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Abstract

The North American Nanohertz Observatory for Gravitational Waves (NANOGrav) has reported evidence for the
presence of an isotropic nanohertz gravitational-wave background (GWB) in its 15 yr data set. However, if the
GWB is produced by a population of inspiraling supermassive black hole binary (SMBHB) systems, then the
background is predicted to be anisotropic, depending on the distribution of these systems in the local Universe and
the statistical properties of the SMBHB population. In this work, we search for anisotropy in the GWB using
multiple methods and bases to describe the distribution of the GWB power on the sky. We do not find significant
evidence of anisotropy. By modeling the angular power distribution as a sum over spherical harmonics (where the
coefficients are not bound to always generate positive power everywhere), we find that the Bayesian 95% upper
limit on the level of dipole anisotropy is (Cl=1/Cl=0)< 27%. This is similar to the upper limit derived under the
constraint of positive power everywhere, indicating that the dipole may be close to the data-informed regime. By
contrast, the constraints on anisotropy at higher spherical-harmonic multipoles are strongly prior dominated. We
also derive conservative estimates on the anisotropy expected from a random distribution of SMBHB systems
using astrophysical simulations conditioned on the isotropic GWB inferred in the 15 yr data set and show that this
data set has sufficient sensitivity to probe a large fraction of the predicted level of anisotropy. We end by
highlighting the opportunities and challenges in searching for anisotropy in pulsar timing array data.

Unified Astronomy Thesaurus concepts: Gravitational waves (678); Gravitational wave astronomy (675);
Supermassive black holes (1663); Pulsars (1306)

1. Introduction

Using 67 pulsars from its 15 yr data set (Agazie et al. 2023a),
the North American Nanohertz Observatory for Gravitational
Waves (NANOGrav; McLaughlin 2013; Ransom et al. 2019)
has reported ∼3σ–4σ evidence for a gravitational-wave
background (GWB) in the frequency range ∼2–30 nHz
(Agazie et al. 2023b, hereafter NG15gwb). This statistical
significance is based on searching for the presence of a
distinctive pattern of correlated timing deviations imprinted on
otherwise-independent millisecond pulsars. These rotating
neutron stars emit beams of radio waves that can intersect
our line of sight every rotational period, registering pulses in
radio telescopes. The regularity of their rotation and the
stability of their epoch-averaged radio pulse profiles allow
pulsars to be used as timekeepers with which we can build
highly accurate models of their rotation, position, proper
motion, binary dynamics (where appropriate), and even the

properties of the intervening interstellar medium through which
the radio pulses must travel. Beyond being extraordinary
objects in their own right, the timing stability of pulsars makes
them excellent tools to study dynamic spacetime.
A gravitational wave (GW) propagating between a pulsar and

the Earth will cause a change in the proper length of the photon
path, leading to deviations from expected pulse times of arrival
(TOAs) that depend on the Earth–pulsar–GW geometry (Estab-
rook &Wahlquist 1975; Sazhin 1978; Detweiler 1979). For an all-
sky stochastic background of GWs, the net timing signature on a
given pulsar may appear as a source of random noise with excess
power on longer timescales (Phinney 2001). This is challenging to
disentangle from other sources of noise such as intrinsic long-
timescale pulsar rotational instabilities, or long-timescale variations
in the properties of the interstellar medium (see, e.g., Agazie et al.
2023c and references therein). Yet with Earth as the common
endpoint of all pulsar observations, the result of correlating the
timing deviations between pairs of pulsars in a pulsar timing array
(PTA) leads to an expected pattern that is akin to the overlap
reduction function (ORF) of other GW detectors. For an isotropic
GWB, this pattern is a quasi-quadrupolar signature that depends
only on the angular separation of pulsars on the sky, known as the
Hellings–Downs (HD) curve (Hellings & Downs 1983). For
anisotropic GWBs, this signature takes a different form (e.g.,
Mingarelli et al. 2013).
The HD curve is used as a template when cross-correlating

pulsar timing observations in detection statistics and for
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inferring the spectral properties of the GWB. It can be shown
that in addition to arising due to an isotropic GWB, the HD
curve is also the limiting case of binning pairwise correlations
for an infinite number of pulsars due to an individual GW
signal (Cornish & Sesana 2013; Allen 2023). Therefore, despite
the fact that production-level PTA pipelines use unbinned
correlation data for inference, the HD curve has been shown to
be an effective template for initial detection of the GWB that
may nevertheless be anisotropic (Cornish & Sesana 2013;
Cornish & Sampson 2016; Taylor et al. 2020; Bécsy et al.
2022; Allen 2023). Indeed, NANOGrav’s evidence for a GWB
is based on the statistical significance of cross-correlations
matching the HD curve versus the absence of any cross-
correlations. Via a range of frequentist and Bayesian analyses
that employed various simulations and data-augmentation
techniques (Cornish & Sampson 2016; Taylor et al. 2017;
Meyers et al. 2023; Vallisneri et al. 2023), NANOGrav
constructed statistical background distributions for the sig-
nificance of HD cross-correlations, resulting in a false-alarm
probability of ∼5× 10−5

–10−3 (∼3σ–4σ).
While the source of the GWB is not known for certain, one

potential source is a population of inspiraling supermassive
black hole binaries (SMBHBs) with masses 108–1010Me,
whose superposition of quasi-monochromatic GW signals
manifests as a stochastic background in our PTA. The inferred
demographics and dynamics of such SMBHBs are studied in
Agazie et al. (2023d). Other processes from the early Universe
may contribute to the GWB (see, e.g., Afzal et al. 2023 and
references therein); however, an expected outcome of an
SMBHB-dominated GWB is the presence of signal anisotropy,
either through the clustering of host galaxies or Poisson
fluctuations in GW source properties (Mingarelli et al. 2017).
GWB anisotropy is often described in terms of the
angular power spectrum, wherein the GWB directional power
map is decomposed on a spherical-harmonic basis with
associated coefficients, and then summarized with

∣ ∣ ( )C c l2 1l m l
l

lm
2= å +=- . Estimates of GWB anisotropy

from analytic and Monte Carlo population studies produce
angular power spectra where (Cl>0/Cl=0) 20% (Mingarelli
et al. 2013, 2017; Taylor & Gair 2013). Recent work by Sato-
Polito & Kamionkowski (2023) also demonstrates the
importance of high-frequency PTA sensitivity as a means of
using anisotropy to probe details of the SMBHB population.

