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Unified Solution to Drained Expansion of a Spherical Cavity in
Clay and Sand

Lin Li1; Jingpei Li2; De’an Sun3; andWeibing Gong4

Abstract: This paper presents a novel unified solution to drained expansion of a spherical cavity in both clay and sand. The large-strain theory
and a critical state model with a unified hardening parameter are used to describe the elastoplastic behavior of the soils after yielding. The elasto-
plastic constitutive tensor of the critical state model is developed to be a system of first-order differential equations for the drained expansion of
a spherical cavity. The problem is formulated as an initial value problem in terms of the Lagrangian scheme by introducing an auxiliary variable
and is solved numerically. With the present solution, curves for the expansion pressures, the distributions of stress components, and the stress
paths are plotted to illustrate the different expansion responses in clay and sand. The proposed solution not only incorporates the dilatancy and
peak strength of dense sand, but it can also reduce to the solution for clay and loose sand when ignoring the dilatancy and peak strength.
Therefore, the present solution can be applied to interpret the cone penetration test and the pile installation, as well as to evaluate the pile end
bearing capacity in various kinds of soils.DOI: 10.1061/(ASCE)GM.1943-5622.0000909.© 2017 American Society of Civil Engineers.

Author keywords: Elastoplastic; Dilatancy; Auxiliary variable; Drained expansion; Expansion response.

Introduction

The cavity expansion theory has been widely used in geotechnical
problems, such as the modeling of pile installation (Randolph et al.
1979; Vesic 1977; Roy et al. 1981; Randolph 2003) and the interpre-
tation of the cone penetration test (Yu et al. 1996; Shuttle and
Jefferies 1998; Chang et al. 2001; Cudmani and Osinov 2001;
Salgado and Prezzi 2007). Because it is easy to implement, even
with sophisticated soil models and larger strain theory (Shuttle
2007), the solution for cavity expansion is always a topic of interest
for many researchers (Yu 2000; Cao et al. 2001; Shuttle 2007;
Ghandeharioon et al. 2010; Frikha and Bouassida 2013; Zareifard
and Fahimifar 2014). Great efforts have been devoted to improving
the solutions of the cavity expansion problems since the pioneering
works of Bishop et al. (1945) and Hill (1950). These improvements
mainly focus on the development of new solution techniques (Carter
et al. 1986; Collins et al. 1992; Salgado and Randolph 2001; Yu and
Carter 2002; Chen and Abousleiman 2012, 2013; Zhou et al. 2014)
and the application of more realistic constitutive models for geoma-
terials (Osinov and Cudmani 2001; Mantaras and Schnaid 2002;
Zhao 2011; Yang and Zou 2011; Khalil 2013; Li et al. 2016a, b).

It is difficult to list all the research work dealing with the expan-
sion of a cylindrical or spherical cavity. Hence, only some ground-
breaking studies are briefly reviewed in this paper: Vesic (1977)

derived a closed-from solution for cavity expansion in nonassoci-
ated Mohr-Coulomb soil considering the volume variation in the
plastic region. Carter et al. (1986) and Yu and Houlsby (1991) pre-
sented analytical solutions for the expansion of spherical and cylin-
drical cavities from zero initial radii. The logarithmic strain and
nonassociated Mohr-Coulomb criterion were adopted in their solu-
tions to consider the large deformation and dilation characteristics
of the soil in the plastic zone. Collins et al. (1992) proposed a simi-
larity solution technique for cavity expansion from a zero initial ra-
dius in critical state soils. With this technique, the elastoplastic criti-
cal state constitutive models of soils can be incorporated in the
cavity expansion solution to yield more realistic results. Yu (2000)
performed a thorough and comprehensive review of the cavity
expansion method using a variety of critical state models for both
drained and undrained loading conditions. Zhao (2011) presented a
unified theory for both cylindrical and spherical cavity expansions
in cohesive-frictional micromorphic media. The elastoplastic
behavior of the material was characterized by a phenomenological
strain-gradient plasticity model with a generalized Mohr-Coulomb
criterion. Chen and Abousleiman (2012, 2013) presented rigorous
semianalytical solutions for drained and undrained cylindrical cav-
ity expansions in Cam-clay soils without any approximation
imposed on the constitutive relationship.

