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Axial algebras of Monster type (o, ) are a class of non-
associative algebras that includes, besides associative algebras,
other important examples such as the Jordan algebras and
the Griess algebra. 2-generated primitive axial algebras of
Monster type (a, 8) naturally split into three cases: the case
when a ¢ {23,48}, the case o = 48 and o = 2. In this paper
we give a complete classification all 2-generated primitive
axial algebras of Monster type (28, 8).
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

This paper is part of a programme aimed at classifying all 2-generated axial algebras

of Monster type (a, ) over a field of characteristic other than 2. Such algebras appear

in different areas of mathematics and physics and are of particular interest for the study

of several classes of finite simple groups, such as the 3-transposition groups, and many of
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the Sporadics, including the Monster (see [2,14] and the introductions of [20,13], and [5]).
Just like for Lie algebras, a fundamental step towards the understanding of axial algebras
of Monster type is the classification of the 2-generated ones. This project has its origins
in work by S. Norton (see [18]), who classified the 2-generated subalgebras of the Griess
algebra (which is a real axial algebra of Monster type (7, 35)). The general case was
first attacked by F. Rehren [20,19], who proved that every 2-generated primitive axial
algebra of Monster type («, 8) over a ring R in which 2, a, 8, a — 8, a — 23, and o — 453
are invertible can be generated as R-module by 8 vectors and computed the structure
constants with respect to these elements. In that paper the main case subdivision for
this project is implicitly indicated, namely:

- the a ¢ {26,458} case;
- the a = 20 case;
- the a =48 case.

Each of these cases is divided into two further subcases, depending whether the algebra
admits an automorphism that swaps the two generating axes (the symmetric case) or
not (the non symmetric case).

At present, results of T. Yabe [22], C. Franchi, M. Mainardis, S. Shpectorov, and
J. McInroy [6,3,4], give a complete understanding of the symmetric case.

The non symmetric case is still wide open. A first result in this direction is the
classification of the 2-generated primitive axial algebras over Q(«, 3), where o and 3 are
algebraically independent indeterminates over Q obtained in [5]. In that case it turns
out that every such algebra is symmetric. There are, however, non symmetric examples,
e.g. the algebra Q2(8) constructed in [12,8], by V. Joshi. Another family of examples,
pointed out by Michael Turner [21], comes from the Matsuo algebras 3C(«). Such an
algebra has basis bg, b1, b2 and multiplication defined by ab = §(a + b — ¢), whenever
{a,b,c} = {by, b1, ba}; each b; is an axis of Jordan type « and in fact the algebra itself is
a primitive 2-generated algebra of Jordan type a. Provided o # —1, it has an identity
1= 1_|+a(bo + b1 +b2). It is straightforward to see that, for ¢ € {1,2,3}, a; := 1 —b; is an
axis of Jordan type 1 — a. Hence, for o £ %, with respect to the generators a;, b; (with
1 # jand 4,5 € {1,2,3}), the algebra is a primitive 2-generated algebra of Monster type
(o, 1 — @) and it is clearly non symmetric. We’'ll denote this algebra as 3C(«, 1 — ).

In this paper we deal with the case o = 28 and give a complete classification of such
algebras, namely we prove

Theorem 1.1. Let V be a primitive axial algebra of Monster type (23, 3) over a field F
of characteristic other than 2. Then one of the following holds

(1) V is symmetric;
(2) V isisomorphic to Q2(8), or, when 8 = —%, to the 3-dimensional quotient of Q2(f5);
(3) V is isomorphic to the algebra 3C (3, 3).
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The paper is organised as follows: in Section 2 we recall the basic definitions and prop-
erties of axial algebras which will be needed in the sequel. In Section 3 we construct a
universal object for the category of 2-generated primitive axial algebras of Monster type
(28, 8), in a similar way as we did in [5, Section 4] for the case where « ¢ {2, 45}, and we
prove that it is linearly spanned by 8 vectors. In Section 4 we apply the machinery devel-
oped in [5, Section 5] to the case o = 2f3. Precisely, we consider a ring R of characteristic
other than 2, we denote by Ry the prime subring of R and let Ro[%, 3, %] [x,y, z,t] be the
polynomial ring in 4 variables over Ro[3, 3, %] For a subset T' of Ry[1,, %][:my,z;t],
let V(T') be the variety associated to (the ideal generated by) T'. Finally we denote by
M2 (23, 8, R) a set of representatives of the isomorphism classes of 2-generated primitive
axial algebras of Monster type (23, 8) over R. With such notation, we prove the following
result.

Theorem 1.2. Assume R is a ring of characteristic other than 2. Then there exists a
subset T C Ry(a, B)[z,y, 2,t] of size 5 and a map

§: M2(28,8,R) = V(T)

such that, for every P in the image of £, there exists an element Vp of Ms(28, 5, R)
with the property that every element in E~1(P) is a quotient of Vp.

In Section 5 we show how Theorem 1.2 can be used to obtain an alternative and
independent proof of Yabe’s classification of the primitive symmetric axial algebras of
Monster type (28, 3) over a field (see Theorem 5.7). Having at hand the classification
in the symmetric case, in Section 6 we deal with the non symmetric case and prove
Theorem 1.1. The key observation is that, for a primitive 2-generated axial algebra of
Monster type V with generating axes ag and aj, the orbit under the Miyamoto group of
each a; (i € {1,2}) generates a primitive 2-generated axial subalgebra of Monster type
which is symmetric.

2. Basics

We start by recalling the definition and basic features of axial algebras. Let R be a
ring with identity and let S be a finite subset of R with 1 € S. A fusion law on § is a
map

*: S xS — 25,

An azial algebra over R with spectrum S and fusion law x is a commutative non-
associative R-algebra V' generated by a set A of nonzero idempotents (called azes) such
that, for each a € A,
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Table 1

Fusion law M(a, B).
[x[[1[o]a [58 |
1 1 ] B

0| 0 |o0 B

a a a 1,0 B

Bl B|B]|B 1,0,«a

(Ax1) ad(a) : v — av is a semisimple endomorphism of V' with spectrum contained in
S;

(Ax2) for every A, u € S, the product of a A-eigenvector and a p-eigenvector of ad, is
the sum of d-eigenvectors, for § € A % pu.

Furthermore, V is called primitive if
(AX?)) V1 = (a)

An axial algebra over R is said to be of Monster type (a, 8) if it satisfies the fusion law
M(a, B) given in Table 1, with o, 3 € R\ {0,1}, and a # .

Let V be a primitive axial algebra of Monster type (o, 3) and let a € A. Let ST :=
{1,0,a} and 8~ := {B}. The partition {ST,57} of S induces a Zs-grading on S which,
in turn, induces a Zs-grading {V,V2} on V, where Vi := Vi* + Vi’ + VI and V2 = Vg
It follows that, if 7, is the map from the disjoint union R U V to R U V such that
Ta|y is the multiplication by € on V¢ for ¢ € {£1} and 7, is the identity, then 7, is
an involutory automorphism of V' (see [10, Proposition 3.4]). The map 7, is called the
Miyamoto involution associated to the axis a. By definition of 7,, the element av — v
of V' is 7,-invariant and, since a lies in V! < Cy(7,), also av — (a + v) is 7,-invariant.
In particular, by symmetry,

Lemma 2.1. Let a and b be axes of V. Then ab — B(a + b) is fized by the 2-generated

group (Ta, Tp).

If V is generated by the set of axes A := {ag, a1}, for i € {1,2}. Set p := 74,7a;,
and for i € Z, ag; := agl and ag;yq = aﬁ’z (note that the orbits can be finite and
even of different lengths, so there can be multiple labels for the same axis). Since p is an
automorphism of V', for every j € Z, a; is an axis. Denote by 7; := 7,, the corresponding
Miyamoto involution.

Lemma 2.2. For every n € N, and i,7 € Z such that i = j mod n we have
AiQiyn — B(ai + Gign) = ajaj1n — B(aj + ajin),

Proof. This follows immediately from Lemma 2.1. O



C. Franchi et al. / Journal of Algebra 636 (2023) 125170 127

Forn e N and r € {0,...,n — 1} set

Srn t= QpQpin — ﬂ(ar + ar+n)~ (1)

If {0,1,a, B} are pairwise distinguishable in R, i.e. o, , a — 1, f —1, and a —
are invertible in R, by [5, Proposition 2.4], for every a € A, there is a linear function
Aq 0V — R, such that every v € V can be written as

v=A(v)a+u with u € EBV(;“.
5#1

Remark 2.3. Note that, when R is a field, then {0, 1, a, 8} are always pairwise distin-
guishable in R. Since we are interested in algebras over fields, from now on we assume
0,1, a, 8 are pairwise distinguishable in R. For the same reason, since the characteristic
cannot be 2, we also assume that 2 is invertible in R.

For i e Z, let
a; = >‘ao (ai)ao —+ u; + v; + w; (2)

be the decomposition of a; into ad,,-eigenvectors, where u; is a 0-eigenvector, v; is an
a-eigenvector and w; is a [-eigenvector.

Lemma 2.4. [5, Lemma /.4] With the above notation,

(1) wi = 2((Nag(ai) = B — adag(ai))ao + 5(a = B)(a; +a—i) — 50,4);
(2) vi=2((B — Aap(ai))ao + §(a¢ +a—;) + 50,);
(3) w; = %(al — a_i).

Lemma 2.5. Let I be an ideal of V', a an azxis of V, x € V and let
T =21+ Ty + Xo +2p

be the decomposition of x as sum of ad,-eigenvectors. If x € I, then x1,20,2q,23 € 1.
Moreover, I is T,-invariant.

Proof. Suppose = € I. Then I contains the vectors

r—ar=z0+ (1 —a)xe + (1 — B)xg,
a(z —az) = a(l — a)ze + B(1 — B)xg,
ala(z — az)) — fa(z — ax) = a(a — B)(1 — a)z,.

Since 0,1, a, 8 are pairwise distinguishable in R, it follows that I contains x1, xg, Tq,
xg. Since 7 = 1 + T9 + To — T3 € I, the last assertion follows. O
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3. The universal object

From now on we assume that o = 28, {1,0,20, 8} is a set of pairwise distinguishable
elements in R, that is the difference of any two distinct elements of this set is a unit in R
(note, in particular, that this implies that also 2 is a unit in R). We proceed by adapting

=4

to the case a = 2 the construction given in [5] of the universal object in the category
of 2-generated primitive axial algebras of Monster type. Let

- D be the polynomial ring
Z [:L., y7 w? t],

where x,y,w,t are algebraically independent indeterminates over Z;
- L be the ideal of D generated by the set

Yi={ay—-1, 1—2)w—-1, 2t -1}

- D= D/L. For d € D, we denote the element L + d by d. Note that 1, 0, #, and 22
are pairwise distinguishable in D;

- A := {ag,a1} be a set of cardinality 2 and W be the free commutative magma
generated by the elements of A subject to the condition that every element of A is
idempotent;

- R:= ﬁ[A] be the ring of polynomials with coefficients in D and indeterminates set
A={Aw|ce Awe W,c# w} where A\¢y = Aoy if and only if ¢ = ¢ and
w=uw'.

- V := R[W] be the set of all formal linear combinations Y wew Yww of the elements
of W with coefficients in R, with only finitely many coefficients different from zero.
Endow V with the usual structure of a commutative non-associative ]:E—algebra;

- S be the set {1,0, %, 23};

- for p € S ,

fu="]] @-N,

AeS\{u}

- for every c€ A, Acc =1,
- J be the ideal of V generated by all the elements

(fi(ade))(w = Acawe), (3)

for all c € A and w € W, and

[1 (ade —nidg) | ((f1(ade))(v) - (fs(adc))(w)) (4)

nEY*S
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forallv,weV,v,0€8, ce A:
- Iy be the ideal of R generated by all the elements

Z ’Yw/\c,w (5)

weWw

for all c € A,w € W, and 7, € R such that Y wew Yo € J.

Finally set

A~

- Joi=J+ L)V,

- R:= R/,

- VZ: V/Jo,

- Bi:=x+ Iy, and o := 2z + I,

- a;:=a; + Jo, for i € {0,1} and A := {ag,a;}.

From now on, we use bold letters to denote the elements of V.
For i € Z, set

/\i = )\ao (87)

By Corollary 3.8 in [5], the permutation that swaps ap and a; induces a semi-
automorphism f of V, i.e. f acts on R as a ring homomorphism, on V as a (non-
associative) ring homomorphism and (yv)f = vfv/, for every v € R and v € V. By [5,
Lemma 3.1],

A, (a0) = M, and Aa, (a_y) = M.

Set G := (19, 71) and G := (19, f) (where 79 and 7 are the involutory automorphisms
of V as defined in Section 2).

Lemma 3.1. /5, Lemma 4.6] The groups Gy and G are dihedral groups, Gg is a normal
subgroup of G such that |G : Go| < 2. For every n € N, the set {Son,.-.,Sn—1,n} S
invariant under the action of G. In particular, if K, is the kernel of this action, we have

(1) K, =G;

(2) Ko = Gy, in particular sgfz = 80,2 and 5572 = S1,2;

(3) G/K3 induces the full permutation group on the set {so 3,813,523} with point sta-
bilisers generated by 190K3, 1 K3 and fK3, respectively. In particular 55’3 = 81,3,
51?3 =823, and sj'3 = S2 3.

