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Abstract— A paradigm for puzzle-based storage systems (PBS) 

is that all cells have the capacity of transporting loads horizontally 

and vertically. This research challenges this paradigm by 

considering unidimensional PBS, where some cells are limited to 

either horizontal or vertical movements. PBS with some 

unidimensional cells are referred to as unidimensional PBS. A 

linear program (LP) formulation is presented to find the optimal 

load retrieval path using a single-escort in a unidimensional PBS. 

The LP is solved recursively to understand the tradeoffs of 

unidimensional designs for a 4×4 system. It is concluded that 

unidimensional PBS can be designed such that the capital 

investment cost to throughput tradeoff is favorable.  

Keywords— puzzle-based storage, high-density storage, 

automated warehouse, optimization 

I. INTRODUCTION 

Puzzle-Based Storage Systems (PBS) are very high-density 
parts-to-person storage systems for unit loads. The PBS design 
is based on an automated grid composed of cells capable of 
sliding loads in the horizontal and vertical dimensions. 
Retrieving a load from a PBS requires sequentially moving the 
load to an open (empty) cell until reaching the output point. 
Since loads need to be slid into open cells, the open cells are 
commonly referred to as escorts.  

Consider the 4×4 PBS grid depicted in Fig. 1a. The sixteen 
cells in the PBS either hold a load or are open (escort). This 
example has a single escort (colored white) that is initially 
located at the input/output (I/O) point on the southwest corner 
with coordinates (1,1). The requested load is represented by a 
black cell and is located at coordinate (3,3). The remaining 
fourteen cells, identified in gray, contain other stored loads. To 
move the desired load (black) closer to the I/O requires placing 
the escort in a cell either immediately west or south of the 
desired load. Although technically the escort does not move (as 
the escort is an empty cell so there is nothing to move), it is 
easier to refer to “moving the escort,” which occurs when 
moving a load to an open cell. In this example, as illustrated by 
the arrows in Fig. 1(a), the escort is to be moved to the cell south 
of the desired load by moving the loads originally in cells (2,1) 
and (3,1) simultaneously west and then moving the load in cell 
(3,2) south. This type of movement is known in the literature as 
block or tandem movements. Notice that it is not possible to 
move the load in cell (3,2) south at the same time the load in that 
cell is moving west due to interference. After moving the desired 

load south, the escort is now the desired load’s original location 
with coordinate (3,3), as in Fig. 1(b). The remaining of Fig. 1 
depicts the sequence of cell movements required to retrieve the 
desired load.  

 

 

 

 

Fig. 1. Sequence of cell movements to retrieve a load with a single escort. 

Two main PBS designs are described in the literature: pop-
up and shuttle. In the pop-up design, every cell has a conveyor 
for sliding loads in one dimension and a pop-up conveyor to 
achieve orthogonal movements (e.g., a roller conveyor with pop-
up rollers). On the other hand, the shuttle design involves storing 
loads on a dedicated material handling equipment (MHE) that 
moves horizontally or vertically to an open space. Alternatively, 
the shuttle system may use a MHE to pick-up and move loads. 
This study focuses on PBS with a pop-up design. Pop-up designs 
achieve much faster retrieval speeds at the expense of a more 
rigid configuration (e.g., fixed grid shape and cell size).  

The main implementation challenge for PBS is the 
investment (capital) cost. It is observed that reducing the number 
of pop-up conveyors would simultaneously reduce the 
investment cost and operational complexity of PBS. Hence, this 
study challenges the premise that every cell in a PBS must have 
a pop-up conveyor. The tradeoff of eliminating a pop-up 
conveyor is that load movements would be limited to one 
dimension, which could increase the expected retrieval time for 
a load. Cells without a pop-up conveyor are henceforth referred 
to as unidimensional cells since movements are limited to 

        (a)              (b)               (c) 

                (d)       (e)               



bidirectional travel in only one dimension. A PBS that includes 
unidimensional cells is termed unidimensional PBS.  

This research seeks to develop insights for designing 
unidimensional PBS with a single escort. The remaining of this 
paper is organized as follows. Section II summarizes the 
academic literature associated with mathematical models of 
PBS. Section III describes the problem, presents the modelling 
assumptions, and proposes a linear program (LP) formulation to 
optimize the retrieval sequence for a load. Experimental results 
in Section IV start with a bi-dimensional system and solves the 
LP iteratively to identify the cell has the least impact to the 
expected load retrieval time when becoming unidimensional. 
Lastly, Section V presents the conclusions and future work. 