A variety of techniques have been developed to model and
infer GWB anisotropy with PTA data, with broad similarities to
how such searches are carried out in ground-based detectors
(e.g., Allen & Ottewill 1997; Ballmer 2006; Thrane et al. 2009;
Renzini & Contaldi 2018; Payne et al. 2020; Essick et al.
2023), and in plans for future space-borne detectors like LISA
(e.g., Cornish 2001; Contaldi et al. 2020; Banagiri et al. 2021;
Bartolo et al. 2022). Differences arise mostly through the
choice of basis on which to express the angular power
distribution. Taylor & Gair (2013) developed the first Bayesian
PTA pipeline for GWB anisotropy by expressing the angular
power as a linear expansion of weighted spherical harmonics.
The space of spherical-harmonic coefficients was bounded by a
prior requiring that the GWB power be positive everywhere,
which was assessed via rejection. The spherical-harmonic basis
approach was fully generalized by Gair et al. (2014), who
computed an analytic form for ORF basis functions of any
{lm}. Rather than imposing positivity via rejection, a more
elegant approach was developed almost simultaneously for

ground-based (Payne et al. 2020), space-borne (Banagiri et al.
2021), and PTA (Taylor et al. 2020) anisotropy searches
through which the square root of the GWB power was first
expressed on a spherical-harmonic basis, thereby naturally
imposing positive behavior on the GWB itself. Other
techniques have been adapted from CMB analyses to map
the polarization content of the GWB (Gair et al. 2014; Kato &
Soda 2016; Belgacem & Kamionkowski 2020; Liu & Ng 2022;
Sato-Polito & Kamionkowski 2022), although these have yet to
be applied to real data. Finally, techniques using data-driven
bases for anisotropy modeling show promise; by computing
eigen-skies of the noise-weighted PTA response map, the
GWB power distribution can be efficiently built from a
compact number of basis terms (Cornish & van Haasteren 2014;
Ali-Haïmoud et al. 2020, 2021).
The only dedicated PTA search for GWB anisotropy before

now was performed by the European Pulsar Timing Array
collaboration (Kramer & Champion 2013) using six high-
quality pulsars (Taylor et al. 2015). With only 15 distinct pulsar
pair combinations, the prospects were limited for detecting
anisotropy. They found that the Bayesian 95% upper limit on
the characteristic strain in higher spherical-harmonic multipoles
—defined as ( )A C 4lGWB

1 4p —was 40% of the l = 0
amplitude. However, this is almost entirely due to prior
constraints enforcing a positive angular power distribution for
the GWB, which limited the level of power in higher
multipoles with respect to l = 0. Almost by definition, data-
informed constraints on GWB anisotropy require at least as
many pulsars as are necessary for initial evidence of inter-
pulsar correlations. It is only now that PTAs have reached this
threshold, which motivates the search here.
This Letter is organized as follows. In Section 2 we discuss

our methods for describing and searching for GWB anisotropy
in the NANOGrav 15 yr data set, including basis choices, and
details of our Bayesian and frequentist pipelines. Our
results are described in Section 3, followed by a discussion in
Section 4 that places these results in context using
GWB anisotropy estimates from many realizations of
SMBHB populations that were generated with NANOGrav’s
holodeck simulation software. We conclude and consider
future prospects in Section 5.

2. Methods

We search for anisotropy in the GWB by using information
from the full set of inter-pulsar correlations (i.e., autocorrela-
tions and cross-correlations) within a Bayesian analysis, as well
as only cross-correlations within a frequentist framework. The
search for anisotropy using all correlations is performed with
the standard PTA Bayesian pipeline that is described
in NG15gwb, with suitable modifications to account for
anisotropy in the GWB. However, since this pipeline is slow
for evaluating models with inter-pulsar correlations, we also
perform a faster cross-correlation search using a frequentist
approach based on the methods developed in Pol et al. (2022).
In the following, we discuss the formalism for modeling GWB
anisotropy in PTA data, followed by a description of our
various analysis pipelines.

2.1. Overlap Reduction Function and the GWB Power

For any PTA with Npsr pulsars, the total number of
correlations is Ntc=Npsr(Npsr+ 1)/2, of which there are
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Nac= Npsr autocorrelations and Ncc= Npsr(Npsr− 1)/2 cross-
correlations. The angular dependence of these measured
correlations on the distribution of GWB power is described
by the ORF (Flanagan 1993; Mingarelli et al. 2013; Taylor &
Gair 2013; Gair et al. 2014; Taylor et al. 2020), which for a
Gaussian, stationary GWB can be written as

ˆ ( ˆ )[ ( ˆ ˆ ) ( ˆ ˆ )

( ˆ ˆ ) ( ˆ ˆ )] ( )

d P p p

p p

, ,

, , , 1

ab
S

a b

a b

2
2òG µ W W W W

+ W W

+ +

´ ´

 

 

where a, b are index pulsars; ( ˆ )P W is the power of the GWB in
direction Ŵ, normalized such that ˆ ( ˆ )d P 1;

S
2

2ò W W = and

( ˆ ˆ )p ,A W is the antenna response of a pulsar in the unit-vector
direction p̂a to each GW polarization A ä [+ , × ], defined such
that

( ˆ ˆ ) ˆ ˆ
ˆ · ˆ

( ˆ ) ( )p
p p

p
e,

1

2 1
, 2A

i j

ij
AW =

- W
W

where ( ˆ )eij
A W are polarization basis tensors and (i, j) are spatial

indices. Note that unlike ground- and space-based GW
detectors, the GW-frequency dependence in the ORF can be
factored out in the PTA regime, and we use the ORF to
represent the angular dependence of the correlations (e.g.,
Romano & Cornish 2017). If ( ˆ ) ˆP 1,W = "W, Equation (1) is
proportional to the HD curve.

