v,0®0) : Vv (dx)ds

(0. Ty) XT3

tATy

/ / (Ve |E — V]2 : Vvdxds
/ (v=,0®8) : Vv A (dx)ds
(0,£)xT3

ATy
< c/ F(5)[|V¥]|ods. (3.1.76)
0
Therefore, in view of (3.1.74) taking the expectation of (3.1.76) yields
l/\TM
E[F (1 A ty)] <c]E/ F(s)||VV]|ds, (3.1.77)

for some constant ¢ > 0. Finally, by using Gronwall’s lemma, the inequality in (3.1.77)
implies that E[F (¢ A Tys)] = O for a.e. t as required. This completes the claim of Theorem

3.1.13 by definition of the functional F. [

Remark 3.1.7. Setting T)y = T to be deterministic in the proof of Theorem 3.1.13 yields
u=vand ¥ = (8,,0,0) P-as., that is

P({u(nx) =v(t,x) fora.a. (r,x)€ QT}> =1,

P({(vz,mv:;m _ <6u<t7x>,o,o>})

Weak-Strong Uniqueness in Law

1.

Finally we consider the case when a dissipative solution and a strong solution are defined
on distinct probability spaces. Accordingly, we give a precise notion for this case in the

following theorem.

Theorem 3.1.14. The weak-strong uniqueness in law holds true for the stochastic Euler

system (3.1.45) in the following sense: Let
[(Ql7ﬁ]7(‘%1)1207P1>7u17%17W1]

be a dissipative measure-valued martingale solution to (3.1.45) in the sense of Definition
3.1.2 and
[(Q27 gZ’ (&%2%207[@2)7“27 7/27W2]
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be a strong solution of the same problem in the sense of Definition 3.1.3(with Tyy = T

deterministic) such that

then

Plo(¥!u)y ' =P?o(¥2 u?) . (3.1.78)

The results in Theorem 3.1.14 are reminiscent to the classical work of Yamada-Watanabe
on stochastic differential equations as presented in [66]. However, the application of
these results to (3.1.45) is not a straight forward process due to difficulties caused by
working with infinite-dimensional spaces and the non-separability of the space of gener-

alised Young measures. We prove Theorem 3.1.14 as follows.

Proof. We set
vi(i)=u/(t) —u/(0), j={1,2}, 0<t <o

and we consider the topological space
© = L, (T*) x C((0,T): Wy, (T%) NG (L3, (T)) x Y(Q:RY) x C((0.T), %),
and we denote by #(0®) the o-field generated by O, that is,

B(©) =B (L3, (T?)) x B(C((0,T): Wy, (T%)) NCyo (L3, (T?)))
x B(Y(Q;RY)) x B(C([0,T), %)).

Given the j-solution consists of [ué, v/, ¥ 7 W/], the probability law of % [ué, v/, VI W)
on (®, %(0)) is denoted by p/ (recall that ¥ = (§,

42, 0,0) for strong solution) such that

the j""-joint law is of the form
w/ () =P/ ([ul,v/, 7 Wiled) AecB(@),)j=1,2, (3.1.79)

where P/ is a probability measure on the space (0, %(®)). Let 8 = (iig, ¥, 7, W) denote
the generic element of ®. The marginal of each P/ on iip-coordinate is the measure A, the
marginal on the W-coordinate is Wiener measure P, on the space C([0,T],%). There-

fore, the distribution law of the pair (g, W) is the product measure A x PP, since (u'é) is
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ﬁéj )_measurable and W) is independent of ﬁéj ). In addition, under P/ the initial law

value of v-coordinate is zero a.s.

Assuming that the two solutions exist possibly in two distinct probability spaces we con-
struct a product probability space. In the new probability space we use the same canonical
elements [ué, v/, 77, WJ], j = {1,2} and we preserve the joint distributions of solutions.
The construction of the product probability space relies on the concept of regular con-
ditional probabilities. In the following we outline the approach to our particular case.
Accordingly, let (Q,%, P) be a probability space, Where Q is a Hausdorff topological

space and ¢/ is countable generated o-field. Then P is called regular if for all A we have
P(A) =sup{P(K) : K C Ais compact,K € #} VA € ¥,

Moreover, (Q,%/,P) is a radon space (see [Thm 2.1, [75]]). The given assumptions on
(Q,%/ P) guarantee existence of a regular conditional probability for P, see e.g. [59,
Introduction]. We proceed to show similar results hold in our case. Since C([0,T], %) x

C((0,T); Wy 2(T3)) x G, (L2

div div

(T?)) and L?(T?) spaces are quasi-Polish and Banach re-
spectively; we infer that they are Hausdorff. In addition, as both #(C([0,T], %)) and
PB(C((0, T);WGEV4 2(T3)) are Polish spaces they are countably generated. And as for the
space B(C,, (L3, (T?))), we refer the reader to [26, Section 4] and references therein.
Finally, 2(Y(Q;R?)) is countably generated for each n € N because the function f, from
Definition 2.1.30 range in Polish space [—1, 1] and are continuous. Therefore, (0, %(0))

is a radon space, consequently, there exists a regular conditional probability
Q;(g,W,A) : L*(T?) x C([0,T], %) x Bu® By — [0,1]

such that

(i) For each (iig, W) € L?(T3) x C([0,T], %) we have

Qj(W,B,-) : B(C((0,T): Wy b (T*)) NCou (L3 (T%)) x Y2(Qr): Bu x By) — [0,1]

iv

is a probability measure;

(ii) The mapping (@ip, W) — Q;(iig, W,2l) is B(L*(T?)) x B(C([0,T), %)) measur-
able for 2 € B, ® By;
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(i11)) We have that
W(Gx2A) = / 0 (110, w; ) A(d(iip) )P, (W), A € By x By,
G

for all G € B(L3 (T?)) x B(C([0,T],%))).

Finally, we proceed to construct a product probability space. Let (Q,.%) be a measurable

space, where

Q=0 x Y2(Q;RY) x C((0,T); Wy "*(T3)) NCyu (L3 (T?)),

div

and .Z is the completion o-field on Q

B(©) x B(Y(QR')) x B(C((0,T): Wy, (T*) NCu (L (T))),

under the probability measure

P(dw) = Q (g, W;d(¥1, ")) Qs (tig, W:d(¥2,¥%))A(d(iip) B, (dW).  (3.1.80)
On the account (3.1.79), property (iii) and (3.1.80) we infer

P(Gx A x2Ap) = /me - Q1 (g, W;d(¥1,91) 02 (g, W;d(#2,%%)) A(d(iig) ) B, (dW)

— /GQ1(ﬁo,W;Qll)Qz(ﬁo,W;le)/\(d(ﬁo))]f”*(dw)-

= (G x), (3.1.81)

for Ay, Ay € By ® By and G € B(L*(T3)) ® B(C([0,T],%)). Consequently, in the
space (Q,.%,P) for j = 1,2 we obtain

P({® = [ag, W, ¥, 71, ¥, 72 € Q: (g, W, ¥, 77) € A}) = w;(A),2 € B(O).

Similarly we let @ = (i, vl Y1 V2, V4 2 W) denote a generic element of Q. Accordingly,
the law of [iig, v!, 7’ !,¥%, 7%, W] under P coincides with the law of [ué, v/, ¥7 W] under

P; in the original space. Consequently, the law of (iig + ¥/, 7/, W) under P coincides
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with the law of (v/, %/ W/) under P;. In conclusion, we infer that (& + ¥/, 7/, W)

solves (3.1.45) for j = 1,2, that is,

(Qyﬁv (JI)ZZOJP)uﬁO +‘~Ij7 77]7W

is a dissipative martingale solution to (3.1.45) in the sense of Definition 3.1.2 for j =1,

while j = 2 is the strong solution v 4 ug. Arguing as in (3.1.57), the assertion
¥ (t,x) +-1ip(x) = (¥, ,E)  foraa. (t,x) € Or

holds P-a.s., where ¥/ = (\7{ © f/,{;cw, ;1). Next we aim to verify the concluding statement
above and we argue as in Section 3.1.2. To begin with, we ensure correct measurabilities
in the new probability space (Q,.7 ,[P) by endowing it with a filtration that satisfies usual

conditions 1.e.,

Fl=oc (G(ﬁo,rtW,rﬁf,r/ff) Uo [V |U{N € FP(N) = 0}) =12,

% - G(G(ﬁo,r;W,rﬁ’l,rﬁ’z) U Gt[/ﬁl] U G[[%Z] U {e/V c j,@(e/’/) - 0}>,

where o; denotes the history of a random distribution, and the generalised Young mea-
sures are viewed in the sense of random distributions as in Definition 2.1.27. Accordingly,

forall 7 € [0,T] and ¢ € C,(T?) we consider the following functionals:

MW,V ) = T3W(t)-(pdx_/0t/]r3<v,7x,§®§>:Vngxds

v [ (focon) e

(= [ [ oo s

Arguing similarly as in (3.1.3), the functional . (w, ?), is well-defined. Now let .7 (¥ +
{ig, 7/);, denote the increment . (V/ + @y, ¥ /), — 4 (¥ + 1y, /), and similarly for
W, and (Wx)s,. To show that (3.1.45) continues to hold in the new probability space it
suffices to show

. . t .
M 41, 7 :/ 9 ¢ dxdi, (3.1.82)
0 JT-
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that is, the deterministic part is equivalent to the stochastic part. We verify (3.1.82) by
computing its corresponding quadratic and cross variations of the ff,j -martingale process

M (¥ +1ig, V7) as follows:

respectively. Indeed, in case of (3.1.83) we have

<<///(vf+ﬁo,77f)—/ot TSq>-<pdxdWSf'>> =0. (3.1.84)

Therefore, (V/ 4+ iy, Vi, W) solves the system (3.1.45) on the new probability space pro-
vided (3.1.83) holds. We proceed to show that .#Z (‘7-" + 1, V2 ) is indeed a martingale.
Since the mapping

(W, 9T) et (v, 77

is well-defined and continuous we infer
VACS 2D A S W 2
Next we we fix s,7 € [0,T], with s < ¢ and consider a continuous function / such that
h:V]og—[0,1].

Since the process

. . t .
AW = [ 99 avaw;
0 JT°

is a square integrable (%j )>o-martingale, we deduce that
[’//<Vj7/7/j)]2_\Pl7 ///(V177/1>ﬁg— (lpk)h

are (.Z;);>0-martingales. Let r, be a restriction function to the interval [0,7], then in view

of Proposition 3.1.12 we infer
Eﬂj [h(rtvj,rt’yj,rtwj)%(vj, /yj)s,t] —
Ep[h(rt [‘7] =+ ﬁO] y rtnij7 rtWJ)%(GJ + ﬁ07 %j))s,l] = 0,
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BH (e e W e V) ([t (v, 72 = @),
— BF[h(x, [ + tig), 0 7 0, W) ([t (VW + 00, 77)> —W),.,])] =0,
B (v oW e 79 (o (07,7 B = (20))s0)]
— BF [, [¥ + o), 5, 77,0, W) (A (7 + i, V) B — (W0))sa] = O.

Accordingly, we have shown (3.1.83) and (3.1.84) hold. Consequently, both solutions
satisfy the momentum equation in the sense of Definition 3.1.2 driven by the stochastic
Wiener process W. Furthermore, using Proposition 3.1.12 and arguing as in Section 3.1.3
(the energy arguments) we infer that the energy inequality continues to hold on the prod-

uct probability space.

Finally, to show that pathwise uniqueness implies uniqueness in the sense of probability
law we apply results in Theorem 3.1.13. We note this holds provided that &> = ¥ + i
is strong solution. We assign @i a strong solution based on following argument. We

2

recall that on the original space (Q2,.#2,[P?) the strong solution u? is supported on

C([0,T];C'(T?)) and we have the assertion #? = (§ 2(1.x),0,0) P2-a.s. Moreover, the

u

embedding
([0, T}:CH(T%)) < C([0, T W—*(T?))

is continuous and dense such that

C([0,7];C"(T?)) € B(C([0,T]; W *+*(T%))) C B,

we refer the reader to [82, Corrollary A.2] for more details. Therefore, we infer that

p2(C([0,T):CH(T?))) = Pa(v € C([0, T];CH(T?))) = 1,

and 1’ is a strong solution to the system (3.1.45) in the sense of Definition 3.1.3 (with

Ty = T) on (,.% ,P). On the account of Theorem 3.1.13 we infer

P({(ﬁl,"//l) = (¥ 41, 7?) = (vz+ﬁo,(6.~],0,0))}) =1.
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Consequently, we conclude

w [, v, 7L Wy edA] = PloweQ;(a),v, 7, W) e

The proof is complete.
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4.1 Compressible Fluids

4.1.1 Introduction

In this section we consider the complete stochastic Euler System. The system models an
ideal fluid which is temperature dependent, compressible, inviscid and driven by stochas-
tic forcing. In particular, the fluid model is described by means of three basic state vari-
ables: the mass density p = p(t,x), the velocity field u = u(z,x), and the (absolute) tem-
perature ¥ = ¥ (¢,x), where ¢ is the time, x € T3 is a space variable in periodic domain
(Eulerian coordinate system). We study the global-in-time evolution of the fluid model
flow governed by a system of partial differential equations (mathematical formulations of

the physical principles) given by

dp +div(pu)dt = 0 inQ,

d(pu) +div(pu®u)dr+Vp(p,¥)dt = ppdW inQ, 4.1.1)
1 . 1

d (5p|u|2+pe<p,ﬁ>) — _div [(§p|u|2+pe<p, 8)+ plp. ﬁ>) u} d

1
+3l1V/Pol, 0 +po -uaw,

satisfying: the balance of mass, momentum and total energy, respectively. In (4.1.1),
p(p, V) denotes pressure, W denotes the driving force given by a cylindrical Wiener
process, and ¢ is a Hilbert-Schmidt operator, see Section 4.1.3 for details. In order to
model a physical relevant ( i.e. realistic ) fluid we endow the system (4.1.1) by a set
of constitutive relations characterising the physical principles of a compressible inviscid

fluid. Accordingly, we assume that the pressure p(p,?) and the internal energy e =
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e(p, V) satisfy the caloric equation of state

p=(y—1)pe, (4.1.2)

where ¥y > 1 is the adiabatic constant. Next we assert that the absolute temperature

satisfies the Boyle-Mariotte thermal equation of state:

1

ﬁ. (4.1.3)

p=p9Y yielding e=c,¥,c, =

Finally, we assume that the pressure p = p(p, ), the specific internal energy e = e(p, ¥),

and the specific entropy s = s(p, ) are interrelated through Gibbs’ relation

¥Ds(p,8) =De(p,d)+ p(p,d)D (%) : (4.1.4)

where D is a derivative. At this stage it is essential to note that if p,e and s satisfy
(4.1.4), in context of any smooth solutions to (4.1.1), the Second law of thermodynamics

is enforced through the entropy balance equation

d(ps(p,d)) +dive(ps(p, ®)u)dr =0, (4.1.5)

where s(p, ) denotes the (specific) entropy and is of the form

s(p, V) =log(v) —log(p). (4.1.6)

The premise of this section is to study the weak solutions of (4.1.1). In the context of
weak solutions, the equality in (4.1.5) no longer holds. In this case the balance of entropy
is given as an inequality, we refer the reader to [4] for more details. The assumptions in

(4.1.3) for the state variables p, ¥ trivially imply thermodynamics stability

dpp(p,¥) >0, dyp(p,¥)>0 forallp,¥ > 0. 4.1.7)

One of the difficulties we face in fluid models is the analysis of fluid’s interaction with
prescribed boundaries. To circumvent such problems from physical boundaries we assign

periodic boundary conditions to our system (4.1.1),that is, the physical domain T> can be
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identified with a flat torus

T3 = ([0, 1]]0.1)>

Finally, the initial state of fluid emanates from random initial data
p(0,:) =po, ©(0,-) =1, u(0,-)=nuo, (4.1.8)

subject to initial law A. To ensure our solutions are physical relevant we augment the

problem by the total energy balance of the form

1 5 1 2
af, {§p|u| —l—pe} dr = VPoIR,di+ [ po-udsaw, (4.1.9)

We note the strong solutions of the complete Euler system (4.1.1) satisfy the energy

equality (4.1.9), but in weak solutions it has to be added in the definition.