Proof. This follows immediately from the definitions. O
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For i,j € {1,2,3}, with the notation fixed before Lemma 2.4 and so; € V defined as
in Equation (1), set

1
Pij =uuy + uvy and Qij =uvj + —550,i50,5 -
o
Lemma 3.2. /5, Lemma 4.5] Fori,j € {1,2,3} we have

S0,i * 80,j = —a(agFyj — aQij). (6)

Proof. Since u; and v; are a 0-eigenvector and an a-eigenvector for ada,, respectively,
by the fusion rule, we have agP;; = a(u; - v;) and the result follows. O

The following polynomial will play a crucial role in the classification of the non sym-
metric algebras in Section 6:

BT YT 5 (@)

Lemma 3.3. In V the following equalities hold:

S0,2 = —g(aﬂ +ay) + ﬂZ()‘la)‘{)(al +a_g)

_ [QZ(Al, A = B) — (o — 5)} a0 + 2Z(A1, A)so.1,
and

S12 = *2(3—1 +a3z) + 52()\{,)\1)(30 +ay)

— 2204, 2 = 8) - O = B)] ar + 22\ M)son.

Proof. Since o = 20, from the first formula in [5, Lemma 4.7] we deduce the expression
for sp 2. The expression for s; o follows by applying f. O

Lemma 3.4. In V we have

as = a_g — 2Z(/\1,)\{)(a_1 — a3)

+%PﬂMﬂﬁOrﬁﬂ—@M—@(%—aﬂ

and
a_3 = ag — 2Z(/\{,)\1)(a2 — a_g)

+ 3 [120400 (M = 8) = (244 - 5)] (@ — )
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Proof. Since sq 2 is invariant under 7, we have sp 5 — 5612 = 0. On the other hand, in the
expression s 2 — Sg'y obtained from the first formula of Lemma 3.3, the coefficient of a4
is —(3/2, which is invertible in R. Hence we deduce the expression for as. By applying
the map f to the expression for a, we get the expression for a_3. O

Lemma 3.5. In V we have

$0,180,1 =

2
“F%Z()\{, )\1)(8.,2 + ag)

% {—2(2@ D2+ - wm{ + (1682 =784+ 1)\
F(1452 — 88 + 1N — B(148% — T8 + 1)} (a_i +a)
+ FWB ”A? + (85° ;ﬁ T DA%A{ + —2(255 1)/\1/\{2 — (188 — 6)A]
_2(105? ﬂwH)AlA{ EPYPRRVC (nganMQ e
2 _ 2
1 (548 217/3 - 1)A1 +(98% - 68+ 1A + ng 1)& a 7A£
B(2458% — 98+ 1)
_ 5 ag
2(26 -1 662 —38+1 2(8—1 1682 — 78 +1
e (ﬁﬁ )A§_(6 B26+ )AIA{_ (ﬁﬂ )A{QJF( B 56+ )Al
+(10,6’2 — 78+ 1)A{ B gAg  (578% +268 — 4) S0
B 2 4
2
+ZSO¢3~

Proof. We apply Lemma 3.2 with ¢ = j = 1. By Lemma 2.4 and by the definition of
so,1 and sj 2, the product ujuy (resp. u;vy) can be written as a linear combination of

a_1, ag, a1, So,1, S1,2, and Sq 180,1, with the coefficient of sg 1501 equal to # (resp.
1

T

Lemma 3.3, we can replace s; 2 by a linear combination of a_;, ag, a;, ag, ag, and sq 1.

). Thus, P; ; and Q11 are linear combinations of a_1, ag, a1, so.1, and sy 2 and, by

By Lemma [5, Lemma 4.3], it follows that agP; 1 is a linear combination of a_y, a_1,
ap, ai, ag, as, So,1, S0,2, and sp 3. The result then follows by Lemma 3.2. O

Lemma 3.6. In V we have

S1,3 = So,3 + 5Z()\{a A)a_s — BZ(Ar, /\{)33



132 C. Franchi et al. / Journal of Algebra 636 (2023) 125—-170
t [ 48(28 — (A2 + M%) —2(882 — 48 + D] + 28(158% — 78 + )\,
FB(265% — 158 + 2)M — 52(248% — 138 + 2)] a_,

o [Sﬁ(zﬁ DA 14862 — 48 + 1)AZN +88(28 — DAL
—4B2(156 — 5)A2 — 28(326% — 168 + 3)MA] + 4820 — 282(28 + 1)Ai s
—483 M Ny + 283408 — 9\ +282(28% — 58+ 1A + 28358 — 1)\,

—264/\5 — 4858 — 1) a9

54 “8B(28 — DA2A — 4882 — 28 + )MA T =828 — DAL — 4522

128(3268% — 165 + 3)MA] +482(168 — 5)A” + 480\
+282(28 — DA NS — 282282 + 58 + 1)A — 282(408 — 9)A] + 284X,

~28%(58 — DM + 48" (58 — 1)

5 [48(25 — 1) + 288° — 48+ AN + B(35 - A"

—B(268% — 158 + 2)A\1 — 28(1582 — 78 + 1)A] + A2(2452 — 135 + 2)} as

1 2
g (780 =A%) + 20800 — M) + 2600 = M) s0n.
Similarly, sa 3 belongs to the linear span of the elements a_o, a_1, ag, a;, Az, as, So,1,
and sg,3 (since sy 3 = SI?S, the exact expression for s 3 is obtained by applying 1o to the
above equation).

Proof. Since, by Lemma 3.1, sg 1 is invariant under f, we have sg180,1 — (S0,180,1) = 0.
Comparing the expressions for sg,180,1 and (sg,180, 1) obtained from Lemma 3.5 and since
by Lemma 3.1(3) s0 3 = $1.3, we deduce the expression for s; 3. By applying the map 7
to the expression for s; 3 and since, by Lemma 3.1(3), s1% = 2,3, We get an expression
for sy 3 as a linear combination of the vectors a_3, a_s, a_1, ag, ai, az, sg,1, and sg 3.
Finally, the last assertion follows since, by Lemma 3.4, a_3 € (a_s,a_1,a;,a2,a3). O

As a consequence of the resurrection principle [15, Lemma 1.7], we can now prove
the following result. We use double angular brackets to denote algebra generation and
singular angular brackets for linear span.

Proposition 3.7. V = (a_s,a_1,a9,a1,a2,a3,80.1,503). In particular, V has dimension
at most 8.
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Proof. Set U := (a_o,a_1,a9,a1,a2,a3,80,1,50,3). By Lemma 3.4, as,a_g € U, and by
Lemma 3.6 also sq 3 and sa 3 belong to U. It follows that U is invariant under the maps
T0, T1, and f. Hence, a; belongs to U, for every ¢ € Z. Now we show that U is closed
under the algebra product. Since it is invariant under the maps 7y, 7, and f, it is enough
to show that it is invariant under the action of ada,, and it contains sg 180,1, S0,350,3, and
S0,180,3. The products apa;, for i € {-2,—-1,0,1,2,3} belong to U by the definition of
U and by Lemma 3.3. By [5, Lemma 4.3], U contains agsg and agsg 3. The product
S0,180,1 belongs to U by Lemma 3.5 and similarly, by Lemma 2.4 and Lemma 3.2, the
products sg 350,3, and sg,150,3 belong to U. Hence U is a subalgebra of V and, since it
contains the generators ag and a;, we get U =V. O

Remark 3.8. Note that the above proof gives a constructive way to compute the structure
constants of the algebra V relative to the generating set B. This has been done with the
use of GAP [9] in [7, 2btnon-Symmetric.s]. The explicit expressions however are far too
long to be written here.

Corollary 3.9. In R the following identities hold:

Aap(a—1) = Aq,

Aap(a—2) = Ag,

Aag (80,1) = A1 — B — B,

Aay(80,3) = Aay(a3) — B — BAa,(a3),

Nag(ag) = SET NG ACELSN) \ay S AGESD ) 1

2 B B .

— A0 TOHD £2 4 BCPU NN + Sandg + 220N N,
2_922844 2(28—1 2(58+1 2(58—1
B ﬂ2ﬁ+)>\1 (52 ))\{ (%+)/\2 ([; )

a(01) = M — 8-,

In particular, R is generated as a D—algebm by A1, Mg, )\{, and /\g.
Proof. By Proposition 3.7, V is generated as R-module by the set B := {a_j,a_q,
ap, a1, as,a3,80.1,50,3 - Since Aa, (v) = (Aa, (vF))?, Aa, is a linear function, and R = Ef,

we just need to show that \a,(v) € D[\, )\{, A2, )\g} for every v € B. By definition we
have

)\ao (ag) = 1, /\ao(al) = )\17 Aao(ag) = )\2, and )‘ao (ag) = )\3.

Since 7 fixes ag and is an R-automorphism of V, we get



134 C. Franchi et al. / Journal of Algebra 636 (2023) 125—-170

Aag(a-1) = Aag((a1)™) = Ar,
Aag(a-2) = Aag((a2)™) = Aq,
and
Aay(80,1) = Aay (a0a1 — fag — far) = A1 — f — B,
and

Aag (80,3) = Aag (@a0as — fag — fag) = A3 — 8 — BAs.
We conclude the proof by showing that A3 € ﬁ[)q, /\{7 Ao, /\g] Set
¢ :=uu; — Vivy — /\ao(ulul - V1V1)ao
and
z:=¢—2(260 — \)u.

Then, by the fusion law, ¢ is a 0-eigenvector for ad,, and so z is a 0-eigenvector for ada,
as well. Since sg 1 is Tp-invariant, it lies in Vio and the fusion law implies that the product
zso,1 is a sum of a 0- and an a-eigenvector for ada,. In particular, Ay, (2zsg1) = 0. By
Remark 3.8 we can compute explicitly the product zsg 1 (see [7, 2btnon-Symmetric.s]):

3

ZsS0,1 = *133

B
1

+ [—62/\3 —

+ [25A1 A - 1)} a_s

268°+6-1) (26° —48+1)
2 28

3 2 _

SRR~ = P

+ [2(25 — DA + MA%A{ —(108% =88 + 1)A? + (=282 + 38 — 1)A A

E
BB, s g1y, 4 B2y PO, U

B(45° + 38 - 3)
2

437 2
AN - A2y U0 25 9y,

+(2682 — 48+ A +

ap

682 —48+1
)\1)\{_(5 2654' )

B(178% — 128 + 2)]
aj

(B+ 3)&% —1) )\{2 . "

+ [—BZ)A? —

+(88% =58+ 1)Af + @/\2 + Cave
Loy 42 4

2093 _
36°(35 1)} o

)\f_
1 4

BB —1) BB —1)
+ |: 5 AL+ 1
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2
+ =282 — (28 = DM + BB+ DA+ (28— DM + %AQ - %*2) So.1-

Since Ay, (zs0,1) = 0, taking the image under A, of both sides, we get the expression
for A3 = Aa,(a3). O

We conclude this section giving some relations in V and R which will be useful in the
sequel for the classification of the algebras. The explicit expressions for these relations
can be found in [7, 2btnon-Symmetric.s].

Lemma 3.10. Set dg := a3 — a4, dj := 8573 —sg23, do == di™, and, fori € {1,2},
D; :=d;"™ — d;. Further, let e := ui*vy' and E := aze — 2fe.
Then, for i € {1,2}, the following identities hold:

(1) di:(), DZZO, EZO,
(2) there exists an element t(A1, )\{7 A2, )\g) € R such that

g = t(A, M, X, M)ag

2
a0 =AD [+ (8= D] = )] + 8200 = M)} as + a1+ Ss0a) =0
Proof. Identities involving the d;’s and D;’s follow from Lemma 3.1 and the fact that
a4 is idempotent. By the fusion law, the product ujus is a 0-eigenvector for ad,, and
the product uj'vi' is a 28-eigenvector for ada,. The last claim follows by an explicit
computation of the product ag(ujuz), which gives the left hand side of the equation. O

Lemma 3.11. In the ring R the following holds:

(1) >‘ao (do) =0,
(2) Aay(d1) =0,
(3) Aay(d2) =0,
(4) Aa,(d1) =0,
(5) Aa,(g—gf)=0.