The previously mentioned studies have made significant contribu-
tions to the cavity expansion theory and have provided a better under-
standing of the cavity expansion responses in the surrounding soil.
However, certain limitations still exist in those solutions, such as the
elastic-perfectly plastic assumption and the simplified constitutive
relation (Chen and Abousleiman 2012, 2013). As distinguished from
the elastic-perfectly plastic materials, the elastoplastic behavior of
soils is governed by the current stress state and the deformation his-
tory of the soil element (Cudmani and Osinov 2001). Nevertheless,
the strengths of the soils in most available solutions were taken as
constants and independent of the deformation history during cavity
expansion because of the elastic-perfectly plastic assumption
(Collins et al 1992; Yu 2000). Although some solutions used the crit-
ical state constitutive model to capture the elastoplastic response of
the soils during cavity expansion (Chen and Abousleiman 2012,
2013), the peak strength and the negative/positive dilatancy of
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medium or dense sand during shear may not be properly described.
Therefore, a reasonable drained solution for spherical cavity expan-
sion in lightly or heavily dilatant sand is still not currently available,
and little is known about the effects of dilatancy and peak strength
on the cavity expansion responses.

The present work aims at developing a rigorous solution to the
drained expansion of a spherical cavity in both clay and dilatant
sand. For this, a unified hardening parameter-based critical state
model (UHP model) (Yao et al. 2008) is used to describe the soil
behavior during cavity expansion. The UHP model can properly
reflect the dilatancy and peak strength of either lightly or heavily
dilatant sand and can reduce to the modified Cam-clay (MCC)
model for normally consolidated clay. Based on the rigorous con-
stitutive relation of the UHP model, the problem is formulated by
the Lagrangian scheme with the aid of an auxiliary variable sug-
gested by Chen and Abousleiman (2013). The proposed solution
can appropriately describe the expansion responses of a drained
spherical cavity in both dilatant sand and nondilatant clay. It may
provide a powerful tool capable of interpreting the cone penetra-
tion test and to assess the end bearing capacity of a pile in differ-
ent kinds of soils.

Definition of the Problem

Problem Description

Consider a spherical cavity expanding in infinite isotropic drained
soil with the in situ mean stress p0. Initially, the radius of the cav-
ity is a0 and the internal pressure is p0. The pressure inside the
cavity is then increased to a value of s ra and the cavity expands to
current radius a. A typical material particle moves outward from
its original position r0 to the current radial coordinate r in the
spherical coordinate system, as shown in Fig. 1. During expan-
sion, the soil adjacent to the cavity first experiences elastic defor-
mation and then plastic yielding when the yield condition is satis-
fied. The corresponding cavity pressure at this stage is called the
initial yielding pressure, denoted by s rp. After yielding, the cav-
ity pressure increases progressively with the expansion of the
cavity wall until the soil reaches the critical state. After the soil
reaches the critical state, a further increase in the cavity wall will
not cause an increase in cavity pressure. During the plastic expan-
sion phase, a plastic zone is formed from the current cavity radius
a to the elastoplastic (EP) boundary radius rp. The symbol rp0
refers to the initial location of a soil particle that instantly

becomes plastic. It is assumed that Hooke’s elasticity law and
small-strain theory govern the elastic behavior of the soil,
whereas the elastoplastic behavior of the soil may be described by
the large-strain theory and the UHP model for both sand and clay.
This constitutive model is proposed by Yao et al. (2008) and will
be shown later. Additionally, compressive stress and strain com-
ponents are taken as positive quantities, and the term stress is
interpreted as effective stress in this paper.