4.1.2 Mathematical framework and main results

In addition to general materials on random variables in Section 2.1 we present the prob-
ability framework for Markov selection and stochastic framework suitable for solving
(4.1.1). We conclude the section by stating the main results of the complete Euler sys-

tem.

Probability framework

Let (X,7) be a topological space. We denote by (X ) the c-algebra of Borel subsets

of X. Let & be a Borel measure on X, the symbol Z(X) denotes the c-algebra of all
Borel subsets of X augmented by all zero measure sets. Let Prob[X] denote the set of all
Borel probability measures on a topological space X. Furthermore, let ([0, 1], 4[0,1],.Z)

denote the standard probability space, where .Z is one dimensional Lebesgue measure.

Trajectory/Path spaces

Let (X,dx) be a Polish space. For r > 0 we introduce the path spaces

oY =c(o,11:x), @l =c(T,=):x), o =c((0,%):X),
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the path spaces are Polish as long as X is Polish, and we denote by A7 = %(Qg? ’T]) the

Borel o-algebra. Then, for @ € Qg? 71 we define a time shift operator

(I)T : QE?OO) — Q¥+T7M), q)‘l,'[w]s = a)sf’b'a s Z T + T?

where @ is an isometry from ®; : Qg ) to Qg +T’°°). For a Borel measure v on Q;?oo),

,00

the time shift ®_;[v] is a Borel measure on the space Q&T —7) given by

®_[V|(B) =v(®:(B)), Be#(Qy 7).

We proceed to recall the results of Stroock and Varadhan [86] we need for our analysis. In
view of [86, Theorem 1.1.6] we obtain disintegration results, that is, existence of regular

conditional probability law.

Theorem 4.1.1 (Disintegration). Let X be a polish space. Given & € Prob[Qg)’m)], let
T > 0 be a finite PBy;-stopping time. Then there exists a unique family of probability

measures

@@TE Prob[Qg(Tﬁo)]for P-a.a.0
such that the mapping

QY™ 5@~ 2|9 € ProblQ] )]

is Br-measurable and the following properties hold

(a) For o € Qg’m) we have @\%T-a.s.

(b) For any Borel set A C Qg?’T] and any Borel set B C Qg’w),

@(m‘[o’T]EA,COHT7m)E B) :/ Y

(Z)l[OﬁT] €A

9, (B)dP (@),
Note, a conditional probability corresponds to disintegration of probability measure with
respect to a o-field. Accordingly, reconstruction can be understood as the opposite pro-

cess of disintegration, that is, some sort of “gluing together" procedure. On the account of

101



Chapter 4.

results established in [86, Lemma 6.1.1] and [86, Theorem 6.1.2] we have the following

results on reconstruction.

Theorem 4.1.2 (Reconstruction). Let X be a Polish space. Let & € Prob[QE? ’M)] and T
be a finite ABr-stopping time. Suppose that Qg is a family of probability measures, such
that

Q%) 5 0 0y € ProblQT),

is Br-measurable. Then there exists a unique probability measure & Q7 Q such that :

(a) For any Borel set A € Qg?ﬂ we have

(ZorQ)A) = Z(A);

(b) For @ € Q we have &?-a.s.

(P @1 Q)

2= 06

Markov processes

We proceed to study Markov process following the abstract framework in [12] and ref-
erences therein. Assuming (X,dy) and (F,dF) are two Polish spaces, let the embedding
F — X be continuous and dense. Moreover, let Y be a Borel subset of F. Since (Y,dr) is
not necessarily a complete space, it may happen that the embedding ¥ < X is not dense.

)

A family of probability measures { ) },cy on QE?’W is called Markovian if we have for
y €Y that

yw(r) = q’—m@y@r—a.a. wE< Qg?’w) and allT > 0.

Next we define probability measures with support only on certain subset of a Polish space.

Definition 4.1.1. Let Y be a Borel subset of F and let & € Prob[Qg? ’w)]. A family of

probability measures & is concentrated on the paths with values in Y if there is some
Ac %’(Qg?’w)) such that Z(A) =1and A C {® € Qg?’w) :o(T) €YVT > 0}. We write
& € Proby [Qg?’oo)].

We generalise the classical Markov property (to a situation where it only holds for a.e

time-point) as follows:
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Definition 4.1.2 (Almost Sure Markov property). Let y — &2, be a measurable map de-
fined on a measurable subset Y C F with values in Proby [Qg? ’w)]. The family {2 },ey
has the almost sure Markov property if for each y € Y there is a set 3 C (0, ) with zero

Lebesgue measure such that
Py =Pt PG for Py —aawc Q;?’w)

andall T & 3

Finally, based on the link between disintegration and reconstruction as observed by [74],

we have the following definition.

Definition 4.1.3 (Almost sure pre-Markov family). Let Y be a Borel subset of F'. Let % :
Y — Comp(Prob [Qg? "oo)] N Proby [Q;? ’w)]) be a measurable map, where Comp(-) denotes
the family of all compact subsets. The family {% (y)} ey is almost surely pre-Markov if
foreachy € Y and & € €(y) there is a set 3 C (0, ) with zero Lebesgue measure such
that the following holds for all T & 3:

(a) The disintegration property holds, that is, we have

P_ Z|3.€ € (0(r) for P-aa we QE?*’");

(b) The reconstruction property holds, that is, for each #r-measurable map ® — Q) :

Qg?’oo) — Prob(Qgg’w)) with

®_:00 € €(0(7)) for P-aa o€ QY™

we have Z ®:0 € € (y).

Note Definition 4.1.3 is motivated by results in [54, 58]. We conclude our probability

framework by stating the following results.

Theorem 4.1.3 (Markov Selection). Let Y be a Borel subset of F. Let {€(y)}yey be
an almost sure pre-Markov family (as defined in Definition 4.1.3 ) with nonempty convex
values. Then there is a measurable map y — &2, defined on'Y with values in Proby [QE?M)]
such that Z,, € € (y) for ally € Y and { Py }yey has the almost sure Markov property (as
defined in Definition 4.1.2 )
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The following proposition is proved in [54].

Proposition 4.1.4 ([54], Proposition B.1). Let a and B be two real-valued continuous
and (%;)-adapted stochastic processes on Q such that o, : [0,00) x Q — R and let

to > 0. Then for & € Prob|Q| the following conditions are equivalent:

(a) (a)r>0 is a ((%)i>0,P)-square integrable martingale with quadratic variation

(ﬁz>t20

(b) For Z-a.a. ® € Qthe stochastic process (04 )i, is a (($1)i>1,, P, )-square inte-
> 1007,
2|,
grable martingale with quadratic variation (B, );>, and we have EZ’[E 2, B <

oo for all t > t.

4.1.3 Stochastic analysis

Let (Q,.7,(%)i>0,P) be a complete stochastic basis with a probability measure P on
(Q,.#) and a right-continuous filtration (.%;);>0. Let % be a separable Hilbert space
with an orthonormal basis (e;)reny. We denote by Ly (% ,L*(T?)) the set of Hilbert-
Schmidt operators from % to L?(T?). The stochastic process W is a cylindrical Wiener

process W = (W;);>0 in %, and is of the form

W(s) =Y expi(s), (4.1.10)

keN

where (B )ren is a sequence of independent real-valued Wiener process relative to (% ),>0.
To identify the precise definition of the diffusion coefficient, set % = ¢ and consider
p € LY(T?), p > 0, then the mapping ¢ € Ly(%,L*(T?)), that is, ¢ : % — L*(T?) is
defined as follows

¢ (ex) = ¢

We suppose that ¢ is a Hilbert-Schmidt operator such that

PN LICH] AR 4.1.11)

k>1
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in particular we have ¢ € L,(% ,L=(T?)). Consequently, since ¢ is bounded we deduce

VP Hiz(%yLZ(TS))g c(@)(llp HLI(T3))' (4.1.12)

In this setting p¢ € Ly(% ,L'(T?)). Now arguing similarly as in [20], we expect the mo-
mentum equation to be satisfied only in the sense of distributions and consider the em-
bedding L' < W~%2(T3) (which holds provided k > 3/2), and we interpret the stochas-
tic integral as a process in the Banach space W %2(T3), k > 3/2. Then the stochastic

integral

[ poaw =¥ [ potedpi

k>1

takes values in the Banach space C([0,7]; W ~%2(T?)) in the sense that

/T3 (/Orp¢dW.q)) dx = Z/OT (/T3p¢(€k)'<de) dB. ¢€Wk’2(T3),k>%,

k>1

(4.1.13)

Finally, we define the auxiliary space % with % C % as

o

J2/()2 = e:Zakek:Zk—2<oo R
k k
2 - 0‘1%

lell7,: = ;k—z e:;akek, (4.1.14)

so that the embedding % — % is Hilbert-Schmidt, and the trajectories of W belong
[P-a.s. to the class C([0,T]; %) (see [35]).

4.1.4 Strong solutions

The concept of weak(measure-valued)-strong uniqueness principle for dissipative solu-
tions requires existence of strong solutions. These solutions are strong in the probabilistic
and PDE sense, at least locally in time. In particular, the Euler system (4.1.1) will be
satisfied pointwise (not only in the sense of distributions) on the given stochastic basis

associated to the cylindrical Wiener process W.

Definition 4.1.4 (Strong Solution). Let (Q,.%, (.%),;>0,P) be a complete stochastic basis
with a right-continuous filtration, let W be an (.%;);>¢-cylindrical Wiener process. The
triplet [, ®, U] and a stopping time t is called a (local) strong solution to the system (4.1.1)

provided:
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the density 7 > 0 P-a.s., t > r(t At,-) € W32(T3) is (.%,),>0-adapted,

E

sup Hr(f/\f,‘)l\fvs,z] <o forall 1 < p <eo;
t€[0,T]

* the temperature ® > 0 P-a.s., t > @(¢t A t,-) € W32(T?) is (% );>0-adapted,

E

sup H@(t/\t,)Hﬁ,m] <oo forall 1 < p <oo
1€[0,T]

the velocity ¢ +— U(t A t,-) € W32(T3)is (F),>0-adapted,

E

sup |[U(r A, )||€V32] <oo forall 1 <p < oo
1€[0,T]

for all 7 € [0, 7] there holds P-a.s.

o
r(tAt) =p(0) — A div,(rU)dt,

17N tAL tAt
(O ) = (0)(0) - [ div(Ue V) - [ Vop(r@)dr+ /0 rodw,

tAt

(rs(r,®))(t A t) = (rs(r,0))(0) _/0 div,(rs(r,®)U)dr,

where s is the total entropy given by (4.1.6).

Remark 4.1.1. We expect a blow up in finite time for strong solutions as in the determin-
istic case [85].
4.1.5 The approximate system

To begin, we introduce a cut-off function

;

1forz <0,

XECT(R),x(2) =4 ¥ (z) <Ofor0<z< 1,

x(z) =0forz>1,
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together with the operator

¢£:X(|V‘_é) o, €>0. (4.1.15)

The operator with a cut-off expression is needed for exponential estimates, see Section
4.1.8 for details. Let Q = (0,T) x T be a periodic space-time cylinder. We consider a
stochastic variant of a system introduced in [73], and further refined in [10]. That is, the

complete Euler system (4.1.1) is approximated by:

dp +div(pu)dt =0 in Q,
dpu+div(pu®u)dt + V. p(p,s)dt = eLudt + poedW in Q, (4.1.16)
dps+div(psu)dr >0 in Q,

\

with initial conditions

p(0> = Po,e u<07 ) =Woe, S(O7 ) = 80,¢-
Here, the unknown fields are: the fluid density p = p(z,x), the velocity u = u(#,x) and
the total entropy (S = ps). We denote by .Z, the suitable ‘viscosity’ operator.

Let W32(T?) be a separable Hilbert space complemented with ((; )), a scalar product on

W32(T3), ie.
(viw) =Y, /3V§‘V~V§Cxwdx+/3v~wdx, v,we Wh(T3).
jaf=3"T E

In reference to [67], we consider a self-adjoint operator . on W*?2(T?) associated with

the bilinear form ((; )) given by

Zu=~Nu—u= Y (VHViu—u.

|o|=3

In view of the viscosity operator .Z considered, the weak formulation associated with the
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momentum equation in (4.1.16) reads

=7 T
[/ pu-(pdx} :/ / [pu@uzvxq)%—pyexp(i)div(p} dxdr
T3 —o Jo Jm cy

—8/OT((u;¢))dt+/OTA3p¢-qodxdW,

for any 7 >0, and any ¢ € W3%(T?). The continuity equation and total entropy in (4.1.16)
are solved strongly, while the momentum equation is solved in the weak sense. We expect
the approximate system (4.1.16) to have stochastically strong solutions, but in the present
work martingale solutions are sufficient for our purposes. In the following we state the

existence theorem of martingale solutions to the approximate system (4.1.16).

Theorem 4.1.5. Assume (4.1.11) holds. Let A¢ be a Borel probability measure on LY(T?) x
2
LY(T3) x L (T3) such that

2 N
Ag{(p,S,m) e LY(T?) x LY(T?) xLVTyl(TIG) 0<p<p<p0<B<I< 19} =1,

where ©,9,p, p are deterministic constants. Moreover, the moment estimate

p

dAg < oo,
LY(T3)

2y

/LY(’]I‘3)><L7(T3)><L7+ (T%)

———+c,pTex S
3, toPTen|

holds for all p > 1. Then there exists a martingale solution to the approximate problem

(4.1.16) subject to initial law Ag.

4.1.6 Measure-valued solutions

In order to introduce the concept of stochastic measure-valued martingale solutions, we
reformulate the complete Euler system using the variables m = pu and S = ps so that

(4.1.1) reads

dp +divemdt = 0 (4.1.17)

dm + div, <m;ﬂ> dt+Vip(p,s)dt = ppdW in Q, (4.1.18)

S
ds -+ div, (%“) dr

v

0 in Q. (4.1.19)

We note that, in general, the admissibility criterion for physically possible solutions is
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the energy equality and it is the only fool of establishing a priori bounds. However,
the ‘a priori’ bounds deduced do not guarantee strong convergences of nonlinear terms
m;)ﬂ, p(p,s) € L'(T3) due to the presence of oscillations and concentrations. Given such
a scenario, we adopt the characterisation of (nonlinear terms) in the weak formulation as

combination of Young measures and defect measures.

* Young measures are probability measures on the phase space, they capture the os-

cillations of the solution.

* Defect measures are measures on physical space-time and they account for the

‘blow up’ type collapse due to possible concentration points.

We are now ready to introduce the concept of measure-valued martingale solutions to
the complete stochastic Euler system (4.1.17)-(4.1.19). From here onward, we denote by
A the space of non-negative radon measures, and we denote by A the space of “dummy

variables":

A= {[plvm/7sl]

p’ZO,m’€R3,S’€R} (4.1.20)
Let #2(A) denote the space of probability measures on A.

Definition 4.1.5 (Dissipative measure-valued martingale solution). Let A be a Borel

2
probability measure on LY x L7 % L" and ¢ € Ly(%;L*(T?)). Then
((Q,ﬂ, (ﬂt)tzmp)apamySaf%convw@pres&%,XaW)

is called a dissipative measure-valued solution to (4.1.17)-(4.1.19) with initial law A,

provided!:
(@) (Q,Z,(F)>0,P) is a stochastic basis with complete right-continuous filtration;
(b) W is a (.%;);>0-cylindrical Wiener process;
(c) The density p is (% );>0-adapted and satisfies P-a.s.