II. LITERATURE REVIEW 

Most of the models developed in the existing literature 
assume that cells may move in both dimensions. These models 
are based on some movements that might not be feasible in 
unidimensional PBS. Gue & Kim [1] implicitly assume that 
there is only one cell moving in the system at a time. Hence, an 
escort moves progressively from one cell to the next. Under this 
assumption, if the load just completed a movement, it would 
take the escort 3 or 5 movements to move the load again. 
Clearly, if some cells are unidimensional, the existence of a 3- 
or 5-move cannot be guaranteed. Papers that optimize the 
retrieval sequence for a PBS by moving one cell at a time include 
[1]-[4]. There are other publications that allow tandem 
movements for the escort, which is able to move the load with 
3- and 4-moves instead [4]-[6].  

The only published work that implicitly assumes 
unidimensional PBS is [7], which modifies the decentralized 
adapted controls algorithm for GridFlow 2D storage system 
from [8] – which is composed of modular FlexConveyors – so it 
can react to conveyor failures. The result is a control algorithm 
that enables the system to continue operating even if some north-
south or east-west conveyors fail. The authors report, as an 
example, that based on an agent-based simulation two failed 
north-south conveyor failures in the same row have a 
significantly greater impact on the throughput than two north-
south conveyor failures in the same column. The main 
difference between the work of [7] and this study is that they 
present a modification of the controls system to cope with 
unreliable conveyors, whereas this study seeks to optimize the 
placement of unidimensional cells in a PBS. 

III. PROBLEM DESCRIPTION  

Consider an 𝑚 × 𝑛  PBS grid with a single escort. The 
problem under study seeks to determine the best path to retrieve 
a predetermined load in the least amount of time (measured in 
number of movements) by means of horizontal and vertical 
movements.  

A. Modelling Assumptions 

The following modelling assumptions are made: 

- The initial location of the requested item is known 

- There is only one escort 

- There is only one I/O point  

- The travel distance between locations is known and 
corresponds to rectilinear travel considering 
unidimensional cells 

- Each horizontal or vertical movement is of one distance unit 
(DU)  

- Loads may only move to the escort  

B. PROBLEM FORMULATION 

This Section presents an LP formulation for determining the 
best route to retrieve a predetermined load from its initial 
location to the I/O in the least amount of time using a single 
escort. The following nomenclature is defined: 

Sets: 

𝑵 = set of all (grid) cell locations,  𝑵 =  {1, … , ‖𝑵‖}  

𝑱𝒌  = set of neighborhood locations for cell location 𝑘 ,  𝑱𝒌 =
{1, … , ‖𝑱𝒌‖}, 𝑘 ∈ 𝑵    

Indices:  

𝑖 = starting location of escort for a movement, 𝑖 ∈ 𝑵 

𝑘 = end location of the escort for a movement; it is also the 
location of the load to be retrieved, 𝑘 ∈ 𝑵 

𝑗 = last cell location visited by escort before reaching 𝑘, 𝑗 ∈ 𝑱𝒌 

Parameters: 

𝑠 = initial location of the load to be retrieved, 𝑠 ∈ 𝑵 

𝑟 = location of the I/O, 𝑟 ∈ 𝑵 

𝑑𝑗𝑠 = minimum distance for the escort to move from its initial 

location to 𝑠 through neighborhood location 𝑗 in DUs 

𝑑𝑖𝑗𝑘  = minimum distance for the escort to move from location 𝑖, 
using the intermediate location 𝑗, to reach the load located at 
𝑘. This distance cannot go directly from location 𝑖 to location 
𝑘 as this would imply that the load is moved in the process. 

Decision Variables: 

𝑦𝑗 = Binary variable equal to 1 if escort moves from its initial 

location to 𝑠 through 𝑗, zero otherwise. This variable is relaxed 
in the formulation. 

𝑥𝑖𝑗𝑘   = Binary variable equal to 1 if escort moves from location 

𝑖  to the item’s location 𝑘  via intermediate location 𝑗 , zero 
otherwise. This variable is relaxed in the formulation. 