Soil Model

A general feature of sand behavior seen during shearing is that if a
sample is initially in a very loose state, only strain hardening and
volume contraction behavior will be observed, whereas a medium
or dense sample may exhibit volume contraction, dilation, and peak
strength behavior (Yao et al. 2004). To incorporate these features of
sand and obtain a unified solution for cavity expansion in both clay
and dilatant sand, a UHP critical model presented by Yao et al.
(2008) is used to capture the elastoplastic feature of the soil during
cavity expansion. The UHPmodel proposes a UHPH instead of the
hardening parameter ɛpv (plastic volumetric strain) in the Cam-clay
model. The unified yield and plastic potential functions of the UHP
model are the same as the Cam-clay mode, given as

f ¼ h

M

� �2

� pc
p
þ 1 ¼ 0 (1)

where pc = mean effective yielding pressure;M = value of h at the
characteristic state; and the stress parameter p and the stress ratio h
are defined, respectively, as follows:

p ¼ 1
3
s ii (2a)

h ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
h ijh ij

r
(2b)

with

h ij ¼
s ij � pd ij

p
(2c)

where s ij = stress tensor; and d ij = Kronecker’s delta.
After introducing the UHP H, the yield function or the plastic

potential function of the UHPmodel can be rewritten as

f ¼ λ� k

1þ e0
ln

p
p0

þ λ� k

1þ e0
ln 1þ h

M

� �2
" #

� H ¼ 0 (3)

where λ and k = slopes of compression and swelling lines, respec-
tively; e0 = initial void ratio of soil for p ¼ p0; and the UHP H is
defined as

H ¼
ð
dH ¼

ð
M4

M4
f

M4
f � h 4

M4 � h 4
dɛpv (4)

in whichMf = value of h at the failure state.
FromEq. (4), one can obtain

dɛpv ¼
M4

f

M4

M4 � h 4

M4
f � h 4

dH (5)

rpr0 r rp0

Plastic 
region Elastic 

region

rap0

p0

p0

a0σra
O

Fig. 1. Schematic for the drained expansion of a spherical cavity
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Because H is a hardening parameter, dH is not less than zero.
Hence, the following features can be deduced from Eq. (5): when
0< h <M, dɛpv >0; when h ¼M, dɛpv ¼ 0; and whenM< h <Mf ,
dɛpv < 0. Especially when h ¼ 0 orMf ¼M, dH¼ dɛpv , the harden-
ing parameter H becomes the plastic volumetric strain; thus, the
UHP model simplifies to the Cam-clay model. Fig. 2 shows the
comparisons of the measured results from the triaxial compres-
sion tests and the predicted results from the UHP model for di-
latant sand and normally consolidated clay conducted by Yao et
al. (2008). The good agreements in the figure demonstrate the
validity and reliability of the UHP model. As indicated earlier,
the behavior of both sand and clay during shearing are reason-
ably described by the hardening parameter H. The five soil pa-
rameters Mf , M, λ, k , and v used in the UHP model can be deter-
mined by a loading and unloading isotropic compression test
and a conventional triaxial compression test. One can refer to
the literature (Yao et al. 2008) for more details about the UHP
critical model.

Theoretical Considerations for the Problem

Solution in Elastic Region

For a spherical cavity problem, the equilibrium equation in the
spherical coordinate system can be written as

∂s r

∂r
þ 2

s r � su

r
¼ 0 (6)

where su = tangential stress.
Based on Hooke’s law, the elastic stress-strain relationship of

the soil can be expressed in the increment form

dɛeij ¼
1þ v
E

ds ij � v
E
dsmmd ij (7)

where E ¼ 2Gð1þ vÞ = elastic modulus. In critical state models,
the shear modulusG is defined as (Wood 1990)

G ¼ 3 1� 2vð Þyp
2 1þ vð Þk (8)

where y = specific volume; and � = Poisson’s ratio.
Combining Eqs. (6) and (7) with the small-strain theory, the ra-

dial displacement, Ur, and stress distributions in the elastic region
can be obtained as (Yu 2000; Cao et al. 2001)

s r ¼ p0 þ s rp � p0ð Þ rp
r

� �3

(9)

su ¼ p0 � 1
2

s rp � p0ð Þ rp
r

� �3

(10)

Ur ¼ s rp � p0
4G0

rp
r

� �3

r (11)

where s rp = total radial stress at the EP boundary.

