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Abstract— This paper is concerned with sensor management for tar-
get search and track using the generalised optimal subpattern assignment
(GOSPA) metric. Utilising the GOSPA metric to predict futur e system per-
formance is computationally challenging, because of the need to account
for uncertainties within the scenario, notably the number of targets, the
locations of targets, and the measurements generated by thetargets subse-
quent to performing sensing actions. In this paper, efficient sample-based
techniques are developed to calculate the predicted mean square GOSPA
metric. These techniques allow for missed detections and false alarms,
and thereby enable the metric to be exploited in scenarios more complex
than those previously considered. Furthermore, the GOSPA methodology
is extended to perform non-myopic (i.e. multi-step) sensormanagement via
the development of a Bellman-type recursion that optimisesa conditional
GOSPA-based metric. Simulations for scenarios with misseddetections,
false alarms, and planning horizons of up to three time stepsdemonstrate
the approach, in particular showing that optimal plans align with an in-
tuitive understanding of how taking into account the opportunity to make
future observations should influence the current action. Itis concluded that
the GOSPA-based, non-myopic search and track algorithm offers a power-
ful mechanism for sensor management.

Keywords— GOSPA metric, myopic planning, multi-step planning, op-
timal control, sensor management, search, target tracking, efficient sam-
pling, Bellman recursion.

I. I NTRODUCTION

Recently, there has been great interest in sensor management
[1] for search and track of multiple targets (e.g. see [2], [3]
and references therein). In [2], [3], non-myopic (i.e. multi-
step) planning was performed using a Poisson multi-Bernoulli
mixture (PMBM) filter [4], [5] as the basis for search, and the
“predicted ideal measurement set approach” [6]1 to predict the
benefit of observing/updating a target track. The optimal con-
trol problem then used a cost function that was a weighted sum
of the integrated intensity of the PMBM density (for search)
and the sum total of the trace of each updated target covariance
(for tracking). In other recent work (see [7], [8]), non-myopic
planning approaches were developed that assumed the originof
measurements was known, allowing each detected target to be
tracked independently. An occupancy grid filter was then used
to represent the presence of undetected targets.

In [9], a sensor management approach was developed for sce-
narios with an unknown number of targets that allowed for noisy
measurements, with measurement origin uncertainty, and poten-
tially both missed detections and false alarms. The basis ofthe
approach was to use the posterior Cramér-Rao bound (PCRB)
[10] to predict multi-target tracking performance, accounting for
measurement origin uncertainty via a matrix of “information re-
duction factors” (e.g. see [11]). In conducting search to detect1The ideal measurement set approach assumes that the measurements are
error-free and there are no missed detections or false alarms.

new targets, “particles” (i.e. target hypotheses) were distributed
uniformly along the perimeter of the surveillance region, and the
probability of detecting a new target was estimated if the sensor
observed a region containing one or more hypothesis. The bi-
criterion optimisation problem then used a cost function that was
a weighted total of the multi-target PCRB and the probability of
detecting a new target. It is noted that the approach developed in
[9] built on earlier sensor management research for target track-
ing that used the PCRB as the objective function2 [12] (see also
[13]).

The generalised optimal subpattern assignment (GOSPA)
metric [14] provides a mechanism for combining together the
costs corresponding to localisation errors for properly detected
targets, and errors for missed and false targets. These three
types of errors are of major interest in multiple target estimation.
Importantly, the GOSPA metric is not prone to two erroneous
effects that hinder its predecessor, the optimal subpattern as-
signment metric (OSPA) [15], [16], specifically: (i): the OSPA
metric does not necessarily increase as the number of false tar-
gets increases [14]; and: (ii): the OSPA metric is prone to the
“spooky effect” in optimal metric-based estimation [17].

In order to use the GOSPA metric as the basis forpredictive
sensor management, it is necessary to account for uncertainties
within the scenario, namely the number of targets, the locations
of targets, and the measurements generated by the targets asa
result of performing sensing actions. To this end, the GOSPA
metric is averaged over these uncertainties to provide the av-
erage minimum mean squared GOSPA (AMMS-GOSPA) error
[18].

Calculating the AMMS-GOSPA is computationally challeng-
ing, because of the required averaging across the uncertain-
ties, and the minimisation (within the GOSPA metric). Con-
sequently, in [18], sensor management was demonstrated for
relatively simple scenarios with just a single action (i.e.my-
opic planning), and a single target state hypothesis, (represented
by a Dirac delta function) per target. Either one target or two
well separated targets were considered3. The AMMS-GOSPA
was calculated analytically, and the resulting sensor manage-
ment strategies demonstrated the tradeoff between sensingcosts
and the probability of target existence, with (all else being equal)
the target(s) more likely to be observed as the probability of ex-2The PCRB was shown to offer an accurate mechanism for predicting track-
ing performance, allowing sensor management to be performed in time-critical
applications.3The separation of the targets allowed the GOSPA metric to be summed across
the two targets.
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istence increased or the sensing costs decreased. Also of note,
in [19, Chapter 6], myopic GOSPA-based sensor management
was performed using a Bernoulli-Gaussian approximation ofthe
conditional squared GOSPA error. However, the algorithm de-
veloped in [19, Chapter 6] is for track-before-detect applica-
tions, and is therefore not suitable for the detection-based mea-
surement model that is the focus of the current paper.

Building on this previous research, this article provides de-
tails of the following theoretical advancements:

1. Analytical calculation of the MS-GOSPA for different com-
binations of measurements and actions.

2. The development of efficient sampling techniques (i.e. of
the measurements), to reduce the computational complexityof
calculating the AMMS-GOSPA error.

3. The development of an optimal non-myopic planning (Bell-
man type, e.g. [20]) recursion that exploits the conditional
AMMS-GOSPA error.

Efficient calculation of the AMMS-GOSPA allows the GOSPA
metric to be exploited in scenarios significantly more complex
than those considered in [17], [18]. To this end, the approach
is demonstrated in performing sensor management with: (i):a
high degree of uncertainty in each target location4, with the prior
distribution represented by a mixture of weighted Dirac delta
functions, e.g. as in a particle filter estimate [21]; and (ii): time
horizons with multiple time steps (i.e. non-myopic planning).

The remainder of this paper is as follows. In Section II, a re-
view of the GOSPA metric is provided. In Section III, detailsare
provided of the existing state-of-the-art regarding utilising the
GOSPA metric for predictive sensor management via optimising
the AMMS-GOSPA error. In Section IV, the AMMS-GOSPA is
generalised to multiple time step scenarios, and analytical equa-
tions for the MMS-GOSPA error are calculated. In Section V,
efficient sample-based approximations of the AMMS-GOSPA
error are presented, along with baseline tests applying theap-
proaches to a scenario from [18] in which the optimal solution
was determined analytically. It is shown that an efficient sam-
pling approach determines the optimal solution with a circa250
times reduction in computational expensive compared to a sam-
pling approach that does not take into account the possible mea-
surement sequences. In Section VI, the optimal non-myopic
planning approach is presented, along with a suboptimal ap-
proach and a baseline approach that minimises target localisa-
tion errors. In Section VII, simulation results demonstrate the
multi-step planning approaches, and in particular show that the
optimal actions align with an intuitive understanding of how tak-
ing into account the ability to make further observations should
influence the current observation. In Section VIII, a Summary
and Conclusions are provided. Finally, in an Appendix, it is
proven that when the ideal measurement set approximation is
used (but allowingPd < 1), the optimal non-myopic planning
approach generates identical solutions to a commonly imple-
mented suboptimal approach.

II. GOSPA METRIC

This section reviews the GOSPA metric. We first present the
notation and then its definition.4E.g. representing a search track, or a target that has not yetbeen accurately
geo-located.

A. Notation

Let  andp be two real numbers such that > 0 and1 � p <1. Letd (�; �) denote a metric on the single target space5, which
is typicallyRnx .

Let X = �x1; :::; xjXj	 andY = �y1; :::; yjY j	 denote two
finite sets of targets, withjX j � jY j, andjX j being the cardinal-
ity (number of elements) of the setX . In the context of target
tracking,X typically represents the set of target ground-truth
states, andY the set of target state estimates.

Let  be an assignment set betweenf1; :::; jX jg andf1; :::; jY jg, which satisfies � f1; :::; jX jg � f1; :::; jY jg,(i; j) ; (i; j0) 2  ! j = j0, and(i; j) ; (i0; j) 2  ! i = i0.
The last two properties ensure that everyi andj have at most
one assignment. The set of all possible is denoted by�.