 𝑀𝑖𝑛 𝑧 =  ∑ 𝑑𝑗𝑠  𝑦𝑗𝑗∈𝑱𝒔
+ ∑ ∑ ∑ 𝑑𝑖𝑗𝑘  𝑥𝑖𝑗𝑘𝑘∈𝑵𝑗∈𝑱𝒌 𝑖∈𝑵  () 

s.t. 

 ∑  𝑦𝑗𝑗∈𝑱𝒔
= 1 () 

 ∑ 𝑥𝑠ℎ𝑗ℎ∈ 𝑱𝒋
= 𝑦𝑗  ∀𝑗 ∈ 𝑱𝒔 () 

 ∑ 𝑥𝑖𝑗𝑘𝑖∈ 𝑵 = ∑ 𝑥𝑘ℎ𝑗ℎ∈ 𝑱𝒌
+ ∑ 𝑥𝑖𝑟𝑘𝑖∈ 𝑵  ∀𝑘 ∈ 𝑵\{𝑠}, 𝑗 ∈ 𝑱𝒌 () 

 ∑ ∑ 𝑥𝑖𝑟𝑘𝑘∈𝑵𝑖∈𝑵 + 𝑦𝑟 = 1 () 



 0 ≤ 𝑦𝑗 ≤ 1  ∀𝑗 ∈ 𝑱𝒔    () 

 0 ≤ 𝑥𝑖𝑗𝑘 ≤ 1  ∀𝑖, 𝑘 ∈ 𝑵, 𝑗 ∈ 𝑱𝒌 () 

 Objective function (1) minimizes the distance from the 
escort’s initial location to the load’s initial location and all the 
escort movements from there on until reaching the I/O. Since an 
escort movement implies a load movement, the total time 
required to retrieve a load is directly related to the number of 
movements required by the escort. The model can consider the 
case where cell movement is limited to one at a time or can allow 
tandem movements by manipulating the distance matrix. 
Constraint set (2) ensures that the escort moves from its initial 
location exactly once. The initial location of the escort is not 
explicitly specified but is implicitly included in 𝑑𝑗𝑠. It is noted 

that if the escort travels to any location via the I/O, the load will 
end up at the I/O, which concludes the retrieval process. 
Constraint set (3) ensures the escort repositions for the second 
load movement, which starts at the escort’s ending location after 
the first load movement (i.e., the load’s initial location) and ends 
at the intermediate location used to reach 𝑠 in the load’s first 
movement. Constraint set (4) is a flow conservation constraint 
that ensures that if the escort moves a load at location 𝑘, the next 
escort movement needs to start at 𝑘 or the load must have been 
delivered at the I/O (i.e., intermediate location 𝑟 was visited). 
Constraint set (5) covers a special case where the load is 
delivered to the I/O on the first move. Constraint sets (6) and (7) 
bound the decision variables. Intuitively, the variables should be 
binary; however, since the coefficients associated with the 
restrictions create a Totally Unimodular matrix, the variables 
may be relaxed.  

IV. EXPERIMENTAL RESULTS 

The formulation in Section III.B assumes that the 
unidimensional PBS layout is given. The LP formulation may 
be used to answer the following research questions: 

Q1: What is the tradeoff in expected retrieval times if some cells 
are unidimensional? 

Q2: How should unidimensional PBS be designed? 

 A Python code that uses Gurobi 9.1.2 to solve the proposed 
LP formulation was created. Experiments consider a 4 × 4 PBS 
grid. The code starts with a bi-dimensional PBS and the desired 
load in one of the cells. The code solves the LP 15 times, each 
time with a different initial location of the escort. The average 
of these results represents the expected retrieval distance for a 
load in that particular location. This process is repeated 
considering the load in each of the cells (15 × 15  = 225 
scenarios). The average of the 225 scenarios represents the 
expected optimal retrieval distance for the PBS layout 
considered (bi-dimensional PBS in this case), considering a load 
and escort in a random location. The strategy described can be 
used to determine the expected optimal retrieval distance for any 
PBS layout. 

 For the experiments, the expected optimal retrieval distance 
is computed considering one unidimensional cell at a time (i.e., 
have one of the cells be limited to horizontal or vertical 
movements). The four corners of the grid must be bidimensional 

as a unidimensional corner would gridlock the escort when 
retrieving a load from the corner cell. In such a case, the only 
alternative would be to move the escort to the neighboring 
location, but that would move the load back into the corner.  

