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Abstract

Reusing existing displacement piles is economical, time-saving, and environment-friendly. This paper presents an analytical approach
for predicting the load carrying behavior of pile groups consisting of new and existing displacement piles. The evolutions of the
undrained shear strength and shear modulus of clay adjacent to the piles from installation through consolidation to long-term ageing
are investigated to determine the load carrying behavior of displacement piles. The nonlinear load-settlement behavior of an individual
pile is modelled by load-transfer method, where the exponential function-based load-transfer models integrating the two developed soil
parameters are employed to represent the nonlinear behavior at the pile-soil interface. The pile-pile interaction in the pile group is
explored based on the shear displacement method. Combining the load-transfer method and the shear displacement method, an analyt-
ical framework is proposed for predicting the load-settlement behavior of pile groups consisting of new and existing piles. The proposed
framework is validated by predicting the vertical settlement of a high-rise apartment built on a pile group consisting of 74 new displace-
ment piles and 22 existing displacement piles during construction. Good agreement is achieved between the predicted and measured
results. A parametric study is performed to explore the stiffness efficiency and the load-settlement behavior of pile groups with different
layouts of new and existing piles. The results indicate that the pile group with larger ratio of the number of existing piles to the number of
total piles shows both stronger stiffness and a higher load carrying capacity.
� 2019 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords: Consolidation; Ageing; Existing displacement pile; Stiffness efficiency

1. Introduction

Over the past two decades, China has undergone rapid
urbanization and land for construction has become
increasingly scarce. Nowadays, more and more buildings
in large populated cities, like Beijing and Shanghai, need
to be constructed on sites where the original buildings were
demolished but many displacement piles remain. Since
these displacement piles are there on-site, it is obviously

wise to reuse them in the construction of new buildings.
After all, reuse not only can help save construction costs
but also improve the construction environment. Because
new buildings tend to be higher than the demolished ones,
a certain number of new displacement piles should be
added into the pile foundation to ensure that the founda-
tion can safely support the additional loads from new
buildings. However, to the authors’ best knowledge, no
analytical exploration on the load carrying behavior of pile
groups consisting of new and existing displacement piles
has been reported. Indeed, the available analytical methods
merely focus on the load carrying behavior of foundations
only consisting of new piles (e.g. Randolph and Wroth,
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1979a; Shen et al., 1997; Hazzar et al., 2017). There is no
doubt that the lack of such analytical explorations will
limit the reuse of existing displacement piles.

When new displacement piles are installed into clay, the
structure of the surrounding clay is significantly disturbed
and the excess pore water pressure is generated, which
leads to the apparent decrease in the effective stress of the
clay around new piles (Carter et al., 1979; Randolph,
2003). The decrease in the effective stress reduces the
strength and stiffness of the surrounding clay and hence
lowers the load carrying capacity of new displacement
piles. However, existing piles have existed at the construc-
tion sites for many years, often 20 years or even longer.
Thus, the clay adjacent to the existing piles has experienced
sufficient consolidation and ageing. Consequently, its
strength and stiffness are stronger than its original values.
Due to the differences in the mechanical properties of the
surrounding clay, new and existing individual piles have
different load bearing mechanisms, which gives rise to the
different load carrying behaviors between the pile group
composed of these two types of piles and the pile group
consisting of new piles only.

Therefore, to properly predict the load-settlement
behavior of pile groups consisting of new and existing dis-
placement piles, this paper investigates the effects of pile
installation, subsequent consolidation and soil ageing on
the undrained shear strength and shear modulus of sur-
rounding clay, which are the two key soil parameters con-
trolling load carrying behavior of piles. The two developed
soil parameters are integrated into the load-transfer models
for pile shaft and end, respectively, to represent the load-
settlement behaviors of new and existing individual piles.
The interaction between two individual piles in the pile
group is quantified with the help of the shear displacement
method. The analytical framework for predicting the load-
settlement behavior of pile groups consisting of new and
existing piles is proposed and validated by predicting the
vertical settlement of a new building constructed on a site
with many existing piles. A parametric study is conducted
to explore the influences of different layouts of new and
existing piles on the load carrying behavior of pile groups.
This study is expected to provide solid guidance and useful
suggestions to help reuse existing displacement piles when
constructing new buildings, instead of just removing them.

2. Effects altering mechanical properties of clay adjacent to

displacement piles

2.1. Pile installation and subsequent consolidation

The installation of a displacement pile inevitably causes
disturbance to the clay around the pile, especially in the
vicinity of the pile-soil interface. As a result, large deforma-
tions and excess pore water pressure are developed around
the pile during installation, which change the stress state
and erase the in-situ stress history of surrounding clay.
At present, two major theoretical methods are available

for estimating the changes in the stress state of surrounding
clay caused by pile installation. One is the strain path
method (SPM) (Baligh, 1985), and the other is the cavity
expansion method (CEM) (e.g. Carter et al., 1979;
Randolph, 2003). Compared with the SPM, the CEM has
the advantage that it can derive a closed-form solution to
simulate the stress changes of clay during pile installation.
Besides, it does not need to be paired with the finite element
analyses for the subsequent consolidation process (Sheil
et al., 2015). Thus, this method not only provides a feasible
tool for modelling the pile installation effects, but also facil-
itates the analysis on subsequent consolidation. Due to the
above-mentioned advantages of CEM, it is employed in
this study to model the installation of displacement piles
in clay.

During pile installation, a smear zone is developed
around the displacement pile due to the severe
installation-induced disturbance. The clay in the smear
zone is at the critical state and hence the mean effective
stress remains constant regardless of further possible shear-
ing or squeezing effects caused by installation. Based on the
cavity expansion solution proposed by Li et al. (2016), the
mean effective stress at the critical state around an
expanded cylindrical cavity, i.e., the mean effective stress
around the displacement pile immediately after installa-
tion, can be given as

p0cs ¼ p00
OCR

2

� �K

ð1Þ

where p00 is the initial mean effective stress of the clay; OCR
is the overconsolidation ratio; and K ¼ 1� j=k is the plas-
tic volumetric strain ratio. The notations j and k represent
the slopes of the swelling line and the loading line in the
e-lnp0 plane, respectively.