B. Metric

The GOSPA metric, with parametersp and, betweenX andY (for � = 2) is given as follows (see [14, Proposition 1]):d(;2)p (X;Y ) , min2�  X(i;j)2 �d (xi; yj) �p (1)+p2 � jX j � jj+ jY j � jj �!1=p
The first term in (1) represents the localisation errors (to thep-
th power) for assigned targets (properly detected ones), which
meet(i; j) 2 . The termsp2 (jX j � jj) and p2 (jY j � jj)
represent the costs (to thep-th power) for missed and false tar-
gets respectively.

Compared to the OSPA metric, the GOSPA metric has an
additional parameter� that controls the cardinality mismatch
penalty. Importantly, as shown in equation (1), only for� = 2
can the GOSPA metric be written in terms of costs correspond-
ing to localisation errors for properly detected targets, missed
and false targets, which are usually the penalties of interest
in multiple target estimation. Consequently,� = 2 is used
throughout this paper.

III. E XPLOITATION OF THE GOSPA METRIC FORMYOPIC

SENSORMANAGEMENT

In order to use the GOSPA metric for predictive sensor man-
agement it is necessary to account for potential target state and
measurement origin/accuracy uncertainties. To this end, the fol-
lowing errors are determined (see [18]).

A. Mean Squared GOSPA (MS-GOSPA) Error

Given an actiona 2 A (e.g. sensor mode or steer direction),
and a resulting measurementz, a posterior multi-target state es-
timateX̂(z; a) can be determined. The resulting mean squared
GOSPA (MS-GOSPA) error givenz anda is then defined as
follows:

MS-GOSPA(X̂ ; z; a), EX ��d(;2)2 �X; X̂(z; a)��2����z; a� (2)= ZX �d(;2)2 �X; X̂(z; a)��2p (X jz; a) dX (3)5In this paper, the metricd (�; �) will denote the geo-location distance (error)
between the target (typically denoted byX) and the target state estimate (typi-
cally denoted byX̂).
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B. Minimum MS-GOSPA (MMS-GOSPA) Error

The minimum MS-GOSPA (MMS-GOSPA) error is achieved
by selecting the estimatêX(z; a) to minimise equation (3), i.e.:

MMS-GOSPA(z; a) (4)= minX̂(z;a) ZX �d(;2)2 �X; X̂(z; a)��2p (X jz; a)dX
C. Average MMS-GOSPA (AMMS-GOSPA) Error

The average MMS-GOSPA (AMMS-GOSPA) for actiona,
averaged over the measurementz is then given as follows:

AMMS-GOSPA(a), Ez �MMS-GOSPA(z; a)� (5)= Zz MMS-GOSPA(z; a)p(z; a)dz (6)

For each pair(z; a), the AMMS-GOSPA selects the estimateX̂(z; a) that minimises the MS-GOSPA metric, and then aver-
ages over the value ofz. The AMMS-GOSPA therefore gives
the average minimum MS-GOSPA, taking into account both un-
certainty in the target stateX , and uncertainty in the measure-
mentz for each potential actiona.

D. Optimal Action

Selecting the actiona that minimises the sum total of the
AMMS-GOSPA error and sensing costs (if applicable) provides
a mechanism for performing (myopic) sensor management, en-
abling the system to balance the objectives of (i): minimising
localisation errors for properly detected targets, and: (ii): min-
imising cardinality errors resulting from missed and falsetar-
gets, (iii): minimising sensing costs.

E. Computational Complexity

Clearly, calculating the AMMS-GOSPA is computationally
challenging, because of the averaging performed (overX given(z; a), and thenz given a), and the minimisations (within the
GOSPA metric, and then over all potential posterior estimates).
Consequently, e.g. in [18], sensor management was demon-
strated for a relatively simple scenario with just a single action
(i.e. myopic planning), and a single potential target location hy-
pothesis.

In this paper, efficient techniques are developed to calculate
the AMMS-GOSPA, enabling the metric to be used as a basis
for performing sensor management in more complex scenarios
(i.e. with targets whose states are highly uncertain, and multiple
time steps).

IV. M ULTIPLE TIME STEP AMMS-GOSPA ERROR

In this section the AMMS-GOSPA error is determined for a
time window containing multiple time steps.

A. Decomposition Over Time Steps

To extend the methodology to calculate the multiple time step
AMMS-GOSPA error, some additional notation is required. LetT � 1 denote the number of time steps considered (e.g.T = 1
denotes myopic planning). Let:X̂1:T , �X̂1; : : : ; X̂T � (7)

whereX̂1:T is a sequence of sets of target state estimates at
times 1 throughT . Similarly, let a1:T , (a1; : : : ; aT ) de-
note the sensor actions at times 1 throughT ; and letz1:T ,(z1; : : : ; zT ) denote the sensor measurements at times 1 throughT .

The MS-GOSPA error at timet is then given as follows:

MS-GOSPA(X̂t; z1:t; a1:t) (8)= ZXt �d(;2)2 (Xt; X̂t(z1:t; a1:t))�2 p(Xtjz1:t; a1:t)dXt
The multiple step MS-GOSPA error is the discounted sum of
MS-GOSPA errors at times 1 throughT , i.e.:

MS-GOSPA1:T (X̂1:T ; z1:T ; a1:T ) (9)= TXt=1 �t�1MS-GOSPA(X̂t; z1:t; a1:t)
where the parameter� 2 [0; 1℄ is the discount factor.

The multiple step MMS-GOSPA is then defined as follows:

MMS-GOSPA1:T (z1:T ; a1:T ), minX̂1:T h TXt=1 �t�1MS-GOSPA(X̂t; z1:t; a1:t)i (10)= TXt=1 �t�1minX̂t hMS-GOSPA(X̂t; z1:t; a1:t)i (11)= TXt=1 �t�1MMS-GOSPA(z1:t; a1:t) (12)

where:

MMS-GOSPA(z1:t; a1:t) (13), minX̂t hMS-GOSPA(X̂t; z1:t; a1:t)i
The simplification in (11) is because givenz1:t and a1:t, the
MS-GOSPA at each time stept is dependent only on the tar-
get state estimatêXt at that time, and critically is independent
of X̂1:t�1, and also independent of̂Xt+1:T (i.e. estimates that
perform smoothing are not considered).

The AMMS-GOSPA error at times 1 throughT is then given
as follows:

AMMS-GOSPA1:T (a1:T ), Zz1:T MMS-GOSPA1:T (z1:T ; a1:T ) (14)�p(z1:T ; a1:T )dz1:T= TXt=1 �t�1AMMS-GOSPA(a1:t) (15)

where:

AMMS-GOSPA(a1:t) (16), Zz1:t MMS-GOSPA(z1:t; a1:t)p(z1:t; a1:t)dz1:t
It is noted that equation (15) does not rely on any assumptions,
e.g. regarding the number of targets or the number of sensors.
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B. Target Hypotheses

For the remainder of this article, it is assumed that there is
either zero or one target in the focal scenario6. Let the set of
potential target hypotheses be denoted by:

target hypotheses,X = fx0; x1; : : : ; xng (17)

where “x0 = �” denotes the hypothesis that a target is not
present, andxi, i = 1; : : : ; n denotes the hypothesis that a tar-
get exists and its state is given byxi. The prior probability ofX
is given as follows:f(X) = � rwiÆ(X � xi) for i = 1; : : : ; n1� r otherwise

(18)

wherer is the probability of target existence, andwi denotes the

weight of each location hypothesis, with
nXi=1 wi = 1.

Note thatf(X) is a Bernoulli density with probability of exis-
tencer and whose single target density is a mixture of weighted
Dirac delta functions (e.g. as in a particle filter implementation
[21]). The probability of target existence remains fixed through-
out (i.e. it is assumed that the probability of survival is unity). It
is also noted thatxi (i � 1) will generally depend ont (unless
the target is stationary). For brevity, this dependency is omitted
from the notation.

In applications in which a particle filter is not used to esti-
mate the target state(s), the hypotheses represent samplesdrawn
from the target probability density functions (in trackingappli-
cations), or samples drawn from a region under surveillance(in
search applications).