P € Cioe([0,00), W*2(T3)) N L2 (0, 00; LY (T?));

'Some of our variables are not stochastic processes in the classical sense and we use their adaptedness
in the sense of random distributions as introduced in Section 2.1.3, see [15, Chap. 2.2] for more details.

109



Chapter 4.

(d) The momentum m is (.%;),>o-adapted and satisfies P-a.s.

M € Gioc ([0, ), W2(T)) N L7 (0,00, L1 (T2));

(e) The total entropy S is (.%;);>0-adapted and satisfies P-a.s.

5
Se Loo([0>°°)7LY(T3)) ﬂBVw,loc(Oaw;W_l’z(TS)),l > E;

(f) The parametrised measures (Zconv, Zpress, ¥ ) are (F;);>o-progressively measur-

able and satisfy P-a.s.

t = Beomv(t) € Ligeasein(0,00.4+ (T°, R¥?)); (4.1.21)
t = Boress(t) € Ligearei(0,00.4+ (T R)); (4.1.22)
(t,x)»—>”//,7x S Lzeak—(*)<Q;°@(A)); (4.1.23)

(g) A=Po(p(0),m(0),50)""
(h) For all ¢ € C*(T?) and all T > 0 there holds P-a.s.

7=0

T
{/Wp(pdx} :/O/Tsm-V(pdxdt; (4.1.24)
t=0

(i) Forall ¢ € C*(T?) and all 7 > 0 there holds P-a.s.

S
— Vo + i dxdr
ool o = L[ verpon (o)
+/ VQD . d%convdt +/ / diV(P dc%pressdt
0 0 J13

T
+/ @ po dxdW; (4.1.25)
0

() The total entropy holds in the sense that

1=t
[ [z nae i) B vo| aa < | [ vrazshoa]
(4.1. 26)

for any @ € C'([0,00) x T3), ¢ > 0,P-a.s.,and any, Z € BC(R) non-decreasing.
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(k) The total energy satisfies

1 t 2 t
B =Et 3 [ VPOl sy do+ [ [ m-odxaw. @127

P-a.s. for a.a. 0 < s < t, where

E —/ 1|m2+ Yex S dx+1/ dtrPeony (1) + /dtr% (r)
= s |2 p cyp’exp P 2 )3 conv Cy 3 press

fort > 0 and
|2

1 |myg ¥ ( So )}
Ey= — +c,p ex dx.
07 {2 Po vPo EXP ¢vPo

Remark 4.1.2. The use of cut-off function Z in (4.1.26) is inspired by Chen and Frid [30].

4.1.7 Main results

We proceed to state the second main results of the thesis. The existence of dissipative

measure-valued martingale solutions is given in the following theorem.

Theorem 4.1.6. Assuming (4.1.11) holds. Let A be a Borel probability measure on
2
LY(T3?) x LY(T?) x L (T3) such that

2y

A{(p,S,m) e LN (T x LN(TY) x LF1(T?): 0<p<p <p,0< B <V <5} =1,

where ©,9,p,p are deterministic constants. Moreover, the moment estimate

p

dA < oo,
LY(T3)

2y

‘ : | :
Y
Y+1 (T3)

2 p vP " exXp op

holds for all p > 1. Then there exists a dissipative measure-valued martingale solution

/LV(’JI‘3) XLY(T3)xL

to the complete stochastic Euler system (4.1.17)-(4.1.19) in the sense of Definition 4.1.5

subject to initial law A.

Furthermore, in view of (4.1.2) the following condition (i.e. purely technical hypothesis)

1s satisfied

Ip(p, 3)|S (1+p +pe(p,¥)+0|s(p,9)]), (4.1.28)

and we shall use it to establish bounds. The use of (4.1.28) will be made clear in later

sections when deriving bounds. In addition to existence results we establish the following
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weak (measure-valued)-strong uniqueness principle:

Theorem 4.1.7. The pathwise weak-strong uniqueness holds true for the system (4.1.17)-
(4.1.19) in the following sense. Let the thermodynamics functions e =e(p,9),s =s(p, ),
and p = p(p, ) satisfy the Gibbs’ relation (4.1.4), and the technical hypothesis (4.1.28).
let

[((Qaya(ﬁ)tZOaP)apamasw%convw%press:%J»W)

be a dissipative measure-valued martingale solution to (4.1.17)-(4.1.19) in the sense of
Definition (4.1.5), let the triplet [r,®,U] and a stopping time t be a strong solution in the
sense of Definition 4.1.4 of the same problem; defined on the stochastic basis with the

same Wiener process and with initial data
p(0,-)=r(0,-), wu(0,-)=10(0,-), %(0,-) =0(0,) P-a.s. (4.1.29)

Then
P, 0,u](-At) = [r,0,U](-At),

and

%conv = f%press = 07

P-a.s., and for any (t,x) € (0,T) x T3

%/\t’x = 5r,U,s(r,®) )

4.1.8 Basic approximate problem

We devote this section of the thesis to the sketch proof of Theorem 4.1.5, that is, exis-
tence of martingale solutions to (4.1.16). The sketch proof of the theorem follows from
the ideas presented in [13] to which we refer to for further details. We construct these
solutions via a multi-level approximation scheme. The idea here is to start with a finite
dimensional approximation of Galerkin type. However, as a consequence of maximum
principle (usually incompatible with Galerkin type approximation) this can only be ap-
plied to the momentum equation since we need the density p and temperature ¥ to be

positive at the first level of approximation. Adopting the approximation scheme intro-
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duced in [50] and adapted to the stochastic setting in [13] with appropriate adjustments,

we regularize our system as follows.

Let A be the Laplace operator defined on the periodic domain T3. Let {w,},> be the
orthonormal system of the associated eigenfunctions. We consider the Galerkin method

given by the family of finite-dimensional spaces;

3
Hm:(span{wn n§m}> yom=1,2,...

endowed with the Hilbert structure of the Lebesgue space L>(Q,R?). Let

11, : L*(Q,R3) — H,,

be the associated L2-orthogonal projection, and we have W2?(T3 R3) << C(T? R?).
Indeed,
L |03y S T[] w2203y S [fll w2z rs), (4.1.30)

where the associated embedding constants are independent of m. Furthermore, since H,,
is finite dimensional, all norms are equivalent on H,, for any fixed m- (a property that will

be frequently used at the first level of approximation). Finally, we introduce the operator

Vg = x(I¥llm, —R)v,

defined for v € H,,. Let Q = (0,T) x T be the space-time cylinder, we seek to solve the

basic approximate system:

dp +div(p[ulg)dr =0, (4.1.31)
dIT,[pu] + 1L, [div(p[u]g @ w)]df + 1L | x([[u]l#, —R)V (p(p, D)) (4.1.32)
—T1,,[eZu| dr -+ pTL, [(9e)] W,

dS + [div(S[u])] dr =0, (4.1.33)
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subject to initial law A, prescribed with random initial data

p(0,-) = po € C*TV(T?), po > 0,(0,-) = o, Bp € C*TV(T?), % >0,
(4.1.34)
u(0,-) =ug € Hy,.

In our basic approximate system (4.1.31)-(4.1.33), equations (4.1.31) and (4.1.33) are de-
terministic, that is, they can be solved pathwise, and equation (4.1.32) involves stochastic
integration. The Galerkin projection applied above reduces the problem to a variant of
ordinary stochastic differential equation. We solve the system (4.1.31)-(4.1.34) using an

iteration scheme.

Iteration Scheme

We construct solutions to (4.1.31)-(4.1.34) using a modification of the Cauchy collocation

method. Thus, fixing a time step 7 > 0 we set
p(t,-)=po, V(t,-)=1, ut,-)=uy, forr<O0, (4.1.35)

and define recursively, for ¢ € [nh, (n+ 1)h)

dp +div(p[u(nh,-)]g)dt =0, p(nh,-)=p(nh—,-), (4.1.36)
dS+ [div(S[u(nh, )r)]dt =0, O (nh,-) = O (nh—,-), (4.1.37)

Here, the unknown quantities p, ¥ are uniquely deduced from the deterministic equations

(4.1.36) and (4.1.37) in terms of u and initial data. Now given p, ¥ we solve

AT [pu] + T, |div (plu(nh, ) g @u(nh, ) | de+ T | (laah, )1, ~R)V (p(p, 9)) |

(4.1.38)

~ 11, [egu} di +TLu[p(9e)]dW, 1 € [nh, (n+1)h), u(nh,-) =u(nh—).
To solve (4.1.38), it is convenient to reformulate the system using du. We observe that

dIT,,(pu) =11,,(dpu) + I1,,(pdu) = I1,,,(d; pu) +I1,,,(pdu).
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We adopt the linear mapping . [p],
AP]: Hp — Hy, A [p](w) =TT(pu),
or, equivalently,

////[p]u%pdxz/pu%pdx for all ¢ € H,,,
Q Q

and its properties as introduced in ([51], section 2.2). To be specific, using maximum
principle, we take p to be bounded from below away from zero so that the operator

A [p] is invertible. Then we reformulate the relation in (4.1.38) to obtain

u(t) — (=) +.[p(0)] [ Ty v (plutun, Yn o uanh, ) | a
e / [ 2(100h, ) 1, ROV (p(p, 9)) | dr (4.1.39)
— [p()]/nhnm[egu]dt

+//1_1[p(t)]/n;prlm[(¢g)]dW, nh<t< (n+1)h.

The constructed iteration scheme (4.1.36)-(4.1.38) gives a unique solution [p,¥,u] for
any initial data (4.1.35), and the variables p, ¥ and u are continuous in time [P-a.s. Indeed,

we find solution p and ¥ such that
p € C([0,T];C*™V(T%), 8 € C([0,T];C>T(T%) as.

by applying standard results (see, e.g [87]) pathwise. Finally, given p and ¥ we can find
the velocity
ucC([0,T];Hy),P-as.

solving (4.1.38) recursively.

The limit for vanishing time step

The solution [p, ¥, u] provided by the iteration scheme (4.1.36)-(4.1.38) exists for any
time step h. Next, we show that as 7 — O the iteration scheme yields the basic approxi-
mate system (4.1.31)-(4.1.33). This essentially follows from establishing uniform bounds

for (4.1.36)-(4.1.38) independent of & following the arguments presented in [13, Section
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3.2]. In particular, we assume the initial data satisfies the bounds
0<p <po,llpollc2rvir <P, 0< B <, |[]lc2evi < B,

for deterministic constants p and p with v > 0. Taking into account the standard results
on compressible transport equations and that [u]g is bounded in any Sobolev space in

terms of R, and the equivalence of norms we have:

* A priori bound for density p is given by

esssup(||p (¢, ) I + 3o (2, )llev +Ip ™! (1)l ey S c(m, R, T, p,P), P-a.s
(4.1.40)

uniformly in 4 for deterministic constants p and p with v > 0.

* Similarly, a priori bound for total entropy is
esssup([|S(z,)|E7+9:S(z, ) Hcv—|—||S71(t)HC@)§ c(m,R,T,S,S), (4.1.41)

[P-a.s., where the same bound of ¢ follows immediately from using S = p (log 9 —

log(p)), for deterministic constants ¥ and ¥ uniform in A.

* Following the lines in [13] (Section 3.2), that is, establishing bounds for relation
(4.1.38), we use a test function ¢ € H,, and take a supremum over @, pass to ex-
pectations and apply Burkholder-Davis-Gundy inequality to control the noise term.

Finally, applying Gronwall’s lemma we deduce the estimate

E | sup |[[Ln[pu](7, )|}, +€ sup [lu(z, )|, | Sc(nT)E[I+[luolly,], r>1.
7€[0,7] 7€(0,T]

(4.1.42)

To pass to the limit # — 0 in the momentum equation (4.1.38) we require the uni-

form bound (4.1.42) and compactness on the velocities in the space C([0,T],H,,).

Furthermore, we need to control the difference (u —u(nh,-)) uniformly in time.

Similarly, following closely the presentations in [13] with appropriate modifica-

tions to our particular case we infer

1

1
B [lullsoran] SE[lwolf +1]. r>28¢ (05-7), @14

uniformly in 4. The ‘a priori’ bounds (4.1.40)-(4.1.43) are sufficient to take the
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limit 2 — O in the iteration scheme (4.1.36)-(4.1.38).

We consider the joint law of the basic state variables [p, ¥, u, W] in the pathspace

& =Cl([0,T];C*(T?)) x ([0, T]; C>T(T?)) x C'([0,T];: Hp) x C([0,T];: %), 1€ (0,V),
(4.1.44)

where V is the minimum Holder exponent in (4.1.43). Now let [py, ¥;,u;, W] be the

unique solution to the iteration scheme (4.1.36)-(4.1.38), with initial data being .%( mea-

surable and satisfying

0 <p <po, HPOHCI([O,T};C2+1(T3))§ p, 0<B <y, Hﬁo”cz([o’ﬂ;czw(qra))ﬁ 9, (4.1.45)

as well as

]E{Huoﬂgm] <wu forsome r > 2. (4.1.46)

P-a.s., Denote by -Z[p, O, uy, W] the joint law of [py,, ¥y, u;,, W] on &, and by
Zpn], L[], Z[u;] and Z[W]

the corresponding marginals, respectively. As a consequence of bounds established (4.1.40)-
(4.1.43), the joint law .Z[py,, Oy, uy,, W] is tight on the Quasi-Polish space &. By applying
Jakubowski-Skorokhod’s representation Theorem 2.1.21 we get a new probability space
with new random variables, a.s convergence of new variables on the pathspace (w.l.0.g we

keep the same notation). Performing the limit # — 0 in the new probablity space yields

d,p +div(p[u]r) =0, (4.1.47)
dIT,[pu] + L [div(p[u]r @ w)]df + 1L | x ([[u]|z, —R)V (p(P, D)) (4.1.48)

—1 [ezu} dr + pIL[(9e)] W,

9,S + div(S[ulg) = 0. (4.1.49)

The system (4.1.47)-(4.1.49) is still depended on R and m. Now our goal is to perform the
limits R — oo and m — oo, respectively. The procedure is similar to the above discussion
for the limit 7 — 0. To proceed as discussed above, we start off by deducing uniform

bounds enforced by random initial data and the energy balance.
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Energy balance

A solution to the approximate system (4.1.31)-(4.1.33) satisfies a variant of energy bal-
ance. Derivation of total energy balance to the system consist of testing (4.1.32) with the
test function u and integrating by parts the resultant formulation. Observe that the scalar

product

[ Tu(pw) -udr= [ pluPax
T3 T3
and the linear mapping . yields
//[_1[p]Hm[u]-Hm[pu]dx:/ p//l_l[p]Hm[u]ndx:/ u-uds.
T3 T3 T3

Now we are ready to derive the total energy balance, for this, we consider the following

proposition.

Proposition 4.1.8. let [p,¥,u,W] be a martingale solution of the basic approximate

system (4.1.31)-(4.1.33). Then the following total energy balance equations

L2 _ly 2 ‘
af, bmul +Pe} dx+e((u,u))dt_2;A3p|nm[¢gek]| dxdr-+ [ pIL[ge] udsd.