For the clay around the existing displacement pile, its
mean effective stress increases from the ultimate mean effec-
tive stress along with the dissipation of installation-induced
excess pore pressure (i.e. subsequent consolidation). How-
ever, due to the stiffness discrepancy of the clay around the
displacement pile, the excess pore water pressure cannot
fully transfer into the increase of mean effective stress.
Hence, an effective stress transfer parameter proposed by
Randolph (2003) is employed to estimate the relaxation
effects on the mean effective stress using the following
expression

X ¼ 3OCR

l 2K0 þ 1ð Þ
p00
u0

ln 1þ l 2K0 þ 1ð Þ
3OCR

u0
p00

� �
ð2Þ

where K0 is the coefficient of earth pressure at rest; l is a
constant and equals 5; and u0 is the excess pore water pres-
sure developed immediately after pile installation, which
will be given later.

Based on the principle of effective stress and considering
the stress relaxation effects, the mean effective stress of the
clay around an existing displacement pile during subse-
quent consolidation can be given as
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p0 tð Þ ¼ p0cs þ X u0 � u tð Þð Þ ð3Þ
where u tð Þ is the excess pore water pressure at a given time
during subsequent consolidation, which will also be dis-
cussed later.

To evaluate the excess pore water pressure generated by
pile installation, the solution for undrained cylindrical cav-
ity expansion proposed by Li et al. (2016), which was devel-
oped based on the K0-anisotropic modified Cam-clay
model (Sun et al. 2004) to consider both the initial aniso-
tropy and the stress-induced anisotropy of the clay, is used
to estimate the distribution of excess pore water pressure in
the surrounding clay. The solution for spherical cavity
expansion presented by Cao et al. (2001) is adopted to pre-
dict the excess pore water pressure developed around the
pile end. The unified expression for the distributions of
excess pore water pressure around pile shaft and end imme-
diately after pile installation can be expressed as (Cao et al.,
2001; Li et al., 2016)

u0 ¼ p00
mg�pffiffiffiffiffi
3m

p þ 3K0

1þ2K0

� �
þp0f

ffiffiffiffiffiffiffiffiffi
3m�1

p
fln

ry
rp

� �
� f

22�m
ffiffiffiffiffiffiffiffiffi
3m�1

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2�3f2

p
6

�1

 !
ð4Þ

where m ¼ 1 denotes the cylindrical cavity expansion and
m ¼ 2 indicates the spherical cavity expansion; the plus
sign is taken when K0 � 1 and in contrast the minus is cho-

sen; g�p ¼ M� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
OCR� 1

p
is the relative stress ratio at the

elastic-plastic boundary; M� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � g20

q
is the relative

stress ratio at the critical state; M ¼ 6sinu0= 3� sinu0ð Þ is
the slope of the critical state line; u0 is the effective internal
friction angle; g0 ¼ j3 1� K0ð Þ= 2K0 þ 1ð Þj is the initial
stress ratio; f is a parameter used to simplify the expres-
sion; ry is the radius of plastic zone formed around the pile;
and rp is the pile radius. The expressions of ry and f are
given as

ry
rp

� �mþ1

¼ 2
ffiffiffiffiffi
3m

p
G0

mþ 1ð Þp00g�p
ð5Þ

f ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 M2 2K0 þ 1ð Þ2 � 9 1� K0ð Þ2
h ir

3 2K0 þ 1ð Þ ð6Þ

The notation G0 in Eq. (5) represents the shear modulus of
in-situ clay, defined as (Sun et al., 2004)

G0 ¼ 3 1� 2v0ð Þtp00
2 1þ v0ð Þj ð7Þ

where v0 is the effective Poisson’s ratio; t ¼ 1þ e is the
specific volume; and e denotes the void ratio. Note that
the shear modulus here is assumed to be isotropic, since
the anisotropy of shear modulus has trivial effects on the
nonlinear behavior of soil if this behavior is involved in
the analysis.

The field tests (e.g. Roy et al., 1981; Abu-Farsakh et al.,
2015) indicate that the excess pore water pressure mainly
dissipates in the radial direction, as shown in Fig. 1.
Randolph and Wroth (1979b) presented a closed-form
solution for the radial consolidation of a displacement pile,
which is applicable to the distribution of excess pore water
pressure during consolidation. Following this solution, the
distribution of excess pore water pressure can be expressed
as

u tð Þ ¼
X1
n¼1

e�k2nCht B1nJ 0 knrð Þ þ B2nY 0 knrð Þ½ � ð8Þ

where J 0 and Y 0 are zero-order Bessel functions of the first
and second kinds, respectively; kn denotes the eigenvalues
of the Bessel function; and Ch is the coefficient of consoli-
dation for radial horizontal drainage, which is equal to

Ch ¼ 2khG0 1� v0ð Þ
cw 1� 2v0ð Þ ð9Þ

where kh is the horizontal coefficient of permeability; and
cw is the unit weight of water. The notations B1n and B2n

in Eq. (8) are the integration constants, which can be writ-
ten as

B1n ¼
R R
rp
u0 J 0 knrð Þ � J0 knRð Þ

Y 0 knRð Þ Y 0 knrð Þ
h i

rdrR R
rp

J 0 knrð Þ � J0 knRð Þ
Y 0 knRð Þ Y 0 knrð Þ

h i2
rdr

ð10Þ

B2n ¼ � J 0 knRð Þ
Y 0 knRð Þ ð11Þ

where R is the radial distance from the axis of displacement
pile, beyond which the excess pore water pressure is negli-
gible. The value of R can be generally taken as 5–10 times
of the radius of plastic zone developed around the pile
(Randolph and Wroth, 1979b).

Substituting Eqs. (4) and (8) into Eq. (3), the mean effec-
tive stress of the clay after pile installation can be readily
obtained, which will be applied to quantify the changes

Fig. 1. Diagram of subsequent consolidation of surrounding clay.
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in the undrained shear strength and shear modulus of the
clay adjacent to new and existing piles in the following.