C. Calculation of the MS-GOSPA Error at Each Time Step

The MS-GOSPA error at timet (given by equation (8)) can
be written in terms of the target hypotheses as follows:

MS-GOSPA(X̂t; z1:t; a1:t) (19)= nXi=0 �d(;2)2 (xi; X̂t(z1:t; a1:t))�2 p(xijz1:t; a1:t)
The probabilityp(xijz1:t; a1:t) can be written as follows (fori � 0): p(xijz1:t; a1:t) = p(z1:tjxi; a1:t)p(xi)t (20)= p(xi)t tYj=1 p(zj jxi; aj) (21)

wherep(xi) denotes the prior probability of hypothesisi being
true, i.e.: p(xi) = � rwi for i > 0(1� r) otherwise

(22)

andt is a normalising constant that ensures that:nXi=0 p(xijz1:t; a1:t) = 16The generalisation to scenarios to multiple targets is straightforward, pro-
vided that the targets are well separated. Indeed, in [18], it was shown that the
AMMS-GOSPA was additive across the Bernoulli components for well sepa-
rated targets. In scenarios with targets that are in close proximity to each other,
the analytical results presented later in Section IV-D no longer hold, and the
AMMS-GOSPA error must also consider the optimal assignmentbetween the
hypothesised targets and the target state estimates.

D. Analytical Calculation of the MMS-GOSPA Error

Based on the measurementsz1:t and action sequencea1:t, the
following two target state estimateŝXt are considered:X̂t = � (i.e. no target is present) (23)X̂t = nXi=1 wi1:txi , X̂e (24)

wherewi1:t are the posterior hypothesis weights based on the
measurementsz1:t and action sequencea1:t, given as follows
(for i � 1): wi1:t / p(xijz1:t; a1:t) (25)= p(z1:tjxi; a1:t)p(xi)�t (26)= p(xi)�t tYj=1 p(zj jxi; aj) (27)

and�t is a normalising constant that ensures that
nXi=1 wi1:t = 1.

It then follows from equations (21) and (27) that:p(xijz1:t; a1:t) = �twi1:t=t (28)

Summing equation (28) overi = 1; : : : ; n, it follows that�t=t
gives the posterior probability that a target is not present.

To proceed, it is straightforward to show the following:d(;2)2 (x0; �) = 0 (29)

(i.e. no target is present or estimated to be present)d(;2)2 (xi; �) = =p2 for i > 0 (30)

(i.e. the target is missed, cardinality error= 1)d(;2)2 (x0; X̂e) = =p2 (31)

(i.e. a target is incorrectly estimated to be present,

cardinality error= 1)d(;2)2 (xi; X̂e) = min �d(xi; X̂e); � (32)

whered(xi; X̂e) is the distance between the hypothesisxi and
the estimateX̂e, and is the cut-off. It is noted thatd(;2)2 () is
actually a distance between sets, so one could writefxig instead
of xi, andfX̂eg instead ofX̂e etc. The simplified notation is
used for brevity.
The square of the truncated distance error in equation (32) can
be written as follows:hd(;2)2 (xi; X̂e)i2 = id(xi; X̂e)d(xi; X̂e)2 (33)+�1� id(xi; X̂e)�2
whereid(xi; X̂e) = 1 if d(xi; X̂e) � , andid(xi; X̂e) = 0
otherwise.

It then follows from equations (19) and (29) – (30) that:

MS-GOSPA(X̂t = �; z1:t; a1:t)= 22 nXi=1 p(xijz1:t; a1:t) (34)= 22 �1� p(x0jz1:t; a1:t)� (35)
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Equation (35) gives the squared cost of a cardinality error,
weighted by the posterior probability that a target is present,
based on the measurementsz1:t and action sequencea1:t.

To continue, from equations (19) and (31) – (33) it follows
that:

MS-GOSPA(X̂t = X̂e; z1:t; a1:t)= 22 p(x0jz1:t; a1:t) + nXi=1 hid(xi; X̂e)d(xi; X̂e)2 (36)+�1� id(xi; X̂e)2�ip(xijz1:t; a1:t)
This can be written as follows:

MS-GOSPA(X̂t = X̂e; z1:t; a1:t) (37)= 22 p(x0jz1:t; a1:t)+�1� p(x0jz1:t; a1:t)� 2Xl=1 V̂l(x) + 2Tw1:t(X̂e)!
where: V̂l(x) = Ew1:t �x(l)2�+ Ew1:t [x(l)℄2 (38)�2Ew1:t [x(l)℄ Ew1:t [x(l)℄wi1:t = wi1:tid(xi; X̂e) for i = 1; : : : ; n (39)Ew1:t [x(l)m℄ = nXi=1 wi1:txi(l)m for m = 1; 2 (40)Tw1:t(X̂e) =  1� nXi=1 id(xi; X̂e)wi1:t! (41)

where V̂l(x) denotes the cross-covariance of the (posterior)
weighted samples of thel-th dimension (denotedx(l)) of the
target state (hereinx(1) andx(2) denote thex- and y- coor-
dinates of the target state respectively), based on the measure-
mentsz1:t and action sequencea1:t. Tw1:t(X̂e) denotes the sum
of weighted samples for which the estimation error exceeds,
given that a target exists.

The first term on the right-hand side of equation (37) is the
squared cost of a cardinality error, multiplied by the posterior
probability that a target is not present. The second term is the
average estimation error squared (adjusted for a maximum esti-
mation error squared of2) of the posterior estimatêXe, multi-
plied by the posterior probability that a target is present.

The MMS-GOSPA(z1:t; a1:t) is then given by the minimum
of (35) and (37).

E. Target State Estimation in the Presence of Clutter

In the presence of clutter, the expected likelihood particle fil-
ter (ELPF) approach is used [23] to determine the posterior hy-
pothesis weights and target state estimates. These are usedin
the calculation of the performance metrics for the three (i.e.
optimal, suboptimal, and baseline) control approaches. The
ELPF approach is analogous to the probabilistic data associa-
tion Kalman filter (e.g. see [24]).

If the target is within the field-of-view (FOV) of the sensor,it
is detected with probabilityPd. Conditional on target hypothe-
sisi > 0, each target generated measurement is sampled from a
Gaussian distribution with meanxi and covariance�. It is as-
sumed that the number of false alarms at each sampling time has

a Poisson distribution with mean�FAV , where�FA is the false
alarm rate per unit volume of the observation region, andV is
the volume of the FOV of the sensor. False alarms are uniformly
distributed within the FOV of the sensor.

Excusing an abuse of notation, letZ = fz1; : : : ; zNg denote
a vector ofN measurements (i.e. a maximum of one target gen-
erated measurement plus false alarms) at any given sampling
time. Using the ELPF approach, the measurement likelihood
(used to calculate the posterior hypothesis weights, and the sub-
sequent posterior target state estimate), forN > 0, is given as
follows [23]:p(Zjxi; a) /8>>>>><>>>>>: �FA(1� Pd) + Pd NXk=1N (zk;xi;�)

if i > 0 andxi 2 FOV(a)�FA
otherwise

(42)

whereN (zk;xi;�) denotes the Gaussian probability density
function evaluated atzk for a distribution with meanxi and er-
ror covariance�. ForN = 0, Pr(N = 0jxi; a) / (1 � Pd)
if i > 0 andxi 2 FOV(a); andPr(N = 0jxi; a) / 1 other-
wise. The posterior hypothesis weights at each sampling time t
are then given by equation (27), from which the posterior target
state estimate can be determined via equation (24).

V. SAMPLE-BASED ESTIMATION OF THE AMMS-GOSPA
ERROR

A. General Sampling Approach

The AMMS-GOSPA at timet can be written as follows:

AMMS-GOSPA(a1:t)= Zz1:t MMS-GOSPA(z1:t; a1:t)p(z1:t; a1:t)dz1:t (43)= ZX Zz1:t MMS-GOSPA(z1:t; a1:t) (44)�p(z1:tjX; a1:t)p(X)dz1:tdX= nXi=0 p(xi) Zz1:t MMS-GOSPA(z1:t; a1:t) (45)�p(z1:tjxi; a1:t)dz1:t
wherep(xi) is given by equation (22).

A sample-based approximation is then given as follows:

AMMS-GOSPA(a1:t) (46)� 1m nXi=0 p(xi) mXl=1 MMS-GOSPA(zl1:t(xi); a1:t)
wherezl1:t(xi) arem measurement samples, conditional on the
target hypothesisxi. In the most general case there can be mul-
tiple measurements per time step, which can include both target
generated measurements and false alarms.