(4.1.50)
holds P-a.s.
Proof. Applying It6’s formula to the functional
2
2 4y ]m|
dx
=3 [ pluPa ,
from (4.1.32) we obtain,
1 :
[ gpluPar = = [ laiv(pluleew-+(lul, ~RIV.p(p. )| -uda
1
+/ S,Zu-udxdt——/ lu|>dpdx (4.1.51)
T3 2 I

Iy 2
+§l;1/1r3pynm[(¢s)ek]| dXdl+/T3P¢5'lldXdW.
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Furthermore, from the continuity equation (4.1.31), we deduce that;

2/ yu|2dpdx_——/ div(p[u]g) - |u|?dxdr,

such that the integral with convective term simplifies to
/ div(p[u]g®@u) -udx = = / div(p[u]g) - [u*dx

and

L sl ~R)Vap(p.9)-uds = = [ p(p.®)div [uledx

In view of the above observations, (4.1.51) reduces to

1
d/TJm“'zd”g((“;“)) = /T3p(p,t9)diV[u]Rdxdt (4.1.52)

1 & )
+§l§1/ﬂ,3p‘nm[(¢8)ek” dxdt+/1rsp¢g~udxdW.

Finally, re-writing the entropy equation as an expression of internal energy using Gibb’s

relation (4.1.4) the followings holds

/ p(p,s)diviulgdx=—d [ pedx.
T3 T

Consequently, re-writing (4.1.52) yields
1 ’ I & 2
d/T3 §p|u] +pedx+e((wyu))dt = 52/ PIILu[(9e)e, ]| dxdt+/ P e - udxdW,

as required. 0
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Uniform Bounds

Keeping € > 0 fixed, we derive bounds independent of the parameters R and m. We note,

the projections I1,, are bounded by (4.1.30). In view of (4.1.50), we deduce the estimate

/ [lp|u|2+pe} dx+£/T((u,u))dt§ (E0+C( ,0c, P )—f-Mt) (4.1.53)
T |2 0

where

1 T
Ey :/ {—p0|u0|2+p0eo} dx, M, :/ / pHm[(pg] -udxdW.
™ |2 o J13

Furthermore, taking the exponential of (4.1.53) and the expectation of the resultant expo-

nent formulation we obtain
T
E [exp ().E, —I—l/ ((u,u))dt)} <cE {exp (AM,)} Sc(A) VA>0, (4.1.54)
0

P-a.s, the bound follows from applying exponential version of Burkholder-Davis-Gundy

inequality to the r.h.s of (4.1.54), and using x(Ju|—1)u < 1/¢ to deduce

) = 2 ([, emmmteu o) w

7PHm¢€kX(‘u‘—*)

@@L, (foro o) Iyl

,c(p)

IN

S c(g,0,p).

The last line above follows from boundedness of density (4.1.45) and application of

(4.1.30).

Limit R — . We assume the parameter m is fixed. The approximate problem (4.1.31)-
(4.1.33) admits a martingale solution [pg, Ug,ug] with initial law A for any fixed R > 0.
To perform the limit R — oo, we establish compactness of the phase variables and use

Jakubowski’s variant of the Skorokhod representation Theorem 2.1.21.

Compactness. We recall the standard regularity estimates of compressible transport
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equations in [87] applied to (4.1.47):

T
o6, im0y Ioulascoyexe (| Tlelszar).

. (4.1.55)
< pulascoyexs ([ Tullsar).

and

T
I

190 40w S Dol () ialozar ).

T (4.1.56)
< lloollw2(ps)exp (/0 [ee dt).

We control the right-hand side of (4.1.55) and (4.1.56) in expectation by using (4.1.54) to

deduce the estimate

| Iell-ora-on| Se B|I9Plimorasmy] Se. @5
where ¢ > 0 is dependent on initial data. In view of (4.1.53), (4.1.56),(4.1.57) and (4.1.47)
we deduce that
E [HatPHU(o,T;Lw(W))] Sec.
Finally, we obtain the estimate
E| 1910 7-r | +E |19l a-0 | S @158

where ¢ > 0 is dependent on initial data. The standard regularity estimate of the total
entropy for the variable S follows same arguments as shown for p and we obtain the ¥
estimate via the relation s = log 9* —log(p). Consequently, using (4.1.48), (4.1.53) and

(4.1.30), the compactness of pu with respect to the time variable follows from the bound

E Hpu||£*a([07ﬂ;w—3,2('1r3))] N C(r), (4.1.59)

for all 0 < a(r) < 1/2. Accordingly, with established uniform bounds necessary to per-

form the limit, we proceed as in A-limit. We consider the joint law of the basic state
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variables [p,S,u, W] in the pathspace

& =L(0,T;Wh2(T3)) x L2(0, T; WH2(T%)) x ([0, T); W —*2(T?)) (4.1.60)

x L*(0,T;W32(T?)) x C([0,T]; %)). (4.1.61)

Let [pr, Og,mg, W] be the unique solution to the iteration scheme (4.1.36)-(4.1.38) with

respect to initial law A and assume
0<p <po,llpollwazsn< P, 0<B < B, |[Bollwe(rs)< 3,

as well as

E{HuOH;{m] <u forsomer > 2, (4.1.62)

P-a.s. Arguing similarly as in the h-limit (with obvious modifications): We apply the
Jakubowski’s-Skorokhod representation Theorem 2.1.21 , see [64] for more details, and
create new probability space with new sequence of random variables that are a.s con-
vergent (w.l.o.g we keep the same notation). Thus, passing the limit R — oo in (4.1.47)-

(4.1.49) yields

dp +div(pu) =0, (4.1.63)
dIL,[pu] + IT,,[div(pu @ u)] dr + 1, [V (p(p, 19))} (4.1.64)
~ 11, [szu} dt + pIL,[(9)]dW,

9,S + div(Su) = 0. (4.1.65)

Galerkin Limit

Limit m — oo. The approximate problem (4.1.63)-(4.1.65) admits a martingale solution
[Pms Om, 0] with initial law A for any fixed m > 0. We proceed step by step as in the R-
limit, that is, following preceding parts, we establish uniform bounds (compactness) and
perform the limit. In this case, the density estimate (4.1.58) and similarly the temperature
estimate continue to hold for m — o, and we can weaken the regularity of initial data in
(4.1.60) by considering a sequence of initial laws that lose regularity when m — oo (the

existence of initial data with given law follows from the Skorokhod Theorem 2.1.20).
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Performing the limit m — oo yields a martingale solution to the system

dp +div(pu)dr =0,
dpu+div(pu]®@u)dt+V (p(p, ¥))
=¢eZudt + po. dW,

dS +div(Su)dr = 0.
this completes the proof of Theorem 4.1.5.

4.1.9 Existence results

The proof Theorem 4.1.6 consists of establishing ‘a priori bounds’ from the energy in-
equality, compactness arguments in space-time variables, see Subsection 2.1.4 , and ap-
plication of Jakubowski’s-Skorokhod representation Theorem 2.1.21 to deal with Quasi-

Polish spaces.

Remark 4.1.3. For any € > 0 Theorem 4.1.5 yields the existence of martingale solution
((QSV%}; (yts)ape)apﬁam&sbwg)

to (4.1.16). We can assume without loss of generality that the probability space does not

depend on € (see, e.g [64]), that is, the solution is given by
((ng7 (‘%8)7P)7p87m87587ws>'

We are now ready to consider the following proposition of ‘a priori bounds’.

Proposition 4.1.9. Let p € [1,0). Then the functions p,u and s satisfy the following

2 T P
1 |mg| y Se
E sup/ = + c,pé exp dx+8/ ((ug;ug))dxds (4.1.66)
re(0.1)/T L2 Pe CyPe 0

1 SOg p —
<C|1+4+E - 2tep! =2 ) )dx| | <co(T A
<c(iee| [ (GmemncPreniee (22 ) Jas| ) <crpon),

uniformly in €, where A is the initial law.

Proof. First, we observe that the energy formulation of the approximate system (4.1.16)
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is of the form

/1r3 B%ﬂ’e] dx+€/OT((u,u))dz

1 |m|? L& (7 !
- [-uﬂ)oeo] dx+52/ / p\¢ek\2dxdt+/ / P de - udxdW
k=170 JT 0 /T

2 p

To show the estimate holds we take the supremum in time first, and complete the proof
by taking the expectations. Accordingly, splitting terms and proving them individual in

separate steps yields:

* firstly, considering the correction term we deduce

Y[ [ ploeestaar =1 F [ [ | pgeer P

= e = — e

2k0T3P£k 2k0’ﬂ‘3p8k
<L 2 d
= E/o VPO, (2 2oy dt < o=

The bound follows from the assumptions of ¢ in (4.1.11) and using
lellzi=llpolli< P,

for some constant p < oo,

* Next, the noise term. Here we take supremum in time and build expectations.

Furthermore, we use the Burgholder-Davis-Gundy inequality to obtain

dxdW
o, [ fopscsa]
eJexudxd
=5 [2 [ ] plodenscn
T 2\ /2
s ci (/0 ZUWP[%]ekudX} dt>
— | Jr-
T 1/2
- E(/O ;H\/ﬁ(pek”iz(%J}(ﬂﬁ))/ﬂJ\/EU|2dxdt>

12
gcw)E( sup [ pa [ 3p\u12dx)
)W—/

t€(0,T

<sup |, pluax )+c2<¢,ﬁ,6>,
1e(0,T
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where the last line follows from Young’s inequality. Now taking delta & small

enough, we can absorb the supremum term from the right.

* We note that expectation on initial data is bounded by assumption i.e.

]E/ ! lug|?+c,p] ex So dxp<
3 2P0 0 vPqy EXP o .

Hence combining the correction and stochastic terms we deduce (4.1.66).

In view of Proposition 4.1.9, we establish the following bounds:

Firstly, we consider Z € BC(R) such that

<0 fors < s,
7' >0,Z(s)

=0 fors > s,
then the total entropy in (4.1.16) satisfies the minimum principle provided that
So > posp > —ec a.ain ']T3,

we refer the reader to [47] for details. Since the entropy is bounded below, using (4.1.66)

we deduce

E( sup /T 3p7dx) <C(T,p,9,A), (4.1.67)

t€[0,T]

for any 7 € [0, T]. Now using m = pu, we observe

2y v | m | Im|?
Im|7 = |p|7T | — | Spl4—r
VP p
and we obtain
2
E( sup [ |m|7Tdx | <C(T.p,9,A), (4.1.68)
tefo,r)/T?

for any 7 € [0, T]. Bounds on the total entropy S. Since S > sop, for S <0

|S|: —§< —S0pP.
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If S > 0, we note

Y S P <C" ) Y > gY
p’exp =c, 3 S’ > 87
Cy (@)Y
hence
E{ sup / S]dx | SC(T,p,0,A), (4.1.69)
telo,7]/T?

for any t € [0,7]. Finally, we derive an estimate for the quantity S/,/p. For § <0, we

obtain

S
— | < —5 .
‘fp“ 0P

If S > 0, we have

s 1
S s 1 exp <— ; ) SN/ S\
pTexp ( ) = p’exp (— ) = c;zy—ﬁc \/2 <—) 2 (—> ;
cvp VP ev/P ( s 1 ) T \VP v
and in view of this result we deduce the bound

sup /
t€[0,T]

In view of the above bounds (4.1.67)-(4.1.70) and Proposition 4.1.9 we deduce the fol-

> SC(T,p,0,A). (4.1.70)

lowing (uniform) bounds

Veu, € LP(QL*([0,T];W32(T?))) (4.1.71)
pe € LP(QL7([0,T);LY(T?))), (4.1.72)
me € LP(@L(0,TLL(TY)), (4.1.73)
;1;% e LP(Q:L([0,T);LA(T%))), (4.1.74)
msfme e LP(Q;L7([0,T];LY(T?))), 4.1.75)
Se € LP(Q;L=([0,T);LY(T?))), (4.1.76)
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Se

Pe

e LP(Q;L*([0,T];L*(T?))), (4.1.77)

A priori estimates

The bounds established in (4.1.71)-(4.1.77) on their own are not sufficient for us to pass
to the limit. Especially, on the nonlinear terms. We solve this problem by introducing the
compactness arguments. In particular, we use this procedure in the nonlinear convective

and pressure terms. We start off by considering the balance of momentum given by

t
/Pus'(de = /PO“O'(de+// Peue @ug 1 Vo dxds
T T 0 JT3

t t
—e// VAug~VA(pdxds—8/ @ dxds
0

o[ Lo (2

for all ¢ € C*(T?). We show boundedness of the system by considering deterministic

and stochastic parts separately. For the deterministic case, we consider the functional

At ) // Pelle @ g : Vo drds — & /Ot((ug;(p))ds

o[ Lo

) -dive dxds.

We observe that
O He(t,0) € LN (Q;L2(0,T;W—32(T3)),

He(t,0) € LY (W20, T;W—32(T?)),

uniformly in €. Then we deduce the estimate

E || <c.

HWI 2([0,T):W, *3 2(']1*3))

The stochastic term yields

T
| [ peseaw: < | [ IVPOIE 1 o | < c(Pup0.T)

Co([0,T]:L2(T3))

foralla € (1/p,1/2) and p > 2, see [[17], Lemma9.1.3. b)] or [[61], Lemma 4.6]). Now
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combining the deterministic and stochastic estimates, and using the embedding W,l’2 —

C% and L2 — Wy >% shows

E [HPSUE||C“([0,T];W*312(’[F3))] < c(T),

for all o < 1/2. On the regularity of mass continuity we have

T T
/ / dhppdx = / / [puV. @] dxdt,
0 JT3 0 J13

so that

sup||dipllw-s2 = sup sup | peueVopdx
t

tolellysa

sup sup |[peue (1| Vi@l

tolelly3a

sup sup [peue[[1]|@llws2

U ollys.2

Csup||peurel];.
t

IN

IN

IN

Consequently, d;pe € L=(0,T;W~32(T?)) a.s. such that

pe € LY (Q;Wh=(0,T;W32(T?)).

Using (4.1.66) and the embedding W,l’w — C* we infer

E [lpellceorjw->2my ] <C.

Similarly, for the entropy balance we have

T T m
/ / atS(pdx:/ / [S—Vx(pl dxdr,
o Jr3 o Jm3| p

and arguing as in the mass continuity case we deduce

E |[1Sellcu o mv-s2(r3y ) <.

128
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Compactness Argument

Accordingly, we proceed to show tightness of the approximate solutions using the fol-

lowing compact embeddings.

CE([0, T);W32(T?) N L=(LF1 (T?)) s C([0, T;W*2(T3)) N C,y (L1 (T?)).

4.1.79)

C¥([0,T;; WA NL=(0,T;LY(T?)) —— C([0,T]; W ~*3(T?)) N C,,.(0, T; LY(T?)).

We set the spaces:

Lpy = LY(T?),

Din = C([0, T;W42(T3)) N C,y (L7 (T?)),
Zp = C(10,T;W*(T*) NG,y ([0, T];LY(T?)),
D :=L(0,T;. 4" (T3, R),
Zs:=C([0,T;W=*2)NC, ([0, T); LY (T?)),

2q =Ly, (Q; Z(A)),

(4.1.80)

2y

Py = L1 (T),

Zw = C([0,T]; %),

Do =L2(0,T;.+ (T R>3)),
Ly = L2(0,T;W3(T?))),

s, = LY(’]IG),

with respect to weak-* topology for all spaces with L*(,.#(-)). Furthermore, for T > 0,

we choose the product path space

Xr = 3?//,.30 X ‘%mo X ‘%SO X %p X Zm X Zs X 3DVQ X %rss X Zeony X Zw, (4.1.81)

129



Chapter 4.

with the following laws:

( 2y

K(pu), 1s the law of peug on C([0, T);W=42(T3))NC,, (L7 (T?)),
U, is the law of pe on C([0,T];W~*+2)NC,,(0,T;LY(T?)),

Us, is the law of Se on C([0,T];W~*2)NC,, (0, T;LY(T?3)),

| Hw s the law of W on C([0,T], %)

In addition, let uy,, Uc,, 4p, and Ug, denote the laws of

S m
U, :=+/eu Ce := pelile @ ug, Pe .= PgeXP (c ; )v Q¢ = 58—87
VME

respectively. Let rr be the restriction operator which restricts measurable functions (or

space-time distributions) defined on (0,0) to (0,7). We denote by
21 [P0, Pouo, S0, Pe; Pele, Se, Ug, Pe, Ce, O, W]
the probability law on X7. Note, tightness on
21 [P0, Pouo, S0, Pe; Pele, Se, Ug, Pe, Ce, O, W]

for any 7' > 0 implies tightness of -Z[pg, pouo, So, Pe, Pelle, Se, Ue, Pe,Ce, Qe , W] on X =

N7 Xr. For pu, we fix T > 0 and consider the ball Bg, in the space

Co([0, ;W —32(T)) N L= (L7 (T?)).