Stress and Displacement at the EP Boundary

From Eqs. (9) and (10), it can be seen that the mean stress p remains
unchanged during the elastic phase, giving

pp ¼ p0 (12)

where pp =mean effective stress at the EP boundary.
From Eq. (7), it can be deduced that the constant value of p

means a zero volumetric strain increment in the elastic region, that
is

y p ¼ y 0 (13)

where y p and y 0 = specific volume at the initial state and at the EP
boundary, respectively.

Substituting Eq. (12) into Eq. (1), the stress ratio at the EP
boundary, hp, can be obtained as

hp ¼ M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
OCR� 1

p
(14)

where OCR is the overconsolidation ratio, defined as pc0=p0. The
pressure, pc0, is themaximummean preconsolidation stress.

From Eqs. (9), (10), and (14), the radial and tangential stresses at
the EP boundary can be derived as

s rp ¼ p0 1þ 2
3
h p

� �
(15)

su p ¼ p0 1� 1
3
hp

� �
(16)

Substituting Eqs. (15) into Eq. (11), the radial displacement at
the EP boundary,Urp, can be obtained as

-3

-2

-1

0

1

Sand
Compression

3=196 kPa

1/ 3

v(%
)

1(%)

1

3

5

-4 -2 0 2 4
3(%)

1/ 3

V(%)

ε1(%)

Clay
Compression

3=196 kPa

-5
4

0
1

3

5

510 10 15

8

5

4

2

ε3(%)

(a)

(b)

Fig. 2. Comparisons between measured results from triaxial compres-
sion tests and predicted results from the UHP model for sand and clay
(data fromYao et al. 2008): (a) Toyoura sand; (b) Fujinomori clay
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Urp ¼ s rp � p0
4G0

rp (17)

EP Analysis

After initial yielding, the total strain increment of the soil, dɛij, con-
sists of the elastic component, dɛeij, and the plastic component, dɛpij

dɛij ¼ dɛeij þ dɛpij (18)

For the UHP model, the elastic strain increment can be calcu-
lated by Eq. (7), and the plastic strain increment can be obtained
based on the associated plastic flow rule as follows:

dɛpij ¼ K
∂f
∂s ij

(19)

whereK is a scalar multiplier.
Applying the consistency condition to Eq. (3) gives

K ¼ �M4
f

M4

M4 � h 4

M4
f � h 4

∂f=∂pð Þdpþ ∂f=∂hð Þdh
∂f=∂Hð Þ ∂f=∂s iið Þ (20)

where

∂f
∂p

¼ λ� k

1þ e0

1
p

(21a)

∂f
∂h

¼ λ� k

1þ e0

2h
M2 þ h 2

(21b)

∂f
∂H

¼ �1 (21c)

∂p
∂s ij

¼ d ij

3
(21d)

∂h
∂s ij

¼ 1
2h

3h ij � h klhkl
� �

d ij

p
(21e)

with

∂f
∂s ij

¼ ∂f
∂p

∂p
∂s ij

þ ∂f
∂h

∂h
∂s ij

¼ λ� k

1þ e0

1
p

d ij

3
þ 3h ij � h klhkld ij

M2 þ h 2

� �
(21f )

which results in

∂f
∂s ii

¼ λ� k

1þ e0

1
p

1� 3hklh kl

M2 þ h2

� �
(22)

Substituting Eqs. (21a)–(21e) and (22) into Eq. (20), the explicit
expression of the scalar multiplierK can be obtained as

K ¼ M4
f

M4

M4 � h 4

M4
f � h 4

d ij

3
þ 3h ij

M2 � h2

� �
ds ij (23)