B. Efficient Sampling Approach – Conditioning on the Mea-
surement Sequence

In this section, the sample-based AMMS-GOSPA error is
simplified to take into account the sequence of target detections
and missed detections.
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AMMS-GOSPA(a1:t) � 1nh nXi=0 p(xi) 2tXm=1Pr�s1:t(m)jxi; a1:t� nhXj=1 MMS-GOSPA
�zij1:t(m); a1:t� (47)

The measurement vector at each time step can include a max-
imum of one target generated measurement plus false alarms.
For notational brevity and ease of understanding, the deriva-
tions are presented for a single sensor scenario. However, the
approach can be readily applied to scenarios in which there are
multiple sensors.

Let s1:t(m) = (s1(m); : : : ; st(m)) denote a sequence of tar-
get detections and missed detections at times 1 throught, withsk(m) = 0 or 1. The number of potential detection sequences
is 2t. Pr�s1:t(m)jxi; a1:t� is the probability of the sequences1:t(m) occurring, conditional on the target hypothesisi and ac-
tionsa1:t. This is given as follows:Pr�s1:t(m)jxi; a1:t� = tYk=1Pr(sk(m)jxi; ak) (48)

where:

if i = 0; or i > 0 andxi =2 FOV(ak) :Pr(sk(m) = 0jxi; ak) = 1
if i = 0; or i > 0 andxi =2 FOV(ak) :Pr(sk(m) = 1jxi; ak) = 0
if i > 0 andxi 2 FOV(ak) :Pr(sk(m)jxi; ak) = P sk(m)d (1� Pd)1�sk(m)

for sk(m) = f0; 1g (49)

andPd is again the probability of detection on each sensor scan
for a the target that is within the FOV of the sensor. Equation
(45) can then be approximated as shown in equation (47), wherenh is the number of measurement samples per target hypothesis
and measurement sequence pair.

The measurement sequenceszij1:t(m) , �zij1 (m); ::; zijt (m)�,i = 0; : : : ; n, j = 1; : : : ; nh andm = 1; : : : ; 2t can include
both target generated measurements and false measurements,
with a target generated measurement occurring at timek only ifsk(m) = 1.

In the approximation (47), the computation is simplified by
the fact that the summations need only be performed for detec-
tion sequences for whichPr�s1:t(m)jxi; a1:t� > 0. For exam-
ple, fori = 0 the only possible sequence has no target detection
on any time step (because there is no target under this hypoth-
esis). Equally, fori > 0, sequences for whichsk = 1 whenxi =2 FOV(ak) can also be discounted (i.e. a target cannot be
detected if it is outside of the sensor FOV).

Therefore, the total number of samples ofz1:t used in calcu-
lating the AMMS-GOSPA via equation (47) is(2tn+1)nh, and
increases exponentially with the number of time stepst.
C. Computational Complexity

On first viewing, the approximation (47) would appear to be
significantly more complex, and require a greater number of

samples, than the approximation (46). However, the approxi-
mation (47) accounts for all potential sequences of target de-
tections and missed detections, whereas the approximation(46)
does not. Consequently, the number of samplesm required in
the approximation (46) is significantly greater than the number
of samplesnh in the approximation (47). This is because the
approximation (46) must contain enough samples to account for
the target probability of detection.

For example, if the measurements are extremely accurate, itis
feasible to allownh = 1 in (47), whereasm > 100 is required
for an accurate estimate using (46), even in the simplest case
with t = 1. If measurements are less accurate, a large number
of samplesnh may be required irrespective of the approximation
used. This significantly increases the computational expense
of the optimisation algorithm, which is already computationally
expensive fort > 1.

D. Demonstration

This scenario is identical to analysis I in [18]. There is one
potential target location hypothesisx1 (therefore,n = 1), and
just a single time step (i.e.t = 1). If the sensor observes the
potential location of the target, it generates a perfect measure-
ment of the target state7 with probabilityPd = 0:6. There are
no false alarms. The cost of a cardinality error is = 10km. It
is noted that the units of cardinality errors and sensing costs are
both kilometres, in order to balance the units with the distance
metricd(xi; X̂e), which is measured in kilometres.

There are two possibilities for the target state estimate,X̂(z; a):X̂(z; a) = � (no target is present)X̂(z; a) = x1 (the potential target location)
(50)

There are also two possible actionsa, these being “do not at-
tempt an observation/measurement” and “observe the potential
target location”.

The analytical solution determined in [18] is compared to the
solutions generated via the following three sample-based ap-
proaches:

1. Approach 1: The general sampling approach described in
Section V-A, with the MMS-GOSPA for each sample calculated
via equation (4).

2. Approach 2: The general sampling approach, exploiting the
analytical calculations of the MMS-GOSPA provided in Section
IV-D.

3. Approach 3: The efficient sampling approach described in
Section V-B, exploiting the analytical calculations of theMMS-
GOSPA and the known probability of detection.

The results are shown in Table I and Figure 1, with a range of
values of the sensing costs 2 (0; 20] km (which are added to
the AMM-GOSPA error) andr 2 [0; 1℄ evaluated.7In [18], the measurement probability density function was specified via the Dirac delta function. Herein, the measurement has a Gaussian distribution with meanx1 and error covariance� = diag(10�10; 10�10).



7

TABLE I

RUN-TIME PER OPTIMISATION(AVERAGED ACROSS EACH COMBINATION OFr AND s THAT IS CONSIDERED) AS A FUNCTION OF THE NUMBER OF

SAMPLES. (A): GENERAL SAMPLING APPROACH. (B): AS IN (A), BUT EXPLOITING THE ANALYTICAL RESULTS OF SECTION IV-D. (C): THE EFFICIENT

SAMPLING APPROACH AGAIN EXPLOITING THE ANALYTICAL RESULTS. ALL COMPUTATIONS WERE PERFORMED USING ANINTEL R CORETM I7-8750H

(2.6GHZ) PROCESSOR.

(A) (B) (C)
Samples(m) Run-time (ms) Samples(m) Run-time (ms) Samples(nh) Run-time (ms)

10 0.3 10 0.1 1 0.08
100 2 100 0.3

1,000 20 1,000 3
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(a): m = 10 samples
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(b): m = 100 samples
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(c): m = 1,000 samples
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(d): nh = 1 sample

Fig. 1. Optimal action for each sensing cost and probabilityof target existence. Key: blue regions: do not make an observation/measurement, yellow regions:
observe the potential target location. In(a) – (c): the general sampling approach of Section V-A are used. In(d): the efficient sampling approach of Section
V-B is used.
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The solutions generated using the efficient sampling approach
shown in Figure 1(d) are identical to the analytical resultsshown
in Figure 2 in [18]8. Moreover, these solutions require only a
single sample (i.e.nh = 1).

However, the general sampling approaches 1–2 generate so-
lutions that can be different at the decision boundary (see Fig-
ures 1(a)–(c)), particularly if a relatively small number of sam-
ples are used. Furthermore, the general sampling approach that
calculates the MMS-GOSPA from first principles, via equation
(4) (i.e. Approach 1) has a computational time circa 250 times
greater than the efficient sampling approach, in order to deter-
mine comparable (but still occasionally sub-optimal) solutions
(e.g. compare Table I(A):m = 1000 with Table I(C):nh = 1).

VI. N ON-MYOPIC (MULTI -STEP) SENSORPLANNING

A. Suboptimal Control Approach

A.1 Motivation

In this section, a suboptimal planning approach is introduced.
The primary reason it is suboptimal is that due to the way in
which averaging across measurements is performed, the action
calculated at each sampling time depends only on the actionsat
the previous sampling times, and is independent of the measure-
ments generated at those times. Expressing this another way,
the first action does not anticipate how the measurements that
are subsequently generated will impact on future actions that
are dependent on the realisation of the measurements.

This formulation is shown later (in Section VI-B) to gener-
ate a solution with an overall cost that is an upper bound on the
overall cost of a solution calculated via a second recursivefor-
mulation that conditions on previous measurements. The second
formulation is referred to as the “optimal control approach”.