2.2. Soil ageing

Existing displacement piles tend to have been in the
ground for many years. However, both the field and labo-
ratory tests (e.g. Roy et al., 1981; Li et al., 2017a) show that
the dissipation of excess pore water pressure only lasts for
several months or at most several years. This indicates that
the clay around existing piles not only undergoes the sub-
sequent consolidation, but also experiences the soil ageing.
In general, the soil ageing also occurs during subsequent
consolidation, but the effect of ageing is very limited in
the process (Augustesen, 2006). Therefore, it is assumed
that the soil ageing only occurs after subsequent
consolidation.

As shown in Fig. 2, the pile loading results in the
increase of mean effective stress and the decrease of void
ratio, which can be regarded as that the preconsolidation
pressure increases from the p00 at the point A to p0B at the
point B. During soil ageing, although the mean effective
stress remains constant, the void ratio still decreases from
the point B to the point C, which is equivalent to an
increase in the preconsolidation pressure from p0B to p01.
The decreases in the void ratio leads to a more stable struc-
ture and a higher preconsolidation pressure of the clay
around displacement piles. The increase in the preconsoli-
dation pressure caused by the decrease in the void ratio is
equivalent to the increase in the quasi-preconsolidation
pressure, p0c (Bjerrum, 1967; Augustesen, 2006). Here, Bjer-
rum’s theory of time-dependent compression, i.e. the
decreases in void ratio of surrounding clay induced by pile
loading and soil ageing, is modeled based on the approach
proposed by Garlanger (1972) as

e tð Þ ¼ e0 � Cclog
p0L

p0 treð Þ
� �

� Cslog
t
tre

� �
; t > tre ð12Þ

where e0 is the initial void ratio; Cc is the slope of compres-
sion curve in the e-logp0 plane; p0L is the mean effective stress

of surrounding clay when the existing pile is subjected to
the loads from superstructures; tre is the reference time,
which is assumed as the end time of dissipation of excess
pore water pressure; p0 treð Þ is the mean effective stress of
surrounding clay corresponding to the reference time;
and Cs is the secondary compression index.

In the e� lnp0 plane, the decrease of void ratio can also
be obtained as

De ¼ e� e0 ¼ �kln
p0c

p0 treð Þ ð13Þ

Combining Eqs. (12) and (13) yields the quasi-
preconsolidation pressure at a given time during soil ageing
as

p0c
p0 treð Þ ¼ exp

1

k
Cclog

p0L
p0 treð Þ
� �

þ Cslog
t
tre

� �� �� �
; t > tre

ð14Þ
To quantify the quasi-overconsolidated effects of surround-
ing clay, a parameter, which is referred to as the quasi-
overconsolidation ratio, RQ, can be defined as

RQ tð Þ ¼ exp
1

k
Cclog

p0L
p0 treð Þ
� �

þ Cslog
t
tre

� �� �� �
; t > tre

ð15Þ

3. Mechanical properties of the clay adjacent to new and

existing displacement piles

Based on the concept of modified Cam-clay model, the
undrained shear strength of in-situ clay can be defined as
(Wood, 1990)

su0 ¼ 1

2
Mp00

OCR

2

� �K

ð16Þ

Pile installation not only changes the stress states of sur-
rounding clay, but also erases the in-situ stress history of
the surrounding clay, which is referred to as the remolding
effect. Due to this remolding effect, the OCR of surround-
ing clay after installation can be taken as unity and the sur-
rounding clay behaves like the normally consolidated clay
(Randolph and Wroth, 1981). Therefore, the undrained
shear strength of clay around the new displacement pile
can be determined as

su;new ¼ 1

2
Mp0 tð Þ 1

2

� �K

ð17Þ

Apart from the pile installation and subsequent consolida-
tion, the clay around the existing displacement pile also
experiences soil ageing. As a result, the undrained shear
strength and the shear modulus of clay around the existing
piles are different from those around the new piles. Consid-
ering the above-mentioned effects, the undrained shear
strength of clay around the existing piles can be expressed
by substituting Eqs. (3) and (15) into Eq. (16) as follows

Aged clay, 

O

A

B

Ce

Quasi-overconsolidation 
effect

Young clay, 

D

Loading

Aging

Fig. 2. Quasi-overconsolidation effect of surrounding clay.
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su;ex ¼ 1

2
MRQ tað Þ p0cs þ X u0 � u treð Þð Þ	 
 1

2

� �K

; ta > tre

ð18Þ
The clay around new displacement piles only undergoes the
pile installation and subsequent consolidation. Hence,
replacing p00 with p0 tð Þ in Eq. (7), the shear modulus of clay
around new piles can be expressed as

Gs;new ¼ 3 1� 2v0ð Þ 1þ e0ð Þp0 tð Þ
2 1þ v0ð Þj ð19Þ

Substituting Eqs. (3) and (15) into Eq. (7), the shear mod-
ulus of clay around existing piles can be given as

Gs;ex ¼
3 1�2v0ð Þ 1þe0�Cclog

p0L
p0 treð Þ

� �
�Cslog

ta
tre

� �h i
RQ tað Þp0 treð Þ

2 1þ v0ð Þj ; t> tre

ð20Þ

4. Load-transfer functions

4.1. Load-transfer function for pile shaft

The load-transfer method considers the interaction
between pile and surrounding soil through assuming a ser-
ies of independent springs distributed along the pile shaft
and at the pile end. The key of this method is to develop
a rational load-transfer curve to simulate the pile-soil inter-
action, which has been extensively investigated in the
recent decades (e.g., Wang et al., 2012; Zhang and
Zhang, 2012). The results from both field and laboratory
tests indicate that the relationship between the shaft shear
stress, ss zð Þ, and the corresponding pile-soil relative dis-
placement, Ds zð Þ, can be reasonably described by an expo-
nential function, which is shown in Fig. 3 and has the
following expression (Wang et al., 2012)

ss zð Þ ¼ as 1� e�bsDs zð Þ	 
 ð21Þ
where as and bs are the coefficients of pile shaft load-
transfer function, whose values can be easily determined
based on their mechanical meanings.