Proof. This follows immediately from Lemma 3.10. O
4. Proof of Theorem 1.2

The five identities in Lemma 3.11 produce five polynomials p;(z,y, z,t) for i €
{1,...,5} in ﬁ[z, Y, z,t] (with x,y, z,t indeterminates over D), that simultaneously an-
nihilate on the quadruple (Aq, )\{ , Ao, )\g ). Precisely, by Lemmas 3.4 and 3.6 we can write
explicitly a4, s2,3, and 5573, whence the d;’s, as linear combinations of the vectors a_s,
a_1, ag, a1, ag, as, So,1, and sg 3 with coefficients in R. Using linearity of Aa, and Aa,
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and Corollary 3.9, we get the desired polynomials. These are too long to be displayed
here but can be found in [7, 2btnon-Symmetric.s].
Let further, for i € {1,2,3}, ¢i(x, 2) := pi(z,z, 2, z). Then

2
q(z,2) = ﬂlf( 3844° 4 6084 — 37643 + 11432 — 176 4 1)2”

;10 (435235 — 60808° + 29924* — 5164 — 408% + 233 — 2)a5
64 4 3 2 5
BS (643% — 964° 4+ 5282 — 128 + 1)z°=
1 ,
52( 3872035 + 429124° — 92524* — 59283° + 34775% — 6603 + 44)z°
1
62( 31683° + 48324% — 27823 + 7475% — 928 + 4)x2
55 (852 — 68+ 1)2°
+%(8483256 — 482243° — 5048253* + 5557352 — 2016452 + 32625 — 200)z*
8
+W(19792B5 — 302923 + 17700833 — 491752 + 64783 — 32)2°2
16 3 )
/35( 726% 4 6262 — 156 + 1)

8
+W(—4588856 — 3358435 +119184% — 8513233 +270543% — 40893+240)x3

4
+@(—5288065 + 8115683* — 478283 4- 1352732 — 18383 + 96)z>2

32
ﬂ4
4

+E(19648ﬁ6+114384,85 — 2046483%41282625° — 3841132 +55983 — 320)z>

22 (483 — 4487 + 128 — 1)az® + %(25 -1)23

8
+F(16288ﬂ5 — 2509643 + 1490483 — 42728 + 5938 — 32)xz

2
iz

8
+§(—26112[35 + 400408 — 238783 4 695952 — 9953 + 56)x

(—322833 + 3015% — 864 + 8)22

2
+@(—1526455 + 236583 — 141694° + 411052 — 5808 + 32)z

64 (7632ﬂ5 — 116685* + 69326% — 201152 + 2863 — 16),
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g(z,2) = — 51 (852 66+ 1)at + — 7 (4053 — 1482 — 78+ 2)2° + — 7 (25 —1)z?
543 (2433 + 245% — 283 + 5)z% — @(2252 — 158+ 2)xz
+5 2 (7082 518+ 8)z + 2(18,6’2 —138+2)2
—5(1%2 — 138+ 2),
@l 2) = 55 (163° — 203° 485 — 1)a’ + (045" — 455+ 8)a’s

(7264 7083 +58% + 103 — 2)x® — %(2853 —126% - 36+ 1)2°z

65

ﬂ2( B—1zz ~ (40ﬁ4 —26% — 576% 4 3453 — 5)z?

63 (663+35ﬁ2 278 + 4)xz+ 5 (28— 1)2*+— 5 (74ﬂ3 — 1238 + 598 — 8)z
52 (18ﬂ3 356% + 178 — 2)z — @(1853 3182 + 156 — 2).

Now let V' be a primitive axial algebra of Monster type (23, 8) over a ring R of charac-
teristic other than 2, generated by the two axes ag and ay. By [5, Corollary 3.8], V' is a
homomorphic image of V @ p It and R is a homomorphic image of R® p 1t. We identify
the elements of D with their images in R so that the polynomials p; and ¢; defined above
are considered as polynomials in R[z,y, z,t] and R[z, z], respectively. For each i € Z, let
a; be the image of the axis a; and let

P = (Aao (a1)7 )‘0«1 (ao), )‘ao (a’2)7 >\a1 (a‘*l))'
By Corollary 3.9, R ®p, R is isomorphic to R[\, )\{, A2, )\g] Let
vp: Rlz,y,2,t] = R

be the R-algebra homomorphism that associates to each polynomial f € R[xz,y, z,t]
its value on the quadruple P (of course we are assuming z,y,z,t to be algebraically
independent indeterminates over R too). Let Ip be the kernel of vp and set

V@ﬁR

U = =
P Ve, R)p.

Then, Up is a primitive axial R-algebra of Monster type (23, 8). We denote the images of
an element § of R®p R in R via vp by § and by 7; and g, the polynomials in R[z,y, z, ]
and R[x, z] corresponding to p; and g;, respectively. Set
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T:= {1_7171_72773372_9471_75}' (8)

By definition, the p;’s have the coefficients in the ring Ro(f), where Ry is the prime
subring of R (see Section 1).

Proof of Theorem 1.2. With the above notation, by [5, Corollary 3.8], P is the homo-
morphic image in R* of the quadruple (A1, /\{ , A2, /\g ) and so it is a common zero of the
set T and V is isomorphic to a quotient of Up. Hence the claim follows by setting £ to
be the map

g: M2(2/Baﬂ7R)
\%4

— V()
= P O
In the symmetric case we have

Corollary 4.1. If V is a symmetric primitive axial algebra of Monster type (253, 08) gen-
erated by two azes ag and ay, then

)‘ao (CL1) = /\111 (a0)7 )‘ao (Clg) = )‘a1 (afl)

and the pair (Mg, (a1), Mg, (a2)) is a solution of the system

q1(z,2) =0
g2(z,2) =0 (9)
g3(z,z) =0

Proof. Since V is symmetric, Ag,(a1) = Aq,(ag) and Ay, (a2) = Ag, (a—1). Hence the
claim follows from Theorem 1.2 and the definitions of the polynomials ¢;’s. O

Lemma 4.2. For any field F, the resultant ro 3(x) of the polynomials q2(x, 2) and gs(z, 2)
with respect to z is

yr(e —1)(22 = B)(z — B)*[(168 — 6)x + (=185% + 8 + 2)][(85 — 2)x + (—98% + 28],
where

_ —16(28 -1)°(4B — 1)
- 510

Proof. The resultant has been computed in the ring Z[3, 3~ !][x] using [1] (see [7, Solu-
tionsSystem.s]. O
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Set

and C:={e €T | HZ:1 ¢i(e) = 0}. Further set

o={(32)- 0. (:2)}

Si ::{(171)a (Oal)’ (671)}7

(987 —28 98%—-28 _ 1
52'_{(2(46—1)’2(45—1>>}’ 7y

S3 =0, ifﬂ¢C\{:} and

(R R o

Lemma 4.3. Let F be a field of characteristic other than 2, § € F \ {0, 1, %} and let S be
the set of solutions of the system of equations (9) in Corollary 4.1. Then

(1) iff=738=Su{(nl)|nelF};
(2) fB#1, 8=SUSUSUS;.

Proof. If 5 = 7, then

1
19
Gi1(x,2) =—42(2 — 1)(82 — 1),

G(x,z) =— Bz —1)(dx — 1)(z — 1),
x,z) =(z — 1)(4x — 1)(162 4+ 82 — 3)

Q)
w
—

and claim (1) follows. Let 8 # 1. A direct check (see [7, SolutionsSystem.s]) shows
that S; C S for every i € {0,1,2,3}. To prove the reverse inclusions, let (xg, zp) be a
solution of the system (9). Then, by the properties of the resultant of two polynomials
(see e.g. [16, Proposition 8.1]), o is a root of the polynomial 3 3(z) given in Lemma 4.2.
As B # %, ra3(2) is a non zero polynomial and so we get



140 C. Franchi et al. / Journal of Algebra 636 (2023) 125—-170

B . (952 —28) (1852 —f—2)
“””06{ 2P o) 285 -3) }

Assume g = 0. Then ¢2(0,2) = %(96 —2)(28 — 1)(z — 1) and so either zg = 1 or
8= %. In the former case we get the pair (0,1) which belongs to S;. In the latter case,
we get ¢1(0,z) = 5z(z — 1)(92 + 1) and ¢3(0,2) = —10z(z — 1). Since ch F = 5 implies
8= % = —2 and o = 26 = 1 which is not allowed, we get zy € {0,1} and the solutions

2 2
(0,0) = (3555 3552 ) € Sz and (0,1) € 1.

Assume xop = 1. Then ¢2(1,2) = ﬁ—Q(ﬁ —1)(98—4)(28 —1)(#—1) and so either zp =1
or = %. In the former case we get the pair (1,1) which belongs to S;. Suppose 8 = %
and zo # 1. Then note that 3 # § 2 and, since also 3 ki 1 by assumption, ch F # 7. We

have ¢1(1,2) = —g;(2 — )(144z + 1193z — 4900) and Q3(1 z) = & (z — 1)(162 — 23).

Hence we must have zg = 1—6. Thus ¢1(1, %) 3 522171 11 Since ch F # 7 and we get non

admissible values of 8 (3 and 1) when ch F € {3,5}, we have ch F = 11. Then z = %
and we see that (1,1) = (18%92—6—2 (48/3472833”6*22)(36*1)) c Ss.

2(85-3) ° 252(35—3)
Assume g = g Then (jg(g, z) = —%(46 —1)(28 - 1)(B —2z), whence zy = B and we
get the pair (g, g) which is in Sy.
Assume zg = f, then ¢2(8,2) = 0 and ¢1(5,2) = %(25 — 1)z(z — 1)(2z — B). Since
B ¢{0,%}, we get 2 € {0, 1, g} and the pairs (xg, 29) belong to So U Sy.

27
Assume zg = 29(B4ﬁ—3

_ (28 -1)(38 —1)(98 —2)
qQ(xOVZ) = - 2(4/6_1)3 [(85_2)2_5(9ﬁ_2)]
and thus either zy = 9?45 ) and so the pair (xg,z29) belongs to Sy, or 8 € {3, 5
2 2
If ﬂ = %, then o = % = 12?8ﬁf3)2 = 9515 F)a ql(x()? ) = _22(22 - 1)(3Z - ]‘) and

@2(20,2) = 2(2z — 1). Hence 2y € {0, 3} and we see that

1 o) — 186% — B3 —2 (48B* —28B3 + 78 —2)(33 — 1) s
(5’ )‘( 286 —3) 232(35 — 3)2 )e ’

and (%7 %) = (ngzﬁ_ff)), 92[(3:;3?;> €S If g = %, then 29 = 0 and we are in one of the

cases considered above.

Finally assume zg = % Then

B@(z0,2) = —w [28%(88 — 3)%2 — (488" — 288° + 78 — 2)(38 — 1)]

where w := W(262 + 5/8 — 2)(2ﬁ - 1)(35 — 4)(3/6 — 1) Thus either zZ0 —
4 3
(485 722?2(;37?3)22)(% D or w = 0. In the former case we see that the pair

((18&2 ~5-2) (488" - 285° + 78 — 2)(36 - 1))
286 -3) 26°(36 — 3)?
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Table 2
Multiplication table for the algebra 3A(283, 8), B # i
Basis Products Form
a? = a;
a;,Q;) = 1
ajait1 = s+ B(a; +a;+1) wherea; := ajt3 (@i, a:) op—2)
@-1,00,a1,5 32 B2(108—3) (airaip1) = 2(46—-1)
a;s = fBs+ S (ai—1 +aiy1) — 2(aB—1) @i 352(351)
2 _ _ B(6B7+28-1) _ _ B*(28-1) (#:0) = =55
8" =-S5 S~ auds—1 (@-1+ a0+ a1)

is a root of ¢1(,z) only if 3 € C\ {2}. In the latter case, if 3 = § (and hence ch F # 5

since 8 # 1), we get £o = 1 and the above discussion holds. Similarly, if 8 = %, then zg =

% = g&;ff; and we are in one of the cases already considered. Finally if 23%+53—2 = 0,

then xg =  and we are again in one of the cases considered above. O

In order to classify primitive axial algebras of Monster type (28, 3) over F generated
by two axes ag and a; we can proceed, similarly as we did in [5], in the following
way. We first solve the system (9) and classify all symmetric algebras. Then we observe
that, the even subalgebra ((ag, a2)) and the odd subalgebra ({a_1,a;)) are symmetric,
since the automorphisms 71 and 7y respectively, swap their generating axes. Hence, from
the classification of the symmetric case, we know all possible configurations for the
subalgebras ({(ag,a2)) and ({a_1,a;)) and from the relations found in Section 3, we
derive the structure of the entire algebra.

5. The symmetric case

Let, in this and in the following section, V' be a primitive axial algebra of Monster
type (26, 8) over a field F of characteristic other than 2, generated by the two axes ag
and a1. By [5, Corollary 3.8], V is a homomorphic image of V @ F. For every element
v € V, we denote by v its image in V. In particular ay and a; are the images of ag and
a; and all the formulas obtained from the ones in Lemmas 3.2, 3.3, 3.4, 3.10 with a; and
sr; in the place of a; and s, j;, respectively, hold in V. With an abuse of notation we
identify the elements of R with their images in FF, so that in particular Ay = A4, (ay),
M = X4, (a0), A2 = Mgy (a2), and A = g, (as).

In this section we shall classify the 2-generated primitive symmetric algebras of Mon-
ster type (28, 3). This classification could be obtained by a careful analysis of Yabe’s
list [22]. We give here, however, an alternative proof independent of Yabe’s result.

We begin with an overview of the 2-generated primitive symmetric algebras of Mon-
ster type (28, ). We shall show that these are precisely the quotients of the following
algebras:

(1) the algebras of Jordan type 14, 2B, 3C(3), 3C(25), and E(%)o (see [11));
(2) the algebra 3A(28, 3), where 8 # i (see [20] and Table 2);
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Table 3
Multiplication table for the algebra 4Y (283, 8), where 48% +28 — 1 = 0.
Basis Products Form
2
al = a;
L (aiyai) =1
ajait1 = s+ Bla; + ait1) where a4 := ag
(ai,aiy1) =B+
ao, a1, as,as, s a;aiyz = 4fs — 2B271(ai + aiy2) where as := a; (ai,aiys) =B
_ 1
ai5255+%2(ai—1+11i+1) (ai,s) =38
1
s,8) = <03
52:%(43—(13—110—@1—(12) (s,9) 8

(3) the algebras 4.J(28, 3) and 6.J(23, 3) (see [8]);

(4) the 5-dimensional algebra 4Y (243, ) where 4% + 23 — 1 = 0, with basis (a3, ag, a1,
as, s) and multiplication table as in Table 3. Note that it coincides with the algebra
IV5(&, B, 1) defined by Yabe [22], when 8 = #, £=24,and pu = ngl

(5) the 5-dimensional algebra 6Y(3,2) where ¢ch F = 7 and f = 2, with basis
(ao, az2,a4,d, z), where d := a; — a3, $ = a;d — %d, and multiplication table as
n [17, Table 1]. It coincides with the algebra IV5(1,2) defined by Yabe [22] and it

is also a quotient of the Highwater algebra (see [6, §11]).