A.2 Overall Cost Function

The cost function is the AMMS-GOSPA error, and it is as-
sumed that there are no sensing costs. Let:rt(z1:t; a1:t) , MMS-GOSPA(z1:t; a1:t) (51)Vt:T (a1:T ) , Ezt:T jz1:t�1 " TXl=t �l�1rl(z1:l; a1:l)# (52)

where MMS-GOSPA(z1:t; a1:t) is given by the minimum of (35)
and (37). The overall cost function of the actionsa1:T is then
given as follows:C(a1:T ) = AMMS-GOSPA1:T (a1:T ) (53)

It then follows from equation (15) thatC(a1:T ) = V1:T (a1:T ).
A.3 Optimisation

An actiona?1 at each time step can be determined to minimise
the overall cost functionC(a1:T ), i.e.:a?1 = argmina1 hmina2:T �C(a1:T )�i (54)

The minimum value of the cost functionC(a1:T ) can then be
written as follows:mina1:T hC(a1:T )i = mina1:T hV1:T (a1:T )i , V ?1:T (55)

This is a commonly used approach (e.g. see [2, equation (24)]
and [3, equation (28)]).

It is noted that each actional, l = 2; : : : ; T is dependent
on the previous actionsa1; : : : ; al�1 but is independent of the
potential measurements, due to the expectation overz1:T in
the cost functionC(a1:T ). It is also noted that actionsal,l = 2; : : : ; T may never be realised, because at the next time
step, the situation awareness picture will be updated (it isde-
pendent on the measurement generated following the actiona?1),
and the optimisation (54) will be repeated for the new sliding
window ofT time steps. This is the basis of standard receding
horizon planning (e.g. see [22]).

B. Optimal Control Approach

B.1 FormulationV ?t:T can be written as shown in equations (60) – (62). The
inequalities (63) – (66) are then true, via interchangingminat+1:T
andEzt jz1:t�1 in the second term of equation (62)9.

Inequalities (65) and (66) (of Bellman type, e.g. see [20]) fol-
low by recursion of inequality (63). For the suboptimal control
approach,C?1:T = V ?1:T . Clearly this cost in an upper bound on
the Bellman type equation (66) for all values ofT .

Motivated by this finding, the “optimal control approach” de-
termines each action̂a?1 via equation (68). It is important to note
that each minimisation (i.e. minimum with regard toat) in equa-
tion (68) is conditional on both the previous actionsa1:t�1 and
the previous measurementsz1:t�1.

As an illustrative example of the approach, forT = 2:â?1 = argmina1 Ez1 hr1(z1; a1) (56)+�mina2 Ez2 jz1�r2(z1:2; a1:2)�i
where:â?2(z1; a1) = argmina2 Ez2 jz1�r2(z1:2; a1:2)� (57)V̂ ?2:2 = �mina2 Ez2 jz1�r2(z1:2; a1:2)� (58)V̂ ?1:2 = mina1 Ez1 hr1(z1; a1) + V̂ ?2:2i (59)

When using the ideal measurement approach (but allowingPd < 1), the optimal and suboptimal approaches generate iden-
tical actions, i.e.a?1 = â?1. This follows from the fact that in
this case, the MMS-GOSPA error at each timet is only non-
zero if measurements are not generated at times 1 throught (see
Appendix for full details).8The analytical results demonstrate that it is optimal to attempt a measurement if the probability of existence is not toolow or too high, with the decision boundary

dependent on the magnitude of the sensing costs. For very high sensing costs, it is never optimal to attempt ameasurement. Conversely. fors = 0 (not shown, ass � 0:1 in Figure 1), is is optimal to always attempt a measurement irrespective of the existence probability.9These inequalities follow from the fact thatminat+1:T Ezt jz1:t�1 [�℄ � Ezt jz1:t�1 � minat+1:T [�℄� with equality only if the function� is independent of the

variablezt. Putting it another way, the minimum of a sum is greater than the sum of the individual minimums.



9V ?t:T = minat:T Ezt jz1:t�1 "Ezt+1:T jz1:t� TXl=t �l�1rl(z1:l; a1:l)�# (using Bayes’ rule) (60)= minat:T Ezt jz1:t�1 "�t�1rt(z1:t; a1:t) + Ezt+1:T jz1:t� TXl=t+1�l�1rl(z1:l; a1:l)�# (61)

(using the fact thatrt(z1:t; a1:t) is conditional only onz1:t anda1:t)= minat (Ezt jz1:t�1 ��t�1rt(z1:t; a1:t)�+ minat+1:T �Ezt jz1:t�1hEzt+1:T jz1:t� TXl=t+1�l�1rl(z1:l; a1:l)�i�) (62)

(using the fact thatEzt jz1:t�1 [rt(z1:t; a1:t)℄ is independent ofat+1:T )V ?t:T � minat Ezt jz1:t�1 "�t�1rt(z1:t; a1:t) + minat+1:T Ezt+1:T jz1:t� TXl=t+1�l�1rl(z1:l; a1:l)�# (63)= minat Ezt jz1:t�1h�t�1rt(z1:t; a1:t) + V ?t+1:T i (64)� minat Ezt jz1:t�1��t�1rt(z1:t; a1:t) + minat+1 Ezt+1 jz1:th�trt+1(z1:t+1; a1:t+1) + V ?t+2:T i� (65)

...� �t�1minat Ezt jz1:t�1"rt(z1:t; a1:t) + �minat+1 Ezt+1 jz1:t�rt+1(z1:t+1; a1:t+1) (66)+�minat+2 Ezt+2 jz1:t+1hrt+2(z1:t+2; a1:t+2) + : : :+ �minaT EzT jz1:T�1�rT (z1:T ; a1:T )�i�#, V̂ ?t:T (= optimal overall cost) (67)â?1 = argmina1 Ez1"r1(z1; a1) + �mina2 Ez2 jz1�r2(z1:2; a1:2) (68)+�mina3 Ez3 jz1:2hr3(z1:3; a1:3) + : : :+ �minaT EzT jz1:T�1�rT (z1:T ; a1:T )�i�#
B.2 Calculating the Conditional AMMS-GOSPA Error

The optimal control approach requires calculation of the
AMMS-GOSPA at each timet+ 1, conditional on the previous
measurementsz1:t and all actionsa1:t+1. Similar to the calcu-
lation of the (unconditional) AMMS-GOSPA in Section V, the
conditional AMMS-GOSPA is given as follows:Ezt+1 jz1:t�MMS-GOSPA(z1:t+1; a1:t+1)�= Zzt+1 MMS-GOSPA(z1:t+1; a1:t+1) (69)�p(zt+1jz1:t; a1:t+1)dzt+1= nXi=0 Zzt+1 MMS-GOSPA(z1:t+1; a1:t+1) (70)�p(zt+1jxi; z1:t; a1:t+1)p(xijz1:t; a1:t)dzt+1= nXi=0 ŵi Zzt+1 MMS-GOSPA(z1:t+1; a1:t+1) (71)�p(zt+1jxi; at+1)dzt+1
whereŵi = p(xijz1:t; a1:t) is the posterior probability of each
target hypothesis (including “no target present”), conditional on

the previous measurementsz1:t and previous actionsa1:t. Equa-
tion (71) is approximated as in equation (47) but only requires
samples to be generated fromp(zt+1jxi; at+1), This approxima-
tion of the conditional AMMS-GOSPA error is given as follows:Ezt+1 jz1:t [MMS-GOSPA(z1:t+1; a1:t+1)℄ (72)� 1nh( nXi=0 ŵi 1Xm=0Pr�st+1 = mjxi; at+1�� nhXj=1 MMS-GOSPA

�z1:t; zijt+1(m); a1:t+1�)
where to remind the reader,st+1 = 1 denotes a target detection
at sampling timet + 1. Pr(st+1 = mjxi; at+1) is the proba-
bility that m = 0; 1 target measurements are generated on the(t+1)-th time step, conditional on the target state being given byxi and actionat+1. Pr�st+1(m)jxi; at+1� is again calculated
via equation (49). Each measurement samplezijt+1(m) can be
a vector of multiple measurements, which includes a maximum
of one target generated measurement (sampled fromN (xi;�)
if st+1 = 1) plus false alarms.