The integral in Equation (1) can be rewritten as a sum over
equal-area pixels (Gair et al. 2014; Taylor et al. 2020) indexed
by k:

[ ] ˆ ( )P . 3ab
k

k a k b k a k b k k, , , ,åG µ + DW+ + ´ ´   

To model GWB anisotropy and compute the ORF, we must
choose an appropriate basis on the 2-sphere to represent the
GWB power. Here we model the GWB angular power
dependence using a spherical-harmonic basis (Mingarelli
et al. 2013; Taylor & Gair 2013; Gair et al. 2014; Taylor
et al. 2015) and a pixel basis (Cornish & van Haasteren 2014).

2.1.1. Radiometer Pixel Basis

In the radiometer pixel basis (Ballmer 2006; Mitra et al.
2008), the sky is divided into equal-area pixels using HEALPix
(Górski et al. 2005):

( ˆ )
ˆ

( ˆ ˆ ) ( )ˆP P , , 42å dW =
W¢

W W¢W¢

such that the ORF for a given independently modeled pixel is

[ ] ˆ ( )ˆ ˆ ˆ ˆ ˆ ˆP . 5ab a b a b, , , , ,
G µ + DWW W W

+
W

+
W

´
W

´   

The number of pixels on the sky is set by N N12pix side
2= , where

Nside defines the tessellation of the HEALPix sky (Górski et al.
2005). For PTAs, the rule of thumb is to have Npix�Ncc when
counting pieces of information (Romano & Cornish 2017).
Given that Nside needs to be a power of 2 (Zonca et al. 2019),
this imposes a choice of Nside= 8 for the 15 yr data set with its
67 pulsars, resulting in an angular resolution of ≈7°.3. This
basis is ideally suited for detecting widely separated point
sources, since we assume that the power between any two
neighboring pixels is not correlated.

2.1.2. Spherical-harmonic and Square-root Spherical-harmonic Basis

In the spherical-harmonic basis (Allen & Ottewill 1997),
GWB power is written as a linear expansion over the spherical-
harmonic functions, which form an orthonormal basis on the
2-sphere, such that

( ˆ ) ( ˆ ) ( )P c Y , 6
l m l

l

lm lm
0

å åW = W
=

¥

=-

where Ylm are the real-valued spherical harmonics. Without
prior restrictions or model regularization on the coefficients clm,
the linear spherical-harmonic basis allows the GWB power to
assume negative values, which is an unphysical model of the
GWB. We can address this problem by instead modeling the
square root of the GWB power, ( ˆ )P 1 2W , rather than the power
itself. This technique was introduced in a Bayesian context in
Payne et al. (2020) for LIGO, Banagiri et al. (2021) for LISA,
and Taylor et al. (2020) for PTAs, while Pol et al. (2022)
applied this method in a frequentist context for PTAs. The
square root of the power can be decomposed onto the spherical-
harmonic basis

( ˆ ) [ ( ˆ ) ] ( ˆ ) ( )P P b Y , 7
L M L

L

LM LM
1 2 2

0

2

å åW = W = W
=

¥

=-

⎡
⎣⎢

⎤
⎦⎥

where YLM are the real-valued spherical harmonics and bLM are
the search coefficients. Banagiri et al. (2021) showed that the
search coefficients in the square-root spherical-harmonic basis
can be related to the coefficients in the linear basis via

( )c
L M

b b , 8lm
LM

LM L M lm
LM L M,å å b=

¢ ¢
¢ ¢

¢ ¢

where lm
LM L M,b ¢ ¢ is defined as

( )( )
( )

( )L L

l
C C

2 1 2 1

4 2 1
, 9lm

LM L M
LM L M
lm

L L
l,

, 0, 0
0b

p
=

+ ¢ +
+

¢ ¢
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with CLM L M
lm

, ¢ ¢ being Clebsch–Gordon coefficients. This
approach imposes control on the spherical-harmonic coeffi-
cients to inhibit the proposal of GWB power distributions with
negative regions.
We quantify our results from the spherical-harmonic basis in

terms of Cl, which is the squared angular power in each
multipole mode l,

∣ ∣ ( )C
l

c
1

2 1
. 10l

m l

l

lm
2å=

+ =-

Cl is thus a measure of the amplitude of the statistical
fluctuations in the angular power of the GWB at scales
θ= 180°/l. An isotropic GWB will only have power in the
l= 0 multipole (typically referred to as the monopole), while
an anisotropic GWB will have power at higher-l multipoles. As
shown in Boyle (2012), the diffraction limit defines the highest
multipole, lmax, that can be probed in an anisotropic
search, which for PTAs scales as l Nmax psr~ (Romano &
Cornish 2017), and is l 8max » for the NANOGrav 15 yr data
set, giving a maximum angular resolution of θ= 22.5°, which
is approximately 3 times larger than the resolution of the
radiometer pixel basis. Thus, the spherical-harmonic and
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radiometer pixel bases are probing anistropies on large and
small angular scales, respectively.

2.2. Bayesian Analysis Pipeline

The Bayesian pipeline is designed to use the full correlation
data available to PTAs, i.e., both the spatial auto- and cross-
correlations between pulsars in the array (Taylor et al. 2020).
Assuming an unpolarized, wide-sense stationary Gaussian
GWB, the ORF from Equation (3) can be rewritten in matrix
form (Taylor et al. 2020):

[ ] ( )FPF , 11ab
T

abG =

where P is a diagonal matrix of size 2Npix describing the GWB
power in each polarization for each pixel, and F represents the
PTA signal response matrix of size Npsr× 2Npix, which can be
split into Earth and pulsar term contributions as

( ˆ ˆ )

( )

{ }

{ } { }
( ˆ · ˆ )

F
p

N

F F e

3

2

,

, 12

a k A
E

A
a k

a k A
P

a k A
E ifL p c

, ,
pix

, , , ,
2 1a k a

=
W

= p- -W



where f is the GW frequency, La is the distance to pulsar a, sky
pixels are indexed by k, and GW polarization is labeled by
A ä [+ , × ]. Since the distance to pulsars is approximately
parsecs or more, the Earth and pulsar term components are
numerically orthogonal due to the rapid oscillation of the pulsar
term across the sky (Mingarelli & Sidery 2014; Mingarelli &
Mingarelli 2018; Taylor et al. 2020). Thus, the pulsar term
contribution to the ORF is effectively diagonal, such that

( )[ ] ( )F PF1 , 13ab ab
E E T

ab
,dG = +

where the GWB power matrix P can be expressed in any
convenient basis, since the PTA signal response matrices
sandwiching it are performing the necessary sky integral
through a numerical sum over pixels.