Note that some of the algebras listed above may have different names, namely one can
prove that 4.J (1, §) = 4A(5, %), 4J(5,3) =4V (3, 1) and 6J(2, %) = 6A(3, $).

It is immediate that the values of (A1, A2) corresponding to the trivial algebra 14 and
to the algebra 2B are (1,1) and (0, 1), respectively. In the following lemmas we list the
key features of the remaining algebras.

Lemma 5.1. Let F be a field of characteristic other than 2 and 3 € F \ {0,1, 2 5 4} The
algebra 3A(20, ) is a 2-generated symmetric Frobenius axial algebra of Monster type
(28, 8) with A\y = Ao = g((ig 12)) It is simple except when (183% — 3 —1)(96% — 108 +
2)(58 — 1) =0, in which case one of the following holds

(1) g = %, chF # 3, and there is a unique quotient of maximal dimension which is
isomorphic to 3C();

(2) 1882 — 3 —1=0, ch F # 3, and there is a unique non trivial quotient denoted by
3A(28,6)";

(3) 982 —108+2 =0, chF # 3, and there is a unique non trivial quotient which is
isomorphic to 1A;

Proof. Let V be the algebra 3A(24, ). Then V has a Frobenius form such that (a,a) # 0
for every axis a. Since the Miyamoto group of V' is transitive on the set of axes, by [13,
Theorem 4.11] every proper ideal of V' is contained in the radical of the form. Now, the

! We adopt here the notation used in [17].
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Gram matrix of the Frobenius form with respect to the basis (ag,a1,a2,51,0) can be
computed easily and has determinant

B2(96% — 105 +2)°(186% — B — 1)(58 — 1)

A=- 16(45 — 1)

Thus, if A # 0, V is simple. In particular, this happens if ch F = 3, since A annihilates
only for § € {0,—1}, whence o € {0, 1}, but these values are not allowed. So assume
chF # 3. When g = % we see that the radical is generated by the vector g(ao + a1 +
az) + so,1 and hence the quotient over the radical is isomorphic to the algebra 3C(53).
If (1862 — 3 — 1) = 0, then the radical is one-dimensional generated by the vector
—g(ao + a1 + az2) + so,1 and so the quotient over the radical is the unique non trivial
quotient. Finally, if (98% — 108 + 2) = 0, then the radical is three dimensional, with

generators

agp — az, ap —ay, (28— 1)ag+ s0,1-

It is immediate to see that the quotient over the radical is the trivial algebra 1A. Using
Lemma 2.5, it is straightforward to prove that the radical is a minimal ideal. O

Lemma 5.2. Let F be a field of characteristic other than 2 and 8 € F \ {0,1, % .

(1) The algebra 3C(25) has (A1, A2) = (8, 8). It is simple except when f = f%, in which
case it has a non trivial quotient of dimension 2, denoted by 3C(—1)*.

(2) The algebra 3C(B) has \y = A2 = % It is simple except when B € {—1,2}. The
algebra 3C'(—1) has a non trivial quotient of dimension 2, denoted by 3C(—1)*, and
the algebra 3C(2) has a one dimensional quotient isomorphic to the algebra 1A.

(3) The algebra 4.J(28,5) has (A1, X2) = (8,0). It is simple except when 8 = —1, in
which case it has a unique non trivial quotient, denoted by 4J (253, 8)*, over the ideal
generated by a_1 + ag + a1 + as — %80,1, which is a simple algebra of dimension 4.

(4) The algebra 6J(28, ) has (A1, A2) = (ﬂ, g) It is simple provided B ¢ {2, —%}

If g = —%, the algebra has a unique non trivial quotient, denoted by 6J(%, %)X,
over the ideal F(a_o+a_1+ap+aj +az+as— %80’3 — %80’1), which is a simple
algebra of dimension 7.

If B = 2, then the algebra has a unique non trivial quotient which is isomorphic

to 3C'(20).

Proof. (1) and (2) are proved in [11, (3.4)]. Let V € {4J(28,5),6J(283,3)}. Then, V is a
subalgebra of a Matsuo algebra and so it is endowed of a Frobenius form. As in the proof
of Lemma 5.1, every proper ideal of V is contained in the radical of the form. When
V =4J(28,8), the Gram matrix, with respect to the basis a_1, ag, a1, ag, —%8071, is
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1 B8 0 B 28
p 1 B 0 28
21 0 B 1 B 28
B 0 B 1 28
28 28 28 28 2

The determinant of this matrix is 2(28 — 1)2(43 + 1) and so, if 3 # —% we get the
thesis. If § = —i, the radical of the form is the 1-dimensional ideal F(a_1 + ap +
a1 + ag — %80’1). When V = 6J(23, ), the Gram matrix, with respect to the basis

1

2 . . .
ag, a2, a—2,a1,a_1,03, 50,3, —550,1 given in [8, Table 8], is

B 26 28 28 28 4B
B 26 28 28 28 4B
2 23 28 28 28 4B
28 2 B B 28 4B
2826 B 2 B 28 4P
28 28 28 B B 2 28 4P
28 28 2B 28 28 2B 2 28
4B 4B 4B 4B 4B 4B 2B 4+28

B
2
B
2B

gghmm

The determinant of this matrix is —16(28 — 1)%(8 — 2)°(78 + 1) and so, if 3 ¢ {2, -1},
the algebra is simple. If g = f%, then the radical of the form is the 1-dimensional ideal
Fla_o+a_1+ap+ar+as+az— %5073 — %5071) and the result follows. Finally suppose
B =2 (and hence ch F # 3). Then the radical I of the form is 5-dimensional with basis

ap —az, ap —a-2, a3 —a—-1, @1 — Aas, So0,1 — S0,3

and a direct computation shows that V/I is an algebra of type 3C(28). It remains to
prove that I is a minimal ideal. Suppose J is a non zero ideal of V. Then J C I. Since
I is invariant under the action of the Miyamoto group and

8071 — 50,3 ao(a1 — CL3) — 2(@1 — a3) = al(ao — a_g) — 2(&0 — CL_Q)
ap—a—y = #(as—a1)(so1 — So3) = (ag —ap)™
a1 —a3 = §la_a—ag)(so1 —so3) = (a1 —a_1)™

in order to prove that J = I it is enough to show that J contains one of the above five
basis vectors.
Set

Vo = —2a9 + a_s + a9,
wo 1= a_1 +a; — 2a3 — So,1 + 50,3,

Wq = a1 — a3+ a—1 —asg + So,1 — S0,3-
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Then, with respect to ad,,, (vo,wo) is a basis for the O-eigenspace of I, w, is a generator
of the a-eigenspace and (a; —a—_1,a2—a_2) is a basis for the S-eigenspace. By Lemma 2.5,
J contains a non zero eigenvector v for ad,,. If v is an a-eigenvector, then it is a multiple
of w, and hence J contains %(wa —wlt)™ = ay — as. Suppose that v is a S-eigenvector,
that is v € (a1 —a_1,a2 — a_3). If v is a multiple of either as —a_s = (ag — a—2)™ or
a1 — a_1, we are done. So assume v is neither a multiple of as — a_o nor of a; — a_;.
Then we may assume that v = a; — a—1 + n(az — a—_2), for some n € F, 5 # 0. Then
v—0v" =ay —as +n(ag —a—_z) and J contains ag — az = %[2(0 —v) —ag(v—v7) —
2(v—0v")™ +as(v—v")™]. Finally suppose v is a 0-eigenvector, that is v € {vg, wp). If v
is a multiple of wg, then a_; — a3 is a multiple of v —v™ and so it lies in J. Otherwise we
1

may assume v = vg +nwo with € F. Then J contains 3 (v—v™) = n(a_; —az) —ao+az

and we may conclude that ag — as € J as in the previous case. 0O

Lemma 5.3. Let F be a field of characteristic other than 2 and 3 € F such that 4/3% +
26 —1=0. The algebra 4Y (253, B) is a simple 2-generated primitive symmetric Frobenius
azial algebra of Monster type (283, 8), with A\ = 8+ i and Ay = (.

Proof. All the properties are easily verified. Note that the Frobenius form is defined by
(aiya;) =1, (a;,a5) = Ay, for i,j € {0,1,2,3} such that i — j =5 1, (ag, a2) = (a1,a3) =
A2, and (a;, ) = %B for i € {0,1,2,3}. Then the Frobenius is the one specified in Table 3,
and its Gram matrix has determinant % (8—1)%(28—1)(28+3). Note that, for 3 = —%,
condition 4% + 28 — 1 = 0 implies ch F = 5 and § = 1. Hence the Frobenius form is
always non degenerate. Note that S # —i, for otherwise the condition 432 + 28 -1 =0
implies chF = 5, whence 5 = 1, a contradiction. Thus the projection graph is connected

and the result follows with the argument already used to prove Lemma 5.2. O

Lemma 5.4. Let F be a field of characteristic 7. The algebra 6Y (3,2) has (A1, A2) = (1,1),
it is a baric algebra with a unique maximal ideal R = (ag—az,ag—aq, d, z) of codimension
1. The algebra has 4 non trivial quotients

Proof. The algebra V is endowed with the Frobenius form given in [17, Table 1]J:
(ai,a;) = 1 for every i,j € Z and (d,z) = (z,z) = 0 for all x € V. It is immediate
to see that the radical is R = (ag — a2,a9 — a4,d, z) and V/R = 1A. Moreover, by [17,
Corollary 4.15], every proper ideal of V is contained in R. Note that a basis of ad,,-
eigenvectors for R is given by (z,u := —ag — 3(ag + a4) — 2z, —3d + z,a2 — a4), where
z and u are 0-eigenvectors, —3d + z is an a-eigenvector and as — a4 is a [J-eigenvector.
Let I be a non zero ideal of V. By Lemma 2.5, I contains an eigenvector v for ad,.
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Routine computations show that Vz = (z), I := V(a4 — a2) = (ap — az, a2 — a4), and
I, ;== V(=3d + z) = (d, z). Finally, suppose v is a 0-eigenvector which is not a multiple
of z. Then we may assume v = u + pz, with y € F. If 4 = 2 we see that v € I; if pu # 2,
then w € I and so I contains Vu = (ag — az, as — ay, z). A direct check shows that z € I,
I NI, ={0} and I} + I = R. Therefore, Vz, I}, I, and R are the proper non trivial
ideals of V' and the result follows. O

The next lemma will be useful to deal the case of algebras of dimension at most 3.

Lemma 5.5. Let V' be a symmetric primitive azial algebra of Monster type (a, ) over a
field F, generated by two azes ag and ai. Suppose there exists n € F such that

az =a_1 +n(ag — ar).

Then, one of the following holds

(1) n=0and az =a_y;
(2) n=1, a1 =a_1, a2 = ag, and V is spanned by ag, a1, S0,1-

Proof. If n = 0, the claim is trivial. Suppose 1 # 0. By substituting the expression for
as in the definition of 592 we get

50,2 = apaz — B(ag + az)
= agla—1 +n(ao — a1)] = Blao + a—1 + nlao — a1)]
= (1 =mn)so1 + Bla—1 — az) +nao —nf(ag + a1).
Thus sp'y = (1 —n)s0,1 + B(az —ao) +naz —nB(az +a1). Since a_1 = az —n(ag —ay) and
az = (az)™f = ag +n(a; —as), by Lemma 3.1(2) and substituting the above expressions
for 592 and sp'y, we get
0=s02— 870—,12
= Bla—1 —as) — Blaz — ao) + n(ao — az) —nB(ao — az)
= fBlaz —nlao — ar) —ao — n(ar — az)] + (B +n — nB)(ao — az)
=n(1—2p8)(ag — a2).

Since § # 1/2, we have ag = ag and, by the symmetry, a_; = a;. The second assertion
follows by [5, Lemma 4.3]. O

Proposition 5.6. Let V' be a symmetric primitive azial algebra of Monster type (25, 0)
over a field F of characteristic other than 2, generated by two axes ay and ay. If V has
dimension at most 3, then either V is an algebra of Jordan type 8 or 283, or 1842 —5—1 =
0 inF and V is isomorphic to the algebra 3A(253,3)*.
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Proof. Since V is symmetric, ad,, and ad,, have the same eigenvalues. Since 1 is an
eigenvalue for ad,,, it follows from the fusion law that if 0 is an eigenvalue for ad,,, or
V has dimension at most 2, then V is of Jordan type S or 23. Let us assume that 0 is
not an eigenvalue for ad,,. Then u; = 0 (recall the definition of w; in Section 2) and, by
Lemma 2.4, we get

S0,1 = [/\1(1 — Qﬂ) — ﬁ}ao + g(al + a_l). (10)

Since we have also u{ = 0 we deduce

a2 = a_1 + %()\1(1 — Qﬁ) —ﬁ) -1 (ao — a1>.