It is easily found from Fig. 3 that the coefficient, as, rep-
resents the asymptote of load-transfer curve for the pile
shaft when the pile-soil relative displacement reaches a
quite large value. Hence, the coefficient, as, is related to
the ultimate pile shaft resistance, sus , as follows

sus ¼ lim
Ds zð Þ!1

ss zð Þ ¼ as ð22Þ

Fig. 4 illustrates the stress state of a soil element adjacent
to the pile shaft during loading and the corresponding fail-
ure stress state on a Mohr’s stress circle, the radius of
which defines the undrained shear strength under the plane
strain condition, spu. It can be seen that the failure envelop is
tangential to the stress circle at the point A and the stress
state of the soil element at the pile-soil interface is located
at the point B, as the radial effective stress becomes the lar-
gest component among the three normal stresses after pile

installation (Randolph and Wroth, 1981). From the simple
geometric relationship in Fig. 4, the ultimate pile shaft
resistance is related to the undrained shear strength under
the plane strain condition as

sus ¼ spucosu
0 ð23Þ

Note that the undrained shear strengths of the surrounding
clay expressed by Eqs. (17) and (18) are developed from
conventional triaxial compression tests, which is different
from the undrained shear strength under the plane strain
condition due to the intrinsic three-dimensional mechanical
properties of the soil. Hence, the spatially mobilized plane
criterion and the stress transformed method proposed by
Matsuoka et al. (1999) are adopted to transform the
undrained shear strength under the triaxial compression
to the undrained shear strength under the plane strain con-
dition in the following

spu ¼
3sinwf

M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ sinwf

p su ð24Þ

where wf is the stress transformed parameters, given by

sinwf ¼
ffiffiffi
2

p
Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 3M
p ð25Þ

Substituting Eq. (24) into Eq. (23) gives the final form of
the function coefficient, as, as

as ¼
3sinwf cosu

0

M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ sin2wf

q su ð26Þ

Taking the derivative of Eq. (21) with respect to Ds zð Þ, the
tangential stiffness of pile shaft can be given as

Ks zð Þ ¼ Cp
dss zð Þ
dDs zð Þ ¼ 2prpasbse�bsDs zð Þ ð27Þ

where Cp is the pile perimeter.
The elastic displacement of surrounding clay, De zð Þ,

induced by the shaft shear stress, can be obtained based

1

O

P
ile

 s
ha

ft 
sh

ea
r s

tre
ss

, 

Pile-soil relative displacement, 

Existing pile
New pile

Fig. 3. Exponential load-transfer function for pile shaft.
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on the solution proposed by Randolph and Wroth (1979a)
as

De zð Þ ¼ ss zð Þrp
Gs

ln
rm
rp

� �
ð28Þ

where rm ¼ 2:5L 1� vð Þ is the radial distance from the pile
axis, beyond which the induced shear stress is negligible.
Then, the circumferential stiffness of clay, Ke

s , can be
obtained as

Ke
s ¼

Cpss zð Þ
De zð Þ ¼ 2pGs

ln rm=rp
 � ð29Þ

During the initial stage of pile loading, the initial tangential
stiffness of pile shaft is equal to the circumferential stiffness
of clay. Hence, the circumferential stiffness, Ke

s , can be
determined from Eq. (27) by taking Ds zð Þ as zero, i.e.,
Ke

s ¼ KsjDs zð Þ¼0 ¼ 2prpasbs ð30Þ

Combining Eqs. (29) and (30), the coefficient, bs, can be
determined as

bs ¼ Gs

rpasln rm=rp
 � ð31Þ

4.2. Load-transfer function for pile end

Assuming that the load-displacement behavior devel-
oped at the pile end also obeys the exponential function,
the pile end resistance, qb, developed during pile loading
can be given by

qb ¼ ab 1� e�bbDb
 � ð32Þ

where Db is the pile end displacement; and ab and bb are the
function coefficients, whose values will be also determined
based on their mechanical meanings.

Taking the derivative of Eq. (32) with respect to Db, the
tangential stiffness of pile base can be determined as

Kb ¼ Ap
dqb
dDb

¼ pr2pabbbe
�bbDb ð33Þ

where Ap is the cross-sectional area of displacement pile.
The function coefficient, ab, represents the asymptote of
load-transfer curve for the pile end and equals the ultimate
pile base resistance, i.e.,

ab ¼ lim
Db!1

qb ¼ qbu ð34Þ

where qbu is the ultimate pile end resistance.
For a displacement pile in clay, the pile end makes much

less contribution to the total pile load carrying capacity,
compared with the load carrying capacity provided by pile
shaft. Therefore, it is effective to simply estimate the ulti-
mate pile end resistance via the following equation

qbu ¼ Ncsu ð35Þ
where Nc can be empirically taken as 9 (Skempton, 1959).

The elastic stiffness of pile end can be determined by a
rigid circular disc acting on the surface of a homogeneous
elastic stratum, the solution of which has been provided by
Randolph and Wroth (1979a) as

Ke
b ¼

4Gbrp
1� v0

ð36Þ

From Eq. (36), the initial elastic stiffness of pile end can be
expressed as

Ke
b ¼ KbjDb¼0 ¼ pr2pabbb ð37Þ

Combining Eqs. (36) and (37) yields the function coeffi-
cient, bb, as

bb ¼ 4Gb

prpab 1� v0ð Þ ¼
4Gb

pNcrp 1� v0ð Þsu ð38Þ

Fig. 4. Stress states of a soil element adjacent to pile shaft during pile loading and in the r0-s plane.
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Substituting the undrained shear strengths and the shear
moduli of clays around new and existing piles into Eqs.
(26), (31), (34) and (38), the corresponding load-transfer
functions for new and existing piles can be readily
obtained, respectively.