The Bayesian pipeline is constructed identically to the one
described in NG15gwb. Given an ORF Γab, the GWB cross-
power spectrum can be written as Φab,j= ΓabΦj, where Φj

represents the usual autopower spectrum. We consider two
different ways to parameterize Φj: (1) referred to as the “free
spectrum” analysis, we model all Φj components independently
and simultaneously; and (2) we assume a power-law spectral
template across frequencies, in which case

( )A

T

f

f
f

12

1
, 14j

j
2

2
ref

ref
3

p
F =

g-
-

⎜ ⎟
⎛
⎝

⎞
⎠

where A is the characteristic strain at a reference frequency of
fref= 1 yr−1, γ is the spectral index of the GWB’s power
spectral density, and T is the total timing baseline of the data
set. Approach (1) allows us to search for frequency-resolved
anisotropy (i.e., we can measure anisotropy independently and
simultaneously at all frequencies), while approach (2) searches
for broadband anisotropy modeled on a GWB power-law
spectrum. However, frequency-resolved anisotropy searches
are computationally expensive given the large parameter space
that must be explored, while searches that assume a power-law
template for the GWB are more tractable.

The construction of the likelihood and priors and the
sampling techniques are identical to those used in NG15gwb.

For the linear spherical-harmonic basis, we set uniform priors
with boundaries [−5, 5] on the spherical-harmonic coefficients,
clm, and fix c 400 p= such that the variation in the monopole
is modeled by the amplitude of the GWB. In this model, we do
not impose a rejection prior on the sampled clm coefficients
based on the physicality of the implied power distribution; this
acts as a comparison for our other methods that do impose this
restriction, and also enables this model to act more broadly as a
diagnostic for potential systematics inducing deviations from
the HD curve. For the square-root spherical-harmonic basis, we
fix b00= 1 to break scale and parity symmetries (Banagiri et al.
2021). Additionally, in this basis, the {blm} parameters are
complex-valued for m≠ 0, and we set the priors on the 2
degrees of freedom, the amplitude, ∣ ∣blm , and phase, flm, to be
uniform between [0, 50] and [0, 2π], respectively. The bl0
parameters are real-valued (Banagiri et al. 2021), and we set
uniform priors between [−50, 50] for these parameters.
We measure the evidence for the presence of anisotropy by

calculating the odds ratio between anisotropic and isotropic
GWB models. Given the computational cost of the frequency-
resolved anisotropy search, we measure the evidence for the
presence of anisotropy in this analysis by calculating the
Hellinger distance metric (Hellinger 1909) between the prior
and posterior distributions of the angular power spectrum at
each frequency. For two discrete probability distributions,
P= (p1,K,pk) and Q= (q1,K,qk), the Hellinger distance is
defined as (Hellinger 1909)

( ) ( ) ( )H P Q p q,
1

2
. 15

i

k

i i
1

2å= -
=

This is a bounded metric, 0�H(P, Q)� 1, such that a distance
of 0 and 1 imply that P and Q are completely identical and
distinct, respectively.

2.3. Frequentist Analysis Pipeline

The frequentist pipeline is based on using the pulsar cross-
correlations as data, as described in Pol et al. (2022). The cross-
correlations between two pulsars a and b, ρab, and their
uncertainties, σab, are defined as (Demorest et al. 2013;
Siemens et al. 2013; Chamberlin et al. 2015; Vigeland et al.
2018)

ˆ

[ ˆ ˆ ]
( [ ˆ ˆ ]) ( )

t N S N t

N S N S

N S N S

tr
,

tr , 16

ab
a
T

a ab b b
T

a ab b ba

ab a ab b ba

1 1

1 1

1 1 1 2

r
d d

s

=

=

- -

- -

- - -

where δta is a vector of timing residuals for pulsar a,
N t ta a a

Td d= á ñ is the measured autocovariance matrix of pulsar

a, and Ŝ t t Aab a b
T

ab
2d dº á ñ G is the template-scaled covariance

matrix between pulsars a and b. We use the formalism of
Vigeland et al. (2018) to calculate the “noise-marginalized”
optimal statistic (NMOS) cross-correlations and their uncer-
tainties over multiple random draws from the posterior samples
of a common uncorrelated red-noise Bayesian analysis
(see NG15gwb for more details). This allows us to produce
frequentist results that also marginalize over the intrinsic pulsar
noise, similar to the Bayesian analyses.
PTA cross-correlation data can be modeled with the ORF

from Equation (3), which can be further simplified into a
general matrix form as Γ= RP, where Γ is an Ncc vector of
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ORF values for all distinct pulsar pairs, P is a vector describing
the GWB power, and R is a PTA overlap response matrix given
by

[ ] ( )R
N

3

2
, 17ab k a k b k a k b k,

pix
, , , ,= ++ + ´ ´   

where the normalization is chosen so that the ORF matches the
HD values in the case of an isotropic GWB. We use the MAPS

software package (Pol et al. 2022), which can model the GWB
power in both the (normal and square-root) spherical-harmonic
and pixel bases. As shown in Pol et al. (2022), the cross-
correlation likelihood can be written as

( ∣ )
( ) ( )

( )
( )P

RP RP
p

exp

det 2
, 18

T1

2
1

r
r r

p

S

S
=

- - --⎡⎣ ⎤⎦

where Σ is the diagonal covariance matrix of cross-correlation
uncertainties, with shape Ncc× Ncc.