Consequently, the plastic strain increment can be given as

dɛpij ¼
cp
p3

M4
f M2 þ h2
� �2

M4 M4
f � h4

	 
 d ij

3
þ 3h ij � hklh kld ij

M2 þ h2

� �

� d ij

3
þ 3h ij � hklh kld ij

M2 þ h2

� �
ds ij (24)

where cp ¼ ðλ� kÞ=ð1þ e0Þ.
Combining Eqs. (7), (18), and (24) and considering the geomet-

ric centrosymmetry of the spherical cavity expansion case, the elas-
toplastic constitutive relation for the problem can be expressed in
the Lagrangian form as

Dɛr

Dɛu

( )
¼

1
E
þ AA2

r � 2v
E

þ 2AArAu

� v
E
þ AArAu

1� v
E

þ 2AA2
u

2
6664

3
7775

Ds r

Dsu

( )

(25)

where Dɛr, Dɛu and Ds r, Dsu = strain and stress increments of a
given material particle in the radial and tangential directions,
respectively. The expressions of Ar, Au , and A are as follows:

Ar ¼ 1
3
þ 3h r � hklh kl

M2 þ h 2
(26a)

Au ¼ 1
3
þ 3hu � hklhkl

M2 þ h2
(26b)

A ¼ cp
p

M4
f

M4

M2 þ h2
� �2
M4

f � h 4
(26c)

The performing matrix inversion calculation to Eq. (25), noting
that the volumetric increments for the spherical cavity expansion
problem is Dɛv ¼ �Dy=y ¼ Dɛr þ 2Dɛu , and the EP constitutive
relation for the case can be simplified as

Ds r ¼ 1
B

B11 �Dy
y

� �
þ B12 � 2B11ð ÞDɛu

� �
(27a)

Dsu ¼ 1
B

B21 �Dy
y

� �
þ B22 � 2B21ð ÞDɛu

� �
(27b)

where

B11 ¼ Eð2EAA2
u þ 1� vÞ (28a)

B12 ¼ 2Eðv� EAArAu Þ (28b)

B21 ¼ Eðv� EAArAu Þ (28c)

B22 ¼ EðEAA2
r þ 1Þ (28d)

B ¼ EAA2
r ð1� vÞ þ 4EvAArAu þ 2EAA2

u þ 1� v� 2v2 (28e)

To incorporate the effect of a large deformation in the plastic
zone, the logarithmic strains are adopted, defined as

© ASCE 04017028-4 Int. J. Geomech.
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ɛr ¼ �ln
dr
dr0

(29a)

ɛu ¼ �ln
r
r0

(29b)

With the EP boundary conditions given by Eqs. (15)–(17), the
three unknown variables (s r, s r, and y ) for the problem can be
determined by combining Eqs. (1), (27a), (27b), (29a), and (29b).
However, Eqs. (1), (27a), (27b), (29a), and (29b) are defined in
terms of the Eulerian description. Hence, to formulate the problem,
it is necessary to transform Eqs. (1), (27a), (27b), (29a), and (29b)
into the Lagrangian scheme. Following Chen and Abousleiman
(2013), this can be achieved in the following by introducing an aux-
iliary variable, j , defined as:

j ¼ Ur

r
¼ r � r0

r
(30)

Introducing Eq. (30) into Eqs. (1) and (29a), and (29b) gives

Ds r

Dj
�Ur

r2
þ 1

r
dUr

dr

� �
þ 2

s r � su

r
¼ 0 (31)

ɛr ¼ ɛv � 2ɛu ¼ �ln
y

y 0

� �
þ 2ln

r
r0

� �
¼ ln

y 0

y 1� jð Þ2
� �

(32a)

ɛu ¼ lnð1� j Þ (32b)

Substituting Eq. (32b) into Eq. (27a), and combining with Eq.
(31), yields

�2 s r �suð Þ ¼ �B11

B
Dy
yDj

�B12� 2B11

B 1� jð Þ
� �

�j þ dUr

dr

� �
(33)

On the other hand, Eqs. (29a) and (32a) can be combined and
rearranged to give

dUr

dr
¼ 1� y 0

y 1� jð Þ2 (34)