5. Load-displacement behavior of a single displacement pile

The total displacement of the pile shaft, Dpile zð Þ, primar-
ily consists of the nonlinear displacement developed in the
shear band adjacent to the pile-soil interface, Ds zð Þ, as well
as the purely elastic displacement outside the shear band,
De zð Þ (see Fig. 5), i.e.,

Dsoil zð Þ ¼ Ds zð Þ þ De zð Þ ð39Þ

where the elastic displacement has been given by Eq. (28)
and can be rewritten as

De zð Þ ¼ vss zð Þ ð40Þ

where v ¼ rp=Gs

 �
ln rm=rp
 �

.

On the other hand, the displacement at the top of pile
segment is composed of the compression of pile shaft and
the displacement of pile end, i.e.

Dp zð Þ ¼
Z z

0

Q zð Þ
EpAp

dzþ Db ð41Þ

where Ep is the elastic modulus of displacement pile; Q zð Þ is
the load applied to the pile segment head; and Db is the set-
tlement of pile end.

From Eqs. (40) and (41), the nonlinear displacement
developed in the shear band adjacent to the pile soil inter-
face, Ds zð Þ, can be calculated as

Ds zð Þ ¼ Dp zð Þ � De zð Þ ¼
Z z

0

Q zð Þ
EpAp

dzþ Db � vss zð Þ ð42Þ

Making use of Eq. (42), the force provided by the pile shaft
resistance, F zð Þ, can be written as

F zð Þ ¼ Ks

Z z

0

Ds zð Þdz ¼ Ks

Z z

0

Z z

0

Q zð Þ
EpAp

dzþ Db � vss zð Þ
� �

dz

ð43Þ

The axial load of the pile at depth, z, are the sum of the
shaft and end forces. With the aid of Eq. (43), the axial
load Q zð Þ can be given as

Q zð Þ ¼ KbDb þ F zð Þ ¼ KbDb þ KsDbz

þ Ks

Z z

0

Z z

0

Q zð Þ
EpAp

dz� vss zð Þ
� �

dz ð44Þ

The mechanical meaning of the derivative of axial load
with respect to depth, z, gives

Q0 zð Þ ¼ dQ zð Þ
dz

¼ 2prpss zð Þ ð45Þ

Combining Eqs. (44) and (45), along with assuming

n ¼ v= 2prp
 �

and y ¼ R z
0
Q zð Þdz, yields

1þ nKsð Þy00 � Ks

EpAp
y � KsDb ¼ 0 ð46Þ

It can be found that the above equation is a second-order
differential equation, the solution of which can be obtained
as

y zð Þ ¼
Z z

0

Q zð Þdz ¼ c1erz þ c2e�rz � EpAp

 �
Db ð47Þ

Based on the coordinates system defined in Fig. 4, the
boundary conditions of Eq. (47) can be expressed as
y 0ð Þ ¼ 0 and y 0 0ð Þ ¼ KbDb. Substituting the boundary con-
ditions into the equation, the values of r, c1 and c2 can be
calculated as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ks

1þ nKsð ÞEpAp

s
ð48Þ

c1 ¼ Kb þ EpApr
2r

ð49Þ

c2 ¼ �Kb þ EpApr
2r

ð50Þ

Substituting Eqs. (48)–(50) back into Eq. (47), the displace-
ments of pile end and head can be obtained, respectively, as

Db ¼ Q Lð Þ
r c1erL � c2e�rLð Þ ð51Þ

DT ¼ Q Lð Þ
EpApr

c1erL þ c2e�rL

c1erL � c2e�rL
ð52Þ

Taking the derivative of Eq. (47), along with the substitu-
tion of Eq. (51), yields the axial load at a given depth, z, as

Q zð Þ ¼ Q Lð Þ c1erz � c2e�rzð Þ
c1erL � c2e�rL

ð53Þ

Recalling Eq. (40) and making use of Eq. (53), the elastic
displacement outside the shear band, De zð Þ, can be further
expressed as

De zð Þ ¼ vss zð Þ ¼ nQ0 zð Þ ¼ nQ Lð Þr c1erz � c2e�rzð Þ
c1erL � c2e�rL

ð54Þ
Fig. 5. Displacements of pile segment and surrounding clay.
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The nonlinear displacement developed at the pile-soil inter-
face and in the shear band, Ds zð Þ, can be obtained based on
its mechanical meaning as

Ds zð Þ ¼ f 0 zð Þ
Ks

¼ Q0 zð Þ
Ks

¼ Q Lð Þr
Ks

c1erz þ c2e�rz

c1erL � c2e�rL
ð55Þ

Also, the total displacement at the top of the pile segment
can be obtained by substituting Eqs. (47) and (51) into Eq.
(41) as follows

Dp zð Þ ¼ Q Lð Þ c1erz þ c2e�rzð Þ
EpApr c1erL � c2e�rLð Þ ð56Þ

In actual conditions, the soils are generally layered and
thus this property should be taken into consideration when
exploring the load-settlement behavior of new and existing
displacement piles in clay. As shown in Fig. 6, the pile is
separated into n segments based on the actual layers of
clays. Based on Eqs. (52) and (53), the displacement and
the axial load at the top of pile segment k can be expressed,
respectively, as

Dtop
k ¼ Q Lð Þ c1;kerkl k�1ð Þ þ c2;ke�rkl k�1ð Þ �

EpAprk c1;ierkL � c2;ke�rkLð Þ ð57Þ

Qtop
k ¼ Q Lð Þ c1;kerkl k�1ð Þ � c2;ke�rkl k�1ð Þ �

c1;kerkL � c2;ke�rkL
ð58Þ

where l k � 1ð Þ is the depth of k � 1ð Þth pile segment; and
the expressions of rk, c1;k and c2;k are as follows

rk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ksk

1þ nKskð ÞEpAp

s
ð59Þ

c1;k ¼ Kbk þ EpAprk
2rk

ð60Þ

c2;k ¼ �Kbk þ EpAprk
2rk

ð61Þ

With Eqs. (57) and (58), the stiffness at the top of pile seg-
ment k can be determined from its definition as