For the radiometer pixel and (linear) spherical-harmonic
basis, the problem is linear in the regression coefficients (i.e.,
pixel amplitude and spherical-harmonic coefficients). So the
maximum likelihood solution can be derived analytically
(Thrane et al. 2009; Romano & Cornish 2017; Ivezić et al.
2019):

ˆ ( )P M X, 191= -

where M=RTΣ−1R is the Fisher information matrix, with
uncertainties on the regression parameters given by the
diagonal elements of M−1, and X= RTΣ−1ρ is the “dirty
map,” an inverse-noise-weighted representation of the total
power on the sky as seen through the response of the pulsars in
the PTA. Note that for the radiometer pixel basis, since the
individual pixels are modeled independently, the inverse of the
full Fisher matrix in Equation (19) is replaced by the inverse of
the diagonal elements of the Fisher matrix to obtain an estimate
of the amplitude in any given pixel (Romano & Cornish 2017).
For the square-root spherical-harmonic basis, since the problem
is nonlinear in the regression coefficients (i.e., the blm
parameters), the maximum likelihood solution is derived using
numerical optimization techniques. As described in Pol et al.
(2022), we use the LMFIT (Newville et al. 2021) Python
package with Levenberg–Marquardt optimization (Leven-
berg 1944; Marquardt 1963) to calculate the maximum
likelihood solution.

For the spherical-harmonic basis, we define three types of
signal-to-noise ratios (S/Ns) through the maximum likelihood
ratio (Pol et al. 2022): (i) the total S/N, defined as the
maximum likelihood ratio between an anisotropic model and
noise; (ii) isotropic S/N, defined as the maximum likelihood
ratio between an isotropic model and noise; and (iii) anisotropic
S/N, defined as the maximum likelihood ratio between an
anisotropic model and an isotropic model. Together, these S/
Ns provide a complete description of the correlations that might
be present in the data. To interpret the S/N values, we calibrate
them against a null distribution that is constructed using the
measured uncertainties for the pairwise cross-correlations.
Since the null hypothesis when searching for anisotropy is
isotropy, we construct the null hypothesis by generating draws
for each pulsar pair from a Gaussian distribution whose mean is
the theoretical HD value and standard deviation is the cross-

correlation uncertainty measured from the real data set. For
each of these “realizations” of the null distribution, we
calculate the S/Ns and calibrate the significance of the S/N
values measured with the real data set through p-values, where
a p-value p< 3× 10−3 (corresponding to a 3σ Gaussian-
equivalent threshold) would imply a significant detection of
anisotropy. We also use these null distributions to define the
“decision threshold,” Cl

th, for each spherical-harmonic multi-
pole, such that if the measured angular power at any multipole
is above this decision threshold, that would imply the measured
angular power is inconsistent with the null hypothesis at the 3σ
level (Pol et al. 2022). The decision threshold allows us to
search for the presence of anisotropy at a single multipole,
while the S/Ns represent holistic evidence for the presence of
anisotropy in the data.
For the radiometer pixel basis, we define our detection

statistic as the ratio of the power, ˆPW, measured in each pixel to
the uncertainty, ˆPs W

, on that measurement, i.e., ˆ ˆP PsW W
. For

each of the realizations of the null hypothesis described above,
we calculate the corresponding sky maps and uncertainties,
compute the detection statistic for each pixel, and construct the
null distribution for each individual pixel across realizations of
the null hypothesis. We use this null distribution per pixel in
conjunction with dividing our p-value threshold of 3× 10−3

(∼3σ) by a trials factor, n= Npix, to calibrate the significance
of the detection statistic measured in the real data.

3. Results

In NG15gwb, the low-frequency GWB signal is described
using the lowest 14 frequency bins when using the full set of
correlations. However, most of the support for HD correlations
in the data is concentrated in the lowest five frequency bins,
with the higher-frequency bins showing evidence for the
autocorrelations. As a result, we use the lowest five frequency
bins to model the anisotropy in the GWB, but perform a few
analyses using 14 frequency bins and find no significant
difference from our results using the lowest five bins.
In the Bayesian analysis, we model the GWB as a power law

with both a fixed γ= 13/3 (Phinney 2001) and varied spectral
index. We also model the anisotropy at each of the lowest five
Fourier frequency bins simultaneously, as different SMBHB
systems will contribute to different frequency bins resulting in
unique anisotropy signatures at different frequencies, which
might not be detectable under a power-law template for the
GWB. The spectral template of the GWB in the frequentist
analyses is limited to a power-law template, again using just the
lowest five frequency bins. Given the results from NG15gwb,
we search for anisotropy at spectral indices of γ= 3.2,
corresponding to the maximum a posteriori value, and
γ= 13/3.
As described in Sections 2.1.1 and 2.1.2, the diffraction limit

defines an optimal choice of Nside= 8 and l 8max = for the
pixel and spherical-harmonic bases, respectively. Floden et al.
(2022) showed that searches at multipoles higher than lmax can
be feasible, though this results in a reduction in the overall S/N
of any anisotropic signal that might be present in the data. To
test whether the choice of lmax defined by the diffraction limit is
supported by the data, we calculate the maximum likelihood S/
N values as a function of lmax. As shown in Figure 1, we see
that the total and anisotropic S/Ns start to saturate at l 6max = ,
slightly lower than the diffraction limit implied l 8max = . To
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prevent overfitting the data, we set l 6max = for all of our
analyses.

3.1. Detector Antenna Response

The directional response of any single pulsar, a, in the PTA
to the presence of a (anisotropic) GWB is quantified through
the antenna response pattern in Equation (2), while the
response of the correlations between a pair of pulsars, a, b, is
quantified by the term in the parentheses in Equations (1) and
(3) (Romano & Cornish 2017). However, given that no two
pulsars in the PTA are identical, it is important to weigh the
response of each pulsar pair by the corresponding uncertainty
on the measured cross-correlations between that pair of pulsars.
The directional sensitivity of the PTA can thus be gauged
through the diagonal elements of the Fisher matrix, M,
introduced in Section 2.3. Figure 2 shows the median of

( ˆ )W , the normalized square root of the diagonal elements
of the Fisher matrix, across 5000 draws from the NMOS. Since

M 1- represents the uncertainty on the amplitude measured in
each pixel in the radiometer pixel basis, this map represents the
relative sensitivity of the NANOGrav 15 yr data set to different
directions on the sky. As we can see, the detector has the
highest sensitivity where it has the highest density of pulsars.
Note that the cross-correlation uncertainties used in calculating
this map are derived from using a power-law template for the
GWB, and the detector antenna response may be slightly
different at different frequencies.