Thus we can apply Lemma 5.5: if claim (2) holds, then a1 = a_1, V is spanned by aq,
a1, and sg 1, so by Equation (10) has dimension at most 2 and we are done. Suppose
claim (1) holds, that is %()\1(1 —28)— ) —1=0. Then

50,1 = g(ao +a1+a_1) and apa; = gﬁ(ao +a1) + 501,
whence we get that V satisfies the multiplication given in Table 2. The vector v :=
3Bag + (28 — 1)(a—1 + a1) is a 2B-eigenvector for ad,, and, in order to satisfy the
fusion law (in particular » - v must be a l-eigenvector for ad,,), § must be such that
1832 — 3 —1 = 0. Hence V is isomorphic to a quotient of 34(23, 3)*. Since by hypothesis
B¢ {1,1}, by Lemma 5.1, 3A(23, 8)* is simple and V = 3A(23,8)*. O

Theorem 5.7. Let V' be a primitive symmetric azial algebra of Monster type (23, 3) over
a field F of characteristic other than 2, generated by two axes ag and ay. Then, one of
the following holds:

(1) V is an algebra of Jordan type B or 2(;

(2) V is isomorphic to 3A(28, 8);

(3) V is isomorphic to 4J(28, B);

(4) V is isomorphic to 6.J(28,B);

(5) 482 +2B—1=0inF and V is isomorphic to 4Y (28, B);
(6) chF =17, 8=2 and V is isomorphic to 6Y(%,2);

(7) 1832 — 3 —1=0inF and V is isomorphic to 3A(283,8)*;
(8) B = —% and V is isomorphic to 4J(—%,—%)X;

(9) chF =7, =2 and V is isomorphic to 6Y(%72)X;

10) X

(10) g = —% and V is isomorphic to 6J(—%,—%)

Proof. By Theorem 1.2, V is determined, up to homomorphic images, by the pair
(A1, A2), which must be a solution of the system (9) in Corollary 4.1. The solutions
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of that system are given by Lemma 4.3 and the proof proceeds by considering each case.
Recall that, by [5, Corollary 3.8] and Proposition 3.7, V' is spanned on F by the set a_q,
a-1, ag, ai, az, as, So,1, and o 3.

Claim 1. If \; = 3, then V falls into one of the cases (1), (3), (4), (8), (10).

Assume \; = . Then, by Lemma 4.3,

e { (8.5 60,60}

Evaluating the formula in Lemma 3.6 for Ay = 3, we get s;3 = s23 = 50,3 and, by
Lemma 3.1,

-
80}3 = 5073.

If (A1,2) = (B, §)7 the algebra satisfies the multiplication table of the algebra
6.J(28, ). Hence V is isomorphic to a quotient of 6J(283,3) and, by Lemma 5.2, we
get that either (4) or (10) holds.

Suppose (A1, 2) € {(8,0),(5,1)}. Let E be as in Lemma 3.10. Using the explicit
expression for F computed in [7, 2btsymmetric_lm=Dbt.g] we get

(26 =1)(2X2 = B)

0=F=
4

[s0,3 — s0,1 + B(as —a—1)],

hence, since (28—1)(2X2—f) # 0, we get so.3 = so,1+/5(a—1 —as). Then, since 870'}3 =503
we get

0 =S50,3 — 88,13
=s01 + Ba—1 —a3) —so1 — Blaz —a_1)

:2ﬁ(a,1 — a3)

whence a3 = a_1, 50,1 = So,3, and a_g = ag. It follows that the dimension of V is at
most 5.

Now, if (A1, A2) = (8,0) we see that V satisfies the multiplication table of 4J(283, 3)
and either (3) or (8) holds. Finally, if (A1, A2) = (8,1), then Z(8,5) = 0 and so by
Lemma 3.3 and Equation (1) we get apas = ag, that is ag is a 1-eigenvector for ad,,. By
primitivity, this implies as = ag. Consequently, a_; = ag = ag = a; and V satisfies the
multiplication table of 3C'(2) and so it is a quotient of that algebra. In particular V' an
axial algebra of Jordan type 28 (case (1)).

Claim 2. If \; # 3, then V = (a_1, ao, a1, a2, S0,1) and there exist b,c € F such that

bla_1 — ag) + c¢(ap —a1) = 0. (11)
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The precise expressions for b and c are too long to be displayed here, but can be found
in [7, 2btsymmetric_Im<>bt.g].

Assume A\; # S. Let Dy be as in Lemma 3.10. By Lemma 3.6 or using the explicit
expression for Dy computed in [7, 2btsymmetric_Ilm<>bt.g], we get

_ 228-1)(M - B)

0=D; = 52 [(B = 1)(a—2 —a2)
+ (”1(45 — ?2(% =) 1053 2A2> (a-1 - al)} :

Since A # 8 and 8 ¢ {1, %}, the coefficient of a_s in D; is non zero, so

a_o = a2 +

1 {2&(4/3 —1)(2\ — 38)

(B-1) 32 +108 -3 — 2/\2} (a1 —a—q). (12)

Since V' is symmetric, the map f swapping ag and a4 is an algebra automorphism, whence

ag =a-1+

1 {ml(w —1)(2\ — 38)

B-1) B2 +105 -3 - 2/\2} (a0 — az). (13)

It follows that

50,3 = agas — f(ao + az) € (apa—_1,ao, apaz, as).

Since, by Lemma 3.3 and Equation (13), (apa—_1, ao, apas, az) < {(a—_1, ao, @1, a2, So,1), we

get V = (a_1,a9,a1,a2,50,1), as claimed. Moreover, equation d; = 0 of Lemma 3.10
becomes Equation (11).

Claim 3. If 3 # i and (A1, A2) = ((29542[;216)), (3&26121’6;)), then V' falls into either case (2)
or case (7).

Note that under the above condition, since 8 # 0, A\; # [ and Claim 2 holds. Since
both a2, — a_o and a2 — a3 are the zero vector, by Equations (12) and (13), we get

(1832 — 9B +1)
(48 -1)

25188 —5)
(46 —-1)

2
(a2 —a—_1) =0 and (ag —a—_1) =0.

Now note that, in any field F, there is no element S which simultaneously satisfies
(183 —5) = 0 and (1832 — 98 + 1) = 0. Hence az = a_1, a_ = ay, and V satisfies the
multiplication table of the algebra 3A(28, 8). The result then follows by Lemma 5.1.

Claim 4. If (A, A2) = (g, g), then V' falls in one of the cases (1), (2), (6), (7) or (9).
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Since 5 # 0, g # 3, so Equation (11) in Claim 2 holds and a direct computation gives

— 146 -1
%(a_1 — CI,Q) =0. (14)
Moreover, Equation (12) and the identity a?, = a_o give
2 _
(ﬂ—’—ifl)(a_l - ag) =0. (15)

Suppose 3 # 1 (resp. 2 + 23 — 1 # 0). From Equation (14) (resp. Equation (15)) we
get a_1 = ag, a_y = a1, whence sg 2 = sg,1. Thus, from Lemma 3.3, we get

Gs-1)

ﬂ 5071+é(a0+a1 +CI,_1) =0.

2

If 8 # é, it follows that sg1 = —g(ao +a1+a—_1), V satisfies the multiplication table
of the algebra 3C(3) and so it is an algebra of Jordan type § (case (1)).

If § = 1, we have § = 9720
d

3A(28,B) (cases (2) and (7)).
Finally, assume 8 = % and 82 + 28 — 1 = 0. Then —1% = 0, whence chF =7, 8 =2,
and a = 4 = 1. In this case, Equation (12) becomes

and, by Claim 3, V is a quotient of the algebra

a_gs=as+a; —a_1 (16)

and V satisfies the multiplication table of the algebra 6Y(%, 2). Hence V is isomorphic
to a quotient of this algebra and, by Lemma 5.4, one of the cases (1), (6), or (9) holds.

Claim 5. If (A, \2) = (0,1), then

—(98 —4)(45* +28 - 1)

B(B—1) (a-1+ao —ar —az) =0 (17)
Zizﬂﬁ——_ﬁ% [265(8 = 1)1 — a_1) — (185° + 275> — 245 + 4)(ap — a2)] =0 (18)
%b(a_l — al) =0. (19)

Since (A1, A2) = (0,1) and 8 # 0, \y # S and Claim 2 holds. In this case, the
expressions for the coefficients b and ¢ in Equation (11) reduce to

b=c—= _(95 _4)(452 +2B - 1)’ (20)

B(B-1)

giving Equation (17). Equation (13) and the property a3 = a3 give Equation (18) and

the equation Dy = 0 of Lemma 3.10 becomes Equation (19).
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Claim 6. If (A1, A2) = (0,1) and a_1 = a1, then V is isomorphic to the algebra 2B.

Since a_1 = a1, we get as = a’il = a{ = ag, whence, by Claim 2, V = (ag,a1,50,1)-
Further, sg 2 = agaz — B(ap + a2) = (1 — 23)ag. Substituting this expression in the first
equation of Lemma 3.3, we get sop1 = —f(ao + a1) (note that the coefficient of s¢; in
that equation is 2Z(A1, A1) = 2Z(0,0) = —% # 0), in particular V' = {ag,a1). By
the definition of s¢ 1, apa; = 0, whence V = 2B.

Claim 7. If (A1, A2) = (0,1), then V is isomorphic to the algebra 2B.

If b # 0, since 5 # %7 by Equation (19), a_; = a; and we conclude by Claim 6.
Assume b = 0. Since 8 ¢ {0, 1, 1}, Equation (18) is equivalent to

5(183% +278? — 248 + 4)(ap — az) = 0.

If 5(183% + 278% — 243 +4) # 0, we get ag = ag, S0 a1 = ag = ag = a_; and the
result follows by Claim 6.

Suppose 5(1833 42732 —243+4) = 0. Since b = 0 (and 3 # 1), Equation (20) implies
chF = 31 and 8 = 9. In this case, the vector E defined in Lemma 3.10 is equal to
—4a_q + 6ag + 6a; — 4as + 14sp,1. Since, by Lemma 3.10, E = 0 = E™, we have

6(a; —a_1)=E—E™ =0,
whence a; = a_; and again the result follows by Claim 6.
Claim 8. If (A1, A2) = (1,1), then V falls into cases (1), (2), (6), (7), or (9).
Evaluating equation Dy = 0 of Lemma 3.10 on the pair (A1, A\2) = (1,1), we get

2(43% — 148% + 118 — 2)(968% — 108 +2)(B —2)(28 — 1)
56

Hence, if (4483 — 1482 + 118 — 2)(98% — 108 + 2)(8 — 2) # 0, we get a_; = a; and

ay = al 1= a{ = ag. Thus, by Claim 2, V' has dimension at most 3 and we conclude by

(a_1 — al) =0.

Proposition 5.6 that V is of Jordan type or isomorphic to 34(28, 3)*. So let us assume
(4% — 1482 + 118 — 2)(98% — 108 + 2)(B — 2) = 0. (21)
Further, the coefficients b and ¢ of Equation (11) reduce to

1

b= 53

(368" — 1265 + 1278 — 4853 + 6)

and
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1
c= —@(w? +28—-1)(98° — 108 +2)(8 — 2).

Assume first § — 2 = 0. Then (A1, \2) = (g, g) and we reduce to Claim 4.

Suppose now 432 —143%2+118—2 = 0. Then routine computations show that, in every
characteristic other than 2, b and ¢ are not zero. Thus, by Lemma 5.5, V' has dimension
at most 3 and we conclude by Proposition 5.6, as in the previous case.

Finally assume 9% — 108 + 2 = 0. Then ¢ = 0. If b # 0, from Equation (11) we get

az =a_1 and a1 = a’™® = al’ = a_s. Thus, Equation (12) becomes

a; —a—_1 =

1 {2(45 —D(2-3p)
(B-1) p?

whence, either a; = a_; and again V has dimension at most 3 and we conclude by

+108 — 5] (a1 — a1),

Proposition 5.6, or

L [0 g5 ] -
G-1) [ 7 + 108 -5 1
that is

116° — 3082 +228 —4
BB —1) a

It is now straightforward to check that the two polynomials 952 — 108 + 2 and 1153 —
30832 4 223 — 4 have no common roots in any field of characteristic other than 2 and we

get a contradiction. We are therefore left with the case b = 0. Then the two polynomials
932 — 108 + 2 and b have a common root if and only if ch F = 7 and the common root

if 8= —1. Thus we get (A1, A2) = (1,1) = (29&25:216)) and we conclude by Claim 3.

Claim 9. If 3 = % and Ay = 1, then V falls into cases (1), (2), (3), (4), (6), (7), (8),
(9), or (10).

Since 1 # 8 = %, chF # 3. If Ay € {0,1, 3} we conclude using Claims 7, 8, and 1,
respectively. Assume A\; € F \ {0,1,3}. Then the identity Dy = 0 in Lemma 3.10 gives
the relation

28

3(4)\1 - 1)((11 - a,l) =0.

Since (4\; — 1) # 0, either a3 = a_; or chF = 7. In the former case ay = a’il = a{ = ap

and, by Claim 2, V' ha dimension at most 3, so we conclude by Proposition 5.6. Assume
a1 —a_1 #0.So chF =7 and 3 =} = 2. Then, Equation (12) becomes

a_9 = a2 + (a1 — (1_1), (22)
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the identity £ = 0 in Lemma 3.10 reduces to
(A= 1)\ = 2) [2(a—2 — a2) + (AT +1)(ag — az)] =0, (23)
and condition £ — E™ = ( gives
(A2 —2)(a_p —ag) = 0.

Since, by assumption a_s —ag = a1 —a_1 # 0, it follows A3 = 2. Then by Equations (22)
and (23), we get

2(a1 —a-1)+3(ag—az) =0
and applying the map f,
3(a; —a_1) +2(ag — az) = 0.
Taking the difference we get
ag—as—a; +a_1 =0,
whence, applying the map 7,
ag—a_o—a_1+a; =0.
Now, taking the difference of these two and using Equation (22), we get
0=ay—a_s+2(a1 —a_q1) =a; —a_y,
against the assumption a; —a_1 # 0.