Kend
k�1 ¼

Qtop
k

Dtop
k

¼ EpAprk c1;kerkl k�1ð Þ � c2;ke�rk l k�1ð Þ �
c1;kerkl k�1ð Þ þ c2;ke�rnl k�1ð Þð Þ ð62Þ

6. Analysis for a pile group consisting of new and existing

displacement piles

The nonlinear behavior of the pile-soil interaction pri-
marily is displayed in the shear band adjacent to the pile-
soil interface, while the soil outside the shear band gener-
ally shows the elastic behavior. Thus, it can be assumed
that the displacement of adjacent pile caused by the loaded
pile obeys the elastic superposition principle. As shown in
Fig. 7, the total displacement of a new displacement pile,
Ds

i , is composed of the nonlinear displacement, Dnon
i , and

the elastic displacement, De
ii, caused by its own load, the

additional elastic displacement induced by the load applied
on its adjacent existing pile, De

j;i, as well as the displacement

reduction due to the reinforcement effect of the adjacent

pile, bDe

j;i, i.e.

Ds
i ¼ Dnon

i þ De
ii þ De

j;i � bDe

j;i ð63Þ
The nonlinear displacement of new pile, which is caused by
its own load, can be calculated from Eq. (55) as

Dnon
i ¼ Q Lð Þri

Ksi

c1;ierili þ c2e�rili

c1;ieriL � c2;ie�riL
ð64Þ

Both the elastic displacement of new pile caused by its own
load, De

ii, and the additional elastic displacement caused by
its adjacent existing pile, De

j;i, can be calculated based on

the solution proposed by Randolph and Wroth (1979a) as

De
ii ¼

ssirp
Gsi

ln
rm
rp

� �
ð65Þ

De
j;i ¼

ssjrp
Gsj

ln
rm
rj;i

� �
ð66Þ

where ss is the shear stress of clay around pile shaft; and rj;i
is the distance between the axes of new and existing piles.

For a pile group consisting of n piles, the total elastic
displacement of the new pile can be obtained based on
Eqs. (65) and (66) as

De
i ¼ De

ii þ De
j;i ¼

ssirp
Gsi

ln
rm
rp

� �
þ
Xn

j¼1;j–i

ssjrp
Gsj

ln
rm
rj;i

� �
ð67Þ

Because of the reinforcement effect of the adjacent piles, an
elastic reaction force ssj;i, of existing pile j will reduce the
displacement of new pile i. Based on the transfer mecha-
nism of shear stress, the elastic reaction force can be
expressed as (Zhang and Zhang, 2012)

ssj;i ¼ rp
rj;i

ssi ð68Þ

Making use of Eq. (68), the displacement reduction, bDe

j;i,

resulting from the elastic reaction force can be given asFig. 6. Discretization of a displacement pile in layered clays.
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bDe

j;i ¼
ssj;irp
Gsj

ln
rm
rj;i

� �
¼ ssir2p

Gsjrj;i
ln

rm
rj;i

� �
ð69Þ

The total displacement reduction caused by elastic reaction
force from adjacent piles in a pile group consisting of n
piles can be expressed as

bDe

j;i ¼
Xn

j¼1;j–i

ssir2p
Gsjrj;i

ln
rm
rj;i

� �
ð70Þ

The pile end displacement of the new pile i, DEnd
i , is only

composed of the nonlinear displacement arising from its

own loads, DEnd;non
i , and the elastic displacement induced

by its adjacent existing pile, DEnd;e
j;i , i.e.

DEnd
i ¼ DEnd;non

i þ DEnd;e
j;i ð71Þ

The nonlinear displacement at the pile end can be calcu-
lated with Eq. (57) as

DEnd;non
i ¼ Q Lð Þ c1;nernl n�1ð Þ þ c2;ne�rnl n�1ð Þ �

EpAprn c1;nernL � c2;ne�rnLð Þ ð72Þ

The elastic displacement induced by adjacent existing dis-
placement pile can be calculated from the Boussinesq’s
solution developed by Randolph and Wroth (1979a) in
the following

DEnd;e
j;i ¼ Qbj 1� vbj

 �
2rj;iGbj

ð73Þ

Correspondingly, the elastic displacement induced by all
the adjacent piles can be calculated as

DEnd;e
j;i ¼

Xn
j¼1;j–i

Qbj 1� vbj
 �
2rj;iGbj

ð74Þ

For the existing displacement piles in the pile group, the
method for estimating their displacements is similar to that
of new displacement piles stated above. To assess the load-
displacement behavior of the pile group, a small displace-
ment of pile end is first assumed and the midpoint displace-
ment of pile segment is calculated. The difference between
the end displacement and the midpoint displacement is
checked. If it is smaller than a given tolerance, the load

and displacement of next pile segment needs to be calcu-
lated. Otherwise, the end displacement of pile segment will
be updated and the iterations will be conducted again until
the difference is within the tolerance. After obtaining the
load and displacement of the first pile segment, different
displacements of pile end are assumed and the correspond-
ing load and displacement of the first pile segment are cal-
culated. Plotting the calculated loads and displacements of
the first pile segment finally gives the load-settlement curve
of the pile group.

7. Validation and discussion

7.1. In-situ test

The test site is located in Pudong New area, Shanghai,
and used to be home to a glass factory that has been demol-
ished but many displacement piles were left. Recently, a
high-rise apartment, with 18 floors and a total height of
about 60 m, was built on this site, with 22 of the existing
displacement piles reused. The existing piles have been at
the site for almost 30 years. Their length and diameter
are 30 m and 0.5 m, respectively, and their measured elastic
moduli are on the order of 36 GPa. To fully support the
apartment, 74 new displacement piles with a length and
diameter of 30 m and 0.4 m, respectively, were also
installed into the clay strata to form the pile foundation.
The measured elastic moduli of new piles are 30 GPa. Note
that the existing piles are mainly located at the south of the
building and the specific layout of new and existing piles is
shown in Fig. 8. Eight monitoring points were arranged
surrounding the building to correctly measure the vertical
settlement of the building at the different stages of con-
struction. The specific locations of these monitoring points
can be also seen from Fig. 8.