Combining Eqs. (33) and (34), one can obtain

Dy
Dj

¼ By
B11

2 s r � suð Þ
1� j � y0= y 1� jð Þ2

h iþ 2B11 � B12

B 1� jð Þ

8<
:

9=
; (35a)

Substituting Eqs. (32b) and (35a) into Eq. (27a) and (27b), the
constitutive relation can be expressed with the auxiliary variable as

Ds r

Dj
¼ � 2 s r � suð Þ

1� j � y 0= y 1� jð Þ2
h i (35b)

Dsu

Dj
¼ �B21

B11

2 s r � suð Þ
1� j � y 0= y 1� jð Þ2

h iþ 2B11 � B12

B 1� jð Þ

8<
:

9=
;

� B22 � 2B21

B 1� jð Þ (35c)

In addition, the EP boundary conditions should be described as
the initial conditions in terms of the Lagrangian scheme. With the

definition of the auxiliary variable, the initial conditions can be
obtained from Eqs. (15)–(17), given as

s j p
¼ p0 1þ 2

3
hp

� �
(36a)

s j p
¼ p0 1� 1

3
hp

� �
(36b)

y j p
¼ y 0 (36c)

with

j p ¼
sj p

� p0
4G0

(36d)

Consequently, the problem is finally formulated as a set of first-
order ordinary differential equations given by Eqs. (35a)–(35c)
with the initial conditions given by Eqs. (36a)–(36d). Because the
three unknown variables s r, su , and y , only depend on the single
auxiliary variable j , the governing equations can be solved numeri-
cally as an initial value problem with these variables starting at j p.
Additionally, it should be noted that results are expressed with
respect to the auxiliary variable j . To express the results in terms of
the particle position r, the auxiliary variable j can be associated
with the particle position r by recalling Eqs. (30) and (34), which
can be combined and rearranged to give

dr
r
¼ dj

1� j � y 0= y jð Þ 1� jð Þ2
h i (37)

Integrating Eq. (37) from the cavity wall to any location in the
plastic region, the relationship between the j and r can be obtained
as

r
a
¼ exp

ðj

j að Þ

dj

1� j � y 0= y jð Þ 1� jð Þ2
h i

8<
:

9=
; (38)

Results and Discussion

With the aim of illustrating the different expansion responses in
clay and sand, a parametric study was performed using the pro-
posed solution. Three groups of parameters considered to be
representative of loose, medium, and dense sands were selected
in the study. As mentioned previously, ifM ¼ Mf , then these pa-
rameters also were considered to be representative of lightly,
moderately, and heavily overconsolidated clays. The detailed
information about the parameters used for analyses is summar-
ized in Table 1. It should be emphasized that the intention here
is not to study the general expansion response of a spherical
cavity, but to explore the different expansion responses in clay
and sand. Hence, the general expansion response of a drained
spherical cavity will not be described and explained repeatedly
in this study. In addition, because the UHP model reduces to the
MCC model for loose sand (M ¼ Mf ), the expansion response
curve for loose sand completely overlaps the curve for lightly
overconsolidated clay with the same soil parameters in the fol-
lowing figures.
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Typical pressure-expansion relationships are presented for dif-
ferent types of sand and clay in Fig. 3, in which the expansion pres-
sure s ra and the current cavity radius a are normalized with respect
to p0 and a0, respectively. As seen in this figure, all the pressure-
expansion curves are similar to each other, which demonstrate that
the expansion responses are similar in both sand and clay.
Nonetheless, except in loose sand and the lightly overconsolidated
clay (M ¼ Mf ), the expansion pressure in sand is generally higher
than it is in clay with the same soil parameter other than M 6¼ Mf .
The higher expansion pressure in sand can be attributed to the peak
strength and dilatancy of the medium and dense sand, which are not
exhibited in clay during shearing.