Claim 10. Let C be the set defined before Lemma 4.5. If § € C\ {2} and (A1, X2) =

2_pg_ 4 3 _ _ . R R
(12’((386_63)2, (485 22%1(;[37?3)22)(36 1)), then either 23% + 58 — 2 = 0, in which case

(M, A2) = (B,1) and Claim 1 holds, or Ay # 8 and the following relation holds

(282 + 56 — 2)(48° + 26 — 1)(58% + B — 1)(78 - 2)(28 - 1)
Bo(88 —3)*(B—1)

Since we are assuming Ay = 13?825;;8:;)2’ we have \; = ( if and only if

(a1 —a—1)=0. (24)

262 +53—2=0.

Since f € C, B is a root of at least one of the polynomials ¢;, ¢ € {1,...,7} de-
fined before Lemma 4.3. Routine calculations show that this is possible if and only



154 C. Franchi et al. / Journal of Algebra 636 (2023) 125—-170

if ch F = 5 and either 8 = 1, which is not allowed, or § = —1. In the latter case,

Ao = (4854_22%623(;;?522)(36_1) = 1. If \; # 3, Claim 2 holds and the identity Dy = 0 in

Lemma 3.10 becomes Equation (24).

Claim 11. Assume (A1, \2) are as in Claim 10 and 23% + 58 — 2 # 0. Then V falls in
one of the cases (1), (2), (5), (6), (7), or (9).

If (48*+28—-1)(58%+8—1)(78—2) # 0in F, from Equation (24) we deduce a; = a_;
and ag = az. Thus V has dimension at most 3 and we conclude by Proposition 5.6.

If (582 +B—1) =0, then A\ = \y = g and we are in the case of Claim 4.

If (48428 —1) =0, we get Ay = 8+ 1 and Ay = 3. Then Equation (13) becomes
as = a_1, whence, applying f, a_s = as. It follows that V satisfies the multiplication
table of the algebra 4Y (23, 3). Hence, by Lemma 5.3, (6) holds.

Finally assume 78 — 2 = 0, that is ch F # 7 and § = % In this case A\ = Ay = % =
9682 -2
2D

and we conclude by Claim 3. O
6. The non symmetric case

In this section we deal with the nonsymmetric case and prove Theorem 1.1. Let V' be
generated by the two axes ag and a;. Recall that, by Proposition 3.7, V has dimension
at most 8. Set V. := ({ag,a2)) and V, := ((a—1,a1)). As noticed at the end of Section 4,
Ve and V, are symmetric, since the automorphisms 7 and 7y respectively, swap their
generating axes. Hence, from Theorem 5.7 we get the possible values for the pair (A, )\g )
and the structure of those subalgebras. Note that V' is symmetric if and only if \; = )\{
and Ay = ] in F.

Lemma 6.1. If V' has dimension 8, then V = 6J(23, ).

Proof. Suppose V' has dimension 8. Then the generators a_s,a_1, ag, a1, az,as, so,1, and
50,3 are linearly independent. We express d; defined in Lemma 3.10 as a linear com-
bination of the basis vectors (see [7, 2btnon-Symmetric.s]). Since d; = 0 in V, every
coefficient must be zero. In particular, considering the coefficients of a_s, a3, and sg 1 we
get, respectively, the equations

(Gﬁﬁ_l))\l—k(256_2))\{—(%—3):0
Qﬂﬁ_z))\l—k(655_1))\{—(85—3)—0

4
S8 =2 = 200 =AM = 20— M) =0

whose common solutions have A\ = )\{ and Ay = )\5 . Hence V is symmetric and the
result follows from Theorem 5.7. O
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Lemma 6.2. If V' is non symmetric, then V. and V, are not isomorphic to the seven

dimensional quotient of 6.J(—2,—1).

Proof. It is enough to show that the claim holds for V,. Let us assume by contradiction
that Vj, is isomorphic to the seven dimensional quotient 6J(—2,—1)* of 6J(—2,—1).
By Lemma 6.1, V has dimension smaller than 8, hence V' = V, and so V has basis
a_s,a_s,a_1,a1,as,as, s1,2 and the product with respect to this basis is known (see [8,
Table 8]). Let ap = z_s5a_5 + T_ga_3 + T_1a_1 + T1a1 + T3a3 + T5a5 + 2512 be the
decomposition of ag with respect to this basis. Since a}° = ag, and 79 swaps a_; and
a;, for i € {1,3,5} and fixes s 2, we must have z_, = z;, for i € {1,3,5}. Moreover,

a1 —a_1 and a3 — a_g are [-eigenvectors for ag, and so we have
O :14[a0(a1 — a_l) — ﬁ(al - &_1)]
=(z3 + x5 — 22)(as — a—5) + (x3 + x5)(a—3 — a3)
+ (14xy — 323 — 3w5 — 22+ 2) (a1 — a—1)

and, since all the coefficients must be zero, we get x5 = —z3, 2 =0, and z; = —%. Then

0 :14[(10((13 - a_3) — ﬂ(ag - 04_3)}
:(1'3 + %)((ll —a_1 +as — a,5) - 17(1’3 + %)((Lg - a,3)
whence x3 = —% and ag = %(a_g; —a_3—a_1 —ay — az + as). But then a3 # ag, a
contradiction. 0O

Remark 6.3. Lemma 6.1, Lemma 6.2 and Theorem 5.7 imply that if V' is non symmetric,
then the dimensions of the even subalgebra and of the odd subalgebra are both at most

5.

As a consequence, from Lemma 3.4 we derive some relations between the odd and
even subalgebras.

Lemma 6.4. If a_3 = as, then

Z(M M) (a0 — ag + a_g — ay) (25)
=3 [220d o) (M = 8) - (¥ - 5)] (a1 - )
If a_y = aa, then
ZO, M) (aoy —as +a_s — ay) (26)

=5 [2200 M) 4 = 8) = (2 - B)] (02 - ).
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If a_3 = as, then

2Z(M A1) (az — a_y) (27)
1

-3 [4Z(A{,A1) (/\{ - ﬁ) - (2Ag - ﬁ)] (a1 — a_1).

If a_o = ay, then

2Z(M, M) (a_y — as3) (28)

_ % 4200 X)) (1 = 8) = (202 = B)] (a0 — a2).

Ifa_s =a4 and a3 = a_1, then
28200, M) =20\ - B)] (a2 — a-2) (29)
= 2 [128 = 18205 ADO] = B) — 880w — 2D (28— 3 - A])
+2(28 — 12N - 8) =262 = M) (1 — a-).

Proof. By applying the maps 79 and 7; to the formulas of Lemma 3.4 we find similar
formulas for a_4 and as. Equations (25), (26), (27), and (28) follow. To prove Equa-
tion (29), note that if a_s = a4 and a3 = a_1, then sg.3 = sg.1. Thus s1,3 — s2.3 =0 and
the claim follows from Lemma 3.6. O

In view of the above relations, it is important to investigate some subalgebras of the
symmetric algebras.

Lemma 6.5.

(1) If U is one of the algebras 4Y (28, 5), 4J(28,58), or 4J(28,5)*, then U = ({a—1 —
ai,ag — az)).

(2) If U is one of the algebras 3C(B), 3C(—1)*, 3A(28, ), or 3A(253,8)*, then U =
{{a_1 —a1,a0 —a1,)), unless U = 3C(2), or 3A(283, 3), where 982 —103+2 = 0, or
p=t

Proof. To prove (1), set W := ({a_1—a1,a0—az)). Let U be equal to 4J (23, 8) or its four

dimensional quotient when 3 = —i. Then a_ja; = 0 = agaz. Thus (a_1—a1)? = a_1+a;

and (ag — ag)? = ag + a2, whence we get that ag,a; belong to W and the claim follows.
Let U be equal to 4Y (253, 8). Then, W contains the vectors

(a_1—a1)* =a_1 + a1 + (28 — 1)(ap + az) — 83501,
(ap — a2)® = ag +as + (268 — 1)(a—1 + a1) — 8Bso,1,
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o
4(B-1)

as —a] = [(a,l —a1)* = (ap —a2)®* —2(B—1)(a_1 — a1 +ag — ag)] ,

and

(G,Q — 01)2 =a9+a; — 25(0,2 + al) — 28071.

The matrix of the coefficients of the five vectors a_1 —ay, ag—axz, (a_1—a1)?, ag—ay, and
(az —aq)? (with respect to the basis (a_2,a_1,a9,a1,50,1)) has determinant 83(1 — 43)
which annihilates only for 8 € {0, }. However, 8 cannot be neither 0 nor } since the
algebra 4Y (23, 3) is defined only when 432 + 23 — 1 = 0. Therefore the five vectors are
linearly independent and so generate the entire algebra in this case.

To prove (2), set W := ((a—1 — a1,a9 — a1)). Let U be equal to 3C(3). Then W
contains also (ag — a1)? = (1 — B)(ag + a1) + Ba_1 and the three vectors generate U,
unless § = 2. Since 3C(—1)* is a quotient of 3C'(—1), we also obtain that this algebra
is an exception only when —1 = 2, that is ch F = 3. But then 28 = 1, which is not
allowed. If U = 3A(283, 8), then W contains also the vectors ¢ := (ag — a1)(a—; —ay) =
(1-2B)a; — sp1 and

c? :mw@o&? — 238+ 4)(a_1 + ap) — (828* — 12933 + 924% — 328 + 4)ay

+23(268% — 268 + 5)s0.1]-

The matrix of the coefficients of the four vectors a_, — a1, ag — a1, ¢, and ¢? is non
degenerate, whence the four vectors generate U, unless 982 — 108 +2 =0, or 8 = %
Since 3A(28,8)* is a quotient of 3A(23, 3) provided 1832 —3—1 =0, if U = 34(28, B)*,
we get that W = U unless 982 — 108 +2 =0, or 3 = % In the former case we get no
solutions for 3; in the latter case we see that § = % satisfies 1832 — 3 — 1 = 0 only if
chF =3 and 8 = 2, whence 23 = 1, which is not allowed. O

We start now to consider the possible configurations. Many of them are forbidden by
the following result which is an immediate consequence of Theorem 1.1 in [17].

Proposition 6.6. Let V' be a primitive 2-generated axial algebra of Monster type with
generators ag and ay. Let D, := |{a; |1 € 2Z}| and D, := |{a; |i € 1 + 2Z}|. Then one
of the following occurs: D, = D,,, D, = 2D,,, or 2D, = D,,.

Lemma 6.7. If V is non symmetric and D, = 6, then V =1V,.
Proof. Let us assume that D, = 6. Then, by Theorem 5.7, V is isomorphic to either a

quotient of 6.J(3,253) or to GY(%7 2), with ch F = 7. By Proposition 3.7, Lemma 6.1 and
Lemma 6.2, we get V, = 6Y(%,2), chF =Tand \y = 1.
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Assume that A] = 1. By Theorem 1.2, (A1, A}, 1,1) € V(T), where T is the set of the
five polynomials p;, i € {1,2,3,4,5}, defined in Section 4. Now, a direct computation
(see [7, 2btnon-Symmetric.s]) gives

pi(2,y,1,1) = 3z(x — y)?(32* + 223y + 22%y® + 2y — y* + 22° — 3%y + xy?
—2% + 32y — 2% + 3z — 3)
pa(z,y,1,1) = 2(z — y)(32% — 32y + ¥ + 2z — 2y + 3)
ps( ) = x(z —y)(32° + 3ay® +° +a” + 3xy +y° — 3w — 2y - 3)
pa(z,y,1,1) = —y(z — y) (2% — 2xy — y* + 20 — 2y - 3)
( ) =3y(z —y) (32> + 32%y + xy* + 2? + 3y* —x — 3y +2).

x’y)]‘71

b5 xvya]- 1

One can check that a pair (Aq, )\{ ) € F? annihilates the above five polynomials if and
only if \; = )\{ , which implies that V' is symmetric, a contradiction. Thus

M £1. (30)

By Proposition 6.6, D, € {3,6}. If D, = 6, then, as above, V, = 6Y(%,2), whence
)\g = 1, against Equation (30). Thus D, = 3. By Theorem 5.7 and [17, Paragraph 5.2
and Section 7], V, is ibomorphic to one of 3A(23, 8), 3C(2), or 3C(4). Since 3A(25, 5)
is not defined when 3 = 1, we are left with the latter two cases. If V,, = 3C(2), then
)\5 = g = 1, against Equatlon (30). Thus V, = 3C(4) and )\g = [ = 2. Since in this
algebra a_s = as, Equation (27) holds and, as Z(A], A1) = A — \; # 0, it is equivalent
to

g — aA_9 = (/\{ — ﬁ)(al — a_1).

Since as # a_q, )\{ —B#0andsoa; —a_q1 € V.. Then a1 —az = (a1 —a_1)™ € V,
whence, by Lemma 6.5, V, CV, =V. O

Lemma 6.8. If V is non symmetric and D, = 4, then V =V,

Proof. Let us assume that D, = 4. Then, by Lemma 6.6, D, € {2,4}. Moreover, the
vectors a_o, ag, az, a4 are linearly independent and, from the first formula in Lemma 3.4,
we get that Z(Aq, /\{) # 0 and a3z # a_1. Hence D, = 4 and a1, a_1, a3, a_3 are linearly
independent. Since a_4 = a4, Equation (26) in Lemma 6.4 holds.