3.2. Spherical-harmonic Basis

We show the distribution of the measured anisotropic S/N
measured from 5000 draws from the NMOS in Figure 3, along
with the distribution for the S/N under the null hypothesis of
an isotropic GWB. We measure an anisotropic S/N of ≈4,
which corresponds to a significance at the p = 0.05 level. Thus,
while there is some evidence for the presence of anisotropy in
the 15 yr data set, it does not yet rise to the level of a
“significant” detection, i.e., p> 3× 10−3 (Section 2.3). We
also measure the angular power at each multipole, as shown in
Figure 4 along with the decision threshold (see Section 2.3). As
the power in any of the multipoles does not rise above the

Figure 1. The total and anisotropic signal-to-noise ratio (S/N) derived using
the frequentist square-root spherical-harmonic basis described in Section 2.3.
Both the total and anisotropic S/Ns start to saturate at an l 6max = , which we
choose for all the analyses presented in this work.

Figure 2. The normalized square root of the diagonal elements of the Fisher
matrix over 5000 draws from the NMOS cross-correlation uncertainties,
representing the relative sensitivity of the PTA to anisotropy in different
directions on the sky. As expected, the PTA has the highest sensitivity in the
part of the sky that has the highest density of pulsars.

Figure 3. The noise-marginalized distribution of the anisotropic S/N is shown
along with the anisotropic S/N derived under the null hypothesis of an
isotropic GWB (Section 2.3). The mode of the measured anisotropic S/N
corresponds to a p-value of p = 0.05, which is greater than our p < 3 × 10−3

threshold (Section 2.3), implying that we do not have a significant detection of
anisotropy in this data set.

Figure 4. The angular power spectrum and decision threshold (Section 2.3)
measured using the frequentist square-root spherical-harmonic basis. The
measured power does not rise above the decision threshold for any multipole,
implying that the data are consistent with isotropic GWB.
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decision threshold, the data are consistent with isotropy at all
spherical-harmonic multipoles.

The search for anisotropy using our Bayesian pipeline
produces results that are consistent with the frequentist results
described above. We find an odds ratio of ≈2 in favor of an
anisotropic model for the GWB using the square-root spherical-
harmonic basis, consistent with the nondetection in the
frequentist analysis. Given the lack of detection, we plot the
95% credible upper limit on the angular power spectrum
calculated using both the linear and square-root spherical-
harmonic bases in Figure 5 and show the reconstructed 95%
upper limits on deviations away from isotropy in Figure 6. We
also search for anisotropy simultaneously in each of the lowest
five frequency bins of the detector and find that our analysis
returns the priors, as shown using the Hellinger distance metric

in Figure 7 implying no significant detection of anisotropy.
Consequently, we show the 95% upper limits for the angular
power spectrum at each of these frequencies in Figure 5 and the
reconstructed 95% upper limits on deviations away from
isotropy for these five frequencies in Figure 8.

3.3. Radiometer Pixel Basis

Figure 9 shows the median of the noise-marginalized
radiometer pixel map, along with the p-values corresponding
to each pixel, calculated as described in Section 2.3, and shows
that we do not detect significant power in any single pixel. Note
that the frequentist analysis for this basis does not impose the
condition that the power be positive across all sky, resulting in
negative power in some parts of the sky.
We also show the results from a Bayesian radiometer pixel

analysis in Figure 10, where we plot the median power in each
pixel. Since the GWB strain amplitude priors in the Bayesian
analysis are log-uniform between 10−18

–10−14, we intrinsically
restrict the power to be positive across all sky. Even though we
observe some pixels with ( ˆ )A 5 10 15W ´ - , the odds ratios
imply the data prefer an isotropic all-sky GWB over GWs
originating from these pixels.

4. Discussion

In this analysis, we search for anisotropy in the NANOGrav
15 yr data set using the full set of correlation information. We
do not find significant evidence for the presence of either
power-law or frequency-resolved anisotropy.
However, we observe features in the reconstructed sky maps

that could be an early indication of anisotropy in the GWB. As
shown in Figure 6, we recover larger limits on deviations from
isotropy at RA ≈3h than elsewhere in the maps derived using
the Bayesian square-root spherical-harmonic analyses. In the
frequency-resolved Bayesian anisotropy analysis, this same
approximate feature appears in all of the lowest five frequency
bins. This is likely indicative of the power-law template

Figure 5. Left: the 95% upper limits on the angular power spectrum derived from the Bayesian linear (dotted line with cross marker) and square-root (dashed line with
square marker) spherical-harmonic basis using a lowest-five-frequency-bin power-law template for the anisotropic GWB while varying the spectral index. For the
latter, we also show the 95% upper limits on the angular spectrum when searching for anisotropy in the lowest five bins simultaneously. For the square-root spherical-
harmonic basis, the evolution of the upper limits as a function of spherical-harmonic multipoles reflects the constraint from the prior condition that the power be
positive on the sky as imposed by the square-root spherical-harmonic basis. The similarity of the upper limits on the dipole between the linear and square-root
spherical-harmonic basis implies that the dipole may be close to the data-informed regime. Right: the 95% upper limits at different spherical-harmonic multipoles as a
function of frequency for the square-root spherical-harmonic basis. The lack of frequency dependence in the upper limits implies that the sensitivity to anisotropy at
each frequency is defined by the sensitivity of the overall PTA to the GWB at each of those frequencies.

Figure 6. Reconstructed sky map from the Bayesian square-root spherical-
harmonic basis showing the 95% upper limit on deviations away from the
isotropic component of the GWB, where the red stars represent the position of
pulsars in the PTA. The power is represented in terms of the characteristic
strain, referenced to a frequency of fref = 1 yr−1 sr−1/2, marginalizing over the
spectral index of the GWB. The odds ratio in favor of anisotropy over isotropy
for the GWB ≈ 2, implying no significant detection of anisotropy in this
data set.
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(restricted to the lowest five frequency bins) producing a
representation of anisotropy that is averaged across the
frequency bins used in the analysis. There is also excess
power in this location in both the frequentist and Bayesian
radiometer pixel analyses; it will be interesting to monitor these
features in future data sets. We also note that the upper limits
derived here on the anisotropy in different directions on the sky
are higher than the limits set in a directed search for GWs from
individual SMBHB systems (Arzoumanian et al. 2023).