Using the Markov inequality, (4.1.66) and (4.1.78) on the complement Bgl we obtain

cyo_ . . >
H(pu). (P, ) ]P(||pu£||c ([0.7]:w 3’2(T3))+“pu8HL°°(Lﬁl(TS))_R>

IN

E
Ry (HpugHC“([OvT];W3’2(T3))+Hpu8HLw(mz+yl(T3)))
C

IN

R,
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Therefore, for a fixed n > 0 we find R; (1) with

.u(pu)g(‘%lﬁ) >1-n.

Hence, the law p1,y), is tight. Using similar arguments as shown above we infer that the
laws: [up,, Us, , lu, | are tight. We proceed to show the less obvious argument of tightness

in measures.
Proposition 4.1.10. The law U, is tight.
Proof. We consider a ball Bg € L=(0,T;.2* (T3 ,R>*3)) that is relatively compact with

respect to weak-* topology. Now taking the complement ( By) of the ball and using

Markov-inequality we deduce

ZIC(BS) = P(/OT/W d|C£]dt>R>

_ P(/T/ m, @ m;
0 J13 Pe
lE‘mg@)mg
R pe

dxdt > R>

IN

Y

C
< =
~ R

L=(0,T;L1(T3))

where the last line follows from Proposition 4.1.9. Therefore, for a fixed n > 0 we find
R(7n) with
Z[Cel(Bg) > 1—m.

The proof is complete. ]

Similarly, arguing as shown above, the laws: up, and piq, are tight. The laws

Uw s Hpo, Hpoug and Hs,

are tight since they are Radon measures on the Polish spaces. Therefore, we can infer that
the law 27 [po, poo, So, Pe, Pelle, Se, Ug, Pe, Ce, Qe , W] is a sequence of tight measures on
(X7). Consequently, its weak-* limit is tight as well and hence a Radon measure. Since

T was arbitrary chosen we deduce that

Z[po, oo, So, Pe, Pele, Se, U, Pe,Ce, O, W]

is tight on X. In view of the Jakubowksi’s version of Skorokhod representation theorem
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[64] (see also Brzezniak et al.[22], and [15, Section 2.8] for property d), we have the

following proposition.

Proposition 4.1.11. There exists a nullsequence (&y,)nucN, a complete probability space

(Q,.7 ,P) with (X, Bx)-valued random variables

(ﬁo&‘m 9 ﬁ078mﬁ0,8m ) SO78m ) ﬁ8m ) ﬁ&nﬁSm 9 ng ) U8m ) P€m ) C€m7 QSm ) WEm)’ mec N}

(a) Forall m € N the law of

(ﬁOSm s ﬁO,SmﬁO,em s SO,em s ﬁem ) ﬁemﬁsm > ng ) Uam s Psm ) Csm, Qem y ng)

on X is given by (coincides with) £ [po, Pouo, S0, Pe; Pelle; Se, Ue, Pe, Ce, Qe, W1;

(b) The law of

is a Radon measure on (X, $x);

(C) (ﬁOSm7p0,£mﬁ0,8maSO,Emvﬁ&‘maﬁSmﬁé‘m?SSm7U8m7P&‘macé‘m7Q8m7W8m)’ me N’ converges

(
Po.e, — PoinLY(T3),

2y

Po.e, 00 ¢, — Mg in L7+ (T?),

S0, — Soin C([0,T;W=4+2)NC,(0,T;LY(T?)),

Pe, — P in C([0,T];W=42)NC,,(0,T;LY(T?)),

Se, — Sin C([0,T|;W=*2)NC,(0,T;LY(T?)),

U, — 0in L*([0,T];W32(T3))), (4.1.82)
Be, i, — i in C((0,T];W—42(T3)) NCo (L7 (T3)),

B — PinLe.(0,T;.* (T3, R),

Ce, — Cin L=.(0,T;.0 (T3 R3*3),

O, — 0in LT.(0; 2(A)),

We,, — W in C([0,T]; %)),
\
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(d) For any Carathéodory function H = H(t,x,p,m,S) where (t,x) € (0,T) x

T3, (p,m,S) € R>, satisfying for some q1,q2,q3 > 0 the growth condition
H(t,x,p,m,S) S 1+[p[?+[m[*+|S|%
uniformly in (t,x), we denote by H(p,m,S)(t,x) = (¥ ., H). Then the following
H(pe,, Pe, fie,,, Se,) — H(p,m,S) in L°((0,T) x T?)

holds P-a.s. as m — oo forall 1 < k < %11 A q%

We note Proposition 4.1.11 yields existence of new probability space with new random
variables, however, no guarantees of correct measurability. To circumvent this problem
we introduce filtration to guarantee adaptedness of new random variables and to ensure
that the stochastic integral continues to hold in the new probability space. We simplify

notation as follows, set
2o = [po,mo, 8], 2 := [p,m,S,U,].
Let.% and .%," be the P-augmented filtration of random variables
(o, g, So, p,m, S, U, P,C,W)

and (ﬁ()gm y ﬁ()7gm ﬁ078m7 S078m ; ﬁgm 3 ﬁgmﬁgm, ng , Ugm ; Pgm , Cgm 5 ng 3 ng )mEN’ respectively, i.e.

% = o(o(Zor, 2, tW)Uo(P,C,0)U{N € F:P(N)=0}),t >0,
33-[8,” = G(G(%ﬁm,r,%gm,r,ng)UG;(Pgm,Cgm,ng,)U{JVEj;lp(c/’/)IO}),I‘ZO-

Here r, denotes the restriction operator to the interval [0,7] on the path space and o;?

denotes the history of a random distribution.

2The family of o-fields (6;[V]),>0 given as random distribution history of

s>\ @eC(QRY)

a[V]:=o ( U {(V.e)<1}U{NeZ PW©) :0})

is called the history of V. In fact, any random distribution is adapted to its history, see 2.1.3.
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The new probability space

In this section we will use the elementary method from [27], also used in Section 3.1.2,
to show that the approximated equations hold in the new probability space. The essence
of this elementary method is to identify the quadratic and cross variations corresponding
to the martingale with limit Wiener process obtained via compactness. Now in view of
proposition 4.1.11, we note that W has the same law as W. And as result, there exist
a collection of independent real-valued (ﬁ,),zo - Wiener process Bkg’" such that WV =
Yk B,f’”ek. To be specific, there exist a collection of independent real-valued (%)Qo -
Wiener process B such that W = ¥ Brey. For all 1 € [0,T] and ¢ € C°(T?) define the

functionals:

t
M (po,mg,p,m,U,C,P), = /3(m—mo)-(pdx—//%V(pdCds
T 0 JT3

t t
«/em/ /3VAU'VA(pdxds—\/8m/ Ugpdxds
0.JT 0

t
_ / / dive dPds,
0 JT3

¢ 2
P, — / e, - @ dx | ds,
. I;O(T3p¢k<p> s

(Vi) = /Oz /Tqu)ek - @ dxds.

Now, let .7 (o ¢, M0 ,,, P,y s Me,» Ug,y s Ce,p» P,y )5 denote the increment
%Sm (ﬁO,Em 3 ﬁlO,Sm 9 fj&‘m 9 ﬁl&‘m 3 U8m 9 CSm P Psm)t - %Em (ﬁo,&‘m P ﬁlo,é‘m 9 ﬁEm 9 ﬁlem P U€m ; CSm ) ﬁ&’m)s and
similarly for W, ; and (Wy)s,. In the new probability space, completeness of proof follows

from showing that

~ ~ ~ t ~ ~
M (P00, Py, ey G Po )i = [ pe0-g ardiifr. 183)

For (4.1.83) to hold, it suffices to show that . (g ¢, , Mg ¢, , Pe, s Me,,, Ug,,» Ce,p Peyy )t
is an (#™),>0-martingale process and its corresponding quadratic and cross variations

satisty, respectively,
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<<%8m (ﬁo,&'mam0,8m7ﬁ8m7ﬁlo‘;‘maﬁgm;és,n?ﬁ&n)>> = lIlu (4184)

<<%8m(ﬁ0,8,,17m0,8m7ﬁ8m7ﬁl8m7f-]8m768m7p8m)5Ek>> - ‘P/w (4185)

and consequently

~ ~ ~ t ~ ~
<<%8m(/5078’",m0’£m7ﬁgm,ﬁlgm,Ugm,Cgm,Pgm) —/0 /"]I‘3 pgm(P . (p dxdWS8m>> = 07
(4.1.86)
which implies the desired equation on the new probability space. We note that (4.1.84)

and (4.1.85) hold based on the following observation: the mapping
(Po,mo, p,m,U,C, P) = .2 (po, mo, p,m,U,C, P);
is well-defined and continuous on the path space. Using proposition 4.1.11 we infer that
(D0 g, M0 £, , Pey s M, Ug, s Ce,p Peyy )~ A (e, s W0 6,5 Pe,y s My, Usy s Ceyy s Py )-
Fixing times s,7 € [0, T], with s < r we consider a continuous function % such that
h:V]og—[0,1].
The process

t
%Sm (p07£m7m0,€m’pgm7m£m7U8m7C8m?P8m) = [) A3 pem(P : (p dXdWS‘gm

1
= ];1/0 T3p€m¢€k'(dedﬁ]fm7

is a square integrable (.%;),>o-martingale, consequently, we infer

[%Sm (pO,Sm Y m078m ’ pem ? mgm Y Usm Y Cgm Y Pgm )]2 - lP’

&
% " (Po,em P mO,Sm 9 Pem ) mSm P U€m ; CSm ) PSm)ﬁk - \Pka
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are (% );>0-martingales. Now we set
X = [p();m0>p7m7U7C7P]7 XEm = [Po,em7mO.,emaPsm,mem;Usm;CSWPsm]?

and

X = [ﬁo;ﬁlO,ﬁ,m,ﬁ,C,P], XEm = [ﬁo,&n?mo.ﬁmapEmvIhEm;fJ&m;CSm?PSm]'

Let ry be a restriction function to the interval [0, s]. In view of Proposition 4.1.11 and the

equality of laws we obtain:

I~E[h(rsfigm,rng’”)///&”(Xgm)s,,} :]E{h(rsxgm,rsW&")///Sm(Xgm)”} =0 (4.1.87)

E[h<rsf<gm,rsv~v€m><[//ﬁm <Xem>]2—‘1'>s,z]

_F [h(rngm,rsWe'")([///&" (X, )2 — \P)M] ~0 (4.1.88)

£ {h(rsxgm, E W) (a0 (e, )Br — (F0))ss)

—E [h(rsxem,rswsm)(.///em (Xe, ) B — (‘yk))w)} =0 (4.1.89)

Therefore, (4.1.84) and (4.1.85) hold, and consequently, (4.1.86) follows. Thus the mo-

mentum formulation:

t ~
T3 T3 0 JT3
t t
e / / VAU, - VAgdxds — /&, / U, ¢ dxds
0 JT 0

t t
[ [ dvoareast [ [ pe,0aWin - pax
0 J13 T JOo

holds P-a.s in new probability space (Q,ﬁi ,P). We note that, the terms in the conti-
nuity equation and entropy balance are continuous on the path-space and as such, both

equations continue to hold on the new probability space P-a.s as well.
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Passage to the limit

To identify the limits in the nonlinear terms we first introduce defect measures. For this,
we adopt the notion of measures as presented in [14]. In view of Proposition 4.1.11 we

have

P(PensSe,) — p(P,S) weakly-(*) in L=(0,T;.4 (T, R).

Noting that p(p,S) = p”exp (cvsp) is a convex functional, we deduce

0 Sp(ﬁ7§) Sp(ﬁv’g)v ’@press Ep(ﬁ,g) _p(ﬁag) GLOO(OaT;%+(T3’R>'

Arguing similarly for the convective term,

Me, OMe, _ MEOM L ooKly-(+) in L=(0, T:.4* (T3, R,
Pe,, p
setting
~ mm mm
c@conv = ~ - ~ )
p p
for & € R?, convexity implies
= . me Qm m®m
1 (§08) = Jim [P )| RO (£ 0g)
Sm—>0 Em p
-~ . 2 e . 2
S (LR
&n—0 Pe,, P

so that Zeony € L™(0,T;.2+ (T3, R3*3)). In the entropy case we use Proposition 4.1.11
property (d). Specifically, we use the fundamental theorem of Young measures ( see [3])
and argue as follows. Let A be defined as in (4.1.20), that is, the state variables space for
solving the entropy equations. On the account of Proposition 4.1.11 property (d) we infer

that there exists a family of parameterized probability measures
(1,%) = Y geor)<m3) €L7((0,T) x T, 2(A))

such that
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for any H € C.(A) and a.a. (t,x) € ((0,T) x T3) whenever it holds that

H(ﬁgm7m£m7§£m) —>H(ﬁ,ﬁl,S)

weakly-* in L*((0,T) x T3, 22(A)). Here the family of probability measures is called
the Young measures associated with the sequence {pe,,,mg,,, S, }¢,>0. Moreover, since
[(t,x) — (¥ ,H(p,Mm,S))] is a family of parametrised measures acting on the phase

space A, H(p,m,S) a signed measure, then the difference
H(p,m,S$) = [(t,x) = (Y0, H(p,m,85)) € 4 *((0,T) x T°)]

vanishes for entropy equations, see [47, 15] for more details. To perform the stochastic
limit term we use Lemma 2.1.14. On the account of convergences in Proposition 4.1.11,
Lemma 2.1.14 and the higher moments from (4.1.87)-(4.1.89) we can pass to the limit

&n — 0 in the momentum equation in (4.1.16) and obtain

M. Vodxds

EUOT T3ﬁ1-qodxdr]:IE/ (/ tito - ‘Pd”//w
L (3)
o o o]

Consequently, the momentum equation in the sense of (4.1.25) follows from rewriting

) dive dxds (4.1.90)

(4.1.90) using defect measures. Similarly, using Proposition 4.1.11 we perform g, — 0
limit in the mass continuity and total entropy to deduce the equivalence of (4.1.24) and

(4.1.26) in the new probability space, respectively.

On the Energy inequality

Finally, we consider the energy equality. In the original probability space, the approxi-

mate system (4.1.16) has an energy equality of the form

1 !
Ef™ :Efm+§/s ||\/p8m¢||%2(?/,L2(']T3))dG+/Y /1T3mem¢dXdW8"’a
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P-a.s for a.a 0 < s < t, where

& 1 ’ Sm |2 S !
E™m = +Cvp£m exp dx+8m/ ((ugm’usm))dt7
T3 2 p&‘m VIFEm 0

for a.at > 0. For any fixed s this is equivalent to

/MEE'"dt P(s)ES™ 2/ OllvPend 17, 1201 dt+/ <p/ mg,, - ¢ dxdW*,

P-a.s for all ¢ € Ci([s,o0)). By virtue of Proposition 3.1.2 and Proposition 4.1.11 the

energy equality continues to hold in the new probability space and reads

_ B 1 rt _ t 5 ~
Ef =E5m+§/s H\/Pemfl)f\iz(%,ym))d‘”/s /qm Mg, ¢ dxdW ",

P-a.s. for a.a s (including s = 0) and all # > 5. Averaging in ¢ and s, and arguing as in
Section 3.1.3; the energy arguments, the above expression becomes continuous on the
path space. Furthermore, fixing s = 0, we use Lemma 2.1.14, the bounds established in

Proposition 4.1.11, and higher moments to perform the limit &,, — 0 and obtain

S B A tro 3
B <Bo+ 5 [ VBl uzdo+ [ [ gl (4.1.91)

P-as. fora.a. t € [0,T], where

E —/ lE—i—c 07 ex S dx+1/ dtrZ, (t)—l—c/ A press (1)
T — T3 2 p Vp p Cvﬁ 2 ']I‘3 conv 1% ’JI‘3 press I

and

N 1 [ |? .y ( So )}
Ey = ———— 4¢Py €X dx.
07 Jrs [2 Po PO ¢y

Performing the limit &, — 0 yields an energy inequality. Our goal now is to convert
(4.1.91) to equality, for this, we argue as in [10]. The entropy balance in the approximate
system (4.1.16) holds as an equality. Hence, to convert (4.1.91) to equality, it is sufficient
to augment the term contributing to the internal energy (Zpress(¢)) by h(t)dx with suitable
spatially homogeneous 47 > 0. And %press(t) acts on div,¢ in a periodic domain T3,

therefore,

139



Chapter 4.