10â?1 = argmina1 1nh nhXj=1 1Xm=0 nXi=0 p(xi)Pr(s1 = mjxi; a1)�r1(zij1 (m); a1) + �mina2 Ez2 jzij1 (m)hr2(zij1 (m); z2; a1:2))i� (73)= argmina1 1nh nhXj=1 1Xm=0 nXi=0 p(xi)Pr(s1 = mjxi; a1)�r1(zij1 (m); a1) (74)+mina2 �nh nhXj=1 1Xm=0 nXi=0 p(xijzij1 (m))Pr(s2 = mjxi; a2)r2�zij1 (m); zij2 (m); a1:2��V̂ ?1:2 = 1nh nhXj=1 1Xm=0 nXi=0 p(xi)Pr(s1 = mjxi; a1)�r1(zij1 (m); a?1) + �Ez2 jzij1 (m)hr2(zij1 (m); z2; a?1; a?2�a?1; zij1 (m))�i� (75)�MSE1:2(a1:2) = 1nh nhXj=1 1Xm=0 nXi=1 wiPr(s1 = mjxi; a1)�SE1(zij1 (m); a1; i) (76)+ �nh nhXj=1 1Xm=0 nXi=1 p(xijzij1 (m); xi 6= x0)Pr(s2 = mjxi; a2)SE2(zij1 (m); zij2 (m); a1:2; i)�
B.3 Implementation of the Optimal Control Approach

Using the efficient sampling approach, for two-step planning,
the optimal actiona?1 (given by equation (68)) satisfies equa-
tions (73) – (74), wherert denotes the cost at timet conditional
on the actionsa1:t and measurementsz1:t generated at times 1
throught. Pr(s1 = mjxi; a1) is the probability thatm = 0 or 1
target measurements are generated on the first time step, condi-
tional on the target state being given byxi and actiona1. This is
calculated via equation (49). The measurement sampleszij1 (m)
include a maximum of one target generated measurement (sam-
pled fromN (xi;�)) plus a Poisson distributed number of false
alarms.

The corresponding optimal total cost incurred (the AMMS-
GOSPA error, given by equations (66) – (67)) is then given in
equation (75). Equations (73) – (75) generalise in an obvious
manner forT > 2.

B.4 Computational Complexity

The optimisation (73) is computationally expensive, because
for each potential actiona1, the minimisation of each second
time step actiona2 must be performed for each sampled first
time step measurementzij1 (m). Hence, the number of min-
imisations that must be performed at the second time step is(2n + 1)nh for each potential actiona1 (i.e. 2nh minimisa-
tions corresponding to hypothesesi > 0; andnh minimisations
for i = 0, because onlys1 = 0 is possible fori = 0). Hence the
total number of minimisations isna(2n+1)nh, wherena is the
number of possible actions. This generally makes the approach
computationally prohibitive for time horizons greater than two
time steps10, unless the algorithm is parallelised.

By way of comparison, the suboptimal approach performs
just a single minimisation (given by equation (54)), withnTa po-
tential combinations of actions forT � 1. Hence, forT = 2
the computational expense of the suboptimal algorithm is typi-
cally much lower (assuming thatna � (2n + 1)nh), though it
should be noted that in the suboptimal approach, the cost func-
tion in each minimisation is computationally more expensive as

it is the sum total of the costs incurred across all time steps.

Special case– If �FA = 0 and� � 0 it can easily be shown
thatPr(s1 = 1jxi; a1)r1(zij1 (1); a) = 0 for all values ofi. This
is due to the fact that whenever a measurement is generated bya
target hypothesis,r1(zij1 (1); a) = 0, as a target can be inferred
to be present without geo-location or cardinality errors. As a
result, in the optimisation (74) one can setnh = 1, m = m = 0
andz1 = z2 = �. Consequently, the minimisation on the second
time step need only to be performed if no measurement is gen-
erated on the first time step, and the optimisation (74) reduces to
equation (78) in the Appendix. If a measurement is generated,
it is not necessary to attempt a second observation. Therefore,
only one minimisation need be performed on the second time
step for each potential actiona1. To remind the reader, it is
shown in the Appendix that in this case, the optimal and subop-
timal actions are the same on the first time step (i.e.â?1 = a?1),
irrespective of the length of the planning horizon.

C. Baseline Approach – Minimisation of Target Localisation
Error

As a baseline for comparison, the optimal action sequence
is determined in order to minimise the target localisation error
within the time window under consideration. Minimisation of
the localisation error is a widely used approach in target track-
ing, with the PCRB often used to predict future performance
(e.g. again see [13]). In the current paper, the average estimated
target location root mean squared error (RMSE), conditional on
a target existing, is used to quantify performance. This met-
ric is similar to the PCRB, and takes into account the potential
for missed detections, as well as the impact of false alarms and
measurement errors.

Similar to the calculation of the AMMS-GOSPA error, but
not considering cardinality errors, the average target estimated
location mean squared error (MSE) forT = 2 is calculated
as shown in equation (76), whereSE t(z1:t; a1:t; i) denotes the
squared distance between the particle filter based posterior state10E.g. for three-step planning, the number of minimisations performed on the third step alone is((2n+ 1)nhna)2.
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estimatep(X jz1:t; a1:t) and the hypothesisxi. It is noted that
unlike, e.g., (74), the average mean squared error (76) onlycon-
siders hypotheses under which a target exists (i.e. givingi > 0
and�i > 0 in the summations in (76)). The first term on the right-
hand side of equation (76) gives the average MSE on the first
time step (denoted �MSE1(a?1)), with the second term giving the
average MSE on the second time step (denoted�MSE2(a?1:2)).
Equation (76) generalises forT > 2 in a straightforward manner
via adding the average MSE at subsequent time steps.
The baseline control approach then determines the actionab1 at
each time step to minimise �MSE1:T (a1:T ) , i.e.:ab1 = argmina1 hmina2:T � �MSE1:T (a1:T )�i (77)

This is analogous to the suboptimal control approach (i.e. it does
not use a full Bellman recursion).

VII. S IMULATIONS

A. Scenario Specification

Three target distributions are considered, unimodal, bimodal
and trimodal, representing scenarios concerned with sensor con-

trol for wide-area search. Target hypotheses are sampled from
these distributions as outlined in Table II. In each case, the hy-
potheses are given equal weights (i.e.wi = 1=n) and are time-
invariant (i.e. stationary).

A single sensor has a circular FOV (i.e. operates in a “spot-
light” mode) of radius 10km centred on the actiona 2 A (which
specifies the coordinates of the centre of the spotlight). The ac-
tion hypotheses consist of uniformly spaced spotlight centres
that overlay each target mode, as shown in Figure 2. In each
scenario there is also the action hypothesis of not attempting to
make a target observation11.

Conditional on target hypothesisxi being true and actiona
being performed, a measurement of the Cartesian coordinates
of the target is generated with probabilityPd if the hypothesis
is within the FOV of the sensor. Each measurement error has a
zero-mean Gaussian distribution with covariance�. There are
either no false alarms (i.e.�FA = 0) or false alarms are gener-
ated with rate�FA = 0:01 per unit volume of the sensor FOV.
Parameter settings are summarised in Table III.

TABLE II

SAMPLING DISTRIBUTIONS OF THE TARGET HYPOTHESES IN THE THREESCENARIOS CONSIDERED.

Number of Sampling distributionTarget distribution
hypotheses (n) (xi � N (�x;�x))

Unimodal 100 �x = (100km 100km)0 �x = diag(100km2; 100km2)
50 �x = (92km 100km)0Bimodal
50 �x = (108km 100km)0 �x = diag(2:52km2; 2:52km2)
33 �x = (92km 100km)0

Trimodal 33 �x = (108km 100km)0 �x = diag(2:52km2; 2:52km2)
33 �x = (100km (100 +p192)km)0

TABLE III

SUMMARY OF PARAMETER SETTINGS USED IN THE SIMULATIONS.

Parameter Value

Number of time steps,T 1, 2 or 3
Number of target hypotheses,n 100 (unimodal, bimodal) or 99 (trimodal)
Number of possible actions,na 26 (unimodal), 20 (bimodal), 29 (trimodal)
Probability that a target exists,r 0.8
Probability of detection,Pd 0.6, 0.9 or 1.0
False alarm rate,�FA (m�2) 0.0 or 0.01
Measurement error standard deviation,� 10�5km (when� = 0)�� = diag(�2; �2)� 10�2km (when� = 0:01)
Sensor FOV circular, with radius 10km
Measurement samplesnh per target hypothesis 1 (when�FA = 0)

10 (when�FA = 0:01, baseline/suboptimal approaches)
1 (when�FA = 0:01, optimal approaches)

Cardinality error cost, 10km
Discount factor for non-myopic planning,� 1.011The default is to not attempt an observation unless doing so offers a performance improvement. As noted earlier, when�FA = 0 and� � 0, observations are

only required up to the time instance at which the target is detected.
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Fig. 2. Action hypotheses for the three scenarios. In each case, the yellow circles show the potential actions, with the cross showing the “spotlight” centre. The
grey regions show the one standard deviation uncertainty regions for each target distribution. Note that the sensor FOVis circular, centred on the spotlight
centre with a FOV of 10km.