Both the site investigation and the field boring log (see
Fig. 9) show that the soil strata are chiefly composed of soft
clay, clayey silt, mucky clay and silty clay from the top
down. The soils are normally consolidated with an OCR
in the order of 1.1. The secondary compression index of
each clay stratum is about 0.00595. The height of each soil

Fig. 7. Interactions between new and existing displacement piles.
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layer and other important soil parameters are summarized
in Table 1. With the parameters of new and existing piles as
well as each clay stratum, the proposed analytical frame-
work is applied to predict the vertical settlement of the
building after finishing the construction of each floor. In
the calculation, the effective Poisson’s ratio of clay is
assumed to equal 0.3. A typical value of 0.8 is taken for
the plastic volumetric strain ratio (Cao et al., 2001). The
values of coefficient of earth pressure at rest, K0, are esti-
mated from the empirical formula proposed by Mayne
and Kulhawy (1982) in the following

K0 ¼ OCRsinu0
1� sinu0ð Þ ð75Þ

The raft of this building was designed as a rigid raft to
eliminate the additional differential displacement due to
the stiffness discrepancy among the new and existing piles.
Hence, the raft displacement is identical to the displace-
ment of the pile top. As a first approximation, the load
shared by the raft, P r, is estimated by Boussinesq’s solution
as

P r ¼ DrEr

Bx 1� v2ð Þ ð76Þ

where B is the raft width; x is the shape factor of the raft
and is often taken as 1 (Sheil and McCabe, 2016);
Er ¼ EnewAnew þ EexAex þ EsAsð Þ=Ar is the composite elastic
modulus of the pile and the soil along the pile length;
Enew and Eex are the elastic moduli of new and existing piles,
respectively; Es is the elastic modulus of the soil beneath
the raft; Anew and Aex are the total areas of all new and exist-
ing piles, respectively; As is the total area of the soil beneath
the raft; and Ar is the raft area. In the calculation, Eq. (76)
together with the proposed method is applied to evaluate
the displacement of pile groups.

Fig. 10 shows the comparison between the measured
vertical settlement of the building and the predicted settle-
ment of its pile foundation. Each data point corresponds to
the settlement and load of the building after each floor was
finished. When the whole building was finished, its total
load was evaluated as about 275 MN. From the figure, it
can be easily found that the predicted results exhibit a good
agreement with the measured data, which demonstrates
that the present analytical framework can be appropriately
employed to predict the load-settlement behavior of pile
groups composed of new and existing displacement piles.
It can be also observed that the load transferred from the

Settlement monitoring point

New displacement pile Existing displacement pile

Fig. 8. Layout of displacement pile group for field test.
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superstructure after the construction of building is far less
than the ultimate load carrying capacity of the pile group,
which indicates that the designed pile group can provide
sufficient load carrying capacity to support the apartment.

7.2. Layout of new and existing displacement piles

To better investigate the load carrying behavior of pile
groups consisting of new and existing displacement piles,
it is of great requirement and significance to explore the dif-
ferent layouts of new and existing piles, since different lay-
outs may lead to different load carrying behaviors of the
pile group. Here, five different layouts of new and existing
displacement piles are assumed: (a) all new piles; (b) only
one existing pile located at the center; (c) four existing piles
located at the edges; (d) four existing piles located at the
corners; and (e) only one new pile located at the center.
The specific layouts are shown in Fig. 11. A parameter,
W, which is referred to as the existing pile ratio, is defined
as the ratio of the number of existing displacement piles to
the number of total displacement piles to reflect the influ-
ence of the number of existing piles on the load carrying
behavior of the pile group. The pile diameters and lengths
of new and existing piles are the same, that is, 0.5 m and
30 m, respectively. The pile spacing is 1.5 m. The elastic
moduli of new and existing piles are 30 GPa and 36 GPa,
respectively. The soil parameters used in this analysis are
the same as the parameters of the first-layer clay, which
is tabulated in Table 1.

The stiffness of a single pile can be defined as the ratio of
the load to the settlement of the pile head. Similarly, the

stiffness of a pile group can be defined as the load to the set-
tlement of pile cap. In general, the stiffness of a pile group
is much less than the sum of the stiffness of each single pile
in the pile group, due to pile-pile interaction. Here, a
parameter, referred to as the stiffness efficiency, is
employed to directly reflect the influences of pile-pile inter-
action, which can be defined as the ratio of stiffness of pile
group to the sum of stiffness of each single pile. Hence, the
stiffness of the pile group consisting of new and existing
piles can be defined as

g ¼ Kmix

n 1�Wð ÞKnew þ nWKex

ð77Þ

where n denotes the number of total piles; Knew represents
the stiffness of new single pile; Kex represents the stiffness of
existing single pile; and Kmix denotes the stiffness of the pile
group.

Fig. 12 shows the variation of stiffness efficiency of the
pile group with five different layouts of new and existing
piles. It can be found that the stiffness efficiency increases

Table 1
Profile and basic properties of clay strata at test site.

Soil type Thickness (m) Effective unit weight (kN/m3) Friction angle (�) Void ratio