 In the 4×4 PBS grid there are 12 cells that may be 
unidimensional (four corners excluded), and the unidimensional 
cells may be in one of two orientations, so a total of 24 layouts 
are considered. The expected optimal retrieval distance for the 
24 layouts is compared in terms of the additional distance. The 
unidimensional cell (and orientation) with the shortest expected 
optimal retrieval distance is considered the best one as it has the 
least impact in terms of the PBS throughput.  

 Assuming that the unidimensional cell with the minimum 
expected optimal retrieval distance is implemented, the strategy 
is also used to determine the second unidimensional cell to be 
implemented. Clearly, a particular cell may not be 
unidimensional in both orientations as that would prevent any 
movement through that cell. Hence, only 22 unidimensional 
cells are considered (corners and the first unidimensional cell are 
excluded). After the second unidimensional cell was selected, a 
third unidimensional cell was identified, and so on. Fig. 2 
summarizes the results expected optimal retrieval distance as a 
function of the number of unidimensional cells incorporated. 
The cost of the PBS will be proportional to the number of 
unidimensional cells. Clearly, the proposed strategy that 
incorporates one unidimensional cell at a time does not 
guarantee optimality of the resulting layout.   

 

Fig. 2. Tradeoff between number of unidimensional cells and expected 

retrieval distance. 

 It can be observed from Fig. 2 that making 25% of the cells 
unidimensional (3/12 as the corners need to be bi-dimensional) 
affects the expected optimal retrieval distance by less than 10%, 
when compared to the bidimensional PBS. Considering four 
unidimensional cells affects the expected optimal retrieval 
distance by less than 15%. With six unidimensional cells the 
expected optimal retrieval distance increases by 20%.  

 Fig. 3 depicts the final layout with as many unidimensional 
cells as possible. The bi-dimensional grids are presented in gray 
and the unidimensional grids only include the allowable move 
direction. The number included in the unidimensional cells 
indicate at which stage it was incorporated (1 being the first 
unidimensional cell added). This number also corresponds to the 
abscissa in Fig. 2. The maximum number of unidimensional 
cells is 8. Adding a ninth unidimensional cell renders the layout 



infeasible as the I/O would be unreachable from cells. There 
were instances where two unidimensional cells resulted in the 
same expected retrieval distance; in those cases, the more 
intuitive choice was selected by hand. In all these cases the 
unidimensional cell not selected was selected in the next stage. 

 

Fig. 3. Unidimensional PBS layout. 

 The unidimensional PBS layout in Fig. 3 appears to have 
created North-South corridors in the first and last columns and 
East-West corridors in the other columns. This layout may be 
used to guide the design of unidimensional PBS considering the 
tradeoff between cost and expected retrieval distance from Fig. 
2.  

 Larger PBS grids would be expected to follow the same 
pattern; edge cells would become unidimensional and corridors 
will be created for loads and escorts to navigate. If more escorts 
are incorporated the layout could change significantly as corner 
cells may become unidimensional.  

V. CONCLUSIONS AND FUTURE WORK 

This research studies puzzle-based systems (PBS) where 
some cells are limited to horizontal or vertical movements. PBS 
with some unidimensional cells are referred to as 
unidimensional PBS. This study presents a linear program (LP) 
formulation to find the optimal load retrieval path using a single-
escort in a unidimensional PBS. The LP is solved recursively to 
determine the expected optimal retrieval distance for a layout 
considering a random load and escort location for a 4×4 PBS 
system. The unidimensional cell with the least impact on the 
expected optimal retrieval distance is incorporated into the 

design, and the process is repeated to progressively determine 
the next unidimensional cells to incorporate. The maximum 
number of unidimensional cells that could be implemented were 
8 (out of the 12 cells, excluding the corners). It is concluded that 
a layout including 3 unidimensional cells affected the expected 
optimal retrieval distance by less than 10%, when compared to 
the bidimensional PBS. Adding four unidimensional cells 
affected the expected optimal retrieval distance by less than 
15%. Considering six unidimensional cells further increased the 
expected optimal retrieval distance by less than 20%.  

Since the unidimensional cells were added one-by-one, the 
resulting unidimensional PBS layout is not guaranteed to be 
optimal. However, the results suggest that unidimensional PBS 
can be designed such that the capital investment cost to expected 
retrieval distance (associated with PBS throughput) tradeoff is 
favorable.  

Future work can extend this research to consider multiple 
escorts, alternative I/O positions, and to incorporate 
replenishment operations.  
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