B. Simulation Results

B.1 Baseline vs. GOSPA-Based Control Approaches

Exemplar optimal actions forT = f2; 3g and Pd 2f0:6; 0:9; 1:0g are shown in Figure 3, for each of the
target distributions and for scenarios with no clutter (i.e.�FA = 0) and insignificant measurement errors (i.e.� =
diag(10�10km2; 10�10km2)). The second and third time step
actions (shown in green and blue respectively) are only neces-
sary if a measurement is not generated on any previous time
step. If a measurement is generated at any time, the target
state can be estimated extremely accurately and without cardi-
nality error (because there is no clutter, and so the presence of
a measurement indicates that a target is present), resulting in an
AMMS-GOSPA error of zero. The suboptimal approach gen-
erates identical solutions on the first time step (due to the ideal
measurement set assumptions). However, the actions on subse-
quent time steps are independent of the previous measurements,
as discussed in Section VI-A.1. As a result, under the subopti-
mal approach the second and third time step actions are made
irrespective of whether previous measurements have been gen-
erated.

Overall location RMSE and AMMS-GOSPA values for the
baseline and optimal approaches are shown in Table IV. Be-
cause there is no cost of sensing, the AMMS-GOSPA cost is
identical for the suboptimal and optimal approaches. It canbe
seen that although, by design, the baseline approach generates
slightly lower RMSE values, the corresponding AMMS-GOSPA
values are significantly higher than for the GOSPA-based ap-
proaches. Hence, the baseline approach does a poor job in bal-
ancing the tradeoff between estimation accuracy and cardinality
errors, with cardinality errors far greater than for the GOSPA-
based approaches12.

Exemplar suboptimal and optimal actions forT = 2 andPd 2 f0:6; 0:9; 1:0g are shown in Figure 4, for each of the tar-
get distributions and for scenarios with clutter (i.e.�FA = 0:01)

and measurement errors (i.e.� = diag(10�4km2; 10�4km2)).
In these cases, because of the measurement origin uncertainty,
the generation of measurements does not guarantee that a target
is present, and the second step actions are always required.For
the optimal approach, the second step action is dependent on
the measurement(s) generated on the first time step, and the four
most commonly selected second step actions are shown in green
in Figures 4(g) – 4(l). Generally, in the scenarios considered,
the first step action is the same for the optimal and suboptimal
approaches. The one exception is shown in 4(j), in which the
the optimal action offsets the first sensor look and subsequently
does not always view the centre of the target distribution.

Overall location RMSE and AMMS-GOSPA values for the
three control approaches, for�FA = 0:01, are shown in Table V.
It is observed that the baseline approach again results in slightly
lower estimation errors, but with significantly greater AMMS-
GOSPA errors (and therefore significantly greater cardinality er-
rors). The suboptimal approach generates AMMS-GOSPA val-
ues that are greater than the optimal approach (reaffirming the
derivations (63) – (67)), with a maximum difference of around
7%. Future work will identify scenarios in which performance
differences between the optimal and suboptimal approachesare
more significant.

B.2 Myopic vs. Non-Myopic Planning

In each scenario, the optimal myopic strategy maximises the
probability of detecting the target via a single measurement,
thereby always viewing the centre/midpoint of the target hy-
potheses (i.e. shown by the red circle in Figures 3(a) – 3(c)
and Figures 4(a) – 4(c)). However, myopic planning does not
have the foresight to appreciate that further measurementscan
be generated. Clearly, observing the centre point can be subop-
timal in the multi-modal scenarios, e.g. for the bimodal distri-
bution, it may then be necessary to make (at least) two further
observations (one for each mode) to guarantee that the target is
detected.12It was observed that the baseline approach often favours making multiple observations of the same region (particularlyif Pd < 1 and there is clutter), thereby

allowing the target to be accurately geo-located if (by chance) it is within that region and is subsequently detected at least once. However, the lack of exploration
makes it difficult to infer whether a target is present if thistactic fails (i.e. the target is not detected).
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(a): T = 2, Pd = 0:6
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(b): T = 2, Pd = f0:6; 0:9g
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(c): T = 2, Pd = 0:6
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(d): T = 2, Pd = f0:9; 1:0g
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(e): T = 2, Pd = 1:0
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(f): T = 2, Pd = f0:9; 1:0g
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(g): T = 3, Pd = 0:6
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(h): T = 3, Pd = f0:6; 0:9g
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(i): T = 3, Pd = f0:6; 0:9g
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(j): T = 3, Pd = f0:9; 1:0g
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(k): T = 3, Pd = 1:0
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(l): T = 3, Pd = 1:0

Fig. 3. Optimal actions for exemplar scenarios with no clutter (i.e.�FA = 0:0), Pd 2 f0:6; 0:9; 1:0g, and non-myopic time horizonsT 2 f2; 3g. Left column:
unimodal target prior distribution, middle column: bimodal distribution, right column: trimodal distribution. Red circles: FOV of 1st action, green circles: FOV
of 2nd action, blue circles: FOV of 3rd action. For the optimal approach, the 2nd and 3rd actions are only necessary if a measurement is not generated on any
previous timestep. For the suboptimal control approach, the 2nd and 3rd actions occur regardless of whether previous measurements have been generated. The
optimal myopic action is always to observe the centre of the distribution (i.e. with a sensor spotlight centre as shown bythe red circles in (a) – (c)).



14

TABLE IV

OVERALL LOCATION RMSEAND AMMM-GOSPA COSTS INCURRED(IN KM ) BY THE BASELINE AND OPTIMAL CONTROL APPROACHES, FOR EACH OF

THE SCENARIOS CONSIDERED WITH NO CLUTTER(I .E. �FA = 0) AND Pd 2 f0:6; 0:9; 1:0g. RESULTS ARE AVERAGED OVER20 RUNS, WITH THE MEAN

VALUE � ONE STANDARD DEVIATION SHOWN. TO REMIND THE READER, THE OVERALL AMMS-GOSPAERROR IS IDENTICAL IN THE SUBOPTIMAL AND

OPTIMAL APPROACHES AND GIVEN BYV ?1:T (EQUATION (55)) OR V̂ ?1:T (EQUATION (66)).

Control T = 2 T = 3Target Prior Pd Approach RMSE AMMS-GOSPA RMSE AMMS-GOSPA

Baseline 25.58� 1.01 65.53� 3.99 37.21� 1.57 92.57� 5.940.6
Optimal 26.72� 1.10 55.90� 1.85 38.99� 1.67 77.20� 2.65
Baseline 23.77� 1.08 57.84� 5.85 33.61� 1.74 78.76� 7.70Unimodal 0.9
Optimal 25.53� 1.14 45.53� 2.42 36.43� 1.96 60.00� 3.03
Baseline 23.05� 1.12 55.62� 6.24 32.09� 1.87 74.52� 7.661.0
Optimal 25.17� 1.24 42.18� 2.57 35.41� 1.93 54.56� 3.09

Baseline 11.64� 0.30 49.43� 1.20 15.29� 0.40 69.55� 1.980.6
Optimal 12.87� 0.46 36.36� 2.20 17.36� 0.66 45.14� 2.43
Baseline 6.70� 0.20 39.52� 1.31 8.02� 0.25 41.59� 1.40Bimodal 0.9
Optimal 9.02� 0.66 19.29� 2.34 10.94� 0.81 20.56� 2.50
Baseline 2.20� 0.12 14.03� 0.52 2.20� 0.12 14.18� 0.651.0
Optimal 4.01� 1.98 13.03� 1.39 4.01� 1.98 13.03� 1.39