We also show that there is no significant evidence (Figure 7)
for anisotropy in the second frequency bin, where NG15gwb
reported excess power with “monopolar”67 correlations. The
reconstructed sky map (top right panel of Figure 8) also does
not show features that are significantly different from the maps
produced for other frequency bins. Thus, we are unable to
confirm if the “monopolar” correlation signature observed
in NG15gwb is due to the presence of anisotropy in this
frequency bin. While analytic (Mingarelli et al. 2013; Hotinli
et al. 2019; Sato-Polito & Kamionkowski 2023), semianalytic
(Mingarelli et al. 2017), and simulation-based (Taylor &
Gair 2013; Taylor et al. 2020) estimates for SMBHB-produced
anisotropy have been proposed, they are all dependent on
different model choices for the populations. However, we can
use the GWB parameters measured in NG15gwb to make
estimates of the expected level of anisotropy for SMBHB
systems that are distributed randomly on the sky. The random
distribution of SMBHB systems on the sky implicitly assumes
that the large-scale structure is isotropic at these distances,
implying that the estimates on anisotropy produced here will be
pessimistic in nature. However, these estimates can serve as
targets for PTAs to achieve in forthcoming data sets, by
growing the array and increasing timing precision.

To calculate the estimates conditioned on the GWB
parameters in NG15gwb, we use SMBHB populations
generated with holodeck (Agazie et al. 2023d), following
semianalytic prescriptions for galaxy stellar mass function
(GSMF), galaxy pair fraction, galaxy merger time, and black

hole–bulge mass relations. These populations are then evolved
in time using a self-consistent binary evolution model to
produce an expectation value for the number of binaries of each
SMBHB parameter (seeAgazie et al. 2023d for details). We
generate individual universe realizations by drawing randomly
from a Poisson distribution around this expectation value. To
model the anisotropy of populations consistent with current
GWB measurements, we select the 100 samples that best match
the 15 yr characteristic strain amplitude measurement of
hc= 11.2× 10−15 at f= 0.1 yr−1 (Agazie et al. 2023b) from
a set of 1000 samples of varying GSMF, black hole–bulge
mass relation, and hardening time parameters.
Because the loudest single sources determine the level of

anisotropy (Bécsy et al. 2022), one can treat all but the 2000
loudest as perfectly isotropic. Thus, for each realization, we
select the 2000 loudest single sources in each frequency bin,
place these single sources randomly on a HEALpix map of the
sky with Nside= 32 (Górski et al. 2005), and divide the
characteristic strain of the background (all other sources)
evenly among all pixels on the map. Finally, we calculate the
spherical harmonics of these maps using the HEALPix
anafast program with l 6max = to maintain consistency
with the detection analysis presented in this work.
The normalized spherical-harmonic coefficients Cl/C0 of

these samples are shown in Figure 11 with solid lines
representing the median over samples and shaded regions
being the 68% confidence intervals. These samples’ 68%
confidence interval spans approximately 1 order of magnitude
for all harmonics, but demonstrates a general power-law-like
increase in anisotropy with increasing frequency, their medians
going from Cl/C0∼ 4× 10−2 at f= 0.10 yr−1 to Cl/C0∼
2×10−1 at f= 1.0 yr−1. The results are indistinguishable
between different harmonics of l> 0, consistent with the
analytic model analogous to large-scale structure shot noise in
Sato-Polito & Kamionkowski (2023).
For comparison, the Bayesian upper limits for spherical

harmonics l= 1 to l= 6 from Figure 5 are plotted alongside the
simulated SMBHB anisotropy in Figure 11 as circles connected
by dashed lines. Each upper limit falls within the 68%
confidence interval region for most frequencies, and the l= 2 to
l= 5 upper limits also intersect the median predictions. Unlike

Figure 7. The Hellinger distance between posterior and prior distributions of Cl/C0 for the frequency-resolved anisotropy analysis. A Hellinger distance of 0 and 1
imply that the two distributions are identical and distinct respectively. Left: the Hellinger distance for different frequencies as a function of spherical-harmonic
multipoles. Right: the Hellinger distance for different spherical-harmonic multipoles as a function of frequency. This plot shows that there is no significant difference
between the posterior and prior distributions of the angular power for any of the lowest five frequencies, implying that the data are consistent with isotropy in
these bins.

67 Note that monopolar correlations here refer to a correlation signature
described by a constant offset as in NG15gwb and not the “monopole” as
referred to in the spherical-harmonic basis where it represents the isotropic
component of the signal.
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the simulated estimates of anisotropy that increase with
frequency but are the same for all l, the upper limits are
uniform across frequencies but decrease with l by about 1 order
of magnitude from l= 1 to l= 6. As such, we find these upper
limits fall just below the 68% confidence intervals for the
lowest (nonzero) harmonics at low frequencies (2 nHz) and just
below the simulated Cl/C0 68% confidence intervals for high
harmonic (l = 6) at high frequencies (10 nHz). Thus, PTAs are
likely to first detect small-scale anisotropy (larger values of l)

before they detect large-scale anisotropy (smaller values of l)
using the spherical-harmonic basis.