Suppose 2Z()\1,)\{) (M — B) — (A2 = 8) = 0. Then, by Equation (26), we have a; —
a_1 + as —a_3 = 0, a contradiction. Hence 2Z(\q, )\{) (M —B) — (A2 — ) # 0, and so,
by Equation (26), (a—_2 — a2) € ({(a—1,a1)). Since V, is invariant under 71, it contains
also ag — a4. Thus by Lemma 6.5, V., CV,=V. O

Lemma 6.9. For every field F and every S, A\, u € F, with 8 # 0, Z(A,u) = Z(p, A)
implies X = p.
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Proof. By definition of the polynomial Z(x,y) in Equation (7), we get

0=Z(\p) — Z(p, )

20 28-1 48-1 (2 28-1_ 451
=Pt T AT T (ﬁ“ 7 "B )
1

:@(/\—/J)' O

Lemma 6.10. If V is non symmetric and D, = 3, then either V=V, or V. =1V,,.

Proof. Let us assume that D, = 3, that is a4 = a_s. Then, by Proposition 6.6, D, €
{3,6}. If D, = 6, then by Remark 6.3, V, = 6Y(1,2) with chF = 7 and thus Lemma 6.7
yields V' = V,. From now on assume D, = 3. In particular, a_3 = a3 and Equations (27)
and (28) in Lemma 6.4 hold.

If Z(A1, M) =0 = Z(M\, ), then, by Lemma 6.9, A; = A/ and, by Equations (27)
and (28), A2 = A} = 8. Thus V is symmetric: a contradiction. Therefore, without loss of
generality, we may assume Z ()\{ ,A1) # 0. Then, Equation (27) implies

a —Qa_9, Ay — Az € Vo.

If Vo = {{az —a_3, ap — az)), then V, CV, =V and we are done. Let us assume that
Ve # ({ag —a_2, ag — az)). Then Lemma 6.5(2) yields that one of the following holds

(i) B=2and V, = 3C(2).
(i1) V. =2 3A(28, ), where 982 —103+2 =0, or f = %

In particular a_s # ag and so, by Equation (27),

4Z(M ) (A{ - [3) - (2A§ - 5) £ 0. (31)

From Equation (27) we get that a_; — a; and a_; — ag are contained in V. As above,
if V, = ((a_1 — a1,a_1 — ag)), then V, = V, = V and we are done. Let us assume
that V, # ({(a—1 — a1,a_1 — a3)). As above, by Lemma 6.5(2), either V, = 3C(2), or
V, = 3A(28, B), where 982 — 108 +2 =0, or 8 = % Note that 2 and % are roots of the
polynomial 922 — 10z + 2, or 2 = %, only if ch F = 3, in which case § =2 and a = 1 and
this is not allowed. Therefore, in any case, V, = V,,.

Suppose V. =V, = 3C(2). Then sg2 = —g(a_g +ap +as) = —a_s — ag — as and,
similarly, ;2 = —a_1 — a1 — a3. The second formula in Lemma 3.3 becomes

—a_1 — a1 —az3 = —aj; — as —+ QZ()\{, )\1)(&0 —+ (12)
—12Z(M, )M = 2) + 1ar +2Z(M, M )soa
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whence (since Z(A, A1) # 0)
80,1 = ()\{ — B)ar — (ap + az). (32)
If also Z (A1, /\{ ) # 0, a similar computation with the first formula in Lemma 3.3 yields
s0,1 = (M — B)ag — (a—1 + a1). (33)

Comparing Equations (32) and (33) and using the invariance of so ; under 7y and 7, we
get

()\1 — 1)&0 —a_1 = ()\{ — 1)&1 — ag
()\1 — 2)(&0 — CLQ) = a_1 — as

()\{ — 2)((11 — a_l) = a2 — a_2.

From the above identities we can express a_1, a_o, and a3 as linear combinations of
ag, a1, az. So V has dimension at most 3 and hence V=V, = V.. Suppose Z (A1, )\{) =0.
Then \ = f%)\{ + I and, since A # )\{ as V is non symmetric, we have )\{ # 2 and
chF # 7. Further (see [7, 2btnon-Symmetric.s]

3 7 7
po (I 4 S A1) = O] 26N - 190 - 1)

3 7 7 2
P4 (—Z)\{ + 5 M1, 1) = EA{(?@EM{ — 14200\ +1668)(\ — 2)

3 7 7 2
s (—1)\{ + 5 M1, 1) = M)\{(MQ)\{ — 8668\ +18292)(\] — 2).
It is straightforward to check that the only value of )\{ which annihilates the above three
polynomials is /\{ = 2, which leads to the contradiction \; = )\{ .

Suppose V. =V, = 3A(28, ) where 982 —108+2 =0, or = % and suppose also by
contradiction that V £ V. and V # V,. Thus A\ = )\g = g((ig:f; and V has dimension
at least 5. Further, being V non symmetric, \; # )\{. Set

y— 28Z (M, M)
4Z(M, M) (M = B) = 2\ - B)
so that, by Equation (27), a1 = a1 + n(a—2 — az) and, applying 7o, we get az =
a_1 —n(ag —az) = a1 +n(a—2 — ag). Thus
s0,3 =apaz — B(ao + as)
=aola1 +n(a—2 — ag)] — Blao + a1 + na—2 — ao)]
=(28 — 1)nag + s0,1 + 10,2
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Then, by Lemma 3.3 and Proposition 3.7, V' = (a_2, ap, a1, az, s0,1) and hence the five
vectors a_z, ag, a1, az, So,1 are linearly independent. Hence from Lemma 3.10(2), since
A # )\{ , we get

BAL+ (B—1)(\] — B) = 0. (34)

Recall the definition of vector dy in Lemma 3.10. By Lemma 3.10(1), dy = 0 in V.
Therefore every coefficient of dy with respect to the basis (a_2, ag, a1, as, So,1) must be
zero. From the coefficient of sp 1 we get

~ 8 n = A+ A —38) =0,

Since \; # )\{, we get )\{+)\1 —38 = 0. From Equation (34) it follows A; = 28(1— ) and
)\{ = 5(268+1). Now, the difference between the coefficient of ag and a_5 (as computed
in [7, 2btnon-Symmetric.s]) is 58 — 1. Hence 8 = % Finally we see that 8 = % satisfies
the conditions 982 — 108 +2 =0 or 8 = % if and only if ch F = 3 and § = 2, hence
«a = 1, which is not allowed. O

Lemma 6.11. Assume V' is non symmetric and D, = 1. Then V = V.

Proof. Let us assume that D, = 1. Then V., 2 1A, Ay = 1, for every i € Z, ag = ag;, and
50,2 = (1 —2f)ag. It follows that the Miyamoto involution 7 fixes ag and a4, so it is the
identity on V', whence the -eigenspace for ad,, is trivial. In particular, ag = a™; = a_;
and, by Theorem 5.7, V, is isomorphic to one of 14, 3C(28), 3C(-1)*, 2B. In any
case we have sg3 = so,1 and, by Proposition 3.7, V' is spanned by a_1,ao, a1, and sq 1.
Suppose V, = 1A. Then, V is spanned by ag, a1, and sp ; and 7y is the identity on V, in
particular the S-eigenspace for ad,, is trivial too. This implies that V' is an axial algebra
of Jordan type, and hence it is symmetric by [11], a contradiction.
Now suppose V, 2 3C(24), 3C(—1)%, or 2B. If Z(A,A]) = 0, then

2040 = 20l - g

and, since a3 = a_1 and a_3 = a1, from the formula for a_3 in Lemma 3.4, we get

%[4%{ A = B) — 23] =o.

Therefore, from Equation (29) and Theorem 1.2, the quadruple (Aq, )\{, 1, )\g) must be a
solution of the system
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Z(AL M) =0
(48— )M = 8)? = B2\
—5( - D(w—wl—ﬁ)+ﬂ%;ﬁ@{—m—20—A®=o (35)
pa(A, ML) =
paAL M L) =

When V, = 2B, then /\g = 0 and the second equation yields that either M= Bor ==
In the former case, we obtain A = )\{ =0 from the first equation and the third gives
)\g = 1: a contradiction. In the latter case 8 = 7, from the ﬁrst equation we get A = )\{ ;
then the third equation gives 2)\f —1=0, Whence )\f =z and pg(z, 5.1,0) = —4, a
contradiction (see [7, 2btnon-Symmetric.s]).

Finally, assume V, = 3C(20) or to its quotient 3C(—1)*, when 8 = —, whence

)\g = (. By adding the second and the third equations of system (35) we get

2(28 — 1)2/\f 2482 —38+1)

FooNT T 5 =0

whence

o B0 =35+ 1)

N PN

Thus, since g8 ¢ {0, 1, %}, the second, the fourth and the sixth equations of system (35)
reduce to

8B* — 1683 + 1282 —68+1=0
(48 — 3)(168° — 163° + 2032 — 88+ 1) =0 (36)
pa(Ai, M, 1,8) = 0.

If B8 = 5, then by the first equation ch F # 3 and the first and the third equations
give respectwel —2> = 0 and % = 0 (see [7, 2btnon-Symmetric.s]), which is a
contradiction. Hence 6 must annihilate the two polynomials

162° — 162> + 202% — 82 + 1 and 8z* — 162> + 1222 — 62 + 1. (37)

The remainder of the division of these two is 2423 — 1622 + 122 — 3 and it also must
be annihilated by 3. Thus, if ch F = 3, this last polynomial reduces to —x?2, giving
B = 0: a contradiction since 0 does not annihilate the polynomials in Equation (37).

Hence ch F # 3. Using the Euclidean algorithm we get that the two polynomials in

Equation (37) have a common root if and only i —% = 0, in which case the common

root is 3 = 243 Then ch F =41, f = 8 and p4(A1, )\1, 1, 8) = 12, a contradiction.
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Hence Z()\q, )\{) # 0. Then, from the formula for s  in Lemma 3.3 we get so,1 = (A —
ﬂ)ao—g(al—i—a,l), whence V is spanned by a_1, ag, and a1 and aga; = Alao—i—g(al—a,l).
In particular, we see that ad,, has eigenvalues 0, 1 and . If V,, 2 3C(20), then, having
the same dimension, V =V, as claimed. Assume V, = 2B. Then a_ja; = 0 and we see
that ad,, has eigenvalues 0,1, and A;. Since 2-generated axial algebras of Jordan type
are symmetric, we must have A\; = 23. Then it is straightforward to see that ad,, has
O-eigenvector 4fag — (a1 + a—1) and, in order to satisfy the fusion law o *x a = {0, 1},

B must be equal to 3. Then v := ag — 2(a; + a_1) is an a-eigenvector for ad,,, but
v? = fag + $5(a1 + a—1) ¢ (a1,a—1). Therefore, the fusion law o« a = {0,1} is not
satisfied, a contradiction. Therefore, we are left with the case 8 = f% (chF # 3 since
B # 1) and V, = 3C(—1)*. In this case, by [11, §3.4], V, has basis (a—1,a1) and
aja_; = —a_j — aj. Since ad,, has three distinct eigenvalues in the 3-dimensional space
V', the 0-eigenspace is 1-dimensional, generated by v := a3 + a_; — 2A1ag. In order to

satisfy the fusion law 0% 0 = 0, we have
U2 = ((ll +a_1— 2)\1&0)(&1 +a_1 — 2)\1(10) = —a_1— a1 — 4/\%(10 S <’U>,

whence A; € {0, —%} Further, ad,, has eigenvalues 1, —1, and A;. Since, as we observed
at the beginning of this proof, the -eigenspace for ad,, is trivial, we must have A\; = 0.
Then we get a contradiction since the 0-eigenspace for ad,, is 1-dimensional, generated
by w := a_y + 4ag + 2a;, and w? = —a_; + 16ag — 2a; ¢ {(w), against the fusion law
0x0=0. O

~

Lemma 6.12. Let V' be non symmetric and suppose that V = V,. Then B = %, V, =
3C(28). Moreover, if a_1,a1,u is a basis of V, such that ab = B(a + b — ¢) whenever

{a,b,c} = {a_1,a1,u}, then ag = 2(a_1 + a1) — 2u.

Proof. Clearly V =V, has dimension greater than 1 and so, by Lemmas 6.1 and 6.2, V, is
isomorphic to one of the following: 2B, 3C(213), 3C(53), 3C(—1)*, 3A(28, 3), 3A(28,8)*,
4J(28,B), 4J (2B, 8)*, 4Y (28, B), or 6Y (3,2) with ch F = 7.

Suppose V, = 2B, so that V = V, = (a_1,a;) and a_ja; = 0. Since ap is an
idempotent distinct from a; and a_1, we get ag = a_1 + a1. Then both a_; and a; are
1-eigenvectors for ad,,, a contradiction.

Suppose V, = 3C(2f), so that V = V, has basis (a_1,a1,u) where u> = u, and
ab = f(a+ b — c¢) whenever {a,b,c} = {a_1,a1,u}. Let ap = z_1a_1 + 2101 + zu be the
decomposition of ag with respect to the basis a_1,a1,u. Since ai® = ag, and 7 swaps
a_1 and a7 and fixes u, we have immediately that z_; = x;. Then we have

0=ap(a1 —a—_1) — Blay —a_1) = (28z+x1 — B)(a1 — a_1)
whence 1 = 8 — 28z. Then,

0=ai —ap
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= 212821 + 21 — 1)(a_1 + a1) — (227 — 4Bx12 — 2% + 2)u.

If z1 =0, we get z = % but also 22 — z = 0, a contradiction. Hence x; # 0 and so

2Bx1 + 21 — 1 = 0, whence 23 +1 # 0 and z; = ﬁ Then, since z; = 3 — 28z,
we get z = % and a3 — ag = %u. Since f # 1, we get [ = % and

w

ap = 2(a—1+a1) — 2u=1—u, where 1 = 2(a_1 + a1 +u) is the identity of the algebra
30(%). A straightforward computation shows that ag is an axis with eigenvalues 1, 0 and
8.