Clay 3.3 8.9 31.7 1.052
Clayey silt 3.9 7.6 27.5 1.187
Mucky clay 9.4 7.4 28.4 1.219
Silty clay 20 7.8 31.9 1.065
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Fig. 10. Comparison between predicted and measured load-displacement
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Fig. 11. Layout of pile group consisting of new and existing displacement
piles: (a) all new piles; (b) existing pile at the center; (c) existing piles at the
edges; (d) existing piles at the corners; (e) new pile at the center.
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with the increase in the settlement of the pile cap, but the
initial stiffness efficiencies of pile groups with different exist-
ing pile ratios are different. This is because at the beginning
of loading, the stiffness of the pile group depends on the
stiffness of the individual piles and is significantly impacted
by the pile-pile interaction. As the stiffness of the existing
piles is stronger than the new piles, they provide more con-
tributions to the overall stiffness of the pile group. Hence,
according to the definition of the stiffness efficiency, the pile
groups with different existing pile ratios show different ini-
tial stiffness efficiencies. In addition, it is interesting to note
that when the ratio of the displacement to the pile diameter
is below 0.04, the increase trends of stiffness efficiency differ
from the increase trends when the ratio is above this value.
The reason is that with development of the nonlinear
behavior at the pile-soil interface, the stiffness of the exist-
ing pile reduces more significantly than the new pile and the
portion of the stiffness provided by existing piles decreases.
Simultaneously, the pile-pile interaction effect among indi-
vidual piles reduces due to the nonlinear behavior of the
individual pile. Therefore, the stiffness efficiencies increase
from different values at the beginning to the same value
as that when the ratio of the displacement to pile diameter
is in the order of 0.04. After that, the stiffness of the exist-
ing pile still reduces more significantly than the new pile.
Thus, the pile groups with different existing pile ratios
again show different stiffness efficiencies until the individual
pile reaches the ultimate state when the displacement of pile
cap reaches about 0.16 times of the pile diameter. After
reaching this displacement, the stiffness efficiency of all pile
groups almost remains constant.

It can be also observed from Fig. 12 that at the begin-
ning of loading, the stiffness efficiency of pile group with
larger existing pile ratio is larger than that of pile group
with smaller existing pile ratio. However, with the increase
in the settlement of pile cap, the stiffness efficiency of pile
group with smaller existing pile ratio will exceed the stiff-
ness efficiency of pile group with larger existing pile ratio.

The reason is that because of the effects of pile installation
and soil aging, the undrained shear strength and shear
modulus of clay around existing piles are much larger than
those of clay around new piles. Therefore, the initial stiff-
ness of existing pile is larger than that of new pile. How-
ever, due to the nonlinearity developed at the pile-soil
interface, the tangential stiffness of existing pile decreases
more rapidly with the increase in the settlement of pile
cap than the new pile (Li et al. 2017a,b). In addition, it is
worth noting that the pile groups with the same existing
pile ratio (Layouts (c) and (d)) show almost the same stiff-
ness efficiency, even though their layouts of new and exist-
ing piles are different.

Fig. 13 shows the load-displacement behavior of pile
groups with five different layouts of new and existing dis-
placement piles. It can be observed that both the stiffness
and the ultimate load carrying capacity of the pile group
increase with the increase in the existing pile ratio. This
indicates that when the total number of piles in a pile group
is determined, the load carrying capacity of the pile group
will be generally larger if it has a larger existing pile ratio.
Besides, in this analysis, when the pile groups have the
same existing pile ratio (Layouts (c) and (d)), their stiffness
and ultimate load carrying capacity are almost equal to
each other, regardless of their different layouts. The reason
is that although the overall load carrying behavior of the
pile group is affected by the pile-pile interaction effects,
the pile-pile interaction effects are almost the same for
new and existing piles, as the soil among them behaves elas-
tically. Compared with the pile-pile interaction effects, the
stiffness of the individual pile has more significant effects
on the overall load carrying behavior of the pile group
when the nonlinear behavior of the individual pile is
involved. Hence, if the existing pile ratio is the same, the
overall stiffness and ultimate load carrying capacity of the
pile groups are almost equal to each other. This work is
by no means an exhaustive evaluation of pile groups with
all possible pile numbers for different layouts. Hence, the
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typical 3 � 3 pile group with five different layouts of new
and existing piles is investigated to demonstrate the impor-
tant behavior for illustration purpose. Of course, this result
may vary when the number of piles in the pile group is sig-
nificantly higher.

8. Conclusions

This paper proposes an analytical framework to predict
the load-displacement behavior of pile groups consisting of
new and existing displacement piles. The load-transfer
models for the new and existing piles are developed by
appropriately considering the evolution of the strength
and stiffness of the soil to model the nonlinear load-
displacement behavior of the individual pile. The soil
among the piles is assumed to behave elastically during
loading and the pile-pile interaction effects are considered
using the shear displacement method. The proposed ana-
lytical method not only incorporates the pile installation
effects, subsequent consolidation and soil aging, but also
properly considers the pile-pile interaction and the rein-
forcement effects of the adjacent pile. The validity of the
proposed method is examined by predicting the settlement
of a high-rise apartment during its construction. The pre-
dicted results agree well with the measured data, which
demonstrates that the proposed framework can be applied
to estimate the load carrying behavior of pile groups com-
posed of new and existing piles. The major conclusions
from this study are summarized as follows:

(a) Due to the effect of soil aging, the undrained shear
strength and shear modulus of the clay around exist-
ing piles are much larger than those around new piles.
Hence, existing piles show stiffer and stronger load
carrying behavior than new piles.

(b) The pile group shows stronger stiffness and pile-pile
interaction effects at the beginning of loading, but
the stiffness reduces significantly with the nonlinear
displacement developed at the pile-soil interface of
individual piles.

(c) Compared with the pile-pile interaction effects, the
stiffness of individual piles has more significant effects
on the overall load carrying behavior of pile groups
due to the nonlinear behavior of individual piles.

(d) The pile group with larger existing pile ratio shows
stronger stiffness and higher load carrying capacity.
However, for pile groups with the same existing pile
ratio, the overall stiffness and ultimate load carrying
capacity of pile groups almost equal each other,
regardless of their different layouts of new and exist-
ing piles.
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Géotechnique 17 (2), 83–118.

Carter, J.P., Randolph, M.F., Wroth, C.P., 1979. Stress and pore pressure
changes in clay during and after the expansion of a cylindrical cavity.
Int. J. Numer. Anal. Meth. Geomech. 3 (4), 305–322.

Cao, L.F., Teh, C.I., Chang, M.F., 2001. Undrained cavity expansion in
modified Cam clay: theoretical analysis. Géotechnique 51 (4), 323–334.
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Géotechnique 53 (10), 847–876.

Randolph, M.F., Wroth, C.P., 1979a. An analysis of the vertical
deformation of pile groups. Géotechnique 29 (4), 423–439.
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