Baseline 15.68� 0.46 52.01� 3.21 21.85� 0.66 68.18� 4.880.6
Optimal 16.40� 0.70 46.57� 2.57 22.79� 1.08 61.36� 3.45
Baseline 11.62� 0.36 40.30� 1.44 14.69� 0.45 43.76� 1.42Trimodal 0.9
Optimal 14.13� 0.93 32.51� 3.38 16.77� 1.20 38.83� 3.44
Baseline 8.36� 0.38 34.91� 1.86 8.36� 0.38 35.00� 1.841.0
Optimal 13.28� 0.97 28.12� 0.97 11.47� 2.42 31.80� 3.06
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(a): subopt,Pd = f0:6; 0:9g
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(b): subopt,Pd = f0:6; 0:9g
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(c): subopt,Pd = 0:6a

70 80 90 100 110 120 130

70
80

90
10

0
11

0
12

0
13

0

N
o

rt
h

in
g

s
(k

m
)

Eastings (km)

(d): subopt,Pd = 1:0
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(e): subopt,Pd = 1:0
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(f): subopt,Pd = 1:0
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(g): optimal,Pd = f0:6; 0:9g
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(h): optimal,Pd = 0:6b
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(i): optimal,Pd = 0:6b
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(j): optimal,Pd = 1:0
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(k): optimal,Pd = 1:0
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(l): optimal,Pd = 1:0

Fig. 4. Suboptimal and optimal actions for exemplar scenarios with clutter (i.e.�FA = 0:01), Pd 2 f0:6; 0:9; 1:0g, andT = 2. Left column: unimodal target
prior distribution, middle column: bimodal distribution,right column: trimodal distribution. Red circles: FOV of 1st action, green circles: FOV of 2nd action
(for the optimal solution, the four most commonly occurring2nd step actions are shown). Again, the optimal myopic action is always to observe the centre of
the distribution (i.e. with a sensor spotlight centre as shown by the red circles in (a) – (c)).aThe solution forPd = 0:9 has a slightly different 2nd action which also prioritises attempting to detect a target in the left most mode.bThe solution forPd = 0:9 is virtually identical to that forPd = 0:6, but with a very slight difference to the most commonly occuring 2nd step actions.
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TABLE V

OVERALL ERRORS INCURRED(IN KM ) BY THE BASELINE, SUBOPTIMAL AND OPTIMAL CONTROL APPROACHES. THERE IS CLUTTER(I .E. �FA = 0:01)

AND T = 2. AGAIN , RESULTS ARE AVERAGED OVER20 RUNS, WITH THE MEAN VALUE � ONE STANDARD DEVIATION SHOWN.

Baseline Approach Suboptimal Control Optimal ControlTarget prior Pd RMSE AMMS-GOSPA RMSE AMMS-GOSPA RMSE AMMS-GOSPA

0.6 25.59� 1.01 74.65� 1.97 26.83� 1.11 69.08� 1.29 26.63� 1.09 67.74� 1.40
Unimodal 0.9 23.79� 1.08 68.16� 3.92 25.88� 1.18 58.04� 2.17 25.63� 1.21 55.39� 2.34

1.0 23.07� 1.12 66.39� 4.30 25.71� 1.42 53.55� 2.60 25.23� 1.24 50.28� 2.54

0.6 11.69� 0.30 64.49� 0.86 12.90� 0.51 50.22� 2.03 12.82� 0.49 49.03� 2.03
Bimodal 0.9 6.79� 0.21 49.85� 3.39 9.08� 0.45 27.52� 2.73 8.92� 0.64 26.69� 2.67

1.0 2.33� 0.20 21.40� 0.76 5.48� 1.73 18.48� 2.45 5.52� 1.75 18.22� 2.47

0.6 15.72� 0.46 66.48� 2.63 16.47� 0.67 61.82� 1.96 16.34� 0.78 60.45� 2.24
Trimodal 0.9 11.67� 0.37 54.15� 1.74 14.17� 0.93 44.68� 3.36 14.05� 0.98 42.72� 3.60

1.0 8.46� 0.36 48.32� 2.53 13.33� 1.01 37.88� 4.01 13.32� 0.98 35.37� 4.15

For the non-myopic approaches, it can be seen from Figures 3 –
4 that:

1. WhenPd = f0:6; 0:9g, multi-step planning also almost al-
ways favours initially viewing the centre/midpoint of the target
hypotheses (except in the scenarios shown in Figures 3(d) and
3(j)). Consequently, there is considerable overlap between the
action spotlights on each time step. This is because when the
probability of detection is less than unity, multiple sensor ob-
servations in regions of high target probability mass provides
an improved opportunity to generate at least one detection of a
target.

2. WhenPd = 1:0, multi-step planning almost always avoids
viewing the centre of the distribution of target hypotheses13, and
instead offsets each sensor spotlight to achieve optimal surveil-
lance coverage over multiple time steps by observing each mode
in turn, e.g. see Figures 3(e), 3(k) and 3(l)).

3. WhenPd = 1:0 and�FA = 0, one observation is suffi-
cient to detect the target in any given region. Therefore, inthese
cases, a “cookie-cutter” strategy with limited overlap between
the sensor spotlights is optimal.

These observations are in agreement with an intuitive under-
standing of how taking into account the ability to make further
observations should influence the first observation.

B.3 Concluding Remarks

It is noted that multi-step planning often generates the same
first action as myopic planning when there is a low probability
of detection. This is because there is no guarantee that the tar-
get will be detected across multiple time steps, and so regions
of high probability mass offer the greatest opportunity achieve
at least one target detection. By design, myopic planning al-
ways favours these high probability mass regions because its
decision-making lacks the foresight to appreciate that further
observations are possible.

Conversely, in scenarios with a high probability of detection,
offsetting the first observation and using a cookie-cutter strategy
often allows the multi-step approach to decrease the numberof
time steps required to provide complete surveillance of there-
gion of interest. This approach should therefore be favoured if
time constraints allow.

VIII. S UMMARY AND CONCLUSIONS

This paper has proposed a sample-based approach for myopic
and non-myopic sensor management for a Bernoulli target us-
ing the GOSPA metric. We have provided the following contri-
butions: analytical calculation of the MS-GOSPA for different
measurements and actions, development of efficient sampling
techniques to calculate the AMMS-GOSPA error, and the de-
velopment of an optimal non-myopic (Bellman type [20]) plan-
ning recursion that exploits the conditional AMMS-GOSPA er-
ror. Simulations demonstrate the approach in scenarios with:
(i): missed detections, (ii): false alarms, (iii): a high degree of
uncertainty in the target location, with the prior distribution rep-
resented by large number of potential hypotheses, and: (iv): a
planning horizon of up to three time steps.

Various behavioural patterns are identified, notably demon-
strating the benefits of non-myopic planning, and in particular
showing that optimal plans align with an intuitive understand-
ing of how taking into account the opportunity to make further
observations should influence the current action. It is concluded
that the GOSPA-based, non-myopic search and track algorithm
offers a powerful mechanism for sensor management in order to
minimise estimation errors and errors due to missed and false
targets in a unified way.

The current approach is directly applicable to multi-target
scenarios with well-separated targets, due to the separability of
the optimal actions when using the GOSPA metric [18]. Fu-
ture work will extend the approach to multi-sensor, multi-target
scenarios in which targets may move in close proximity. We
will also implement Monte Carlo roll-out as a mechanism for
efficiently estimating the long-term impact of actions. Further-
more, we will work to identify scenarios in which the subop-
timal and optimal approaches generate markedly different so-
lutions, thereby highlighting the importance of accounting for
the potential sequences of future measurements at each decision
epoch.
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APPENDIX

In this appendix, we prove the following proposition.

Proposition

Using the ideal measurement set assumptions: (i):� = 0
(i.e. target generated measurements are error-free), and:(ii):�FA = 0 (i.e. there are no false alarms), but allowing for missed
detections (i.e. allowingPd < 1), the suboptimal and optimal
control approaches generate identical solutions (i.e.â?1 = a?1)
irrespective of the length of the planning horizon.

Proof

In this case, MMS-GOSPA(z1:t; a1:t) = 0 unlesszi = � fori = 1; : : : ; t. This is because, with extremely accurate measure-
ments, and no clutter, the presence of just a single measurement
signifies that a target is present, and the accurate measurement
allows the target to be geo-located without error.

Hence, in determining the GOSPA-based cost function, it is
necessary to only consider cases in which there are no previous
measurements. The optimal action (68) can then be manipulated
as shown in equations (78) – (81).

This completes the proof. �
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