Fig. 4 shows the variation of the normalized EP boundary radius,
rp/a, with the normalized instant cavity radius, a/a0, for both sand
and clay. This figure shows that although the dilatant sand and over-
consolidated clay are in the same initial consolidation condition, a
larger plastic zone is developed in the dilatant sand (medium and
dense sand) compared with the plastic zone developed in the over-
consolidated clay (moderately and heavily overconsolidated clay).
This means that the medium or dense sand around the cavity is
pushed outward more obviously because of the dilatancy during
cavity expansion.

Additionally, Figs. 3 and 4 show that in sand and clay an increase
in OCR results in an increase in the expansion pressure, leading to a
decrease in the plastic zone, which is consistent with the results
reported by Chen and Abousleiman (2013) for drained expansion of
a cylindrical cavity in the MCC soil. This phenomenon clearly indi-
cates that the OCR plays a fundamental role in soil behavior, greatly
affecting the expansion responses during cavity expansion.

The stress paths (SPs) in the p� q plane for a soil element located
at the cavity wall during cavity expansion for sand and clay with dif-
ferent OCRs are plotted in Figs. 5–7. All the stresses in the figures
have been normalized by p0. The PointsO, Y, and F denote the in situ
stress point, the yield stress point, and the failure stress point, respec-
tively. As seen in these figures, all the SPs first move vertically and
the soils remain elastic until the SPs hit the initial yield locus at Point
P. After yielding, the SPs of the loose sand, the lightly overconsoli-
dated clay, and the medium sand move upward to the right until the
SPs reach the critical state line (CSL) at Point F, which implies that
the soils exhibit the strain-hardening behavior during the entire
expansion phase. However, the SPs of the moderately and heavily
overconsolidated clays as well as the dense sand move to the right
and pass through the CSL inside the initial yield curve, Then, the SPs
move outside the initial yield curve (IYC) and gradually approach the
CSL at Point F, which demonstrates that these soils experience plas-
tic softening then hardening during the cavity expansion.

It is also interesting to note in Figs. 6 and 7 that before yielding,
the SP of the dilatant sand overlaps the SP of the overconsolidated
clay, because the stress components are the same for both clay and
sand during the elastic phase. However, after yielding, because the
medium or dense sand exhibits the peak strength behavior, the SP
of the dilatant sand is always located above the SP of the overconso-
lidated clay with the same stress history, and the CSL of the dilatant

Table 1. Information of Soil Parameters Used for the Parametric Study

Soil type

l = 0.13, k = 0.02, v = 0.3

Mf M OCR p0 (kPa) G0 (kPa) y 0

Loose sand 1.2 1.2 1.2 120 5,374 1.94
Medium sand 1.66 1.2 3 120 5,094 1.83
Dense sand 1.79 1.2 7 120 4,836 1.75

Note: OCR = overconsolidated ratio.
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σ ra
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0
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M=1.2; λ=0.13;
κ=0.02; v =0.3 

Fig. 3. Variation of normalized expansion pressure with cavity radius
for different types of sands and clays
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Fig. 4. Variation of normalized plastic zone radius with cavity radius
for different types of sands and clays
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p/p0

Mf=1.2; M=1.2; λ=0.13; 
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F(F′)

CSL  

O (O′)

Fig. 5. SP of a soil element located at the cavity wall in the p� q plane
for the loose sand and the slightly overconsolidated clay (Note: CSL =
critical state line; IYC = initial yield curve)
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sand lies above the CSL of overconsolidated clay. This explains
why a larger expand pressure is developed in the dilatant sand com-
pared with the expand pressure developed in the overconsolidated
clay with the same soil parameters other thanM 6¼ Mf .