Suppose V,, = 3C(B), so that V = V,, has basis (a_1,a;,u) where u? = u, and
ab = g(a + b — ¢) whenever {a,b,c} = {a_1,a1,u}. Let ag = x_1a_1 + 101 + zu be
the decomposition of ag with respect to the basis a_1,a,u. As in the previous case,
r_1 = x1. Then we have

0=ag(ar —a—1) = Blar —a—1) = (Bz+z1 — B)(a1 —a_1)
whence 1 = 8 — 8z. Then,

0= a3 — ag

=21(Br1 + 21— 1)(a_1 +a1) — (B} — 28212 — 2% + 2)u.

Now, if 1 = 0, then z = 1 and ag = u. This means that V' = ({(ag,a1)) is symmetric, a
B2 4+B8-1

contradiction. Hence 1 # 0, whence 8+ 1 # 0, z; = ﬁ and z = IR Then we get
ag —ap = %u # 0, a contradiction.

Suppose V, =2 3A(243, ). Then V =V, has basis (a_1,a1,as, s12). Let
ap =x_10-1 + T101 + T3a3 + 2512

be the decomposition of ag with respect to this basis. As in the previous cases, x_1 = x7.
Then,

as = a)' = x3a_1 +x1(a1 + az) + 2512
and
a_g=a, " =z1(a_1 + as) + r3a1 + 2819
Now we compute

0= aO(al - (1—1) - 5(a1 - a—l)
1

= @7 (48— D@1+ Bas) - B2(78 — 2)z — B(48 — 1)] (a1 — a_y)

and
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:ag—ao—ag—l—ag
- ($1—.173)

= @so) (867 +28 — 1)z1 —26%(78 — 2)z + (48 — 1) (23 — 1)](a—1 — aa).

Since, by Lemma 6.11, V, 22 1A, we have x3 # x; and thus, the above two equations
reduce respectively to Equations (38) and (39)

(48 — 1) (w1 + Bag) — B(T8 — 2)z — B4 — 1) = 0 (38)
(882 + 28 — 1)z + (48 — 1)z3 — 28%(78 — 2)z — (48 — 1) = 0. (39)

By subtracting Equation (38) twice from Equation (39) we get
(45~ 1)(26 ~ (o1~ 25+1) =0 (10)

whence (recall 8 ¢ {%,1} in this case) x3 = 21 + 1. Thus, Equations (38) and (39)

become

48 = 1)(B+ Va1 — B*(T8 - 2)2 = 0. (41)

Suppose 8 = —1. Equation (41) gives 9z = 0. If F has characteristic other than 3, then
z =0 and

O = a(Q) —ap — 7351(31’1 —+ 3)((1_1 —+ ay —+ (13) —+ 2.’[1(31’1 —+ 2)5172

whence it follows 1 = 0. Therefore ag = a3z, and this is a contradiction since V is non
symmetric. If I has characteristic 3, then we get

2
0=ag—ao=z2(a_1+ a1 +a3)+ 1512,

whence z = 1 = 0 and again the contradiction ag = as.
Hence  # —1 and from Equation (41) we get

X :—ﬁ2(7ﬁ_2) z
YT Us-nEry”

In this case we get

0=4(48 - 1)*(8 + 1)*(a§ — ao)
= 3%z [p(186% = B —1)(58 — 1)(86 — 1)z
+4(188% — 88+ 1)(B+ 1)(48 — 1)] (a—1 + a1 + a3)
+2z [B(188% — B —1)(58 — 1)(108* — 1)z
+2(128° +28 - 1)(B+1)(48 — 1)(38 — 1)] 51,
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and so either z = 0, whence x; = 0 and ag = a3, a contradiction as above, or

B(18% — B —1)(58 — 1)(88 — 1)z + 4(188% — 88+ )(B+ (4B - 1) =0 (42)

and

B18B% =B —1)(58—1)(108% — 1)z +2(126% +28 —1)(B+1)(46 —1)(38 —1) = 0. (43)

We now multiply Equation (42) by (1082 — 1) and subtract Equation (43) multiplied by
(88 — 1) to get

2(28 - 1)*(186% = B~ 1)(B + 1)(48 — 1) = 0.

Therefore, 1832 — 3 — 1 = 0. Then Equation (42) gives 183% — 83 + 1 = 0. Summing
and subtracting these two equations we get 98(48 — 1) = 0 and 78 — 2 = 0, whence
8= % = %, which gives 7 = 8, a contradiction in all characteristics.

Suppose V, = 3A(283,8)*, with 1832 — 3 —1 = 0 and FF of characteristic other than 3.
Then V =V, has basis (a_1, a1, a3). Let ag = x_1a_1 +x1a1+2x303 be the decomposition

of ag with respect to this basis. As in the previous cases, x_1 = x1. Then

0=ao(a1 —a-1) — Blar —a-1) = (z38 + 21 — B)(a1 — a-1)
whence z; = f(1 — z3), and

0=a2—ap
= (z3 — 1)B[36(B — 1)as — 36% — B+ 1](a_1 + a1)
+(zs — 1)[(B*> — 68% + 1)23 — 5°]as.

If xz3 = 1, then 21 = 0 and a9 = a3, a contradiction since V is not symmetric. Hence
x3 # 1 and so 33(8—1)z3 —3B%—B+1=0and (3% —68%+1)x3— 3 = 0. Since 8 # 1,

from the first equation we see that ' has characteristic other than 3 and x3 = 33%2(‘};‘3 I)l,
1-48
1

1= 350 Then, from the second equation we get

(782~ 1)(28 ~ 1)(8 +1) = 0.

Since chF # 3, we must have 732 —1 = 0. Then, since by hypothesis 1832 —3—1 = 0, we
get that F has characteristic 19, 8 = 7 and ag = 8(a—_1 4+ a1 +as). It is straightforward to
check that the S-eigenspace for ad,, is 2-dimensional, spanned by vy := 3(a_1+a1)+13a3
and ve := 3(a—1 + a3) + 13a1, while the 0-eigenspace and the a-eigenspace are trivial.
Since vivg = 6a_1 — 4(a1 + az) ¢ (ao), the fusion law g * 5 = {0, 1, a} is not satisfied, a
contradiction.
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Suppose V, = 3C(—1)* (and F has characteristic other than 3 since a@ = 25 # 1).
Then V =V, has basis (a_1,a1) and a_1a1 = —a—_1 — a1. Let a9 = z_1a_1 + z1a;1 be
the decomposition of ag with respect to this basis. We have

0=ap(ag —a—1)—Blar —a_1)=—2x_1 —xz1+1)a_1 — (x_1 — 221 — 1)ay

whence x_1 = x1 = —1. Thus ag = —a_1 — a;. Then 7_1 swaps a; and ag and hence V'
is symmetric, a contradiction.

Suppose V, = 4.J(23, ). Then a basis for V is given by (a_3,a_1,a1,a3,u), where
U= —%5172. Let ap = z_3a_3+x_1a_1 + x1a1 + 2303 + 2u be the decomposition of ag
with respect to this basis. As in the previous cases, since a° = ag, we have z_3 = x3
and z_; = x1. Then, using the multiplication for the chosen basis given in [8, Table 7],
we get

0 = ao(a1 — a,1) — 5(0,1 — a,l)

= f(z3 — 2)(ag —a—3) + (x1 + Brs + 382z — ) (a1 —a—_1)

and

0= ao(ag — a_3) — B(ag — a_g)

= (Bx1 + 3Bz + 23 — B)(az — a_3) + B(x1 — 2)(a1 — a_1)

whence, 1 = 23 = z and (48 + 1)z — = 0. Thus, if 8 = —i we get immediately 3 = 0,
a contradiction. Hence 8 # —%, z= M% and ag = 4ﬁ%(a,g—l—a,l +ay+as+u). Then,
a% = Bag # ag, a contradiction.

Suppose now that # = —§ and V =V, is isomorphic to 4J(28,8)* = 4J(28,5)/1
where I = (a_3 + a_1 + a1 + az + u). Then the calculations used above for the case of
4J(28, ) are easily adapted and produce a contradiction.

Suppose V =V, & 4Y (283, B), with 452 + 28 — 1 = 0. Then a basis for V is given by
(a—s,a_1,a1,as,512). Let ap = x_ga_3 + x_1a_1 + x1a1 + x3a3 + 2512 be the decom-
position of ay with respect to this basis. As above, z_3 = x3 and x_; = x1. Then, using
the multiplication for the chosen basis given in Table 3, we get

0=ao(ar —a—1) = Blar —a_1) =

= —[Bx1 + frs + %1‘3 - %522 — Bla—z + [Bx1 + Bas + %361 - %522 — Bla_y
+[(B(z1 — x3) + %x?, + %522]01 + [(B(x1 — x3) — %501 - %522}03

—48(x1 — x3)s

whence z; = 3, and
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0 =2ap(as —a—_3) — Blaz —a_3) =

= (z1+ B%2) (a1 —a—3) + [(4B + D)zy — B2z — 28] (a1 — a3)

whence z; = —3%z and B(28 + 1)z + 1 = 0. Thus, if 3 = —5 we get immediately a
contradiction. If 5 # —%, then z = —m and

1
BEB+1)”

ao (a_s+a_1+a; +az)—

T 2311

From the condition a3 = ag we get that

326° +168% — 168> + 4% + 53 — 1 = 0.

Since also 432 4 23 — 1 = 0, this leads to a contradiction.

Assume finally that chF =7 and V =V, = 6Y(%, 2). Then a basis for V' is given by
(a—1,as,a7,d,z), where d = a1 —as = a_5 —ay and z = f%d? Note that 79 acts on the
basis in the following way

a® =ar+d, al® =a3+d, ai> =a_1+d, d° =d, 20 ==z

Let ag = x_1a_1 + x3a3 + xyay + vd + tz be the decomposition of ag with respect to
this basis. Since ag is fixed by 79, we have x_1 = 7 and r = x_1 + x3 + 7 + r, whence
x3 = —2x7. Then, using the multiplication for the chosen basis given in [17, Table 1],
since a1 = a7 + d, we get

O = ao(a1 — a_l) — ﬂ((h — a_l)
= [z7(a—1 + a7) — 2zx7a3 + rd + tz](a7 — a—1 + d)
= (3z7 +2)(a—1 — ar) — 2d — 2rz,

which is a contradiction. O

Proof of Theorem 1.1. Let V be a non symmetric 2-generated primitive axial algebra of
Monster type (28, ) with generators ag and a1. If V.=V, or V =V, then Lemma 6.12
yields that claim (3) holds. So, let us assume that V., # V # V,. By Lemmas 6.1, 6.2,
6.7, 6.8, 6.10, and 6.11 the even and the odd subalgebras V., and V, are isomorphic to
either 2B, or to a quotient of 3C(283) of dimension greater than 1 and by Lemma 5.2,
(A2, AD) € {(0,0), (8, B), (0, B), (8,0)}. Moreover, a_1 = as, a; = a_s, ay = ag, a_ = as,
and so, from Lemma 3.4, we get that (\q, /\f , A2, /\g ) satisfies the following equations

200 M) ) = 2 (14)

and
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A

ZO AN = B) =5 (45)
Suppose first that Ay = AJ. Then we get Z(A;, M)\ = B) = Z(A, A) (A — 3), which
is equivalent to (A; — A)) (A + M —28) = 0 and so Ay + A — 28 =0, since A\, # A/, as
the algebra is non symmetric. Then, the system of Equations (44) and (45) is equivalent
to

1 2_ e
(M= B)7 =3 (46)
A =28-\

If Ay = 0, we get the solution (3, 3,0,0) which corresponds to a symmetric algebra, a
contradiction. Suppose Ao = . It is long but straightforward to check that there is no
quadruple (A1,28 — A1, 8, 5), with 8 ¢ {0, %}, which is a common solution of (46) and
of the set of polynomials T" defined in (8) (see [7, 2btnon-Symmetric.s]). A contradiction
to Theorem 1.2.

Finally assume that Ao = § and )\5 = 0. Then, by Equation (45), either Z()\{, A1) =0
or )\{ = p. If Z()\{,)\l) = 0, then M= 452_1 — Q’ggl/\l and we check that no quadru-
ple ()\1,/\{,6,0), with 8 ¢ {0, %}, is a common solution of Equation (44) and of the
set of polynomials T’ defined in (8) (see [7, 2btnon-Symmetric.s]). So A/ = . Then
Equation (44) becomes

(M —B)? = —
whence \; — § = :I:g, and we get the two quadruples (%ﬂ,B,B,O) and (g,ﬁ,ﬂ,O).
In the former case, we get pg(%ﬁ,ﬁ,ﬁ,O) = 2(26 — 1)(48 — 1), whence 8 = %, and
pl(%, i, i, 0) = 3 which is equal zero only if chlF = 3 and 8 = 1, a contradiction (see [7,
2btnon-Symmetric.s]). If ()\1,)\{,)\2,)\5) = (g,@ﬂ,O), then from Lemma 3.3 we get
50,1 = —fB(ap + a2) and so V has dimension at most 4. Moreover, V' satisfies the same
multiplication table as the algebra Q2(f3). By Theorem 8.6 in [8], for 3 # —3 the algebra
Q2(pB) is simple, while it has a 3-dimensional quotient over the radical F (ag+a1+as+a_1)
when 3 = —3. Thus claim (2) follows. O
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