5. Conclusion and Future prospects

We search for anisotropy in the NANOGrav 15 yr data set
and do not find significant evidence in favor of its presence in
the GWB. As PTA data sets grow in time and add more pulsars
to the array, the sensitivity of the detector to anisotropy in the
GWB will increase (Taylor et al. 2020; Pol et al. 2022) and

Figure 8. Reconstructed frequency-resolved sky maps from the Bayesian square-root spherical-harmonic basis showing the 95% upper limit on the deviation away
from the isotropic component of the GWB. The red stars represent the position of the pulsars in the PTA. The units for the power in these maps are s sr−1/2 and
represent the excess timing delay, adopted for ease of comparison to Figure 1(a) in NG15gwb.
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allow us to conclusively determine if the features observed in
the reconstructed GWB sky maps in this data set are real. The
International Pulsar Timing Array’s (IPTA; Hobbs et al. 2010;

Perera et al. 2019) third data release (DR3), currently under
preparation, will combine the NANOGrav 15 yr data set with
the latest data sets from the European (Kramer & Cham-
pion 2013), Indian (Joshi et al. 2018), South African
(MeerTIME; Bailes et al. 2020), and Parkes (Hobbs 2013)
PTAs. This combined data set is projected to have approxi-
mately 100 pulsars (an increase of ≈20% over the NANOGrav
15 yr data set) and a maximum baseline of 24 yr (an increase of
≈60% over the NANOGrav 15 yr data set), and should
consequently have better sensitivity to any anisotropy that
might be present in the GWB.
As we head into this new era in nanohertz GW astronomy

with PTA data sets growing their timing baselines and quantity
of pulsars, new methods will need to be developed in order to
efficiently search for anisotropy in these PTA data sets. The
frequentist analyses implemented in this work are computa-
tionally efficient and have a small turnaround time for
producing end-to-end results. However, the current implemen-
tation of the optimal statistic does not account for inter-pulsar-
pair covariance (Romano et al. 2021; Allen & Romano 2023)
and cosmic variance (Allen 2023), and does not include
information contained in the autocorrelations of the pulsar data
set. While the Bayesian analyses do not suffer from some of
these drawbacks, they are computationally expensive and can
take weeks for the Markov Chain Monte Carlo (MCMC) chains
to burn-in and converge for the power-law anisotropy models,
and even longer when searching for frequency-resolved
anisotropy. It also takes a significant amount of time to scan
across an Nside= 8 sky in the Bayesian radiometer pixel
analyses, and this time will increase with increasing values of
Nside.
One possible solution, currently under development, would

be to formulate a method that can leverage Fourier basis
coefficients used to model the GWB in the Bayesian analysis to
directly calculate both the auto- and cross-correlations between
the pulsars in the array. The frequentist framework developed

Figure 9. Top: power measured at each pixel using the frequentist radiometer
pixel basis, in units of characteristic strain. This map was constructed with
Nside = 8, resulting in 768 pixels on the sky. The negative recovered power is a
consequence of this analysis not imposing the condition that the power be
positive across all sky. Bottom: the p-value corresponding to the detection
statistic for each pixel shown in the top panel. All of the measured p-values
imply that the data are consistent with isotropy.

Figure 10. Power measured at each pixel using the Bayesian radiometer pixel
basis, in units of characteristic strain, with the red stars showing the position of
pulsars in the PTA. This map was constructed with Nside = 8, resulting in 768
pixels on the sky. Since the prior on the GWB amplitude was log-uniform
between 10−18 and 10−14, the power was also constrained to be positive across
the sky. The sky map is qualitatively consistent with the map derived using the
frequentist radiometer pixel basis analysis.

Figure 11. Normalized spherical-harmonic coefficients Cl/C0 of the gravita-
tional-wave sky as produced by simulated populations of SMBHBs, filtered by
consistency with the 15 yr isotropic gravitational-wave background estimation
(Agazie et al. 2023b). The different colors correspond to individual harmonics
from l = 1 to l = 6. The solid lines represent the median realization of the
median samples, and the shaded regions represent the 68% confidence intervals
across all samples’ median realizations. The circles connected by dashed lines
represent the Bayesian upper limits as in Figure 5.
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in Pol et al. (2022) and used in this work is agnostic to the
method used to calculate the correlations and can be adapted to
include the autocorrelation information. Another solution
would be to implement more sophisticated MCMC sampling
techniques, such as reversible-jump MCMC (RJMCMC),
which has already been implemented for single-source searches
(Bécsy & Cornish 2020), and apply them to searches for
anisotropy. RJMCMC, in particular, has the potential to
significantly boost the efficiency of the Bayesian frequency-
resolved and radiometer pixel searches since it has the
capability to simultaneously search over multiple models (in
this case frequencies or pixels, respectively) as well as to
calculate the odds ratios between these models. Additionally,
future mock data challenges like those carried out by the IPTA
(Ellis et al. 2012; Hazboun et al. 2018) will be crucial in
developing new methods as well as testing the efficacy of
current methods to detect anisotropy in realistic PTA data sets.

As the evidence for an isotropic GWB continues to grow
with future data sets (Pol et al. 2021), it will become more
prudent to search for the presence of anisotropy in the GWB.
Since cosmological sources of a nanohertz GWB like cosmic
strings are unlikely to produce an anisotropic GWB (Ölmez
et al. 2012), detection of anisotropy will be an important piece
of evidence in support of SMBHBs as the origin of the
nanohertz GWB. A detection of pixel-scale anisotropy could
provide the first indication of a single inspiraling SMBHB
system that could then be subjected to targeted follow-up using
both PTA GW and electromagnetic observatories. A detection
of large-scale anisotropy could indicate an overdensity of
SMBHB systems in a cluster environment, or might point to an
extrinsic effect (Chung et al. 2022), such as the kinematic
dipole observed with the cosmic microwave background
(Planck Collaboration et al. 2020) and predicted to be
detectable with a GWB (Bertacca et al. 2020; Chung et al.
2022; Cusin & Tasinato 2022; Valbusa Dall’Armi et al. 2022).
If we live in a Universe where both astrophysical (e.g., from
SMBHBs) and cosmological (e.g., from cosmic strings) GWBs
are present, we can leverage our knowledge of the different
expected spatial (and spectral) distribution of these processes to
disentangle them in the PTA data sets (Ungarelli &
Vecchio 2001; Mandic et al. 2012; Parida et al. 2016;
Biscoveanu et al. 2020; Martinovic et al. 2021; Suresh et al.
2021; Kaiser et al. 2022). It will also be prudent to search for
and possibly rule out anisotropy in the GWB before other
interpretations of deviations away from the theoretical HD
curve, such as beyond-GR effects (e.g., Arzoumanian et al.
2021), are accepted. Thus, detection of anisotropy in the GWB
is poised to be one of the next milestones in nanohertz GW
astronomy, potentially leading us toward the detection of one
or more isolated GW sources and allowing us to place
constraints on beyond Standard Model physics.
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