/ h(r)divep dx = 0.
’]I‘3

Finally, for any s we have

oo - - 1 (=] ) oo 5
_/s atq)E,dt—(p(s)ES:E/s (p|‘\/ﬁ¢||L2(%7L2(T3))dt+/s <p/T3m.¢dxdW,

P-a.s for all ¢ € Cy([s,0)).

4.1.10 Weak-strong Uniqueness

In this section we aim to show that the weak-strong principle (i.e. a stochastic measure-
valued martingale solution to (4.1.17)-(4.1.19) coincides with a strong solution so long
as the later exists) holds. In order to do this, we need to introduce a relative entropy
inequality; a tool that allows us to compare two solutions. In the following analysis, it is
more convenient to express the variable S as ps(p,E) where E = pe(p, ) and to work
with new state variables: the density p, the momentum m and the internal energy E, we

refer the reader to [47] for more details.

Now following the presentation in [49], we introduce the (thermodynamic potential) bal-

listic free energy

H®(p,19):pe(p,ﬁ)—G)ps(p,ﬁ), (4.1.92)

introduced by Gibbs and more recently by Erickson [45]. In addition to Lemma 2.1.18,
we consider the relative energy functional in the context of measure-valued martingale

solutions to the complete Euler system given by

O.U|] = LTS P By 4%,
r, 9, = /]1‘3 ET"" +§/]I‘3 r[ conv]"‘cv/]r3 press
1
—/ m-de+/ “p U dx (4.1.93)

T3 T3 2
—/ (E)ps(p,E)dx—/ pdpHedx
T3 T3

+ [ 3pHo(r:0)(r) ~ Ho(r0)ax

é"(p,E,m

where the relative functional (4.1.93) is defined for all r € [0,7]. Now, having stated
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Lemma 2.1.18 and the relative energy functional, we are in a position to derive the relative

entropy inequality.

Proposition 4.1.12 (Relative Entropy Inequality). Let
((Qv y? (Lgal‘)lzmp)vpvm?Sﬂ%conv;%presm 7/[7)65 W)

be a dissipative measure-valued martingale solution to the system (4.1.17)-(4.1.19). Let
(r,®,U) be a trio of stochastic processes defined on the same probability space and

adapted to the filtration (.%;);>0 such that

dr = Dfrdt,
dU = DIUdr+DiUdW,
d® = Dl@dr, (4.1.94)

d[dpHe(r,0)] = D%[d,He(r,0)]dt,
and?
rec([0,7];c1(T?), ©ec(0,7T];c(T?), Uec(o,7;:c(T?), P-as,

k
+E

q

E <c(q), forall2<gq<oo,

sup HUHgvl.,q(qﬁ)

2
sup {7l raers) [0.7]
te|l,

1€[0,T]

O0<r<r(t,x) <7 P-as.,

k

E <c(q), forall2<gq<oo,

sup H(")sz;vl.,q(qﬂ)
1€[0,T]

0<O®<0O(,x)<0O P-as..

Furthermore, r,0®,U, satisfy

Dr,D?®,DU € LI(Q;C(0,T:C(T?)) DU e L*(Q:L*(0,T;Ly (% L*(T?))),

3Note, the moment bound for ® below implies the same for S(r,®) by (4.1.6) since r and ® are bounded
below and above.
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(Z |]D>SU(ek)|‘1> ' € LI(Q;L1(0,T;LI(T?))), (4.1.95)

k>1

respectively. Then the relative entropy inequality:

éa<p,E,m

r,@,U) < (§’<p,E,m

T
r,@,U) <0)+/ Q(p,E,m
0

r,@,U) df + M,
(4.1.96)
holds P-a.s for all T € (0,T), where

r,@,U) :/ p(T—U> V.U (U—T) dx
="\ p p

+ /1r3[(DfU+U-VxU) -(pU—m) — p(p, ®)div, U] dx

Q(p,ﬁ,u

— [ [ aipsp DO+ (Fiis(p.E)m) -¥,0]
T

+ [ [ 1ps(:©)9 + ms(7.0)-v,0)dxcs

+ ((1 — g) 9p(r,®) — ? -Vip(r, ®)> dx.,

Y / DSU(er) - pd(ey) d— / VU : A%y — / AVUAZ pres,
T3 T3 T3

k>1

1 2 1 s 2
# 3 IVPOl e 3 T |, pIDiUenPax,

and
T
M = / mo dxdW
0 J3
t t
- / / [m}D)iU + Up¢} dxdW + / / pU- DU dxdW.
0 J13 0 J13

Remark 4.1.4. From here onward we shall use the cut-off function Z and set Z(s(p,E)) =
s(p,E) for convenience, see (4.1.112); a detailed discussion on the properties of Z.

Proof. We observe that the right-hand-side of the formulation (4.1.93) follows from en-
ergy inequality. Therefore, using the energy inequality and Lemma 2.1.18, we proceed in

several steps as follows:

Step 1: To compute d [r3 m - Udx we recall that ¢ = m satisfies hypotheses (2.1.11) ,
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(2.1.13) with some k < o. Applying Lemma 2.1.18 we deduce

d(/TBm'de> - (/T3 {m'DquL (m(}jm) ~VU+p(p,s)divU} dx) dr

+y / DIU(er) - pé(ex) dxdr + / VU : d %oy dt
T3 T3

k>1

—I'_ /T3 leUd%pressdt + dMl 5 (4. 1 97)

where

t
M, = / / {mD§U+Up¢1 dxdW.
0 JT3

Similarly to (4.1.97), we compute

I
d(/ —p|U|2dx) - /pu-VU-dedH—/ pU-DUdxdr  (4.1.98)
T3 2 T3 T3

1
= ]D)S 2 M
+2]§1P| 1 Ulex)|” dxdr +dMa,

where
t
Mzz// pU - DU dxdW.
0 JT3

Step 2: We set

1
D(t): = 5/]1‘3 dtr[Zeonv] + ¢y /JI‘3 d<ﬁpress»
u: = tr[fgconv] +tr[Hf%press]-

Combining relations (4.1.97) and (4.1.98) with the total energy balance (4.1.27) we obtain

1 i
[ [3plu=UR+pelp,0)] vt 200~ [ | 3pluo - Uol+pue(pn. )] as
T3 | 2 T3 | 2
T
_ / / P(D{U-+u-V,U) - (U~ w)] — p(p, )divU] dacs (4.1.99)
0 JT
1 T T T

T 1
Y [ [ B0 po(en drdr+ 5 X pIDpU(e) Pdadr,
=170 JT 2

k>1

for any 0 < 7 < T. Computing d [13 p(¥ x;s) - Odx (i.e. testing the entropy balance
(4.1.26) with ©), we recall that ¢ = p (¥} ,;s) with Djg = 0 satisfies hypotheses (2.1.11),

(2.1.13) for some k < oo. In view of Lemma 2.1.18 we obtain
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d < / 3<%,x;pz<s(p,ﬁ))>-®dx> > [ (iiZ(s(p,9))m) - V,@

+ [ izt o))Dfod,  (@1100)
T
where DY® = 9,0. Using s(p,¥) = Z(s(p,®)), summing (4.1.99) and (4.1.100) yields

1
[ [3plu=UR+pelp.9)~ 00 ipstp. o) (7. )ax+ 701
1
_/1r3 {§P|00—Uo|2+Poe(Po,ﬁo)—®o(7/z,x;pOS(po,190)>} dx
T
S/ /T%[P(DflU-i-u-VxU)-(U—u)—p(p,ﬁ)diva]dxdt (4.1.101)
0 .
T
- /0 /T [(Fixips(p,0))Df O+ (¥.:5(p, ¥)m) - VO] dxdr
1 /7 ) T T
+§/ IVPOI2, 0 12 dt+/ / m(pdxdW—/ / VUdud: — M, + M,
— Z/ / D7U(ex) - P9 (ex) dud + ZpUD)SU (ex)|* dxdr.

k>1 k>1

In addition, testing the continuity equation (4.1.24) with dp Hg(r, ®),that is, computing

d /T pdpHo(r,©)dx

we have

d(/T3P(9pH®(r,®)dX) :/TSpu-Vx(8pH®(r,@))dx-l—/wpr’(apH@(r,@))dx_
(4.1.102)
Combining (4.1.101) and (4.1.102) we obtain

[ |[3p1a=UP+pelp.9) 007 ips(p,3)) ~ dptalr0)| (7. )ax+ 710
—/T3 BP|“0—U012+P06(P0,190) — ©9(¥7x: Pos(Po, Bo)) — PodpHe o, (r0,Oo) | dx
S/OT [ [p(D{U-+u-9,0) - (U~u) — p(p. 8)div, U] ddr (4.1.103)
~ [ [ [Fisipsip. 0)Df0+ (Fivis(p, 0)m) - V.0 duct
/0 [ [pu-V.(3pHo(1:©)) dx~+ pD{ (3 Ho(r:©))] dxc

1
+§/O H\/§¢HLZ(%7L2(T3))C1I+/O /Tsmq)dxdW—/O /T3VUdudt—M1+M2
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/ / DSU(ex) - p o (ex) dxdr + — Zp|IDsU (ex)|* dxd.
k>1 k>1

Using DY® = 9,® and D¥(d,He(r,®)) = 0;(dpHe(r,®)), we add

/7/ 3/ (rdpHo (1, ®) — Ho(r, 8)) dxdr = /(rapH@(r,ﬁ)—H@(r,ﬁ))dx
0 JT3 T3

—/T3 rodpHe, (10, %) — He, (0, Bp)) dx,

to both sides of (4.1.103) and obtain

I

Bp|u—U|2+H@<p,ﬂ> — dpHo(r.©)(p—r) —H@<r,@>} (2, ) dx+ 2(1)

VAN

1
/3 {5P|00—U0|2+H®0(P0,190) — dpHe, (r0,00)(po —r0) —H@)o(’”o,ﬁo)} dx
+/ /3 (DU +u-V,U)- (U—u)—p(p,d)div,U] dxdr
T

/3 (Fx:p5(p, 0))DIO + (¥ :5(p, ©)m) - VO] duds
T

]

(4.1.104)

o\o\

[ 1p3/(9yHo(1:)) + pu- V(3 Ho(r:©))] dc
+/ /38,(r8pH@(r,19) — He(r,)) dxdt.
0 JT

| T -
+§/ IVPOI2, 0 120, dt+/ / mq)dxdW—/ / VUdud: — M, + M,

¥ [ rvte) - pote i ¥ pipiu(ePasar
k>l

k>l

Furthermore noting that Hg(p, ¥) is function of three variables [(®, p,®)], by chain rule
we deduce

oy (dpHe(r,®)) = —s(r,0)0,0 —rdps(r,0)0,0 + 8§7PH@(r, 0®)dyp

+0, 3Ho(r,0)0,0 (4.1.105)

for y =1t,x. And in view of (4.1.105), we rewrite (4.1.104) in the form
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N —
°

=
(98]
—

- UP-+Ho(p,9) ~ 3pHo(1©) (p 1) ~ Hol ) (.-) v+ (1

| =

A
-
T ors

p|ug — Up|*+He, (Po, Do) — dpHe, (0,80)(po — r0) — Hey (1o, 190)} dx

+

[p(DYU+u-V,U)- (U—u)—p(p,d)div,U] dxdr (4.1.106)

]

\'ﬁ\

=

[(Fi:ps(p, 9)DEO + (135(p, B)m) - V0] ducs

+
~

[ps(r,®)d,0+ms(r,®) - V,0]dxdt

3

~

~
5— 5— 5—

@

_I_

S— — S— S— S>— 55—

p(rdps(r,0)d®+rdps(r,®)u-V,0)dxdt

%)

p(92 yHo(r,0)d,r + 92 yHo(r,©)9,0) dxdr

S

pu(d; ,He(r,®)V.r+d; sHe(r,®)V,0)dxds
T
+ [ [ a0dpHo(r ) Ho(r9) dudr
0 JT
1 /7 ) T T
+§/0 H\/EQ)HLQ(@,Lz(Ts))dH-/O /T3m¢dxdW—/() /T3VUdudt—M1+M2

T 1
~Y [ [ B0 poten drdr+ 5 X pIDpU(e) P dudr
=1/o J13 2

k>1

To further simplify (4.1.106), we use Gibbs’ relation to deduce the following identities:

1
a,ipH@(r?@) = ;app(rv ®)7
rps(r,©) = —%aﬁp(r, o), 4.1.107)

92 5Ho(r,0) = Ip(p (B — ©)dys)(,0) = (8 — ©)Ip(pdys(p,©))(r,®) =0,

and

rdpHe(r,0) — He(r,0) = p(r,0).

In view of the identities derived from Gibbs’ relation, we observe the following:
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pu(&ipH@(r, O)V,r+ 8§7§H@(r7 ®O)V,0) =pu (%(%p(r, G))er)

and

prdps(r,®)u-V,0 = —pu (%819]7(1", @)VXG)) ,

combining these terms we obtain
pu 1 1
— -V,p(r,0) = pu ;Q@p(r, ®O)V,0 ) +pu ;Qpp(r, O)V,r|.

Arguing similarly for remaining terms using the identities in (4.1.107), we obtain a more

concise form

/1r3 FP\u—U\ZJrH@(Paﬁ)—apH®(’3®)(P—’”)_HG)(“”} (7,-)dx

_/ { plug — Ug|*+He, (o, Do) — 3pH®0(r0;®0)(P0—r0)—H®0(F0,190)] dx
+// U (U—u)dxdr

+/ / (DAU+U-V,U) - (U—u) — p(p, 9)div,U] dxds (4.1.108)
—/ / Y ps(p,0))DIO+ (¥ v;5(p, ¥)m) - V, O] dxds

+/ / ps(r,0)3,0 + ms(r,®) - V,0] dxdr

4 /0 L ((1=2) ap(r0) = 2u-v.p(r.0)) axar.
+%/OTH\/ﬁ(pH%Z(%,LZ(W))dt+/OT/T3mq)dxdW—/()T/T3VUdudt—M1+M2
Y [ [0t -po(eand + 5 Y plbju(e) dx,

>17/0 /T k>1
the proof is complete.

]

Remark 4.1.5. The relative entropy inequality is satisfied for any trio [r,®, U] provided
p,e and s satisfy the Gibbs’ relation (4.1.4) only, that is, the particular model from (4.1.2)

and (4.1.3) is not needed here.

We are now ready to prove Theorem 4.1.7, accordingly, we use Proposition 4.1.12 and a
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Gronwall type argument to prove a pathwise weak-strong uniqueness claim as follows.