The distributions of normalized radial and tangential stresses as
well as the specific volume around the cavity at the instant of a/a0 =
2 for different types of sand and clay are comprehensively shown in
Figs. 8–10. The stress components have been normalized with
respect to p0 and the radial axis to the current cavity radius a.
Because the cavity expands in a self-similar manner (Collins et al.
1992), the curves in Figs. 8–10 also represent the stress and volume
changes experienced by a material particle located at the cavity
wall. As seen in Figs. 8–10, the stress components in both sand and
clay decrease rapidly with r/a0 in the plastic zone and gradually
approach the in situ mean stress in the elastic region. It can also be
found that the specific volumes of the loose sand and clays increase
slightly with r/a0 in the plastic zone, whereas the specific volumes
of the medium and dense sand decrease significantly and then
slightly with r/a0 in the plastic zone. This demonstrates that the di-
latant sand experiences both volume contraction and dilation during

0 1 2 3 4 5 6 7
0

2

4

6

8

10

 Sand
 Clay

M=1.2; Mf=1.66; λ=0.13; 

υ0 =1.84; G0=5094 kPa;

v =0.3; OCR=3; κ=0.02

IYC Y (Y′) 

1  
M 

SP 

q/
p 0

p/p0

F' 
CSL

O (O′) 

F 

1  
Mf

Fig. 6. SP of a soil element located at the cavity wall in the p� q plane
for the medium sand and the moderately overconsolidated clay (Note:
CSL = critical state line; IYC = initial yield curve)
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Fig. 7. SP of a soil element located at the cavity wall in the p� q plane
for the dense sand and the heavily overconsolidated clay (Note: CSL =
critical state line; IYC = initial yield curve)
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Fig. 8. Distributions of the specific volume and normalized stress
components and around the cavity in the loose sand and slightly over-
consolidated clay at the instant cavity radius of a/a0 = 2
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Fig. 9. Distributions of the specific volume and normalized stress
components and around the cavity in the medium sand and moderately
overconsolidated clay at the instant cavity radius of a/a0 = 2
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cavity expansion, whereas the loose sand and clays only exhibit vol-
ume contraction behavior. Moreover, Figs. 9 and 10 also show that
a larger plastic zone is developed in the dilatant sand compared
with the plastic zone developed in the clay, which further indicates
that the dilatancy of dilatant sand amplifies the squeezing effect
around the cavity. It is also demonstrated that the dilatancy of the di-
latant sand can be effectively reflected by the proposed solution.

The parameter l of sand is generally much smaller than that of
clay due to the different compression behaviors of sand and clay. To
investigate the effects of the parameter l on the cavity expansion
responses, Fig. 11 shows the distributions of the specific volume and
the normalized stress components around the cavity for clay and sand
with different values of l , respectively. As seen in the figure, the
smaller value of l results in larger stress components and smaller vol-
ume contraction around the cavity, i.e., a stronger expansion
response. This is because the slope of the compression line l repre-
sents the soil compressibility, and the soil with a smaller value of l
displays a stiffer and stronger response during cavity expansion.
Moreover, it can be seen that the EP boundary radius is larger for the
soil with a smaller value of l because of its lower compressibility.

Conclusions

In this paper, a unified solution was developed based on a unified
critical state model to capture the drained expansion responses for

spherical cavities in both sand and clay. This solution can properly
reflect the peak strength and dilatancy of medium and dense sands
during cavity expansion and reduce to the MCC model-based solu-
tion for normally consolidated clay and loose sand. With the pro-
posed solution, a parametric study was performed to illustrate the
different expansion responses in sand and clay. The main conclu-
sions are listed as follows:
1. Because of the peak strength of medium and dense sand, a

higher expansion pressure is developed in the dilatant sand
compared with the expansion pressure in the clay under the
same initial consolidation condition.

2. The dilatancy of the dilatant sand amplifies the squeezing effect
around the cavity; thus, the plastic region in the dilatant sand is
generally larger than that in the clay with the same soil parame-
ter other thanM 6¼ Mf .

3. The stress history of soil has a pronounced effect on the
responses of drained expansion of a spherical cavity. A higher
value of OCR results in a larger expansion pressure and a
smaller plastic region around the cavity.

4. The proposed unified solution not only captures the expansion
responses for both sand and clay, but it also can incorporate the
effects of the soil stress history. Hence, the present solution is
applicable to cavity expansion problems, such as the cone pene-
tration test, the pile installation, and the pile loading test, in
many types of soils with different dilatancy.
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