Proof of the claim. :
Step 1

We begin by introducing a stopping time

TM:inf{t € (0,’()’ ”U(S,')”WI.Z(T3)> M}

Since [r,®,U] is a strong solution,

]P’[lim ‘L'M:t} =1;

M—oo

therefore, it is enough to show results for a fixed M. Furthermore, [r,®,U] = [p, ¥, u]

satisfies an equation of the form (4.1.94), with

1
ng — _U . VXU — _pr(r,®)’ DfU = (p’ D;dr = —diVx<rU).
r

Remark 4.1.6. Note that the Itd correction term in (4.1.96) vanishes for our choice of

DU.

Step 2
We proceed to recall assumptions and properties needed to show the pathwise weak-

strong uniqueness principle. For M > 0, we have

sup [|VU[|f=(p3)< c(M). (4.1.109)

1€]0,7pm]

Since r satisfies the continuity equation and hypothesis (4.1.29), then from maximum and

minimum principle we have
O0<ry<r@tnt)<ry
for some deterministic constants r;, 7. Similarly, for ® we have

0< 0y <O(At) <Op.
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The relative energy (4.1.93) can be re-written as

é"(p,E,m

1 |m
= - (513';—[-]

1
+3 /T At Teony (1) + ¢, /T REA0) 4.1.110)

r,@,U)

2

—|—E—®pS<p,E) _aPH@)(r’®)(p —I") —H@,(I‘,@)) dx

where E = pe(p, ). Let £ C (0,0) be a fixed compact set containing the trajectories

UZG[O,TM],x€T3 [r(2,x),0(t,x)]

and let /# denote its image with new phase variables
(p.0) = [p,pe(p,®)] : (0,0)* = (0,00)".
We introduce a function ®(p,E),
D cC(0,0)2,0<P<1,P|p=1,

where B is an open neighborhood of K in (0,). Accordingly, given a measurable func-

tion G(p,E,m), we set

G = Gess + Gres, Gess = P(p,E)G(p,E,m), Gres=(1—P(p,E))G(p,E,m).
(4.1.111)
Arguing similarly to the works of [47, 50], we assign Gegs to the ‘essential part’ that de-
scribes the behaviour of the non-linearity in the non-degenerate area where both p and
¥ are bounded below and above. On the other hand, Gy accounts for the ‘residual part’

that captures the behaviour in the singular regime p, % — 0 or/and p, % — oo.

On the property of Z the cut-off function we argue as follows. Let Z=Z, ;, € BC(R), —o0 <
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a<b<oo,

;

afors < a,

Zyp(s) = { sfors € [a,b] (4.1.112)

bfors > b,
\

and we fix a, b finite such that

Zap(s(P,E))]ess = (P, E)Zap(s(p, E)) = P(p, E)Z(s(p, E)) = [s(P, E)]ess-

Finally, in view of (4.1.111) we recall the coercivity properties of & proved in ([50],

Chapter 3, Proposition 3.2),

2
dx
€ss

+/T3 [1+p+p|s(p,E)|+E+|p2|] dr.  (4.1.113)

éa(PaE,m\n@,U) 2 /3 [\p—r!2+!E—re(r,®)|2+‘%—U
T

Step 3:
In view of (4.1.110) and Proposition 4.1.12, we apply the relative entropy inequality

(4.1.96) on the time interval [0, Tj/]

r,0, U) (0)

TATY
+/ Q(p,E,m
0

éa<p,E,m

r,@,U) (t A Ty) goﬂ(p,E,m

r,@,U) dt +M(t ATy), (4.1.114)

with

)L (30 o 2)e

+ [ [(pU~ m)(DYU+U-V,U) - p(p, E)div,U] dx
T

Q(p,E,m

T
/ /3 (Y1,65(p,E))D{ O+ (¥ x;5(p, E)m) - VO] dxds
T

T
+ . [ps(r,®)d0+ms(r,®) - V,0]dxdr
T

]

=]

+ . ((1——) a:p( r@)—— V.p(r, G))) dx

- VU : d%conv — / divUd Zpress-
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(4.1.115)

To apply a Gronwall’s type argument we first need to show the estimate

Q(p,&m

r,G),U) §c£’<p,E,m

r,@),U), (4.1.116)

holds for some constant ¢ > 0. We proceed by splitting terms and proving estimates

separate as follows. In view of (4.1.109), the estimate on defect measures is given by

TATy 1 [T\
/ VxU : d[%con\/ + %pressﬂ] dt S C(M) - / dtraCe [%con\/ _|_ %pressﬂ] dt.
0 T3 2Jo T3
4.1.117)

Similarly, using (4.1.109) we obtain

ol-o) e (0-3)ef = Loy
T \P p ™ [P

c(M)/T3p‘%—U

2
|V, U|dx,

2
dx.

A

Furthermore, we observe that
J m U
(pU_m)(Dt U+U'VXU) - 7 : pr(ra®) = _T 'pr(r=®)'
Consequently, (4.1.115) reduces to

Q(p,E,m

10.0) 5= [ [ [Uisips(p. 9120+ Fisis(p.)m) -V, 0]
+ /0 ! /T [p5(r,©)3,0 +ms(1,®) - V) dxdr
4 /T [p(r®)div,U— p(p. E)div, U] dx
# [ (=0 000:0) =22 9.p(:0) ~ )i, )

r,G),U) .

+c15(p,E,m

(4.1.118)
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Re-writing terms with entropy s using the notation introduced in (4.1.111) we consider

the formulation

— [ m((:5(:0)) = iis(p, E))) - V) de
+Amwwm@»memmmmw

_ }mwm06»<%mmmmmvmhx

s [ <%,x;s(p,E)>>]essat®}dx
/ V15500, E)res@® + [(x35(p, E))]res - V1O) dx 4.1.119)
/ res{(V215(5,©)) 9,0 + [Mles - (¥.1:5(r, ©))V,©) dx.

Here we bound the residual terms in (4.1.119) by applying (4.1.113). In the essential part,

we first revert to the use of original variables (p, %) and note the following

[s(p,B(p,E)) = 5(r,0)]ess = Ips(r,0)[p — rless + dos(r,®)[D(p, E) — Olless;

for such case the difference is proportional to
[p - r]gss + [E - re(r ®)]ess’

is controlled by the left hand side of (4.1.113). Consequently, taking into account the

discussions above the inequality (4.1.118) reduces to

Q(p,E,m r,G),U)
5 - /11‘3 [m(ap<%,x;s(r, ®)>[p - r]ess + 8@(%7x;s(r, @))[ﬁ(plﬂ’) — ®]ess> . Vx®] dx

[P(ap< 123 8(1,0)) [P — rless + 0o (V1 43 5(1,0)) [3(p, E) — Bless) 9, O] dx

+ / [P(rO)div,U— p(p, E)divyU] dx
T
+/T3 ((F—p)%atp(l’,®) PrU V.p(r,®) — (r,@)diva) dx

r,@,U) .

+01£(p,E,m

(4.1.120)
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Now using the fact that r and U satisfy the equation of mass continuity, we deduce the

following identity

(r_p)%atp(n@) +pr(ra®) -U-— %U'pr(ra@)) +diVxU(p(r7®) —p(p,ﬁ))
= div,U (p(n ®) —dpp(r,®)(r—p) — dyp(r,0)(® - ¥) — p(p, 19)))

+r(p —r)dps(r,0) (8,@) + U.Vx®> +r(®—0)dys(r,0®) (&@ + U.Vx®)

Accordingly, the residual part of the above expression is absorbed by left-hand side of
(4.1.28). Next applying the identity derived above, we may re-write (4.1.120) taking into

account the estimation of (4.1.119) as

Q(p,E,m r,@,U)

S /TS (P<’v ©)—dpp(r,®)(r—p) —dyp(r,®)(©— 1) — p(p, 0))) div,Udx

+C2£‘(p,E,m r,@,U).

S [l =t [E—re(n ) ds

+C3£‘<p,E,m r‘,@,U).

(4.1.121)

Finally, in view of (4.1.113), the term

[p - r]ezzss + [E - re(r7®)]ezzss

is absorbed by the left-hand side to obtain the desired form in (4.1.116).

Step 4

In view of the above estimates, the relative entropy inequality (4.1.114) reduces to

é"(p,E,m r,@,U) (t A Ty)

TAT,
§£(p,E,m n@),U) (0)+/ Mcé"(p,E,m r,G),U) (£)dt +M(t A Ty). (4.1.122)
0
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To conclude we take the expectation in [t A Tys] and apply Gronwall’s lemma yielding

E{é"(p,E,m

20,0 )t a)| <8 |4 (p.Em

r,@,U) (0)] . (4.1.123)

where

E{éa(p,E,m

r,@,U> (0)] =0

by assumptions. Therefore, we observe that

]E{@‘"(p,E?m

I’,@,U) (t A TM):| =0
forall 7 € (0,T), yielding the claim. O

Remark 4.1.77. We note arguing similarly as in the proof of Theorem 3.1.14 for an in-
compressible Euler system, the weak-strong(measure-valued) uniqueness property in law

continues to hold in the compressible Euler system.

4.1.11 Martingale solutions as measures on the space of trajectories

We dedicate this section and subsequent sections to the study of Markov selection for
the complete stochastic Euler system (4.1.17)-(4.1.19). To begin with, we address the
difficulties one encounters when applying Markov selection on systems with measures.
Accordingly, we observe that from the proof of Theorem 4.1.7, the natural filtration asso-
ciated to a dissipative measure-valued martingale solution in the sense of Definition 4.1.5
is the joint canonical filtration of [p,m, S, Zconv, Zpress: ¥ .x, W|. However, the canonical
processes [S, Zeconv, Fpress, i, «| are class of equivalences in time and not a stochastic pro-
cesses in the classical sense. Therefore, it is not obvious as to how one should formulate
the Markovianity of the system (4.1.17)-(4.1.19). To circumvent this problem, we shall

introduce new variables ., R (time integrals) such that

S = /‘Sds, R= / (%conw%press»%,x) ds.
0 0

Consequently, the notion of new variables allows us to establish the Markov selection for
the joint law of [p,m,.”,R]. In this case, the stochastic process has continuous trajecto-
ries and contains all necessary information. The initial data for [, R] is superfluous and

only needed for technical reasons in the selection process. To study Markov selection, it
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is desirable to consider the martingale solutions as probability measures &2 € Prob [Q]
such that
Q = Cioe([0,00); W43(T?)),

where k > 3/2. Adopting the set-up of Section 4.1.2 we set X = W—%2(T?). Accordingly,
let 2 denote the Borel o-field on Q. Let & = (E1,E2, &3, £4) denote the canonical process

of projections such that
§=(£1.6%86N:2-0, Lo=(.8.6.6)(0)=w W *(T), forany >0,

where the notation @y indicates that our random variable is time dependent. In addition,

let (% ):>0 be the filtration associated to canonical process given by
By = G(§|[O,t])7 1 >0,

which coincides with the Borel o-field on Q% = ([0,7];W~%2(T)). From here hence-

forth, we shall consider analysis of the dissipative martingale solutions
((Q,F,(F1)i=0,P), p,m, S, Zoonvs Fpress, V1.0, W),
in the sense of Definition 4.1.5 as probability laws 7, that is,
P—g [p,m, /0 Sds, /0 (Poons Boress, Vix) ds] € Prob|Q)].

Consequently, we obtain the probability space (Q,%,(%:)i>0,<?). Furthermore, we

introduce the space

F = {[p,m,&”,R] cF

2
/ |m—dx<oo}’
™ [P
2y

F = LY(T?) x L7T(T%) x (LY(T3)) x (W53(T3,.))? x (W 52(T3,4)).

where A = R x R3 x R. We augment F with the points of the form (0,0,.#,R) for
€ LY(T?) and R € W%2(T3,R1). Therefore, F is Polish space with metric

2 2
y Z
dr(,2) = dy (¥4 ¥, ¥%), (21,25,2°,2%)) = |ly — 2| o+ — :
T VR
(4.1.124)
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Moreover, inclusion F — X is dense. Accordingly, we define a subset

{[p,mYR]GX'p7—éOp>O/ dx<oo}.

We observe that (Y,dr) is not complete because p # 0, and the inclusion Y < X is not
dense since p > 0. The probability law Z(t,-) continues to hold (supported) in Y, and

consequently determines the set of admissible initial conditions.

Definition 4.1.6 (Dissipative measure-valued martingale solution). A borel probability
measure &2 on Q is called a solution to the martingale problem associated to (4.1.17)-

(4.1.19) provided:

(a) it holds

(E" € Cioe[0,00); (LY(T3), w)), &' > 0) =1,
(52 € Cioc[0 -<Lw<1r3>,w>>> =1,

(&% € W'=([0,00);L7(T?))) = 1,
(5“€WW;.ak

(8 Wz () Ottt (T R))) = 1
<

§4 6 weak )((0700) X T3;P(R5)))> =1L

(O,W;%+(T3,R3X3))> — 1;

RN ¥ R % 8

(b) the total energy

11E% &
¢ = - [2 51 —|—CV(€1)?’eXp(cv§1>

1 4 4
drt 5 [ Al (0 +e, [ (0

belongs to the space L (0,00) F-a.s.;

t=1 T
M;élw] —/0 /Tsiif-wdxdtzo
. t=0

for any y € C'(T?) and 7 > 0;

(¢) itholds Z-a.s.
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(d) for any ¢ € C!(T3,R3), the stochastic process

M (9): [,7] {/35’2'4:
5[3

//TS §;®§t V(P—l-étlexp(Cvél)diV(p] dxdt

4 T . 4
_/0 Vo: d‘g’,oom,dt—/o /T3 dive d@pressdt

is a square integrable ((8;),>0, &)-martingale with quadratic variation

%/Orki (/1r3€tl¢ek-¢dX)2dt;

(e) It holds #-a.s.

//T3 )i Z(8)) 0o+ (&) )zx,Z(S)ﬁl/ﬁ>~(p} dxdr

<[ fehszsnoa] A

t=0
for any @ € C'([0,00) x T3), ¢ > 0, and any Z € BC(R) non-decreasing.

(f) The stochastic process

80,7 — € — c»to——/ 1V/E I, gz @ (4.1.126)

is a square integrable ((%;);>0, Z?)-martingale with quadratic variation

%/():g(/wétzvekdx)zdt

for T > 0.
In the following we state the relation between Definition 4.1.5 and Definition 4.1.6.
Proposition 4.1.13. The following statement holds true

1. Let ((,%,(%)>0,P),p,m,S, Zeonv, Zpress, Vi x, W) be a dissipative martingale
solution to (4.1.17)-(4.1.19) in the sense of Definition 4.1.5. Then for every %-
measurable random variables [.%y,Ro] with values in ¥ € W—*2(T3) N LY(T?)
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and R € W=k2(T3 R'S) we have that
P=9 [p,m = pu,y(ﬁ—/ Yds,RO—i—/ Rds} € Prob[Q] (4.1.127)
0 0
is a solution to the martingale problem associated to (4.1.17)-(4.1.19) in the sense

of Definition 4.1.6.

2. Let & be a solution to the martingale problem associated to (4.1.17)-(4.1.19) in

the sense of Definition 4.1.6. Then there exists a dissipative martingale solution
((97 ya (yt)tzo,]?)al)?m; Sw@a)nv»%prfzss, ai/t,)mWI)

to the system (4.1.17)-(4.1.19) in the sense of Definition 4.1.5 satisfying properties

(a)-(j), furthermore, there exists W, such that
((Qvﬁu(%)tZOaP)ap7maSw%convw%press:%,x»W2)

satisfies Definition 4.1.5 property (k) and an %y-measurable random variables

[%0,Ro] for # € WR2(T3HNLY(T3) and R € WF2(T3 R') such that
P - {p,m - pu,y0+/'5ds,Ro+/'Rds] €ProblQ],  (4.1.128)
0 0

where Wi and W, correspond to Wiener process generated by momentum equation

and energy equality, respectively.

We proceed to present a proof of Proposition 4.1.13 following the arguments presented

in [12] with appropriate adjustment to our system (4.1.17)-(4.1.19).

Proof. Step 1: Definition 4.1.5 implies Definition 4.1.6.

Our aim is to show that the probability law given by (4.1.127) is a solution to the martin-
gale problem associated to (4.1.17)-(4.1.19) in the sense of Definition 4.1.6. To proceed,
we let

((Q7g7 (EI)IZ()?P))pam,S;%COHV7%preSS7 %,x;W])

be a dissipative solution martingale solution to Euler system (4.1.17)-(4.1.19) in the sense
of Definition 4.1.5 and let /), Ry| be arbitrary .%-measurable random variables with
S € WE2(T3) N LY(T?) and R € W52(T3,R13). Accordingly, we observe that prop-
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erty (a) of Definition 4.1.6 follows from properties: (c), (d),(e) and (f) in Definition 4.1.5
(the adaptedness of terms with measures are understood in the sense of random distribu-

tions, see Section 2.1) and the definition of & as the pushforward measure generated by

[p,m,.” R|.

Similarly, we note that the total energy, mass continuity equation and balance of entropy
are measurable functions on the subset Q with &2 a.s.(i.e. the law &7 is supported on
Q). Consequently, we obtain that the properties (b), (c) and (e) of Definition 4.1.6 hold.
Finally, we proceed to show that properties (d) and (f) of Definition 4.1.6 hold. This
follows from noting that the functionals .# (¢) and & are measurable on the subset of Q

where & is supported. Specifically, we re-write the equation of moment in form

=t T m®m S
. — Vo + di dxdr
o] - L[ srsren( o)
T T
_/ Vgo . dc@con\/dt - / / diV(P d:@pressdt
0 0 J13

T
:/ - po dxdW, (4.1.129)
0

P-a.s. for all ¢ € C*(T?) and all T > 0. We observe that the left hand side of (4.1.129)
is a martingale with respect to the canonical filtration generated by [p,m,.”,R]. Conse-
quently, .# (@) is subject to properties of a martingale. To show property (d) of Definition
4.1.6 we argue as follows. Let V be a stochastic process, we denote by V; ; the increments
V, — V, for s < . We consider ¢ € C*(T?) and a continuous function / : Q%] — [0, 1]

such that

Eg[h(é‘[Qs})%(q))S,l] = Ep[hqp’m?y?R]‘[O,s})gﬁ(q))s,t] =0,

=t T m®m S .
M(p) = {/wm«p}tzo—/o /1r3 {T.pr—i—pexp(cvpdlvq))} dxdt

T T
_/ V(p . d:%convdt - / / le(p d%pressdt.
0 0 JT3
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Furthermore, we deduce

E7 [1(E]10.0) [ 2% (@)]ss — 2(9)5a] = E [a([p. m, 7 R]| 0. ) I (@)]5.s — 2()s1] = O,

where

s@(«m:/;;(/T3g,l¢ek.<pdx>2dt.

Q(<p>:/0:i (/wpm-rpdx)zdr.

Accordingly, we conclude that .Z (@) is a %;-martingale with quadratic variation 2(¢).
We observe that property (f) of Definition 4.1.6 follows from arguing as in arguments of

property (d) with appropriate adjustments. This completes proof of Step 1.

Step 2: Definition 4.1.6 implies Definition 4.1.5.

To begin with, let & € Prob|Q] be a solution to the martingale problem (4.1.17)-(4.1.19)
in the sense of Definition 4.1.6. To complete step two we need to find a stochastic basis
(Z,.7,(F)i>0,), density p, momentum m, entropy S, convective (Zcony) and pres-
sure measures (Zpress), respectively, Young measure 7; , and a cylindrical (%#)- measur-

able Wiener process W such that
((97§7 (ﬁt)ZZ()?]P))ap?nLSat@COHVa%preSSa %,anj)a.j = 172;

is a dissipative solution to (4.1.17)-(4.1.19) in the sense of Definition 4.1.5. In the case
of j =1 (without labelling) we use momentum equation and argue as follows. Taking
into account property (d) of Definition 4.1.6 in conjunction with the standard martingale
representation theorem, see [35, Theorem 8.2], we deduce that there exists an extended
stochastic basis

(X, B BB R By )20, P R P,

and an (%, ® @t),zo—measurable cylindrical Wiener process Wi = Y} °_; Wyey such that

Q<<p>=;/of (/szqsek-qodx) aw;,
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where
p(o,®)=E(0), m(w,d)==E(0), Swd) =E), (4.1.130)
and

54((1)) - (%COHV(wa (D)a%press(w» @),%7x(w, Cb)) . (4-1-131)

Finally, we proceed to account for the noise term W, generated by the energy inequality.
Similarly to the case above, we apply the standard martingale representation theorem

again to the extended space (Q x Q) and obtain an extended stochastic basis

(Q X Q Xﬁ,r@@e@, (,@t@)e@?t@@t)tzo,gz@ ﬁ@?),

and an (%, ® By ®@,),Zo—measurable cylindrical Wiener process W =Y ;> | Wiey such

that

e T
&= / / 2 ber dedW,
]; o J13 5; (Pek k

with 5,1 ) 5,2, 5,3, 5? satisfying the conditions in (4.1.130)-(4.1.131), and are extended triv-

ially (with constant values w.r.t (Q). Accordingly, we let (2,.%, (% );>0, <) to be the

above extended probability space associated to the filtration (%; ® By ®@)t20, then
((Q7§7 (EI)IZ():]P)apamvS;f@COHVV%preSM %,anj)aj = 172;

is a dissipative martingale solution to (4.1.17)-(4.1.19) in the sense of Definition 4.1.5. In

addition, the following holds
P = [p,m = pu,yo-i—/ Sds,R0+/ Rds} € Prob[Q],
0 0

with (0, ®) = &3 (@) and R = (Zeony, Zpress; Vix)o(@, ®) = (0,0,0)0(®) by defini-
tion. To be precise, we conclude that applying the martingale representation theorem

twice completes proof of Step 2. [l

4.1.12 Markov selection

In this section we state and prove the strong Markov selection to the complete stochas-

tic Euler system (4.1.17)-(4.1.19). Let y € Y be an admissible initial data (condition),
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we denote by ) a solution to the martingale problem associated with (4.1.17)-(4.1.19)
starting on y at time ¢ = 0; that is, the marginal of &) att =0 is A,. We start off with the

definition of strong Markov family;

Definition 4.1.7. A family (2,),cy € Prob[Q] of probability measures is called a strong

Markov selection family provided
(1) Forevery A € %, the mapping y — ,(A) is B(Y)/%(|0,1])-measurable.

(2) For every finite (%;),>0-stopping time T, every y € Y and Z#-a.s. 0 € Q

o _ -1
c@yl%T— C@yo¢71'

Accordingly, a strong Markov family follows from the so-called pre-Markov family via

a selection procedure. Finally, we have all we need to state the following theorem.

Theorem 4.1.14. Assume (4.1.11) and (4.1.12) holds. Then there exists a family { 2y }yey
of solutions to the martingale problem associated to (4.1.17)-(4.1.19) in the sense of

Definition 4.1.6 with a.s. Markov property (as defined in Definition 4.1.3)

We set y = (y',y%,y%,y*) € Y and denote by €(y) the set of probability laws 2, €
Prob[Q] solving the martingale problem associated to (4.1.17)-(4.1.19) with initial law
[Ay]. The proof of Theorem 4.1.14 follows from applying abstract result of Theorem
4.1.3. In particular, we show that the family {%(y)}ey of solutions to the martingale

problem satisfies the disintegration and reconstruction properties in Definition 4.1.3.

Lemma 4.1.15. For eachy = (y',y*,y>,y*) € Y. The set €(y) is non-empty and convex.

Furthermore, for every &2 € € (y), the marginal at every time t € (0,00) is supported on
Y.

Proof. Assuming y € Y, application of Theorem 4.1.6 yields existence of a martingale
solution to the problem (4.1.17)-(4.1.19) in the sense of Definition 4.1.5. Consequently,
by Proposition 4.1.13 we infer that for each y € Y the set ¢’(y) is non-empty. For some
A € (0,1), we consider &}, &, € € (y) such that & = L F| + (1 —A)Z?,. Then convex-
ity follows from noting that properties of Definition 4.1.5 involve integration with respect
to the elements of % (y). In view of Definition 4.1.5 property (f) (energy equality), the
marginal & € € (y) atevery t € (0,00) is supported in Y. O
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For compactness we consider the following Lemma.

Lemma4.1.16. Lety €Y. Then € (y) is a compact set and the map € : Y — Comp(Prob[Q])

is Borel measurable.

Proof. The lemma follows from the claim: Let (y, = (p,,my,, %, Ry))eny C Y be a
sequence converging in Y to some (y = (p,m,.”,R)) with respect to the metric dr in
(4.1.124). Let &, € C(yn),n € N. Then for each (£,).cn, the sequence converges
to some & € € (y) weakly in Prob[Q]. Since Y is a metric space the measurability of
the map y — % (y) follows from using [86, Theorem 12.1.8] for the metric space (Y,dF).
Accordingly, the claim is an immediate consequence of Theorem 4.1.6. Consequently, by
Proposition 4.1.4 &7 is a solution to a martingale problem with initial law A. Therefore,

P € € (y) as required. O

Finally, we verify that € (y) has disintegration and reconstruction property in the sense of

Definition 4.1.3.

Lemma 4.1.17. The family {€ (y)}yey satisfies the disintegration property of Definition
4.1.3.

Proof. Fixy€eY, & € €(y) and let T be %,-stopping time. In view of Theorem 4.1.1,

we know there exists a family of probability measures;
Q5@ 2|% € ProblQ)]
such that

o(T) = ®(T), 2|8 a5,  P(0]or)€A 0|7 €B) :/

®ljo,71€

P15, (B)dZ(),
(4.1.132)

for any Borel sets: A C Q011 and B ¢ Q7). Here, we want to show that
dD_T@L%TE C(0(T)) fordeQ,F-as.

Thus we are seeking an & |%T -nullset N outside of which properties (a)-(f) of Definition
4.1.6 holds for ?\%T To begin with, set Ng,...,Ny to each of the properties (a)-(f) of
Definition 4.1.6, respectively, and let N = N,U- - - UNy. Arguing similarly along the lines

of [54, Lemma 4.4] and [12] we have the following observations:
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(1

2)

3)

Set

Hr = {w €Q: | g€ C([0,T:LY(T%)) x C([O,T];L%(TIG))
X W2([0,00), LY(T%)) N BV, 10 (0,00 W2 (T%)) ¢ (Wi (0,005 (T?)))? }
HT = {w € Q: 07 € C([0,00); LY(T?)) x C([O,oo);L%(’]IG))

X W2([0,00), LY(T°)) N BV 10c (0, 00, W ~H3(T%)) (inél-*(oyw;//ﬁ(T?’)))z},
in view of property (a) in Definition 4.1.6, for & we obtain
| = 2(HrOHT) = / 2|9 (HT)d2 (@),
Hy

therefore, there is an ;@@T—nullset N, such that 3”|%T (HT) = 1 holds for &-

a.a.0 € Q (i.e. the remaining @ € Q are contained in nullset N,).

Similarly, for the total energy property (b) in Definition 4.1.6 we set

Hr={0 e Q: €)1, (0,T)},

H' ={wecQ: €7 0 e (T50) }-

Since the property (b) holds & a.s., arguing as in proof for property (a) (i.e. sub-
stituting Hr and H T with $7 and $H7, respectively) we deduce that there holds

@@T (HT) = 1 for Z-a.s. ®. Consequently, this yields the nullset (Nj,).

For property (c), let (¥, ),cn be a dense subset of W*?(T?) and fix n € N. For each
n € N we assign an &-nullset N/ and set N. = |,y N/ To proceed, we split the

continuity equation as follows:

=1 r
[/ng;%} —/0 /ngf-v%dxdt:o, VO<T<T, (4.1.133)
: - :

=

=T T
[/ g,lwn] —/ / E2.Vydedt =0, VT <t<oo,  (41.134)
T3 =7 JO JT3
and consider the sets

RUr = {0 € Q: o)y r satisfies (4.1.133)}

A ={wecQ: O|[7 0 satisfies (4.1.134)}.
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As the property (c) holds for &, arguing similarly as in proof of (a) and (b) yields

a nullset N/

(4) In case of momentum equation (d), let (¢,),cn be a dense subset of Wh2(T3 R3)
and fix n € N. Similarly, we assign for each n € N an Z-nullset N} and set
Ny = U,enN). Noting that property (d) holds for &2, then (. (@,))i>0 is a

((%)i>0, Z)-square integrable martingale with quadratic variation

(2(¢n))c = %/OTI; </T3 5t1<Pek.q0)2dt;

As a consequence of Proposition 4.1.4, for &7-a.a. @ we deduce that (.#Z; (@) )i>T

isa ((e@t)tZT, :@

%T)—square integrable martingale with quadratic variation (2(@,));>7.
(5) In the entropy inequality (e), the arguments coincide with those of proof of (c).

(6) Similarly, for (f) we can argue as in the proof of (d) to obtain the nullset NJ’Z.

Choosing N = N,U - --UNy completes the proof.

]

Lemma 4.1.18. The family {€ (y) } ey satisfies the reconstruction property of Definition
4.1.3.

Proof. Fixy €Y, & € €(y) and let T be %;-stopping time. In view of Theorem 4.1.2,

suppose that Q, is a family of probability measures such that
Q30— Qp € Prob[QT™)],

is #Ar-measurable. Then there exists a unique probability measure & @7 Q such that :

(a) For any Borel set A € Q7] we have
(7 @rQ)(A) = Z(A);
(b) For @ € Q we have Z-a.s.
(2271 0)|%,= 0
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We aim to prove that fora Qg : Q — Prob[Q[T*’")]—%’T—measurable map such that there is
N € %r with Z(N) =0 and for all @ ¢ N it holds

o(T)eY and ®_1Q, € (0(T));

then (& ®r Q) € € (y). In order to do this we have to verify properties (a)-(f) in Defini-
tion 4.1.6. The proof follows along the lines of [54], Lemma 4.5. Adopting the notation
introduced in Lemma 4.1.17, we argue as follows:

Here we note that Q, is a regular conditional probability distribution of (&2 ®r Q) with

respect to Ar.

(1) Since (a) holds for Qg we have Qg (H') = 1 such that

P @r Q(Hr NHT) = /H 0u[HT]d 2 () = 1.

(2) For properties (b), (¢) and (e) of Definition 4.1.6 we argue as in property (a) (Using

the notation developed for each property, respectively).

(3) In the case of property (d),we proceed as follows:
Since (d) holds for Qg we know that (. (¢,)):>7 is a ((%;)i>1,0w)-square in-
tegrable martingale for all ¢ € C'(T?). Consequently, by Proposition 4.1.4 we
deduce that (. (@,))>1 is a (% )>1, P @1 Q)-square integrable martingale as
well. Observing that 2 and 2 @ Q coincides on Z(QT]) and (4 (@,))o<i<7 is
a ((%)o<i<r,<”)-martingale (since & satisfies property (d)) we infer that (. (¢,)):>0
is a ((%)1>0, 2 @r Q)-martingale.

(4) Property (f) follows by the same argument as in property (d) (with obvious modifi-

cations).
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5.1 Published papers

D. Breit, T. C. Moyo: Dissipative Solutions to the Stochastic Euler Equations. Journal of
Mathematical Fluid Mechanics, 23, 1-23.(2021).
T.C.Moyo: Dissipative solutions and Markov selection to the complete stochastic Euler

system, arXiv preprint arXiv:2112.09955 (2021).
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